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A phase-field approximation of the
Steiner problem in dimension two

A. Chambolle* L. Ferrarif B. Merlet?

In this paper we consider the branched transportation problem in 2D as-
sociated with a cost per unit length of the form 1 4 6 where 6 denotes the
amount of transported mass and 8 > 0 is a fixed parameter (notice that the
limit case 5 = 0 corresponds to the classical Steiner problem). Motivated by
the numerical approximation of this problem, we introduce a family of func-
tionals ({F.}c>0) which approximate the above branched transport energy.
We justify rigorously the approximation by establishing the equicoercivity
and the I'-convergence of {F.} as ¢ | 0. Our functionals are modeled on
the Ambrosio-Tortorelli functional and are easy to optimize in practice. We
present numerical evidences of the efficiency of the method.

1. Introduction

In this paper, we introduce a phase-field approximation of a branched transportation
energy for lines in the plane [6]. Our main goal is to derive a computationally tractable
approximation of the Steiner problem (of minimizing the length of lines connecting a given
set of points) in a phase-field setting. Similar results have been obtained recently by [8],
however we believe our approach is slightly simpler and numerically easier to implement.
We show that we can modify classical approximations for free discontinuity problems [15,
3, 14, 12] to address our specific problem, where the limiting energy is concentrated only
on a singular one-dimensional network (and roughly measures its length). Numerical
evidence illustrate the behaviour of these elliptic approximations. In this first study, we
limit ourselves to the two-dimensional case, as in that case lines can locally be seen as
discontinuities of piecewise constant functions, so that our construction can be derived
in a quite simple way from the above mentioned previous works on free discontinuity
problems. Higher dimension is more challenging from the topological point of view; an
extension of this approach is currently in preparation.

*CNRS, CMAP, Ecole Polytechnique CNRS UMR 7641, Route de Saclay, F-91128 Palaiseau Cedex
France, email: antonin.chambolle@cmap.polytechnique.fr

TCMAP, Ecole Polytechnique, CNRS UMR 7641, Route de Saclay, F-91128 Palaiseau Cedex France,
email: luca.ferrari@polytechnique.fr

fLaboratoire P. Painlevé, CNRS UMR 8524, Université Lille 1, F-59655 Villeneuve d’Ascq Cedex,
France, email: benoit.merlet@math.univ-lillel.fr



We now introduce precisely our mathematical framework. Let 2 C R? be a convex,
bounded open set. We consider measures o € M(£2, R?) of the form

o=0¢-H'LM,

where M is a 1-dimensional rectifiable set oriented by a Borel measurable mapping & :
M — S' and 6 : M — R, is a Borel measurable function representing the multiplicity.
Such measure is called a rectifiable measure. We follow the notation of [16] and write
o = U(M,0,§). Given a cost function f € C(R,,Ry), we introduce the functional
defined on M(Q,R?) — R, U {+oc} as

(o) = /Mf(e) dH' if o =U(0,&,M),

+00 in the other cases.

Er

Given two probability measures w; and wy supported on a finite number of points in 2,
denote with S the union of their support, and consider the minimization of £(o) for
o € M(Q,R?) satisfying the constraint

V-o=w —wy inDR?. (1.1)

In general, a model for branched transport connecting a set of sources (supp(ws)) to a set
of sinks (supp(ws)) is obtained by choosing f(0) = |#|* with 0 < o < 1 and minimizing the
associated functional under a divergence constraint (1.1), as shown in [20]. In our result
we obtain a linear combination depending on a parameter 3 between the cost functions
for « = 0 and @ = 1, namely f(0) = 14 3]0|. Such cost function for suitable choices of the
constraint and the parameter [ gives a good approximation of the functional associated
to the Steiner minimal tree problem. The direct numerical optimization of the functional
& is not easy because we do not know a priori the topological properties of the tree M.
For this reason it is interesting to optimize an “approximate” functional defined on more
flexible objects such as functions. Such approximate model has been introduced in [16]
where the authors study the I'-convergence (see [10]) of a family of functionals inspired by
the well known work of Modica and Mortola [15]. Another effort in this direction can be
found in the work [8] where an approximation to the Steiner minimal tree problem ([2], [13]
and [17]) is studied by means of analogous techniques.

Here, we consider variational approximations of some energies of the form &; through
a family of functionals modeled on the Ambrosio-Tortorelli functional [3]. To be more
precise, we need to introduce some material. Let p € C°(R? R, ) be a classical radial
mollifier with suppp C B;(0) and [p = 1. For € € (0,1], we set p.(z) = e 2p(e " x)
and we define the space V() of square integrable vector fields with weak divergence
satisfying the constraint

V-o. = (w1 —ws) * pe. (1.2)
For an n = n(e) > 0, we denote
W.(Q) ={oeW?(Q) :n<¢<1inQ, ¢=10n0d0}.

Then we define the energy F. : M(Q,R?) x L'(Q2) — [0, +oc] as

L 21,02 € s, (1—=9) )
Foo,0) = /92_5¢ o] d“/g{gww + | day if (0,0) € V() x We(),
400,

in the other cases.

(1.3)



The first integral in the definition of the energy will be refered to as the “constraint com-
ponent” while the second integral will be regarded as the “Modica-Mortola component”.
Let us briefly describe the qualitative properties of the associated minimization prob-
lem. First notice that the constraint (1.2) forces o to be supported on a set containing
S = supp(w;)Usupp(ws). Next, the constraint component of the energy strongly penalizes
®?|o]? so that ¢ should be small in the region where |0 is large. On the other hand the
behavior of ¢ is controlled by the Modica-Mortola component that forces ¢ to be close
to 1 a.e. in 2. Finally it has been proved that such component, as € converges to 0, has
a price proportional to the 1-Hausdorff measure of the set {¢ # 1}. As a consequence,
we expect the support of o and the energy to concentrate on paths joining the points in
supp(w;) with those in supp(ws) similarly to [20]. The main part of the paper consists in
making rigorous and quantitative this analysis.

From now on, we assume that there exists some § > 0 such that
N (1.4)

We denote Mg(€2) the set of R%-valued measures o € M(R? R?) with support in Q such
that the constaint (1.1) holds. We define the limit energy & : M(Q,R?) x L'(Q) —
0, +00] as

/(1+59) AH! =1, o€ Mg(D) and o = U(M,0,£),
M

Es(0,9) = (1.5)

+ 0o in the other cases.

We prove the I'-convergence of the sequence (F;) to the energy £s as € | 0. More precisely
the convergence holds in M(Q, R?) x L'(2) where M(Q, R?) is endowed with the weak-*
topology and L'(Q) is endowed with its classical strong topology.

We begin by proving the equicoercivity of the sequence (F.). In this statement and
throughout the paper, we make a small abuse of language by denoting (a)-c(o,1 and
calling sequence a family {a.} labeled by a continuous parameter ¢ € (0, 1]. In the same
spirit, we call subsequence of (a.), any sequence (a.,) with e; — 0 as j — +o0.

We establish the following lower bound.

Theorem 1.1 (I' — liminf). For any sequence

(0ey ) € M(Q,R?) x L*(Q) such that
0. = 0 and ¢. — ¢ in the L*(Q) topology, with (o, )
> &

e M(Q,R?) x L'(Q)

lim inf 7. (07, 6.) > €5(0 9).

To complete the I'-convergence analysis, we establish the matching I'-limsup inequality.

Theorem 1.2 (T'—limsup). For any (o,¢) C M(Q,R?) x L'(Q) there exists a sequence
(0e, ¢e) such that o. = o and ¢. — ¢ in the L'(QQ) topology and

lim Sup Fa(aaa ¢6) < Sﬁ(07 (b)

k——+o0

Theorem 1.3 (Equicoercivity). Assume 8 > 0. For any sequence (0., ¢c)ec01 C
M(Q,R?) x LY(Q) with uniformly bounded energies, i.e.

sup Fo(oe, ¢:) < oo,
€



there exist a subsequence €; | 0 and a measure o € Ms(Q,R?) such that o.; — 0 with
respect to the weak-x convergence of measures and ¢.; — 1 in LY(Q). Moreover, o is a

rectifiable measure (i.e. it is of the form o = U(M,0,¢)).

Remark 1 (Relation with the Steiner minimal tree problem). Let us discuss the relation
between the limit functional and the Steiner minimal tree problem ([2], [13] and [17]).
Indeed, given a set S = {xg,...,xn}, the Steiner problem consists in finding the 1-
dimensional connected set of minimal length containing S. Let us associate the measures

1
W1 = O, and Wy = — Z Ou;

to S. Then letting 8 = 0 in the equation (1.5) leads to (o) = H!({x € M : 0(x) > 0})
where 0 = U(M, 0,€), and S C supp(o) to fulfill the constraint (1.1). This is exactly the
functional associated with the Steiner minimal tree problem. Let us stress out that the
hypothesis 5 > 0 is necessary to have compactness result since in Theorem 1.3, we show
that o

< =.
B

Nevertheless the I'-convergence result still holds (without compactness) for 8 = 0.

sup |o:|(Q2)

In the setting introduced in the previous Remark the functional defined in (1.3) is
closely related to the one studied in [8], where the authors study the functional

N N2
=S dateoa) + [ [51vor+ B ar
€1

where

de(z,y) = inf {/ ¢(z)H () : 7 curve in Q connecting z and y } :
y

The link with the present work lies in the relation,

N | X
;d¢(:vo,xi):min{/§l¢|a| dz : V-azéxo—N;chi}.

Let us observe that by choosing as constraint component the term

/ P*|of?
o €

for any p > 1 we still would have obtained for I'-limit the functional £3. In particular
we have chosen a quadratic penalization (p = 2) on o since, in this way, we can solve
the problem in sigma by solving a simple dual formulation, as shown in the Numerical
Section. Finally let us point out that to ensure that the support of ¢ connects the points
in S we need to privilege one point, namely xy, among all the others. In our approach
the defects introduced by the constraint affects only the mass component of the limit
functional, which is controlled by the parameter 5. Furthermore the family of functionals
{&s}, I-converges to &, as 5 tends to zero. The latter allows to claim that for small values



of B and ¢ the support of a minimizing ¢ for the functional F. is a good approximation
to a solution to the Steiner minimal tree problem. A different approach to this problem
has been recently proposed in [7] where the authors study a phase-field approximation
for rank one valued vector measures. The fact that we are working in dimension 2 is
fundamental for the proof of Theorem 1.1 as it allows to locally rewrite the vector field
0. as the rotated gradient of a function. We will study the higher dimensional cases in a
forthcoming paper.

Structure of the paper: In Section 2 we introduce some notation and several tools
and notions on SBV functions and vector field measures. In Section 3 we study the
behavior of the functional F. on vector fields of the form Vu (dropping the divergence
constraint). In Section 4 we prove the equicoercivity result, Theorem 1.3 and we estab-
lish the lower bound stated in Theorem 1.1. In Section 5 we prove the upper bound
of Theorem 1.2. Finally, in the last section, we present and discuss various numerical
simulations.

2. Notation and Preliminary Results

In the following 2 CC Q) c R? are bounded open convex sets. Given X C R? (in practice
X=Qor X = Q), we denote by A(X) the class of all relatively open subsets of X and
by Ag(X) the subclass of all simply connected relatively open sets O C X such that
0ONS =@. We denote by (ej,...,eq) the canonical orthonormal basis of R, by | - | the
euclidean norm and by (,-) the euclidean scalar product in R?. The open ball of radius
r centered at x € R? is denoted by B,(z). The (d — 1)-dimensional Hausdorff measure in
R¢ is denoted by H?t. We write |E| to denote the Lebesgue measure of a measurable
set £ C R When p is a Borel meaure and £ C R? is a Borel set, we denote by ulE
the measure defined as ul E(F') = u(E N F).

Let us remark that from Section 4 onwards, we work in dimension d = 2.

For any fixed couple (o, ¢), with F.(o, ¢; O) we denote the value of the functional (1.3)
on any set O € A(Q). Similarly we define the with version £3(o, ¢; O) the restriction of
(c;g to O.

2.1. BV(2) functions and Slicing

BV(Q) is the space of functions u € L'(Q2) having as distributional derivative Du a
measure with finite total variation. Following the classical notation as in [1, 4] and [9] for
u € BV () we have

Du = Vudr + (u* —u )y, H" LT, + Deu,
where J, is the set of “approximate jump points” x where y — u(x + py) converge as

p = 0 to utX{yw,>0} + U X{yw.<oy for some (u~,u",1,) and D is the Cantor “part”.
Let us introduce the space of special functions of bounded variation and a variant:

SBV(Q) :={u € BV(Q) : D°u = 0},

GSBV(Q) := {u € L*(Q) : max(—T, min(u,T)) € SBV(Q) VT € R}.



Eventually, in Section 3, the following space of piecewise constant functions will be useful.
PC(Q) ={u e GSBV () : Vu = 0}. (2.1)

To conclude this section we recall the slicing method for functions of bounded variation.
Let £ € S9! and let

I == {y e R": (y,€) = 0}.
If y € Il and E C R? we define the one dimensional slice

Eey:={teR:y+t e E}.
For v : Q — R, we define ug, : ¢, — R as

U&y(t) = u(y + tﬁ), t e Q&y.
Functions in GSBV () can be characterized by one-dimensional slices (see [9, Thm. 4.1])
Theorem 2.1. Let u € GSBV(Q). Then for all £ € S¥* we have

ue,, € GSBV (Qe,)  for H -a.e. y € Tl
Moreover for such y, we have

ug ,(t) = (Vu(y +1£),&)  for a.e. t € Qgy,
Jug’y ={teR:y+t e J,},

and
u&y(ti) = ui(y +1t§) or u&y(ti) = u(y + t§)

according to whether (v,,&) > 0 or (v,,§) < 0. Finally, for every Borel function g : Q —
R,

/H > geult) d“rldl(y)z/ gl(vu, )] dH. (2.2)

€ tedug, Ju

Conversely if u € L'(Q) and if for all £ € {ey,...,eq} and almost every y € Iz we have
ugy € SBV(Qe,) and

. | Dy |(Q,) dH (y) < +o00
¢
then uw € SBV ().

2.2. Rectifiable vector Measures

Let us introduce the linear operator L that associates to each vector v = (vi,v9) € R? the
vector vt = (—wy,v1) obtained via a 90° counterclockwise rotation of v. Notice that the
1 operator maps divergence free R?-valued measures onto curl free R?-valued measures.
Let O C R? be a simply connected and bounded open set. It is possible to generalize
Stokes Theorem to divergence free measures. If u is a smooth divergence free vector field
on O we have y = Vu™* for some smooth function with zero mean value. Then by Poincaré
inequality |u|z1 < Clu|pi. The result for o general divergence free finite vector measure



follows by regularization. On the other hand for u € PC(2), o := Du? is divergence free
and,

o= (ut —u v H = U(Jy, [u],vr). (2.3)

r

Let us now produce an elementary example of measure =y of the form U(M,6,¢).

Example 1. Given two points z,y €  we consider a Lipschitz path ¥ (¢) linking two
points x and y in 2, parametrized on the interval [0,1]. We define the vector measure

v € M(£2,R?) by
(6.7) == / G(H(1).0(1) dt for any ¢ € C(T,R?).

We then have v = U(+([0,1]), 1,). Notice that V -y = §, — ,. In particular we denote
with [z, y] the Lipschitz path associated to the segment connecting the two points from
x to y, namely

W(t) = (1 -t + ty.

3. Local Result

In this section we introduce a localization of the family of functionals (F.) (see (1.3)).
We establish a lower bound and a compactness property for these local energies.

Localization. Let O € Ag(Q)) a simply connected relatively open subset of Q, for u. €
W2(0) and ¢. € WH?(0O), we define

LF(ue, ¢e;0) = Fo(Vue, ¢g;0)

i.e. as the evaluation of the functional F on vector fields of the form Vu with no
requirement on the divergence. Notice that for ¢ < d(O,S), we have V - 0. =0 in O for
any o, € V.(Q). By Stokes theorem we have Dul = o. for some u. € W12?(0) and we
have

f5<0'5, Oc; O) = £.F€(U5, Oc; O)
The rest of the section is devoted to the proof of

Theorem 3.1. Let (u.).c0,1) € WH*(O) be a family of functions with zero mean value and
let (¢.) C WH2(O) such that ¢. € WH2(O, [n(e),1]). Assume that ¢y := sup, LF.(u., ¢; O)
is finite. Then there exist a subsequence ¢; and a function uw € BV () such that

a) ¢, — 1 in L*(0),
b) u.; — u with respect to the weak-+ convergence in BV,
c) ue PC(O).

Furthermore for any piecewise function u € PC(O) and any sequence (ue, @) such that
u. — u, we have the following lower bound of the energy:

lim inf £ (uz, 623 0) > / 1+ B|[u]|] dHe.

JuNO



The proof is achieved in several steps and mostly follows ideas from [14] (see also [12]).
In the first step we obtain (a) and (b). In step 2 we prove (¢) and the lower bound for
one dimensional slices of £LF.. Finally in step 3 we prove (¢) and the lower bound in
dimension d. The construction of a recovery sequence that would complete the I'-limit
analysis is postponed to the global model in Section 5.

Proof. Step 1: Ttem (a) is a straightforward consequence of the definition of the functional.
Indeed, we have

/(1 — ) dz < eLF.(0.,6.) < coe = 0.
O

For (b), since (u.) has zero mean value, we only need to show that sup.¢(o [Du:|(0) <
+00. Using Cauchy-Schwarz inequality we get

1wl = ( rw)z <(o< [ %) (F [armur). @

By assumption, the second therm in the right hand side of (3.1) is bounded by 2¢q. In
order to estimate the first term we split O in the two sets {¢. < 1/2} and {¢. > 1/2}.

We have,
1 1 1
28/—226(/ —+/ —)
o 92 (6.<1/2} P2 (6:>1/2} P2

Since n < ¢. < 1/2 on {¢. < 1/2} it holds ¢?(1 — ¢.)> > n*(1 — 1/2)? therefore

1 2 1— 2
/ 1< 2—82/ A9 8_2607
{b.<1/2} P2 (1 =1/2)% Jip.c1ysy 2 n

1 1
o = g = 4{¢e > 1/2}].
/{¢E>1/2} P2~ /{¢6>1/2} (1/2)2 H{e /2}

Eventually, as [{¢. > 1/2}| < |O], combining these estimates with (3.1) we obtain

2 R 16 2
[Du|(O) < = 163+ 82[Olcy =% 5—20 < . (3.2)
n

This establishes (b).

Step 2: In this step we suppose O to be an interval of R, so that u., ¢. are one-
dimensional. We first prove that u is piecewise constant. The idea is that in view of the
constraint component of the energy, variations of u. are balanced by low values of ¢.. On
the other hand the Modica-Mortola component of the energy implies that ¢. ~ 1 in most
of the domain and that transitions from ¢, >~ 1 to ¢. ~ 0 have a constant positive cost
(and therefore can occur only finitely many times).

Step 2.1: (Proof of w € PC(O).) Let us define

1
B. = {x60:¢5(x)<%} D A= {x60:¢5(x)<§}, (3.3)
and let
C. = {I connected component of B, : I N A, # &}. (3.4)



Let us show that the cardinality of C is bounded by a constant independent of €. Let  be
fixed and consider an interval I € C.. Let a,b € I such that {¢.(a), p-(b)} = {1/2,3/4}.
Using the usual Modica-Mortola trick, we have

(1 _ gbg)Z 3/4 3

am%%nz/W$+———mz/|wwwmuz/<wwm:?
I 4e (a,b) 1/2 2

Since all the elements of C. are disjoint and LF.(ue, ¢, -) is additive, we deduce from the
energy bound that
#C. < 2°¢y/3,

where we denote #C. the cardinality of C.. Next, up to extracting a subsequence we

assume that #C. = N is fixed. The elements of C. are written on the form I7 =

(m§ —ws,m +ws) for i =1,--- , N with m{ < m$, ;. Since ¢. — 1 in L'(O) we have
DI =) 20 — 0. (3.5)
IFeCe 7

Up to extracting a subsequence, we can assume that each sequence (mg) converges in 0.
We call m; < my < --- < mpy their respective limits. We now prove that

[Dul(O\ {m}};) =0, (3.6)

thus supp(|Du|) C {my,--- ,my}. The latter ensures that v has no Cantor component
since Du is supported on a finite number of points and that is a.e. constant outside
{my, - ,my} so that u € PC(O), (2.1). To this aim, we fix x € O\ {m;}}Y, and
establish the existence of a neighborhood Bs(z) of x for which |Du|(Bs(z)) = 0. Let
0 < 0 < min; |z —m;|/2. Equation (3.5) ensures that for € small enough Bs(z) N C. = .
Notice that from the definitions in (3.3) and (3.4) we have that ¢. > 1/2 outside the union
of the sets in C.. Hence, using Cauchy-Scwarz inequality, we have for € small enough,

2
1 e
(/ || da:) < 25/ [ul|> do < (20)(2¢)4 (—/ @2 |ul)? dm) < 16c0ed =5 0.
Bs(a) Bs(2) 2 Js(a)

By lower semicontinuity of the total variation on open sets we conclude that | Du|(Bs(z)) =
0, which proves the claim (3.6).

Step 2.2: (Proof of the lower bound for LF..) Without loss of generality we can assume
N =1, thus J, is composed of a single point, otherwise the argument we propose can be
applied on each m; separately. Up to a translation m; = 0 and we denote D := u(07) =
—u(07) > 0. For any 0 < d < D there exist six points y; < z! < 7! < 2 < 22 < y, such
that

il_{%ﬁbs(yl) = ll_rf(l)(bs(yQ) =1,
lim 6. (22) = lim .(2?) = 0, (3.7)
e—0 e—0

u (%) = —D +d, u (72) = D —d.

Since ¢. — ¢ and u, — v in L' up to a subsequence they converge point-wise almost
everywhere and this implies the first and third fact. Let inf, ,,)¢. = c., then Jensen
inequality implies

Y2 42(,,/ |2 2 Y2 2
co > belu de > ¢ (/ [ul| dx) :
" 2e 2e(y2 —y1) \Jy,




Then ¢. must vanish with € implying statement (3.7). Using the Modica-Mortola trick in
the intervals (y1,zl) and (22, y,) as above, we compute:

Y2

limui)nfﬁfa(ua,gba; (yl,x;)u(xg,yg)) > limi)nf/ 5(1_¢6)|¢;| dx+/ (1—¢¢)|¢L] dz > 1.
(3.8)

Y1 T

For the estimate on the interval I. = (Z!, Z2) let us introduce:

G. o= {w € WL - wl@) = D+ d () = D~ d},
7. = {z e W (1) :n<z<1la.e. on ]a} ,

1 1—2)?
H.(w, z) ::/ (—z2|w'|2+ﬁ) dz,
. \2¢ 2e
he(z) = inf H.(w,z) for z € Z..

U)EWE

Note that for w € G and z € Z,, we can apply an inequality similar to (3.1). In particular,
for z replacing ¢. and w’ taking the place of Du we get

(s = (f25) (1 2)

Reversing the latter and taking into account the conditions on w obtains

fwr (af ([ 3) 2o ()"

From this we deduce the lower bound

he(z) > 4(D — d)? <25/16%d:c) B +/15 ((1 ;;)2) da. (3.9)

Let us remark that optimizing H.(w, z) with respect to w € G. we see that this inequality
is actually an equality.
Consider for 0 < A < 1 the inequalities:

1 (I 1 1 2 1— )2
/ LU g / —2§—2—§</ﬂdx).
{welo:p->A} ¢z A {wel:pe<A} oz (1—=XA)%n I. 2e

Applying both of them in (3.9) we obtain
‘C—Fe(usa (bz-:a [s) > hs(¢z—:)

2D — d)?2 o)
. (D- (52 o
eL1(1.) + 1 22 <f] (1—¢c)? d$> I 2¢e

A2 (1=X)2 n2 2e
21 L1(I)

Ui
>2(1=X)—=(D—-d)—(1—=A\ 3.10
>2(1- 02D —d) - (1= LS (3.10)
where the latter inequality is obtained by minimizing the function:
2(D — d)?
t— eLl(1;) 1 262t +1.

XTI
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Therefore we can pass to the limit in (3.10) and obtain:

lim inf LF (e, 62, 1) > (1= N)F2AD — d).

Sending A and d to 0 and recalling the estimate in (3.8) we get

lirri%nfﬁfg(ug, bey (Y1, 2)) > 1+ 82D = 1+ Blu(0T) —u(07)]. (3.11)

Step 3: Indeed by Fatou’s Lemma for any ¢ € S~ and H™! almost every y € € it holds

hm&)nf LF (ue, ¢pe;0) >

el0 13 2_5
v

s 1 . (1 - (69 )
/ lim inf </ (2515 + S5 + = dt | dH" ().
II¢ o) €
Then by the results in Step 2.1 and 2.2, in particular inequality (3.11), it holds

liminf LF (v, 6::0) > [ 37 [L Blug(my) — ufmp)]] K (y).

- y
S mie(Ju)§

Therefore by Theorem 2.1 we have u € SBV(O). Moreover, since (1), = 0 on each slice,
we have u € PC(O). Applying identity (2.2) we get
lim inf £F . (u., ¢; O) > / v - &1+ B[] dHT. (3.12)
e—0 JuNO

In order to conclude, we use the following localization method stated by Braides in [9,
Prop. 1.16].

Lemma 3.1. Let u: A(X) — [0, +00) be an open-set function superadditive on open sets
with disjoint compact closures and let A be a positive measure on X. For any i € N let

Y; be a Borel function on X such that p(A) > [, ; dX for all A € A(X). Then

u(A) > /Aw ax

where 1) 1= sup, ;.
For any u € PC(O) let us introduce the increasing set function p defined on A(O) by

u(A) = inf {ligglf LF(ue, ¢c; A)} , for any A € A(O).

*
Ge—1lus—u

Observe that for any two open sets A and B with disjoint compact closure and for any
(ue, ¢.) such that u. — u and ¢. — 1 on AU B, the restriction of u. to A (resp. B)
weak-* converges in A (resp. B) to the restriction of w on A (resp. B) and it follows

u(A+ B) = u(A) + u(B).

This proves that p is superaddittive on open sets with disjoint compact closures. Let A
be a Radon measure defined as

A= [1+ Blu(z™) — u(z™)|JH L J,.

11



Fix a sequence (&;);en dense in ST 1. By (3.12) we have

u(0>z/wz-cu, ieN,
O

where

0, if 2 € O\ J,.
Hence by Lemma 3.1 we finally obtain

supvile) dn = [ [+ Bl @

Vi) = {|<V“(x)’§i>|’ if z € Jy,

liminf LF . (ue, ¢-;0) > /
e—0 o

4. Equicoercivity and I'-liminf

Let us first produce the following construction.

Lemma 4.1. Given two probability measures wy and ws supported on a finite set of points
S = {xo,...,xn}, there exists a vector measure v = U(M.,,0,,&,) and a finite partition

(Q;) C A(Q) of Q such that
a) V-y=—w + wsy,
b) each Q; is a polyhedron,
c) M, C |, 08,
d) S is of finite perimeter for each i and ; N Q; =0 for i # j,
e) L2\ U ,) = 0.

Moreover if M is a 1 dimensional countably rectifiable set, we can choose v and (£2;) such

that H*(M N, 0%;) = 0.
Proof. Let us fix a point p € Q\ S and assume

N
W1 — Wy = E &15%
1=0

Following the Example 1 we can construct a measure 7; supported on the segment [p, z;]
such that V - ~; = 6,, — 9, for i € {0,--- , N}. We define

N
Y= an
i=1

By construction (a) holds true. Moreover, up to a small shift of p we may assume that
[p, z:] N [p, x;] = {p} for i # j.

Next, let D; be the straight line supporting [p, z;]. We define the sets (£2;) as the connected
components of 2\ (Do U---U Dy). We see that (¢, d, e) hold true.

For the last statement, we observe that by the coarea formula, we have H'(MN{J, ;) = 0
for a.e. choice of p. O

12



Figure 1: Example of the construction of the H!-rectifiable measure v (red) and of the
partition {§2;} (gray) in the case M (green) is being a H'-rectifiable set. Here
w1 = 0y, and wo = 1/3(8z, + uy + Oay)-

We now prove the compactness property (Theorem 1.3). Let us consider a sequence
(oo, ) € M(Q2, R?) uniformly bounded in energy by ¢y < +00,
0 < F(0e¢:) <cg  foree(0,1]. (4.1)

Proof of Theorem 1.3. First observe that by definition (1.3) and equation (4.1), we have
o. € V.(Q) and ¢. € W.(Q2). Next, using the arguments of Step 1 of the proof of
Theorem 3.1, with |o.| instead of |Vu.|, inequality (3.2) reads

2 . 4
10.](9) < \/16% 2+ 8¢|Qlcy =5 % < . (4.2)

Thus the total variation of (o.). is uniformly bounded as long as 5 > 0 and there exists
a 0 € Mg(Q) such that up to a subsequence 0. — o in M(Q). Now, considering the last
term in the energy (1.3) we have

/(1 - ¢6)2 dz < 2¢ fe(gaa ¢5) <2ec¢y—0.
Q

Hence, ¢. — 1 in L*(Q).

13



Let us now study the structure of the limit measure o. Let us recall that ) is a bounded
convex relatively open set such that Q C Q) and let us extend o, by 0 and ¢. by 1 in O \ Q.
Obviously we have F.(o., ¢e;Q) = Fo(o., b-; ), therefore for any O € A,(Q) applying
the localization described in Section 3 we can associate to each o, a function u, € W1’2(O)
with mean value 0 such that 0. = Vut in O. Since |Vul| = |Vu.| by Theorem 3.1 there
exists a u € PC(O) such that, up to extracting a subsequence, u. = u. Eventually, from
formula (2.3), we get

oLO = Du"LO = —[ulv; H'L(J,NO).

Since we can cover Q\ S by countable many sets O € AS(Q), this shows that o decomposes
as

o=U(M,,0,,¢&)+ u.

Where p is a measure absolutely continuous with respect to H°LS. By Lemma 4.1 there
exists a rectifiable measure y = U(M,, 0., &,) such that V-(o+~) = 0 and H'(M,NM,) =
0. Then there exists a u € BV () such that Du = o+ +~+. Since u € BV(Q) and S is
composed by a finite number of points, we deduce |Du|(S) = 0 which implies |¢|(S) = 0.
Hence o writes in the form U(M,,0,,&,). O

Let us now use the local results of Section 3 to prove the I' — lim inf inequality.

Proof of Theorem 1.1. Let (o, ¢.) such that 0. = ¢ and ¢. — ¢ as in the statement of
the theorem. Without loss of generality, we can suppose that F. (o, ¢.) < +o0.

Let  be as in the proof of Theorem 1.3 and let us define p = I' — liminf, F.(o., ¢¢)
and A\ = fBlo| + H!LM,. Consider the countable family of sets {O;} € Ag(Q) made of
the relatively open rectangles O; C O \ S with vertices in Q2. The local result stated in
Theorem 3.1 gives for any i € N

H(A) = w00 4) 2 A0 A) = [ v
A

where 1); := 1p,. Therefore Lemma 3.1 gives

[~ liminf F.(0x, ¢.) = u(€2) = M) = Blol(Q) + H! (M)

since sup, ¥; is the constant function 1. O

5. I'-limsup inequality

Let us prove the I'-limsup inequality stated in Theorem 1.2. Recall that the latter consists
in finding a sequence (0., ¢.) for any given couple (o, ¢) € M(Q,R?) x L'(Q) such that
0. >0, ¢ — ¢ in L'(Q) and

lim sup F. (o, ¢:) < Es(0, ¢). (5.1)
el0

When &3(0, ¢) = +o00 the inequality is valid for any sequence therefore by definition (1.5)
we can assume 0 = U(M, 0,€) and ¢ = 1. In view of the results from White [18], [19] and
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Xia [20] polyhedral vector measures are dense in energy and it is sufficient to consider
vector measures of the form

0= iU(Mz‘,ei;&)a (5.2)
=1

where M; is a segment, ; € R is H!-a.e. constant and §; is an orientation of M; for each
7. An exaustive proof of the same result in the general case can be found in the recent
paper [11]. Nevertheless, to keep self-contained our work, we included in appendix A a
proof of this result based on BV functions. Without loss of generality we can suppose
that for each couple of segments M;, M;, for ¢ # j, the intersection M; N M; is at most
a point (called branching point) not belonging to the relative interior of M; and M;. We
first produce the estimate (5.1) for o concentrated on a single segment thus let us assume
o =0e; - H'(0,1) x {0}

Notation: Let us fix the values

06 .
a.: =4 2 >0 , b, :=¢cln <1—_77) and re = max{e, a.}.
e ifB=0 €

Let doo(x,S) be the distance function from x to the set S C Q relative to the infinity
norm on R? and Q,.(P) = {x € R? : d(z, P) < r} the square centered in P of size 2r
and sides parallel to the axes. Introduce the sets

I. :={x € R? : doo(,[0,1] x {0}) < a.}UQ,.(0,0) UQ,.(I,0),
I, = {r € R*: do(z,1,,) < b.},
I. ={r € R* i duoo(, (I, UI)) < e},
Iy, == Q\ (Lo, UL, U L),
Ye(t) = {(t,22) : |wa| <ve},

and define R, = 1,_ \ (Q,.(0,0) UQ,_.(,0)).

I Ls—
e I S L
T R———— N Zi(lre) L
e e Ry e Y L (B Re Be ) i
Z.(r)
L Qed0,0) e Qell0) i Qr:(0,0) Qo) |

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 2: Example of the neighborhoods of the segment [0,1] x {0}. On the left the case
in which 7. = ¢, on the right the case in which r. = a. > ¢. The cyan region is
R. and I,, = R. U (Q,.(0,0) UQ,_.(1,0)). Remark that supp(p.) = B(0, ¢).

Costruction of o.: We build o. as a vector field supported on [,.. In particular we
add together three different constructions performed respectively on R., @,.(0,0) and
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@..(1,0). We construct o. on R. in order to obtain the I-limsup inequality, on the other
hand we are forced to modify such construction in a square neighborhood of each ending
point of the segment to control V - o.. As a matter of fact we need to verify that the
piecewise definition coincide on the sets ¥ (r.) and 3.(I — r.) which correspond to the
interfaces between @,_(0,0) and R., and, R. and @Q,_([,0). Let r = r./e and consider the
problem

Au= =460 (0, xp), on Q.(0,0),

B4(0,0)

ou % . , 08 i
%:Hl(z)’ on X :{.’L'GR ZQlej:l, |LL’2’ §7 R o
ou . +
v 0, otherwise on 0Q),(0,0) \ £=. 7009
%
In the latter the set ¥* (resp. ¥7) is the image of the set Y. (r.) (resp. X (I —r.)) via
the map
x ( xz—(1,0) )
T — —, resp. &> ———= :
£ £

Let u™ be the solution relative to the problem in which every occurrence of + is replaced
by + and let u~ defined accordingly. Then set

RAEE) n Q,.0,0),
o = zie ey, on R, (5:3)
\VU((J?_g(l;O))/E)’ on Q. (1,0).

Indeed, the Neumann Boundary conditions imposed for u™ (resp. u~) on Xt (resp. 37)
ensure that the latter piecewise definition is continuous on Y.(r.) and (I — r.). By
construction we have that V- o. = 0 [(0(0,0) — 0¢,0)) * p] and o, 2 . Let us point out as
well that there exists a constant ¢(c«, @) such that

c(a, 6) ::/ lo.|? dz = / |lo.|? d :/ ‘Vzﬁ(:v)f de = / ‘Vu_($)‘2
Qrc (1,0) Qrc(0,0) Qr(0,0) Qr(0,0)
(5.4)

Costruction of ¢.: Most of the properties of ¢. are a consequence of the inequalities
obtained in Theorem 3.1 and the structure of o.. On one hand we need ¢. to attain the
lowest value possible on I, in order to compensate the concentration of o. in this set,
on the other, as shown in inequality (3.8), we need to provide the optimal profile for the
transition from this low value to 1. For this reasons we are led to consider the following
ordinary differential equation associated with the optimal transition

Te

(5.5)
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Observe that w. =1 — (1 —n)exp (=) is the explicit solution of equation (5.5) and set

n, ifeel,,
We(doo (2, 1,.)), ifxel,,
doo(z, L) —e+1, ifzel.,
1, otherwise.

FEvaluation of F.(o., ¢:): (case of a o concentrated on a line segment) We prove inequal-
ity (5.1) for the sequence we have produced. Since the sets I,_, I,,_, I.. and I, are disjoint
we can split the energy as follows

‘7:6(0-67¢6) = ]:6(0'67¢6; ]a5> + f6(0-67¢6;lbg) +]:s(0's; Qbs; Icg) + Fe(aea Qse; ]d5> (57>

and evaluate each component individually. Since o, is null and ¢. is constant and equal
to 1 in I, we have that F.(o, ¢.; 1;.) = 0. For the other components we strongly use the
definitions in (5.3) and (5.6). First we split again the energy on the set I,_ as following

Fe(0e, @ei La.) = Fel0z, 03 Re) + Fe(02, 023 Qr.(0,0)) + Fe(oe, 023 Qr. (1, 0)).

Now identity (5.4) leads to the estimate

2 1—n)?
Pl 62500, (0.0)) = Fulo0, 65 Q. (1.0) = () + L1002
and ,
Flowti ) = || + O ) < (€04 ga
Then passing to the limsup we obtain
limsup F.(0¢, ¢; Lo.) < 081 = 06H'([0,1] x {0}). (5.8)

el0

To obtain the inequality on the sets I, and I.. we are going to apply the coarea formula
therefore let us observe that for both du(, I,.) and do.(x, I,_) there holds |Vd(z,-)| =1
for a.e. x € Q and that there exist a constant k& = k(,0) such that the level lines
{dw(z,-) =t} have H' length controlled by 2! + kt. In view of these remarks we obtain

F(oiti) = [ 1‘—‘”} Voo (2, )] da

€ (
{§|V¢8|2 + 2e

_/Obf [%%\wg(m?] W ({da(-, 1) = 1) dt

_ (z _ E) (L= = 2] —> 1 =#([0,1) x {0}) (5.9)
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and

2
Fowsat) = [ [5vot+ Bo2E (Vanto )l as

Ce

_ /06 [(1 —t—;—gg —1)? + _} H ({do(- I, UL,) = t}) dt

< (20 + ke) W g;)?’ - gt]z

DO ™

2
= (20 + ke)e? = — 0. 5.10
( + 6)8 3 &l0 ( )

Finally adding up equations (5.7), (5.8), (5.9) and (5.10) we obtain

lim sup F. (0., ¢c) < (1+ 8 6) H'([0,1] x {0}).

el0

Case of a generic o of the form (5.2):
Let us call 0%, ¢! the functions obtained above for each o; = 6;&;H' M; and set

n
= Z oL, O = miin o
i=1

In view of the contraint (1.1), it holds

(w1 - wz) =V.o= ZV : (Gz@?-lll_Ml) = Zﬁz(épf - §P_—),

k3

where Pt and P, are the starting and ending point of the segment M; according to its

orientation &;. Replacing each o; with o’ we have
V-0, = ZVU—ZG P+— -) ok pe = (w1 — wa) * pe.

Thus o, satisfies constraint (1.2). We now prove inequality (5.1). The following inequality
holds true

_ s A2
fa(05,¢s):/—|m1n¢z| ‘Z |2 mmW)P‘*’%dx

/—|m1ngbz| |Za E dx+2/—|v¢z|2 Z> x, (5.11)

therefore let us estimate the first integral in the latter. Observe that for e sufficiently
small we can assume that all the R! are pairwise disjoint thus we study the behavior in
the squares Let M;,,..., M, be the segments meeting at a branching point P. For

J =1, 0mp let us call @, ( ) the squared neighborhood of P relative to the segment
M; as Constructed prev1ously Let us recall that by definition ¢, is constant and equal to
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non Ui Q. (P) then we have the estimate

/ E|0‘€|2 dx_Z/ o2 o |? d;p+/ - |ZUJ|2 dx
U (REUQ, (P)) @l 7=n

9 mp
<i§:/‘lﬂ@fdx+nw——§:/a 07 da
Q,;(P)

J=11 J=1
Loy g2 s n?
<y / G PIot? de ot (mp = 1) [ S e(6.6) | 1

Z
j= 1RJUQ

(5.12)

Applying inequality (5.12) on each branching point in equation (5.11) and recomposing
the integral gives

lim sup F. (0., ¢.) < hmsupZF ol o) +nc(n,B,0;,...,00)e
el0 el0 i—1

§§:u+600H%M0

:/ (1+80)dH' = E5(0,1)
supp(o)

which ends the proof.

6. Numerical Approximation

In this section we present numerical evidence of the I'-convergence result we have shown
in the setting introduced in Remark 1. The first issue we address is how to impose the
divergence constraint. To this aim it is convenient to introduce the following notation

1 N
fz—: = <5:p0 - _Z(sm]) * Pe,
N £

= |
G0 ) = /Q %|¢’2‘0”2:| dz, ifo eV,

+00, otherwise in L?(Q2, R?),
— 1 o 2
/ f‘v¢‘2 + M} dz, if ¢ € W,
ol2 2e
+00, otherwise in L'(Q).

A(¢) = (6.1)

Then let us observe that the following equality holds

c€L?(Q,R2) c€L?(Q,R2) uEWL2(Q

: — Lo o
min  G.(0,¢) = inf { sup )/92€|gb| lo|* +uw(V -0 — f) dx}.
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By von Neumann’s min-max Theorem [4, Thm. 9.7.1] we can exchange inf and sup ob-
taining for each ¢ > 0 and ¢ € W,

min G (o, ¢) = sup inf/ i8|¢>|2|a|2 — (Vu,0) + uf.) de
g u g Q

2
— —min/ e[Vl +uf. dr = —min G.(u, ¢),
[¢) u

with o = %, this naturally leads to the following alternate minimization problem: given

an initial guess ¢y we define

Vu; a
oj = €¢2.u] where  u; := argmin G.(u, ¢,),
j

¢j41 = argmin G.(o;, @) + A (o).

This formulation led to Algorithm 1. We define a circular domain €2 containing the
points in S endowed with a uniform mesh and four values 3, €;,,ceng and Ny, and
a gaussian convolution kernel p. , in order to define f.. We have implemented the
algorithm in FREEFEM++ choosing for the discrete spaces for u and ¢ the space of
piecewise polynomials of order 1. To validate Algorithm 1 we tested on the constraint

Algorithm 1 Alternate Minimization

Input: S ={x,...,2n}, €, Eend, Niter, [, index.
function ALT. MIN.(z0, ..., TN, Ein, Eends Niter, B, P)
Set f. = (Nby, — Zf\il Ou;) * pe,,, and ¢g =1
for j =1,..., Ny do
= () e = (i) 2o
& + L'-projection of o
Set u; as the minimizer of G, (-, ¢;_1)
Set 0; = 8]';11]
Set ¢; as the minimizer of G, (0j,-) +A()
Set ¢; = max{n, ¢,}
end for
end function
return ¢y, ., OnN,,., -

given by four points defining a square inscribed in the unitary circumference, namely xy =
(=v2/2,-v2/2), 21 = (V2/2,-v2/2), 23 = (V2/2,v2/2) and 24 = (—v2/2,v2/2).
Indeed, for such constraint, we can obtain an explicit solution which allows a visual
comparison with the one obtained with Algorithm 1. As it is shown in Figure 3 the
solution is far from being satisfactory. We think the failure of this procedure is due to the
relation between the geometry of the space and the one of the solution itself. In particular,
to obtain a good approximation it is necessary to refine the mesh where ¢ attains values
close to zero but we observed that this restrains the process of approaching the solution.
To overcame the problem we propose a modifications to Algorithm (1) to include a step
of joint minimization. Let us consider a smooth diffeomorphism 7" : 2 —  and define

ng:gbOT(x), O'T:O'OT(I),
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Figure 3: On the left: Graph of ¢nye, obtained via the Alternate Minimization Algo-
rithm 1. On the right: in red, one of the solutions to the Steiner problem, while
in blue, a minimizer of the energy &s.

and the functional
F.T) = Go(00 T, o T) + A(¢0 T).

Let dF.(Id) be the differential of the the functional F. evaluated for "= Id. We represent
dF as function V € WhH2(Q2, Q) by solving the elliptic problem

(V.Whwie = (dF.(I1d), W)yr2  for any test vector field W.

Let V be a solution to the latter problem, we perform a gradient descent in the direction
—V. In Algorithm 2, we implemented this joint minimization step. As it is possible to

Algorithm 2 Joint Minimization
Input: S ={x0,....,28}, €in, Eend, Niter, [, index.
function JOINT MIN.(zo, ..., ZN, Ein, Eends Niters B, p)
Set f. = (Nbg, — Zf\il Oz;) * pe.,, and ¢g =1
for j =1,..., Ny do
(e (o)
® < L'-projection of b5 4
Set u; as the minimizer of @Ej(', ®j-1)

e:Vu,;
Set 0; = é J

j—1
Set ¢; as the minimizer of G (0j,-) + Ac()
if %10 == 0 & j > index then
Solve (V, W) = (dF_,(Id), W)
Set (/bj = QbJ(.T — V)
end if
Set ¢; = max{n, ¢;}
end for
end function
return (bNiter’ O Niter+

remark from a visual comparison of Figure 4 and Figure 3 the joint minimization proce-
dure allows to displace the functions. Indeed, as shown in Figure 5, the energy decreases
during the joint minimization procedure as it. Let us propose a second modification to
Algorithm 1. Let us observe that the optimization of the component A, defined in equa-
tion (6.1) is the one responsible for the length minimization of the support of 0. Therefore
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Figure 4: On the left the graph of @y on the right the one of oy, obtained via the
Joint Minimization Algorithm 2.

- Square -

200 210 220 230 240 250 280 270 280
teration

Figure 5: Behaviour of the energy during the joint minimization iterations of Algorithm 2.

it is reasonable to look for a gradient descent in the component A.. In Algorithm 3 we
implement such procedure. This method enhances the length minimization process since
but has the drawback is that displacing ¢ and ¢ in the direction —dA we could loose the
divergence constraint. To avoid such eventuality we perform several steps of Alternate
Minimization after the displacement. In the next figures we show the graphs obtained for
the couple (on,,,,, ®n,,.,.) via Algorithm 3 with the choices 8 = 0.05, g5, = 0.5, £¢pqg = 0.05,
B = 0.05, Nj = 500 and index = 300. We have chosen to make simulations for points
located on the vertices of regular polygons of respectively 3, 4, 5 and 6 vertices. A direct
visual comparison between the obtained results in Figure 6 and the exact solutions in
Figure 7.
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Algorithm 3 Length Minimization

Input: S ={zo,...,2n}, €y Eend, Niter, [, index.
function LENGTH MIN.(zo, ..., 2N, Ein, Eends Niter, B P)
Set fo = (Ndyy — Son | 0,,) % pe.,, and ¢y = 1
for j =1,..., Nie do

— j_NiteT ) _ .]
8‘7 - ( Niter )5271 <Nite7’) gend

® <+ L'-projection of ¢5
Set u; as the minimizer of G (-, ¢;-1)
Set 0; = Elv;t’
Set ¢; as the minimizer of G.,(0j,-) + A(")
if j%10 ==0& j > index then
Solve (V, W) = (dA.,(1d), W)
Set ¢; = ¢j(x + 1)
end if
Set ¢; = max{n, ¢,}
end for
end function

return ¢Niter7 O-Niter'

Figure 6: Graph of the couple (oy,,,., ¢n,,.,.) obtained via Algorithm 1 in the case of 3, 4,
5 and 6 points located on the vertices of a regular polygon.

A. A density result

We show that measures which have support contained in a finite union of segments, are
dense in energy. Without loss of generality let us assume that ¢ € Mg(fQ) is such that
Es(0,1) < oo. In particular ¢ = U(M,,0,,&,) is a H'-rectifiable measure. Applying
Lemma 4.1 we obtain an H'-rectifiable measure v = U(M,,60,,&,) and a partition of Q
made of polyhedrons {Q;} such that M, C U;0Q;, H'(M, NU;0Q;) = 0 and o + 7 is
divergence free.

From the above properties, we can write

ot 4+~ =Du
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= Xy O

Figure 7: Graph of the exact solutions to the Steiner Problem constrained as in the pre-
vious figure.

for some u € PC(Q2). Our strategy is the following, using existing results [5], we build
an approximating sequence for u on each €2; whose gradient is supported on a finite
union of segments. We then glue these approximations together to obtain a sequence (w;)

approximating u in 2. The main difficulty is to establish that Dw;L[U;0€);] is close to
Dul_[U;09;] = . First let us recall the result in [5]

Lemma A.1. Let u € PC(2) be such that

Er(u, ) = ([u]) dH" " < 4o0.

QNJy

for f a continuous, sub-additive and increasing function on [0,+00) such that f(0) =0
IO — 400, Then there exists a sequence (up) C PC(Q) with the following

and lim; 0 =~

properties:
o limy oo up =u in LY(Q),
[ limh*)Jroo Sf(uh, Q) = Sf(u, Q),

o J,, 1is contained in a finite union of facets of polytopes for any h € N. In particular
for any h € N,

H NN T,,) =H" QN T,,) and H(T,,) < +oo.

Lemma A.2 (Approximation of u). There exists a sequence (w;) C PC(Q) with the
following properties:

a) w; — u weakly in BV (Q),

b) suppw; C Q,

c) limsup, ., Es(w;, 1) < Es(u, 1),

d) Ju, is conlained in a finite union of segments for any j € N,

e) |Dw; — Du|(U0Q;) — 0.
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Proof. Step 1: In order to apply the results of [5], we first need to modify u and the
energy. Let us denote the energy density function f(t) =1+ St and for £ > 0 and ¢ > 0
let us introduce the approximation
fi(t) = (282 1 B2/t for t < 27,
R f(t), otherwise.

We have 0 < fy < f and fy = f on [27%, +00). Notice that f is continuous, sub-additive

Figure 8: Graph of f and two of its approximations fi, and fx, with k; < k.

and increasing on [0, +00) and that fk( ) = 0 with hmt_m L () = +00. We define the
associated energy for functions v € PC(Q) as &y, (v, Q) = [} na fe([v]) dH'.

Now we denote PCy(€2) the set of functions v € PC(€2), (2.1), such that U(Q) C 27*Z. For
these functions we have |[v*(x) — v~ (x)] > 27% for H'-almost every z € J,. Consequently,
one has ) R

gfk (U’ Q) = gf(v7 Q)

For each fixed k£ > 0, let us introduce the function

w, = 277 27|
where [t| denotes the integer part of the real ¢t. Note that wy E PC’k( ) Wlth Juk C Jy
and |lu —u|l < 27%. Notice also that in view of | (v — u;,) — )| < 27% we have
|Duy — Du|(Q) < 275H!(J,). (A1)
Indeed, u, — u strongly in BV (Q), as #'(J,) < +oo. Moreover, we see that
Er (up, Q) = Ep(up, Q) < Ef(u, Q) + B27FHI(T,). (A.2)

Step 2: Let us approximate the function wg. Let us fix £ > 0 and ;. We can apply
Lemma A.1 to the function uxL2; and to the energy &, (-,€2;). We obtain a sequence
(w}) which enjoys the following properties:

wh() C up() € 27°Z,  Vj € N, hence w! € PCy(),
w! — wy in L) as j — +oo,
jEE—noo gfk (w;ﬁ Ql) = jEToo gf<w;’v Ql) = gf(u/ﬁ Ql):

J i is contained in a finite union of segments for any j € N,

/ | Tw} — Tug| dH' — 0 where T : BV (Q;) — L'(9€;) denotes the trace operator.
09,
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Let us now define globally

. i
wj = E w;lg,.
J

From the above properties, we have w; =y,
lim & (w), Q) = E(wy, ) (A.3)

and
|Dw; — Duy|(U;09;) — 0 as j — oo. (A.4)

Eventually, using a diagonal argument, we have proved the existence of a sequence (w;) C

A

PC(Q) satisfying claims (a), (b) and (d) of the lemma. Moreover, item (c) is the
consequence of (A.2) and (A.3) and item (e) follows from (A.1) and (A.4). O

Going back to the H!-rectifiable measures ¢ = U(M,, 0,,&,), we define the sequence
oj = —Dwj- — 7.

We recall that v = U(M,,,0.,&,) with M, C U9S;. In particular v = —DutL (U;00;).
We deduce from the previous lemma:

Lemma A.3. There erists a sequence (0;) € Mg(Q) with the properties:
- 0j — o with respect to weak-+ convergence of measures,
- 05 =U(Ms,;,05;,8s,) with My, contained in a finite union of segments,

- limsup; . E3(05,1) < (o, 1).
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