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Abstract

For a generalized one-dimensional diffusion, we consider the measure weighted
and normalized by a non-negative function of the local time evaluated at a parametrized
family of random times, which we will call a clock. The aim is to give a system-
atic study of the penalization with the clock, i.e., its limit as the clock tends to
infinity. We also discuss universal o-finite measures which govern certain classes of
penalizations, thus giving a path interpretation of these penalized processes.

1 Introduction

The systematic studies of penalizations started in 2003 with the works of Roynette, Vallois
and Yor, essentially on Brownian motion; see for instance [9], [8], or [10] for a monograph
on this subject. Since then, many authors have generalized their results to other processes.
When dealing with weights involving local times (L;,¢ > 0), we may refer in particular to
Debs [2] for random walks, Najnudel, Roynette and Yor [6] for Markov chains and Bessel
processes, Yano, Yano and Yor [14] for stable processes, or Salminen and Vallois [11] and
Profeta [7] for linear diffusions. In most of these papers, the authors focus on penalizations
PLf(Ly)]
f is a positive integrable function and (Fj) is a bounded adapted process. This in turn
requires some assumptions on the considered processes, see for instance Salminen and
Vallois [11], where the authors introduce a large family of diffusions for which local time
penalization results apply.

with a natural clock, letting the time ¢ go to infinity in quantities such as where

In this paper, we shall rather study local time penalizations with different clocks, i.e.

PIF (L))
‘ ‘ PLf(L7)]
sense along a parametrized family of random times. Examples of such results already
appear in the literature, essentially when dealing with processes conditioned to avoid
0, i.e. with the function f(u) = lg,—0;. We refer to Knight [4] for Brownian motions,
Chaumont and Doney [1] and Doney [1] for Lévy processes, and Yano and Yano [13] for
diffusions. Note in particular that, in general, different choices of 7 lead to different limits,
hence different penalized processes.

we shall study the limit of quantities such as as 7 tends to infinity in a certain
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We consider here a generalized one-dimensional diffusion X (in the sense of Watanabe
[12]) defined on an interval I whose left boundary is 0, with scale function s(z) = =
and speed measure m(dz). We assume that the function m : [0,+00) — [0,400] is
non-decreasing, right-continuous, null at 0 and such that

strictly increasing on [0, ¢'),
mis < flat and finite on [¢', (), (1.1)

infinite on [¢, +00)

where 0 < ¢/ < ¢ < +00. The choice of the right boundary point of I will depend on
m; see [13, Section 2] for the boundary classification; see also Section 7. As for the left
boundary point, we assume that 0 is regular-reflecting for X. This implies in particular
that X admits a local time at 0, which we shall denote (L;,t > 0), normalized so that

S

where r,(x, y) denotes the resolvent density of X with respect to m(dy). Let ¢, and v, be
the two classical eigenfunctions associated to X via the integral equations, for x € [0, ¢):

oue) =t a [dy [ 6, (mid), (1.3
0 (0,y]
wl) =t [ dy [ o,Imidz), (14
0 (0,9]
Set
BT @Z)q(x)
H(q) = 1;%} ou(2) (1.5)
Denoting by m(oo) the limit EIP m(z), we have
1
13&)1 H(q)=¢ and lqig)qu(q) = (o) =: . (1.6)

With these notations, the resolvent density of X is given by

o) = o) = 1@, (6,0) - 340 ) Doy wyer 0

where I’ is defined in [13, Section 2] (see also Section 7), We finally define, following [13],

hy(x) =ry(0,0) — 7,(0, 2) (1.8)
fmm:gymm:x—ml7mw@, (1.9)

and we call hg the normalized zero resolvent.

Let us outline the main results of the paper. For simplicity, we assume ¢/ = { = oo and
we take up the following three cases:



the boundary oo | m(c0) | [, ) 2m(dw)
(i) type-l-natural | =00 | =00
(ii) type-2-natural | < oo | =00
(ili) entrance <00 | <00

The Brownian motion reflected at 0 is an example of case (i), where my = 0 and ho(x) = z.
Some other examples will be given in Section 7. Let us now present our main results of
the local time penalizations with various clocks.

1°) Let e, denote an exponential random variable with parameter ¢ which is independent
of the diffusion considered. We may adopt {e, : ¢ > 0} as a clock since e, — oo in law

as q | 0.

Theorem 1.1. Let f € Lt and z > 0. For any bounded stopping time T and any bounded
adapted process (Fy),

H(q)P,[Frf(Le,);:T < €] ﬁ P, [FrNy'] and H(q)P, [Frf(Le,)] ﬁ P, [Fr M)

(1.10)
where the Py-supermartingale N"/ and the P,-martingale M"/ are defined by
N = ho(X) f(Ly) + m f(Ly +u)du,  t>0 (1.11)
0
and
MM = NoF 4o /tf(Lu)du, t>0. (1.12)
0

2°) For a € I, let T, = inf{t > 0 : X; = a} denote the first hitting time of a by X. We
may adopt {7}, : @ > 0} as a clock since T, — 0o a.s. as a — oo.

Theorem 1.2. Assume that co is natural. Let f € LY} and x > 0. For any bounded
stopping time T and any bounded adapted process (Fy),

aP,[Frf(Ly); T < T,] — P [FrM'] and aP,[Frf(Lz,)] Yo P, [FrM3'] (1.13)

alT+oo

where M*7 is the P -martingale defined by

+o0o
M = X, f(Ly) + f(Ly+uw)du,  t>0. (1.14)
0

3°) For a > 0, let (L¢,t > 0) denote the local time of X at level a, and define its
right-continuous inverse:

ne =inf{t > 0, L{ > u}. (1.15)

We may adopt as a clock {n%: a > 0} for a fixed u > 0, since n? — oo in law as a — oc.



Theorem 1.3. Assume that co is either type-1-natural or type-2-natural. Let f € L,
x > 0 and u > 0. For any bounded stopping time T and any bounded adapted process

(Ft)7
Py [Frf(Ly); T < 1] yow P, [FrMT]  and  aP,[Frf(Ly)] o P, [Fr M)
(1.16)

where M*7 is the P,-martingale defined above.
We may also adopt as a clock {n? : u > 0} for a fixed a > 0, since n% — oo a.s. as
U — 00.

Theorem 1.4. Assume that oo is either entrance, type-1-natural or type-2-natural. Let
fell, z,a>0and 3> 0. For any bounded stopping time T and any bounded adapted
process (Fy),

er i P, [Fre #Uo; T < nt] — Po[FrM{®] and et-es Py [Fre ] — Py[FrMy]

ut+00 uT+Ho00
(1.17)
where MP is the P -martingale defined by
MPpo =Tt —BL LY t>0. 1.1
t 1"_/80/ eXp /8t+1+/8at I il ( 8)

This paper is organized as follows. The local time penalizations are studied with an
independent exponential clock in Section 2, then with a hitting time clock in Section 3 and
finally with inverse local time clocks in Section 4. In Section 5, we study universal o-finite
measures. In Section 6, we characterize the limit measure for an exponential weight. The
final section, Section 7, is an appendix on our boundary classification.

2 Local time penalization with an exponential clock

Let L} denote the set of non-negative functions f on [0, 00) such that [ f(u)du < co.

Lemma 2.1. Let f € L}, ¢ > 0 and x € I. Then

P (Le)] = { alalf0)+ 2400 [T o maand. 2



Proof. Using the excursion theory, we have

P, { /0 h f(Lt)qe_qtdt} =P, Z ge qtdt] (2.2)

w nu_

To(p(w))
=P, Z f(u)e M- / e_qtdt] (2.3)
/ f(u)e q"“du] [1—e ] (2.4)

= e @

where we write p for the excursion point process and set 7, =Y., To(p(s)), the inverse
local time at 0. We now obtain

P,[f(Le,)] [ / F(L)ge qtdt} (2.6)
:pm{ OTO f(Lt)qe_qtdt] L P, [ ] B { /0 h f(Lt)qe_qtdt} (2.7)
) [ty

This yields (2.1). O

We have the following remarkable formulae.

Theorem 2.2. Let f € L and x € I. Then the following assertions hold:
(i) If ¢ < o0, i.e., 0 is transient, then

P (Lol = o+ (1) [T syau. 29)

(ii) If mg > 0, i.e., 0 is positive recurrent, then

P, UOOO f(Lt)dt} _ Wio{ho(x)f(ow/ow f(u)du}. (2.10)

Proof. (i) Suppose f is bounded. Denote g = sup{t : X; = 0}. Then, at every sample
point, we have f(Li/pe,) = f(Ly) = f(Ls) for ¢ > 0 small enough. Hence we obtain
P.[f(Le,)] = Pu[f(Lu1/g9e,)] = Po[f(Ls)] as ¢ | 0 by the dominated convergence theo-
rem. It is obvious that the right hand side of (2.1) converges to that of (2.9). Hence we
obtain (2.9).

For the general case, we have the formula (2.9) for f An and from this, letting n — oo,
we obtain (2.9) for f.



(ii) We may rewrite (2.1) as

T F(Ly)edt — h<x>f<o>+:q(l”0) T e 1 pydu b (2.11)
Ty () 4(0,0) Jo

Letting ¢ i 0, we obtain P, Uo f(Ly)e qtdt} — P, Uo f(Ly) dt} by the monotone conver-
gence theorem, and hence we obtain (2.10). O

Let F) = 0(X, : s < t) and F, = F},. Note that e, is independent of F., := (U, F2).
Lemma 2.3. Let f € L} and x € I. For q >0, set

N{ = H(q)P,[f(Le,)l<ey|Fi], M = H(q)P,|f(Le,)|F:] (2.12)
and
NPT Zho(X,) £ (L) + (1 - %) / U/ F(L, + u)du, (2.13)
0
Mo =Nhod o gl S (2.14)
Ahof — t Ly,)du. 2.15
o / F(L)du (2.15)

Then the following assertions hold:

(i) N' = N7 and Mf — M7 P,-a.s. asq|0;

(i) (N') is a P,-supermartingale.

Proof. In what follows in this section we sometimes write N;, M; and A; simply for Ntho’f ,
M7 and AP respectively.

(i) Since f(a+ -) € L, we have, applying the Markov property,

N{ =H(q)e " Px,[f(a + Le,)l|,_,, (2.16)
:e_qt{hq(Xt)f(Lt) + M / e_“/H(q)f(Lt + u)du} ) (2.17)
TQ(Oa 0) 0

It is now clear that N} — Ny, P -a.s. Since
Al =M — N} (2.18)
=H(q)P.[f(Le,)l(e,<t}|F] (2.19)

t
~oft(a) | f(L)e " (2.20)

0

we obtain A} — A; and M} — M;, P,-a.s

(ii) Since for s < t we have lyce,; < lisce,}, We easily see that (Nf) is a P,-
supermartingale. For s < ¢, we apply Fatou’s lemma to obtain

P, [Ny|Fs] < liminf P, [N} |F;] < liminf N? = Nq, (2.21)
ql0 g0
which shows that (1V;) is a P,-supermartingale. O



Theorem 2.4. Let f € L} and x € I. Then, for any finite stopping time T, it holds that

N¢ P N o-fin LY(P,). (2.22)
q

Consequently, for any bounded adapted process (Fy), it holds that

lim H(qQ)P,[Frf(Le,);T < e,) = P, [FrNj7]. (2.23)

Proof. Observe first by Fatou’s lemma that

n—o0

Let us compute Ni. We have

X [e.e]
q\Y»

=(I), + (II),. (2.26)

Nj =" he(X7) f(Ls) +

We write similarly

X
Ve =ta(Xa)f(La) + (1= 31 ) [ g+ (2.27)
0
=(I) + (1I). (2.28)
Since (II), < fo u)du, we may apply the dominated convergence theorem to obtain

(IT), — (11) in L'(P, ).

If mp = 0, then we have (I), < Xrf

( T) = hQ(XT)f(LT) < Nr. If w9 > 0 and ¢’
is regular-reflecting, then we have ho(z)

)

1

> cx with ¢ = ho(¢')/0' > 0, since ho(z) is
< ¢ ho(X7)f(Lr) < ¢ *Np. In both cases,
the dominated convergence theorem to obtain

concave. We now have (I), < Xrf(Lr
since P,[Ny] < P.[Ny] < 0o, we may apply
(1), — (I) in LY(P,).

If 7y > 0 and ¢ is either entrance or natural, we have (I), < Xrf(Ly). Since we see
by (ii) of Lemma 3.2 that

B.Xr /(L)) < Ba[N3] < BNG) = 2f(0) + (1 2) / et f(u)du < o0, (2.29)

we may apply the dominated convergence theorem to obtain (I), — (I) in L!(P,).
Therefore we have obtained the former assertion.

For the latter assertion, we have

H(@)Pa[Frf(Le,): T < €] = Po[FrNf] — Pu FyNy). (2.30)



Theorem 2.5. Let f € L1 and z € I. Let T be a finite stopping time such that
T
P, {/ f(Ly,)du
0

Mg — M in LY(P,). (2.32)

< o0. (2.31)

Then it holds that

Consequently, for any bounded adapted process (Fy), it holds that
hng(Q)Px[FTf(Leq)] = P, [FrM;™]. (2.33)
q

Proof. By (2.31), we have fOTf(Lu)e_q“du — fOT f(L,)du in L'(P,). This shows that
Al — Ar in LY(P,), which implies M} — My in L*(P,). The latter assertion is obvious.
U

Theorem 2.6. The condition (2.31) is satisfied whenever T is a bounded stopping time.
For any f € L%, it holds that

M = ho(Xy) f(Ly) +(1 —~ &) / N e/ f(Ly + u)du + mo / tf<Lu>du (2.34)
) ) 0

1s a P,-martingale. Consequently, the identity Ntho’f = Mtho’f — Aim’f may be regarded as
the Doob—Meyer decomposition of the supermartingale (Ntho’f).

Proof. Since
2 [© . t L)du| e %dt = P, h wge  du| =P, .
ql“ﬁLﬂL)} t Putmwz } P.[f(Le,)] <00 (2.39)

and since ¢t — P, [fot f(Lu)du} is increasing, we see that PP, [fot f(Lu)du] < oo for all

t > 0. In other words, the assumption (2.31) is satisfied when 7" is a bounded stopping
time. This shows that (M;) is a P,-martingale. O

Remark 2.7. If ¢ is type-1-natural, then the identity (2.34) becomes
M = XL+ [ L (2.36)
0

which is nothing else but the Azema—Yor martingale. In this sense we may regard the
identity (2.34) as a generalization of the Azema—Yor martingale. Another generalization
will be given in Theorem 3.5.

Remark 2.8. If we take f(u) = l{y—o}, we have
M = ho(Xo)Limyse + mo(To A t). (2.37)
In particular, from the identity P,[M*/] = P,[M]*'], we obtain
ho(x) = Pu[ho(Xy); To > t] + mePe[To At (2.38)
which verifies the first assertion of Theorem 6.4 of [13].



3 Local time penalization with a hitting time clock

In this section we assume that (= ¢') is either entrance or natural. Since any point in
[0, ¢) is accessible but ¢ is not, we have

P.(T, > oc0asat/l) =1 (3.1)
Lemma 3.1. Let f € LY and x € I. Then, for any a € I with x < a,

Pl = {0+ (1= %) [T e supau. (32)

0

Proof. Let P¢ denote the law of X .7, under P,. Then we have

Po[f(Lr,)] = Polf (Leo)]- (3.3)
Since {X,P¢} is a diffusion process on [0, a] where a is a regular-absorbing boundary, we
may use (i) of Theorem 2.2 and obtain (3.2). O

Lemma 3.2. Let f € LY and x € I. For any a € I with x < a, set
Ny = B, [J(Le)lypeny | F] . M = aB[f(Ls,)| 7] (3.4

and
s,f Xt OO —u/t
M =X f(Ly) +( 1 — 7 e f(Ly + u)du. (3.5)
0

Then the following assertions hold:

(i) N& — M and M — M Py-a.s. as a?t (;

(i) (M7 is a Py-supermartingale and is a local Py-martingale.

Proof. In what follows in this section we sometimes write M; simply for M; I
(i) Since f(b+ -) € L}, we have, by Lemma 3.1,
N =a Px,[f(b+ LTa)”b:Lt Lty (3.6)
:{Xt F(L) + (1 _ %) /0 e gL, + u)du} Lien,y. (3.7)
Since T, — oo as a 1 ¢, we have N{ — M,, P,-a.s. Set
Al = M = N = af (Lr,)l{n.<i)- (3.8)
Since A} — 0, P,-a.s., we have M — M,;, P,-a.s.
(ii) In the same way as (ii) of Lemma 2.3, we can see that (M) is a P,-supermartingale.

It is obvious that (M) is a P,-martingale. Let {a,} be a sequence of I such that
an T 0. If we take o, = inf{t : X; > a,}, we have A% . = af(Lr,)l{1,<o.ney = 0 for any
a > ay, so that we have M¢ ., — M, n in L'(P,) as a 1 £. This shows that (M) is a
local P,-martingale. O



Theorem 3.3. Let f € L} and x € I. Then, for any finite stopping time T, it holds that

N& v My i LN(P,). (3.9)

Consequently, for any bounded adapted process (F;), it holds that

aP,[Frf(Lg,); T < T,] — P [FpM3T. (3.10)
Proof. We have
a Xr OO —u/a
NT :XTf<LT)1{T<Ta} +(1—— [§ f(LT + u)dul{T<Ta}, (311)
a 0
XT OO —u/l
0

Since Nf < My and since

P, [Mz] < liminf P, [Mya,] < Pu[Mo] < o0, (3.13)

n—o0

we may apply the dominated convergence theorem to obtain (3.9). The remaining asser-
tion is obvious. O

Lemma 3.4. Suppose that ¢ is natural. Then

aP, (T, <t) ?) 0 forallt>0. (3.14)

Proof. If £ < 00, i.e., { is type-3-natural, then (3.14) is obvious.

Suppose £ = co. Then we have

aP, (T, < t) < ae'P e ] = e’y () - (3.15)

¢1(a)

Since ¢ = oo is natural, we have

¢d1(a) =1+ /Oa dz o1(y)dm(y) > /Oa dz /(0 ]dm(y) — 00 (3.16)

(0,2] at

and, for a > 1,

atl

#(a) > /H dm(a) [ o1y = 64 (1) /(] dmo) [y (3D

Thus, by the I'Hopital rule, we obtain a/¢;(a) — 0 as a 1 ¢ = oo. Therefore we obtain
(3.14). O

10



Theorem 3.5. Suppose that { is natural. Then, for any f € LY and for any bounded
stopping time T, it holds that

Mp — My in LN(P,). (3.18)

Consequently, for any bounded adapted process (F;), it holds that

aP,[Prf(Lz,)] — P [FTM;’f ] . (3.19)
It also holds that
s, f Xt o —u/l
0

15 a P,-martingale.

Proof. Suppose that f € L} is bounded. Since A4 — 0, P,-a.s. and since

P.[A7] < all fllPx(Te < T) 7 0, (3.21)

we see that A% — 0 in L'(P,). Hence we obtain (3.18) and (3.19) in this special case.
We now see that P,[M] = P,[M;7], ie.,

P, [th(Lt) + (1 — %) /OOO e—u/ff(Lt + u)du

0 (3.22)
z —u/l
::Ef(O)Jr(l—Z)/ e " f(u)du
0

holds for all ¢ > 0 and all bounded f € L. By considering f A n, taking n — co and

applying the monotone convergence theorem, we can drop the boundedness assumption

and obtain (3.22) for all ¢ > 0 and all f € L!. By (ii) of Lemma 3.2, we see, for any

f e L, that (M o ) is a P,-supermartingale with constant expectation, which turns out

to be a P,-martingale.

Let f € L. Since (M o ) is a P,-martingale, we may apply the optional stopping
theorem to see that

Po[A7] =Pu[Xr, f(Lr,); T < T (3.23)
§P$[MT¢1’ Ta S T] (324)
=P, [Mp; T, <T] ? 0. (3.25)

Since A% — 0, P,-a.s., we see that A% — 0 in L'(PP,). Hence we obtain (3.18) and (3.19)
in a general case. O

11



Remark 3.6. Suppose ¢ is entrance. We claim that (M) is not a true P,-martingale if
f(0) > 0. Suppose (M;) were a P,-martingale. On one hand we would have

P.[Mia,] = Moy = xf(0) + / f(u)du. (3.26)
0
On the other hand, we see that P,[M;sr,] is equal to
P, [My;t < To] + Po[Mrpyst > To] = Py [Xest < Tp] f(0) +/ f(u)du. (3.27)
0

Hence we would have P,[X;;t < Ty] = x, which would contradict the fact that the scale
function s(z) = x is not P,-invariant (see Theorem 6.5 of [13]).

4 Local time penalization with inverse local time clocks
4.1 Limit as a tends to infinity with u being fixed

Suppose ¢'(= £ = o0) is either entrance, type-1-natural or type-2-natural. We thus have,
for any x € I and any u > 0,

P.(ns <o0)=1 and n} — oo in law under P,; (4.1)

a—r0o0

in fact, we have

a 1
P, o] — { as ¢ 10, (4.2)
0 asa— oo,
since we have r,(a,a) — 00, ¢,(a) — oo and
ql0 a—o0
Coa _ a ¢q(x) U
P,[e™9"] = P [e " |P,[e %] = "L L exp | — : (4.3)
¢q(a) rq(a, a)

For v > 0, we denote by I,,(x) the modified Bessel function of the first kind, which may
be represented as a series expansion formula (see e.g. [5], eq. (5.7.1) on page 108) by

> /2 v+2n
[,,(a:):Zn!F((V/ﬁnJrl), x> 0. (4.4)

n=0
We recall the asymptotic formulae (see e.g. [5], Section 5.16):

(x/2)" (2) e’

0 D14y 7 eSs amr

I,(x)

12



Lemma 4.1. Let a € (0,00). Then the process {(Lya)u>0,Pa} is a compound Poisson
process with Laplace transform

0o 1 u
P,[e lt] = exp{—u/ (1-— e_ﬁs)—Qe_S/“ds} = ¢ T, (4.6)
0

a

For any uw >0 and f € L%,

B, [f(Lyg)] =e"/£(0) + / "))y, (4.7)

where

polo) = emtere V2L (W), (49

Proof. Let p*(v) denote the point process of excursions away from a and n® its excursion
measure. Since L increases only on the intervals (n?_,n%), we have

Lyg = > (L =Ly )= > Lz, (p°(v)). (4.9)

v<u: pe(v)e{Tp<oo} v<u: p@(v)e{Tp<oo}

Since n*(Ty < T,) = 1/a < oo, the sum of (4.9) is a finite sum, and so we see that
{(Lya)u=0,Pa} is a compound Poisson process with Lévy measure

n*(Lr, € ds;Ty < T,). (4.10)
By the strong Markov property of n®, we have
n*(Lr, > s;Ty < T,) = n*(Ty < 00)Po(Ly, > s) = %]P’O(LTG > 5). (4.11)
Let \) = inf{v : p°(v) € {T, < oo}}. Then we have
Po(Lz, > s) = Po(T, > 1°) = Py(\0 > 5) = ¢ (Ta<o0) — o=s/a (4.12)

Thus we obtain (4.6).

Let {S,} be a process with i.i.d. increments P(S, —S,_; > s) = e~*/% such that Sy = 0
and let NV be a Poisson variable with mean u/a which is independent of {S,}. Then we

have L,q v g ~, and hence
Po[f (Lyg)] =P(N = 0)f(0) + Y [ P(N = n)P[f(S,)] (4.13)
—eelep(0) + Yool /O ) f<y)—<<i/ f);! Y )

Thus, using (4.4), we obtain (4.7). O

13



Lemma 4.2. Foru >0, z,a € I and f € L, it holds that

B[ (L)) =B [ (Lo ) +(1—§) LATICA ) (1415)
:”Cg"p (L)) + = (1= ) / F)P(y)dy, (4.16)

where
) = terwien, (220, (417)

Proof. When a < x, we have P,[f(Ly.)] = Po[f(Ly, + Lye 0 07,)] = Po[f(Lye)], which
proves identity (4.15).

Suppose x < a. Using Lemma 3.1, we have
Po[f(Lys)] =Pu[f (L1, + Ly 0 671,)] (4.18)

IR+ H(1- D) [Tt ga] . @)

a

which coincides with (4.15). Using the same notation as that of the proof of Lemma 4.1,
we obtain

Palf(evjat L)l = 2 PN = mPLf(Su1)] (4.20)
STy RO T
Thus, using (4.4), we obtain (4.16). O

By (4.5), there exists a constant C' such that

{Iy(x) <Czx¥ for0<z<1, (4.22)

I,(x) < Ce® forx>1.
Lemma 4.3. For any u >0, a >0 andy > 0, it holds that

2Cu
p?L(:y) < 77 pu(y) < C. (423)

For any fixed u > 0 and y > 0, it holds that

-a

puly) — 1. (4.24)

a—ro0
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Proof. Using (4.5), we easily have (4.24).
If 2,/uy/a < 1, we have

a 2u -~a
Py <C—s Auly) <C. (4.25)
If 2,/uy/a > 1, we have
2
Puly) §0e<ﬁ+ﬁ>2/“—z/ Y < CQ—Z, (4.26)
P (y) <Ce~Wutvi)’le < ¢ (4.27)
Therefore we obtain (4.23). O

Lemma 4.4. Let f € L}, v € I andu > 0. For anya € I, set

N =aPy [ f(Lya) Lieansy | Fe (4.28)

M{" =aPy [ f(Lys) | Fe - (4.29)
Then it holds that N*" — M7 and M — M in probability with respect to P, as
a — oo, where M has been defined in (3.5).

Proof. In what follows in this section we sometimes write M, simply for Mts’f )

(i) By the strong Markov property and by Lemma 4.2, we have, for a > X,

Ni = a P [0+ Loy )|y, Loemy = (D), + (1D, (4.30)
c=L¢
where
=10+ [T otk )|t @3
0 =Lt
c=L$
X\ [ -
1D, =(1-— fO+y)ou_c(W)dy| i<y (4.32)
7 Jo e

Letting a — oo, we deduce from Lemma 4.3 that in probability with respect to P,

@, Qoxtﬂ[ft)a (4.33)
(D, — ) f(Le+y)dy. (4.34)

We thus obtain N** — M;* in probability with respect to P,. Set
A?’u = Mta’u — Nta’u = af(Lnﬁ)l{nggt}. (435)

Since AP — 0, we obtain M" — M/ in probability with respect to P,. O
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Theorem 4.5. Let f € L}, x € I and u > 0. Then, for any finite stopping time T, it
holds that

NE* — M3 in LM(P,). (4.36)

a—r0o0

Consequently, for any bounded adapted process (Fy), it holds that
AP [Frf(Lys); T < 1% — Pu[FrMp7]. (4.37)
a—r o0

Proof. By the proof of Lemma 4.4 and by Lemma 4.3, we obtain, for a > 1,

N <X (L) + (20—“ +C) / F(Le+y)d (438)
<M +(20u + C) / F)dy, (4.39)
0

where the last quantity is integrable with respect to P,. Thus we obtain the desired result
by the dominated convergence theorem. O

Theorem 4.6. Suppose that {'(= { = c0) is either type-1-natural or type-2-natural. Let
feLll,xel andu>0. Then, for any bounded stopping time T, it holds that

ME —s M3 in LY(P,). (4.40)
a—ro0

Consequently, for any bounded adapted process (F;), it holds that

AP, [Frf(Ly)] — P, [FTM;’f ] . (4.41)

Proof. Since (M; o ) is a P,-martingale, we may apply the optional stopping theorem to
see that

P [AT"] =P [ Xy f(Lyg); my < T (4.42)
<Py [Myg; i < T} (4.43)
=P, [Mp;n® < T] — 0. (4.44)

a—r o0

Since A" — 0, P,-a.s., we see that A7" — 0 in L'(P,). Hence we obtain (4.40) and
(4.41). O

4.2 Limit as u tends to infinity with a being fixed

Suppose ¢'(= £ = o0) is either entrance, type-1-natural or type-2-natural. We thus have,
for any x,a € I,

P.(ns <o0)=1 and 7, — oo P,-as. (4.45)

U—00

In fact, n¢ increases to a limit 7% which must be infinite P,-a.s. by (4.3). For the clock
7=n%in u > 0, we only consider the weights f(L,.) for f(u) =e " and f(u) = Ly—o.
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Lemma 4.7. Let z,a € I, >0 andt > 0. Foru >0, set

N9 = o, [0 Py | B, MR = B[0P | F) (146)
and
1+ B(Xy Aa) p
NP =2 T —BL, +—2 o). 4.47
i T+ g o 6t+1+5at (4.47)

Then it holds that N“** — MP* and M>* — M>*, P,-a.s. as u — oo.

Proof. By the strong Markov property and by Lemmas 4.1 and 4.2, we have, for u large
enough to have 7 > t,

N;L’B’“ :e% exp(—(L;) Py, [exp(—ﬁLnﬁ_C)ﬂ Lo (4.48)

1+ BX; 6]
={1 — 7 —BL LY 4.4
{ {a<X:} T 1+ fa {Xt<a}} exp( BL; + 1+ Ba (4.49)

=MPe (4.50)

Thus we obtain N“7* — M>* P,-a.s. as u — co. Since
_Bu_
AP = MpPe - NP = eTesae Pl ] ey, (4.51)

we have A7 — 0, P,-a.s., and thus we obtain M“"* — M/ P,-a.s. O

Theorem 4.8. Let z,a € I and f > 0. Then, for any t > 0, it holds that

NP — MM and MpPT — MPC in LM(P,). (4.52)

UuU—00 U—00

Consequently, for any bounded adapted process (F;), it holds that

lim G%Px[ﬂe_&"%;t <nil = lim e%PJC[Fte_ﬁL”%] = P,[F,M . (4.53)

U— 00 U—00

It also holds that (M) is a P,-martingale.

Proof. Let us first prove that P,[e*] < oo for all ¢ > 0 and ¢ > 0. Following the same
argument as in the proof of Lemma 2.1, we obtain

1

P, [exp(cL‘éq)} = W/o e u/ral@a) gy, (4.54)
q )

Since ry(a,a) — 0 as ¢ — oo, we may take ¢ > 0 large enough so that r,(a,a) < 1/c.
This shows that P, [exp (CL%Q)} < 00. By the monotonicity, we see that P,[e“l?] < oo
for all ¢ > 0.
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The fact that L§ admits exponential moments implies that Mtﬁ’a € LY(P,) for all t > 0.
Thus, by the dominated convergence theorem, we see that Nf*** —s M in L'(P,) for

U—r0Q
all t > 0.

We second note that, for ¢ > 0,
P, (0% < t) < e?P, e ] < eTP,[e 7] = elteu/ralaa), (4.55)

We may take ¢ > 0 large enough so that r,(a,a) < (1 + fa)/B. Then we obtain

fu 1 s
]P)x Auﬂya < 1+BGP$ O <) < et — — — 0. 4.56
[ t ] =~ € (nu = ) >e eXp{ (Tq((l,a,) 1+ /Ba) U} U—00 ( )
Thus we obtain Aff’ﬁ’a — 0 in LY(P,) for all ¢ > 0, which implies Mf’ﬁ’a — Mtﬁ’a in
U—00 U—00
LY(P,) for all t > 0. O

Theorem 4.9. Let x,a € I. Foru >0 andt > 0, set

NP =P (t < n® < Ty | Fp) (4.57)
Moo =e"l“Py (n < Ty | F) (4.58)
A :yemal{t@}' (4.59)
Then it holds that
NPt M and MY — M Po-as. and in L' (Py). (4.60)

Consequently, for any bounded adapted process (Fy), it holds that

lim e"/P,[F,;t < n? < Ty = lim eV P, [F,;n® < Ty] = P [F, M. (4.61)

U—00 U—00

It also holds that (M) is a Py-martingale.

Proof. Letting 8 — oo, we see, from Lemma 4.7 and Theorem 4.8, that

N2 = M ey (4.62)

and
APt = MO — NP0 = e o ey Lipe<iy - (4.63)
The remainder of the proof is the same as that of Theorem 4.8. O

5 Universal o-finite measures

In this section we find universal o-finite measures for the local time penalizations.
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5.1 The transient case

Theorem 5.1. Suppose { < oo, i.e., 0 is transient. Let f € LY and x € I. Lett be a
constant time and let F; be a bounded F;-measurable functional. Then

Im P, [Fif(Le,):t < e)] = ImP,[Fif(Le,)] = Pul Fof (Lao)) (5.1)

If, in particular, { is type-3-natural, then

lim P [Ff (L, ); ¢ < To] = M Po[F1f(Lz,)] = Pl Fof (Loo))- (5.2)

Proof. By Theorems 2.4 and 2.5, we see that (5.1) is equivalent to

where

1 X o
0
On the other hand, we use (i) of Theorem 2.2 and obtain

Po[f (Loo)|Fi) = P [f (0 + Loo)llo—p, = M. (5.5)
Thus we obtain (5.3).

Using Theorems 3.3 and 3.5 instead of Theorems 2.4 and 2.5, we can obtain (5.2) in
the same way as above. O

5.2 The recurrent case

Let IP’;“; denote the law of the bridge with duration u starting from z and ending at y.
Following [3], this measure can be characterized by

pu7t<Xt7 y)

PM(A) =P, {1
ot4) 4 pu(a,y)

], AeF, 0<t<u, (5.6)

where p,(z,y) denotes the transition density of the process X with respect to m(dy). We
write symbolically

P,[dL,] = pu(z,0)du. (5.7)

We have the conditioning formula:

P, [ /0 N FudLu] - /0 R [dLPY)(R) (5.8)
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for all non-negative predictable processes (F,). We also have the last exit decomposition
formula:

RF Ty < = [ Blar) (B2 =) (5] (59)

for all non-negative F;-measurable functionals (F;), where we denote

nl(:) = n(-N{t < Tp}). (5.10)

For h = hg or h = s, let P* denote the law of h-transform:

P"(A;t < () :%Fﬁ[uh(xt)] (z > 0), (5.11)
Pl (A;t < ¢) =n[lah(X})] (5.12)

for A € F,. Note that, when h = hy or h = s, the coordinate process under P" never hits
zero; see [13, Theorems 7.6 and 7.3]. We now define

ph / P(dL) (PU) o BY) + h(a)Ph. (5.13)
0

Theorem 5.2. Suppose 0 is recurrent. Let f € L1 and x € I. Let t be a constant time
and let F; be a bounded F;-measurable functional. Then

lim H(q)P.[Fif(Le, )it < eq] = Pr[Fuf (L)it < (], (5.14)

Proof. By Theorem 3.3, it suffices to show

Pho[Ef(L);t < ¢] = P [FN7]. (5.15)

Denote g = sup{t < ¢ : X; = 0}, where sup@) = 0. On the set {0 = g <t < (}, we
have

PROIFf(Le);0 =g < t < ] =ho(2)PL[Ef (L)t < (] (5.16)
=P, [F, f(Li)ho(Xe); t < To). (5.17)

On the set {0 < g <t < (}, we have

PR f(L)i0<g <t <(]= / 'P.ldL (PUh o PE) [Fuf (L)t < ¢ (5.18)
= [ PLI(B o) RS LMY (519)
=P, [F,f(L)ho(X,); Ty < t]. (5.20)
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On the set {t < g < C}, we have
PRIESLTy < t <9 = [ PLJPIRS(L) (5.21)
_P, {Ft /t h f(Lu)dLu] (5.22)
—P, {Ft /L h f(u)du] . (5.23)

Therefore we obtain (5.15). O

Theorem 5.3. Suppose (' is either entrance, type-1-natural or type-2-natural. Let f € Lt
and x € 1. Lett be a constant time and let F; be a bounded F;-measurable functional.
Then

13%1 alP,[Ff (L)t <T,] = PIFif(Le);t < (. (5.24)

The proof is parallel to that of Theorem 5.2, where we use Theorem 3.5 instead of
Theorem 3.3. So we omit it.

6 Exponential weights

Let us investigate the example where we take
flz)=e" ¢>0. (6.1)
For h = hg or s, the supermartingale N; = Nth g given as
N; = he(X;)e ™ (6.2)

where

: (6.3)

Since (IV;) is a supermartingale, we may define the subprobability measure Q"¢ by

he(X4)
he(x)

@Z’C(A; t<()= IP”J;{ e ¢kt A] for Ae F,and t > 0. (6.4)

Then the process {X, (Q"),cs} is a diffusion on I. The corresponding speed measure
and the scale function are given as

dy
he(y)?

e (z) = /H Be(y)Pdm(y), s (z) = / (6.5)
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Denote

¢276 = h(0) - gbq;ccwq’ pZ’c = h°(0) - &, (6.6)

h he

Then we see that ¢ = ¢/ (resp. p}©) is a positive increasing (resp. decreasing) solution
to the differential equation

(Dmh,chh,c — %) Y =qyp (6.7)
which satisfies the boundary condition
f(0)=1 and Dgu.c¢l(0) =0, (6.8)
where we have used
1 c
he(0) = — he)'(0) = . 6.9
0= (90)= (69
Theorem 6.1. The resolvent operator for the diffusion {X, (QM¢),cr} is given as
Q| [Temsen] = [ pman ). o=0. @)
0 I

where

H(q)
he(0)*(cH(q) + 1)

Consequently, 0 for {X, (QM¢),er} is reqular-reflecting.

rg(x,y) = gy, @) = S (@)py(y), wyel, x<y.  (6.11)

Proof. Let p°(z) = p(x)h(x). Then we have
P, [/ eqtcpc(Xt)eCLtdt} (6.12)
0

=P, { /0 K e_qtgoc(Xt)dt} + P,[e 1], { /O h e (X, )e okt dt] (6.13)

To(p(w))
Seeme) [T et )| 61)
0

u

=R () + Bufe ],

[e’s) To
=Ro¢°(x) + Pyle Py {/ ec”q”(”)du] n {/ eqtgoc(Xt)dt] (6.15)
0 0
. 1 Reef(0)
=R () + P, [e7170] . — : (6.16)
e ¢t H@
Since P, [e” 70| Ryp°(0) = Ryp°(x) — RY¢¢(x), we obtain

< 1 1 cH(q)
h,c (X dt:| — { R.©° + 7R0 ¢ } 6.17
o[ [T oot = {4 R 6D
From this we obtain (6.11). O

Remark 6.2. The boundary classification at ¢ is the same as that for the h-transform
of the stopped process; see Theorems 7.3 and 7.6 of [13].
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7 Appendix: the boundary classification

The following tables explain the boundary classification which we take from [13] and the
recurrence property of the corresponding diffusion to each class:

x=1 r I x=0
regular-reflecting ¢ <l{=o00 [0,0] =1 positive recurrent
regular-elastic U'<l<oo [0,0] [0,f]U{l} transient
regular-absorbing ¢ =/¢<oo [0,¢) [0,/] transient
exit U'=0<oco [0,0) [0, transient
entrance U'=0=0c [0,00) =T positive recurrent
type-1-natural '=0=00 [0,00) =T null recurrent
type-2-natural '=0=00 [0,00) =T positive recurrent
type-3-natural l'=0<oo [0,0) =TI transient
H [ = o0 ‘ [ < oo
m(oo0) = oo || (1) 0 is null-recurrent (3) 0 is transient
=0 [0/ = (= o] [0 < € < o0
¢’ is type-1-natural ¢’ is regular-elastic
[0 =t < o0
¢’ is regular-absorbing
exit
type-3-natural
m(oo) < oo || (2) 0 is positive recurrent | [impossible]
7 >0 [0 < €= o]
¢’ is regular-reflecting
[0 = (= o]
¢’ is entrance
type-2-natural

Let us give some examples. Let X be a diffusion on [0, 00) where 0 is the reflecting
boundary and whose local generator on (0, 00) is given by

Lf

d d
dmds

_ %(f” o) = =S5 on Cu((0,00))

(7.1)

for some function b. Then its scale change X = 5(X) is a diffusion with natural scale

s(x) = = and the speed measure m(dx) defined by m = m o s

(i) Let 0 < a < 1 and let zf: %f’/_

m(z) = 2722(1

75?72 and 3(z) = =z

2x
2

2a—1 1 __

1

d.d¢for f e C.0,00)), where

T dmdd
The corresponding diffusion is called the

reflecting Bessel process of index «. If we take m = m o s !, then it falls into the

case (1) above.
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(ii) Let us study the case b(z) = cvz’~! with ¢ > 0 and v > 0, i.e.,
1
Lf= 5 (f" = cva” ' ') on Ce((0, 00)), (7.2)

which we may call the power drift. If v = 1, then it is a Brownian motion with
constant negative drift. If v = 2, then it is an Ornstein—Uhlenbeck process. In this
case

s =e" 5= / e dy (7.3)
0
and
m =2 m=2 / e Y dy. (7.4)
0

In particular, we have m(oo0) < co. Note that

J = %/100{5(33) — s(1)}dm(a) :/loo (/jecyudy) e~ dz (7.5)

:/ (/ ecmydx) e dy. (7.6)
1 Y

) {type—Q-natural if0<v <2,
00 is

We shall prove that

(7.7)

entrance if 2 < v < 0.

If1 <v <2, then

T T 1-v
/ eV dy = / (ecyy)'y—dy (7.8)
1 1

cv
v 1=v v _1 r v
:[ecy y } L / eV v dy (7.9)
cv |, cv  Jy
1—v
Secr’d ¢ (7.10)
cv

for some constant ¢ > 0. Hence we have
o0

1 o v
J > — 2 Vdr — c’/ e”“ dr = oco. (7.11)
1

cv Jy

For v > 0, we have

> v o N
/ e “dr = —/ (e7 ) ——dy (7.12)
y y

cv

v 1= e 1 - o v
=— {e_“ L ] + y/ e “ x"dx. (7.13)
y

v v
C Y C
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If 0 <v <1, then

© v v 171} ]. e
/ e " dy eV y_ and J > — Yy rdy = oo. (7.14)
y cv cv Jy
If v > 2, then
oo . syl 1 [
/ e ““dr<e ™ =— and J<— y'rdy < oc. (7.15)
y cv cv Jy
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