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Inverse problem stability of a continuous-in-time financial model *
Tarik Chakkour

Univ. Bretagne-Sud, UMR 6205, LMBA, F-56000 Vannes, France
September 5, 2016

Abstract. In this work, we study the inverse problem stability of the continuous-in-time model which
is designed to be used for the finances of public institutions. We discuss this study with determining the
Loan Measure from Algebraic Spending Measure in Radon measure space M([t1, Omax|), and in Hilbert
space L?([t1, Omax]) When they are density measures. For this inverse problem we prove the uniqueness
theorem, obtain a procedure for constructing the solution and provide necessary and sufficient conditions
for the solvability of the inverse problem in L2 ([tr, Omax])-

Keywords: Inverse problem; stability; mathematical model; Fredholm operator.

1 Introduction

In the last two decades, the theory and practice of inverse problems have been developed in many
scientific domains. Consequently, it is rapidly growing, if not exploding. Moreover, document [3] shows
how much researchers contribute to this field. Many inverse problems arising in scientific domains present
numerical instability: the noise affecting the data may produce arbitrarily large errors in the solutions.
In other words, these problems are ill-posed in the sense of Hadamard. The concept of ill-posedness was
introduced by HADAMARD [7] in the field of partial differential equations. We mention the book on
the mathematics of ill-posed problems by TIKHONOV and ARSENIN [9].

We constructed in previous work [6] the continuous-in-time model which is based on using the math-
ematical tools such convolution and integration. Indeed, this model uses measures over time interval to
describe loan scheme, reimbursement scheme and interest payment scheme. The model contains some
financial quantities. For instance, the Repayment Pattern Measure 4 is a non-negative measure with
total mass which equals 1, the Algebraic Spending Measure & is defined such that the difference between
spendings and incomes required to satisfy the current needs between times ¢; and to is:

/ 5, 1)

and the Loan Measure kg is defined such that the amount borrowed between times t; and ¢, is:

/t t Rp. (2)

When measure 7 is absolutely continuous with respect to the Lebesgue measure dt. This means
that it read v(t)dt, where t is the variable in R. The work [6] proposes the resolution of the inverse

problem over the space of square-integrable functions when density ~ is equal to ei over time period
Y

[0,©,] and to 0 elsewhere. In paper [4], we use a mathematical framework to discuss an inverse prob-
lem of determining the Loan Measure g from Algebraic Spending Measure 6. This inverse problem is
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used in [6] on simplified examples in order to show its capability to be used to forecast a financial strategy.

We show in this paper the general results of this inverse problem for any density . We show the
stability of the inverse problem. We continue to extend some results of this inverse problem in measure
space with proving its stability. In other words, we describe a more complete numerical study for the
inverse problem. The main result of this paper is the existence and uniqueness of solutions for the system
modeling the financial multiyear planning. This result ensures the mathematical well-posedness under
the balanced equation assumption.

The organization of the rest of this paper is as follows. Section 2 describes the inverse problem of the
model in L2([tr, Omax]). Section 3 shows the inverse problem of the model in M([tr, Omax])-

2 Inverse problem of the model in L2([tr, © . ])

Denoting L?([t1, Omax]) the space of square-integrable functions over R having their support in
[t1,Omax] and denoting L2([0,0,]) the space of square-integrable functions over R having their sup-
port in [0, ©,]. We state the Repayment Pattern Density v as follows:

v E Lz([ovev])’ 3)

where O, is a positive number such that:

O, < Omax — t1. (4)

We justify relation (3) because the support of convolution of two compactly supported densities kg in
[t1, Omax — ©,] and 7 in [0,0,] is included in [t1, Omax]-

Lemma 2.1. Linear operator L acting on Loan Density kg € L?([t1, Omax — ©,]) defined as:

Clrp)(t) = r(t) — (k5 +7)(t) — a / (5 — Rz %) (s) ds, (5)

is compact operator from L?([t1, Omax — ©4]) to L2([t1, Omax])-

Proof. Definition (5) of operator £ gives that for any two Loan Densities kg, and kg, the following
equality:

Lli)(8) = Ll ](6) = ki, (t) — 5, (8) — (5, — ) %) (D)
t 6
— o [ Re () = R (o) = (8, = ) 5 7)(0) s ©

Taking norm L2([t1, Omax]) and applying triangle inequality to relation (6), we obtain the following
inequality:

1£[5E.] = LIEE 2 (ftr,0max)) < 6B — 6E: — (BB — KB) * V2(ftr,0ma) | @ | XCr2,  (7)

where C B2 Is defined and is increased as follows:

)

L2([t1,Omax])

S (1 ’ ®
/ < [ s = )5) = (G, = ) £ ds> at,

\Y% Omax — t1 X ||(K“E2 - ’%E1) - (KEz - K/El) *7)||L1([t1,@max])'

/t (s — 5,)(5) — (s, — £, ) % 7)(s) dis




We use Cauchy-Schwarz inequality to obtain:

emax
||(K’E2 - K/El) - (HEQ - K/El) *’Y)”]Ll([tl,@max]) = / 1x | (K’EQ - K’El)(s) - ((HEz - K’El) *7)(8) | dsv
tr

Omax
< / 12 ds
tr

Orman 2
x / (mnE1><s><<nEsz1>w><s>> ds,

< v Omax — t1 ¥ H(HEz - HEI) - (REz - K;El) *’Y)H]Lz([th@max]}
(9)

Thanks to properties (8) and (9), we get:

CE% < (emax - tI) X ||(K’E2 - K:E1) - (HEQ - ’%E1) *7)||L2([t1;®n\ax])' (10)

From this and according to relation (7), we get:

L]k E,] — LIEE, L2 ((t,0mae)) < (14| @ | X(Omax — 1)) X |kE, — k5, — ((FE, — KE,) *7)||L2([t1,®m(x])~)
11

The triangle and the Young’s Inequalities implie that:

I5E, — KB — (KB, — KE) * VL2 ([tr,0max)) < 168 — KB [L2((t1,0max—04)) T 1((BE, — KEL) * Y)IIL2([t1,0 max])
<N&Ey = KB L2 (11,0 max—04)) T KB — KBy L2 ([tr,Omax—04])
X Il 0,041)»
<@+

lLi((0,0,)) X KBy — KB, 112 ([tr, 0 max—04]) -
(12)

From this and according to relation (11), we get:

L[k E,] — LIEE L2 ((t,0mae)) < (14| @ | X(Omax — t1)) X (14 [[VllL1(0,0,7)) X |52, — KBy L2 ([tr,0max -0 ) -
(13)

Consequently, linear operator £ is uniformly bounded and is a Hilbert-Schmidt operator in L2 ([t1, O max])
of constant (1+ | & [ X(Omax — t1)) X (1 + [|7[lL1(j0,e.])), achieving the proof of the lemma.
O

Lemma 2.2. Linear operator L given by relation (5) is Fredholm operator such that:

codim Im(L) = dim Ker(L) < co. (14)

Proof. We consider L the space of continuous linear applications of L2 ([t1, ©pax — ©,]) in L2([t1, Omax])-
We define operator K in L as an integral operator:

Omax
Vig € L2([tr, Omax — 04]), K[kg|(z) = /t F(z,y)ke(y) dy. (15)

We want to show that linear operator L is a difference between the identity application from space
L2([t1, Omax — ©4]) to L2([t1, Omax]) and the compact operator K given by (15) as the following form:



Llrp)(x) = 1di2([t:,0 max—0,]) 5 L2([t1,0ma)) [FE] (2) — K[k E](2), (16)

where, I which defines operator K, is a function in L?([t1, Omax — ©,] X [t1,Omax]) to be determined.
In what to follows, the definition (5) of linear operator £ is used in order to introduce the indicator
function 1y,<,). It allows to simplify integrals because of using Fubini-Tonelli Theorem to permut
integrals. These simplifications can be detailed as follows:

Omax
Clp)() = rp(@) — (5 *7)() — / Lyeay (k5 — £ %7)(y) dy, (17)
Omax Omax
= rix(2) — (v %7)(x) — / s ()L gy dy + / ol pyeay (k5 7)(y) dy,

Omax Omax
= r(z) - / ke )z — y) dy - / arp W) Liyeny dy+
tr tr

O max Omax
[ [ tesont -t d,
tr tr
®max emax
=rp(z) — / k()| Y@ —y) +aly<s — a/ Ty<myy(t —y) dt | dy.
t t

From this, we get the expression of function F":

Omax
F(z,y) =v(® —y) + aly<qy — @/ Lii<oyy(t —y) dt. (18)
tr
In order to show that function F' is square-integrable over [tr, Omax — O] X [t1, Omax], we will show

that three functions they are. Indeed, these functions are (z,y) — vy(x —y), (z,y) — lfy<,} and
(z,y) — ft?"“" Ty4<qy1y(t — y) dt. Otherwise, since we have:

Omax—O+ Omax
18101 (S5 000 = | | ey ) ds, (19)

Gmax*@'y
= / (x —t1) de,
t1

(@max - ®'y - tI)2
= 5 s

we have (z,y) = T{y<s € L2([tr, Omax — ©4] X [t1,Omax]). In what to follows, we will show that

function jf"‘"" L{i<7(t —y) dt is square-integrable over [tr, Omax — ©4] X [t1, Omax]. For that, we set
the following inequality:

dx dy,

61113.)(
/ Loyt —y) dt
tr

Gmax
/ Ly<ayy(t—y) dt
tr

("')max_@'y emax
L
Omax—0y [ Omax [ [ 2
/ / Wt —y)l dt) dody.
tr tr tr

(20)

L2([t1,Omax—©O~] X [t1,Omax])

IN

We use Cauchy-Schwarz inequality to obtain:



x x

v (t =)l dt) S(@—t)x | |y(t—y) dt. (21)

t1

VCE S [tI7 @max — @7], (

t1

Since density - satisfies relation (3), there existes a constant C., such that relation (21) gives:

2
(/t (=)l dt) < (z—tr) x C. (22)

According to relations (20) and (22), we get the following inequality:

(@max - @’y - tI)2

< C’y X (@max - tI) X ) ’

(23)

2
L2([t1,Omax —O~] X [t1,Omax])

®1nax
H/ i<yt —y) dt
tr

which proves that function (x,y) — ftI@""‘“‘ Tii<zy7y(t — y) dt is square-integrable over the interval
[t1, Omax — ©4] X [t1, Omax]. Consequently, we get:

F € L*([tr, Omax — ©4] X [t1, Omax])- (24)

It is concluded that linear operator £ can be written in the form which is shown in relation (16). We
showed that operator £ is Fredholm operator (see Theorem 3.45 page 206 in [8] or Fredholm Alternative
Theorem 1.3.1 in [2] page 13). In addition, the Fredholm Alternative Theorem (Lemma 4.45 page 160 in
[1]) is used to get that linear operator £ has a finite codimension, a closed image and a finite dimension
of its kernel. The proof of lemma is achieved.

O

Lemma 2.3. Linear operator D acting on Initial Debt Repayment Density py. € L?([tr, Omax]) defined
as:

Omax
D) = —a / PE(s) ds — pE (1), (25)

is compact operator from L2 ([tr, Omax]) to L([tr, Omax])-

Proof. The triangle inequality is applied to definition (25) of operator D to get:

@Inax
/ P (s) ds 1Rl (00 (26)
t

Lz([tl a@maX])

Dok L2 ((t1,0man)) <| @ | X

61’1132(
[ as
t

Since we have < (Omax — t1) X ||k IL2([tr,0mmas]) @0d according to relation

L2([t1’@maX])

(26), we have:

ID[ox L2 (tr,0man]) < (| @] X (Omax — 1) + 1) X [ pkc lL2([tr,0man])- (27)
O

We can decompose the Algebraic Spending Density o defined in relation (1) as a sum of operators £
and D:

o(t) = LIrg](t) + Dlpi] (t)- (28)



Lemma 2.4. The singular point of function 1 — F(v) is zero for any constant and affine density .

Proof. If Repayment Pattern Density v is a constant function given by:

then we have:

L (emiton 1y, (30)

VEERLT-FO)O = 1- g5

From this, we get:

VEERY 1 — F(7)(€) = 0= £6, =sin(0,) et cos(€0,) =1,
= (£0,)* +1=1, (31)
= {0, =0.

Since real ©, is positive, function £ — 1 — F(y)(£) is not zero function over R*. Inversely, if a real £ is
zero, function £ — 1 — F(v)(§) is also a zero function. Indeed, the Fourier Transform of any density ~
at the origine is defined as:

Furthermore, since density 7 is with total mass which equals 1, relation (32) implies that:

F()(0) = 1. (33)

Now we will show that the singular point of function 1 — F(v) is zero for an affine density 7 given by:

v(t) = (@t + 2;) Ti0,0.(t)- (34)

2
5

The integration by parts states that:

* _ — 1 — # L —i§0, _ —_ L —i€Oy
VEeR 1 —F(y)(¢) =1 <(§@v)2+2567>(6 1) 5676 . (35)
From this, we get the following system of equations:
(cos(€0,) — 1) + *7>sin(0,) = (€0,)%, (36)
—sin(£0,) + £0, cos(£0,) + fc;)” (cos(£0,) — 1) = 0.

From this, we get the following equality:
2 2
con (14269 - (14 29 Yo 0 0

According to Figure 1, we state that equation (37) doesn’t have no solution on R*. Consequently, function
& —1—F(7)(€) is not a zero function over R*. Inversly, assuming that real ¢ is zero, we get:



—+o0

1—f(7)(0)=1—/ ’,

— 00
=1-— [ tdt— — dt,
02 Jo 204 Jo
=0.
3)(10
i

- L L L L
—0.05 -0.04 -0.03 —0.02 —0.01

~
o

Figure 1: Graph of the function {6, — £O, <1 + W) — (1 + W) sin(£©,) over interval

[—0.05,0.05]. Also shown that zero is its singular point.

We conclude that function 1 — F(7) is zero at the origine for density v given by (29) (or by (34)). In

what to follows, we want to extend this conclusion for any affine density + given by:

v(t) = (cat + c1) 1,0, (1),

where coefficients ¢; and c¢o satisfy:

Cl+ =

We obtain using the integration by parts:

-0, _ 1 ) —i£O, ) -0, _
vgeR*71_f(’7)(§):1—C2<e +Z®7€ ) _@C](e 1)

£ £

(39)



Next, we obtain by separating the real and the imaginary parts of function 1 — F(v) the following system
of equations:

1— Co (Cos(gg’y)l + ©y Sir;(&@.ﬂ) _a Sing('f@'y) — O,
(42)

s ( _ sin(§2®«,) + o, coz(&@ﬁ) + c1(cos(§£®7)—1) —0.

Let us check the consistency of the system of equations given by (42). Indeed, if coefficients ¢; and ¢y
are respectively equal to ﬁ and gz, then we get relation (36). Thanks to (42), we get the following
ol

equality:

CQ@
3

Acccording to relations (42) and (43), we get:

C1 (62@7 + Cl)
2

+£0, + Cf (52 +0,(c20, + 1) + ) sin(£©,). (43)

02? 4 €0, 4+ 015

We will show that relation (44) is consistent. Indeed, assuming that coefficients ¢; and ¢y are respectively
equal to 55— and gz, we get relation (37). Otherwise, relation (44) gives:
Y ¥

<§2 +2+ 2) sin(£05). (44)

0203 + (£0,)*(1 + &)
sin(¢0.,) — €0, ( ! ! 20 ) =o. (45)
0% +(£64)*(2+ 1)
We use equalities (45) and (40) which is multiplied by £- L to give the following system of equations:
2 62@

4= 1+ 6202 - (46)

c1 — _ =

C2@ - 0262 2 :

Replacing quantltles an (46) in equality (45), we obtain the following equality:

, 207 + (£0,)*(5 + go7)
sin(€©,) — €O, 029 =0. (47)
202 + (£0,)%(1 + 02 + =)
As
sin(£0-)
VE € Ry, |——| < 1, 43
¢, )
using inequality (48), we obtain according to (47) the following inequality:
1 1 1 202
- <1+ —— z 49
2t ez = e T (49)
which is simplified to give:
—2 < 02, (50)

Figure 2 shows that equation (47) doesn’t have no solution on R*. Consequently, the proof of the lemma
is achieved.
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Figure 2: Graph of the function ({0, 02@,%) — sin(€0©,)—£6, ( > over interval

[—20,20] x [—2,20]. Also shown that zero is its singular point.

O

Many inverse problems in finance involve its study with regular singularities. For instance, paper [5]
deals with inversing the differential operators on the half-line having a discontinuity in an interior. For
studying the inverse problem we agree that together with function 1 — F(v) we suppose that zero is only
its singularity for any density . This assumption gives a constructive procedure for the validity of the
following theorem.

Theorem 2.5. If Repayment Pattern vy satisfies relation (3) and following relation:

1
3 -
e>0,1_

e L (R), (51)
]:(f)/) |]—o00,—€[U]e,+o00[

where F stands for the Fourier Transform Operator. And if Initial Debt Repayment Density py. is in
L2([t1, Omax]), then for any Algebraic Spending Density o in L2 ([tr, Omax]) s satisfying the following
equality:



there exists an unique Loan Density kg stable in ]LQ([tI, Omax — @7]) which is given in terms of o by:

- f@—DMH+aAYﬂ@—D@H@NM.Q%)
e ( = 70) )

(53)

where F~1 stands for Inverse Fourier Transform, such that (28) holds.

Proof of Theorem 2.5. Besides, Lemma 3.5 in [4] shows that operator £ given by relation (5) is a one-
to-one application. From this, we obtain the uniqueness of kg.

If we assume that our noise (the error between measurement oo and measurement o) is small in the
L?-norm, so that ||oz — 01 /|L2([t;,0mma.]) < 0, and we are happy with a small error in the parameter in
the L2([t1, Omax]) sense, then there is no problem. The reconstruction will be accurate in the sense that
l6E, — KB lIL2(jt,0mex—0,]) < Cad, where C is a real constant to be determined.

(54)

f(ag —o1+ a/t.(ag —01)(s) e*(*=9) ds)
1-F(v) )

—1
RE, — RE, =F <

Since Inverse Fourier Transform JF~! preserves norm from L?*(R) to L2([tr,Omax]), We obtain from
relation (54) the following equality:

f(a'g — 01 + Oé/ (0'2 — 01)(5) eo‘(ks) dS)
tr
||K:E2 - REl ||H—42([t17®max_®w]) = H 1 — f(ry)

(55)

L2([t17@maXJ)

Under assumption (51) and the fact that Fourier Transform F preserves norm from L2([t;, Omax]) to
L2(R), we have:

1
kB, — KB L2 ([t.0me—0.]) < SUPS —————7= ¢ X lo2 — o1 lL2((tr.0mu])+
| 2 1||]L ([t ~D cek | 1_];-(,7)(5) | H H]L ([t )]

(56)

|a]x

/.(02 —o1)(s) e(*=9) (g

]L2([t17®max])

by a constant to be determined
L2

It follows that we want to increase quantity ft: (02 —01)(s)e*(*=%) ds

which is multiplied by [lo2 — o1||L2 ([0

max])

/t:(og —01)(s)e**™%) ds

Oumax ¢ 2
/ </ (09 — 01)(5) ex(t=5) ds) dt,
tr tr

L2([t1,Omax])

Ormax Ormax 2
< / / (09 — 01)(5) e*(Omax—5) ds | dt,
tr tr
< A/ Opax — t1 X sup {ea(@“‘a"_s)} X ||02 - 01||L1([t1,(—)mx])7

S€E[t1,Omax)

< /7@max i % e(Omax—tr) o oo — 01||L1([t179mx]).

(57)

Using Cauchy-Schwarz inequality:

10



lloz = o1l ([t,0men]) < V Omax — t1 X |02 — 1 l|12(1t,0max])» (58)

and according to relations (56) and (57), we get:

1
R K — < su —_———— 3>+ || X @max —t X ea(@max*tl) X
|| Eo E, ||]L2([t1,@max [S)) <£€g { | 1_ 7:(’7)(5) ‘ } | ‘ ( I) (59)

lloz — o1llL2((tr,0ma) -

If we set C) = sup

1
P {| I~ 7M@) |

}Jr | o | X(Omax — t1) X €*(Omax=t) “then we get:

165 — KB L2 (t1.0max—04]) < Ca X [[02 = 1|2 ([tr,0max])- (60)

3 Inverse problem of the model in M([t1, Opay])

The aim of this section is to study the inverse problem in measure space. Denoting M ([t1, ©max])
the Radon measure space which is a continuous and linear form acting on continuous functions space
C2([t1, Omax)) defined over a time interval [t1, Omax|. The usual norm on M ([t1, Omax]) is:

[, )|
O R —— { , (61)
« ) $eCo([t1,0max]) 20 UYL ((t,0max])

where [||| 2o ([t;,0,m.y]) 15 the usual norm on CZ([tr, Omax]) defined as:

xnax]

”wHLW([tI,@max]):t sup  {[¥(1)]} (62)

S [tI7 max

We set the Repayment Pattern Measure 4 such that:

7 e M([0,8,]), (63)

where O, is positive number satisfying relation (4). By relation (63), the support of convolution of two
compactly supported measures kg in [tr, Omax — ©,] and ¥ in [0, ©,] is included in [t1, Omax]. Indeed,
formally:

Supp(kg *7) C Supp(FE) + Supp(7). (64)

Let £1 be a linear operator defined from M([tr, Omax — O+]) to M([t1, Omax]) acting on Loan Measure
I%E by

L1[RE] :RE—/%E*i—a</%E—RE*&,]lcht[>dt. (65)

Let Dy be an operator defined in M([t1, ©max]) acting on Initial Debt Repayment Measure pi- by

D [px] = —Oé<ﬁzlc, ]1|[t,(—)mx[>dt — Pk (66)

Algebraic Spending Measure & is defined such that the difference between spendings and incomes required
to satisfy the current needs. Measure G is decomposed as a sum of operators £1 and D; given by relations
(65) and (66), respectively:

& = L1k E] + D1[px)- (67)

11



Theorem 3.1. If Repayment Pattern Measure 7 is satisfying relation (63) and following relation

1

- € L*(R), (68)
1= F(9) o0, —[Ule, ool

for any positive real € and if Loan Measure kg exists in M([t1, Omax—©5]) for any Initial Debt Repayment
Measure py- and for any Algebraic Spending Measure & in M([t1, Omax]) satisfying the following equality:

I (f (o - Dilsk) + O‘fa <;(‘7)Dl Pk e-ain) ) (69)

then, Loan Measure kg is unique and stable in space M([t1, Omax — O~]).

Proof. We notice that since that the inverse Fourier transform F~! is not surjective from M(R) to
M([t1, Omax]), the solution < doesn’t exist for the inverse problem. Moreover, if Loan Measure kg is
supposed satisfying relation (69), then it is unique due to the injectivity of operator £; (see Lemma 3.4
in [4]).

Now we will show that the solution Loan Measure /g is stable. Definition (65) of operator £ gives
that for any two Loan Densities £, and kg, the following equality:

o = - <.7:(5'2 — 01+ afa<j._2(;) 51,e_a|[t1,t[>) ) - (70)

The usual Radon norm on M([t1, Omax — ©]) of quantity g, — Rg, is defined by:

~ ~ /%E - ’E‘-’E 7¢
|EE, — FE | M([t:,0max—0,]) = sup { | (R, 0 ® | } (71)
$€C2 ([tr,Omax—0-1),620 LDl Lo ([tr,0max—04])

We replace measure kg, — kg, given by (70) in right equality (71) in order to obtain the following
equality:

~ _ 1
1ms = Rmllaaites Omax—:) = T =777 X
{ | <5’2 — 5’1 + Oééa<&2 - 51;efa\[t1,t[>a]:(¢)> ‘ }
su .

A1 Lo (1,0 max—©4])

thC;’([tI 7®max _6’7])7(25#0

(72)
By the Fourier Transform of function ¢ € C2([t1, Omax — ©4]), we get the following inequality:
("')max_@'y .
F@©O1=| [ s ad,
tr
(73)

Omax—0y
< [T e X ol om0
t1
< (Omax — Oy — t1) X 1Bl Loo ([t1,0max—04])-

Using relations (72) and (73), we obtain:
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1
RE, — RE, O < (Omax — O~ —t1) X sUpS —————— p X
I = R e Omne=00l) = (Omax = Oy ~ 1) 56R{|1—f(7)(§)}

{ [ (52— &1+ 08a (52 = 51, a1 ) F () | }
su .

#€C2([t1,Omax—©4]),07#0 |7 (9) HLOO([tI,@max—@W])

(74)
Since we have:
(72~ )| (72 o) || |
G9 —01,6—q = X |le_q 5 ([t1,Omax—O-])
Tl le—a ey ¢l L (ftr,Omux—01) (trt T O 000 (75)
< 162 = Gl M((tr,0mand) X €=tz eill Lo ([tr,0max—0-1)
<162 = G1 ]l m(tr, 0y X €71,
we obtain:
| aéa<&2 - &1ae—a|[t1,t[>7f(¢)> | S‘ « | X(@max - tI) X e‘al(@ma){itl) X ||5.2 - &1||M([t17®maX])X (76)
(IF (D)l oo ([t1,0max—O41)-
According to relations (74) and (76), we obtain the following inequality:
||% Fe, <(® © t1) X ! X
K - K 1,0max—0O~|) = max - SUPp S 7o ==
P R Mt O =05 TR [T F@©) | (77)
(14 | & | X(Omax — tr) x elOme=1)) 515y — &7 || j (11,0 mun) -
O
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