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ON THE GREEN FUNCTION AND POISSON INTEGRALS
OF THE DUNKL LAPLACIAN

PIOTR GRACZYK, TOMASZ LUKS, AND MARGIT ROSLER

ABSTRACT. We prove the existence and study properties of the Green
function of the unit ball for the Dunkl Laplacian Ay in R?. As appli-
cations we derive the Poisson-Jensen formula for Ag-subharmonic func-
tions and Hardy-Stein identities for the Poisson integrals of A,. We also
obtain sharp estimates of the Newton potential kernel, Green function
and Poisson kernel in the rank one case in R%. These estimates con-
trast sharply with the well-known results in the potential theory of the
classical Laplacian.

1. INTRODUCTION

Dunkl operators are differential reflection operators associated with finite
reflection groups which generalize the usual partial derivatives as well as the
invariant differential operators of Riemannian symmetric spaces. They play
an important role in harmonic analysis and the study of special functions of
several variables. Among other applications, Dunkl operators are employed
in the description of quantum integrable models of Calogero-Moser type,
see e.g. [8]. Also, there are stochastic processes associated with Dunkl
Laplacians which generalize Dyson’s Brownian motion model, see e.g. [15,
28]. Recently, the potential theory of the Dunkl Laplacian A has found
increasing attention in view of many interesting open problems and the
need of developing new techniques, as many standard methods known from
the case of diffusion operators do not apply, see, e.g., [14, 23, 24]. In the
present paper we study the properties of one of the fundamental objects in
the potential theory of Aj: the Green function Gi(z,y) of the unit ball B in
R?. The behavior and estimates of this function and its generalizations for
bounded smooth domains were intensively studied in the case of the classical
Laplacian [3, 31, 32, 33], more general diffusion operators [1, 2, 7, 16, 20, 22],
as well as nonlocal operators [5, 6, 17, 19, 21].

Our first result, Theorem 3.1, establishes the existence and an integral for-
mula for Gi(z,y). A more convenient two-sided bound of G (z,y) is given
in Theorem 3.2. We also prove a standard relation between Gy (x,y) and
the Poisson kernel Py (z,y) of B for Ay, see Proposition 3.5. As applications
of Theorem 3.1 we obtain the Poisson-Jensen formula for Aj-subharmonic
functions and Hardy-Stein identities for Ag-harmonic functions on B, see
Theorem 4.2 and Theorem 4.5. This leads to an equivalent characterization
of the Hardy spaces of Ay, on B in the spirit of [4]. We remark that the gen-
eral integral representation (3.4) of Gi(x, y) and the estimate of Theorem 3.2
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involve the representing measure for the intertwining operator whose struc-
ture depends strongly on the underlying root system. Note that explicit
formulas for the representing measure are known only in a few particular
cases, and the question whether it always admits a Lebesgue density is a
challenging open problem. However, the available results together with The-
orem 3.2 allow us to derive explicit two-sided bounds of the Newton kernel
Ni(z,y), the Green function Gg(z,y) and the Poisson kernel Py (z,y) for Ay
in the rank one case in R?%, see Theorem 5.1, Theorem 5.4, and Corollary
5.7. The obtained estimates contrast sharply with the classical results in the
potential theory of the Laplacian A or more general diffusion operators. The
main novelties in the present setting are additional singularities of Ny (z,y)
and Gi(x,y) in * = gy in dimensions higher than 3 (g is in the associ-
ated reflection group W) and the dependence of the estimate of Ny (z,y),
Gr(x,y) and Py(x,y) on the distance to the boundary of the Weyl cham-
ber. This makes the obtained asymptotics more complex than in the case
of diffusion operators, in particular these for the Green function G(z,y).
Deriving analogous two-sided bounds in the setting of any other root system
is an interesting open problem, and available informations about the repre-
senting measure for the intertwining operator are in this case essential. We
should note that the existence of singularities of the Newton kernel Ng(-,y)
on the orbit W.y has recently been discussed in the case of an orthogonal
root system, see [24, Proposition 2.59].

The paper is organized as follows. In Section 2 we give basic definitions
and list some useful facts in the theory of Dunkl operators. In Section 3
we prove the existence and study properties of Gi(x,y). In Section 4 we
prove the Poisson-Jensen formula and Hardy-Stein identites. In Section 5
we derive sharp estimates of Ni(z,v), Gi(z,y) and Pg(z,y) in the rank one
case in RY.

2. PRELIMINARIES

For details on the following, see [10], [11], [25] and, for a general overview,
[12] or [27]. Let R be a root system in R? (equipped with the usual scalar
product and Euclidean norm |-]), and let W be the associated finite reflection
group. The root system R needs not be crystallographic and W is not
required to be effective, i.e. spang R may be a proper subspace of R%. The
dimension of spangpR is called the rank of R. An important example is
R=Ag1={%(e;—ej):1<i<j<d} CR?with W =S, the symmetric
group in d elements. We fix a nonnegative multiplicity function k& on R, i.e.
k: R — [0,00) is W-invariant. The (rational) Dunkl operators associated
with R and k are given by

Tef(2) = 0 f () + ) k) (a,€)

acER

f(l‘) - f(o'ax)7 5 c Rd,
(a,2)

where R denotes an (arbitrary) positive subsystem of R. For fixed R and k,
these operators commute. Moreover, there is a unique linear isomorphism
Vi on the space of polynomial functions in d variables, called the inter-
twining operator, which preserves the degree of homogeneity, is normalized
by Vi(1) = 1 and intertwines the Dunkl operators with the usual partial
derivatives:

TeVi = Vide  for all € € RY
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The Dunkl Laplacian is defined by

d
A=Y
i=1
with an (arbitrary) orthonormal basis (£;)1<;<q of R%. In explicit form,

Apf(x) + 3 ko < fz), ) f(x)—f(aa(w))>’

2
T, (o, ) (o, )

where A is the usual Laplacian on R%. For x € R? denote by C(z) the convex
hull of the Weyl group orbit W.z of z in R%. The intertwining operator Vj,
has the integral representation

(2.1) Vif(x / F(2)dpg (=

where p% is a probability measure on C(x). The measures u” satisfy

pra(A) = pg(r 1 A)

for all » > 0 and Borel sets A C R?. In [30], it was deduced from formula
(2.1) that V}, establishes a homeomorphism of C°°(R?) with its usual Fréchet
space topology.

In the rank one case R = {£1} C R, the representation (2.1) is explicitly
known ([11, Theorem 5.1]); it is given by

T(k+1/2)
VAT(k)

We shall employ the Dunkl-type generalized translation on C°°(R%) which
was defined in [30] by

Tyf(x) = Vkmvky(vl.;lf)(x + y)7 z,y € Rd‘

Here the superscript denotes the relevant variable. This translation satisfies
Ty f(x) = 72 f(y), and we shall use the notation f(x * y) := 7, f(x).

1
(2.2) Vif(x)= c/,c/_1 fz)(1 =) Y1+ )k dt  with ¢ =

Lemma 2.1. (i) The representing measures ¥ satisfy u* . (—A) = pk(A).
(i) Let f € C®(R?) and write f~(x) := f(—x). Then f(—x % —y) =
[ (@ y).

Proof. It is immediate that the Dunkl operators satisfy T¢(f7) = (T_¢f)~
By the characterization of Vj, it follows that Vi(f~) = (Vi f)~ . This implies
both assertions. O

Of particular importance in our context will be translates of functions f
on R? which are radial, that is f(z) = f(|z|) with f : [0, 00) — C. We recall
from [26] that for each z,y € R? there exists a unique compactly supported
radial probability measure p’;hy on R? such that

(23) fawn) = [ fdeh,
Rd
for all f € C*°(R?). This can be written explicitly as

(2.4) fasy) = /C TP TP+ 20,30 )
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Notice that Dunkl translates of non-negative, smooth radial functions are
again non-negative. Formula (2.3) allows to extend the generalized trans-
lation to measurable radial functions which are either complex-valued and
bounded or have values in [0, 00]. We maintain the notations 7, f(x) and
f(x*y) for functions from these classes. In particular, for radial f we have

(2.5) f(=z e —y) = f(z*k y).
We put
v = Z ko
aERy

and define the weight function w; on R? by

wlw) =TT N o).

acRy

Let B = {z € R? : |2| < 1} denote the open unit ball in R? and let
S = OB denote the unit sphere. The Poisson kernel Py(z,y) of B for the
Dunkl Laplacian Ay was defined in [11] as a reproducing kernel for Ag-
harmonic polynomials. It can be written as

(2.6) Pi(x,y) =V [(1 — 2(;, .;J_x’;2)7+d/2] (y), z€B,y €S.
In view of identity (2.5) with f(z) = |z|727~%, we obtain
Ao = | () = (1~ a?)- (2 )
cly) (1—2(z, 2) + |x[?)7+d/2
27) = (1= 2) ey (7).

The notation f < g will always mean that there is a constant C' > 0
depending on k and d only (unless stated otherwise) such that Clg<f<
Cyg.

3. THE GREEN FUNCTION OF THE BALL

From now on, it is always assumed that d 4+ 2y > 2. Following [24], we
introduce the Newton kernel in the Dunkl setting by

Ni(e,y) = / Tt z,y)dt (z,y € RY),
0

with the heat kernel

Mk _ 24 |y|2) /4t T y
Fk(t,$7y) = a2 e (zl*+yl*)/ Ek(ﬁ7 Tt)7

where

My, = 2777942 (/ e_|x|2/2wk(:r:)d:r)_l.
R4

Notice that Ng(z,y) = Ng(y,x). According to the results in [24, Section
2.7], the Newton kernel can be written as

1—~v—d/2
B Nelw)=Co [ (P + Iy~ 26 2) T diy2)
C(y)
where
1

(3.2) Cr = Gd+r2=2) and dj = /ka(m)do’(x).
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Here o denotes the surface measure on S. Formula (3.1) is also easily ob-
tained by translations. Recall that

. M .2
Lp(t,z,y) = T—yge(x) with g(z) = o jof*/4t

which follows from [26, Lemma 2.2. and (3.2)] (see also [28]). As

2 \d—2+2+ Ck
) - ‘é“d—Q—&-QW’

OO d
| s = a6+ 51

it follows that
Ni(z,y) :/o /Rd gt(§)dp§7_y(§)dt = C’k.T_y(‘xIQ—ny—d).

In view of identity (2.5), this equals the right-hand side of (3.1). Further-
more, the Newton kernel N(-,) is Ap-harmonic on R4\ W.y for fixed y € R?
(see [24, Proposition 2.64]). It can be regarded as the global Green function
for the Dunkl Laplacian Ay.

The goal of this section is to introduce and study the Green function of the
ball B for Aj. For this, we recall from [13] the Kelvin transform associated
with the Dunkl Laplacian, which is given by

Kilu)(z) = |27 u(z")

for functions u on R%\ {0}, where z* = x/|x|? is the inversion with respect
to the unit sphere in R%. By [13, Theorem 3.1], K} preserves Ag-harmonic
functions on R¢\ {0}. Following the classical case k = 0 (cf. [9, 29]), we
define

(3.3) Gr(z,y) == Ni(z,y) — Kp[Ni(-,y)](2)
for z,y € B x B with x # 0, where Ki[Ny.(-,v)](x) = |z|>~2 "¢ Ny (z*, ).
Theorem 3.1. The kernel Gy, is the Green function of B for Ay, that is, Gy,

extends to a [0, oo]-valued function on B x B which is uniquely characterized
by the following conditions:
(i) Gi(z,y) >0 for all z,y € B and Gy(z,y) =0 forz €S and y € B.
(ii) Gr(-,y) is continuous on B\ W.y for any fived y € B.
(i) Ni(-,y) — Gi(-,y) is Ag-harmonic on B for any fized y € B.
Moreover, the Green function Gy, can be written as

B4 Gulon) = [ [(af +loP = 2e.)'

()
1—~v—d/2
— (L4 [aPlyP = 202, 2) 7] dpy (2).

It satisfies Gy(z,y) = Gi(y,x) for all z,y € B, and Gi(-,y) is Ax-harmonic
on B\ W.y for any fized y € B.

Proof. As Ni(-,y) is Ag-harmonic on R?\ W.y for fixed y € RY, its Kelvin
transform Kj[Ng(-,y)] is Ag-harmonic on B\ {0} and continuous on B\ {0}
for any fixed y € B. By (3.1) we have

(35)  KilNi(-9))(x) = Ci /C " (1 + [22ly)® = 202, 2)) 7" dpy (2),
)

and from this representation it is immediate by the dominated convergence
theorem that Kj[Ng(-,y)] has a removable singularity at 0 for fixed y € B.
Employing [14, Theorem 5.1], we conclude that K[ (-, y)] extends to a Ag-
harmonic function on B. Furthermore, K;[Ng(-,y)] solves the Ag-Dirichlet
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problem on B with the boundary values of Ny(-,y). Therefore, Gi(-, )
vanishes continuously at S and is Ag-harmonic on B \ W.y. Formula (3.5)
immediately gives the claimed identity (3.4). As 1+ |z[?|y|? — 2(z,2) >
|z|? + |y|? — 2{x,z) > 0 for all z,y € B and z € C(y), it follows from (3.4)
that Gi(x,y) > 0 for all z,y € B. For the symmetry of Gy, it suffices to
prove that Kj[Ng(-,y)](z) is symmetric in x and y for x # 0. Using the
symmetry of Ny and the fact that for any r» > 0, the representing measure
Lre 1S just the image measure of j, under the dilation z — 7z of R%, we
obtain

E[Ni(,9)](@) = 2>~ Ny(y, ")
=P [+ o = 2002 ()
g . Z 1
=1 [ (o 4o = 200 ) ()

=i [ (laPlol? 1= 202D (2
= Ky [N, )]

Further, [24, Proposition 2.58] gives G (x, ) = +oo. Finally, the uniqueness
of the function Gy subject to the conditions (i) — (i4i) follows from the
uniqueness of solutions to the Ag-Dirichlet problem on B, see [23]. ([

According to [24, Proposition 2.64|, —Ni(zx, .) provides a fundamental
solution for Ay on R? in the sense that Ag(—Ni(z,.)w) = 6, in D'(RY).
This implies that —Gj(z,.) provides a fundamental solution for Ay in B:

Ay (—Gr(x,)wg) = 6, in D'(B).

Our next result provides sharp two-sided bounds for Gy (z, y) which are more
convenient to deal with rather than (3.4). For z € B denote 6(x) := 1 — |z|.

Theorem 3.2. The two-sided bound of Gi(x,y) on B x B is given by

o) = (L= |21 — ly*)dpy ()
Gtz = /C(y> (L+ |22yl = 2(z, 2)) (|22 + |y[2 - 2(w, 2)7H27

/ 8(2)3(y)dy(2) |
o) (8(2)d(y) + |22 + [yl2 — 2(z, 2)) (J2]? + |y|? — 2(z, 2))" T4

~

Proof. Note that for x,y € B we have
L[ ly® — 2 = [yI? = 1 = [«) (1~ |yf*) = 6(x)d(y).

Hence, the estimate is a direct consequence of Theorem 3.1 and Lemma 3.3
below. ([l

Lemma 3.3. Fiz p > 0. There exists a constant C, > 0 depending only on
p such that for all 0 < a < b < co we have

b—a 1 1 Cub—a)
< < — =",
Cpba? — aP  bP — ba?
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Proof. Assume first p > 1. Then by [4, Lemma 6, (11)] (see also (4.5)) we
get,
W —aP <C(b—a)**2 + paP~L(b—a)
<Cb—a)P~ —abP2 4+ aP™h)
—OP (b — a) (1 + (a/bP — a/b) :
and the lower bound obtains analogously. Furthermore, since p > 1, we have

sup |27~ — x| < 1.
z€[0,1]
Hence b — a? < bP~1(b — a) and
1 1 W—-a? b-a

— ~

a b (ab)p T baP

Here =< means two-sided estimates with constants depending only on p. For
0<p<1welet g=p+ 1. We have

1 1 a b _abquaq

7w w W (@b
Let ¢ = b'/49a, d = a'/9b. Then 0 < ¢ < d < oo and applying the estimate
obtained previously we get
ab? —ba? = d? — ¢ =d?(d — ¢)

—qla—D/apa—1 (al/qb _ bl/qa>

—abt™! (b - p/1a! V1)
Since a < b, we obtain

b—b"Y6" "V = p— (b/a)/a <b—a

and the upper bound follows. To get the lower bound define f(z) = b!/921-1/4
for z € [a,b]. Then f'(x) = (1—1/¢)(b/z)"/? and by the mean value theorem,
for some ¢ € (a,b) we have

b—b1/1a1711 = £(b) — f(a) = (1 = 1)/~ ) = (1~ 1/) (b a).

Therefore
ab? —ba? _ab?”l(b—a) b—a

(ab)s (ab)e ~ baP

A simple consequence of Theorem 3.2 is the following estimate.

Corollary 3.4. Let yo € B be fized. There is a constant C' > 0 depending
on d, k and yy only, such that

C_lé(x)Nk(x,yo) < Gi(z,y0) < Cé(x) Ni(z,y0).

The following classical formula relates the Poisson kernel Pp(z,y) to the
Green function Gg(z,vy).

Proposition 3.5. For allx € B and y € S we have
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Proof. We use the symmetry Gi(z,y) = Gi(y,x). By the dominated con-
vergence, we can differentiate under the integral sign in (3.4) to see that for
allz € B and y € S,

—y—d/2
~di(y, VyGr(w,y)) = (1 - \x!2)/( ) (22 +1 =20y, 2)) 7" dpa(2).
With f(z) = |#|72=¢ and in view of (2.5) and representation (2.7) for the
kernel P, we obtain

—di(y, VyGr(z,y)) = (1 — |2*) f(z % —y) = Pelz,y).

4. POISSON-JENSEN FORMULA AND HARDY-STEIN
IDENTITIES

Our first goal in this section is to prove the so-called Poisson-Jensen
formula for Aj-subharmonic functions on B. The corresponding result for
classical subharmonic functions may be found in [18]. We will next use the
formula to derive the Hardy-Stein identites for Ag-harmonic functions on B,
which equivalently characterize the Hardy spaces of Ay in the spirit of [4].

All functions in this section are assumed to be real-valued. Let Q c RY
be a W-invariant open set. We will say that a function v € C?(Q) is Aj-
subharmonic on 2 if Agu(z) > 0 for all x € Q. We refer to [24] for basic
properties and other characterizations of Ajp-subharmonic functions. We
will further say that a function u is Ag-harmonic (resp. Ag-subharmonic)
on B if there exists € > 0 such that u extends to a Aj-harmonic (resp. Ag-
subharmonic) function on B, := {z : |z| < 1+ ¢}. For r > 0 we define the
dilation of a function u by u,(x) := u(rz).

The Riesz decomposition theorem [24, Theorem 2.74, see also Ex. 2.47
and Corollary 2.53| implies that for every £ > 0 and every function u which
is Ag-subharmonic on B, := {z : |z] < 1 + ¢} there exists a unique Aj-
harmonic function he on B, /5 C B, /2 C Be such that

(4.1) u(x) = — : Ni(2, y) Apu(r)wi(z)dr + he(z), T € B, o
/2

As in the previous section, we denote by ¢ the surface measure on S and
let wpo denote the measure on S given by dwio(x) = wi(x)do(z). For
f € L'(S,wy0) we define the Poisson integral of f by

1
Plf@) = 3 [ Pleaf@m)o(z), ek
Our first result is the following property of the Newton kernel of Aj.

Lemma 4.1. For all x € B we have

Nk(x7y)_Gk(m7y)7 Z/GI&

Proof. For y € B the statement follows from (3.3). Clearly, Ki[Ng(-,y)] is
Ajg-harmonic on B and continuous on B with Ky [Nk(-,y)](x) = Ni(z,y) for
all z € S. By the uniqueness of the solution to the Ag-Dirichlet problem

[23] we have Ki[Ni(-,y)] = Pe[Ni(-,y)] on B. When y € (B)¢, then Ng(-,y)

is Ag-harmonic on B, and hence Ng(-,y) = Px[Nk(-,y)] on B in this case.

Pr[Ne(-,y)(z) = {
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Finally, let y € S. Since Ng(-,y) is Ag-harmonic on B, the dilation Ng(-,y),
is Aj-harmonic on B for any 0 < r < 1. Hence

Ni(rz,y) = ;k/SPk(x,z)Nk(rz,y)wk(z)da(z),

and it is enough to show that the right-hand side above tends to P[Ng (-, y)](z)
as r — 1. First note that Fatou’s lemma gives Py[Ng(-,v)|(z) < Ni(z,y).
By (3.1), for z,y € S we have

1—y—d/2
Nz ) = O [ (el l? =20 0) ' ),
y
For v € C(y) write v = Yy Ag(v)gy, where Ag(v) > 0 for all g € W and
> gew Ag(v) = 1. This gives

Irz|? + |y|* = 2(rz,v) Z Mg (v)|rz — gyl*.
geW

Furthermore, since |z| = |gy| = 1, we have |rz — gy| > |rz — rgy| for any
0<r<l. Consequently,

2l + [y = 2(rz,v) > r?(|2* + [y[* — 2(z,0)),

and Ni(rz,y) < r> 279Ny (z,y). Therefore, Ni(rz,y) < CNg(z,y) for
all 1/2 < r < 1 and Pg[Ni(-,9)](z) < Ng(z,y) < oco. The dominated
convergence theorem gives the result. ([

As a consequence of (4.1) and Lemma 4.1 we obtain the following Poisson-
Jensen formula.

Theorem 4.2. Let u be Ap-subharmonic on B. Then for evey x € B we
have

- o [ P sutatot) — [ Gute.s) Aculpn(s)dy

Proof. Choose ¢ > 0 such that u extends to a Ag-subharmonic function on
B.. By (4.1),

u(z / Ni(2, y) Apu(r)wy(z)dr + he(z), = € B, o,
5/2

where h. is Ag-harmonic on B, /5. Evaluating the Poisson integral of both
sides and applying Fubini’s theorem and Lemma 4.1 we get

mmm:;/mumwwmwwm

- | Play) ( /d;wﬂh>Ammx%<mZ+h<>>wuwmﬂw
=—A;2Qméfuawwu%@wdew)Aw@wuaw+wam
:/B (Gi(z, 2) — Ng(z, 2)) Agu(z)wg(z)dz

- / Ni(x, 2) Agu(2)wi(2)dz + he(x)

</2\B

_AGM%dAwwwdww+u@)
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]

Let 1 < p < co. The Hardy space Hj,(B) is defined as the family of those
Ag-harmonic functions on B which satisfy

[ullzr = sup [url e w0y < 00
0<r<1

By [23, Theorem 2.2 and Theorem 2.3], u € H(B) for a given 1 < p < o0

if and only if uw = Py[f] for some f € LP(S,wy0), and in this case ||ul|gr =
| f1| zr (o) This implies that

(4.2) [ullme = Y [Jur]| o (o)

for any Ag-harmonic function v on B. As an application of Theorem 4.2, we
will give an equivalent characterization of the spaces H,f (B), 1 <p<oo,in
terms of the Hardy-Stein identities. The approach is inspired by [4], where
similar description was obtained for Hardy spaces of the classical Laplacian
A and the fractional Laplacian A®/2.

Let 1 < p < oc0. For a,b € R we set

(4.3) F(a,b) = b — |a]’ — palaP~2(b— a).

Here F'(a,b) = [b? if a = 0, and F(a,b) = (p —1)|al? if b = 0. For instance,
if p = 2, then F(a,b) = (b — a)?. Generally, F(a,b) is the second-order
Taylor remainder of R > x ~— |z|P, therefore by convexity, F(a,b) > 0
Furthermore, for 1 < p < oo and € € R we define

(4.4)  F.(a,b) = (0% + 2)P/2 — (a® + 2P/ — pa(a® + ) P=D/2(h —q).

Since F.(a,b) is the second-order Taylor remainder of R 3 x s (22 4 £2)P/2,
by convexity, F.(a,b) > 0. Of course, F.(a,b) — Fy(a,b) = F(a,b) ase — 0.
The next result is proved in [4, Lemma 6].

Lemma 4.3. For every p > 1 there is a constant C' > 0 depending on p
only such that

(4.5) C7Y(b—a)?(|b|V|a])P72 < F(a,b) < C(b—a)*(|b|V|a])P™2, a,beR.
Ifp € (1,2), then

1
(4.6) 0 < F.(a,b) < ]fF(a ,b), e,a,beR.
The following explicit formulas shed some light on the meaning of the func-
tion F'.

Lemma 4.4. Let u be of class C? in the neighborhood of x € R®. Then for
2 < p < o0 we have

Arlu(@)l? = plp = Dlu() P Va(@) P42 3 k) == ;;a@)))
acR4
(4.7) +pu(@)|u(@) P~ Ayu(z).
When 1 < p < oo and € > 0, then
(4.8)
Aglu(x) + ielP = plu(z) + Z€|p 4 [(p— Du(x €2J Vu(z)[?
+2 Z k(o ) ( (ac))) + pu(z)|u(z) + ic|P 2 Agu(z).

acER
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Proof. When 2 < p < oo or u(x) # 0 we write |u(z)[P = (u(z)?)?/? and a
straightforward calculation gives

Vu(@)[P = pu(e)|u(@)[P~>Vu(z),

Alu(z)[? = p(p — Du(@) P~?[Vu(z)? + pu(e) ju(@)[P~*Au(z).
Note that
|u(a0(2)) P = |u(@)P = F(u(z), u(oa())) +pu(@)|u(z) P> (u(oq(2)) —u(z)).
Hence

Aplu(@)]P = Alu(z)P +2 ) k(o (

aER

(Vu@)P, ) | [uloa(@))I” - !Mﬂf)!”)

(o, ) (o, x)?
= p(p — Du(@)["~2Vu(z)* + pu(@)[u(z) P> Au(z)
o 3 oy (T, (o) —u)

) 0.7

£33 oy Pl loala))

2
a€R Oé $>

and (4.7) follows. For 1 < p < oo and € > 0 we have
Vlu(@) +iel? = pu(@)|u(e) + i’ *Vu(),
Alu(w) +iel? = plu(e) +ie[P~" [(p — Du(x)? + °] [Vu(z)
+ plu(z) + ie[P*u(z) Au(z),
and
[u(oa(z)) +iel’ — u(z) +iel” = Fe(u(z), u(oa()))
T pu(@)u(@) + ieP2(u(0a(2)) - ula)).
The rest of the proof is similar to the previous case. [l
We are now ready to prove the Hardy-Stein identities.

Theorem 4.5. Let 1 < p < co. Then for any u € Hy(B) we have
[ullF = [u(0)[P + Ci /IB(\y|2_27_d —Dplp - 1)|u(y)|p_2lvu(y)\2
U O o
+2 Z k(o ul (y)))}wk(y)dy.

acRy a y>

In fact, a Ag-harmonic function u on B belongs to Hg(lﬂ%) if and only if the
integral above is finite.

Proof. Suppose v is Ag-subharmonic on B. Then v, is Ag-subharmonic on
B for any 0 < r < 1. By Theorem 4.2,

(49)  v(0) = dlk /S or () wr(y)do () — /B Gr(0, ) (Aror) (9w () dy.
Since (Agvy)(x) = r2(Agv),-(x), by (3.4) we have
/B G0, 9) (Ao ) () (y)dy = Cir? / (2 — 1)(Agw) (ry)we(w)dy
(4.10)
= Ck/ (]2\2_27_‘1 — TQ_QV_d)Akv(z)wk(z)dz,
B(0,r)
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where B(0,7) := {x € R? : |z| < r}. Let now u be Aj-harmonic on B and
suppose first 2 < p < oo. Then |uf? is of class C% on B and by (4.7) we have

Aglu(@)P = p(p — Dlu(@)P*|Vu(@)] +2 ) k(a " é;f;(w))).
acR4

In particular, Ag|ulP’ > 0 on B so (4.9) and (4.10) apply to v = |u|P. Let
r — 1. By (4.2),

dlk/g u(ry) Pwr(y)do(y) — lullF,,

and by the monotone convergence,
Co [ (P = A (o) P (2)d
B(0,r)

N /BGk(OaZ)Aklu(Z)\pwk(z)dZ

This gives the result for p > 2. Assume now 1 < p < 2 and let € > 0. Then
|u + ie|P is of class C? on B and by (4.8) we have

Arfu(@) + il = plu(z) + i~ [(p — Du(@)* + 2] [Vu(z)
123" Koy Felula) uloaa))

(o, z)?

Since Ag|u +ic|P > 0 on B, we can apply (4.9) and (4.10) to v = |u + ic|P.
This gives

‘ 1 .
0) + il = [ fulry) + iePn(3)do (s
G [ (P Auly) + e ().
(0,)

Let € — 0. Then

Aglu(z) +iel? = p(p— Du(@) P2 Vu@)P+2 Y k(a - l{;f;(m)))
acRy ’

for a.e. x € B, and

/ fu(ry) + iePur(y)do (y) — / fu(ry) Peon (y)do (y).
S S

Fatou’s lemma, (4.6) and dominated convergence give

p_ 1 w(ry) Pw o(y) — 2-2y-d _ ,2-2v—d
WO = 7 [t Pun(waots) = €. | (M)('y' )

e )

x[p(p = Dlu(@) P2 Vu(@)]* +2 ) k(a

aERy

Let r — 1. The final conclusion follows from (4.2) and monotone conver-
gence. [l

An immediate consequence of Theorem 4.5 and [23, Theorem 2.2 and The-
orem 2.3] is the following identity.
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Corollary 4.6. Let 1 <p < oo, f € LP(S,wio) and set uw = Py[f]. Then
/Slf(fv)lpwk(a?)dff(x) =[u(0)” +Ck/18(\y|227d -1

CZODINA

x[p(p — 1)|u(y) ’p_Q\Vu(y)]z ) Z k(a)F(u(y<a y
acRy )

5. SHARP ESTIMATES OF THE GREEN FUNCTION AND
POISSON KERNEL IN RANK ONE

In this part we consider the rank one case. The basic situation is that of
the root system A; = {£(e; — e2)} in R?, where e1, e2 denote the standard
basis vectors. We choose oo = e; — eg as positive root and let o, (x1,z2) =
(z2,21) denote the reflection corresponding to . To simplify formulas, it
will be convenient to switch to the orthonormal basis

1 1
(eh,e5) = (E(el —€2), E(Gl + e2))
and write x € R? as z = (z1,x2) with coordinates z1,z2 with respect to
the basis (€], e5). The reflection o writes o(z1,x2) = (—z1,x2). By formula
(2.2) we obtain

1
Vil (4) = e / (1= 01

This case has a nice motivation, namely the potential theory of a 2-dimensional
k-Dyson Brownian Motion, which corresponds to the W-invariant Dunkl
process in this case.

More generally, we will consider the rank one case with root system A;
in R?, with the intertwining operator given by

1
(5.1) Vef(y) = cx /1 F(ty1, 9o o ya) (1 — DFL(1 + £)kdt.

Though this generalization seems elementary from the algebraic point of
view, it reveals nontrival analytic phenomena which are strongly dependent
on the underlying dimension. Note that in the rank one case we have v = k,
and as before we work under the assumption d + 2k > 2.

The Newton kernel (3.1) can be written as

(5.2)
~ [ 1— )11+ t)kat
Ni(z,y) = Ck/ 5 5 ( i )
-1 (|z|2 + [y|* = 2(tz1y1 + w2y2 + ... + Taya))

where C~’k = ¢;Cy and the constants ¢, C) were defined in (2.2) and (3.2).
The reflection o writes

k+d/2—1"

o(x1,29, ..., xg) = (—T1, 22, ..., Tq).
We then have
(5.3) |z + |yl — 2(tziys + way2 + .. + Taya) =|z — y* + 22101 (1 — 1)
=|z — oy|? — 2z1y1 (1 + 1).

Our first result in this section characterizes the asymptotic behaviour of the
Newton kernel Ny (x,y).

Theorem 5.1. Let ®(x,y) := |x —y| V |[x — oy|. The two-sided bound of
Ni(z,y) on R? x R? is the following.
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1. If d =2, then

1 |z1y1
5.4 N RS PRV .
(54 K 0) = G g [ °g<|x—y|2
2. If d =3, then
1
5.5 Ni(x,y) < .
(5:5) @ 9) = G e =]

3. If d =4, then
1
(5.6) Ni(z,y) < {1 V log <|$1y1\>} .

O (x, y)*|w —y|? |z — oyl

4. If d > 5, then
1
O(x,y)%* |z — y[*(lo — y| Az — oy|)d=t

(5.7) Ni(z,y) <

Theorem 5.1 is a direct consequence of Lemma 5.2 and Lemma 5.3 below.

Lemma 5.2. The two-sided bound of Ny (z,y) on {(z,y) € RY x R?: 2191 > 0}
is as follows.

1. If d =2, then

1 T1Y1
. N, =~ —— |1V]1] — .
58 (=) |z — oy|?k [ o8 <|w—ylz>}

2. If d > 3, then
1

5.9 N = .
( ) k(xay) |x—0y|2klm—y|d*2

Proof. Denote ¢ = |z — y|? and 1 = x1y;. Since 2171 > 0 we have ¢ + 7 <
|z — oy|®. By (5.2) and (5.3) we have
(5.10)

B Q-0+ okat 2 k12— s)kds
Neliraw) = / (C+2n(1 —p)Fed=t k/o (C+ 2gs)F 21

We write Ni(x,y) = Cx(I1 + I2), where
7 - /1 sPL(2 - s)kfds /1 sk=1ds
P o (G 2ns)ERRTL T o (Cps)RraT
and

2 gk=1(9 — g)k(s 2 2 — s)kds i
b _/ ( k 21/2—1 x/ ( lc) a1 (C+77)1 ean,
1 (¢4 2ns)kt 1 (C+ns)kt

For n = 0 the estimates of the lemma are obvious, so assume 1 > 0. Using
the change of variables s = u( we get

; v/l/( Ckuk_ldu _Cl—d/2/1/c wF1du
o (G Gyt o (L+nu)krd2t

1/ 1/ du _ (1 w22y
o ub2(1ju + n)k+d-1 ¢ (w+pktd=T"

Let d = 2 and assume first < (. Then

* dw <k —k —k
L =< _— = dw = k=<
1 /C w(w V n)k /C v w=¢"/k=(C+n)",
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and note that the same two-sided estimate holds also for Is. Assume 1 > (.
We have

o0 dw T dw > dw
I = - = =n~F1 /K
1 /c o +/n s og (n/¢) +n"/

wVn)k ¢ wnk
=(¢+n) 7" [1viog(n/C)].

It is clear that the estimate above holds also for I; + I, and combining it
with the previous case we get (5.8).
Assume d > 3. For n < { we get

oo d/2—2 oo
I < Cl_d/2/ —( v dw :Cl_dm/ wF dw
¢ ¢

w v )k
:Cl_k_d/Q/k‘ - (C + n)—ké—l—d/Q‘

When n > (, then a similar reasoning as before gives

I =¢lmd? / T R / T _dw
S EE A I

2 1
_1-d/2 d/2—1 _ rd/2—1 L
¢ [(d oy (77 ¢ ) + ;mk]

_ 1 2 ( d/2-1 _ Cd/2—1> i &
T pRrd2=1gd—1 | — 2 N |-

Since 0 < n#/2=1 — ¢4/2-1 < pd/2=1 we obtain

Il — n—kcl—d/? — (C + n)—kcl—d/2'

Finally,
L= (C+n) T2 < ()R,
and hence I + Iy < I;. This proves (5.9). O

Lemma 5.3. The two-sided bound of Ni(x,y) on {(m,y) eRY xR : 21y < O}
is as follows.

1. If2<d <3, then

1

2. If d =4, then
1 |[z191
5.12 N, < —F— |1VI] _ .
12 o) = s [ 1V 1on ([ 2
3. Ifd > 5, then
1
|z =y e — oyld=t

(5.13) Ni(z,y) <

Proof. Denote ( = |r — oy|?> and n = |z191]. Since x171 < 0 we have
¢(+n=l|xr—yl|* By (5.2) and (5.3) we have

(5.14)

1 k—1 k 2 k—1 .k
B 11—t 1+t (2 —s5)""s"ds
Nk(x7y) =Ck /_1 (C+277(1 +t))k+d/2—l =0 A (C—|—2?78)k+d/2_1'
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We write Ni(x,y) = Cx(I1 + I2), where
I - /1 (2 — s)k~Lskds _ /1 skds
0 (CH42ns)ktd/2=1 7" [ (¢ 4 ns)ktd/2=17
and

I, = /2 (2 _ S)k—lskds -~ /2 (2 — S)k—ldS - (C + n)l_k_d/g.
(D A (S D

As in the proof of Lemma 5.2, we apply the change of variables s = u¢ and
get,

I vngd/z e uFdu :szd/z 1/ du
L= o (1+nu)ktd/2-1 o ud21(1/u + n)ktd/2-1

:<2—d/2 00 wd/273dw
¢ (w+pktd=T"

Assume 1 < (. Then
(5.15) I = CQ_d/Q/c w2 = (IR = (¢ )1k 2,

When 1 > ¢ we have

I XCZfd/Z /oo w23 duw _ CQ*d/2 /T) w23 dw N /oo dw

1 n 1
_2-d/2 d/2-3 - -
=C (Uk+d/21/< w dw + (/~C+1)77’“+1>'

Assume first 2 < d < 3. We obtain

2 1 1 1
_2-d/2 _
b= [y (oo~ )+ ]
2 I GRS
(4 — d)nk+d/2—1 2(k+1) 772—0!/2 )
Since 0 < (4 —d)/(2k +2) < 1 and ¢>~%2 < 7?>~%/2 we get

II — nl—k’—d/? — (C + n)l—k—d/Q.
Note that the same estimate holds for Iy when 1 < ¢ and for I for all x,y
with z1y1 < 0. This gives (5.11).
For d =4 and n > ¢ we have
Iy =" log (n/¢) + 07 71/ (k +1) = (C+m) 7" 1 Viog (/¢)] -
The last two-sided estimate remains valid for I; also when n < { and the

upper bound dominates I5. This proves (5.12).
Finally, assume d > 5 and n > {. Then

9 (pd/2-2 _ rd/2-2
I =¢242 ( ¢ — )+ ! T
(d _ 4)nk+d/2 1 (k: + 1)77 +

d/2—2 _ rdj2—2
Che1,.0- n ¢ k1,2
S d/2< /22 +1> = (C+m) R,
For n < ¢ we have ( + 7 =< (, and by (5.15) we get

L (e () L S
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Since d > 5, the upper bound of the last estimate also dominates Is. The
proof of (5.13) is complete. O

We will next give sharp two-sided estimates of G (z,y) in the rank one case.
Theorem 5.4. Let ®(x,y) := |x —y| V |[x — oy|. The two-sided bound of
Gr(z,y) on B x B is the following.

1. If d =2, then

6(x)d T 6(x)d
Guo) = (1 A m) [mog <| 1y1|xA_,§|2) <y>)]
|[z191
(5.16) X [1\/log <5($)5(y)\1/|1x_0y’2>] .
2. If d = 3, then
1) o) = gy (1 ! W)
NG IR
[z —y[ Az — oyl
3. If d =4, then
1 o(x)o
(5.18) Gr(z,y) < AP r— (1 A o y|g /3 |§Cy)_ Jy’2>

" [1 v log <|9313/1! /\5(43)5(1/))] '

|z — oyl?
4. If d > 5, then
1
Oz, y) % (lz — y| Az — oy|)=4z — y/?

Y (ugm—CLON, |

2 —y2 A |z — oyl

(5.19) Gi(z,y) <

Theorem 5.4 is a direct consequence of Lemma 5.5 and Lemma 5.6 below.
Lemma 5.5. The two-sided bound of Gi(z,y) on{(z,y) € B x B: x1y; > 0}
is the following.
1. If d =2, then
1 o(x)o
(5200 Gy = — - <1 A W)

Tz — oyl |z — yl|?

y [1 Vlog (xlyl A 5(55)5(?/))] _

2z —y|?

2. If d > 3, then
(5.21) Gz, y) = L <1 A 5(@5(;,)) .

|z — oy[?k|z — y|i—2 |z — yl?

Proof. Let ( = |x —y|?, n = z1y1, and & = §(2)d(y). By Theorem 3.2, (5.1),
and (5.3) we have

_ §(1— (1 4+ t)kdt
(5:22) Cile,y) = /_1 (€+C+n(l = 1)(C +n(1 —p)ktd2-1
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Assume first £ < ¢. Then by (5.22),

[t ea =i+ o)ka
Crl(@y) = / (a1 —f)erae

and observe that the same integral appears in (5.10) with d’ = d + 2 instead
of d. Hence, by (5.9) we get

£
(€ +m)k¢d/2
Assume & > (. Using (5.22) and the substitution s = 1 — ¢ we obtain

£sF=1(2 — s)kds

(5.23) Gr(z,y) <

2
Gr(z,y) < /0 €7 79)(C o) FHaT =11 + I,
where
1 £ 1ds
(524 = /0 (€ +1s) (¢ +ns)rd/2=17
and
(5.25) I < /2 §(2—s)"ds = ¢ :
1 (§4ms)(C +ms)R 271 T (€4 ) (¢ + n)ktd/2

In order to estimate I; we consider two cases. Assume first d = 2.

(a) € > n. Then, by (5.24) and the estimates from the proof of Lemma
5.2 we get

b gk=lgs 1 7])
I < = 1Vlog - |.
! /0 (C+s)F <<+n>k< VL

In view of (5.25), we also have I} + I < I3.
b) £ <n. Then ¢ < & < n, and by (5.24) we have I; =< ™ —i—I(Q), where
(b) Ui n Y 1 1

&/m k—ld &/n k—lds
7 _ és s _ S
! /0 (€ +ns)(C+ns) /0 (C+ns)k
/n gh=1g &/n gh—1gs
Lk s s s
- (/ (C/n+8)k+/</n <</n+s>k>
¢/n §/n 4
—p—k k k=14 as
n (wo/o s [ )

=n"" (1/k +log(¢/n) — log(¢/n))
=n~"(1Vv1og(£/¢)) < (¢ +n) " (1Viog(£/Q)),

and
1 k—1 1
(2)_/ Es¥ s v/ &ds B ka1
1% = - _8as
R A (e A S
<P (CHn)TF < (CHn) TR vIog(€/Q)).
Hence
L1+ 1 < 10 < (¢ 4+ n)7F (1 viog(£/0)) .
This and (525) give I1 + I, < I.
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Altogether, for £ > ( we have

and (5.23) with d = 2 otherwise. Hence (5.20) follows.
It remains to estimate I; for d > 3.

(a) £ > n. By (5.24) and the estimates from the proof of Lemma 5.2 we
have

1 Sk:flds
L = = —kl-d/2,
<, e <€

Combining this with (5.25) give I} + Iy < I;.
(b) ¢ < &<n. By (5.24) we have I; < IV + 1{? where

0 _ /5/’7 ¢sh1ds g /5/77 s1ds
oo EHns)(C ARzt T S (G ps)Rtd/2t

_ 1—k—d/2 /C/77 s*1ds +/£/n st 1ds
- o (C/m+sFraRT T o (Cfn+ s)FraR

i —h-d/2 <(n/ok+d/zl /C/" Sk1ds+/£/77 Sd/2d3>
0 ¢/n

_ylh—d/2 ((77/():/2_1 n 2 [(n/od/%l B (n/g)d/21}>

d—2

=t TR (O < (¢4 ) TR,
and

Ly -
' ¢/n (§+1s)(C + ns)ktd/2-1 ¢/ N A25/241

_dnzfdﬂ {(n/g)dﬂ - 1} <RV < (¢ ) TR,

Hence
1 2 1 Ckal—
L=0"+07 =0 = ¢+ h
This and (5.25) give I1 + I < I4.

Altogether, Gi,(x,y) =< (C+n)*¢1=%2 for € > ¢, and (5.23) otherwise. This
proves (5.21). O

Lemma 5.6. The two-sided bound of Gi(z,y) on {(x,y) € B x B : z1y; < 0}
is the following.

1. If d =2, then
(5.26) Gr(z,y) < 1 <1 A 5(55)5@))

|z — y|?k |z — y?

|x1y1| )}
x [1Vlo .
{ & <6<x>5<y> Viz— oy
2. If d =3, then

(527)  Gilz,y) =< |$;|2k+1 (M |5(:c)5(y)> <M5(ff)5(y)>‘

x — oy|
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3. If d =4, then

g 1 6(z)d(y)
(5.28) Gi(z,y) < [z — y|Pore (1 A |z —oy|?
< [1v10g (T8l A 0(2)0(y)
|z — oyl|? '
4. If d > 5, then
1 6(2)d(y)
2 x 1 ‘
(5.29) Gr(z,y) 2 — |2 — oy[da < A |z — oyl|?

Proof. Denote ¢ = |z —oy|?, n = |z1y1|, and € = §(x)d(y). By Theorem 3.2,
(5.1), and (5.3) we have

[t €1 — )P (1 + t)kat
30 Guen = | T A T
Assume first £ < (. Then by (5.30),

e R e
Gite = || (C (T D)2

Let d = 2. Using the estimate derived for (5.14) with d’ = 4 instead of d,
we get by (5.12) that

§ < U
5.31 Gp(x,y) x ——————(1Vlog - | .
>3 o = e (V1oeg
If d > 3, then (5.13) with d' = d + 2 instead of d gives
(5.32) Gy, y) = :

(C + n)k+1¢d/2—1"
Assume & > (. Using (5.30) and substituting s =t 4+ 1 we get

2 k-1 .k
Gulont) = || e e e ~ I
where
1 £skds
(533 B [ G s
and
2 2 —s)k1ds
(5.34) 2= /1 €+ 52)(( +)ns)’f+d/2—1 e f n)ktd/2=1

In order to estimate I; we need to consider several cases.

(a) € > n. Then the estimate depends on the dimension as follows.
(i) 2 < d < 3. (5.33) and the estimates derived in the proof of
Lemma 5.3 give

I 1 skds _ 1
R N (e
In view of (5.34), we also have I} + I < I;.
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(ii) d = 4. The same arguments as above give

1 k
stds 1 n
le/ = <1\/10g>,
o (CH+ns)Ftt " (C+n)hH! ¢
and IT + I, < I4.
(iii) d > 5. We get

1
(C+ g

(b) € < n. Then ¢ < & < n. By (5.33), for any d > 2 we have I <

I§1) + IfQ), where

L+ L=< <

7 _ /5/’7 ¢skds _ /5/" skds
Yoo Ems)(CHns)Eram1 T o (C 4 ms)Rtd/2

l—k—d ¢/m skds &/m skds
([
o (C/n+ s o (C/nt s)R a2

¢/ &/
(5.35) x771—k—d/2 ((n/c)k-‘rdﬂ—l/ skds—i—/ 81—d/2d5>’
0 ¢

/m

and

1 k 1
{s"ds § —d/2
(5.36) 19 = / = / s s,
1 f/n (§+ns>(c +778)k+d/2—1 nk—‘rd/? 5/77

At this point we need to consider different values of d separately.
(i) d =2. By (5.35) we have

1 _ .k ¢ 5 ¢ 3
Lit=m ((k+1) n) nk+t’

and by (5.36),

@ _ ¢ n
N ALY
Therefore,
M, @ € U
L <17+ 1) = R <1\/log§>.

Since ¢ < £ < n, the last estimate of I; and (5.34) give

£ n
(¢ +n)ktL (1 v1og€) '

Combining this with (a)(i) and (5.31) we get (5.26).
(ii) d = 3. Then (5.35) gives

1 = k+1/2 [k+1\ﬁ+2<\ﬁ \/7” 77\[
and by (5.36),

I(z) £ (m_1>§ VE - V¢

nk+3/2 nFL T (¢ )kt

LH+L=x<; <
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Therefore, I; < I\ + I < 1Y Furthermore, by (5.34) we
have

12§(€>1/2< T S i

£+ C+n)ktl/2 = (C+ )kt
Hence \[
3
L+ =< <x—————.
R (e o

This, (a)(i) and (5.32) give (5.27).
(ii) d = 4. By (5.35),

W _ k1 § 1 §

T = — 4log2 )= —— (1vViog>
L <k+1+°g<> <<+n>k+1< %)
and by (5.36),

1 1
.T(Q)X—g <771>< = .
ARG T T (G
Hence I; =< IF) + Ifz) = Ifl). Combining this with (5.34) we
get

1 §
I1+I2XI1XW <1\/10g<_>

The last estimate, (a)(ii) and (5.32) give (5.28).
(iv) d > 5. By (5.35),

d/2-2 d/2-2
1Y = k;21 2(77) <77> = k11d2 27
/2= ¢ 3 U

and by (5.36),

1(2) B 0 d/2—1 .
= nk+d/2 ¢

It follows that I; =< I{l) + Ifz) = Ifl). Furthermore, by (5.34),
1 < 1
(CHm)FHa2=t = (4 m)Rtigd/2=2

1
< < .
= phtlgd/2-2 = phtlcd/2-2

I <

Hence
1 = 1
nk+1€d/2—2 ¢+ n)k+1<d/2—2'

The same estimate holds also in (a)(iii). Combining this with
(5.32) we obtain (5.29).

L+ <

O

By (2.7) and (5.1), the Poisson kernel in the rank one case in R? can be
written as

1 (1— |z — )11+ t)kdt
5.37)  Pi(w,y) =c '
(5.37) b, y) = c /_1 (|2 4+ 1 = 2(tz1y1 + z2y2 + ... + zqyq))Ft4/?

As a consequence of the two-sided bounds of the Newton kernel obtained in
Theorem 5.1 we get the following two-sided estimates of Py(x,y).

Corollary 5.7. Let ®(x,y) := |z —y| V |z — oy|. The two-sided bound of
Pi(z,y) on B xS is the following.
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1. If d =2, then

1— |z[? |z191]
. P = 1v1 — .
(5 38) k(xay) ¢($,y)2k|$—y|2 |: V log <|ZL‘—O'y’2

2. Ifd > 3, then

1—|af?
O(z, y)* |z — y*(lz —y| Az —oy[)9>

(5.39) Py(z,y) <

Proof. In view of the formulas (5.2) and (5.37), we can apply Theorem 5.1
with d’ = d + 2 instead of d. Hence, (5.38) follows from (5.6), and (5.39)
follows from (5.7). O

Remark 5.8. When d = 1, the condition k > 1/2 guarantees that Ny (x,y)
is well defined and finite, and hence also Gi(x,y) and Pg(x,y). Using the
methods of this section one can derive the following two-sided estimates.

)1—2k

Nk(x>y)x(|x|+|y| 3 .Z',yER,

0(x)o(y) 5(z)5(y)
(|l"+|y|)2k’*1 (1/\ |$_y| ) , X,y € (_171)7

Pk(x>y) =1- |$|, T € (_17 1)73/ € {_17 1}

Gk(l’,y) =

Remark 5.9. It is noteworthy that the explicit formulas for Ng(z,y),
Gi(z,y) and Py(x,y) can be obtained in some particular cases, e.g., for
k € N and d € 2N the integrands in formulas (5.2) and (5.37) are rational
functions of ¢. For instance, when £ = 1 and d = 2 (i.e. for the root system
A1 in R?), we can derive the following explicit expressions

(5.40)

1 [|z—oyl? <\$—0y|> 1]

Ni(x,y) = — lo — ,

e =g [t e (52 - o
1— |z [ 2z1y1 lz —yl

Pl xr,Y)= +10g T )

@) =122 (- yP 2= oy
2 2| ok 2 *

x—0 x—0 z|?|lz* — o ¥ —o

Gl(x’y):\ ZyZ! 1og(’ y\)_! "] . 2y\ 1og<’ : y\)_
8raiys |z — yl 8rriys |z* — y|

Remark 5.10. W-radial case and applications to the Dyson Brow-
nian Motion. The results of this paper can be applied to the W-invariant
part of the Dunkl Laplacian,

AV fz) = Af(2) + ) k)

ac€R4

Oof ()
(o, )

Notice that for £k = 1 and W = S3_; this is just the generator of the d-
dimensional Dyson Brownian motion. In fact, for all integral kernels K (z,y)
for A considered in the paper, the following formula holds

(5'41) Kw(x7y> = Z K(:U,gy),
geWw
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where KW is the corresponding kernel for the operator Akw.
In the rank one case with £ = 1 and d = 2, formulas (5.40) and (5.41) give

1 |z — oy|
NV = 1
vy = Og(\x——yr>’

2(1 — |af*)

W _
Pl (l’,y)— ‘x_y‘le_O'yP’
" —yllz — oyl
Gy = | :
1 (@) 2w, (]m —yl|z* — oyl

Furthermore, by multiplying the above formulas by w;(y) = y? and going
back to the initial form A; = {£(e; — e2)} with the standard basis vectors
e1, ex one obtains the Newton kernel, Poisson kernel and Green function of
the unit ball in the setting of the potential theory of 2-dimensional Dyson
Brownian motion:

1 7(y) |z — 00yl
NPv® = — 77|
P = o2 (51 ).

_2m(y)%(1 — [2f?)
= yPle — ouyf?

Gf)ys(x7y) _ 1 7T(y) log <|l‘* _ny - UOéy|> ,

" 2r(a) o\ [z —ylle” — oay

where z,y are in the positive Weyl chamber Ct = {(z1,22) : 21 > 22},
m(z) = 21 — 22, and 04(21, 22) = (22, 21).
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