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Abstract Let G = A,, be the graph corresponding to the graphical model of nearest
neighbour interaction in a Gaussian character. We study Natural Exponential Fami-
lies(NEF) of Wishart distributions on convex cones Q¢ and P, where Pg is the cone
of positive definite real symmetric matrices with obligatory zeros prescribed by G,
and Q)¢ is the dual cone of Pg. The Wishart NEF that we construct include Wishart
distributions considered earlier by Lauritzen (1996) and Letac and Massam (2007)
for models based on decomposable graphs. Our approach is however different and
allows us to study the basic objects of Wishart NEF on the cones ()¢ and Pg. We de-
termine Riesz measures generating Wishart exponential families on Q¢ and Py, and
we give the quadratic construction of these Riesz measures and exponential families.
The mean, inverse-mean, covariance and variance functions, as well as moments of
higher order are studied and their explicit formulas are given.

Keywords Wishart distribution - graphical model - nearest neighbour interaction

1 Introduction

The classical Wishart distribution was first derived by Wishart (1928) as the distribu-
tion of the maximum likelihood estimator of the covariance matrix of the multivariate
normal distribution. In the framework of graphical Gaussian models, the distribu-
tion of the maximum likelihood estimator of 7(X'), where 7 denotes the canonical
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projection onto ¢, was derived by Dawid and Lauritzen (1993), who called it the
hyper Wishart distribution. Dawid and Lauritzen (1993) also considered the hyper
inverse Wishart distribution which is defined on () as the Diaconis-Ylvisaker conju-
gate prior distribution for 7(.X'), and Roverato (2000) derived the so-called G-Wishart
distribution on P, that is, the distribution of the concentration matrix X = X!
when 7(X) follows the hyper inverse Wishart distribution. Letac and Massam (2007)
constructed two classes of multi-parameter Wishart distributions on the cones () and
P associated to a decomposable graph G and called them type I and type II Wishart
distributions, respectively. They are more flexible because they have multiple shape
parameters. In fact, the type I and type II Wishart distributions generalize the hyper
Wishart distribution and the G-Wishart distribution respectively.

The Wishart exponential families introduced and studied in this paper include the
type I and type IT Wishart distributions of Letac-Massam on the cones Q¢ and Pg
associated to A,, graphs. Our methods, which are new and different from methods
of articles cited above, simplify in a significant way the Wishart theory for graphical
models.

In Graczyk and Ishi (2014) and in Ishi (2014) the theory of Wishart distributions
on general convex cones was developped, with a strong accent on the quadratic con-
structions and on applications to homogeneous cones . In this article we apply for the
first time the ideas and results of Graczyk and Ishi (2014) to study important families
of non-homogeneous cones.

Applications in estimation and other practical aspects of Wishart distributions are
intensely studied, cf. Sugiura and Konno (1988); Tsukuma and Konno (2006); Konno
(2007, 2009); Kuriki and Numata (2010).

The focus of this work is on non-homogeneous cones (4, and P4, appearing
in the statistical theory of graphical models, corresponding to the practical model
of nearest neighbour interactions. In the Gaussian character (X1, Xo, ..., X,,), non-
neighbours X;, X, |4 — j| > 1 are conditionally independent with respect to other
variables. This family of decomposable graphical models presents many advantages: it
encompasses the univariate case (A1), a complete graph (As), a non-complete homo-
geneous graph (A3) and an infinite number of non-homogeneous graphs (A,,, n > 4).

The methods introduced in this article allowed to solve in Graczyk et al (2016b) the
Letac-Massam Conjecture on the cones () 4, . Together with the results of this article
we achieve in this way the complete study of all classical objects of an exponential
family for the Wishart NEF on the cones Q 4, .

Some of the results of our research may be extended to cones related to all de-
composable graphs (work in progress). Many of them are however specific for the
cones (4, and P4, (indexation of Riesz and Wishart measures by M = 1,...,n,
Letac-Massam Conjecture, Inverse Mean Map, Variance function).

Plan of the article. Sections 2, 3 and 4 provide the main tools in order to define and
to study the Wishart NEF on the cones (Q 4, and P4, . In Section 2, useful notions of
eliminating orders < on A,, and of generalized power functions 6 and A7, s € R"
will be introduced on the cones @ 4, and P4, respectively. In Theorem 1, a classical
relation between the power functions § and A~ is proved as well as the dependence
of 57 and A7 on the maximal element M of < only. Thus, in the sequel of the
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paper, only generalized power functions 6§M> and AéM) appear. Next important tool
of analysis of Wishart exponential families are recurrent construction of the cones P
and Q¢ and corresponding changes of variables. They are introduced and studied in
Section 3, and are immediately applied in Section 4 in order to compute the Laplace
transform of generalized power functions 5§M) and AéM) (Theorems 2 and 3).

In Section 5, Wishart natural exponential families on the cones () 4, are defined,
and all their classical objects are explicitly determined, beginning with the Riesz
generating measures, Wishart densities, Laplace transform, mean and covariance. In
Theorem 4 and Corollary 3, an explicit formula for the inverse mean map is proved. It
provides an infinite number of versions of Lauritzen formulas for bijections between
the cones Q¢ and Pg. In Section 5.3 two explicit formulas are given for the variance
function of a Wishart family. The formula of Theorem 5 is surprisingly simple and
similar to the case of the symmetric cone S;}. Sections 5.4 and 5.5 are devoted to the
quadratic constructions of Wishart exponential families on @) and to the computation
of their higher moments in Theorem 6. An interesting connection to the Missing Data
statistics is mentioned and will be developped in a forthcoming paper.

Section 6 is on Wishart natural exponential families on the cones P4, and follows
a similar scheme as Section 5, however the inverse mean map and variance function
are not available on the cones P4, . The analysis on these cones is more difficult.

In the last Section 7 we establish the relations of the Wishart NEF defined and
studied in our paper with the type I and type II Wishart distributions from Letac
and Massam (2007). Our methods give a simple proof of the formulas for Laplace
transforms of type I and type II Wishart distributions from Letac and Massam (2007).

2 Preliminaries on A,, graphs and related cones

In this section we study properties of graphs A,, that will be important in the theory
of Riesz measures and Wishart distributions on the cones related to these graphs.
In particular, we characterize all the eliminating orders of vertices and we introduce
generalized power functions related to such orders. We show that they only depend
on the maximal element M € {1,...,n} of the order.

An undirected graph is a pair G = (V, £), where V is a finite set and £ is a subset
of Py(V), the set of all subsets of £ with cardinality two. The elements of V" are called
nodes or vertices and the elements of £ are called edges. If {v,v'} € &, then v and
v’ are said to be adjacent and this is denoted by v ~ v’. Graphs are visualized by
representing each node by a point and each edge {v, v’} by a line with the nodes v
and v’ as endpoints. For convenience, we introduce a subset £ C V' x V defined by
E:={(v,v):v~v}U{(v,v):veV}

The graph with V' = {v1,vs,..., v, and € = {{v;, vj41}: 1 <j<n—1}is
denoted by A,, and represented as 1 — 2 — 3 — ... — n. An n-dimensional Gaussian
model (X, ),ev is said to be Markov with respect to a graph G if for any (v, v') ¢ E,
the random variables X, and X, are conditionally independent given all the other
variables. The conditional independence relations encoded in A,, graph are of the
form: X,, L Xy, |(Xy, )k, forall [i — j| > 1. Thus, A, graphs correspond to
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nearest neighbour interaction models. In what follows, we often denote the vertex v;
by 1.

Let S,, be the space of real symmetric matrices of order n and let S;” C S,, be
the cone of positive definite matrices. The notation for a positive definite matrix y is
y > 0. For a graph G, let Zg C S, be the vector space consisting of y € .S,, such
that y;; = 0if (¢, j) ¢ E. Let I = Z¢, be the dual vector space with respect to the
scalar product (y, n) = tr(yn) = Z(i,j)eE YiiNij» Y € Za, N € Ig. Inthe statistical
literature, the vector space I is commonly realised as the space of n x n symmetric
matrices 7, in which only the coefficients 7;;, (¢,j) € E, are given. We adapt this
realisation of I in this paper.

If I C V, we denote by y; the submatrix of y € Zs obtained by extracting from
gy the lines and the columns indexed by I. The same notation is used for n € I;. Let
P be the cone defined by P = {y € Zg : y > 0}, and Qg C I the dual cone of
Pg, that is,

Qe ={n€la: Vyec Pc\{0} (y,n) >0}

A Gaussian vector model (X,),cy is Markov with respect to G if and only if the
concentration matrix K = X ~! belongs to Pg.

When G = A,,, the cone Q¢ is described as Q¢ = {n € Ig : Ngii413 >0, i =
1,...,n—1}.Letm = 7, be the projection of S, onto I, z — nsuchthatn;; = x;;
if (i,7) € E. Then it is known (cf. Letac and Massam (2007); Andersson and Klein
(2010)) that the mapping Pg — Qg, y — m(y~!) is a bijection.

In the sequel, unless otherwise stated, G = A,,,

2.1 Eliminating Orders

Different orders of vertices v1,vs, ..., v, should be considered in order to have a
harmonious theory of Riesz and Wishart distributions on the cones related to A,
graphs. The orders that will be important in this work are called eliminating orders of
vertices and will be presented now.

Definition 1 Consider a graph G = (V,E) and an ordering < of the vertices of
G. The set of future neighbours of a vertex v is defined as vt = {w € V : v <
w and v ~ w}. The set of all predecessors of a vertex v € V with respect to < is
definedasv- ={u eV :u < v}

Definition 2 An ordering < of the vertices of a graph G is said to be an eliminating
order if vt is complete for allv € V.

In this section, we present a characterization of the eliminating orders in the case
of the graph A,,. An algorithm that generates all eliminating orders for a general graph
is given by (Chandran et al 2003).

Proposition 1 Consider a graph A,, : 1 —2 —3 — ... —n. All eliminating orders are
obtained by an intertwining of two sequences 1 < ... < M and n < ... < M for
an M € V. There are 2"~ eliminating orders on the graph A,,.
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Proof Consider an eliminating order < on G = A,,. Since the minimal element of an
eliminating order < on a graph A,, is one of the exterior vertices 1, n of the graph,
it starts with 1 or n, say it is 1. It follows from Definition 2 that an eliminating order
without its minimal element forms again an eliminating order on the graph A,,_;
obtained from G by suppressing 1 or n. The element following 1 may be 2 or n. This
recursive argument proves that in an eliminating order the sequences 1 < 2... < M
andn <n—1< ... < M must appear intertwined. We also see that we construct in
this way 2"~ different orders.

Conversely, if an order < on G is obtained by intertwining of the sequences
1<2...<Mandn <n—1< ... < M, it follows that the sets vT of future
neighbours of v are singletons or empty(for v = M). Thus the order < is eliminating.

2.2 Generalized power functions

In this section, we define and study generalized power functions on the cones Pg
and Q. Here we introduce useful notation. For 1 < ¢ < j < mn,let{i: j} CV
be the set of a € V for which i < a < j. Then, fory € Zg and 1 < ¢ < n,
the matrix y(1.4) is the upper left submatrix of y of size 4, and y;.,,y is the lower
right submatrix of size n — i + 1. Recall that on the cone S, the generalized power
functions are Ay(y) = [Ti_; [yquay | 7%+ and 65(y) = [Ti—; |ygimy|* %", with
S0 = Sp+1 — 0.

Definition 3 For s € RV, setting det yy = 1 = detn,, we define

det yr v y—\ s
A =[] (ﬁ) (y € Pa), (1)
veV v
det 1 v ot \ So
i =TI (Fqi™) " mea), @
veV Cha

Note that Definition 3 applied to the complete graph with the usual order 1 <
... < ngives A, and &;. For any s the following formula §5(y 1) = A_,(y) is well
known. In Theorem 1 we find an analogous formula in the case of the cones Pg and
Qa-

We will see in Theorem 1 that on the cones related to the graphs A,,, different
order-depending power functions A; and §7 defined in Definition 3 may be expressed

in terms of explicit "M -power functions” AéM) and JéM) that will be defined below.
They depend only on the choice of M € V.

Definition 4 Let M € V, y € Pg and n € Qg. We define the M-power functions
AéM) (y) on Pg and 5§M) (z) on Qg by the following formulas:

M-—1 n
AM) (y) = H Yy |55 |y [P M H [Ygimy ™50, 3)
i=1 i=M+1

i

M-1 .

Hi:l |77{i:i+1}|8‘ H?:M_H |n{i—1:i}

M—-1 i I—1— + —1 i :
Hi=2 77;‘ ! 'UJSV?IMl e 'H?=M+1 77;“

5§M) (n) = “)
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Observe that for M = 1, n there are n — 1 factors in the denominator of (4), and for
M = 2,...n — 1 there are n — 2 factors (powers of 122 ... )p—1,n—1)-
The main result of this section is the following theorem.

Theorem 1 Consider a graph G = A,, with an eliminating order <. Let M be the
maximal element with respect to <. Then for all y € Pg, we have

65 (mly™) = A%, () = A% (). 5)
The proof of Theorem 1 is preceded by a series of elementary lemmas.

Lemmal Lety € Pgandi < j < j+1 < k < m. The determinant of the submatrix
Y{i: jyu{k: m} can be factorized as [y jyoik:myl = [V 3 Yk my |-

Lemma 2 Lety € Pg andn = n(y~'). Then foralli,i + 1 € V, we have

|77{i,i+1}| = |y‘_1‘yV\{i,i+1}|-
Proof We repeatedly use the cofactor formula for an inverse matrix. We use 7;; =
[yl yv\ fi3] and show that 0; ;41 = —yi 1]y~ [yv\ (4,041} |- It follows that
1ngii1y | = W2y giirry | [y vl — ¥2ia |y i1y 1ygise: nyl] - The
last factor in brackets equals |y]|.
Proof (of Theorem 1)
Part 1: 03 (n(y™1)) = A(_J\g) (y). From Proposition 1, we have

{i+1} ifi<M-—1,
it =<0 ifi = M,
{i—1} ifi>M+1.

Using s = |y~ |[yv\ 43| withn = 7(y~") and Lemmas 1 and 2, we get 6 X (w(y ') =
A0 (y).

-s

Part 2: A7 (y) = AéM)(y). Let us first consider the eliminating order <, given by
1 <2<y ... <=yM—-1<yn<yn—1=<py...<pp M+1=<y M. (6)

Using 75 = |y| " [yv\ (i} |, Lemmas 1 and 2 again, we get AF (y) = AéM)(y).

It is easy to see using Proposition 1 and the factorization from Lemma 1 that for
any other eliminating order <, the factors of A7 (y) under the powers s; are exactly
the same as for <. Indeed, if i < M — 1, letn — 7 be the largest vertex greater than
M such that n — j < 7. Then, the factor under the power s; is

|y{i}ui—|: ‘y{lzi}Hy{nfj:n}' _ |Z/{1:i}|
|yi—| |y{1:i—1}||y{n—j:n}| ‘y{lzi—l}l

A similar argument shows that this is also true for ¢ = M and for ¢ > M.

Corollary 1 Let <1 and <2 be two eliminating orders on G such that max~, V =
max ., V. Then 63 (n) = 6;2(n) foralln € Qg. If maxs V' = M then we have

% () = 08 ().
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3 Recurrent construction of the cones Pg and Q¢ and changes of variables

In this section we introduce very useful recurrent constructions of the cones P4,
and (4, from the cones P4, , and @4, ,. There are two variants of them for
Ap—1:2—...—nand A,_1 : 1—...—(n — 1). Corresponding changes of variables
for integration on P4, and () 4, are introduced.

Proposition2 1. Forn > 2,let®, : RV xRx Py, , — Pa_, (a,b,2) —> ywith

al0---0 1

0 b1
y=A({) | . PA(b), A =|. ;

: z :

0 0...01

Then the maps ¢, and Wy, are bijections.
2. Let @y, : RT X R x Ps,_, — Pa,, (a,b,z) — g with

n’

0 1
. 01
j="B(b) = - [B(), B@®)=]. ;
0 :
0 0a 0...b1

q=r|B@)| = |'B®

Then the maps ®,, and W, are bijections. ~
3. The Jacobians of the changes of variables y = @, (a,b,z) and y = P, (a,b, z)
are given by

stn (avbaz) = a, qun (a,b, Z) = a. (7)

The Jacobians of the changes of variables n = W, («, 3,x) and n = lf/n(a, B,x)
are given by

J\I/n(avﬁa'r) = T22, Jy:/n(aaﬂam) == xn—l,n—l- (8)
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a0 0 a0 0
0 0
Proof 1.Lety' = | . andn’ = | . . Then
Doz oo
0 0

ab if (i,j) = (1,2)or (i, j) = (2,1),
Yij = ab® + zo9 if1 =7 =2, ©)]

y;; otherwise.

Thus, on the one hand, if (a,b,2) € RT x R X P4, _,,theny € Z4,.And 2z > 0
implies ¢’ > 0 as every principal minor of y’ equals a times a principal minor of z.
Fromy = Ty''T with T = A(b), we gety € P4, . On the other hand, if y € P4, , we

have a = y1; > 0,b = %,222 = Yoo — % and z;; = y;; forall ¢ # 2 and j # 2.
We use the notation z = (2;;)2<; j<n. Now, let us show that z € P4, ,. We have
y' = T 1y'T~! > 0. Hence, we have also z > 0 since each principal minor of z
equals 1/a times a principal minor of . Therefore, the map @,, is indeed a bijection
from Rt x R x P4, _, onto Py, .

Let us turn to ¥,,. The relation between 7 and 7’ is given by

Oz—l—ﬂszgg ifi=7=1,
ﬂij = 63522 if (%]) = (17 2) or (Za.j) = (27 1)a (10)
n;; otherwise.

First we show that if (o, 8,2) € RT x R x Qa,_,, thenn € 14, . Actually, since

2
ot Bza ﬂm) > 0. On the

Brag Z22
we have x;; = n;; forall 4,5 = 2,...,n. Thus, n € Qa,

Tga3y > 0, we have o + %299 > 0 and 1y 0y = (

other hand, if n € Q4
implies z € Q4,,_,-

n?’

0 0

2. Lety = Z S landy = T . |.Then we have
0
0...0a 0...0

ab if (i,7) = (n—1,n)or (i,5) = (n,n — 1),
Jij=4ab>+z,_ 1,1 ifi=j=n—1, (11
ggj otherwise,
and
o+ BZIH—LH—I if ¢ =j=mn,
Mij = § BTn—1n—1 if (4,j) = (n—1,n)or (i,5) = (n,n — 1), (12)
il;; otherwise.

Similar reasoning as above shows that & and ¥ are indeed bijections.
3. The proof is by direct computation.
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Lemma3 [. Lety = ®,(a,b,2) and n =V, («, B, ). Then, forall M = 2,...,n,

AP (y) =a AR (2), (13)
5™ () = a5 (@), (14)

Lety = dsn(a, b,z) and n = @n(a,ﬁ,x). Then, forall M =1,...,n— 1,

AM(y) =a ARG (), (15)

(Slv-wsn—l)

M @) = aroll) | (@). (16)

(8150+y8n—1)

2. Letus define pa, : Qa, — Ry by oa,(n) =n"1, and forn > 2

n—1
pa,(n) = H ‘n{i,i+1}|73/2 H Nii- (17)
i=1 i#1,n
Letn = W, (v, B, ) and i = W, (v, B, x). Then,
pa,(n) = 235%™ 00, () (18)
and o
pa i) =, 0 Pou, (). (19)
3. Ify=P,(a,b,2) andn = W, (e, B, x), then
tr(yn) = ac + axay (b + B)* + tr(zz). (20)
Ify = &, (a,b, 2) and n = ¥, (v, 8, ), then
tr(yn) = aa + axp_1.,_1(b + B)* + tr(zz). (21)

Proof 1. For M > 2, we have

A(gM) o M-1 |y g | Si—Sit1 SM
7]\/[*) (y) = (yll)‘l S2 lH ( {1 } ) ('«Z|> .

Esz,.i.,sn)(z) i=2 |2 (2:43 |

Using Lemma 7, we have |yy1.5)| = alz{2.5}|. Thus,

AP (y)

M
AESZ}MS”)(Z)

=a®'.

Noting that @ = yy,, we havefor M =1,...,n —1,

n n—1
AM ) = 517 T gy 75 = a2l T (afgom 75 @m0
=2 =2

n—1

Sn s S$i—Si—1 _ ,Sn M
=a |Z| ! H |Z{1n}| '=a A( : ‘7871*1)(2).

(Sl,u
=2
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Similarly, we show that 5éM) (n) = asldé
a6 (z) forall M < n — 1.
2. Letn =Y(a,B,z)and 1) = Lﬁ(a, B,x). Forn = 2, we have

M) 5,y (@) for M > 2 and that 5§M) (n) =

525.438n

Pa,(n) = Inpoy| 737 = “ ;5 z fa = 8/2p3/?
’ T T
= 220720, (2).
For n > 2, using (10), we have
_1:[2 ngiieny| 722 o
@, (1) = n2a N1y 72 e =y a3 204, (2).
-1
Nii
il;[3

The proof of the second part is analogous.
3. The proof is by direct computation.

4 Laplace transform of generalized power functions on Q¢ and Pg

Theorem 2 Foralln > 1, forall 1 < M <n and for ally € Pa,, the integral
fQAn e~ tr(y")(SéM)(n)(pAn (n)dn converges if and only if s; > % for all i # M, and
sy > 0. In this case, we have

/ e WM (), (n)dn = W(nfl)/z{ IT s - 1)}F(SM)A(_A? (y)-
Qa N / ; 2 B
n i#=M

(22)

Proof We will proceed by induction on the number n of vertices. For n = 1, we have
the gamma integral that converges if and only if s > 0, so that

/ e ¥ () a, (n)dn =/ e VI "ty = I'(s)y~*.
0 0

Now assume that the assertion holds for a graph with n — 1 vertices.
Case M > 1. Lety = ®,(a,b,z) and let us make the change of variable n =
¥, (a, B, x). The induction hypothesis gives

/Q e tr(”)ég\j’)wsn)(x)gaAn_l(m)d;v (23)
Ap—1

n— 1 M
= 2)/2{ H I(s; — 5)}F(5M>A(—(s)2,...,sn)(z)
i£1,M
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if and only if s; > % forall i # M, and s); > 0. By Lemma 3, the change of variable
n=¥,(a, B, ) gives dn = xoodadBdx. Thus, we have

/ e” WS ()4 ()dn
QAn

:/OO/OO/ ef(aa+ax22(b+3)2+tr(z1))asl73/2
0 —00JQa

n—1
x 600 (@)pa,_, @)y dadfdz,

where we used parts 3 and 1 of Lemma 3. Now, using the Gaussian integral
/Oo e—al‘gg(b-‘rﬂ)zdﬂ _ ﬂl/Qa_1/2x521/2
— 0o

and the gamma integral
e 1
/ e a1 2da = a2 (s — 7)),
0 2
that is finite if and only if s; > 3, we get
| e s e, iy
Qan,

(24)

1

= 7'['1/2(17511—‘(81 - 7) e tr(zl’)a(M) ("L‘)QOA 71(I’)dx.
D) (825-.4,8n) n

Qa,

Finally, using Formulas (23) and (13) completes the proof in the case M > 1.

Case M = 1. Lety = ®,(a,b, z) and let us make the change of variable n =
¥, (e, B, x). The proof is similar.

Theorem 3 Foralln > 1, forall 1 < M <n and foralln € Qa,, the integral
fPA" e~ “(y")AéM)(y)dy converges if and only if s; > —% for all i # M, and
sy > —1. In this case, we have

 exlen o 3
/ e~ "M AP (y)dy = 7D Disi+ ) f a0+ 18 (), (m):
Pa,, i#=M

(25)

Proof Similar to the proof of Theorem 2 using Proposition 2 and Lemma 3.
On a convex cone {2 we define the characteristic function ¢, of the cone as the
Laplace transform of the Lebesgue measure of the dual cone. The measure g, (z)dx

is called the canonical measure of (2. It is invariant by the linear automorphisms of {2
(Faraut and Koranyi 1994).

Corollary 2 ¢, = const.pa,.

n—1
Proof Theresult, () > [, e~ W dy = @a,(n),is obtained by substituting
s=(0,...,0) into Theorem 3.
Remark 1 Formulas (22) and (25) may seem similar but in (25) the integrand does

not contain the characteristic function of the cone P4, . This function is unknown
except for A4 when it is not a power function (Letac and Massam 2007, Prop.3.2).
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5 Wishart exponential families on Q&

Let us define the Riesz measure RéM) on Q¢ by

dRM (z) = C6M (2)pa, (2)1q.,, (z)da, (26)

where C;1 = 7(n=1)/2 < [T I'(si — &) | I'(sar). Therefore, from Theorem 2, the
s b

Laplace transform of the measure dR(iM) is given for all s; > % i# M and sp;r >0

by

LRI (y) = / e TaROD () = AM (), yePa. @)
- Qa, - N

Wishart natural exponential family yéf‘j) on ()¢ is, by definition, generated by the

Riesz measure dRéM). The density function of the Wishart distribution on Q)¢ is
given by

78y (dx) = Cae™ DAL ()6 (@)pa, (2)1Qa, (@)dz.  (28)
The Laplace transform of ygf\j) (dz) is

LRz +y) A (z+y)

LOE(=) = i = — a1
LR A
The family fyg\g) does not depend on the normalization of the Riesz measure.

5.1 Mean and covariance of the Wishart distributions on Q¢

In this subsection we derive a formula for the mean of the Wishart exponential family

on the cones ()¢. It is known from the general theory of exponential families of
distributions, that the mean of 'yg,];f) is obtained by differentiation with respect to y of

the Laplace transform of the Riesz measure:

m;M) (y) = —grad, log A(,A;[)(y) € Qq. (29)
For all matrix A in Zg and a subset B C V of the set of vertices V' of G we note
Ay if d,jeV,

(Ap)? the matrix in Z¢ such that (Ap){; = ;
0 otherwise.

Proposition 3 The mean function of the Wishart family 7§f§” on Q¢ is equal to

mM (y) = (30)
M-1 n

s ( (ss — 3i+1)[(y{1:1’})_1]0 +suy '+ Z (si — Sil)[(y{i:n})_l]0> .
i=1 i=M+1
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Proof Use formulas (3), (29) and grad log |y4| = ((yA)_l)O.

Proposition 4 For all y € Pg, we have
(m{™ (y),y) = K(s),

where the constant k(s) is > i — (n — M)sp.

Proof Observe that by (3), for any c >0, A(M)( y) = _“(S)A(Ag) (y)- By (29),

<méM)(y),y) = —(grad, log A_§ (y),y). Set F(y) = log A M)( ). By the chain

rule, (grad, F'(y ) > = LF(ty) |t - The map t — F(ty) = log p(t),RT — R,

where ¢(t) = § ( y) satlsﬁes olct) = ¢ " p(t). Hence p(c) = ¢ (1)
_ ¢

and EF ty) |t ) —#(s). Thus (grad, F(y),y) = —r(s) and the result
follows.

(1)

Differentiating the mean function gives the covariance function. For A € S, let
P(A) : Zg — Ig be the quadratic operator defined by P(A)u = n(Aud), u € Zg.

Proposition 5 The covariance function of the Wishart family 'ygg) on Qg is equal
M = 0
v(y) = *mlé )(y) = Z (si —sit1) P [((y{m})il) } +su Py~ 3D
i=1
—~1,0
+ Z i Si— 1 [((y{zn}) ) :| .

=M1

5.2 Inverse mean map

In the study of the exponential family (fyg\;))ye P, it is important to determine ex-

plicitly the inverse of the mean map wéM) :m = m(M) (y) — y, which we refer to
as the inverse mean map in the sequel. The following theorem is known for Wishart
exponential families on homogeneous cones (Ishi 2014). Surprisingly, it is also true

on Qg.

Theorem 4 The inverse mean map z/JéM) is given by the formula
WM (m) = grad,, log 5™ (m), m € Qg (32)

The proof consists in following steps:
1. One shows that there exists a constant ¢, depending only on s such that for any
y € FPg
500 (M () = e A% () =eud (M (n(y™)).

This is done in Proposition 6 below.
2.One uses adifferential calculus argument, based on the Legendre transform methods.
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Proposition 6 The following formula holds for any y € Pg and s € R":

5£IL{)( (H SS’> <H SSL> 5(M ZJ ))

The proof of Proposition 6 will need a generalization of Lemma 2, where coef-
ficients of inverse matrices of principal submatrices y(1.x) (or of Y x.,)) are simul-

tanously considered. Define fory € Pg, n®) = (y1.40) 7Y, 7¥) = (y(r.ny) ™t The
rows and the columns of the matrix 7(*) are numbered by i = 1,..., k and the rows
and the columns of the matrix n(*! are numbered by i = k, ..., n.

Lemma4 Lety € Pg.

1. Forallt € V and k,m > i+ 1 we have

. n(k) U(m)1 .
D™= Gy oSt = ey T Y im iy |- (33)
nz i1 771-1—1 i+1
2. Foralli € Vand k,m <1i < n we have
[k,m) n[k] 77["-” 1 1
D™= | = e e i (34
Mii+1 Mit1,i+1

Proof Similar to the proof of Lemma 2; instead of y use y(1.x} Of Y{r:n}-

Proof (of Proposition 6) We will deal with (5éM) (méM) (y)) = o™ (méM) (y)) where
the order <, was defined in (6). By formula (30) and by the definition of 6;1” we
obtain that 6 (m,(y)) equals

M-1 < 1|z, +a; b; )3, (SMU(H) Jor n (1 otal )91
c j ; MM I | = ,
i1 \G bi ¢ AL 7 ;o
where 7i = (si = si1)1; s ai = i (55— se0)nly) + sanly”,

bi= Y (s5—sk+1) s+ samiiys

k=i+1
M—1
k
ci = Z (sk — 5k+1)771(+)1,i+1 + San(Z)l,Hl’
k=i+1
i—1
a; = (Sk — Sk 1)771[1] + San[zU’
k=M+1
i—1
k 1
b = (s — Sk—l)m[,i}—l + SMT’Z[71J—1’
k=M+1
i—1
k 1
c; = (Sk — Sk—l)UZ[J1,i—1 + 5M7h[7]1,z‘—17
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and 2 = (s; — 51_1)771[?. Let us first compute the factors i 2— @i I;Z /ci for i =
1,..., M — 1. We will show that
1 |a; i bi Q.
—_x”;alb’_ :smgi)7 1=1,...,M—1. (35)
C; ) Ci
1 | b, 1 g b
We have — | +ai b =z, + — @i bi , s0 in order to prove (35), it is sufficient to
| bi ci |bi ¢
prove that
1a; b (3)
Cij b ci| Si+1M;; - (36)

In order to prove (36), we first use the multilinearity of the determinant with respect
to its columns and we write, using the notation Df ™ from Lemma 4,

b M—1 M—1
a; O; k,m k,n
= > (k= 5k41)(Sm — Sma)) DY F 5y > (85 — Skp1) D]
b; ¢
k,m=i+1 k=i+1
M—1
n,m 2 n,mn
+ spr E (Sm — Sm+41)D;""™ + s3,D;"".
m=i+1

By Part 1 of Lemma 4 we have Df’m = \y{lzm}|_1|y{1:m}\{i’i+1}|, which is
independent of the left index k. The last fact allows to write

M-1
a; b; , n,
b c;| = St Z (Sm — Sm41) D™ + siy15m D"
m=i+1
= Y 1m )\ {,i41} Y 1n )\ {a,i41}
= Sit1 Z (8m — Sm+1) +sm -
m=i+1 |y{1m}| |y‘

We factorize the determinants |y(1.m}\ fi,i+13] and [Yg1:0)\ {45,i+1}| in the last sum
according to Lemma 1 and we write this sum as

M—1
|y{1:i71}| Z (s s +1)|y{1:i}‘|y{i+2:m}| +8M|y{1:i}|‘y{i+2:n}| .
vyl \,.50 Y 1im} ] |yl

We have [y(1.my |~y | [Ygiromy | = ngfl)ﬂﬂ. By definition of ¢; we finally obtain

a; b; _

‘y{lzi71}|
bi C; o Ci

. S
i+1 i = Si+17];; Ci
|y{1:¢}\

and formulas (36) and (35) are proved.
A "mirror" proof based on Part 2 of Lemma 4 shows that
1

/
G

! / /
z; +a; b;

/ /
b; o

=sll, i=M+1,....n (37)
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and that 65" (m™ (1)) = [Ty 53 T 08))* (i)™ T pra (D).
Recall that

() _ |y{1:i—1}| [ |y{i+1:n}| (n) \y{le—1}||y{M+1:n}|

v |y{lz}| 7 v |y{zn}| ’ MM ‘y| 7
so we deduce, using formula (3) that
M-1 n
D)ys; /. (n) \s il\s M
[T G mino™ TT @i = a%w).
i=1 i=M+1

Applying Theorem 1, we see that (5§M) (mgM)(y)) =11, sfiééM) (m(y=1)).
Proof (of Theorem 4). By Proposition 6 and formula (29) we have for y € Pg
mM(y) = —grad, log 5" (m{* (y)) = grad, f(y),

where
Fy) = —1og s (m{(M) (y)).
(M)

We know that mg ’ : y +— m is a diffeomorphism. Our goal is to investigate the
inverse map

Y(m) = (m{M) "} (m) = (gradf)~" (m).

Using Legendre-Fenchel transform methods, we get
¥(m) = (gradf) ™" (m) = gradg(m),
where the function g is defined by
g(m) = (m,y) — f(m) with m(y) = gradf(y).
Thus g(m) = (m,y) + log 6§M) (m), so that
a(m{™ (y)) = (m{™ (y). y) + log 5 (m* (y)).

We use now Part 2 of Proposition 4. It follows that

(m) = gradg(m) = grad,, log (5éM)(m).
Corollary 3 The inverse mean map wéM) : Qg — Pg is given by

M-1 n

e (m) = > sk (g ™)+ D0 sk (g1 ™)
k=1 k=M+1
M—-1 0 0
= seer (mger) ™) = (smo1 = sar 4 sarg) (M) ™)
k=2
n—1
= > sk (tmguy) ™) (38)

k=M+1
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Proof The result is obtained by computing the gradient of log 5§M) (m), as indicated
in (32). We use the formula (4).

The Lauritzen formula (Lauritzen 1996) is an explicit formula for a bijection between
Q¢ and Pg. It states that for all x € Q¢, the unique y € Pg such that 7(y~!) =
is given by

n—1 n—1
y =2 (@) = 2@ (39)
i=1 i=2
Setting s;1 = ... = s, = 1 in formula (30) for the mean function, we get
mi" ) =wy) = (40)
Thus, o
’(/}EI,A?,J) () =y 41)
is the Lauritzen formula. Indeed, for s; = ... = s,, = 1, formula (38) gives
n—1 n—1
M _ _
77[’§1,..).,1)(m) = Z(m{i}zﬁrl})o - Z(miil)o' (42)
i=1 i=2

Thus we found a new proof of the Lauritzen formula, based on the observation that

the Lauritzen map is the inverse mean map for s = 1 = (1,1,...,1). At the same
time we find an infinite number of explicit isomorphisms from (¢ onto Pg, given
by the inverse mean maps ’(/)éM). It is an essential generalization of the Lauritzen
formula. Each map z[;éM) is a generalized Lauritzen map.

5.3 Variance function
5.3.1 Properties of lower-upper M -triangular matrices

Here, we define and prove basic properties of lower-upper M -triangular matrices, that
we will denote by LU(M). They are very important in proofs of this section.

Definition 5 A matrix T is said to be an LU(M) triangular matrix if for all i < M,
T,; =0ifj > iandforalli > M, T;; = 0ifi > j.

In particular, 7" is an LU(n) triangular matrix if and only if it is lower triangular,
and 7" is an LU(1) triangular matrix if and only if it is upper triangular. An LUM)
triangular matrix 7" is a succession of an M x M lower triangular matrix L = T(y.pry
and an (N — M) x (N — M) upper triangular matrix U = T /., with diagonal term
Tharar in common. We write T = s(L, U).
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Proposition7 1. s(L,U)s(L',U’) = s(LL',UU").

2. Ifs(L,U) is invertible, then (s(L,U)) ™" is also an LU(M) triangular matrix and
(s(L,U)) ' =s(L~t,U™Y).

3. The set of LU (M) triangular matrices is a group.

Proof Part 1 is proved by block matrix multiplication. Part 2 is straightforward
using Part 1. Part 3 follows from Parts 1 and 2.

Lemma 5 Let S and T be LU(M) triangular n X n matrices.
1. (a) Let A= KOwith K = Apyy. Ifk < M—1, then' SAT = (*Sy100 K Ty1y) -
(b) Let B = KwithK = B{kn}lfk > M+1, then'SBT = (tS{k:n}KT{k:n})o .
2. Let Abeann xnmatrix. Then (T A'S) 1.5y = Ty A1y Spaaay fori < M —1,
and (TA*S) {iiny = Tiimy Afizn} Sgamy fori > M + 1.
3. If T is invertible, then
(@) (Tpay) ™" = (T ) quy forall k < M —1;
(b) (T{k:n})il = (T’l){k:n}forallk > M+ 1.

Proof Part 1 is straightforward using block matrix multiplication and Part 1 of Lemma
7 in Appendix; for Part 2 just imagine which lines and columns intervene in the
computation); Part 3 follows from Part 2 of Proposition 7 and Part 3 of Lemma 7.

Proposition 8 Forally € P4, foralll < M < n, there exists an LU(M) triangular
matrix T satisfying T;; = 0 if i % j and such that y = T'T.

Proof We will proceed by induction on n. The statement is obviously true for n = 1.
Let us assume that the statement is true for n — 1. Let y € P4, and M # 1. Let us
write y = &,,(a, b, z) with z € P4 _,. The induction assumption implies that there
exists V an (n — 1) x (n — 1) LU(M) triangular matrix such that V;; = 0if ¢ ¢ j and
such that z = V' 'V. Let us write

1 Va0...0 Va0...0

b1 0 Vab
Tr=1. _ . =1 .

: g .V : V

0...01 0 0

T is LUM) triangular satisfying T;; = 0if i ¢ jandy = T*T.
For M =1, weuse y = &,,(a,b,z) with z € P4__,.

5.3.2 Two formulas for the variance function
Letm € Qg. Wenoteh € S, the unique symmetric positive definite matrix verifying

m(m) =m, m~' € Pg. Definey = wéM)(m) € Pg. Decompose y = T''T, with
T an LU(M) triangular matrix such that 7;; = 0 when i ¢ j.

Lemma 6 We have

e I P (43)
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Proof Note that y = wéM)(m) is equivalent to m = méM) (y). The formula of the

mean function (30) gives m = 7(Z), where

1

Z = Z_(Si_SiJrl)[(y{l:i})_l]O+3My_1+ > (si—sim)(Wgimy) 10 (44)
i=M+1

—

Using Part 2 of Lemma 5, we have y(1.5) = Ty1.4) (1.4 tT{M} fori < M — 1. By
Part 3 of Lemma 5, we get (y(1.3) ' = *(T7 ) 1.3 [q1.04 (T 1) {147 Finally, using
Part 1 of Lemma 5, we obtain

[(yoy) ™1 =T (In)°T Y, i< M~ 1. (45)
Similarly, we have

(Ygimy) 110 = "T (Iyy)°T, 0> M+ 1. (46)

Thus,

M-1 n
zZ="'r"! (Z (si = sip) T + sl + > (si— Si—l)(l{i:n})()) T

i=1 i=M+1
s1...0
_tp-1 71
0...5,
31_1 ... 0
Therefore, Z is positive definite and Z~ = T ‘T € Pa,. Indeed,
0 ...s;1t

n
foralli < i+ 1 < j, we have (Z71);; = Y)_, TuTjxs, ' Since Ty, = 0 for
|k — Z‘ > 1, (Zil)ij = ﬂﬁiflTjﬁiflsi__ll + ﬂiTjZ‘Si_l + E,i+1j},i+18;4}1' But since
|_7 —il > 1, we have Tj,i,1 =0= Tji and (Z_l)ij = i,i+1T’j,i+15;+11- Now since T
isLUM), wehave T} ;11T ;41 = 0.Infact,T; ;41 = Ofori < M —1andT} ;11 =0
for i > M. In conclusion, we have shown that m = 7(Z) with Z -1 e Py, , which
implies Z = m.

The following Proposition derives the formula for the variance function V' (m)
which, for each fixed m € Q¢ is a continuous operator V(m) : Zg — I (Casalis
and Letac 1996). Recall that P(A) : Zg — Ig is the quadratic operator defined by
P(A)u = m(Aud). For A, B € S,, let P(A, B)u = in(AuB + BuA). For all
m € Qg and I C V, we note

My = [((= ")) =10 47)
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Proposition 9 The variance function V (m) of a Wishart NEF on Q¢ is equal to

M—1 i—1 1 1 1
i —sip1) P — - Mgy + — M
> (o= B 3 (5= o) Moo + Mo

5.
i=1 =1 g+l

MmN~ 1 1 /11
+ suP | —+ (& ~ ) Mgy + Z ( - ) Mk:ny
J J+1 k=D 41 Sk Sk-1

n

1 "1 1
+ Z (si —8i—1)P ;iM{i:n}+ Z (s_ )M{j:n} . (48)

Posi_
i=M+1 j=it1 NI J—1

Proof The variance function is given for all m € Q4, by V(m) = u( éM) (m)),

where v(y) is given by (31). Let y = wéM) (m) = T'T, where T is LUM). From
Lemma 6, we have

51_1 . 0
m =T T
0 ...s;t
Using Lemma 5, we get
My = 'T7 Y (diag(sy,...,s:)) ' T7", i< M—1 (49)
and
My = T (diag(si,...,5,)) T, i > M +1. (50)

Thus, forall 2 <¢ < M — 1, we have

1 1
—M; = "T ey T7', —(Myy.y — My—qy = "T" e, T, (51)
S1 Si

and foralln —1 >4 > M + 1, we have

1 1
—M, = "T e,T7", —(Mpiy = Miy1n) = T e T4, (52)
Sn Si

where e; is the matrix with e;; = 1 and e;; = 0 for all 4 # j. Observing that

(I:) = S _ e and (Iiny)? = >_h_; €i, and using (45) and (51), we obtain
fori <M —1

%

[(y{l:i})_l]o ="'"T (I 1})OT_1 = -1 <Z el-) T-1 = Z (tT—leiT—l)
k=1 =1
1 1 1
= EM{I} + g(M{m} - Mgy)+.. 4+ ;i(M{lzi} — M1.i-1y)

1 1 1 1 1
( — ) Moy +...+ (s - ) M1y + ;M{lzi}'

i—1 Si
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Similarly, using (46) and (52), we obtain for+ > M + 1,

_ 1 1 1 1 1
[(Ygizn}) 1F’=:;;A4{ﬁn}-+ ( —-) Mipimy + ..+ (-— ) My

Si+1 Si
We also observe that
_ _ 1
ey Tt = o (M — M1y — Miaprsiny) - (53)
Thus, by (51), (52) and (53), we get

n M—-1

i=1 i=1 i=M+1
~ M-1 n
m 1 1 1 1
=50 T Z <S. T )M{l:j} + Z <3, T )M{j:n}- (54)
Mo g= N I j=M+1 N1 2771

Substituting these expressions of [(y(1.;3) '], ¥~ and [(y(;.ny) ~1]° into v(y) given
by (31), we obtain the stated result.

We prove now a much simpler formula for the variance function on )¢, surpris-
ingly similar to the variance function on a homogeneous cone, in particular on the
symmetric cone S (cf. Graczyk et al (2016a)).

)

Theorem 5 The variance function of the Wishart exponential family 7% is

1 1 1
Vi(m) = ( +— - ) P (1) 55)
S1 Sn SM
M-1 n
1 1 1 1
- P n — M . - HD o M .
+ (sM s) (i = M) + > (8“ S) (1 — Miny),
i=1 =M1

where Myy.;y and My;.,y are defined in (47).

Proof Using P(a — b) = P(a) + P(b) — 2P(a, b), we see that (55) is equivalent to

= L pew) + Aj_:( L 1) P(M1ay) + i ( - - 1) P(Miny)

SM Si+1 Si i M a1 Si—1 Si
2]\42_:1 ! 1IP(AM)+i: L 1Y i, M)
_ _ = m g _ = m N )
— Sit1 i ) “ Si—1  Si i}
=1 i=M+1
(56)

We show that the right hand sides of (48) and (56) are the same. Below, we expand (48)
using P(a+b) = P(a)+P(b) +2P(a, b) and compute the coefficients in the expanded
formula. Note that for all Z € Zg, P(M{y.5, M{4:n})Z = 0 foralli < M — 1 and
k> M + 1, since Z{1.4} (k:n} = 0.
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For a fixed r < M — 1, the coefficient of P(M.,) is

M-1 2 2
Sp — Sp41 1 1 1 1 1 1
T+ E (8i = si+1) (Sr_ > +sm (’ST_ = -

i=r+1 Sr41 Sr41 Sr41 Sr
By amirror argument, fora fixed r > M +1, the coefficient of P(M{,.,,} ) is - 171 -+

On the other hand, the coefficient of P(17) is —L-.

SM

For a fixed , the coefficient of P(rh, M{y.,y) is i — L ifr < M —1, and the

Sr+1

coefficient of P(1in, M{;..,,3 ) is i — L ifr > M+1.Moreover,ifk <r < M—1,

Sr—1

the coefficient of P(Mjy.,y, Myy.4y) is

M—1
1 1 1 1 1 1 1
sy (=5 )+ 2 s (552 ) (- 5

1=r+1
1 1 1 1
t S| —— - =
Sy Sr41 Sk Sk+1
1 1 r 1 1
:(— ><1—S+1+ST+1(— >>:0
Sk Sk+1 Sr Sr Sr41

By amirror argument, for a fixed M +1 < k < r, the coefficient of P(M .0}, My}
is 0.

Remark 2 m is easy to compute, using, for non adjacent i and j the formula
Mmsj = mi,V\{z}j}(mx_/i{i,j},v\{qz,j})mV\{i,j},j' (Letac and Massam 2007, p.1279).

In the next Corollary, we consider s = pl, p > 1/2. We note that 51(71;1) and

”y](gjlwi = p,y do not depend on M.

Corollary 4 The variance function of the Wishart exponential family yp, ,, is

5.3.3 A relation between the inverse mean map and m 1

Recall that for the classical Wishart exponential families W1 ,, on the symmetric cone
Sym; the bijection between the cone Q¢ and Pg is given by L(m) = m™!. The
mean map is m,(y) = sy~ ' and the inverse mean map ,(m) = sm L. It follows
that

Y, =Lomi oL,

that is, the maps ;s and m. are intertwined by the bijection L.

An analogous property holds on the cone Q A,,» with the intertwiner given by the
Lauritzen map. The bijection L : Q 4, — Pa,, is the Lauritzen map L(m) = (1)~ L.
Its inverse L™ : Py, — Qa, is L™ (y) = w(y™1).
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Proposition 10 The inverse mean map wéM) : Q¢ — Pg satisfies

M = Lom{M o L.

Equivalently, for any m € Qg, w(zﬁéM)(m)_l) = m(lM)(m_l).

w(M)
Qa, —> Pa,

Li TL

Py Qa,

_—
n (M)
m 1

s

Proof Using formula (30) of the mean function and definition (47) of My;.;3 and
(M

Myi.ny, we see that my )(m’l) equals

N 1 " " 1 1
4 Z(S,—s, >M{1:j}++ > (- , >M{jzn}
J J+1

s s;  S;j_
J=1 Mo 5y N7 i1

Confronting this result with (54), we obtain mSM>(m*1) =7 ( 5 (m)’l) .

E

5.4 Quadratic construction of Riesz measures and Wishart distributions on Q¢
Let I C {1,...,n}. We define |I|-dimensional subspaces W of R" by
Wr={xeR"|z;=0,i¢I}.

Denote by ¢! the quadratic map ¢! (x) = z'x from W into Sym(n,R) and by ¢! its
projection onto I, i.e. ¢! = mogq!. The maps ¢! are clearly QQ ¢-positive (submatrices
yr of a positive definite matrix y are positive definite for any I C {1,...,n}). In
Graczyk and Ishi (2014), p.322, Riesz measures i, associated to a quadratic map ¢
were defined and their Laplace transform computed. Recall that the measure 1 is

the image of the Lebesgue measure on W; by ¢! and that its Laplace transform equals
Lng)(y) = 7112y 72,y € Po. 57)

When I = {1,...,k}, we write ¢! = ¢*. When I = {k,...,n}, we write
I_ ~k
qx = 4y

Fix M € {1,...,n}. We define the set By, of basic quadratic maps for the Riesz
R and Wishart 7% familieson Qi by Bas = {q?,...,¢M =1, ¢, g™+, ... g}

)

Note that the basic quadratic maps with values in Qg are different for each fixed
M=1,....n.
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Proposition 11 Leto; € R,i = 1,...,m. A virtual quadratic map
S5} i ; ® ~i )
¢ = i<M(Qi)®gl @ (g™ @ Zi>M(Qi)®m'
exists if there exists s satisfying s; > %,i # M, sy > 0and

ag; OM ag;

5 =8; — Si+1,1 <1 < M, 5 =M ?:Si_si—17M<i§n- (58)
Proof We compare the Laplace transform of y,e, computed thanks to (57), with (27).
As a result, we see that there exists a constant ¢ > 0 such that RéM) = Clge.

Thus all the Riesz RéM) measures on Q)¢ defined in this paper are obtained as
virtual or true (i.e. for o; € N) quadratic Riesz families, with basic maps from B),.

Observe that by the quadratic construction, we can obtain absolutely continuous
Riesz measures on Q¢ not belonging to U M{RéM)}, e.g. when n = 3, consider y,
associated to the quadratic map ¢ = ¢2 ® (¢2)%% @ ¢2.

5.4.1 Relation to missing data

Let us mention a nice application of the (true) quadratic Wishart distributions con-
structed from the basic set B/, as laws of the Maximum Likelihood Estimators for the
covariance matrix X restricted to the terms (X );~., i.e. to the three neighbour diago-
nals, in a two-sided monotonous missing data problem, when the sample contains: o;
observations of (X1, ..., X;),i < M, o observations of (X, ..., X,),k > M and
o observations of the complete n-dimensional Gaussian character (X1, ..., X,,).

5.5 Higher order moments of Wishart families on () 4,

Thanks to the identification of Wishart families yéf‘j) with quadratically constructed
Wishart distributions ~y,¢ in Section 5.4, we can compute moments of any order N of

a Wishart random variable X on Q 4,, .

Theorem 6 Let X be a ) 4, -valued random variable with the Wishart law 'yg\g). Let
20 2@ 2WN) e Za. Then, denoting by C(w) the set of cycles of a permutation
7 € Sy, the N-th moment E((X, M) .. (X, 2(N))) equals

M—-1

Z H Z (8i — Sit1)tr H(y{l:i})flz?ﬁi}
TESN ceC(m) | =1 Jjec
+sm tI‘Hyflz(j) + Z (8i —si—1)tr H(y{i:n})’lzg?n}

jec i=M+1 jec
Proof We apply Theorem 2.13 from Graczyk and Ishi (2014) and formula (58).
Corollary S Ifs =s1, s > %, then yéfj) = s,y does not depend on M. Moreover,
Sfor X with law v, ,, we have

E(X, W) . (X, z)) = Z 51Ol H tr]:[yflz(j).

TESN ceC(m) JEc
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Example. For any graph A,, and N = 3 we get for X with law v, ,:

E((X, 20)(X, 2®@) (X, 2®)) = # T[_, tr(y~120)) +

SQ[tI‘ yilz(l)yflz@) tr yilz(g) + tr y’lz(l)y’lz(“?’) tr yilz@) +

try 12y =120) try=12M] 4 str H?:l y120) g try a2y =120y =1,(2)),

6 Wishart exponential families on the cone Pg.

A measure R on Pg is said to be a Riesz measure if, forsome 1 < M < n, sp; > —1
and s; > —3/2,4 # M, its Laplace transform is given by

Li(x) = / e_<x’y>}~€(dy) = 5(}? (2)pqa, (). (59)
Pg
From formula (22), the measure f%éM) (dy) = CéAéM) (y)dy, where
3
-1 _ -(n—1)/2 42
Cil=n {TI 15+ 35) }0(sar + ),

i£M

is a Riesz measure. The exponential family of generated by ]:ZEM) will be called the

exponential family of Wishart distributions on Pg. Its density function is

1 -
~ (M) - - =z p(M)
* 8 (@) g, (2) :

Its Laplace transform is

L (0 + (M)
L.on(0) = e (0w 3 (M) () — 05 (6 +2) _ 05 (0 +2)¢qu, (9+$)_
M Vs Y L (z) (M)
Fa u™ 05 (®)pqa, ()
(61)

6.1 Mean and covariance

Theorem 7 The mean function of the Wishart exponential family on Pg is for all
8 > —% and r € Qg,

M-1 n
fn;M)(x) = Z (si + %)(fﬁ{?}m})o + Z (si + %)(xgilflzi})o 62)
i=1 i=M+1
M-1
- (si—1+ D) (x;")° = (sm—1 = s + sas1 + 1) (@3/7)°
i=2
n—1
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The covariance function O(x) : I — Zg of the Wishart exponential family on Pg
equals

M—1 n
i)=Y (si+ )P [(x{;}m})o} + ) (si+ 3P [(ﬂv{ilzi})o}
i=1 =M1
M-1
_ (sic1 + VP [(2;)°] = (sm—1 — smr + sng1 + 1P [(23/20)°]
— 9 (sit1 +1)P [(x;il)o] )
i=M+1

where we identify I with Z¢g by the trace inner product.

Proof We have méM) (x) = —gradlog L,an (x) = —gradlog 5£A§4)($)§0QAH (x).
The covariance operator is obtained by differentiation of (62).

6.2 Quadratic construction of Riesz measures and Wishart distributions on Pg

Let M € {1,...n}. Suppose s; > —3, forall i # M and sp; > —1.Let 6 € Qq.
In order to establish a relation between quadratically constructed Riesz measures /i,
on P and the measures RéM) we consider the sets Jy, = {k,k + 1} and J, = {k}.
As basic quadratic maps we choose the quadratic Pg-positive maps ¢”* and ¢”+.
For o = (oq,...,an—1) and B = (B1,...,B,) with a;,3; € N define ¢*# =
S (g7 )Ber @ SO (g7%)®Px. The following proposition is easy to prove by

comparing § (_A;) (1)©Q 4, (1) with the Laplace transform
Lﬁqa,ﬁ (n) = (o h<n Ot <n Br) /2 H |77{i,i+1}|70“/2 H |77jj|7ﬁj/2.

Proposition 12 Let M € {2,...,n — 1}. Then there exists a constant ¢ > 0 such
that cRéM) = [igo.s ifand only if a; /2 = s; +3/2,1 < M — 1, o; /2 = 5,41 + 3/2,
i>M, 01 =0 0i/2=-s1—1,2<i<M-1,08m/2=—8m-1+5m —
sm+1—1,8i/2=—=8i01— 1, M +1<i<n,B, =0. For M = 1,n the condition
B = 0 is supressed.

Proposition 12 implies easily two following facts.

Corollary 6 1. All Riesz measures ]N%gM) are equal (up to a factor) to a virtual

quadratic Riesz measure [iqo.5.

2. For n > 4, no true quadratic Riesz measure frge8, Qs B; € N, belongs (up to a
)

factor) to the set of Riesz measures RgM .
Proof To prove Part 2, we have conditions s; + % = o /2and s;j+1=—084 /2,so0all
(except at most one) s; > —1, and all (except at most one) s; < —3 /2 simultanously.
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6.3 Higher order moments of Wishart families on Py,

Thanks to Part 1 of Corollary 6, all the moments of the Wishart Exponential Fami-
lies '~7§,]\04) can be computed, using Theorem 2.13 from Graczyk and Ishi (2014) and
Proposition 12.

Theorem 8 LetY be a Py, -valued random variable with the Wishart law i(%j). Let

2 2@ 2(N) ¢ Iq. Then, denoting by C(7) the set of cycles of a perr;zutation
7 € Sy, the N-th moment B((Y, M) .. (Y, 2)) equals

M—-1
S TT X Gt ) T Oy oyt

TESN ceC(m) =1 j€Ec
n—1 3 ) M—-1 ]
Z (siv1+ 5) tr H(e{iii+1})_1x5[]i:)z‘+1} - Z (8i—1+ ]-)ei_i‘Cl ngf)
=M jEc 1=2 jJjEC
n—1
—(snr-1 = sn + s+ DO [Toi = X (simn + 16, Hffgf)}
j€c i=M+1 jEc

7 Relations with the type I and type II Wishart distributions of Letac and
Massam (2007)

In this section we will explain the relation between our work and type 1 and type 2
Wishart distributions constructed by Letac and Massam (2007).

Letac and Massam (2007) introduced, studied and used the function H («, 3, x)
on ()¢ as a generalized power function for constructing type I and type II Wishart
distributions. The reader is referred to the cited paper for the general definition of
the function H(«, 3, x) as well as for graphical theoretic notions such as cliques,
separators and perfect order of cliques (see also Lauritzen (1996)). For our purpose,
it is sufficient to recall that for « € R" ! and § € R" 2

n—1 a;
H"—ﬁf_{f”gj} L2 EQa, (63)
i=2 Lis

that the cliques(i.e. the sets of vertices of maximal complete subgraphs) are {1, 2}, ...,
{n—1,n}andthe separators {2}, . .., {n—1}. The definition of the function H («, 3; x)
does not include any restrictions on the values of the parameter («, 3) of dimension
2n — 3.

However, the existence of type I Wishart distributions on ()¢ is only showed for
(a, B) belonging to some set Ap dependent on a perfect order of cliques P, i.e. for
(o, B) € Ag = Up Ap, where the union is on all perfect order of cliques. Proposition
14 describes this set for A,, graphs. It also makes clear a phenomenon observed by
Letac and Massam (2007) for the graph A4, where there are only two different sets
Ap although there are 4 perfect orders of cliques. To prove Proposition 14 we use the
following explicit relation between two concepts: perfect orders of cliques used by
Letac and Massam (2007) and eliminating orders of vertices used in this work.

H(a, B3x) =
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Proposition 13 LetG = A, : 1-2—3—...—n. Aclique ordering C; < ... < Cl _,
is perfect if and only if C},_{ < ... < CY{ is an eliminating order on the A,,_1 graph
G': 0y —Cy...— Cy_1. There are 2"~2 perfect orders of cliques on A,,.

Proof The proof is in two parts, for the two inclusions of the claimed equality. Both
parts are straightforward and based on the definitions of a perfect order of cliques and
of an eliminating order on a graph. We omit the details.

Proposition 14 Let P’ : O] < Ch < ... < Cl_jand P" : C{ < CY < ...<CJ_,
be two perfect orders of cliques on G = A,,. Let S and SY be the first separators of
P’ and P". If S}, = SY then Ap: = Apu, i.e. the parameter set Ap depends only on
the first separator So with respect to the clique order P. If So = {M?} then the set
Ap is described by the conditions:

aj =PFj1if 1 <5< M -2, (64)
a;j =031 M+1<j<n—-1,
and 1
ozj>§fora111§j§n71; ap—1+ ay — By > 0. (65)

Thus Ay = UpAp is the set of (o, B) such that there exists 2 < M < n—1 for which
(64) and (65) are satisfied.

Proof We use Propositions 1 and 13.

The reference measure pi; used by Letac and Massam (2007) is, on the cone Q) 4, ,

wa, (z)(dx) = HAn(fg]l,f]l;m)lQAn (z)dz. (66)

By (17), we observe that p14,, (z)(dx) = ©q,, (x)1q,, (x)dz. Namely, the reference
measure i is the characteristic measure of the cone G = Q) 4,,

Theorem 9 (Letac and Massam (2007) Theorem 3.3) If (a, 8) € Ao, then, for a
constant I'y o, gy, and for all y € Py,

/Q e” "V H(a, Bi2)pa, (x)(dx) = Dz H(, Bim(y™h).

The methods of our article give a new simple proof of Theorem 9, see the proof of
Corollary 7 below.

Let us compare now the functions H(c, 3; ) and H (c, 3; w(y~ 1)) with the gen-
eralized power functions 6§M) and AéM).

Proposition 15 1. Let a € R™ ! and § € R" 2. There exists s € R™ such that
H(a,B;2) = 6éM) (x) if and only if (64) holds for some 2 < M <n — 1.
Then s; = aj if 1 < j < M —1, sy = ay—1 +ay — By and 55 =
1 sz—i—lS]Sn

2. Moreover, under the hypothesis of Part 1, we have H (c, B;7(y~1)) = A(_]i;,[) (y).
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Proof The equality of H(«, 3; x) and 6éM) (x) is easily verified by confronting their
definitions (63) and (4). Part 2 follows from Theorem 1.

Corollary 7 The type I Wishart distributions indexed by the set Ay are equal to
the subset UXJ;Q (yéf,f))ye p. of Wishart NEF families defined in Section 5. Thus
they are strictly contained in the set of all Wishart NEF families on Q¢, equal to

n M
UM:l (’Yé(y ))yEPG'

Proof 1t is a direct application of Proposition 15 and Theorem 2. Note that Theorem
2 implies Theorem 9 of Letac and Massam (2007).

The family of functions H (¢, 3, ) does not contain the power functions 5§) or

6§"). In fact, the last functions contain powers of n — 1 diagonal elements x;;, whereas
the function H (v, 8, x) contains powers of n — 2 such elements.

Similar comparisons can be done on the cones Pg. In this case, Letac and Massam
(2007) define type II Wishart distributions on P indexed by a set By, analogous to
the set Ag for Q. Similar arguments as on the cone Q)¢ lead to

Corollary 8 The type Il Wishart distributions on Pg indexed by the set By are equal
to the subset UTAL/;:IQ (’ﬁ%))zeg)c of Wishart NEF families defined in Section 6. Thus

they are strictly contained in the set of all Wishart NEF families on Pg, equal to
(M
Unimt (35 acqe-

8 Appendix

We list here some properties of triangular matrices, used in proofs.

Lemma?7 ] Let A= K° where K = Aq1.xy and let L be lower triangular and U

upper triangular n X n matrices. Then UAL = (U{ltk}KL{lzk})O .

2. Let M, L,U be matrices n X n, with L lower triangular and U upper triangular.
Then,foralli = 1, ey, (LMU){lZ} = L{l:i}M{lzi}U{l:i} and(UML){”L} =
U{i:n}M{i:n}L{i:n}-

3. If T is an invertible triangular matrix then (T{lzk})*l = (T*I){lzk} for all
k=1,...,n.

All these properties are elementary and easy to prove, by block multiplication of
matrices (1,2) or by inverse matrix formula with cofactors (3).
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