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A computable bound of the essential spectral radius of finite
range Metropolis-Hastings kernels

Loic HERVE, and James LEDOUX *

November 22, 2016

Abstract

Let 7 be a positive continuous target density on R. Let P be the Metropolis-Hastings
operator on the Lebesgue space IL?(7) corresponding to a proposal Markov kernel Q on R.
When using the quasi-compactness method to estimate the spectral gap of P, a mandatory
first step is to obtain an accurate bound of the essential spectral radius ress(P) of P. In
this paper a computable bound of r.ss(P) is obtained under the following assumption
on the proposal kernel: @ has a bounded continuous density g(z,y) on R? satisfying the
following finite range assumption : |u| > s = q(z,z + u) = 0 (for some s > 0). This
result is illustrated with Random Walk Metropolis-Hastings kernels.

AMS subject classification : 60J10, 47B07

Keywords : Markov chain operator, Metropolis-Hastings algorithms, Spectral gap

1 Introduction

Let m be a positive distribution density on R. Let Q(x,dy) = ¢(x,y)dy be a Markov ker-
nel on R. Throughout the paper we assume that g(x,y) satisfies the following finite range
assumption: there exists s > 0 such that

lu| >s = q(z,z+u)=0. (1)
Let T'(z,dy) = t(x,y)dy be the nonnegative kernel on R given by

m(y) a(y, x) >

try) = min (g, S )

and define the associated Metropolis-Hastings kernel:

P(z,dy) == r(x) 05 (dy) + T(z,dy) with r(z) :=1- /Rt(x,y) dy, (3)
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where d,(dy) denotes the Dirac distribution at x. The associated Markov operator is still
denoted by P, that is we set for every bounded measurable function f: R—C :

vz R, u#xm:rmvwryéf@w@wmy (4)

In the context of Monte Carlo Markov Chain methods, the kernel @ is called the proposal
Markov kernel. We denote by (L?(7),|| - |l2) the usual Lebesgue space associated with the

probability measure 7(y)dy. For convenience, ||-||2 also denotes the operator norm on L?(7),
namely: if U is a bounded linear operator on L2(7), then ||Ul||z := sup|,=1 [|Ufll2. Since
t(z,y)m(z) = Uy, z)7(y), ()

we know that P is reversible with respect to 7 and that 7 is P-invariant (e.g. see [RR04]).
Consequently P is a self-adjoint operator on L?(r) and ||P|l2 = 1. Now define the rank-one
projector II on L2(7) by

IIf :=n(f)lg with 7(f) ::/Rf(x)ﬂ(x)dx.

Then the spectral radius of P — II equals to ||P — II||s since P — II is self-adjoint, and P is
said to have the spectral gap property on L2(r) if

In this case the following property holds:
¥n > 1,9 € L2(r), |IP"f = Tf[l2 < o3 [I£]2- (SG2)

The spectral gap property on L2(7) of a Metropolis-Hastings kernel is of great interest, not
only due to the explicit geometrical rate given by (SG2), but also since it ensures that a central
limit theorem (CLT) holds true for additive functional of the associated Metropolis-Hastings
Markov chain under the expected second-order moment conditions, see [RR97|. Furthermore,
the rate of convergence in the CLT is O(1/y/n) under third-order moment conditions (as for
the independent and identically distributed models), see details in [HP10, FHL12|.

The quasi-compactness approach can be used to compute the rate go(P). This method is
based on the notion of essential spectral radius. Indeed, first recall that the essential spectral
radius of P on L?(7), denoted by ress(P), is defined by (e.g. see [Wu04] for details):

Fess(P) 5= lim(inf | P" = K2)1/" ©)

where the above infimum is taken over the ideal of compact operators K on IL?(r). Note that
the spectral radius of P is one. Then P is said to be quasi-compact on LL2(7) if ress(P) < 1.
Second, if 7¢ss(P) < « for some a € (0,1), then P is quasi-compact on L2(7), and the following
properties hold: for every real number x such that o < k < 1, the set U,; of the spectral values
A of P satisfying k < |A] < 1 is composed of finitely many eigenvalues of P, each of them
having a finite multiplicity (e.g. see [Hen93] for details). Third, if P is quasi-compact on L2 ()
and satisfies usual aperiodicity and irreducibility conditions (e.g. see [MT93]), then A =1 is
the only spectral value of P with modulus one and A = 1 is a simple eigenvalue of P, so



that P has the spectral gap property on L2(7). Finally the following property holds: either
02(P) = max{|\|,\ € Uy, N\ # 1} if U # 0, or 0o(P) < K if U, = 0.

This paper only focusses on the preliminary central step of the previous spectral method,
that is to find an accurate bound of r.ss(P). More specifically, we prove that, if the tar-
get density 7 is positive and continuous on R, and if the proposal kernel ¢(-,-) is bounded
continuous on R? and satisfies (1) for some s > 0, then

Tess(P) < oy with g = max(r,, 7, + Ba) (7)

where, for every a > 0, the constants r,,r, and 3, are defined by:

S

re := sup r(x), 1, = sup r(z), Bu:= / sup /t(z,z + u) t(x + u,z) du. (8)
|z|<a |z|>a —s |z|>a

This result is illustrated in Section 2 with Random Walk Metropolis-Hastings (RWMH) kernels

for which the proposal Markov kernel is of the form Q(z,dy) := A(|z — y|) dy, where A :

R —[0, +00) is an even continuous and compactly supported function.

In [APO7] the quasi-compactness of P on LL?(r) is proved to hold provided that 1) the
essential supremum of the rejection probability r(-) with respect to 7 is bounded away from
unity; 2) the operator T associated with the kernel ¢(x,y)dy is compact on L?(7). Assump-
tion 1) on the rejection probability 7(-) is a necessary condition for P to have the spectral
gap property (SGz) (see [RT96]). But this condition, which is quite generic from the defini-
tion of r(-) (see Remark 3), is far to be sufficient for P to satisfy (SG2). The compactness
Assumption 2) of [AP07] is quite restrictive, for instance it is not adapted for random walk
Metropolis-Hastings kernels. Here this compactness assumption is replaced by the condition
rl 4+ B4 < 1. As shown in the examples of Section 2, this condition is adapted to RWMH.

In the discrete state space case, a bound for 7¢s5(P) similar to (7) has been obtained in
[HL16]. Next a bound of the spectral gap p2(P) has been derived in [HL16| from a truncation
method for which the control of the essential spectral radius of P is a central step. It is
expected that, in the continuous state space case, the bound (7) will provide a similar way
to compute the spectral gap ga(P) of P. This issue, which is much more difficult than in the
discrete case, is not addressed in this work.

2 An upper bound for the essential spectral radius of P

Let us state the main result of the paper.

Theorem 1 Assume that
(i) m is positive and continuous on R;
(ii) q(-,-) is bounded and continuous on R?, and satisfies the finite range assumption (1).

For a > 0, set o := max(rq, 7, + Ba), where the constants rq, ), and B, are defined in (8).
Then
Va >0, ress(P) < ag. (9)



Theorem 1 is proved in Section 3 from Formula (6) by using a suitable decomposition of the
iterates P™ involving some Hilbert-Schmidt operators.

Remark 1 Assume that the assumptions (i)-(ii) of Theorem 1 hold. Then, if there exists
some a > 0 such that aq < 1, P is quasi-compact on 1L%(1). Suppose moreover that the
proposal Markov kernel Q(x, dy) satisfies usual irreducibility and aperiodicity conditions. Then
P has the spectral gap property on L2(w). Actually, if q is symmetric (i.e. q(z,y) = q(y,x)),
it can be easily proved that, under the condition rl, + B, < 1, P satisfies the so-called drift
condition with respect to V(x) := 1/y/m(x), so that P is V-geometrically ergodic, that is P
has the spectral gap property on the space (By,|| - ||v) composed of the functions f : R—R
such that || f|ly := supyer |f(@)|/V(z) < co. If furthermore [ /7(x)dr < oo, then the
spectral gap property of P on LL2(7) can be deduced from the V -geometrical ergodicity since
P is reversible (see [RR97, Bax05]). However this fact does not provide a priori any precise
bound on the essential spectral radius of P on L?(w). Indeed, mention that the results [Wu04,
Th. 5.5] provide a comparison between ress(P) and reSS(P|BV), but unfortunately, to the best
of our knowledge, no accurate bound of 7ess(P g, ) is known for Metropolis-Hasting kernels. In
particular note that the general bound of ress(Pg,, ) given in [HL14, Th. 5.2] is of theoretical
interest but is not precise, and that the more accurate bound of ress(Pg, ) given in [HL14,
Th. 5.4] cannot be used here since in general no iterate of P is compact from By to By, where
By denotes the space of bounded measurable functions f: R —R equipped with the supremum
norm. Therefore, the V-geometrical ergodicity of P is not discussed here since the purpose is
to bound the essential spectral radius of P on L2(r).

Remark 2 If 7 and q satisfy the assumptions (i)-(ii) of Theorem 1, and if moreover q satisfies
the following mild additional condition

Ve eR, Jyer—sz+s], qlz,y) qly,x)#0, (10)

then, for every a > 0, we have r, < 1, so that the quasi-compactness of P on L?(m) holds
provided that there exists some a > 0 such that rl,+ [, < 1. Note that Condition (10) is clearly
fulfilled if q is symmetric. To prove the previous assertion on rq, observe that r(-) is continuous
on R (use Lebesque’s theorem). Consequently, if ro = 1 for some a > 0, then r(x¢) = 1 for
some xg € [—a,al, but this is impossible from the definition of r(xo) and Condition (10).

Remark 3 Actually, under the assumptions (i)-(ii) of Theorem 1, the fact that r, < 1 for
every a > 0, and even the stronger property sup,cg r(z) < 1, seem to be quite generic. For
instance, if q is of the form q(x,y) = A(|x —y|) for some function A and if there exists 0 > 0
such that w is increasing on (—oo,—0] and decreasing on [§,400), then sup,cpr(z) < 1.
Thus, for every a > 0, we have ro <1 and v}, < 1. Indeed, first observe that r, <1 for every
a > 0 from Remark 2. Consequently, if sup,cp7(x) = 1, then there exists (zy,), € RY such
that limy, |z,| = +o00 and lim, r(x,) = 1. Let us prove that this property is impossible under
our assumptions. To simplify, suppose that lim,, x,, = +o00. Then, from the definition of r(-),
from our assumptions on q, and finally from Fatou’s Lemma, it follows that, for almost every
u € [—s,s| such that A(u) # 0, we have liminf,, min(1, 7 (x, + u)/m(x,)) = 0. But this is
impossible since, if u € [—s,0] and x, > 0 + s, then w(x, +u) > 7(xy).



Theorem 1 is illustrated with symmetric proposal Markov kernels of the form

Q(z,dy) == Ax —y)dy

where A : R—[0,4+00) is : 1) an even continuous function ; 2) assumed to be compactly
supported on [—s, s] and positive on (—s, s) for some s > 0. Then g(z,y) := A(x —y) satisfies
(1) and ¢(-,-) is given by

Vu € [~s,s], t(x,x+u) = A(u)min (1, M) .

m(x)

Corollary 1 Assume that q(x,y) := Az —y) with A(-) satisfying the above assumptions and
that 7 is an even positive continuous distribution density such that the following limit exists:

Vu e [0,s], 7(u):= lim m(z +u)

A € [0,1]. (11)

Assume that the set {u € [0,s] : 7(u) # 1} has a positive Lebesque-measure. Then P is
quasi-compact on 1.2(1) with

Tess(P) < i := max (7"00 , ’yoo) <1 where Yoo :=1— / A(u)(l — T(u)1/2)2du.
0

Proof. We know from Theorem 1 that, for any a > 0, ress(P) < max (7"@, rh o+ ﬁa) with
Ta 1= SUD|y < T(T), Tq 1= SUP|y)5, 7(2). It is easily checked that

= ) u) sup min m(z+u) m(@) U
Ba = _SA( )mi <\/ @) ,\/W(eru)) du.

VzeR, r(@)=1- [ A(u)min (1, M) du.

—S

Note that

For u € [—s,0], 7(u) is defined as in (11). Then

Vu € [-s,s], T(u) = ygffgoo W(Z(g)u) - T(iu)

with the convention 1/0 = +o0o0. Thus, for every u € [—s,0], we have 7(u) € [1,40o0].
Moreover we obtain for every u € [—s, s]:

im 777(x+u) =7(—u
mlafoo 7T($) ( )

since 7 is an even function. We have for every a > 0

r;:1_m1n< inf [ Aw)min <1M> au, int [ Awmin <1M> du).

r<—a —s 71'(1') r>a —s



Moreover it follows from dominated convergence theorem and from the above remarks that

S

lim A(u) min (1, m(z +u)

()

T — £o00 s

) du = _S A(w) min (1, 7(+u)) du

from which we deduce that

/
Too = lim 7“
a— 400

= 1—min < _8 A(u) min (1,7(—u)) du , _S A(w) min (1, 7(u)) du)
= 1- 3 A(u)min (1,7(u)) du (since A is an even function)

0
= 1- A(u) du —/ A(u)t(u)du  (since 7(u) <1 for u € [0,s],7(u) > 1 for u € [—s,0])
— 1- / A(u) [1 4 7(u)] du.

Note that, for every a > 0, we have r, < 1 from Remark 2. Moreover r < 1/2 from the last
equality. Thus 7 := sup,cp 7(z) < 1. Next we obtain for every a > 0

_ [ 1) max | sup min m(z +u) m(z) Sup min m(x +u) m(z)
Ao = s Al [x<Pa <\/ m(x) ’\/W(ﬂchu))’ e (\/ () ’\/w(eru))

and again we deduce from dominated convergence theorem and from the above remarks that

du

Boo = lim B, = SA(u)max[min (ﬂ-@”{ﬁ) , min (T(u)1/2,7_(u1)1/2>]du

a — 400 s
§ 1 1

— A(u) min <7’(u)1/2, T(u)1/2> du (since T(—u) = T(u))

—S

0 s
= Aw) 7(w) ™2 du + / Au) 7(w)? du

- OA() (— )1/2du+/ A(u) 7(u)'? du

= / Au 1/2 du.
Thus

rgo—l—ﬂoo:1—/OSA(U)[1+T(U)—27’(u)1/2] duzl—/OSA(u) (1—\/T(u))2du <1

since by hypothesis the set {u € [0, s] : 7(u) # 1} has a positive Lebesgue-measure.

Since ress(P) < max (ra, rh o+ ﬁa) holds for every a > 0, we obtain that res(P) <
max (roo, rl + 500) < 1. Thus P is quasi-compact on L2(7). O



Example 2.1 (Laplace distribution) Let n(x) = e~ 1*1/2 be the Laplace distribution den-
sity, and set q(z,y) = A(x —y) with A(u) := (1 — |u|) 1=1,1)(u). Then

Vu € 10,1], 7(u):= mgrjrgoo % =e "

Then .
Yoo = 1 —/ (1—u)(1- e_u/2)2du =8e V2 et —_7/2.
0

From Corollary 1, P is quasi-compact on IL?(70) with ress(P) < max (1 ~1/e, Se—1/2 _ o—1 _
7/2) = 8e /2 — el —7/2 ~ 0.9843 since roo 1= supyerr(z) <1 —1/e.

Example 2.2 (Gauss distribution) Let w(x) = e~ /2/y/27 be the Gauss distribution den-
sity, and set q(z,y) = A(|lz — y|) with A(u) := (1 — |u|) 1—1,1y(u). Then

Vu € (0,1], 7(u):= lim m(x +u)

=0
T — 400 7T(§U) ’

so that

N | =

1
70021—/ (1 —u)du=
0

From Corollary 1, P is quasi-compact on L*() with ress(P) < max (0.156, 0.5) = 0.5 since
Too <1 —e1/2 _el/8 fol(l —w)e~ D2y, < 0.156.

In view of the quasi-compactness approach presented in Introduction for computing the
rate p2(P) in (SGa), the bound 7ess(P) < 0.5 obtained for Gauss distribution (for instance)
implies that, for every & € (0.5,1), the set of the spectral values A of P on L2(7) satisfying
k < |A| <1 is composed of finitely many eigenvalues of finite multiplicity. Moreover, from
aperiodicity and irreducibility, A = 1 is the only eigenvalue of P with modulus one and it is a
simple eigenvalue of P. Consequently the spectral gap property (SG2) holds with go(P) given
by

e 03(P) =max {|\, X €Uy, N £ 1} if U, # 0,

e 0o(P) < kif U, = 0 (in particular, if for every x € (0.5,1) we have U, = (), then we
could conclude that ga(P) < 0.5).

The numerical computation of the eigenvalues A € Uy, A # 1, is a difficult issue. Even
to know whether the set U, \ {1} is empty or not seems to be difficult. In the discrete state
space case (i.e P = (P(i,7))ijen), this problem has been solved by using a weak perturbation
method involving some finite truncated matrices derived from P (see [HL16]). In the contin-
uous state space case, a perturbation method could be also considered, but it raises a priori
difficult theoretical and numerical issues.



3 Proof of Theorem 1

For any bounded linear operator U on ]L2(7T) we define
VfeL?(n), Usf:=1aq Uf and Usf :=1g\|_qq Uf

Obviously U, and U, are bounded linear operators on LQ(TF), and U = U, + Uge. Define
Rf = rf with function r(-) given in (3). Recall that T is the operator associated with kernel
T(z,dy) = t(x,y)dy. Then the M-H kernel P defined in (4) writes as follows:

P=R+4+T=Rs+ Rge + Ty + T}

with RGCRG == RaRac =0 and RaTac =0.
Lemma 1 The operators Ty, Tye Ry and (Rye + Tye)" Ry for any n > 1 are compact on L2(r).

Proof. Using the detailed balance equation (5), we obtain for any f € L2(r)

(Tf)(@) = 1pou(e) /R F(y) tla,y) dy = /R ) 1o ()

Function (-, ) is supposed to be bounded on R?, so is ¢(-,-). From inf|, <, 7(z) > 0 it follows
that t,(-,-) is bounded on R2. Consequently t, € L?(7 ® 7), so that T} is a Hilbert-Schmidt
operator on L2(r). In particular T, is compact on L2(r).

Now observe that
(Tae Rof) () = 1g\[—q,a) (2) /R L—aaq ) r(y) fy) t(z,y) dy = /R () ko, y) w(y) dy

where ko(2,9) = 1[_aq)(¥) Ir\[—a,a () 7(y) t(z, y) 7(y) . Then TyeR, is a Hilbert-Schmidt
operator on L2(m) since k,(-,-) is bounded on R? from our assumptions. Thus T,cR, is
compact on LL2(7).

Let us prove by induction that (Rge + Tyc)"R, is compact on LL?(7) for any n > 1. For
n =1, (Rge + Toe)Ry = Tye R, is compact. Next,

(Rac + Tac)nRa — (Rac + Tac)nil(Rac + Tac)Ra — (Rac + Tac)nilTacRa.
Since TyeR, is compact on L2(7) and the set of compact operators on L2(7) is an ideal,

(Rye + Tye)" R, is compact on L2(r). O

Lemma 2 For every n > 1, there exists a compact operator K,, on L?(m) such that

Pn == Kn —|— RZ —|— (Rac +Tac)n.



Proof. For n =1 we have P = K1 + R, + (Rge + Tye) with K7 := T, compact by Lemma 1.
Now assume that the conclusion of Lemma 2 holds for some n > 1. Since the set of compact
operators on L2(7) forms a two-sided operator ideal, we obtain the following equalities for
some compact operator K/, on L?():

Pl =prp = (K, +R!+ (Rae + Toe)") (K1 + Ra + (Rae + Tye))
= Kl + R 4 R'Rye + RMTue + (Rye + Tue)"Ry + (Rae + Te )™
= [K} 1+ (Ree + Toe)"Ry] + R + (Rae + Toe)" .

Then the expected conclusion holds true for Pt since Ky = K;LH + (Rge + Tye)" Ry is
compact on L?(7) from Lemma 1. O

Theorem 1 is deduced from the next proposition which states that ||Tye|l2 < B,. Indeed,
observe that [|Rqe||2 < rq and |[Rgell2 < 7. Set aq := max (rq , 7, + 8a). Then Lemma 2 and
|Tyc|l2 < Ba give

IP" = Knll2 < |Rall + (| Raell2 + |Taell2)" < 2af.

The expected inequality 7ess(P) < g in Theorem 1 then follows from Formula (6).
Proposition 1 For any a > 0, we have ||Tge|l2 < Ba.

Proof. Lemma 3 below shows that, for any bounded and continuous function f: R— C, we
have || Tye fll12(x) < BallfllL2(x)- Then Inequality ||Tyell2 < 8, of Proposition 1 follows from a
standard density argument using that || 7|2 < [Pl = 1 and that the space of bounded and
continuous functions from R to C is dense in L?(7). O

Lemma 3 For any bounded and continuous function f: R — C, we have
s 3
HTaCfHLQ(W) < / |:/{| >a} ’f(l' + u)‘Z t(l’,l’ + ’LL)Q 7'('(.%') d$:| du < IBGHfH]LQ(ﬂ,). (12)
-8 x|>a

Proof. Let f:R—C be a bounded and continuous function. Set B := R\ [—a,a]. Then it
follows from (1) that

(Te [z / y 1) [ fetwt@ st de  (13)

—S

For n > 1 and for £ = 0,...,n, set up := —s + 2sk/n and define the following functions:
hi(x) = 1p(x) f(x + uk) t(x,z + ug). Then

1 n
2s 2 2s 2s
[/ th dﬂf} = ;Z < ;ZHthL?(W)
k= k=1
n :

% S| [ 1+ P tae 4w ate)ds] " 1)

=1

L2 ()

IN

9



Below we prove that, when n — +o0, the left hand side of (14) converges to ||Tye f{12() and
that the right hand side of (14) converges to the right hand side of the first inequality in (12).
Define

2 2
Ve € B, xn(x): SE hi(x SE [z 4 ug) t(z, v + ug).
k=1

From Riemann’s integral it follows that

Vr € B, gril Xn(x) = flx+u)t(z,z +u)du

—S

since the function u — f(z + u)t(z,x + u) is continuous on [—s, s| from the assumptions of
Theorem 1. Note that sup, sup,cp [xn(z)| < oo since f and t are bounded functions. From
Lebesgue’s theorem and from (13), it follows that

flz+u)t(z,z +u)du

25
— Y hg(z)| m(x)de =

= T I - (15)

2 2

m(x)dx

s
lim
n — 400 B

Next, observe that

n

25 [ [ 1t m)rte o+ m ) is] = 23 g

k=1
with ¢ defined by

1
2

_ [/B|f(a:—|—u)|2t(3:,x+u)27r(3:)dx]

Using the assumptions Theorem 1, it follows from Lebesgue’s theorem that 1 is continuous.
Consequently Riemann integral gives

1
23 2 s

lim 2 [/ (@ + ) 2 4, @+ up)? W(x)dx} Y (16)

n—+o0o N Y

The first inequality in (12) follows from (14) by using (15) and (16).

Let us prove the second inequality in (12). The detailed balance equation (5) gives

= /z [/{xM}]f(m—i—u)\%(m,x—i—u)t(m,m—l—u)w(w)dx} du

- /S [/{Da} t(z,z +u)t(z 4+ u,z) |f(z +u)]? 7(z+ u) dm} * du

—S

A

< Wil / sup Vi 7+ w) H@ + 12) du = | fllLz(m) e

—s |z[>a

10



4 Conclusion

The study of the iterates of a Metropolis-Hasting kernel P is of great interest to estimate the
numbers of iterations required to achieve the convergence in the Metropolis-Hasting algorithm.
In conclusion we discuss this issue by comparing the expected results depending on whether
P acts on By or on L2(7). Recall that the V-geometrical ergodicity for P (see Remark 1)
writes as: there exist p € (0,1) and C, > 0 such that

Vn =1, VfeBy, [P'f—m(f)llv<Cop"[lfllv. (SGv)

Let oy (P) be the infinum bound of the real numbers p such that (SGy) holds true.

1. In most of cases, the number gy (P) is not known for Metropolis-Hasting kernels. The
upper bounds of gy (P) derived from drift and minorization inequalities seem to be
poor and difficult to improve, excepted in stochastically monotone case (e.g. see [MT96,
Sec. 6] and [Bax05]). Consequently the inequality g2(P) < gy (P) (see [Bax05, Th. 6.1])
is not relevant here. Observe that applying the quasi-compactness approach on By
would allow us to estimate the value of gy (P), but in practice this method cannot be
efficient since no accurate bound of the essential spectral radius of P on By is known.

2. The present paper shows that considering the action on IL?(7) rather than on By of a
Metropolis-Hasting kernel P enables us to benefit from the richness of Hilbert spaces.
The notion of Hilbert-Schmidt operators plays an important role for obtaining our bound
(9). The reversibility of P, that is P is self-adjoint on L?(7), implies that any upper
bound p of p2(P) gives the inequality [|[P"f — IIf|l2 < p™||f||2 for every n > 1 and
every f € L2(m). Consequently any such p provides an efficient information to estimate
the numbers of iterations required to achieve the convergence in the Metropolis-Hasting
algorithm.

From our bound (7) it can be expected that the quasi-compactness method (cf. Introduction)
will give a numerical procedure for estimating g(P) in the continuous state space case.
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