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ON THE HOMOTOPY FIBRE OF THE INCLUSION MAP
F,(X)— [[' X FOR SOME ORBIT SPACES X

MAREK GOLASINSKI, DACIBERG LIMA GONCALVES AND JOHN GUASCHI

ABSTRACT. Under certain conditions, we describe the homotopy type of the homo-
topy fibre of the inclusion map F,(X) < [[} X for the n'" configuration space
F,(X) of a topological manifold X without boundary such that dim(X) > 3. We
then apply our results to the cases where either the universal covering of X is con-
tractible or X is an orbit space S¥/G of a tame, free action of a Lie group G on
the k-sphere SF. If the group G is finite and k is odd, we give a full description
of the long exact sequence in homotopy of the homotopy fibration of the inclusion

map F,(S*/G) — T} S¥/G.

This paper is dedicated to Professor S. Gitler, for his outstanding work in homo-
topy theory, his readiness to encourage the scientific progress of colleagues and of

institutions, his unwavering intellectual honesty, and his warm friendship.

Introduction

Configuration spaces have a long history and continue to be an active topic of
research, due to their interesting topological and geometric properties [6, 10]. They
arise in various areas in mathematics, such as low-dimensional topology, homotopy
theory, dynamical systems and hyperplane arrangements, and play an important role
in the study of braid groups [4]. If n > 1, the n™ configuration space of a topological
space X is defined to be the subspace of the n-fold Cartesian product [[} X defined
by:

n

(0.1) F.(X) = {(xl,...,xn) € HX ’ x; # x; for all ¢ ;éj}.
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The classical notion of configuration space has been generalised in several directions,
one of them being the following. Given a free action G x X — X of a group G on
X, we define the n'™ orbit configuration space of X (with respect to G) as follows [7]:

n

(0.2) FC(X) = {(xl,...,xn) € HX’Ga:i NGzx; = () for all i #j}.

1

Note that if G is the trivial group then F%(X) coincides with the usual configuration
space F,(X).

One general question that is related to the study of F,(X) is the analysis of the
inclusion map i,(X) : F,(X) — [[] X, and if one is interested in the homotopy
groups of these spaces, the homotopy fibre I; (x) of this map (up to homotopy equi-
valence). The study of the homotopy fibre of this inclusion map has been carried
out for certain manifolds X. If X is a one-dimensional manifold (the circle S or
the real line R') then by [20], the configuration space F,(R') is homeomorphic to a
disjoint union of n! copies of the open n-simplex, and using [6, Example 2.6], there is
a homeomorphism S' x F,(R') = F,1(S"). One may then describe the homotopy
fibre of the inclusion map i, (X) : F,(X) — [[} X for X =R or S".

The study of configuration spaces for surfaces was initiated in [11]. In the case,
the question about the homotopy fibre of i, (X) was considered by Goldberg in [13]
when the surface is different from S* and RP?, in which case the homotopy fibre
is aspherical. Recently the cases when X is either S? or RP? have been studied
in [14, 15], and it was shown that the homotopy fibre of i,,(X) is no longer aspherical.

In this paper, we study the homotopy fibre of the inclusion map 4, (X) : F,(X) —
[I} X for topological manifolds X without boundary and of dimension > 3. As
special cases, if the universal covering of X is contractible or X is an orbit space
Sk /G of a free, tame action of a Lie group G on the k-sphere S* then we describe
the homotopy type of the homotopy fibre I; (x) of the map 4, (X). In particular if
X = §*/G, the group G is finite and k > 3 is odd, we give a full description of
the long exact sequence in homotopy of the homotopy fibration of the inclusion map
in(X): Fo(X) — ]} X.

Let X and Y be topological spaces. We write X ~ Y if X and Y have the same
homotopy type, and if f, g : X — Y are maps, we write f ~ g if they are homotopic.
The connectivity of X, denoted by conn(X), is defined to be the largest non-negative
integer n (or infinity) for which m;(X) = 0 for all i < n. In Section 1, we recall and
prove various results about pull-backs with a homotopical approach to fibrations that

will be used in the rest of the paper. It is well known that a homotopy-commutative
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diagram of the form:

X %
o) |
x Iy

gives rise to a map Z(g,¢’) : Iy —> Iy between the homotopy fibres of f and f
that is compatible with this diagram (see Remark 1.2 for the precise definition of
this map and some of its properties). Proposition 1.5 highlights various homotopy
fibrations and homotopy equivalences that arise from such homotopy-commutative
diagrams, and is main result of Section 1.

In Section 2, X will mostly be a topological manifold without boundary such
that dim(X) > 3, and we shall frequently assume that there exists an action of a
topological group G on X. At certain points, we will suppose additionally that the
action is tame [8], so that the quotient space X/G is also a topological manifold. In
this case, if Q1 € X, the map i,(X) : F,,(X) < [[} X and the quotient map ¢(X) :
X — X/G induce a map ¥,(X) : FY(X) — F,(X/G) between the n'™ orbit
configuration space of X and the n'" configuration space of X/G, an inclusion i (X) :
FY(X\GQ,) — [I; X, and an inclusion i”(X) : F¢((X/G)\Q1) — [I} X/G,
where Q; = ¢(X)(Q1). These maps are defined at the beginning of Section 2. We
also define maps 7,(X) : [[77' X — [[7 X and j.(X) : F,_1(X\Q1) — Fu(X)
that ‘insert’ the point () in a given position (see equation (2.4)).

In the first part of Section 2, we shall study these maps, the aim being to relate
their homotopy fibres to that of the map i, (X) : F,(X) < [[} X, and to obtain
(weak) homotopy equivalences between them. In Theorem 2.2, we prove a result
concerning the connectivity of the map i,(X) that extends a result of Birman from
the smooth category to the topological category [3, Theorem 1|. The following
theorem, which is the main result of Section 2, describes certain properties of the
long exact sequence in homotopy of the fibration associated with the inclusion map
F.(X)—TI! X.

Theorem 2.5. Let G x X — X be a free, tame action of a Lie group G on a

connected topological manifold X without boundary, and let )1 € X. Suppose that

the inclusion map i"_(X) : FS (X\GQ,) — V" X is null homotopic (this is

the case if for example the inclusion map X\GQ1 — X is null homotopic).

(1) The maps T(idpo | (x\oqu) 1 x) = L x) — FC(X\GQ1) x O X))
and Z(ju(X/G), jn(X/G)) = Ly (x/6) — lLi,(x/c) are homotopy equivalences,
and the map T(Yn_(X\GQ1), [IF " q(X)) : L (xy — Iy (x/c) 15 a weak

homotopy equivalence. Furthermore, if G is discrete, X is 1-connected and
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dim(X/G) > 3 then the map Y, 1(X\GQ1) : £ (X\GQ1) — F 1 ((X/G)\Q1)
15 the universal covering.

(2) If j < min(conn(X), dim(X/G) — 2) then ;(FY (X\GQ1)) = 0.

(3) Suppose that the homomorphism m;(X) — 7;(X/G) induced by the quotient
map X — X/G is injective for all j > 1 (this is the case if for example the
inclusion map GQ1 — X is null homotopic). For all j > 2, up to the identific-
ation of the groups m;_1(1;,(x/c)) and mj_1(F& 1 (X\GQ1)) x mj_1(€( LX)

via the isomorphism
mi-1(Z(idpo | (x\cqu) i1 x)) © (mj-1 (ka (X)) 71,

the restriction to the subgroup m;([1} " X) of 7;(IT} X/G) of the boundary ho-

momorphism 9; : m;_ ([} X/G)) — Ti—1(Li(x/c)) gwen by the long exact
in in(X/G
sequence in homotopy of the homotopy fibration I, (x /e DX/, F.(X/G) iy

10 X/G of (2.7) coincides with the inclusion of m; ([T}~ X) inm; 1 (FS (X\GQ,))x
7 (UTT ' X)) wvia the usual identification of 7;(X) with m;_1(Q(X)).

The map k,(X) : Iyn_ (x) — Ii,(x/@) mentioned in Theorem 2.5(3) is a weak
homotopy equivalence that is defined just after the commutative diagram (2.7). By
applying Theorem 2.5 to manifolds whose universal covering is contractible, in Pro-
position 2.7 we show that the homotopy fibre I;, (x/q) is weakly homotopy equivalent
to a number of different spaces that arise in the construction of the above-mentioned
maps.

In Section 3, we apply the results of Section 2 to orbit manifolds of the form S*/G,
G being a finite group that acts freely and tamely on the k-sphere S*, where k > 3.
One of the two principal results of Section 3 is the following corollary that describes
the homotopy type of the homotopy fibre of the inclusion i/, (S¥) : F¢(SF\GQ,) —

sk,

Corollary 3.3. Let G x S¥ — SF be a free, tame action of a compact Lie group G

on S*, and let Q, € S*.

(1) There is a homotopy equivalence Iy sxy =~ FF 1 (SF\GQ1) x Q( "LSkY. If the
group G is finite and dim(S*/G) > 3 then F,_1(SF\Q1) ~ FY [ (SF\GQ,).

(2) If j < k —dim(G) — 2 then 7;(FS (S*\GQ,)) = 0.

The second main result of Section 3 is the following proposition that gives a more

detailed description of the long exact sequence in homotopy of the fibration associated

with the inclusion map 4,(S¥/G) : F,(S¥/G) — []} S*/G.

Proposition 3.6. Let k > 3 be odd, let j > 2, and let G x S* — S* be a free
action of a finite group G on SF. Let A?(SR/G) denote the diagonal subgroup of

15 7;(S*/G). Then:
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(1) the image of the homomorphism 7;(i,(S*/G)) : 7;(F.(S¥/G)) — 1} m;(S*/G)
is the diagonal subgroup A7}(SF/G).

(2) there are split short exact sequences of the form:
n n—1
0 — AY(S*/G) — = (H S’“/G) — T (H Q(S’“/G)) —0 and
1 1
0 — m(F7 4 (SN\GQ)) — mj(Fu(S"/G)) — ANSF/G) — 0.

In particular, if G is the trivial group then there is a split short exact sequence:

0 — m;(Fao1(RF)) — m;(FL(SY)) — A}(S") — 0.
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2012/24454-8 (Brasil), and by the CNRS/FAPESP programme n°® 226555 (France)
and n° 2014/50131-7 (Brasil) respectively.



1. Preliminaries

In this section, we first prove a lemma concerning the pull-back of a covering
map. We then go on to prove some results about homotopy fibres of homotopy

commutative diagrams that will be useful in what follows.

Lemma 1.1. Let (X, ) and (Y,yo) be pointed topological spaces. Given a map
f (X, 20) — (Y, 50) and a covering map p : (Y, 4o) — (Y, o) for a path-connected
space Y, consider the associated pull-back square:

X xy VvV —1 %
(1-1) p’t D
X Y,

f

where P and f' are the projections of X xy Y onto the first and second factors,
respectively. Then p' : X xy Y — X is a covering map, and 7, (p')(71(X xy Y)) =
T (f) Y (m(p)m (V). If further X is path connected and p = (Y, i) — (Y, y0) is

the universal covering map then the number #mo(X Xy Y) is equal to the index
[ (Y) - i (f)(m(X)] of the image mi(f)(m1 (X)) in the group m(Y). If in addition
m(f) : m(X) — 7 (Y) is an epimorphism then p' : X xy Y — X s also the
universal covering map.

Proof. The fact that the induced map p/ : X xy Y —» X is a covering is well known.

Then the proof of [18, Chapter V, Proposition 11.1] leads to 71 (p')(m (X Xy Y)) =

() (ma(p)m (7). N
Now suppose that X is path connected and that p : (Y,9) — (Y,vo) is the

universal covering map. We shall show that the set mo(X Xy Y) of path-connected
components of X xy Y is in bijection with the set of right 7 (f)(m(X))-cosets

in m(Y). First, notice that the restriction of the map f' : X Xy ¥ — Y to
p' "1 (xp) induces a bijection ¢ : p'~1(xg) — p~'(yp). In light of the canonical actions
(X)) x p'"Hxg) — p' " Hwg) and m (V) x p~Hyo) — p~(yo), we have:

Pl w) =[] m(X)(zo,5) and p~" (yo) = mi(Y)yo-

i€mo(X xyY)

Since the fibre p'~!(z) consists of the points of the form (zg, ), where 7 € p~!(yo),
for any (zo,9) € p'~(xo) there exists ay € m1(Y") such that § = ayye. Consequently,

o(m1(X) (o, 9i)) = ((m (f)(m1(X))) ey, )yo for i € mp(X xy Y') which shows that two

elements (g, 7'), (z0,7") € p~'(x0) belong to the same path component of X xy Y

if and only if (my (f)(mi(X)))ay = (m(f)(gﬁ (X))



To prove the last part of the statement, by the previous parts, X xy Y is a

connected covering space of X, and m (p')(m (X xy Y)) is trivial, so m (X xy Y) is
trivial because p’ is a covering map. It follows that X xy Y is the universal covering
space of X as required. O

Let

Ep ={(z,7) € X xY"[7(0) = f(2)} and I; = {(z,7) € Ef | 7(1) = yo}

denote the mapping path and homotopy fibre of f, respectively. Notice that I; is
determined by the homotopy pull-back diagram,

by

Iy X
(12) l Lf
* o Y,

where ¢y, : ¥ — Y is the constant map determined by a point yo € Y, ¢ : Iy — *
is the constant map, and p; : Iy — X is the projection map. It is well known
that Iy — E; — Y is a fibration and that £y and X have the same homotopy
type [2, Proposition 3.5.8 and Remark 3.5.9]. We will refer to the sequence of maps
Iy X Ly asa homotopy fibration. By [2, Proposition 3.3.17], the homotopy
fibres of two homotopic maps have the same homotopy type.

Recall that a map f : X — Y of pointed spaces is said to be n-connected if
the induced homomorphism 7;(f) : m;(X) — 7,;(Y) is surjective if j = n and is
an isomorphism for all j < n — 1. Note that the map f is n-connected if and only
if its homotopy fibre Iy is (n — 1)-connected, in other words, if m;(I;) = 0 for all
0<i1<n—1.

REMARK 1.2.

(a) Suppose that the square

X Y
(1.3) lg lg/
x "y

is homotopy-commutative and that ¢'f(xz¢) = f'g(zo) for some zo € X. Let
H : XxI — Y’ be a homotopy from ¢’of to f'og such that H(xo,t) = ¢’ f(xg) =
f'g(xg) for all ¢ € I, and consider the associated map ¢ : X — (Y)! is given

by p(z)(t) = H(x,t) for all x € X and t € I. In particular, ¢(x)(0) = ¢’ o f(x)
7



and ¢(x)(1) = f" o g(z). Then there is a homotopy-commutative diagram:

NS

N\

(1.4) N P—X
\ |
Y Y’

where

P={(y,7,2) €Y x (Y)! x X" | 7(0) = ¢'(y) and v(1) = f'(2)}

is the standard homotopy pull-back P, the maps f and g are defined by projection
onto the first and third factors respectively, and h : X — P is the corresponding
whisker map given by h(x) = (f(x), p(x), g(x)) for all x € X. If yo = f(x¢) and
yo = ¢'f (o) then:

D by

Iy X Iy X'
(1.5) lq lf and lq' lf’
: Cf(xo) v ! Cflg(ag) v

are the standard homotopy pull-backs. The map H' : Iy x I — Y defined by
H'((x,7),t) = ~(t) for all (x,7) € Iy and t € I is a homotopy from fps to ¢f(z0)q;
and the associated path ¢’ : I; — Y7 is given by ¢/(z,7)(t) = (t). The square

—2 X
. Cfg(z) v

obtained by concatenating the square (1.3) and the left-hand square of (1.5)
is homotopy commutative, and a homotopy G : Iy x I — Y is determined
by the concatenation of the homotopies H o (p; x id;) : Iy x I — Y’ and
goH : I x1— Y where H(z,t) = H(z,1 —t) forall z € X and ¢t € I.
The map ¢ : I; — (Y”)! associated to G is given by ¢(z,7) = p(z) "t * (¢’ 07)
for all (x,7v) € Iy, and the whisker map Z(g,¢’) : I — I corresponding to
the right-hand homotopy pull-back of (1.5) and the square (1.6) and defined by

Z(g,9')(x,v) = (g(x), p(x) "t * (¢’ o)) for all (z,v) € I; makes the following
8



diagram

Df !

I X Y
Z(g.9") l 9 l g
v . :

2 x Ty

homotopy-commutative. Note that the construction of Z(g,g’) corresponds to
that given in [19, pp. 225-226].

With the notation of part (a), if the maps g : X — X' and ¢’ : ¥ — Y’
are homotopy equivalences then by applying [19, Lemma 45] to the following

homotopy-commutative diagram:

X d Y *
| |
— v .

)

we see that the map Z(g,¢') : Iy — Iy is also a homotopy equivalence. In
particular, if g : X — X’ (resp. ¢’ : Y — Y”’) is a homotopy equivalence, it

follows from the commutative diagrams

X ! y x Ty
H Joand o |
x 2y x ! v

that the map Z(idy, ¢') : Iy — I (vesp. Z(g,idy ) : Iy —> Iy/) is a homotopy
equivalence.

If diagram (1.3) is commutative and not just homotopy commutative then we
will always take H to be constant i.e. H(x,t) = f' o g(x) for all (x,t) € X x I,
and in this case, Z(g,q')(x,v) = (g(x),g o), from which it follows that g o
pr = pp oZ(g,9'). Further, Z(g,q’') is the restriction to the homotopy fibres
I; and I of the map X x Y1 — X’ x (Y’)! that sends (z,7) € X x Y7 to
(9(x),9' 07) € X' x (Y')\.

By [2, Lemma 6.4.11], amap f : X — Y is n-connected if and only if conn(/y) >
n— 1.

Let f : X — Y be a pointed map, and consider the associated homotopy
fibration Iy P X L5 Y. The boundary map d : Q(Y) — I; is defined
by d(w) = (zg,w) for all w € Q(Y), where Q(Y) denotes the loop space of Y.
Suppose further that f is null homotopic. Setting g = idy, ¢’ = idy and f’' = ¢,
in the construction of part (a), and taking the homotopy H to be such that

H(zo,t) = yo for all t € I, we have ¢(zo) = ¢,, and the map Z(idx,idy) : I; —
9



X xQ(Y) is a homotopy equivalence defined by Z(idx, idy )(z,v) = (z, p(x) " txv)
for all (z,7) € I;. Thus Z(idx,idy) od : QYY) — X x Q(Y) is given by
Z(idx,idy) o d(w) = (z,w) for w € Q(Y), and so coincides with inclusion of

Q(Y). This yields a homotopy equivalence:
(1.7) I} = X x Q).

If F— X — Y is a fibration then it is well known that the homotopy fibre
of the inclusion map F' —— X has the homotopy type of Q(Y). Consequently, if
the inclusion map F' —— X is null homotopic then by (1.7) there is a homotopy

equivalence:
(1.8) QYY) — F x Q(X).

Lemma 1.3 ([15, Appendix]). Let X LY -2 7 be pointed maps, let I(f,idz) :
I,; — I, be the map defined in Remark 1.2(c), and let pyy : I,y — X and
pg : I, — Y denote the respective projections. Then the induced map Z(pys,p,) -

Iz(sia,) — Iy s a homotopy equivalence.

The statement of Lemma 1.3 may be summed up by the three rightmost columns

of the following commutative diagram:

Z(egfstg) Z(pgf.pg)
I(f) ——— Iz(iay) — =1

~

y , y

v
(1.9) Fyy if Jpp— POt X gf 7
lf’ lz(fvidz) lf H
F,c ;g R Po Y g Z,

where the dotted arrows indicate the corresponding homotopy fibres.

Let f: X — Y be a fibration, let F; = f~!(yy) be the topological fibre over a
point yo € Y, and let Iy be the homotopy fibre of f. Then, by [2, Proposition 3.5.10],
the injective map ¢y : Fy — Iy defined by ¢;(z) = (2, ¢, ) is a homotopy equivalence.
Let j; : Fy — X denote the inclusion of the topological fibre in the total space
X. Note that j; = pyotp. We obtain the following corollary (summarised in
diagram (1.9)) by combining this with Remark 1.2(b) and Lemma 1.3.

Corollary 1.4. Let X Ty 25 7 be pointed maps, and suppose that X Ny
and Y -2 Z are fibrations with respective topological fibres Fyp and F,. If ' :

Fyy — Fy is the restriction of the map f : X — Y to Fyy and F, then the map

Z(Jgf,dg) = Ly — Iy is a homotopy equivalence.
10



As a consequence of Lemma 1.3, we have the following result (cf. [16, Chapter
IX]).

Proposition 1.5. Given the homotopy-commutative square (1.3), consider the as-
sociated homotopy commutative diagram (1.4). Then there exist ﬁbmtzons I, —
If — If/ and I, —> I — I , where for each k € {f,q,f,q, h}, I, is a space
that has the same homotopy type as the homotopy fibre I, of the map k. Further, the
homotopy fibres Iz(g 4y, I7(s,5y and Iy, have the same homotopy type.

Proof. We use the notation of Remark 1.2(a). Since f = fh, applying Lemma 1.3

to the composition X hp L Y, we obtain a fibration I, — ff — I, where
fh = I7(niday) =~ I, and ff = Ez(nidy) = I, = Iy, which proves the first part of the
statement for the first fibration.

We now prove that the homotopy fibres Iz, ) and I}, have the same homotopy
type. Given a point yy € Y, the two squares of the following diagram:

r—2 .p— 7 _x
L l i l f’
* o Y ! Y’

are homotopy pull-backs, and thus the whole rectangle is a homotopy pull-back [19,
Lemma 12]. But the square

Py

If/ X’
| |
. Cq’ (o) v

is the standard homotopy pull-back, and Z(g,g') : I; — Iy is a whisker map
by Remark 1.2(a). It follows from [19, p. 226] that Z(g,¢’) is a homotopy equi-
valence. Now Z(g,¢') = Z(gh,q') = Z(g,¢') o Z(h,idy), and using the fact that
Z(g,q’) is a homotopy equivalence, it follows from the last part of Remark 1.2(b)
that Z(ids;,Z(9,9')) : Iz(niay) — Iz(g¢) is a homotopy equivalence. Further,
Iz(hiay) =~ I by Lemma 1.3, from which we conclude that Iz, ~ I,. The re-
maining assertions of the proposition follow by exchanging the roles of f, f and f’

with those of g, g and ¢’ respectively. U
To prove the final result of this section, we require the following lemma.

Lemma 1.6. Let f: X — Y be a pointed map.

(1) If f is a homotopy equivalence then the homotopy fibre Iy of f is contractible.
11



(2) If I is contractible then the induced map Qf : QX — QY is a homotopy equi-
valence. In particular, if the induced map mo(f) : mo(X) — mo(Y') is surjective
then f: X — Y s a weak homotopy equivalence.

The first part of the lemma follows by applying [19, Lemma 45] to the homotopy
pull-back diagram (1.2). The second part may be obtained by noting that if Z
is a pointed space then the Puppe fibre sequence gives rise to a bijection (€2f), :
[Z,QX] — [Z,QY], which implies that Qf : QX — QY is a homotopy equivalence.

REMARK 1.7. Let f : X — Y be a pointed map of path-connected spaces such
that Qf : QX — QY is a homotopy equivalence. Then f is a weak homotopy
equivalence, but it is not necessarily a homotopy equivalence. Indeed, the loop space
of the Warsaw circle is contractible, but the Warsaw circle is not. Nevertheless, under
certain hypotheses, f is a homotopy equivalence. For example, if f: X — Y is a
pointed map of path-connected Dold spaces (the class of such spaces contains C'W-
spaces) for which Qf : QX — QY is a homotopy equivalence, Allaud [1] proved
that f is a homotopy equivalence.

Combining diagram (1.9) with Lemma 1.6, we obtain the following result.

Corollary 1.8. Given a fibration f : X — Y and a map g : Y — Y, consider
the following strict pull-back diagram

Y' xy X X
f’l ‘(f
Y’ Y.

g

Then the induced map QL(f', f) : Qly — QU is a homotopy equivalence. Further,
if the map g ' Y' — Y is 1-connected then the map Z(f', f) : Iy — 1, is a weak

homotopy equivalence.

Proof. Let y, € Y/, and set yo = ¢g(yor) € Y. Since f : X — Y is a fibration, the fact
that the above diagram is a strict pull-back implies that f': Y’ xy X — Y’ is also
a fibration. Further, the restriction of ¢’ to the topological fibres Fyp = f~(y{) and
Fy = f~'(yo) induces a homeomorphism F} = F . Since the injective maps ¢y :
Fy—— I;and vy : Fpp — I (as defined just before the statement of Corollary 1.4)
are homotopy equivalences, the map Z(¢', g) : Iy — Iy is a homotopy equivalence,
and so Lemma 1.6(1) implies that the homotopy fibre I7(y 4 is contractible. So
by Proposition 1.5, the homotopy fibre Iz s of the map Z(f', f) : Iy — I,
is also contractible, and we conclude from Lemma 1.6(2) that the induced map

QL(f', f) : QIy — Ql, is a homotopy equivalence, which proves the first part
12



of the statement. If further g : Y/ — Y is l-connected then ¢’ : V' xy X —
X is also l-connected, and so by Remark 1.2(d), the spaces I, and I, are path
connected. Lemma 1.6(2) implies that the map Z(f', f) : I, — I, is a weak

homotopy equivalence as required. O
2. Configuration spaces and the inclusion map F,(X) — [} X

Let X be a topological space, and let n > 1. Given a free action G x X —
X of a group G on X, recall from (0.1) (resp. from (0.2)) that F,(X) is the n'®
configuration space (resp. F¢(X) is the orbit configuration space) of X. Let i, (X) :
F,(X) — []} X denote the inclusion map. We assume from now on that G is a
topological group. Let ¢(X) : X — X/G denote the associated quotient map, and
let 7 = q(X)(x) for all z € X. Then ¢(X) induces a map ¢,(X) : F¢(X) —
F,.(X/G) given by 1, (X)(x1,...,2,) = (Z1,...,T,). This map is well defined, since
if (1,...,2,) € FE(X) then for all i # j, Gz;NGx; =0, so T; # Z;. We thus obtain

the following commutative diagram:

FS(X)C : 1 X
(2.1) wml lH’fq(X)
F.(X/G) e [I7 X/G.

Further, the associated (strict) pull-back F,(X/G) xp» x/¢ [[7 X is given by:

{((flv---ai’n)a(yh---,yn)) € F,(X/G) x HX

:i’i:giforalllgign}.

One may then check that the map F,(X/G) xp x/e [[§ X — FY(X) given by
((Z1,..., Zn), (@1, ..., 2n)) — (@1,...,3,) is a (well-defined) homeomorphism. In
particular, (2.1) is a (strict) pull-back diagram.

Now suppose that X is a topological manifold, let @, = {q¢,...,¢.} be a fi-
nite, non-empty subset of X whose elements belong to distinct orbits, and let Q, =
a(X)(Q)). Let #,(X) : E,(X\Q,) — [T X (resp. i£(X) : FS(X\GQ,) — [T} X)
denote the composition of i,(X\Q,) (resp. of i,(X\Q;) |re(x\co,)) With the inclu-
sion map [[} X\Q, < [} X. Since the diagram

[II(XN\GQ) —————— 1[I X
q(X\Gin l P a(x)

[T ((X/GN\Q@r) ——— [T} X/G
13



is a (strict) pull-back, taking X\G@Q, in place of X in diagram (2.1) and composing
with the above diagram, we obtain the following (strict) pull-back:

G () n
FR(X\GQ,)C IIY X
(2.2) $n(X\GQ) l l T a(X)
Fu((X/GN\Qy)° o) [I7 X/G.

Now the map [[} ¢(X) : [I} X — ]I} X/G is a fibration, and the application of
Corollary 1.8 to the map I(@Z)n(X\GQr), 117 q(X)) Linxy — Iy (x/q) gives rise to

the following homotopy equivalence:
(2.3) OZ(Ua(X\GQ), [T (X)) : iy > Qi ).
1

If1<i<mn,let p(X):[[}X — [I[/"" X denote the projection map given
by forgetting the i*" coordinate. Let J = (iy,...,%,) be a sequence of integers that
satisfy 1 < iy < iy < -+ < 4, < n, and let py(X) : [[[ X — [I]"X be the
map defined by p;(X) = p;,(X)o---op; (X). The map p;(X) restricts to the map
pi(X) ‘Fn(X) . F,(X) — F,_1(X) that is a fibration whose fibre may be identified
with X\@,_1, where @Q,—1 ={q1,---,¢-1,4+1,---,qn}- This is a special case of the

following result.

Theorem 2.1 ([11, Theorem 3]). Let X be a topological manifold without boundary.
With the above notation, the map p;(X) }Fn(X) s Fo(X) — F,_.(X) is a fibration
whose fibre may be identified with F.(X\Qn_r), where Qn_r = Qu\{qi,, -, ¢}

For1 <i<m,let J;=(1,...,i—1,24+1,...,n). From now on, we assume that
X is a pointed topological manifold without boundary. We thus obtain the following

commutative diagram:

In(X) P;(x) | P ()
Foca (X\Q1) " F,(X) X
(2.4) &;LI(X) |(/\in(X) H
n—1 Jn(X) n P, (X)
;] X H1 X X,

where the two inclusions j,(X) : F, 1 (X\Q1) — Fo(X) and j,(X) : [[}7' X —
1} X are given by inserting the point ¢; in the i*" position. Now the rows of (2.4)
are fibrations by Theorem 2.1, so Corollary 1.4 implies that the map:

is a homotopy equivalence for all choices of 1 <7 < n above.
14



Our next goal is to prove the following theorem that is a stronger version of [3,
Theorem 1], without the hypothesis that X is smooth.

Theorem 2.2. Let X be a connected, topological manifold without boundary. Then
the inclusion map i,(X) : F,(X) < [[} X is (dim(X) — 1)-connected.

Clearly, Theorem 2.2 implies [3, Theorem 1]. In order to prove Theorem 2.2, we

shall make use of the following lemma.

Lemma 2.3. Let X be a connected, topological manifold without boundary, and let
Q be a finite non-empty subset of X. Then the inclusion map i(X) : X\Q — X is
(dim(X) — 1)-connected.

Proof. If dim(X) = 1, the result is clear since X is connected. So assume that
dim(X) > 2, and suppose first that @) consists of a single point q. Write X as the
union of X\@ and D,, where D, is a small open disc whose centre is ¢ (such a
disc exists because X is a topological manifold), and let x be a basepoint lying in
(X\Q)N D,. Now (X\Q)N D, has the homotopy type of a sphere whose dimension
is equal to dim(X) — 1, which is strictly positive, so by Van Kampen’s Theorem,
m1(X) is isomorphic to the quotient of 7 (X\@) by the normal closure in 7 (X\Q)
of the image of m ((X\Q) N D,) by the homomorphism induced by the inclusion
(X\Q)ND, — X\Q, which implies in particular that the homomorphism 7 (¢(X)) :
m(X\Q) — m(X) is surjective.

If dim(X) = 2, the result follows using the connectedness of X. Now assume
that dim(X) > 2. Then m ((X\Q) N D,) is trivial, and we conclude from the
above arguments that the homomorphism m (i(X)) : m(X\Q) — m(X) is an
isomorphism. To compare the higher homotopy groups, consider the universal cov-
ering p: X — X of X, and set X; = p~1(X\Q). Identifying X; with the pull-back
(X\Q) xx X, it follows from Lemma 1.1 that the map p lx, + X — X\Q is the
universal covering of X\ @, in analogy with the method of [9, Section 2]. By the re-
lative form of the Mayer-Vietoris sequence, the relative homology groups H,(f( , X1)
are zero for all 0 < ¢ < dim(X) — 1. The Hurewicz Theorem then implies that
the homomorphism 7;(X;) — 7;(X) is an isomorphism if j + 1 < dim(X) and is
surjective if j = dim(f() — 1. So if @) consists of a single point, using the fact that
;i (X1) =2 m(X\Q) if 7 > 2, the homomorphism 7;(i(X)) : m;(X\Q) — m;(X)
is an isomorphism if j + 1 < dim(X) and is surjective if j = dim(X) — 1, which
proves the result in this case. In the general case, if Q@ = {q,...,qn}, where

m > 2, the result follows by induction on m and by writing the manifold X\

as (X\{q1, s @m-1})\{@m}- . O



Proof of Theorem 2.2. The proof is by induction on n. If n = 1 then the statement
clearly holds. So assume that the result is true for some n > 1 and for any connec-
ted topological manifold without boundary. By taking the long exact sequence in
homotopy of the fibrations of the commutative diagram (2.4), where we replace n by

n + 1, we obtain the following commutative diagram of exact sequences:

T4 1 (X) =7 (F (X \Q1)) =7 (F 1 (X)) =7 (X) == 1 (Fn (X \Q1))
‘ lﬂj(ih(x)) lﬂj(inﬂ(x)) H J/Wj—l(iil(x))
i1 (X)——m; ([T} X)——m; ([T} X)—m;(X)——m, 1 ([T} X)

(2.6)

for all j > 1. If & > 0, the homomorphism 7 (:,(X)) may be written as the com-

position m(F,(X\@Q1)) Tl (A1), (T X\@Q1) mUIIEO), me([]7 X) of the ho-

momorphisms induced by the composition F,(X\@1) LICAUDN [T} X\ M

[} X. If further & < j, the first (resp. second) homomorphism (i, (X\Q1)) :
m(Fu(X0\Q1) — w1 X\Qu) (resp. m(TT0 (X)) - TT7 me(X\Q1) — [T (X))
is surjective if j < dim(X), and is injective if j + 1 < dim(X) by the induction hy-
pothesis applied to the manifold X\@Q; (resp. by Lemma 2.3). Hence ;(i, (X)) is
surjective if j < dim(X), and is an isomorphism if j + 1 < dim(X). Applying the
5-Lemma to (2.6), it follows that 7;(i,11(X)) is surjective if j < dim(X') (resp. is an
isomorphism if j + 1 < dim(X)) as required. O

Theorem 2.2 gives rise to the following corollary.

Corollary 2.4. Let X be a connected topological manifold without boundary. Then
the inclusion map i\.(X) : F(X\Qn—r) = [[} X is (dim(X) — 1)-connected.

Proof. By definition, i/ (X) is the composition of i,.(X\Qn_,) : Fr(X\Qn_r) —
[1; X\Qn— and the inclusion [[; X\Qn—» — [[}X. It then suffices to apply
Theorem 2.2 (resp. Lemma 2.3) to the first (resp. second) map. O

Following [8], we say that the action of a topological group G on X is tame if the
orbit space X/G is a topological manifold. For instance, [17, Theorem 7.10] implies
that any free, proper and smooth action of a compact Lie group G on a smooth
manifold X without boundary is tame.

Now let G x X — X be a free, tame action of a group G on a topological manifold
X without boundary, and consider the commutative diagram (2.2) and the leftmost
commutative square of (2.4), where in the second case, we replace X by X/G and

Q1 by Q1. Applying the construction of Remark 1.2(c) to each of these squares gives
16



rise to the following commutative diagram, where the rows are homotopy fibrations:

Py ) in_1(X)

n—1

L (x) P (XN\GQ) ———— [ X

Z(Pn—1(X\GQ1),ITT " (X)) Un—1(X\GQ1) I a(x)
(2.7) Pif_1(x/G) _ i (X/G) ne1
e Fpa(X/GNQ) ——— 1[I X/G
Z(jn(X/G).in(X/G)) In(X/G) In(X/G)
Din(X/G) in(X/G) n
I, (x/) FL.(X/G)¢ [ X/aG,

the map Z (¢, (X\GQ1), T} (X)) : I (x) — i (x/c) gives rise to a homo-
topy equivalence QZ (Y1 (X\GQ1), [T} a(X)) : QL (x) — Qi (xc) by (2.3),
and the map Z(j,,(X/G), jn(X/G)) : Iy (x/a) — ILi,(x/c) is a homotopy equival-
ence by (2.5). Let k,(X) : Iy (x) — I, (x/q) be the weak homotopy equivalence
defined by k,(X) = T(7,(X/G),jul(X/G)) 0 T(thn+(X\GQ1), T (X)),

Let Gx X — X be a tame, free action of a Lie group G on a topological manifold
X without boundary. This action gives rise to a fibration G — X — X/G of
manifolds, where the fibre over the point Q; € X/G is identified with GQ;. If the
inclusion map G@Q; — X is null homotopic then the homomorphism 7;(X) —
7;(X/G) induced by the quotient map X — X/G is injective for all j > 0, so
we may regard 7;(X) as a subgroup of 7;(X/G). Furthermore, by (1.8), there is a
homotopy equivalence h : Q(X/G) — G x Q(X) that may be described in terms
of a homotopy between the inclusion map GQ; — X and the constant map. If
e € (G denotes the unit element of G, the restriction of the inverse of the homotopy
equivalence h : Q(X/G) — G x Q(X) to {e} x Q(X) is homotopic to the loop of
the projection map X — X/G.

For the purpose of the following theorem, which is the main result of this section,
for all j > 0, we identify ;1 (X/G) with 7;(G) X 7;41(X) via the homotopy equival-
ence h : QUX/G) = G x Q(X), and 7,;([[} X/G) with m;([[}~' X/G) x 7;(X/G).

For this particular identification, we are taking ¢ = n in (2.4).

Theorem 2.5. Let G x X — X be a free, tame action of a Lie group G on a

connected topological manifold X without boundary, and let Q1 € X.. Suppose that

the inclusion map i"_(X) : FS (X\GQ,) — [[V~" X is null homotopic (this is

the case if for example the inclusion map X\GQ1 — X is null homotopic).

(1) The maps T(idpe | (x\oou) idq— x) * L x) — FE(X\GQ1) x QT X)
and Z(ju(X/G), ju(X/G)) = Ly (x/6) — Li,(x/c) are homotopy equivalences,
and the map T(Yn_1(X\GQ1), I} q(X)) : L (xy — Iy (x/c) 15 a weak

homotopy equivalence. Furthermore, if G is discrete, X is 1-connected and
17



dim(X/G) > 3 then the map Y, 1(X\GQ1) : £ (X\GQ1) — F 1 ((X/G)\Q1)
15 the universal covering.

(2) If j < min(conn(X), dim(X/G) — 2) then ;(FY (X\GQ1)) =

(3) Suppose that the homomorphism m;(X) — m;(X/G) mduced by the quotient
map X — X/G is injective for all j > 1 (this is the case if for example the
inclusion map GQ1 — X is null homotopic). For all j > 2, up to the identific-
ation of the groups m;_1(1;,(x/c)) and mj_1(F& 1 (X\GQ1)) x mj_1(€( LX)

via the isomorphism

Ti-1(Z(idpo | (x\cqu)» idppr-1 x)) © (Tj-1(ka(X))) 71,
the restriction to the subgroup ([T}~ X) of m;([1} X/G) of the boundary ho-
momorphism 9; : m;_ ([} X/G)) — Ti—1(Li,(x/c)) gwen by the long exact

sequence in homotopy of the homotopy fibration I;,(x/c) W(X/G) — Zn(X/G)
15 X/G of (2.7) coincides with the inclusion of ([T} " X) inm;_1(FS (X\GQ1))x
71 QT " X)) via the usual identification of m;(X) with 7;_1(AX)).

Pin(X/G)
N

Proof.
(1) By hypothems " (X) is null homotopic. Let H : F¢ (X\GQ;) x I —

(]

X be a homotopy between i _,(X) and the constant map at the basepoint
of Hl "X, and let o(z) : I — (7" X)! be the path given by ¢(z)(t) =
H(z,t). Applying Remark 1.2(e) to the homotopy fibration

P10

(2.8) L ) ——= F&(X\GQ,) ~= H X,

we obtain a homotopy equivalence:
(2.9) T(idpe | (x\aou -t x) L0 — FE(X\GQ1) x [T} X)

defined by Z(idpe  (x\¢,)» idH;LaX)(x, v) = (x, o(x)"'xy) for all (z,7) € Lir_(x).
Since the map 1,1 (X\GQ) : FY (X\GQ,) — F,_1((X/G)\Q:) is 1-connected,
the map Z(¢,_1(X\GQ1), 1} 1q(X)) D L (xy — Ly (xjq) is a weak ho-
motopy equivalence by Corollary 1.8 and (2.3). Further, by (2.5), the map
T(ju(X/G), ju(X/G)) = Iy (x/q) — Ii,(x/c) is a homotopy equivalence, and
this proves the first part of the statement.

Assume that G is a discrete group. Since X is a l-connected manifold,
the quotient map [ ¢(X) : [[}7' X — [[}"' X/G is the universal cov-
ering. Now dim(X/G) > 3, and applying Corollary 2.4, we see that the ho-
momorphism 7 (#,_|(X/G)) : 7 (F_1(X/G\Q1)) — m ([} X/G) is an
isomorphism. It follows from diagram (2.2) and Lemma 1.1 that ¢, (X\GQ1) :

FY (X\GQ:1) — F,_1((X/G)\Q1) is the universal covering.
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(2)

(2.10) H ey

(2.11)

Let j < min(conn(X),dim(X/G) — 2). Applying the long exact homotopy se-
quence to the following commutative diagram whose rows are fibrations:

. o1 (X\GQ1) _
1 G——FZ [(X\GQ)) Fnl((XJZG)\Ql)
I q(x)

-1 (X/G)

n—1

—1 -1 1 —1
1 G X 1 X/G
yields the following commutative diagram whose rows are exact:

) (-1 (X\GQ1)) X
(11" @)y (FE L (X\GQu)) 1, (Faa (X/CNQ1) 7,1 ([T G)

m; (i1 (X)) l i (i1 (X/G)) H
n—1 n—1 7 (H?_l q(X)) n—1 n—1
m(IIi ~ G) -m; ([ X) -m;([I; X/G) 35771’—1( 1 G,
J

where 9 : 75 (Fu 1 (X/GN\Q1) — 75 1(IT)" G) (resp. ) : m(IT1 ™ X/G) —
7 1([17~" @) is the boundary homomorphism corresponding to the first (resp.
second) row of (2.10). Since j < dim(X/G) — 2, by applying Corollary 2.4
to the manifold X/G, we see that the homomorphism (i), _,(X/G)) is sur-
jective for all £ < j + 1 and is an isomorphism if k£ < j. The fact that
j < conn(X) implies that the homomorphism 7 ([[7~' X/G) — me (J[F ' G)
is surjective for all £ < j 4+ 1 and is an isomorphlsm if £ < j. By the com-
mutativity of the diagram (2.11), it follows that the boundary homomorphism
O = me(Fo 1 (X/GO\Q1)) — me 1 ([} Q) is surjective for all & < j + 1 and
is an isomorphism if £ < j, and so by exactness of the uppermost row of (2.11),
i (FY [ (X\GQ1)) = 0 for all j < min(conn(X),dim(X/G) — 2).

Let d : Q( ?_1 X) — ILin_ (x) denote the boundary map of the homotopy fibra-
tion (2.8), and let 9, : m;(T[7" X) — m,_1(FS (X\GQ1)) x m; (AT} X))
denote the composition of the associated boundary homomorphism Wj_l(d) with
the isomorphism 7;_1(Z(idpe | (x\¢q,), idpr-1 x)) induced by the homotopy equi-
valence given by (2.9). Identifying m;(X) with m;_1(€(X)), and applying Re-
mark 1.2(c), it follows that d; coincides with the inclusion homomorphism

(1) s oo 5)
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The first and third rows of diagram (2.7) give rise to the following commutative
diagram of homotopy fibrations:

Pi;{_l(X) o i (X) ne1
L (x) Fy (X\GQ) T[] X
(2.12) l kn (X) Lj;(X/Gwnl (X\GQ1) Ln(X/G)om—l a(X)
. [ n
looe) —5 g B(X/ @) — g I X/,

where the leftmost vertical map k,(X) : Iy (x) — I, (x/c) is defined by
k(X) = TGL(X/C). ju(X/G)) 0 T(thyr (X\CQ), T g(X)), and is a weak
homotopy equivalence by part (1). Now let d : Q([]} X/G) — Li, (x/a) be the
boundary map of the lower homotopy fibration of (2.12), and let

0; : i (U [ X/G) — m—1(Linxsc)

be the induced boundary homomorphism.
Consider the element w = (wi,...,Wn 1,¢4,_,) € UT[F " X). The map
[T} ¢(X) induces a map Q[[} ¢(X) : QI X) — QII; X/G), so
(QII} (X)) (w, ¢q,) = (@1, -, Wn1,c,) € AT X/G) and
(2.13) do (QITF a(XN(W) = (Tis- -1 Gns @1y -+ s D1, Ca) € Lin(x/c)

by Remark 1.2(e). On the other hand, (q1,...,¢n1,w1,...,wn1) € Lir_ (x), and
by Remark 1.2(c), the definition of k,(X), (2.9) and (2.13), we have:

Fen(X)(q1, -y Go1sWhy - - ey wn1) = d o (QT} ¢(X))(w) and
I(idFE_I(X\GQI),idHrlz—IX)(ql, e 1, Wy e Wne1) = (@1 ey Q1 W1y e ey W)

Thus the image of ([w], [¢,]) € m([]2 " X) x 7,;(X) under the composition

-1 (Zlidare | (x\agn)» - x)) © (Mim1(ka(X)) ™ 0 05 0 my (T ¢(X)
is equal to ([cq,], - .., [cq, ], [w]). In particular, up to identification of ;1 (I;,(x/a))
and ;1 (FS [(X\GQ,)) x m;_1 (U]}~ X)) via the isomorphism

Ti—1(Z(idpe | (x\cqu) a1 x)) © (11 (ka (X)) 7,

the restriction of the homomorphism d; : m;_ ([} X/G)) — i1 (i (x/c))
to the subgroup m;([]} " X) of m;(I[F X/G) coincides with the inclusion of
([ X) in 7 1 (FS (X\GQ1)) x 7,1 (U} X)) which completes the
proof. O

Theorem 2.5 implies the following corollary.
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Corollary 2.6. Let X be a connected topological manifold without boundary such
that dim(X) > 3, let X be its universal covering, and let Q)1 € X. Suppose that the
map i"_(X) : F;Lri(lx)(f(\m(X)Ql) — [177" X is null homotopic.

—_——

(1) The spaces F;ri(lX)(X\m (X)Q1) and F,_1(X\Q1) are homeomorphic, and there

exists a homotopy equivalence Ln gy =~ F, 1 (X\Q1) x QI ' X), and a weak

homotopy equivalence between I, (x) and F,_1(X\Q1) x Q( X,

(2) Let j > 2. Up to the identification of the groups m;(I[1 X) with =;(T[} X)
via the isomorphism 7;(¢(X)) : m;(X) — m;(X) and the identification of the
groups m;_1(1;,(xy) and ﬂj_l(Fsi(lx)(X\m(X)Ql)) x w1 (T X)) via the
isomorphism given in the statement of Theorem 2.5(3), the restriction of the
boundary homomorphism 9; : =;([} X) — Ti—1(L;,(x)) of the homotopy long
exact sequence of the homotopy fibration

. in(X) e
Lo 229% 70 S5 T x
1

to the subgroup 7;([T} " X) of m; ([T} X) coincides with the inclusion of m; (]}~ X)
in ;1 (FI U)X\ (X)Q1)) x m_1 (T X)) via the usual identification of
Wj(X) with Wj_l(Q(X)).
Proof. In the whole of the proof, we shall replace the manifold X (resp. the group
G) of Theorem 2.5 by X (resp. by 71(X)). The group m;(X) is discrete, and since

X is a manifold, m;(X) is countable and so is a 0-dimensional Lie group.

(1) Since m(X) is discrete, X is 1-connected and dim(X) > 3, it follows from
the second part of the statement of Theorem 2.5(1) that F;;i(lx) (X\m (X)Qy) is

P

homeomorphic to F,,_1(X\Q,). Applying this to the first part of Theorem 2.5(1)
yields the rest of the statement.

(2) Since ¢(X) : X — X is a covering map, the induced homomorphism 7;(q(X)) :
7;(X) — m;(X) is injective for all j > 1 and is an isomorphism for all j > 2.
Up to the identification of 7;(T]} X) with 7;(J[} X) via this isomorphism, the
result then follows directly from Theorem 2.5(3). O

The following result brings together various descriptions for the homotopy type
of the homotopy fibre I; (x), where X is a topological manifold without boundary

whose universal covering is contractible.

Proposition 2.7. Let X be a connected topological manifold without boundary such
that dim(X) > 3 and whose universal covering X is contractible, and let Q, € X.

Then the homotopy fibre I;, (x) of the map i,(X) : Fo(X) — [} X is weakly
21



—_—

homotopy equivalent to each of the following siz spaces: F,,_1(X\Q1), Fu(X) X7 x
[T} X, Fu(X), (X)), Bt (X\Q1) xppr x TI' X and F2EY(X\mi (X) Q).

Proof. Let p(X) : X — X denote the universal covering map.
o Since the space ]I X is contractible, the map " | (X): FI'* XN\ (X)Q) —>
~' X is null homotopic. So by (1.7), Lin (%)~ Fm( (X\71(X)Q1). Further,
m (X ) is discrete, X is 1-connected and dlm(X ) > 3, it follows from Theorem 2.5(1)

that 777 (X\m (X)Q1) = Fuma (X\Q)).
e The strict pull-back (2.2) glves rise to a homotopy equivalence F " (X \m1(X)Q1) ~

Fo1(X\Q1) Tt x |J i

So L (xy, Fl{ (X\m (X)Q1), Foet (X\@1) and Foy (X\Q1) Xyt x [T7" X are

pairwise homotopy equivalent.

e Since dim(X) > 3, the map i,(X) : F,(X) — []{ X is 2-connected by The-
orem 2.2, and thus 7, (i, (X)) is an isomorphism. Further, [} p(X) : [[} X —

[1} X is the universal covering, and so it follows from Lemma 1.1 that F,(X) ~
FL.(X) XTI x H?X ~

e The pull-back (2.1) gives rise to a homotopy equivalence F,,(X) xprx [} X =~
Fr(x).

e Consider the (strict) pull-back:

I X
ll_ﬂlp(f()
[ X
Since the projection map p'(X) : F,,(X) X x [1} X — F,(X) is l-connected,
the map Z(p'(X), [I} p(X)) : i) — li.(x) is a weak homotopy equivalence

by Corollary 1.8 and (2.3). On the other hand, the map 7, (X) is null homotopic
because the space [} X is contractible, and it follows from (1.7) that Lx) =

Fo(X) xx 11 X
Thus I, ). Fo(X) xmpx TI} X, Fa(X) xpx [T} X and F7*™Y(X) are pairwise
homotopy equivalent, and are weakly homotopy equivalent to /;, (x). Finally, (2.5)

Fo(X) X0 x X

p/(X)l

Fn(X)S

in(X)

implies that Iy (x) =~ I;,(x), and by Corollary 1.8 and (2.3), there is a weak homo-
topy equivalence I (%) IZ;L _,(x), and the result follows. O

The family of manifolds covered by Euclidean spaces is properly contained in

the family of manifolds whose universal covering is contractible. The fact that the
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inclusion is strict may be seen by considering for example the Whitehead open 3-
manifold that is contractible but not homeomorphic to R3.

REMARK 2.8. By [5, Theorem 1.6, Chapter V, p. 229] and [21], the universal covering

of any paracompact aspherical manifold is contractible.

3. The homotopy fibre of the inclusion map F,(S*/G) —
[I{ S*/G and the associated long exact sequence in homotopy

In this section, we start by studying the homotopy fibre of the inclusion i, (S*/G) :
F.(S*/G) — TI] S¥/G, where S¥/G is the orbit manifold associated with a free
tame action of a Lie group G on the k-sphere S¥. One of our aims is to describe

completely the long exact sequence in homotopy of the homotopy fibration
L) — Fu(8¥/G) — [ sY/G
1

in the case that G is discrete (so finite). Let k£ > 3, and consider a free tame action
G x Sk — S* of a compact Lie group G on S*. If dim(G) = 0 then G is finite, and
comparing Euler characteristics, we obtain x(S*) = |G|. x(S*/G), so G is trivial or
Zy if k is even, and |G| > 2if k is odd. In particular, for G = Z, we get S¥/Z, = RPF,
the k-dimensional real projective space. If dim(G) > 0 then we have the following
result.

Theorem 3.1 ([5, 8.5. Theorem]). Suppose that G is a compact Lie group such that
dim(G) > 0 and that acts freely on S*. Then G is isomorphic to a subgroup of S*.
More precisely, up to isomorphism, G is one of the following groups: S'; N(S'), the

normaliser of S' in the group S*; or S3.
Using Theorem 3.1, we obtain the following proposition.

Proposition 3.2. Let G be a compact Lie group G, and let G x S¥ — S¥ be a free
action of G on the sphere SF.

(1) If G is finite with |G| > 2 or G = S' then k 1is odd.

(2) If G=N(S") or G =S then k = 4m + 3 for some m > 0.

Proof.

(1) First, suppose that G is finite with |G| > 2. Given a free action G x S¥ —s S¥,
we see that y(S*) = |G|.x(S¥/G), so k is odd because |G| > 2. Now assume
that G = S'. A free action S! x S¥ — S* of S! on S* induces a free action of the
cyclic group Z; on S* for all [ > 1. Comparing Euler characteristics once more,
we obtain x(S¥) = 1. x(S¥/Z;), and taking | > 3, we deduce once more that k is

odd.
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(2) Suppose that G = N(S') or S®. A free action S* x S* — S¥ of S§? on S* induces
a free action N(S) x S¥ — SF of N(S!) on S¥, and a free action N(S') x S¥ —
Sk of G on S* induces a free action S* x S¥ — S* of S! on SF. By (1), it
follows that k& = 2m/ + 1 for some m’ > 0, from which we obtain an induced
free action Zy x S*™*1 /St — §?™+1/S of Z, on S*™*+1/S'. Using the Euler
characteristic relation y(S¥™*1/S') 4 x((S*™*1/S1)22) = 2x((S*™'+1/SY)/Zy)
given in [12, p. 146] for the reduced Euler characteristic y, we see that m’ is also
odd, and so k = 4m + 3 for some m > 0. U

If £ >3, let G xS*¥ — S* be a tame, free action of a compact Lie group G on S¥,
and consider the topological manifold without boundary S¥ /G that is the orbit space
for this action. If Q; € S¥, the map S¥\GQ, — S* factors through the contractible
space SF\Q;, and so is null homotopic. If 1 < i < n, the fact that the following

diagram:

i (Sk n
FEEMGQ) L [} 8
&) pg e 60y l lji(gk)
SM\GO, < Sk

is commutative implies that the map i/ (S¥) : F¢(SF\GQ;) — []} S" is also null
homotopic. We obtain the following corollary by applying parts (1) and (2) of The-
orem 2.5 to the map 7/ (SF).

Corollary 3.3. Let G x S¥ — SF be a free, tame action of a compact Lie group G
on SF.

(1) There is a homotopy equivalence Iy sry =~ F [ (SF\GQ1) x Q( "LSK). If the

group G is finite and dim(S*/G) > 3 then F,_1(SF\Q,) ~ FY (S'\GQ).
(2) If j <k —dimG — 2 then m;(E¢,(SM\GQ,)) = 0.

Let & > 3. We now proceed to study the long exact sequence in homotopy of the
homotopy fibration

I

D;, in (SF -
st /ey 9 (shya) M T s e
1
In this case, there is a homotopy equivalence lir sk = FG(SMNGQ) QT ' sh)
by Theorem 2.5(1). We restrict our attention to the case where k is odd and
dim(G) = 0 e, G is finite. Up to the identification of the group 7;(I;, st/c))

with ;1 (FS (SM\GQ1) x Q[I7~'S¥)) described in Theorem 2.5(3), our aim is to
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describe the boundary homomorphism:

d; : m; (f[ Sk) — T <FnGI(S’“\GQ1) x <ﬁ Sk)) :

as well as other homomorphisms of that exact sequence. Since k > 3, Corollary
3.3(2) implies that m(1;, sk /i)) = 0. So we may assume that j > 2. In what follows,
we shall need the following result (cf. [10, Theorem 3.1]).

Lemma 3.4. Let k > 3 be odd, and let G x S* — Sk be a free action of a finite

group G on SF. Then for all 1 <i,1 < n, there exists a map \;(S¥) : S — FY(SF)
. e 5,(85/G)

such that the composition S* N FS(SF) V&), F,(S*/G) o L sk/G

is homotopic to the quotient map q(S¥) : S* — S¥/G for 1 <i < n. Ifl =i then

the composition coincides with q(SF).

Proof. To construct the continuous map )\;(S¥F) : S¥ — FY(S¥), consider a non-
vanishing vector field on S¥. Such a vector field exists because k is odd. Since the
given action G x S¥ — S¥ is free, there exists ¢ > 0 such that the distance between
any two distinct points belonging to the same G-orbit is greater than e. Given z € S*,
consider the n-tuple (x, zs, ..., x,), where for m = 2, ..., n, z,, is the point on the in-
tegral curve of the vector field passing through x and corresponding to the parameter
value t = (m—1)/R for R > 0 sufficiently large. Thus the distance between any two
points of this n-tuple is less than e, and so the points x, x5, ..., x, 1 and z, belong
to distinct orbits. Given 1 < i < n, set \j(z) = (29,..., 7y, <z ity - Tp)

ith position

By construction, \;(z) belongs to the orbit configuration space F¢(S*) and ); is

continuous. Further,

q(wip1) 1<,
P (S¥/G) | st ay © n(SF) 0 Ai(z) = < q(x) if | =1,
q(zx;) if [ > q.

In each case, one may use the integral curve of the vector field to show that the
composition py,(S¥/G) | £, s jc) © ¥a(SF) 0 A; : S — S*/G is homotopic to ¢(S*) as
required. O

If the group G is trivial, Lemma 3.4 implies that the fibration F,(S¥) — S¥
admits a section (cf. [10, Theorem 3.1]). The lemma also yields some information
about the homomorphism 7;(i,,(S*/G)) : m;(F.(S¥)) — m;([[} S*/G) induced by
the inclusion map ,,(S*/G) : F,(S¥/G) — []]S*/G, and which is relevant to
understanding the long exact homotopy sequence in homotopy of the homotopy

fibration I, sk /q) — F,(S¥/G) < ]} S*/G. In order to study the homomorphism
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7i(i,(S¥/@)) : 7 (F.(S*/G)) — ([} S*/G), consider a basepoint (z1,...,2,) €
F,(S¥/G), where we assume that the set {zy,...,z,} is contained in a small disc
whose centre is a point xo € S¥/G. If 1 < i < n, choosing a path from z; to
T inside this disc allows us to identify 7;(S¥/G, x;) with 7;(S*/G, z0), and in this
way, the group m; (]} S*/G, (z1, ..., x,)) may be identified isomorphically with the
group [[} m;(S*/G, z¢). In what follows, we shall consider the composition of the
homomorphism 7;(i,,(S*/G)) : m;(F.(S*/G)) — m;([[} S*/G, (z1,...,2,)) by this
isomorphism, which by abuse of notation, we shall also denote by m;(i,(S¥/G)) :
m(Fu(8/G)) —> ([T} §4/G).

Lemma 3.5. Let k > 3 be odd, and let G x S¥ — SF be a free action of a finite
group G on S*. Then mo(F,((S¥/G)\Q1)) = 0, m(F,((S*/G)\Q1) = [I] G, and the
homomorphism 7; (i, (S¥/G)) : 7;(F,((S*/G)\Q1)) — 7;([11 S*/G) induced by the
inclusion map ,(S*/G) : F,((S¥/G)\Q1) — [1} S¥/G is trivial for all j > 2.

Proof. By Corollary 2.4, the homomorphism 7; (i, (S*/G)) : m;(E,.((S¥/G)\Q1)) —
;i ([T S*/G) is an isomorphism for j = 0,1, whence mo(F,((S¥/G)\Q1)) = 0 and
i (F.((SF/G)\Q1)) = [1] G. So assume that j > 2. Taking X =SF and r =n =1
in (2.2), we obtain the following pull-back diagram:

i (8%)

S\ GO, € Sk
(3'1) ¢1(Sk\GQ1)J/ lq(Sk)
L = i (S*/G) i
(S*/G)\Q1— S*/G.

Now 71 (#)(S¥/G)) is an isomorphism, and so 1, (SF\GQ,) : S'\GQ, — (S*/G)\Q,
is the universal covering by Lemma 1.1. In particular, m;(¢1(SF\GQ)) is an iso-
morphism. Further, as we saw just before Corollary 3.3, the map {(S¥) : SF\GQ; —
S¥ is null homotopic. We conclude from (3.1) that the homomorphism 7; (7} (S¥/G)) :
mi((S¥/G)\Q1) — 7;(S¥/G) is trivial. But if 1 < i < n, the composition of the map
i, (S¥/G) : F,((S*/G)\Q1) — [ S*/G with the projection py, st /) : [I7 S¥/G —
Sk /G factors through the map i (S¥/G) : (S*/G)\Q: — S*/G, and so the homo-
morphism (i, (S¥/G)) : m;(F,((S¥/G)\Q1)) — m;([ 1] S*¥/G) is trivial. O

Let A7(S¥/G) denote the diagonal subgroup of [} m;(S¥/G). We end this paper
with the following proposition.

Proposition 3.6. Let k > 3 be odd, let j > 2, and let G x S* — Sk be a free action
of a finite group G on S*. Then:
(1) the image of the homomorphism m;(i,(S*/G)) : 7;(F,(S¥/G)) — 1} ;(S*/G)

is the diagonal subgroup A}(SF/G).
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(2) there are split short exact sequences:

(32) 0— ANS*/G) — m; (ﬁ Sk/G) — 1 (ﬁ Q(Sk/G)) — 0 and

(3.3) 0— ﬁj(Ff_l(Sk\GQl)) — ﬂj(Fn(Sk/G)) — A;‘(Sk/G) — 0.
In particular, if G is the trivial group then there is a split short exact sequence:
0 — m;(Fao1(RF)) — m;(F,(SY)) — A}(S") — 0.

Proof. Let j > 2.

(1) First, note that the quotient map q(S¥) : S¥ — S§*/G induces an isomorphism
mi(q(SF)) : m;(S*) — m;(S*/G). Let s; : m;(S*/G) — m;(F,.(S¥/G)) be defined
by s; = 7;(1n(S¥) 0 \i(S¥)) o (m;(¢(S¥))) 7. It follows from Lemma 3.4 that:

Ty (in(Sk/G)) }nj(Fn(Sk/G)) 0 sj = 1idy,(sk/@)
for all 1 < i < n. In particular, the homomorphism 7;(p;, (S*/G)) ‘Wj(Fn(Sk/G)) is

surjective and admits a section s;. Taking the long exact sequence in homotopy
of the fibration

_ i’ (Sk J’L(Sk/G) "

we obtain the following split short exact sequence:

Wj(in (*/G) | Fn(sk/Q) )
\

)) DD, o (Fu(84/6) 7w, (8°/G) — 0.

0— Wj(Fn_l(Sk/G\Ql

In particular,
(3.4) i (Fu(S*/G)) = Im(m; (5,(S*/G))) @ Im(s;).

Now let 1 < 4,1 < n. By Lemma 3.4, the composition pj,(S¥/G) }Fn(gk/g) o
1, (S*) 0 \i(S¥) is homotopic to ¢(S*), from which we deduce that:

i (in(S*/G) 0 1 (S¥) 0 Ni(SY)) (m;(S)) € A}(S*/@).
Conversely, if a € m;(S¥/G) then:
(3.5) i (in(S"/G) 0 ¥ (S") 0 Mi(S")) (7 (4(S"))) (@) = (o, ..., @),
and we conclude that:
A3(SH/G) = 715(in(S"/G) 0 9n(S¥) 0 Xi(S¥)) (m;(SY))
i (in(S*/G) 0 1 (8) 0 Mi(SY)) 0 (m;(a(S*))) ' (m3(8*/@))
mj(in(8"/@)) 0 55(m;(S*/G)),

SO

(3.6) Wj(in(Sk/G))(Imgjj)) = A7 (8/G).



In the commutative diagram of fibrations (2.4), replace X by S¥/G, and Q,
by @;. By Lemma 3.5, the homomorphism

n—1

(i, (S4/Q)) £ 7y (Fut ((8*/G\Q)) — (H S’f/G)

is trivial. Taking the long exact sequence in homotopy of (2.4), and using the
commutativity of the resulting diagram, we deduce that Im(m;(j,(S¥/G))) C
ker 7;(i,(S¥/G)). By taking the image of (3.4), it follows from this inclusion
and (3.6) that Im(m; (i, (S*/G))) = AZ(S¥/G) as required.

(2) Consider the homotopy fibration

. in k n
(3.7) Ly 16y~ Fo(sh/G) 25 T /G,
1

Taking the long exact sequence in homotopy and using part (1) and the iso-
morphism between 7, (Iln(gk /G)) and 7T]( " (SF\GQ,)) given by Proposition 2.7,
we obtain the short exact sequence (3.3). Let s} : A7(S¥/G) — m;(F,(S*/@))
be defined by s} = s; o m;(p, (S"/G)) ’An sty - I (o, ... @) € AY(S¥/G) then
7i(in(S¥/G)) 0 si(a, ..., ) = 7;(in(S¥/G)) 0 5;(a) = (a, ...,a) by (3.5), which
shows that (3.3) splits.

We now derive the short exact sequence (3.2). We take X = S* in The-
orem (2.5)(3). The hypotheses of the theorem are satisfied because the inclu-
sion SM\GQ; — S* is null homotopic, and the homomorphism ,,(q(S*)) :
T (S¥) — 7,(S¥/G) is an isomorphism for all m > 2 and is injective if
m = 1. As in the statement of Theorem (2.5)(3), we consider the homo-
topy fibration (3.7), and we identify m;_i(J;, sr/q)) with m;(ES (SF\GQ1)) x
7 ([177 QSF/@)), and 7,1 (Q(S*/G)) with 7;(S¥/G). Tt then follows that
the restriction to the subgroup 7; ([}~ S*/G) of m;(TF S*/G) of the boundary
homomorphism 9; : m; ([} S¥/G)) — mj—1(1;, sk /) coincides with the in-
clusion of m; ([T}~ S¥/G) in ;1 (FS [ (SF\GQ1)) x 7,1 (U " S*/G)). On the
other hand, if o € 7;(S¥/G) then by part (1), (a,...,«) € Im(m;(i,(S¥/G))),
and so d;(a,...,a) = 0 by exactness. Applying Theorem (2.5)(3) once more,

we see that 9;(0,...,0,a) = d;(—a, ..., —a,0) = (0, —a,..., —a) where in the
final expression, 0 (resp. (—a,..., —a)) corresponds to the 7;(FS | (SF\GQ1))-

factor (resp. to the ;i ([]} " Q(S¥/G))-factor). It follows from these consid-
erations that Im(9;) = m;_1([]}" " Q(S¥/@)). We then obtain the short exact
sequence (3.2) by noting that ker(d;) = A7(S¥/G) by exactness and part (1).

The fact that (3.2) splits is a consequence of Theorem (2.5)(3). O
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Note that Proposition 3.6 gives a complete description of the long exact homotopy

sequence in homotopy of the homotopy fibration (3.7) in the case where G is finite

and k is odd. The study of the configuration spaces F,(RP?*) constitutes work in

progress.
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