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Abstract

In this paper we study time-inhomogeneous versions of one-dimensional Stochastic Differential Equations
(SDE) involving the Local Time of the unknown process on curves. After proving existence and uniqueness
for these SDE under mild assumptions, we explore their link with Parabolic Differential Equations (PDE)
with transmission conditions. We study the regularity of solutions of such PDE and ensure the validity of
a Feynman-Kac representation formula. These results are then used to characterize the solutions of these
SDE as time-inhomogeneous Markov Feller processes.

Keywords: Stochastic Differential Equations with Local Time; time inhomogeneous Skew Brownian
Motion; Divergence Form Operators ; Feynman-Kac representation formula ; time inhomogeneous Markov

processes

1. Introduction

1.1. Presentation

In a seminal paper on the subject [1], J.-F. Le Gall gives necessary and sufficient conditions for pathwise
uniqueness property of time-homogeneous one-dimensional Stochastic Differential Equations involving the
Local Time (SDELT) of the unknown process, namely

dX; = o(Xy)dWy + / L¥(X)v(dz), te€[0,T], Xo=xo. (1)

R
Here T' > 0 denotes the time horizon, o € R is the starting point, ¢ : R — R} is a given bounded
measurable function, v(dz) is a given bounded measure on R, and (Lf(X)):eo,r) stands for the symmetric
local time of the unknown process (X¢)¢cjo,7) at point 2. Together with results on the existence of weak
solutions for (), these results on pathwise uniqueness allow to assert that (Il possesses a unique strong

solution.
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Note that when the measure v(dx) is sufficiently regular and can be decomposed into v(dz) = :;—Z;))dx +
Zle Bi0s,(dx) (for some integer I and coefficients 3; € R and a bounded measurable function b : R — R),

the stochastic differential equation (I simplifies to

1
dX; = o(Xy)dW; + b(Xy)dt + > BidL{* (X), te€[0,T], Xo= o (2)
i=1

thanks to the occupation time formula. In the case where 0 =1,b=0, I =1, 21 =0, and 8, € (—1,1), we
recover the celebrated Skew Brownian motion, which has been an endless subject of study on its own right
over the recent past years (see the survey [2]; see [3] for an example of application).

Solutions of one-dimensional SDELTSs such as ([2]) are known to be related to operators of the form
p
EV ~(aV) + bV (3)

where pa = 02 and the jumps a(x;+) — a(x;—) are proportional to 3;, for 1 < i < I (see the forthcoming
Subsection [0l for details on the value of the coefficients). Note that in (@) the V-sign can stand either for
the weak derivative, for example when one studies the problem in a L?-context with the help of Dirichlet
forms (see for instance [4]), or for the classical derivative, when one works with Feller semigroups. Note that
both approaches require to carefully specify the domain of the operator, guaranteeing that for any function ¢
in this domain, the weak derivative of aVy exists.

Further, assuming the coefficients o and b are smooth outside the points of singularity x;, 1 <+ < I, one
can establish, via a Feynman-Kac formula, the link between the process X and the classical solution u(t, x) of
some parabolic Partial Differential Equation (PDE) with transmission conditions (the so-called Diffraction
or transmission parabolic problem): the PDE satisfied by u(¢, z) involves the operator (), and u(t, ) has to

satisfy at any time ¢ the transmission condition
a(zi+)uy(t, zit) = a(w; —)uy(t, 2 —)

for any 1 < ¢ < I. In particular, this link opens an extended broadcast of applications such as dispersion
across interfaces [3], diffusions in porous media [6], magneto-electroencephalography [7] (see also [2] and the
references therein).

For proofs stating - in a time-homogeneous context - the link between solutions of (2), operators of the
form (@), and solutions of PDE involving transmission conditions, one may refer to the seminal papers [§][9],
the overviews [2], |[10], and also to the series of works [11], [12], [13], [14], [15], where numerical schemes are
presented and studied. Note that this kind of questions still seems to rise a lot of interest (see the recent
papers [16], [17]).

This paper is a first attempt to generalize this family of results in a time-inhomogeneous context. First
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we have a look to a time-inhomogeneous version of (2]), namely

1
dX; = o(t, X;)dW; + b(t, Xy)dt + Y Bi(t)dLi*(X), t€[0,T], Xo= . (4)
i=1

Here the generalization is three fold : first the coefficients ¢ and b are now allowed to depend on time, second
the coefficients g; are no longer constant but are also allowed to depend on time, and third the functions
x; @t x(t) are now time-curves, so that (L;*(X))¢c[o,7] stands for the (symmetric) local time of the
unknown process (X¢):e[o,r] along the time-curve x; (see the next subsection for a precise definition).

For the study of this equation we follow the lines of Le Gall in |I]. The idea is to use a space transform
in order to get rid of the local times. But as the local times are now taken on curves and the ;’s are
time-dependent, we have to use the recent Itd-Peskir formula (see [18]), at places where Le Gall uses the
classical Ito-Tanaka formula. Of course we have also to assume that the curves z; are sufficiently smooth
and well-separated (we do not allow intersection of the curves). We are then able to state existence and
uniqueness results for [{@l). Note that, in the case of smooth functions j3;’s, this generalizes very recent results
concerning the Inhomogeneous Skew Brownian motion (case I =1, 0 =1, b =0, x; = 0), see [19],(20].

Then, in a second time, we easily establish the connection between the solution of () and a parabolic
transmission problem, assuming that there exists a sufficiently smooth classical solution of this parabolic
transmission problem. Afterwards, the problem becomes to prove that such a classical solution actually
exists and the whole matter becomes a PDE analysis problem, which constitutes the third main topic of our
paper. To adress this question, we rely on the reference article [21] and the monograph |22], where closely
related PDEs with time-dependent coefficients are studied. But in these references, results are given in the
case where the coefficient p in (B]) is constantly equal to one, and with non-moving interfaces (cylindrical
domains). Again, the one-dimensional context allows us to use space-time transformations, in order to reduce
our problem to the form studied in [21].

Finally, we manage to characterize fully the generator of the solutions of (@) in the simple case where
x; =14, 1 <4 < I, and the coefficients o and b are smooth outside these interfaces. Indeed, due to the lack of
smoothness of the time derivative of the solution of the parabolic transmission problem in the general case
of moving curves (the time derivative is discontinuous), it seems hard to fully characterize the generator in
this case, although the process remains Markovian.

In this paper we strongly rely on space transform tricks that are only available because the space dimension
is one. Besides, when turning to PDE issues, and the link with PDE, we have to require smoothness of the
coefficients outside the interfaces, in order to deal with classical solutions of PDE (and not only weak ones).
Recall also that we do not allow the curves to cross, nor to touch.

If one is satisfied with the link between the process and weak solutions of PDE; it would be quite natural

to try to use the framework of generalized Dirichlet forms ([23]) in order to relax these assumptions. However,
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for the time being, it is not clear for us that we could overcome all the issues that we would encounter in
this direction: for only reference on this approach and up to our knowledge we mention [24], where the
authors work with an assumption of monotonicity of the space-time subdomains that is not required in our
approach. Note that in [24] the authors work in a multidimensional framework. In our opinion this topic

surely requires further investigations (see also our comments in Subsection [£.2]).

The paper is organized as follows.

In Section 2] we give preliminary material for the study of equation (@l). This includes, results on the
related martingale problem, recalls on some pathwise uniqueness results to be found in [1] (available in
a time-inhomogeneous context), and a slight adaptation of the It6-Peskir formula (in the case where the
curves are C'! functions). Since we aim at studying the generator of the solutions of equation (), we also
give introductory material to the semigroups associated to time inhomogeneous Markov processes and Feller
evolution systems.

In Section Bl we use the result of Peskir (|18]) to prove a change of variable formula, that will be of crucial
use in the rest of the paper. Then we give conditions for the equation [l to admit a weak or strong solution,
to enjoy pathwise uniqueness. The method follows closely Le Gall [1] by means of a space transform.

Section M is devoted to the proof of the Feynman-Kac representation linking the solution of (@) and the
solution of a parabolic partial differential equation with transmission conditions along the curves z;’s. It is
assumed that the solution of the parabolic PDE with transmission conditions is smooth enough in order to
apply the change of variable formula of Section Bl

Section[Blis naturally devoted to the study of the parabolic PDE with transmission conditions appearing in
the previous section. We first study its weak interpretation and manage to show, by adapting the arguments
in [25], that a weak solution exists. As regarding classical solutions, we rely on the main result of the
reference article [21], where p = 1 and the sub-domains are cylindrical. For the sake of completeness, we give
hints of the main steps of the proof given in [21]. Again, using the one-dimensional context of the equation,
we manage to generalize the result to the solution of the parabolic PDE with transmissions conditions, with
p # 1 and moving interfaces. Thus, we fully prove that the solution of the parabolic PDE with transmission
conditions is smooth enough to assert the validity of the Feynman-Kac representation given in the previous
section (see the conclusion at the end of Section []).

Section [Bis an attempt to characterize the Markov generator of (X¢).e[o,) solution of (). We manage to
do it fully in the case of non-moving interfaces. The case of moving interfaces seems more difficult to handle
since we do no longer have the continuity of the time derivative of the associated parabolic transmission
problem.

An Appendix contains detailed material regarding the It6-Peskir formula and PDE technical aspects.

Some notations frequently used in the paper are introduced in the next subsection.
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1.2. Notations

In the following notations an interval [0, 7] C Ry is given and kept fixed (with 0 < T < o0).

We denote by (C,C) the space of R-valued continuous functions of [0, 7], equipped with the o-field C
endowed by the supremum norm, and (C;) the canonical filtration.

For any semi-martingale X the process L°(X) = (LY(X));c[o,77 is the symmetric local time at point 0
of X. And for any continuous function of bounded variation v : [0,7] — R we denote by L7(X) the process
defined by

L}(X)=LYX —v), VYte[0,T].

So that

1t
VtE[O,T], Ltv(X):]P_lalﬂJl?E/o 1|Xs*7(5)\<5d<X>57

(see [26], Exercise VI-1-25, and [1§]).

For any topological spaces U,V we denote by C(U) the set of continuous R-valued functions on U, and
by C(U, V) the set of continuous functions from U to V.
Cy(U) denotes the set of continuous bounded functions on U.

CP(U), p € N, denotes the set of continuous functions on U with continuous derivatives up to order p.
Co(R) denotes the set on continuous functions on R vanishing at infinity.

We denote E = [0,7] x R and E° =[0,T) x R.

Let F C E an open subset of E. We denote by CP9(F) the set of continuous functions on F, with
continuous derivatives up to order p in the time variable, and up to order ¢ in the space variable (with the
convention that for example ¢ = 0 corresponds to the continuity w.r.t. the space variable).

We denote by Co(F) the space of R-valued continuous functions of E, vanishing at infinity, i.e. when
|z| = oo, (t,z) € E. We will denote this space Cy in short when this causes no ambiguity. The spaces Cy(R)
and Cy(E) are endowed with the corresponding supremum norm, for which we use the common notation

[| - |lco (which norm is meant will be made clear from the context ).

We denote by C°>°(E) the set of R-valued functions of E that are C°*°°(E), and of compact support
with respect to the space variable (i.e. for f € C2*°(E), for any ¢ € [0,T], the function f(¢,-) is of compact
support).

We denote by C2%:°°(E) the set of R-valued functions of E that are in C°**°(E), and of compact support
K c(0,T) xR.

For a function in L?(R) we denote by % its first derivative in the distribution sense. We denote by
H'(R) the usual Sobolev space of those functions f in L2(R) such that 3 belongs to L?(R). We denote by
H~1(R) the usual dual space of H*(R).
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We denote L2(0,T; L?(R)) the set of measurable functions f(t, ) s.t.

/OT /R |f(t,2)|?dedt < cc.

For f € L?(0,T; L?(R)) we denote by ||f||? the above quantity.
We denote by L%(0,T; H'(R)) the set of mesurable functions f(¢,z) such that for any ¢ € [0,7] the
function f(t,-) is in H'(R) and

/OT/RU(t’x)'zdxdtJr/oT/Ry%(t,x)\zdwdt<oo.

For a function f € L?(0,T;L?*(R)) we denote by % its first derivative with respect to time in the
distribution sense (see Remark [57 for some details).

We will denote by H'!(E) the set of functions in L2(0,7; H'(R)) such that 4 belongs to L2(0,T; L2(R)).
It is equipped with the norm f +— (||f||2 + H%HQ + H%||2>1/2.

Finally we will denote by Hy''(E) the closure in HY!(E) of Ce%°(E) with respect to the just above
defined norm. Note that for ¢ € Hy''(E) we have ¢(0,-) = o(T,-) = 0, and lim| ;| o 0(t, ) = 0,1 € [0,T].

For 0 < m < M < oo we denote by ©(m, M) the set of functions o : [0,7] x R — [m, M] that are

measurable. We denote by =Z(M) the set of functions b: [0,T] x R — [~ M, M| that are measurable.

Let I € N*. Foreach 1 <4 < I, let z; : [0,7] — R be a continuous function of bounded variation, and
assume that z;(t) < z;(t) forallt € [0,T] and all 1 <i < j < I.
Given such a family (z;)!_; we will denote D¥ = {(t,2) € [0,T] xR : z < z1(t)}, D¥ = {(t,2) €
[0, T)xR: z>z/(t)} and, for any 1 <i < T —1, D¥f ={(t,2) € [0,T] x R: z;(t) < 2 < w11 (t)}.
We will denote
Ax ={(t,zi(t)) : 0<t<T}_, CE (5)

(this will be clear from the context which family (z;)!_, is dealt with).

We define now the H(mi)-hypothesis for functions in ©(m, M) in the following way:
HE)): geO(m,M)NC™ (E\ Ax), max sup sup |g,(t,x)] < oo
1<i<T 1[0, T @ (£) <z <xi41 ()

and sup sup |g,(t,z)| <oo, sup sup |g,(t,x)| < oco.
t€[0,T] z<z1(t) t€[0,T] 2>z (t)

We define the AJ@)-hypothesis (AJ for Average Jumps) in the following way
T
(AJC): 30 < C < oo, 00> C/ Do 1G5z H) = FPszo)lds = D |gP(t 2+) — g7 (8 2],
0 r<z<y z<z<y

for all z,y € R, t € [0,T].
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Remark 1.1. This roughly speaking, means that the size of the jumps of g are not allowed to go too far from
a kind of time-averaged size jump. See Remark[2 below for a comment on why this technical hypothesis is

needed.

For the study of the PDE aspects we define the H(Y)-hypothesis for functions in ©(m, M), in Z(M) or in
Ce(E), by

(HY): geC'(B\Ax), max sup  sup  |gj(t,z)| < oo
1<i<I te[0,T) 24 (t) <w<zit1(t)

and sup sup |g;(t,x)| <oo, sup sup |g;(t,z)| < cc.
t€[0,T] z<z1(t) t€[0,T] z>z1(t)

Note that the same kind of notations will be used for a family y; : [0,7] — R, 1 < i < I, satisfying the
same assumptions (for example in Corollary 2.8 below).

Finally, we fix notations for two sets of type Ay that play a special role in the sequel. Those are

A={(ti): 0<t<T}_,CE and Ag={(t,0):0<t<T} (6)

For any function f : R — R and any = € R such that f(z+) = lim,, f(y) and f(z—) = limys, f(y) both

exist, we will sometimes use the following notations :

flat) + flz—)
2

fla+) = fla=)

and A f(z) = 5

fr(x) =

In particular if f : R — R is differentiable, except on a finite number of points 1 < ... < xy, where f'(x;4),
1 < ¢ < I exist, note that the function f! is defined on the whole real line and represents the absolute part

of f'(dx), the derivative of f in the generalized sense; in other words,

I
fldz) = fi(z)de + 2 & f(2)dq, (dx).
i=1
2. Preliminaries and known results concerning the stochastic aspects of the problem
2.1. Well-posedness of the martingale problem associated to discontinuous coefficients

Of crucial importance is the following result, to be found in |27)].

Theorem 2.1 (|27], Exercise 7.3.3). Let & € ©(m, M) and b € Z(M) (for some 0 < m < M < o). Then

the martingale problem associated to G2 and b is well-posed.

The first important consequence of this result is that the for any (s,y) € E the SDE
dY; = a(t,Y;)dW; + b(t,Y;)dt, te[s,T], Y=y

has a weak solution ([27], Theorem 4.5.1), unique in law (|27], Theorem 5.3.2). The second one is that this
weak solution is (time-inhomogeneous) Markov ([27], Theorem 6.2.2; see also the forthcoming Subsection 24

for comments on time-inhomogeneous Markov processes).
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Remark 2.2. Note that the result of Theorem [21] is available for time-dependent coefficients, only because
the dimension of the space variable is d = 1. For d = 2, up to our knowledge, such results exist but with a

time-homogeneous diffusion matriz ([27], Exercise 7.3.4).

2.2. Pathwise uniqueness results and strong solutions of time-inhomogeneous SDFEs with discontinuous coef-

ficients

We have the following results.

Theorem 2.3 (J.-F. Le Gall, [1]). Let ¢ € ©(m, M) and b € E(M) for some 0 < m < M < oco. Assume
further that there exists a strictly increasing function f : R — R such that
6(t2) — 5ty < If(@) — @), V(t,2,y) € [0,T] x R x R. ()
Then the SDE
dY; = o (t,Y;)dW, + b(t,Y,)dt, t€[0,T], Yo=wo (8)
enjoys pathwise uniqueness.

As an immediate consequence we get the following corollary.

Corollary 2.4. Let I € N*. For each 1 < i < I, let y; : [0,T] = R be a continuous function of bounded
variation, and assume that y;(t) < y;(t) for allt € [0,T] and all 1 <i< j<I.

Let & € ©(m, M) and b € Z(M) for some 0 < m < M < cc.

The SDE () has a weak solution.

Assume further that & satisfies the HY) and AJ(yi)-hypothesis.

Then the SDE () enjoys pathwise uniqueness and has in fact a unique strong solution.

Proof. As already pointed in Subsection 2I] Equation (&) has weak solutions. We aim now at using Theo-
rem Then the well known results of Yamada and Watanabe (]|28]) will provide the desired conclusion.
First we notice that for all (¢,2,y) € [0,T] x R x R,

o(t,x) —a(t,y)* < °(t,2) + % (t,y) — 2(6°(t.x) A 3> (t,y)) = |02 (t,y) — o°(t,2)].
Thus, to get the result by Theorem [23] it suffices to find a stricly increasing function f : R — R such that
7% (t,2) = a*(t,y)l < |f (@) = fW)], V(t.z,y) € [0,T] x R xR. 9)
Using the H¥)-hypothesis, we set

!/

K =max{ sup sup [(6%),(t,x)|, max sup sup ((6°),(t, )], sup sup [(6°),(t,2)| } < oc.
t€[0,T] z<y1(t) 1=isTe(0,7) yi (t) <w<yit1(t) t€[0,T] 2>y1 (t)
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One can define a strictly increasing function f: R — R by

T
f(z) =Kz + CZ/O |52(s, 24) — 5% (s, 2—)|ds,

z<x

where C is the constant involved in the AJ¥?)-hypothesis (note that as > oca [0%(5, 24) —3%(s, 2—)| is finite
and bounded -for any s-, Fubuni’s Theorem ensures that f take finite values). Then one can use the H:)

and AJ(yi)—hypotheses to check that for = < y,

0%t 2) = ?(ty)| < K(y—2)+ Xpcq, 10°(t 24) — 0°(t 2-))]

IN

K(y—2)+C [y Yperey 02(s,24) — 32(s, 2—)|ds

Thus f satisfies [@). O

Remark 2.5. It would be tempting to set f(x) = K+, ., supse(o 1 07 (s, 24) — 3%(s,2—)| in order to
try to check (). But as supyejo 1) 10°(s, 2+) — (s, 2=)| could be non zero for non countable values of z the

function f could be not well defined as a function from R to R. This justifies our assumption AJW),

2.8. The Ito-Peskir formula

Our fundamental tool is the following result due to G. Peskir (see [18]).

Theorem 2.6 (Time inhomogeneous symmetric Itd-Tanaka formula ([18])). Let Y a continuous R-valued
semimartingale. Let v:[0,T] = R be a continuous function of bounded variation.

Denote C = {(t,z) € [0,T] xR : z <~(t)} and D= {(t,z) € [0,T] xR : = >~(t)}.

Let r € C(E)NCY2(C) N CY2(D). Then, for any 0 <t < T,

"1 "1
r(t,Y:) = r(o,Yo)+/O 5(r2<s,n+)+ré<s,n—))d8+/o 5 (g (8, Yob) 7 (5, Y)Yy

3 [ e )+ 5 [ e) = VoL

Note that in the above Theorem, the assumption r € C*2(C) N CH2?(D) means that r restricted to C
coincides with a function 79 laying in the whole space C12(E), and r restricted to D coincides with a
function 1 laying in the whole space C12(E).

However, when dealing with PDE aspects (Sections [, Bl and [l), we will need to apply the It6-Peskir for-
mula to functions that have less smoothness: these functions will only possess continuous partial derivatives

(of order one in time and at least two in the space variable) with limits all the way up to the boundary



175

180

185

190

195

A, ={(t,z) € [0,T] x R: & = ~(t)}. The price to pay, in order to get the same formula (I0), is then to
require additional smoothness of the curve v(t): we require it to be of class C'.

In Theorem 2.7 below, we give the adaptation of the Itd-Peskir formula that will be used in Sections Ml
and [l (in fact the formula is the key the forthcoming Proposition 3] that will be used repeatedly in the
sequel). Note that the assumptions on the function r in Theorem imply the ones in Theorem 27l But
of course, on the opposite, the fact that v is C! implies the fact that it is continuous of bounded variation.

For the sake of completeness, we will give hints for a full proof of Theorem 2.7 in the Appendix along

the same lines as [18].

Theorem 2.7. Let Y a continuous R-valued semimartingale. Let v : [0,T] — R be a function of class C!,
and consider A, = {(t,x) € [0,T] xR : z = ~v(t)}. Let r € C(E) N CY“(E° \ A,) such that the limits
ri(t, () £), (¢, y(t)£), and r;y(t,’y(t):lz) exist and are continuous as functions of t € [0,T). Then, for any
0<t<T, we have ([I0).

For our purpose we need a more general formula, valid for multiple curves and local times. Such an

extension of the result of Theorem [Z77] was announced in |18] (see the Remark 2.3 therein) without proof.

Corollary 2.8. Let Y a continuous R-valued semimartingale.

Let I € N*. For each 1 <i <1, lety; :[0,T] = R be a continuous function of bounded variation, and
assume that y;(t) < y;(t) for allt € [0,T] and all 1 <i< j<I.

Letr € C(E)N (ﬁfzo 01’2(D_§’)>. Then, for any 0 <t < T,

t1 t1
rtY)) = r(0.Yo) + / 5 (11(5, Vo) +7i(5,Yam))ds + / 575, York) 47 (5,Ys=))aY,

1t 1< [ v
+§/O Tgy(svYS)l{Ys?fyi(S),VlSiSI}d<Y>S+ 521/0 (T‘;(S,YS—I—) _rly(svys_))dl’lsh(y)'

The result remains valid if the curves y;’s are of class C and if r € C(E) N CY2(E° \ Ay) is such that for
all 1 <4 < I, the limits ry(t, yi(t)£), 7, (t, yi(t)*), and r;y(t, yi(t)x) exist and are continuous as functions
of t €[0,T).

Proof. The proof is postponed to the Appendix. O

2.4. Time-inhomogeneous Markov processes, infinitesimal generator of the associated space-time process

The presentation of Markov processes, especially when coming to the time-inhomogeneous case, varies
slightly from one book to the other. Here we precise some definitions and concepts. We follow mainly [26]

but we are also inspired by other references (|29], [30]; see also [31]).

10
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Let (Q,F,P) a probability space, (F¢)ic[o,r] a filtration (F; C F for any ¢ € [0,T]) and consider Z =
(Zt)tejo, ) an adapted process defined on this probability space, taking values in a measurable space (U,U).

We will say that Z is a (F;)-Markov process if for any 0 < s <t < T, and any f € C,(U) we have
E[f(Z) | Fs] = E[f(Z0) | Z].

Denoting E? () = E(: | Zs = z) and defining the operator Py by Ps . f(x) = E>*[f(Z;)], for any f € Cy(U),
any x € U, we clearly have E[f(Z;)|Fs] = Ps1f(Zs). The family (Ps;)o<s<i<r is called the transition
function of Z. We will say that Z is a time-homogeneous Markov process if Ps: = Py:_s. In the opposite
case it is called time-inhomogeneous.

Now to fix ideas suppose the Markov process Z is R-valued, and denote (P ;) its transition function.
Consider the associated E-valued space-time process Z = ((t, Z4))tepo,r)- It is an exercise ([26], Exercise

II1.1.10) to check that for any ¢ € Cp(E) and any 0 < s <t < T,
Elp(Z:) | Fs) = Presp(Zs)
with
V(s,z) € E, Vo € Cy(E), YOSt <T —s, Pp(s,x) = Psupsp(t +5,2) =B [p(s +1, Zs10)]  (11)

(the value of Pyp(s,x) for t + s > T is arbitrarily set to zero; see the forthcoming Remark [6.3]). Thus the
space-time process Z is always a time-homogeneous Markov process (Z being time-homogeneous or not),
with transition function given by (L.
Note that the family (Ps ;) satisfies P.; = Id and, thanks to the Markov property on Z, the evolution
property
PiyoP,; =Py, V0<s<u<t<T. (12)
The family (P;) satisfies Py = Id, and thanks to the time-homogeneous Markov property on Z, the

semigroup property

PsoP,=P,, VO0<s<T, VO<t<T-—s. (13)

If the family (Ps.) satisfies, in addition to (2], that for any f € Cy(R) we have Ps.f € Co(R),
[Ps,tflloo < |[fllocs Ps,ef > 01if f >0, and

lim ) [|[Pstf — Pywflloo =0 (14)

(s,6) = (v,w
s<t

it is called a Feller evolution system.
If the family (P,) satisfies, in addition to (I3)), that for any ¢ € Co(E), we have P, € Co(E), ||Pip||co <
[|€lloos Prp > 0if ¢ >0, and limy o ||Prp — ¢||eo = 0, then it is called a Feller semigroup.

We have the following result.

11
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Theorem 2.9 (|31]). Let Z be a Markov process with corresponding transitions (Ps ). Let (P,) the semigroup
associated to the corresponding space-time process Z. Then the following statements are equivalent:
i) (Psy) is a Feller evolution system.

ii) (P;) is a Feller semigroup.

Proof. Note that our definition of the space-time process, which follows [26], is a bit different from the one in
[31],130], which is more canonical. But in fact, the families of operators (Ps ) and (P;) that we have defined
above, are exactly the same than the ones in [31],|30]. Therefore is suffices to adapt the proof if [31], which

is written on a infinite time interval, to the finite time interval case. O

We will say that Z is a Feller time-inhomogeneous Markov process if its corresponding evolution system
(Ps,t) is Feller, or equivalently if the semigroup (P;) of the corresponding space-time process Z is Feller (note
that Z is therefore a Feller process in the sense of [26]). We will focus on this latter point of view, because
we believe it provides a more synthetic setting in order to describe the operators associated to a Feller
time-inhomogeneous Markov process Z. More precisely we will work at identifying the parabolic operator

that is the infinitesimal generator of the space-time process Z.

At this point we recall the following definition.

Definition 2.10. Let Z a E-valued Feller process, with associated Feller semigroup (P;). A function ¢ in
Co = Co(E) is said the belong to the domain D(L) of the infinitesimal generator of Z if the limit

1
Lo =lim - (Pp = ) (15)

exists in Cy. The operator L : D(L) — Cy thus defined is called the infinitesimal generator of the process Z
or of the semigroup (P;).

In order to identify such infinitesimal generators we will use the following proposition.

Proposition 2.11. Let Z = (Z;)icjo,1) a R-valued Feller time-inhomogeneous (F)-Markov process and let
Z = ((t, Z4))tepo,1) the E-valued corresponding space-time process. Assume Z has generator (£, D(L)).
If p € Cy, and if there exists a function g € Co such that M9 = (M{?),c(5.1) defined by

¢
WelsT) MPY = o(Z) - 9(Z) - [ o(Zu)du
is a (F)-martingale under P** (for any (s,z) € E), then ¢ € D(L) and Lo = g.

Proof. Here we adapt the proof of Proposition VII.1.7 in |26] to the inhomogeneous case. Recall that the
semigroup (P;) associated to Z is defined by

V(s,z) € E, Yo e Cy(E), YVO<t<T—s, Puoy(s,z)=E""[p(s+1t,Zsts)]-

12
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Let (s,z) € E. Thanks to the hypothesis the process M = (M;);cjo,7—s) defined by

t
Vi € [OvT_S]v M, :(P(S+t,ZS+t) _<P(57ZS) _/ g(S+U,ZS+u)dU
0
is a (Ct)-martingale under P*®. Taking the expectation under P** we get

t
(s, ) — p(s,x) / Pug(s, x)du = 0.
0

Thus we get
1 1/t 1/t
3o -0 =l =I5 [ (Pug=9iul]. <5 [ 11Pug— gl
0 0

which goes to zero as t goes to zero. O

Remark 2.12. In the sequel, for any R-valued Markov process Z the family (P;) will denote the semigroup
associated with the space-time process Z. This will be clear from the context, and there will be no risk to
take this semigroup for the one associated to Z, should this process be time-homogeneous Markov (as P, will

act on functions from E to R).

Remark 2.13. For a time-inhomogeneous diffusion we can expect that Lo(t, ) = (O + Li)p(t,-), with Ly
a second order elliptic operator in the space variable. But in our case, with discontinuous coefficients and

singular terms, D(L) will not contain C*2(E) functions (cf Section[6]).

3. Getting solutions by the mean of a space transform

3.1. Main results

A probability measure P is given on (C, C), together with a (C;)-brownian motion W = (W;).¢[o, 1) defined
on (C,C,P).

We will have the following main results: the first one (Proposition B is a change of variable formula for
time-inhomogeneous SDEs with local time (it is thus more general than the formula stated in Theorem 3.1
of [1&], but our assumptions are more restrictive). Assuming a solution Y exists to the time-inhomogeneous
SDE with local time (6] Proposition Bl gives the form of some transformed process ¢(t, Yz). This formula
will be used extensively in the sequel. To start with, it allows to prove Theorem [3.5] that gives existence and
uniqueness results for the solution X = (X¢)¢(0,7] to Equation (@), under some conditions on the coefficients
o(t,x), b(t,x), Bi(t), 1 <i <1, and the curves z;(¢). But Proposition Bl will be again used in Sections
and

Proposition 3.1. Let I € N*. For each 1 <i < I, let y; : [0,T] — R a function of class C*, and assume
that y;(t) < y;(t) for allt € [0,T] and all1 <i < j <1.

13
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Let Y = (Yi)o<i<r @ continuous R-valued semimartingale satisfying

I
dY, = &(t,Y)dW, + b(t, Ya)dt + Y B;(t)dLY* (V) (16)
=1

where &,b: [0,T] x R — R are some bounded functions, and the functions B; : [0,T] — (=1,1), 1 <i < I,
are of class C*.

Let ¢ € C(E)NCY2(E°\ Ay) such that for all 1 < i < I, the limits ¢(t,yi(t)%), ¢, (t, yi(t)%), and
qS;y(t,yi(t):lz) exist and are continuous as functions of t € [0,T).

Set Xy = ¢(t,Ys) for any t € [0,T]. Then

dX; = (3¢, ), Ye)dW; + (8} 1 + b, L](t, Ye)dt + 5(02 ¢, ) (t, Ye) Ly, g, ), vi<i<rydt
(17)
+ 3008 (i) + Bi(t) ¢y o (t, yi(1)] ALY (V).
Assume further that ¢ € C(E) N (ﬂfzo Cl’Q(D_g)> and
and denote, for any t € [0,T], ®(t,-) = [¢(t,)]~* and
zi(t) = o(t,yi(t)) (19)
forall1 <i<1I. Then
I
dX; = o(t, Xo)dW, + b(t, X;)dt + > Bi(t)dLy* (X) (20)
with .
ot,z) = (6¢;,i)(tv (I)(tv CL‘))
b(t,z) = | 2,:&: +B¢;7i](t,<1>(t,:1c)) + %( ¢l )(t o(t, x))l{m;éz (1), V1<i<I}
and
) . A ¢;/(tvyi( )) Bz( ) ( yi(t))
O = ) + 50 & (1) 2y

for allt € [0,T] and all z € R.

Remark 3.2. Note that the curves x;’s defined by [I9) are continuous themselves of class C1, so that the
local times terms in 20) are still well defined.

In order to see that, let us focus on x1(t) = ¢(t,y1(t)). As ¢ is in C(E) N (ﬂ{zo 01’2(D_f)) one has
that ¢ restricted to DY coincides with a function ¢o € CY2(E), and that ¢ restricted to DY coincides with a

function ¢1 € CY2(E). Thus, as ¢ is continuous, one has

(bO(tvyl (t» = ¢(t7y1 (t» =1 (tvyl (t))a vt e [OvT]

Thus in particular x1(t) = ¢o(t,y1(t)), and one sees by composition that x1 is of class C*.

14
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Remark 3.3. Note that
A ¢y (t,yi (1)) + Bi(t) )y o+ (4, yi(t) = ¢y (£, 5 (1)) (1 + Bi(t)) — &, (8, yi () =) (1 = Bi(t)) (22)

and that &, (t,:(6)) + Bi(t) & 66, 5i(0)) = &, (6, ys()1) (1 + Fult)) + 8, (6, yi(t)~)(1 — Fie)), s0 that the

new coefficients B;(t) in Proposition [31] may be rewritten

_ Gty H) A+ Bi1) — ¢t 3i(H) ) (1 = Bi?)
¢, (t,yi () ) (1 + Bi(8)) + ¢, (¢, yi(t) =) (1 = Bi(t))

Remark 3.4. Note that the result of Proposition[31] is a time-inhomogeneous version of Proposition 3.1 in

Bi(t) (23)

[13] (or equivalently Proposition 2.2.1 in [14]).

Theorem 3.5. Let I € N*. For each 1 < i < I, let z; : [0,T] — R be a function of class C*, and assume
that z;(t) < z;(t) for allt € [0,T] and all 1 <i < j<I.

Let 0 € ©(m, M) and b € E(M) for some 0 < m < M < 0.

Assume that for each 1 < i < I, the function B; : [0,T] — [k, k] (-1 < k < k < 1) is of class C*, and
that |Bi(t)] < M for anyt € [0,T].

Then the time inhomogeneous SDE with local time

I
dX; = o(t, X:)dW; + b(t, Xo)dt + Y Bi(t)dLi (X), t€[0,T], Xo= o

i=1
(i.e. Equation {)) has a weak solution.
Assume further that o satisfies the H") and AJ(zi)—hypotheses.

Then the SDE () has a unique strong solution (as it enjoys pathwise uniqueness).
Remark 3.6. The conditions of Theorem [38 have to be compared to the conditions in [1]. In particular, as

in [1], it is required that the f5;’s stay in (—1,1).

3.2. Proofs

Proof of Proposition Bl Applying Corollary 2.8 we get

dX: ¢1/5,i(t7 Y;?)dt + ¢;,i(t7 Y;f)dY% + % gy (t7 Y;f)&z (tv Y;f)l{yﬁéyi(t)v 1Si§1}dt

+ 3001 A (1Y) dLE(Y)
= (¢, 1)t Y)dW; + [6} 1+ + by, L](t, Ye)dt + 5(526y, ) (8, Yo) Ly, 1), vi<i<rydt

I 3 i
+ 2 im0 8y (i) + Bi(t) ey« (8 i (1) ALY (Y),
where we have used the fact that dL{*(Y) = 1y,—y, )dL{ (Y), for any 1 < < I.

Thus, the first part of PropositionB1]is proved. To prove the second part it suffices to use the following

lemma.

15



Lemma 3.7. In the above context and under ([I8) we have

dL;'(X)
ot (i () + Bilt) & @), (t,yi(t))
Proof. Let 1 < i < I. On one side we apply the symmetric Tanaka formula to the process X — x;. We get

dL}(Y) = Vi<i<I.

d Xy —zi(t)] = sgn(Xe —2;(t)d( Xy — 24(t)) + dLY(X — ;)
= dL{(X) —sgn(Y; — yi(t))dw;(t)
+sgu(Y; — yi(t))o(t, o(t, Ye))dW: + sgn(Yy — yi(t))b(t, o(t, Y1) di

+ 32 s8n(Ye — wi(t)[4 ¢, (t,y; (1) + B (1)), 1. (¢, 55 ()] ALY (V).
In the above expression we have first used the fact that sgn(X; — x;(t)) = sgn(Y; — y;(t)) for any ¢t € [0, T

(as ¢(t,-) is stricly increasing). Second we have used the fact that with the symmetric sign function we have
sgn(Xy — 2 (t)) = sgn(Y; — yi(t)) = 0 for any ¢t € [0,T] s.t. Yy = y;(¢).

20 Third we have used dL}” (Y) = 1y, (ydL{’ (Y), for any 1 < j < 1.
On the other side we may apply the first part of Proposition Bl (that is Equation (IT); we stress that at
this stage this part is already proved) with the semimartingale Y and the function ¢ : (t,y) — |¢(¢,y) —x;(t)].
We get,

dXy —zi(t)] = dlot, Y1) —zi(t)]
= (0¢) )6 Y) AW + [¢] 1 + ¢y (8, Ya)dt + 5(52C), ) (8, Ye) 1y, 2y, (1), vi<j<nydt
+ 3058 Gty (8) + B ()¢, 4 (8, 95 ()] ALY (V)
= —sgn(Ye — yi(t))dai (t) + sgn(Ye — wi(t))o (¢, 6(t, Y2))dW: + sgn(Yy — yi(2))b(t, &(t, Y1))dt
+ 25 880(Ye — ga(D)[D ¢} (t, (1) + B (1)), 4 (8, y; ()] AL (V)

Hgy, (6 i (1) + Bi) & ) (¢, 5i())] LY (V).

In (25) we have used several facts.

First, as x;(t) is of class C* (Remark B.2)), we have

G a(ty) = —sgn(y — yi(t))w(t) + %(sgru(y —yi(t) oy (t, y+) + sgn_(y — vi(t) oy (t, y—)),
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where sgn, denote the right and left sign functions.

In the same manner we have that

(sgny (y — wi(t)) @), (t,y+) +sgn_(y — vi(t) b, (t, y—))

N =

Cg//,i(ta y) =

and
ng(ta y)l{y#y]‘(t)NlSJ‘SI} = sgn(y — yi(t))(bgy(tu y)l{y;éyj(t),ngg[}

Second, focusing for a while on (5(7’41i)(t, Y:)dt, we claim that this is equal to sgn(Y; — yi(t))(l_)gb;7+)(t, Y:)dt
(we recall that sgn denotes the symmetric sign function). Indeed, using Exercise VI.1.15 in [26] (some

extension of the occupation times formula), to the semimartingale Y — y;, one may show that
T
/ ]'Yt:yi(t)dt =0 P-as. (26)
0
So that (a.s.)

(bCy ) (8, Ye)dt = 3b(t,Yy) (seny (Ve — ui(t)) 8y, (¢, Yit) 4+ sgn_ (Ve — yi(1)) @), (£, Yi—)) Ly, 2y, 0y dt

= sen(Yy — i(0) (b0}, 1) (1, Yo) Ly, oy, 1yt = sgn(Vi — ui(t)) (bey, 1) (1, V2)dt.

In the same manner one may see that

1, 1 _
5(02 ) (YL gv, 2y, (1), vi<j<rydt = §sgn(Y} — (1)) (@2 by, ) (, Yo) gy, 20 (0) vi<j< 1y
and, using dz;(t) = x}(t)dt, that

Grx (8, Ya)dt = sgn(Yy — yi(t)) ¢t 1 (8, Ye)dt — sgn(Yy — yi(t))das(t).

Third, using It6 isometry in order to use the above arguments one may also show that (¢, 1 )(t,Y;)dW; =

sen(Y; — yi(0) (@), 1 )(t, Y1)dW,.

To sum up, using the definition of b(t, x), o (¢, z) we have that

(FCy, =)t YO)dW, + [G .+ bC, L]t Yo)dt + 5(52¢, ) (8 Vi) Ly, 2y, (1), vi<y<rydt

= —sgn(Y; — yi(t))dw;(t) +sgn(Yy — yi(t))o(t, ¢(t, Yy))dW; + sgn(Yy — yi(t))b(t, ¢(t,Yy))dL.

Fourth (we are now turning to the local time terms) for j < 4, we have y; () < y;(¢) and thus ¢(t, y;(t)) < x;(¢)
for any t € [0, T], which leads to

[ Gyt w5 (1) + B (6)Cy (5 ()] = —[B ¢}, (¢, 55 (1)) + Bi () ey 4. (8, 35 (1))

Using dL;" (Y)) = 1y,—y,1ydL}’ (Y') we then get that
[8 Gty (1) + Bi ()G, 4 (B y; ()] ALY (V) = sgn(Yy — wi(1))[8 &), (t,y;(8) + B; (£)¢y, (£, 9 (1))] ALy (Y)
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We have the same result for j > ¢ (plus sign replaces minus sign).
Fifth, we now examine what happens for j = ¢. The crucial fact is that because of the different sign of

o(t,yi(t)L£) — z;(t) we have

[ Gyt (1) + By ()G + (8, 5i ()] = [0, +. (6, ys(1)) + Bilt) B ¢y, (t,ys(1))]-

Therefore (25]).
Comparing (24) and (25) we get the desired result. O

Proof of Theorem Inspired by [1], we will use the following bijection in space r(t,-) (for any
t € [0,71]), that we now define.
For any ¢ € [0,T] we define

1— Bi(t

(with the convention that pu(t,z) =1 for any x < z1(t)).
Let then

R(t,xz) = / wu(t, z)dz. (28)
Il(t)
As p(t, z) is strictly positive for any z € R the function R(t, ) is strictly increasing. Thus we can define
—1
r(t,y) = [R(t, )] (v). (29)

For any 1 < i < I we define
yi(t) = R(t, zi(t)) (30)

(note that y; = 0). It is easy to check that

r(t,y) = /0?! a(t, z)dz + x1(t) (31)
with
B 1+ Bi(t)
alt,y) = y(l;[gu =60 (32)

(with a(t,y) =1 for any y < y1(t)). Note that the function r(¢,-) is strictly increasing too.

Let us check that R is in C(E) N (ﬂf:o 0172(D_f)) and that r is in C(E) N (ﬂf:o C172(D_;-“’)). We focus
on R(t, z), as the computations are similar for r(¢,y).

Using 27)([2]) it is easy to check that R(t,z) coincides on D} with the function Ry(t,z) = x — z1(¢).
On Df, 1 <14 <1, it coincides with the function

1— Be(?) 1— Bi(t)
{ H 1+[3k t)}(xj‘*‘l(t) —z;(t)) + {gTﬁ:(ﬂ}(gE —z;(t)).

Jj=1 k<j

i—1

18
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Obviously, all the functions R;(¢,z), 0 <4 < I are in C12(E), and thus we see that R(t, ) is in NI_,C2(D?).
To see that R(t,z) is in C(F) it remains to prove that it is continuous at any point (¢g,z¢) € Ax. For
such a point we have (tg, zo) = (to, z;(t0)), for some to € [0,7T] and some 1 <4 < I. But, together with the

relationship

R(to, zi(to)) = Ri—1(to, zi(to)) = Ri(to, xi(to))

the continuity of R;—; and R; then yields the desired result. Thus, R is indeed in C'(E) N (ﬁ{:o C’LQ(D_f)).
Note that this implies that the y;’s defined by ([B0) are of class C! (by the same arguments as in Remark [3.2)).

We then set

t,r(t - b(t,r(t ry 4 (¢,
U(/7T( 73/)) and b(t,y) _ (/7T( 73/)) _ f,:l:( y) (33)
Ty,i(tvy Ty,i(tvy) Ty,i(tay)

It is easy to check that & € ©(m, M) and b € Z(M) for some 0 < m < M < oo.

5(t7 y) =

From now on the starting point xg € R is fixed. By Corollary B4 we have the existence of a weak

solution Y to

dY; = & (t,Y;)dW; +b(t,Y;)dt, Yy = R(0,20). (34)
We wish now to use the second part of Proposition B} with the function r(¢,y) and the process Y (and the
curves y;’s). Note that by construction we have

(5T;,i)(t7 R(tv ‘T)) = U(ta ,T),

_ 1 B
[rili,:t + br;,:l:](t7 R(tv ,T)) + 5(02T7/;y)(t7 R(tu ‘T))l{m?ézi(t)vVlSiSI} = b(tv ‘T)v

(we have used in particular r}/, = 0 in the above expression) and

1485 (t) 1 (1+B:(t) 23i(t)
sryty) arsiws(Tam Y g Bi(t)
) 1 ) T2 ™

t
/ . - 1485 (t 148 (t
i) [ P28 L(H 1)

(here we have computed (2I)) using the fact that there is no local time term in (34])).
So that by setting
X, =rtY), Vtel0,T) (35)

we immediately see by Proposition B.1] that X is a weak solution to (4]).

In order to prove the last part of the theorem, we first notice that & satisfies the H(¥) and AJ (@)
hypotheses. Thus (34) enjoys pathwise uniqueness (Corollary 24)). Assume X’ is a second solution to (@),
then we could show that Y, = R(¢, X}) is a solution to (34). Thus, using the pathwise uniqueness property
of (34)), we would show that pathwise uniqueness holds for (4]). Therefore Theorem is proved.
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4. Feynman-Kac formula: link with a parabolic transmission problem

Assume the curves x;, 1 < ¢ < I and the coefficients £;, 1 < ¢ < I are as in Theorem B.5 b is in
E(M)NC(E\ Ax), and ¢ is in O(m, M) NC(E \ Ay).

For A > 0, a source term g € C,(F) and a terminal condition f € Co(R) N L?*(R), we will call a
classical solution of the parabolic transmission problem (P} (o,b,)) a function u(t,z) that is of class
C(E)NCY2(E°\ Ay), is such that for all 1 < i < I the limits u} (¢, z;(t)£), u’(t, x;(t)%) and u, (t,2;(t)%)

exist and are continuous as functions of ¢ € [0,T"), and that satisfies

[uj + $0%ull, + bul, — Mul(t,z) = g(t,z) V(t,z) € E°\ Ax
(14 Bi(t)ur(t, () +) = (1= Bi(t)ul(t,zi(t)—) VI<i<I,Vtel[0,T) (%)
(PA.(0,0,8))
uw(T,z) = f(x) Vz € R.
im0 |u(t,z)] = 0 vt € [0,T].

In particular we stress that the first and second line of this system of equations are satisfied in the classical
sense.

The question whether a classical solution u(t,z) exists to (PA_(o,b, 8)) will be discussed in Section [
with the help of an equivalent formulation of this parabolic transmission problem, in a more divergence-like
form (Subsection [5.1)). The condition (%) will be called the transmission condition in the sequel.

For the moment, assuming in this section the existence of such a solution u(t, z), we draw some con-
sequences on the solution X of {@): we have a Feynman-Kac formula linking X and u(t,z). We will see
in Section [0 that the properties of u(t,z) allow to say more on X: we can prove that X is a Feller time-
inhomogeneous Markov process and identify the infinitesimal generator of the space-time process X.

We have the following result.

Theorem 4.1. Any classical solution u(t,z) of (PA_(o,b,3)) admits the stochastic representation

T
u(t, x) = Eb* [f(XT)e—/\(T—t) _/ g(sts)e—,\(s—t)dS
t

where X is the solution to {); in particular such a classical solution u(t,z) is unique.

Remark 4.2. In this theorem the unicity of u(t,x) comes from the uniqueness in law of the weak solution X

(see Subsection [21]).

Proof. We will follow the lines of the proof of Theorem 5.7.6 in [29], and use our Proposition Bl in the
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computations. Let ¢ € [0,T). Applying Proposition Bl and Equation (22) we get for any s € [t,T),
u(s, Xo)e 200 —u(t, Xo) = [l 1 (v, X)e A0 Da(v, X, )dW,
+ [ e MO ) 4+ buly 4 — (v, Xy)dv
+% ft e_)\(U_S)ugm(Ua XU)U2 (’U, X’U)]‘{Xv;ézi(v),lgigl}dv

S

5 Sic S, [0+ Bi))u (v, Xort) = (1= Bi(w))eiy (v, Xo )AL (X)

= [Jul (v, X,)e M o(v, X,)dW, + [ e 2D g(v, X,)dv

(36)
20 where we have first used the transmission condition (x) satisfied by u(t, x).
Second we have used the fact that
T
V1 <3< I, / ]-Xt:mi(t)dt =0 P-as. (37)
0
so that for example (P-a.s.)

e ug 4 (0, Xo)dv = 1x, 20,0, vi<isrye Ui (0, X )dv. (38)

To see that [B7) holds for some 1 < i < I, one uses the same arguments than in the proof of Proposi-
tion BTl Then to get ([BY) it suffices to notice that 1;x, 2z, 1), vi<i<i} = Hle 1x,+4,(1) and that ([B7) implies
H(t)1x,24,4)dt = H(t)dt (a.s.) for any integrable process H and any 1 <i < I. By the same arguments

one may see that

e~ Av=D) [U;E:I: +bug 4 — /\U} (v, Xy)dv + ed(v*t)(a—;ugz)(vv Xo)lix, £a,(v)1<i<1}dV
= e g(0, X)) 1ix, 40, () 1<i<rydv

= e M g(y, X, )dv.

Therefore (36]).
We introduce the sequence of stopping times (7,,) defined by 7,, = inf{s > ¢ : | X| > n} for any n € N.
Taking the expectation E-*(-) of @B8]) with s = (T'— &) A 7, (6 > 0 is sufficiently small) we get

u(t,r) = EH {u(T — 0, Xp_5)e MT=0-1) lTn>T_5] + EbH® [u(Tn, X, e M1 s

_gte {ft(T—ti)/\Tn (s, X,)e M) ds]
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To conclude the proof we may show by dominated convergence that, as n — oo and § | 0 the quantity
EH® [u(T—d, Xp_g)e MT=0=1) 17.">T,5] converges to E-* {f(XT)e*)‘(T’t)] , Bt [ft(Tié)M" g(s, Xs)e As=0) ds}
converges to Eb® {ftT g(s, Xs)e A=t ds}, and finally E"* [u(Tn, X, e AMm—t) lfnST,(;] converges to zero
(we stress the fact that here, as u is in Co(E) it is bounded; this is because we have chosen to deal in the
parabolic problem with a terminal condition vanishing at infinity; this lightens some technical aspects of the

proof of Theorem 5.7.6 in [29]). O

5. Parabolic transmission problem with time-dependent coefficients

5.1. Equivalent formulation in divergence like form and getting cylindrical subdomains by the mean of a

space transform

Assume that we have curves x;, 1 < i < [ satisfy the same assumptions than in Theorem Let us
consider coeflicients p,a € O(m/,M') N C(E \ Ax), and a coeflicient B € E(M’) N C(E \ Ax) (for some
0<m <M < o0).

For A > 0, a source term g € C,(E) and a terminal condition f € Co(R) N L?(R), we will call a classical
solution of the transmission problem in divergence form (P,j‘iv’ A, (p,a, B)), a function u(t, ) that is of class
C(E)NCY2(E°\ Ay), is such that for all 1 < i < I the limits u} (¢, z;(t)%), u’(t, x;(t)%) and u (t,2;(t)E)

exist and are continuous as functions of ¢ € [0,T"), and that satisfies

[uf + g(au;); + Bul, — M\ (t,z) = g(t,z) V(t,z) € E°\ Ax
a(t,x;(O)+H)ul(t,z;(t)+) = alt,z;(t)—)ul(t,z;(t)—) VI<i<I,Vte[0,T) (%)
(,P(i\iv,Ax (pa a, B))
uw(T,z) = f(z) Vz € R.
limy) o0 |u(t,z)] = 0 Vit € [0,T].

For any p,a, B with pa = o, a(t,z;(t)£) = pi(t)(1 £ Bi(t)), 1 < i <I1,t€[0,T) and B=b—pal, 4/2,
it is clear that a classical solution to (P, A (p,a, B)) is a classical solution to (PA_(,b,3)) (here p;(t) is
a non zero multiplicative factor that depends on 1 < i < I, ¢ € [0,T)). One may for example choose for any
(t,x) e E

1 02 xr
)= [T 728 o) = 28D b = .0) (10)
z;(t)<z !

(Note that here p;(t) =). Note that the presence of the variable coefficient p(t, z) is due to the fact that the

coefficient o(t, z) has been chosen independently from the 3;(¢)’s. Note also that a convenient triple (p, a, B)

is not unique.
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Conversely, it is always possible to pass from a transmission problem in the form (P,j‘iv) A (p,a, B)) to

another one in the form (ng (0,b,8)), by setting in particular

o alt@i(t)+) — alt, zi(t)-)
Bi(t) = a(t,z;(t)+) + a(t,z;(t)—) )

In fact, in the PDE litterature, parabolic transmission problems are classically studied in the purely
divergence-like form of (Pﬁiv’ A (p=1,a,B)). Up to our knowledge fewer studies exist in the non divergence
form (PX_(o,b,3)). The aim of this section is to present some known results on the problem

(P3v.a(p =1,a,B)), and to derive new ones for the general case.

In the case p = 1, the transmission problem in divergence form (P,j‘iv) A, (p,a, B)) is well studied in the
PDE litterature, concerning the existence and unicity of weak solutions (see the forthcoming Subsection
for a definition of weak solutions). We can refer for instance to |22], [25], [32], for the study of weak solutions
under the general assumption of uniform ellipticity and boundedness of the coefficient a(t, x), boundedness
of B(t,z) and non-negativity of A.

Concerning classical solutions in the presence of a discontinuous coefficient a(t,z) like in our case, it
seems that less references are available. In the fundamental paper [21] it is shown that, still with p =1, and
in the case of cylindrical space-time subdomains (that is to say z;(t) = a; forall 1 <i < I,0<t < T) every
weak solution to (’Pé\m A (p=1,a,B)) is in fact classical. As a consequence there exists a classical solution
to (Piv,a, (0 =1,a,B)).

In the case p # 1 and in the presence of non-cylindrical subdomains some results are announced in |21]
and [22]. However they are stated without any complete proof (with the notable exception of the proof of
the existence of a unique weak solution in the case of cylindrical subdomains, but with p £ 1, pp 229-232 of

[22]; see Subsection for further comments).

We continue this subsection by noticing that in fact we can get rid of the difficulty of having non-
cylindrical subdomains, by applying a space transform trick, available only because the space dimension is
one. We choose to present things on the problem in its non-divergence form (Pﬁx (0,b,8)) again.

From now on we assume I > 3 and set

1 (t) + (,Tg(t) — l‘l(t))(ii' — 1) if z<1

V(t,2) € B, (t,2) =S x;(t) + (zj41(t) — z;(1))(& — j) if j<&<j+1,j=1,....]1-2

wroa(t) + (@r(t) —2r ()@ —I+1) if #>1—1

For any t € [0,T] we note W¥(t,-) = [¢(t,-)]*(-). Notice that
A= \I](AX)
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and that E \ A appears as the union of some open cylindrical space-time domains.

We have the following result.

Proposition 5.1. A fonction u(t,x) is a classical solution to (PA_)(o,b,8) if and only if a(t, &) :=

u(t,¥(t, ) is a classical solution to

[a) + $62al, + bal — ] (t, &) = g(t, @) Y(t, i) e E\ A
(14 B, (ti+) = (1—Bit)il(ti—) VI<i<I,vte[0,T) (%)
((PA)(6.,b,3))
W(T,2) = f(&) Vi € R.
limmﬁm la(t,z)] = 0 vt € [0,T],

where
&(tv‘%) = U(tvw(tvj)) X \I};,i(ta '@[J(tv j))v B(tvi') = b(tu '@[J(tv j)) X \I]Im,i(tvw(tvj')) + \Ijg,i(tvw(tv‘%))v (42)

g(tvfi) = g(tﬂ/)(t,:f)), f(j?) = f(w(Tv ‘%)) and

v L+ BV i) +) — (1= i)Vt xi(t)-)
) = T )WL o) +) (L B ()WL () ) (43)

Remark 5.2. Note that

(=21 (t)/(2(t) — 21 (2)) + 11 if x<a(t)

V(t,z) € B, W(t,z) = (x—z;(1)/(zj41(t) — (1) +J if z;(t) <z <ana),j=1,....1-2

(=22 () (@r(®) =2 () + T =1 if &> ar(t)
(44)

and that this function is of class C(E)NC"?(E\ Ay). Besides, choosing e < infi<j<r_1inf e m(2)41(s) —
z;(s)) and using the fact that ¢ < x;+1(t) — x;(t) < sup,eqor(Tj+1(8) — x;j(s)) we can see that there exist
constants 0 < 1 < M < oo such that v, . € O(i, M). In addition Wi 4 remains bounded (thanks in
particular to the fact that the x; : [0,T] = R, 1 <i < I are of class C*). Thus the coefficients 6(t, %), b(t, &)
and Bi(t), 1 < i < I, still satisfy the hypotheses of Section 4

Proof of Proposition[5.1l We only prove the sufficient condition, the converse being proved in the same
manner.

First for any (¢,2) € E'\ Ax we have
ul(t, ) = a5 (t, U(t,z)) x U,(t, ), (45)
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and, as U7 _(t,x2) =0,
gy (8 0) = Whs (t, W(t, ) x [Py (t,2))°. (46)

We also have

up(t, ) = ay(t, (¢, x)) + a4 (¢, U(t, x)) x Wyt x). (47)

So that for any (t,%) € E'\ A we may use this with (t,z) = (t,4(t,#)) in the first line of (P} _(o,b,3))
and thus we get the first line of (752([7, b, B)), with the newly defined coefficients &, b and g.

Concerning the transmission condition (), we notice that we have from (x) in (PX_(o,b, 3))
VEE[0,T], (14 Bi(0) W, (t i (t)+)a (¢, W(t, 2i(8)+) = (1 — Bi(t)) Uy (¢, @ (8) )i (¢, U (¢, () —)

forany 1 <i <1I. As U(¢t,z;(t)) =i for any 1 < ¢ < I, an easy computation shows that this is equivalent to
(%), with the newly defined 8;(t), 1 < i < I.
The third and fourth lines of (PA(,b,3)) are straightforward. O

We can sum up the preceding discussions in the following proposition.

Proposition 5.3. Assume the curves x;, and the coefficients B;, 1 < i < I, are as in Theorem [Z.8, and
that b is in 2(M)NC(E\ Ax), and o is in ©(m, M) N C(E \ Ax).

Let &, b, Bi, 1 < i < I, defined by @2) @3). Let p,a, B defined by @Q), but with &, b, f;, 1 <i < I
instead of o, b, B;, 1 <i < 1.

Then (P}, (0,b, 8)) has a classical solution if and only if (P, A (@, B)) has a classical solution u(t, ).

This classical solution of (PA_(0,b,)) is given by u(t,z) = a(t, ¥ (t,x)) with U(t,x) defined by (@).

Without loss of generality we shall investigate the problem (’Pé\iV)A(p, a,B)) (i.e. withz; =¢,1<i<1I):
in Subsection we deal with weak solutions, and in Subsection [£.3] with classical solutions but in the case
p =1 (we sum up the results of [21]). In Subsection [5.4] we present a way to get classical solutions in the

case p # 1, using the results of Subsection [0.3] and again (different) space transform tricks.

5.2. Weak solutions

In this subsection it is assumed p,a € ©(m’, M) and B € Z(M’) for some 0 < m’ < M’ < 0o, and that
the coefficient p satisfies the H®)-hypothesis.

We will call a weak solution of the parabolic problem (’Pé\iw A(p,a, B)) a function u(t,x) in the space

L2(0,T; H'(R)) N C(]0, T); L3(R)), with u(T,-) = f a.e., and satisfying for any test function ¢ € Hy"'(E)
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the relation

T
d
/ /u—wp71 dxdt
o Jr dt

1 T d d T d T / T
+—/ /a—u—wdzdt—/ /B—ugapfldxdt—k/ /u()\— &)wfldxdt:—/ /g<pp*1 dxdt.
2Jo Jr dxdx 0o Jr dx 0 JR p o JR (48)

Indeed, imagine for a while that we have a classical solution u (¢, ) of (’Pé\iw A(p,a, B)). If we formally multiply
the first line of (’Pé\ivﬁA(p, a, B)) by a test function ¢ vanishing at infinity and with ¢(0,-) = ¢(T,-) = 0, and
integrate the resulting equation against p~!dzdt on [0,T] x R we recover (@), using in particular (x) in the

integration by parts formula.
We first aim at proving the following result.
Proposition 5.4. The parabolic problem ('Pﬁiv’A(p, a, B)) has a unique weak solution.

In fact this result is in essence contained in the discussion p 229-232 of [22], but we want here to give
our own, new and different proof, using the tools proposed in [25]. They differ from the ones used in [22]]32]
but provide an elegant framework to handle the problem, and could be the starting point for the use of
Generalized Dirichlet forms in these questions (on this point see Remark [B.T1] below). We believe that
studying directly the weak solutions of (Pﬁiv’ A(p,a, B)) with these tools has an interest per se, and paves

the way for future research in the presence of coefficients having even less smoothness.

In order to use the tools in [25] we denote H = L?(0,T; L*(R); p~') the set of measurable functions
f(t,x) such that

T
| [ 1t e < o,
o JR
equipped with the scalar product
T
Yu,v € H, (u,v)y :/ /u(t,:c)v(t,a:)pfl(t,a:)da:dt.
o JRr

We denote V = L%(0,T; H'(R); p~1) the set of mesurable functions f(¢,z) such that for any ¢ € [0, 7]
the function f(¢,-) is in H'(R) and

T - T af -
2 1 - T 2 1 2)dzx 00
| [iseaps et [ [ 1@ o < o

equipped with the scalar product

du dov
v = —_— E— .
u,v €V, (u,vyy = (u,v)y + <dx’ dX>H
We will denote by || - ||% and || - ||y the norms corresponding to the above defined scalar products. We

denote by V' the dual of V. Note that we have V € ‘H C V'’ with dense inclusions.

26



400

405

410

Remark 5.5. Note that as p € O(m/, M), of course H (resp. V) is, as a set, just equal to L*(0,T; L*(R))
(resp. L*(0,T; HY(R))). Besides, as a set, V' is equal to L*(0,T; H~1(R)).

We define a semigroup (Uy)¢e[o,1) of contraction on V' by

0 otherwise.

We denote (A, D(A; V")) the infinitesimal generator of (U;). We have the following elementary fact.

Lemma 5.6. We have
du
N / / ) —
D(A,V)—{u|u€V, T eV, u(T,-) O}

and Au = % for any v € D(A,V').

du
Remark 5.7. In Lemmali.8, the time derivative T is understood in the distribution sense. For erxample,

in the case u € VN D(A, V'), we have (u,v)y v = (u,v)y for any v €V, and for any ¢ € C2L™(E)

d'LL T B pl
(o vy = —/ /U(sﬁp Didadt = —(u, ¢} — o=t )y
0 JR P
Besides, for u € VN D(A, V') and ¢ € Hy'' (E) we have
du de o
(o vy =—(u g~ @f)?—t (49)

(using the fact that C2.>°(E) is dense in Hy''(E)). Note that p exists in the classical sense, even if it is
not continuous, thanks to the fact that the subdomains are cylindrical. Besides, p, is bounded thanks to the

H -hypothesis.
Proof. See |25], Section 3.4.3. O

As p # 1 we cannot use directly Theorem 3.4.1 in [25]. We will use a natural generalization of this result,
that we now state (besides note that we deal here with backward problems with terminal condition). The

proof is provided in the Appendix for the sake of completeness.
Theorem 5.8. Assume A is a bilinear form on V satisfying

i) |A(u,v)| < Cllully||v||y for all u,v € V, where 0 < C' < cc.

i) A(v,v) + No|[v]|3, > aol|v|[} for all v €V (for some Ao, ap > 0).

Then for any G € V' and any f € H there exists a unique u € L?(0,T; HY(R)) N C([0; T]; L*(R)) (in
d
particular w is in V) such that u(T,-) = f, and with d—f: € L?(0,T; H 1(R)) and

<_du

T v>v',v + A(u,v) = (G, v) Yv e V. (50)

1Z2%
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In order to apply Theorem [5.8 we now define for any u,v € V

T u v r u
Au,v) = %/0 /Ra(t,:b)j—x(t,x)%(t,x)dxdt _/0 /RB(t,;v)j—x(t,x)v(t,:v)p_l(t,;v)d;vdt+)\<u,v>H (51)

and for any \g > 0
Ay, (u,v) = Alu, v) + Xo{u, v)x. (52)

Proof. See the Appendix. O

Not surprisingly, using the strict ellipticity and boundedness of p, a, and the boundednes of B we get the
following result (the proof is postponed to the Appendix).

Lemma 5.9. The bilinear form A(-,-) defined by (&1l is continuous, i.e.
Vu,v eV, |.A(u,v)| < C||u||V||U||V7 (53)

where C = C(m/, M’ \).
It is always possible to choose Ao > 0 large enough such that Ax,(-,-) defined by (BI)(B2) is coercive, i.e.

YoeV, Ay (v,v) > aollv]}. (54)
where ag = ap(m’, M").

Proof. See the Appendix. O

We are now in position to prove Proposition 5.4l Indeed, thanks to Lemma [5.9] we may apply Theorem

B8 with A(+,-) defined by (&I and with G € V' defined by (G,v)y v = —(g,v)y for any v € V. For any
du

¢ € Hy'(E) C V, using (@) in the computation of the term (- T <p>v',v appearing in (B0) (¢ replaces

v), we get ([E8).

It is possible to go a bit further in the analysis of the weak solution and to prove the following lemma,

that asserts that the weak solution of (Pg, A(p,a, B)) is of class H' in the time variable.
d
Lemma 5.10. The weak u solution of (’Pé\ivyA(p,a,B)) satisfies d—ztl € L?(0,T; L*(R)).
Proof. See the Appendix. O

The above result is one of the crucial steps in the study of the case p = 1 in [21]. However, it seems

challenging to adapt all the other steps of [21] and [22] to our case p # 1, see Remark [5.15]
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Remark 5.11. If we have a look at the operator (A, D(A,V’)) and the form A(-,-) we have used just above,
we can notice that those objects are very similar to the ones used to define a generalized Dirichlet form (note
that the formalism in (23] concerning the abstract operators seems inspired by [24]).

This could be the starting point of the use of generalized Dirichlet forms to handle the problem of time-
inhomogeneous SDE with local time (see the already mentionned paper [24] for some results in this direction,).

This issue could be addressed in a future work.

5.8. Classical solutions in the case p =1

Here we want to summarize the results of the seminal paper [21] for the problem (P,j‘iv) a,(1, A, B)) that
we will use in Subsection (.4l In fact, for our coming purpose, we consider a slightly more general problem,

that we denote by (’PdAiwA @.r (LA, B)) (with —oco <1 <r < 00). It is defined by the following system of

Z5

equations:
[Ug+%(AU;);+Bv;—AU}(t,z) = g(t,2) V(t,2) €0,T) x (I,r)\ A,
Atz (tzi4) = AL z—)l(tzi—) VI<i<I,Vte[0,T) (%)
o(T,2) = f(2) vz e (7).
o(t, 1) = fit) vt € [0,T)
o(t,r) = fr (1) vt € [0, 7).

Here we have [ < z; < ... < zr < r and we have denoted A, = {(t,2;) : 0 <t < T}/_,. The functions
f1, fr giving the Dirichlet conditions are in L?(0,T). Note that the problem (Pg\iv,Az(l’ A,B)) corresponds
simply to [ = —oo, r = 00 and f; = f, = 0.

We should precise what we mean by a classical solution v(¢, z) of (P(i\iv,Az,(l,r) (1, A,B)). For any compact
K C (0,T)x(l,7) this is a function of class C(K)NCH2(K\A,) such that for all 1 < < I the limits v} (¢, z; %),
v, (t, z;+) and v}, (t, z;£) exist and are continuous as functions of ¢ € [0,7T") (we assume for simplicity that
K contains all the z;’s). Then v(¢, z) satisfies in particular the first and second line of (,Pg\iv,Az,(l,r)(L A, B))

in the classical sense.

Theorem 5.12 (0.A. Ladyzhenskaya et al., [21]). For any A € ©(m/, M’) satisfying the H®) and H® -
hypotheses, any B € E(M') satisfying the H") -hypothesis, and provided that g satisfies the H") -hypothesis,
the parabolic problem (Pé\iv,Az,(l,r)(lvA’B)) has a classical solution v(t,z), that is Holder continuous (see

Remark[5.13). Besides the time derivative v} is itself Holder continuous.
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Remark 5.13. Here the Holder continuity means more precisely that for any compact K C (0,T) x (I,r)
we have

V(t,ZC),(S,y) € K? |U(t,1?) —U(S,y” < C|(t,1?) - (Say)|y (55)
with C,v positive constants depending on K, m', M'.

Sketch of the proof of Theorem [5.12 We will give elements for the casel = —oo, r = 00, f; = f =0,
the cases with bounded domains and non-homogeneous Dirichlet boundary conditions being treated in a
similar manner.

In |21] things are studied in the forward form wj — %(Aw;)lz — Buw, — AMw = —§, but it suffices to set
A(t,z) = A(T —t,x), B(t,z) = B(T — t,z) and §(t,z) = g(T — t,x), and to define v(t,z) = w(T — t, x),
in order to recover results on v(t,z) as a solution to (P'j‘iv) a,(1, A, B)). Therefore we will explain things

directly in the backward form of interest.

STEP1. There exists a weak solution v(¢, z) to (Pé\iv,Az (1, A, B)). The proof of this fact can be found in
the books [22],[32]. The method of [25], that we have adapted in Subsection 5.2l to the case p # 1, provides
an alternative method. Note that v(t, 2) lives in L?(0,7T; H*(R)), which provides the boundary condition at
infinity, as H'(R) = H(R).

STEP2. This weak solution v(t, z) is Holder continuous (the proof of this point is particularly involved;

in [32] it requires the use of a parabolic Harnack inequality, available only in the case p = 1; see also [22]).

STEP3. One of the crucial steps in [21] is to show that

% € L*(0,T; L*(R)) (56)

(see also Theorem 6.6 in [32]; in fact these authors work in a bounded space domain D and show that
dv e L2(0,T;L*(D")) for any D' C D; but we claim that their computations can be easily adapted to the
case of unbounded domains. Note that () is provided by the more general result (possibly p # 1) stated

in Lemma [5.10]).

STEP4. In fact % has even more smoothness: it is itself Hélder continuous. In order to see that, the

authors of [21] differentiate with respect to time the initial equation, to see v; = % as a weak solution of

t

1 1
(uh)e + 5 (ALY, + B, — Mf = gf — 3 (aful ), — B (5)

Note that, as ajv, is discontinuous, the source term in (B7) is a distribution, which is not a problem for
obtaining the Holder continuity of the weak solution v, (see p144-145 of [21]; one can then use the same

general result that has been used in Step 2).

STEPS5. For fixed ¢, one can then see v(t,-) as a solution of the elliptic problem

(Av;)/z—i—Bv; —Av=g—v

N | =
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with a smooth source term g — v;. Using results on the smoothness of elliptic problems one can then see
that for all ¢ € [0,T") the transmission condition (%) is satisfied in the classical sense. See the forthcoming

remark.

Remark 5.14. As the space dimension is one, one can easily see that the transmission condition is satisfied

in the classical sense for a.e. t € [0,T) in the following manner. Noticing that

T
/ /v— dzdt = / /végadzdt
o JR

for any o € Hy''(E) (the right hand side is a convergent integral thanks to v) = dv e L2(0,T; L*(R))) and
using {@8) with p=1, a = A and b = B, we get

dv dy
/ /Adz e dzdt = / / B——)\v g—l—vt)gpdzdt

Then for a.e. t € [0,T) we have for any ¢ € H}(R)
dv d(b dv ’
[Aw) T =2 [ BF -ro—g+ )t )od (59)

As [(B% — X —g+v})](t,-) is in L*(R) we can infer that A(t,-)32(¢,-) is in H'(R).
Let us draw some intermediate conclusions. Asv(t,-) is in H'(R) we know that v(t,-) € C(R), and more

precisely that
d
v(t,z) —v(t,y) = / d;)( )dg, Vz,yeR (59)
y

([33], Theorem VIII.2). So that v.(t,-) exists in the classical sense and is equal a.e. to g—;’(t, -). Using
the same argument we see that A(t,-)v.(t,-) is in C(R). As A(t,-) is smooth on the intervals (—oo, z1),
[2i,2i41), ¢ = 1,...,1 — 1, [z1,00) we see that v.(t,-) is continuous on each of these intervals. So that
v(t,) € C(R)NCHR\{z1,...,21}). Note that as for any i = 1,...,I the limits A(t, z;%) exist, the limits
vl (t, z; ) exist too (if not A(t,-)v,(t, ) would not be continuous). Besides, the continuity of A(t,-)v.,(t,")
on the whole real line R implies the transmission condition (x).

To show that the transmission condition is satisfied for every time t € [0,T), one may then use the

smoothness of v(t, z) outside the interfaces (forthcoming Step 6), together with uniform convergence argu-

ments.

STEPG6. Using the additional smoothness of the coefficients outside the interfaces, one is able to assert

that v(t, z) satisfies the first line of (PdAiVAZ(l, A.B)) in the classical sense.

Remark 5.15. In [22][21] the authors claim that this is feasible to mimic all the steps of the above sum-
marized proof in the case p # 1 (but without writing down the proofs, except for the existence of the weak
solution as already mentionned). However, in our opinion, to prove directly that the weak solution u(t,x) is

Hélder presents difficulties in the case p # 1.
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5.4. Classical solutions in the case p # 1 by the mean of space transforms

We now aim at proving the following result.

Proposition 5.16. Let A > 0, a source term g € C.(E) and a terminal condition f € Co(R) N L?(R).
Let p,a € ©(m/,M') and B € Z(M') for some 0 < m’ < M’ < co. We assume that p,a satisfy the
H® and HY -hypotheses, and that B and g satisfy the H® -hypothesis.

The problem (Pé‘iv’A(p, a, B)) has a classical solution.

Proof of Proposition [5.16l

STEP1. The problem (’Pé\iwA (p,a,B)) has a weak solution u(t,z) (see Subsection [5.2). We shall aim

at proving that u(t, z) is in fact a classical solution.

In the sequel we (arbitrarily) set 6 = 1/4. We denote o = /pa.

STEP2. We treat in details what happens around the interface {(¢,1) : 0 < ¢ < T}. We set

o1(t, ) —/lzd—y

p(t,y)’
Au(t2) = 2 (1,011, 2)) (60)
and
Bl(tvz) = [(¢1)2,i +B(¢1);,i](tvq)l(tvz))v (61)

where @4 (t,-) = [¢1(¢, )] L.

We set z1 = infiejo, 1) ¢1(t,2—9). We will show that u(t, z) satisfies (7351}\,7A (p,a, B)) in the classical sense
in the subregion {(¢t,z) € E: = < ®1(¢, z1)}.

Note that for any ¢ € [0, 7] we have ¢1(t,1) =0 and ®4(¢,0) = 1, and that for any z < z;, any ¢t € [0,T]
we have ®1(t,z) < ®1(t,21) <2 — 0. So that the sole singularity of the coefficients A;(¢,z) and B4 (¢, z) in
the region {(t,2) € E: 0<¢t<T, z<z}isfor z=0.

We consider the function vy (¢, 2) = u(t, ®1(¢,2)), 0 <t < T, z < z1. We claim that this is a weak solution
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1,A1,B;)) defined by the system of equations

7oo,z1)( ’

to the problem (P(i\iv,Ao,(

[(v1)} + %(Al(vl)/z)lz + By (01), — A (t,2) = g(t, 1t 2)) V(t,2z) € 0,T) x (=00, 21) \ Ao

Ay (t,04)(v1)L(t,0+) Ai(t,0-)(vn),(t,0—) Yte[0,T) (%)

v (T,z) = f(®1(T, 2)) Vz € (—00,21)
lim, ,_cowvi(t,z) = 0 vVt €[0,T)
’Ul(t,Zl) = u(t,@l(t,zl)) vVt € [O,T)

ss  (here, note that as u(t, x) lives in particular in L?(0,T; L?(R)), the function ¢ — u(t, ®1(t, 21)) is in L*(0,T),
as required for the Dirichlet boundary condition).

Indeed the restriction of u(t, x) to the region {(¢t,z) € E : © < ®1(t,21)} is in particular such that for

any t € [0,7], u(t,-) € H*((—o0, ®1(t, 21)), with fOT ffl(t’zl) udxdt + fOT ffl(t’zl) U drdt < oo, and satisfies

o0 o0

q>1 t Zl) <I>1(t Zl
/ / CP )1 dadt + - / / @d—‘pdmt
T 'i>1(t,zl) du T @1(t,z1) pl T @1(t,zl)
—/ / B—yp~tdzdt +/ / u(A — L)pp~tdadt = —/ / gpp~tdxdt,
0 — 00 dx 0 —00 P 0 —00

for any test function ¢ living in Hy''(E) and satisfying in addition ¢(t, z) = 0, for any t € [0, T], z > ®;(t, 21).

In fact, using Lemma [5.10, we can rewrite the above equation as

<I>1(t 21) d ‘1>1 t Z1) d d
/ / cpp_l dzxdt + - / / u SD dxdt
T @1(@21) du T <I>1(t,z1) T <I>1(t,z1)
—/ / B—yp~tdzdt + )\/ / wpp tdrdt = —/ / gpp~tdxdt,
0 —o0 dx 0 —00 0 -

Note that u(t,z) = v1(t, ¢1(¢, z)) for (¢, ) with x < ®1(¢, 21), and

du dv
O t2) = At n (1)

T < Pq(t
p(f,fb)7 6[05 ]7 T = 1(721>

(see Corollary VIII.10 in [33]). For any test function ¢ as above we set @(t, z) = ¢(t, ®1(t, 2)), t € [0,T], z <
. Note that d“" 2(t, 2) = d“" 2(t,®1(t, 2))p(t, ®1(t, 2)). Then, performing the change of variable x = ®,(t, z) in
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([62), we get, using in particular dx = p(t, ®1(¢, 2))dz, t € [0,T],
= dv dp
/ / —(t, ®1(t,2))p(t, 2) dzdt + = / / a(t,®1(t, 2 )d—l( )pfl(t,@l(t,z))d—sp(t,z) dzdt
z

z1

T
/ / B(t, P4 (t z))ivzl (t,2)p 1 (t, ®1(t, 2))@(t, 2) dzdt + )\/0 / vi@dzdt

- /OT / Zolog(t’q)l(tvz))%’(hZ)dzdt_

Using now
d d d
T (t2) = (a1 (ta) + (L 61 (6 0)(00); 4 ()

(see Proposition IX.6 in [33]) and (60) (GI) we can claim that we have

/ / Ul’dzdt—i— / / Aldvldspd dt
T Z1 T zZ1
/ / Bl—godzdt—i- )\/ / vigdzdt = —/ / g(t, ®1(t,2))p(t, 2) dzdt,
—o0 0 —00

T zZ1 d T zZ1 d -
for any @ € Hy'' (0, T)x (=00, z1)). As — / / %cﬁ dzdt = / / vld—f dzdt, this means that v; is in-
0 —o0 0 —0o0
deed a weak solution of (P3,, Aoi(— (1,A1,B1)) (one could easily check that v; € L2(0,T; H((—00, 21)))N
C([0,T]; L*((—00, 21))))-
But according to the proof of Theorem E12] the function vy (¢, 2) is in fact also a classical solution of

(Pa

iv,Ag,(—00,21)

00,21)

(1,A1,B;)). We draw the consequences on the PDE problem solved by u(t, ) in the classical
sense, using again u(t, z) = v1(t, ¢1 (¢, x)) and the expression of the classical derivatives (for ¢ € [0,T], = <

<I>1(t,21), X 75 1)

uy(t,x) = (v1)5(t 61 (8, 2)) (¢1)5 (¢ ) (63)
up(t, x) = (V1) (t, ¢1(t, 7)) + (v1)% (4 da(t, 7)) (D1)i(t, @) (64)
Uy (t, @) = (1) 2 (t d1.(t,2)) ((61)2)(t, @) + (01)%(t, 61(t, 2)) (d1) 1t ). (65)
We first identify the transmission condition at the interface {(¢,1) : 0 <t < T'}. We have, using in particular
! S an
((bl)z(tv‘r) - p(f,fb) d (m)v
a(t, 1+)ul,(t,14) = A1(t,0+)p(t, 1+)ul(t,14) = A1 (t,04)(v1)% (¢, 0+)

(66)
Al(tv O_)(v1>lz(t7 0_) = Al (tv 0—)p(t, 1_)ugc(ta 1_) = a(ta 1—)’(,&26(15, 1_)'
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Second, for t € [0,T), x < ®41(t, 21),  # 1, we have

[u; + g(aué); + Bul, — )\u] (t,x)
2 /
= [u; + %ugm + (B+ paz) ul, — Ml (t, x)

= (it (82) + (0040 618 2) ()31 2) + (B -+ L22) (6 )00 1. (1, 2)) (61 1.2
+ 25 ()2 (61 (6, 2) (1), (1 ) + 012 01 (8,2)) (61 (1,2) ) = Aor (1 61 (8, 2)

= (0t 61 (1,2)) + T ()L (1 61 (1,2)) — Aen (8, 61 (8, ) (67)

L0162 [(@0400,2) + (B + 22 (1) (6, 0,2) + 42 (01)1 1, 2)

= [(v1)i + 3(A1(v1)2)% — A ] (¢, a (¢, @)

2 "
)°¢1+70 ((Zl)” od; — 5

a

ay (A1)’
2

+[ 0 (@00 @1+ (Blon), + S| )

= [(v1)} + 3(A1(01)L)L + B (1)) — Ao ] (t, 61 (8, 2)) = g(t, ®1(t, o1 (t, ) = g(t, x).

Here we have used

a/ /

(Al)lz(t7 Z) = (71 - alf); ) (ta (1)1 (tv Z))p(ta (1)1 (tv 2)) = alm(tv (1)1 (tv Z)) + 02 (ta (1)1 (tv 2))(¢1)Im/m(t7 (I)l(tv Z))

In view of (66) and (67) we have proved that that u(t,z) satisfies (Pé‘iv)A(p,a,B)) in the classical sense
in the subregion {(t,z) € E : © < ®1(t,21)} (we can easily that u(¢,x) has the required smoothness and

satisfies the terminal condition).

STEP3. We repeat Step 2 around each interface {(¢,7) : 0 <t < T}, 2 <4 < I. More precisely we define

forany 2 <i< T

dilt,z) = / ”” p(jfl:yy)’ (68)

and

zida= sup ¢;(t,i—149).
te[0,T]

For 2 <4 <1 —1 we define

? tel[%,T]gb( ' )
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By computations similar to Step 2 we will then prove that w(¢, x) satisfies (P,j‘iv’ A(p,a, B)) in the classical
sense in each of the subregions {(¢t,z) € E : ®;(t,2ziq4) < < ®;(t,2;)}, 2 < i < I -1, and in the region

ss {(t,x) € E: ®r(t,zrq) < x}.
In particular, at this stage, u(t,z) satisfies the transmission condition (%) in (’Pé\iV)A(p,a,B)) in the

classical sense, at each interface (for 1 < ¢ < T).

STEP4. The trouble is that we cannot say for the moment that the first line of (P,j‘iv’ A (p,a, B)) holds true

in the whole domain E°\ A. Indeed let us examine what happens in the subregion {(¢,z) € E: 1 <z < 2}. It

s0 could happen that we do not have ®y(t, z2,4) < ®1(t, 21) for any t € [0,T) (we recall that 1 < ®y(t,21) < 2—46

and note that 2 > ®5(¢, 22.4) > 1+ 0). Indeed it depends on the variations of the coefficient p. So that the

results of Steps 2 and 3 do not allow to say that the first line of (P, A (p,a, B)) is satisfied in the whole
region {(t,z) € F: 1 <z < 2}.

Thus, we are led to use Theorem again, but in a different manner. We consider the restriction

of u(t,z) on the region {(t,z) € E : 1 < x < 2}. We claim that this is a weak solution of the problem

(’Pdw)A 1,21 0%, B — %)) defined by the system of equations

fuf + 3 (0%ul)), + (B — )l — Ml (t,2) = glt,) (t,2) € 0.7) x (1,2)
w(T,z) = flz) Vaoe(l,2)
w(t,1) = u(t,1) Vtelo,T)
w(t,2) = wu(t,2) Vtelo,T).

Note that there is no transmission condition in (P, A (1.2)(1,0%, B — 25=)), as there is no interface in the

55 considered domain.

To see that the restriction of u(t,z) solves (P}, o 1,21 0%, B — )) it suffices to start from the weak

T 2 T 2
d 1 dud
/ / u—@pfl dxdt—l——/ / a2 %% qadt
0 1 dt 2 0 1 dX dX
T /2
/ / B— gop_ldxdt—i—/ / By op~tdrdt = / / gop~ ! dxdt,
o J1

d / dg d
stated for any ¢ € Hy'((0,T) x (1,2)). Then, setting § = @p~!, using d—fp_l - % = d—f, d_i =
do

Pix + @pl, (note that p is differentiable w.r.t. = in the classical sense in the considered subregion), and easy

formulation
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computations, we get

dudcp
2
/ / dxdt—i— / / T dx dxdt
du T 2
/ / _d dt—|—/\/ / up dxdt = / / g dzdt,
0 J1

for any g € Hy''((0,T)x(1,2)). Thus the restriction of u(t, x) is also a classical solution to (Pl A (1,2) (1,02 B—

ag; )) and we have for any (t,z) € [0,T) x (1,2),

ota) = [uh+g(om), +

1 ! /
= [uf + 50ty + (B+ 2 — %y u), — d (1)

1
= [u2+202 ull (B—i—pa ) ul, — Aul (¢, z)

= [u+ g(au;); + Bul, — Aul(t, z).

Proceeding in the same way for the other subregions, and taking into account Steps 2 and 3 we can say that
the first line of (PdAiV)A(p, a, B)) is verified by u(t, ) in the classical sense on E° \ A. Note that we clearly
have u € C(F), as the continuity on F has a local character, and for any (to,zo) € E it is clear that u is

continuous at (to,xo) (even if (tg, o) € A, using the continuity of v;(¢, z) and ¢;(¢, x)).

Therefore Proposition (.16l is proved.

We now give further properties of the solution u(¢,z) considered in Proposition [5.16]
Lemma 5.17. In the above context the classical time derivative uj is continuous.

Proof. That w} is continuous at any point (¢,2) ¢ A is clear, by definition of a classical solution. Let

(t,x) € A, i.e. we have (t,x) = (¢,4) for some 1 < ¢ < I. Considering ([64) we have

But by taking the time derivative of (G8]), and inverting this derivative and the integral sign, we see that we

simply have (¢;);(t£,0+) = 0. And thus
But as (v;)} is continuous (Theorem [B.12]) we see that w}(t+,i+) = (v;);(¢,0) = uy(¢,4). O
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Remark 5.18. Note that the result of Lemma [5.17 is true because the interfaces are not moving. In the
case of moving interfaces u, will not be continuous in general, because there is no reason the second RHS

term in (A7) vanishes at the interface (contrary to what happens in (64)).

Conclusion of Section [Bl In view of Propositions [5.3] and 516 it is now clear that if we have the z;’s
and B;’s as in Theorem B8 o € ©(m, M), b € (M), with o satisfiying the H) and H*)-hypotheses, and
b and g satisfying the H(Y)-hypothesis, then (’ng (0,b,5)) has indeed a classical solution (unique thanks to
Theorem [L.T]).

6. Markov property, Feller semigroup and generator in the strong sense
We first have the following result.

Proposition 6.1. In the context of Theorem[33, assume that o satisfies the H®) and H® -hypotheses and
that b satisfies the H®) -hypothesis.
Let X = (X¢t)iejo,1) @ weak solution of ().

Then X is a Feller time-inhomogeneous (C:)-Markov process.

Proof. Remember that for any t € [0,T], X, = r(¢t,Y;) where Y is the solution of (§) with the coefficients
defined by ([B3). As these coefficients satisfy the hypotheses of Theorem [Z1] we can see from Theorem 6.2.2
in [27] that Y is Markov, as already pointed in Subsection 211

Therefore we can easily see that X is Markov and that the associated family (PSXt) satisfies (I2). Thus
the family (P/) (associated to the space time process X) satisfies (I3). The only point that requires special
attention is to show that (P/X) is a Feller semigroup. Indeed, as the coefficients &, in (§) are not smooth,
we cannot apply directly Corollary 3.1.2 in [27], to get the Feller property for the family (PSYt) associated
to Y, and deduce the Feller property for (PSXt)

Thus we will focus on (PY), and prove by our means that this is a Feller semigroup. We recall that
V(s,y) € B, Yo € Co(E), YO<t<T—s, Plo(s,y) =Pl plt+sy) =EVp(s+t Y. (69)

Then, one may show that (P;) inherits the Feller property of (P}). To that aim, one may denote now

7(t,y) = (t,r(t,y)), R(t,z) = (¢, R(t,z)), use the relationship
V(s,x) € B, Yo € Co(E), Vt € [0,T —s], PX¢(s,x) = PY (¢ o7)(R(s,x)),
the continuity of (¢, z), R(t,z), and limy 4o r(¢t,y) = o0, lim, 4+ R(t, ) = £o0, for any ¢ € [0, T.

That being said, we now prove that (PY) is Feller. We denote Ay = R(A,). Note that, thanks to the

assumptions on the coefficients, and Proposition [5.16] we have that (ng (7,b,0)) has a classical solution
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for any finite time horizon, terminal condition f € Co(R) N L?(R), and g = 0. Note that (Pﬁy (7,0,0)) is
a parabolic transmission problem with discontinuous coefficients, but with no transmission condition (more

precisely the transmission condition is simply of type uy (t,y;(t)+) = w (¢, yi(t)—) for any ¢ € [0,T)).

STEP1. Pick p € C>°°(E). We will show that PY ¢ is in Cy = Cy(E).

a) Let (s,y) € E fixed. We first show that PY ¢ is continuous at point (s,y). Let § > 0. For any
(r,z) € E (we suppose that t + s,¢t 4+ r < T') we have

[P o(s,y) = Pro(r )l < [E>V]p(t + 5, Yigs)] — V[0t + 5, Yigs)] |
(70)

HEZ[p(t + 5, Yigs)] = E™Z[o(t + 5, Yiur)] | + [P 0(t + 5,2) = Py p(t+1,2)].

Note that by virtue of Theorem 1] for any (r, z) we may regard E™*[o(t + s, Yiys)] as usts(r, 2), where ug g
is the classical solution of the parabolic problem (ng (7,0,0)) (with time horizon ¢ + s < T'), with terminal
condition p(t + s,-) € C(R) C Co(R) N L*(R) and source term g = 0.

As the function w4 is continuous on E we may find 7; such that for any (r, z) with |(s,y) — (r,2)| <m

we have

Wl >

[E*Y[p(t + 5, Yigs)] — E™*[(t + 5, Virs)] | <

We now turn to the second RHS term in ([{0). We have,
[E™#[(t + 5, Yirs)] = E™*[o(t + 8, Yier)] | < [[94]|o0E"*|Yigs — Vi |-

Further, we have

t+r t+r7 B
E"*|Yips — Yigr|? < 4(E7?) o (u, Y )dW,|* + B3| / b(u, Yo)du|?) < 4D2(|r — s| + |r — s]?),
t+s t+s
where we have used |a + b|? < 4(]a|? + |b|?) and the fact that &,b € 8(m, M). Thus by Jensen inequality we
see that

E"*|Yigs = Yigr| < O(T)|r — s|'/2.

To sum up we may find 72 > 0 such that for any |(s,y) — (r, 2)| < m A n2 we have

)
|]ET’Z[80(15 +5, Yy o) —E™*[o(t + 5, Yigr)] } < 3

To finish with, we turn to the third RHS term in (Q)). It is clear that we have
[Plrp(t+5,2) = Pyt +r,2)] < ot +5,9) — ot +7,0)llso < [llloo Ir = sl
so that we may find n3 > 0 such that for any |(r, z) — (s, )| < 3 we have

6
|P7},/t+r50(t + S, Z) - Prt‘.qu(p(t + T, Z)' < g
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Thus, setting n = 11 A2 A n3, we have
|PY o(s,z) — PY o(r,2)| < 6

for any |(r, z) — (s, )| < n. Therefore the continuity of P} ¢ is established.

b) We now show that lim, o P ¢(s,y) — 0 (for any s € [0,T]). Again we may see P ¢(s,-) as the
solution u;ys(s,-) (at time s € [0,t + s]) of (ng (7,b,0)) with terminal condition ¢(t + s,-) (again time
horizon is t+ s and the source term is zero). The result then follows from the boundary condition in problem

(PY, (0.5,0)).

STEP2. Pick ¢ € Cy. We may construct a sequence (p,,) in CS*>°(E) such that ||¢, — ¢|lec — 0 as
n — 00. As [|PY flloo < ||flleo for any f € Co(E), we get ||PY ¢ — PY ¢nlloo < || — ©nl|oos and we see that
the sequence (PY ¢,) in Cy(E) converges uniformly to PY ¢. Therefore PY ¢ is in Cp, as each PY ¢, is in

Co by Step 1. This shows that for any ¢ € [0,T], PY Cy C Cp.

STEP3. Let (s,y) € E and ¢ € Cy. From (@) and the continuity of Y, we easily see by dominated
convergence that PY ¢(s,y) — ¢(s,y) as t | 0. Using this and the conclusion of Step 2, we deduce from
Proposition I11.2.4 in [26] that (P}) is a Feller semigroup. O

Therefore the corresponding space-time process X = ((t, X¢))iefo,r) is a E-valued Feller homogeneous
(C;)-Markov process (cf Subsection 2Z4). We wish to identify the infinitesimal generator of X. For technical

reasons we only treat the case Ax = A (see Remark[6.4]). To that aim we have to introduce further notations.

With the same assumptions on the coefficients 3;’s as in Theorem [3.5] we define
SX = {cp €C(E)NCY2(E\ A): with o(T,-) =0, t ¢}(t,i) is continuous on [0,T),
V(t, i) € A, @i(t,it) = ¢i(t, i) and @l (¢, i+) and ¢!, (t,i+) exist with
& (1 )@l (b i) + b{t, )@l (1) = G (1 i=)@lla (b =) + b{t =)@l (£ i),
Besides (1 + Bi(t))@} (¢, i+) = (1 = Bi(t))p,(t,i—) VI <i < I,Vt€[0,T) (%)

V1<i<I, ¢l (tit)and ¢! (t,it) are continuous functions of ¢ € [0,T")

and lim ;o0 (04 (t, @) + 302 (8, 1)l (6, @) + b(t, 2)¢l(t, ) =0 Vt €0, T]}
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For any ¢ € 8 we define L* ¢ by

V(t,z) e E\ A, L¥p(t,x) = ¢j(t,x)+ %02(1%, x)olr (t,x) + b(t, z)l (¢, )

V(t,i) € A, LX0(t,0) = @h(ti) + G (b i)l (£ i+) + b(t, i+) @l (1, i+)

Oyt 1) + L (8, i)l (=) + b(t, i) (£, i—).

We will have the following result.

Theorem 6.2. In the conteat of Proposition[6.1] let X = (X¢)icjo,1) the solution of (@).
We then denote by (L%, D(LX)) the infinitesimal generator of the Feller space-time process X .
Then the operator (LX, D(LX)) is the closure of (L%, S%).

Remark 6.3. Note that the condition ¢(T,-) = 0 in the definition of S is here because we already know
that the functions ¢ in D(LX) have to satisfy (T, ) = 0. Indeed, as we have set PX ¢(s,x) =0 fort+s > T,
this is needed in order to have the existence of the limit in [AD) for s = T. This is somehow the same issue

than in the definition of the domain D(A,V') in Lemmal50.

Proof of Theorem[6.2. Take ¢ € S* C Cy and notice that LX¢ is in Cy. Then, using Proposition B.1]
Equation (22) and condition (x), we have for any 0 < s <t < T,

o(X0) — p(X) — / LX (X, )du = / &l 1 (1 X )0 (1, X, )AW.

The above t-indexed process being a martingale we see by Proposition 211 that S* C D(£X) and that
L£X coincides with LX on S¥.

We shall now prove that the closure of (LX,SX) is the generator of a Feller semigroup on Cy. Indeed the
result will then follow from Exercise VII.1.18 in [26] (note that in the language of [34] we have (LX,S¥) C
(£X, D(L£X)), and that (£LX, D(£X)) is closed, see Proposition VII.1.3 in [26]).

The idea is to apply Theorem 1.2.12 in [34], which is an Hille-Yosida type theorem, in the Banach space
Cy (see also their Theorem 4.2.2).

STEP1. Let g € CH°(E) C Cy, and A > 0. The equation
M~ L u=—g (71)

with terminal condition u(T),-) = 0 and with lim,| o u(t,2) = 0, has a classical solution u(t, ) satisfying
(%), living in Co(E) N CH2(E \ A), and satisfying all the other requirements for being in S¥, thanks to
the results of Subsection [5.4] (see in particular Proposition 516, Lemma [5.17] and the Conclusion). Note in
particular that as (L¥u)(t,z) = (g + Au)(t,z) for z great enough, and as g € C.(E) and u € Cy(E), we
clearly have that (LXu)(¢,z) — 0 as & — oo (for any t € [0,77]).
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Remember that C}°(E) is dense in Cp. Thus, denoting by R(M — LX) the image of S* by the operator
M — LX, we have
CHO(E) c RN — LX) C Cy,

and taking closures we see that R(A — LX) is dense in Cj.

STEP2. The domain S¥X is obviously dense in Cj.

STEP3. We show now that (LX,S%) is dissipative. Let A > 0 and pick ¢ € S¥.

a) Assume @ reaches a positive maximum at a point (tg,zg) € [0,T) x R.

If (to,x0) & A it is clear that ¢} (tg, o) < 0, . (to, z0) = 0 and ¢’ (to, 7o) < 0, thus LXp(tg,2) < 0.

If (to, o) € A (i.e. xp =i for some 1 < ¢ < I) things are not so clear because of the lack of smoothness
of ¢ on A. But because (1+ 8, (t0)), (1 — Bi, (to)) > 0, ¢’ (to, zo+) and ¢, (to, zo—) share the same sign and
this implies ¢! (to, x0%) = 0.

Let us now prove that ¢}(tg,z0) < 0. Indeed, since t — ¢(t,7¢) is a C! function, we may apply the
mean value theorem ensuring that for & > 0 there exists € (0, 1) such that +(¢(to + h, o) — @(to, z0)) =
i (to, z0) + (pi(to + Oh,x0) — @} (to, xo)). Now, since ¢ reaches a positive maximum at a point (¢, zg) €
[0,T) x R, the left hand side of the equality is negative. Then, letting h tend to zero in the right hand side
ensures that necessarily ¢} (to, zo) < 0.

Therefore we must have ¢”_(to, zo%) < 0 and consequently LX (g, z¢) < 0.

Thus we have
A = L¥¢l|oe > Ap(to, z0) — L¥ @(to,20) > Ap(to, zo) = All]oo-

b) Assume now ¢ reaches a positive maximum at a point (7', zo), zo € R, therefore this positive maximum
is in fact zero. Thus, either ¢ is the null function and we have automatically A||¢||lse < |[Ap — L¥¢]|oo-
Either this is not the case and ¢ reaches a strictly negative minimum on [0,7) X R. Thus considering —¢

and applying Subset a) we get the desired inequality.
c) If it is —¢ that reaches a positive maximum, we may repeat Substeps a)-b) to get A||p|loo < [|Ap —
LX‘P”OO-

STEP4. We apply Theorem 1.2.12 in [34] to see that the closure of (L¥,S%) generates a strongly
continuous, contraction semigroup (73) on Cjp.
STEPS5. It remains to see that (7}) is positive, but this can be accomplished in the same manner than in

the proof of Theorem 4.2.2 in [34] (note that (7}) is conservative, thanks to Proposition I11.2.2 in [26]). O

Remark 6.4. In fact, if we do not have Ax = A, to prove that ¢} (to, o) < 0 in Step 3-b) (case (to,zo) € A)
seems more difficult. Besides, note that we would have to define the domain S~ in a different manner, as

we would no more have the continuity of uj for u solving the resolvent equation (1)) (see Remark[518).
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Appendix A. The It6-Peskir formula

The assumption of the It6-Peskir formula in [18] is difficult to check in general and does not seem to be
valid for the solution u(t,z) of a problem of type (P _(o,b,3)), which is our main purpose.

The first object of this section is to prove the slight modifications (stated in our Subsection 2:3]in Theorem
27) of the result stated in [18]. We recall that we use a stronger assumption on the curve v but with a
somewhat weakened assumption on the function r. The method of proof is similar to that of |[18] (see the
second proof in [18] p. 17) and uses the famous trick of T. Kurtz. Such a trick has already been used in other
works in order to relax the assumptions of the Itd-Peskir formula in the case where «(¢) = 0 and applied for
a particular semimartingale in [35].

For notational convenience, a function r satisfying the assumptions of Theorem 2.7 will be denoted to
belong to the class C*(C) U Ci_’Q(D). Note that though also quite strong this set of assumptions does not
in general guarantee r to be C12(C) N C12(D) in the sense of [1§].

Proof of Theorem[2.7. We begin first to reduce the study to the case where the frontier is the straight line
x = 0. To this end, let us set for (¢t,z) € E

G(t,z) =r(t,z +~(t))
and
th = Xt — ’Y(t)
We have that
r(t, Xe) = r(t, X —(t) +7(@1)) = G(t, V)

Moreover, we see that
Go(t, @) =1tz +7(1) 5 Goat,x) =i (tLa+v(1) 3 Gyt ) = ri(t, z+(1) +/ (O)ry (¢ z +(1) (A1)

where we have used the crucial fact that v € C*! for the partial derivative w.r.t the time variable. Note also
that Y is a semimartingale.
We see that r € CV*(C) U Ci’z(D) transfers to G € CV?(R* ) U Ci’z(Ri).
We will now prove the Ito-Peskir formula applied to G and Y with ¢ — () = 0 as the frontier.
Let us now introduce two functions GG; and G5 that will play a similar role as r; and 79 in the original
assumptions of [18]. We define G; as the symmetrization of G restricted to R_, namely
G(t,x) ifx <0

Gi(t,z) = (A.2)
2G(t,0) — G(t,—x) ifz>0
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and G4 as the symmetrization of G restricted to R, namely

G(t, x) ifx>0
Ga(t,r) = (A.3)

2G(t,0) — G(t,—x) ifz<0
Note that these functions are continuous and that since G € CY?*(R*) U C}f(Ri), and because of the
symmetry in the definition, we see that G; and G2 belong to C*!(E). For the second space derivatives, the
s partial functions x — Gy (t,7) and z — Ga(t,x) are shown to lay in C?(R\ {0}). In particular G; and Gs

belong to C12([0,T] x R\ {0}) with the partial derivatives having limits as 2 tends to 0.

We now claim that it is possible to apply a (almost) classical Itd formula to G; and G2. In order to

prove this fact, one may use a regularization technique, the dominated convergence theorems for classical

and stochastic integrals in order to handle the first order partial derivatives, and finally that
t
/ G (5, Ya)ly,—od(Y)s =0, i=1,2,
0

as a consequence of the generalized occupation-time formula (see again Exercise VI.1.15 in [26]). Since the
proof would be long but without difficulties, we decide to omit it.
We are now in position to follow the second proof in [18] - Section 3. Another proof and extensions.

Set Z} =Y, A0 =1(Y; — |Vy|) and Z? =Y; VO = 1(Y; +|Y;|). We use the trick due to T. Kurtz :
G(t,Y;) = G1 (t, Z}) + Ga(t, Z7) — G(t,0). (A.4)

0 The rest of the proof now may follow exactly the same lines as [18] - Section 3. Another proof and extensions.
Namely, we differentiate Z' and Z? with the use of the Ité6-Tanaka formula and apply the classical Ité formula
to G and Gy and semimartingales Z' and Z2. The remaining difficulty in the proof is to identify the terms.

Hence, we prove that

G(t,Y;) =G(0,Yy) + /Ot % (Gi(8,Ys4) + Gi(s,Ys—)) ds

+/ 5 (Gm(S,}/S—F)—FGz(S,}/S—)) d}/S—F 5/ ng(s,}@)lys¢0d<Y>s
0 0

1 t
+ 5/ (G (s, Yot) = Ga(s,Ysm)) 1y, —odL2(Y).
0

Now recalling that G(t,Y;) = r(t, X;), Y2 = X¢ — v(¢) and the relations (AJ), we get

r(t, X¢) =r(0, Xo) + /0 % (re(s, Xs+) + re(s, Xs—))ds + /0 % (re(s, Xs+) +12(s, Xs—)) 7 (s)ds

“1 “1
+/0 5 (rw(stS'i') + rw(sts_)) dXs — /0 B (T1(37X5+) + Tw(saXs_)) d’V(S)

2
I 1 [
+ 5/0 T/zlz(sa Xs)le?fV(S)d<Y>s + 5/0 (12 (8, Xs+) — r2(5, Xs—)) 1XS:7(s)sz(X)a
and since dvy(s) = +/(s)ds, we get the formula. O
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We end this section by proving Corollary 2.8

Proof of Corollary[Z8 We denote ¢, = infi<;<7—1inficio7)(yit1(t) — v:i(t)). We can construct continuous
functions r; : [0, 7] x R = R, 1 <4 < I, in the following way:

For any ¢ € [0,T], we require that ri(t,y) = r(t,y) for all y < y1(t) + ¢,/4 and ri(t,y) = 0 for y >
y2(t) — e, /4 and choose arbitrarily the restriction of 71 on {(¢,2) € [0, T] xR : y1(t) +¢/4 < z < ya(t) — e, /4}
in order to have r, € C12(DY) N CY2(DY).

Then for 1 < ¢ < I, for any t € [0,T], we set r;(t,y) =0 for y < y;—1(t) +&,/4 and y > y;41(t) — gy /4,
ri(t,y) = r(t,y) —rica(t,y) for yioi(t) +€/4 < 2z <yi(t) —ey/4, ri(t,y) = r(t,y) for all y;(t) —e, /4 <y <
yi(t)+e, /4. We choose arbitrarily the restriction of r; on {(¢, z) € [0, T| xR : y;(¢)+e,/4 < 2 < yi41(t)—e, /4}
in order to have r; € C2(DY_,) N C2(DY).

Finally, for any ¢t € [0,T], r1(t,y) = 0 for all y < yr—1(¢) + &,/4, ri(t,y) = r(t,y) — rr—1(t,y) for
yr—1(t) +e,/4 <y < yr(t) —ey/4 and r1(t,y) = r(t,y) for all y > y;(t) — g, /4.

Notice that this construction ensures that r; € C2(DY_ ) N CH2(DY) for any 1 < i < I and

I
r= E Ti.
i=1

Therefore the result, by summation of formula (I0) in Theorem [Z7, and linearity of the derivatives. The

second part of the corollary is proved in a similar manner. O

Appendix B. Partial Differential Equations aspects

Proof of Theorem[5.8. STEP1. We first treat the case f = 0, and deal for the moment with a source term
G. eV
a) With the constant Ay > 0 of Condition ii) we denote Ay, (u,v) = A(u,v) + Ao (u, v), for any u,v € V.

Using the triangular inequality, the Cauchy-Schwarz inequality, and || - ||% < || - ||y we get from i)
Vu,0 €V, [Ax (u,0)] < Cullylfollv, (B.1)

with C’ = max(C, A¢). For any w € V the map v — Ay, (w,v), v € V, is a continuous linear form (thanks to

(B), which we denote by —A,,w. In other words —A,, : V — V' is defined by

(= Axow,v) v =Ax (w,v), VYw,veV.

v,

Again thanks to (BJ) it can be seen that the linear application —Ay, is continuous. Further, thanks to ii),
it satisfies

(—Axv, vy > aollully, VeV
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Theorem 3.1.1 in |25] asserts then that —A — Ay, is an isomorphism from VN D(A, V') to V', so that for
any G20 € V' there exists a unique w € VN D(A,V’) (in particular w(T,-) = 0) such that,

dw

< - d_t’U>V/7V + Ay, (w,v) = <Gi0’v>vxv Yo e V. (B.2)

b) We denote now e*0* the function ¢ ++ e*f, and define G° € V' by

<Gi“,v> = <G*,e)‘°'v> Yv e V.

2% 1ZR%

We set u.(t,z) = e~ lw(t,z) with the function w € V satisfying (B.2)). Note that u, € VN D(A,V’) (in

dus
particular (ﬁ €V and u.(T, ) = 0). We have
dw Ao At
BT T

So that we deduce from (B2) that

_ dus

< dt 76)\0.’U>V’1V + A(u*’ eAO.’U) = <G*7 e>‘0.v>V/7V7 Yo ey,
and thus
du,
(= 50y T AW ) = (Gov)y, e Yo EV. (B.3)

STEP2. We go back to the general case f € L?(R). Applying a trace theorem, we get the existence of
duy,
u, € L*(0,T; HY(R)), with d—ut € L*(0,T; HY(R)), s.t. u,(T,-) = f (cf [25] Chap. 1, N° 3). We define
G. €V by
du,

(Ga,v)vr v = (G, v)yry — Alur,v) + <Evv>vxv, Yo e V.

Considering the function u, of Step 1 we set u = ux + u,. Note that u € L2(0,T; H'(R)) (because u € V),
d
that d—zé € L*(0,T; H ' (R)) (because %= € V') and that (T, -) = f.
From (B3) we get for any v € V,

<_

du du,
E’U>V’»V = (G, )y — AUs,v) — <E”U>V’,V = (G,v)yy — Alux + ur,v),

du

and therefore (B0). Besides, as T
in [25] that u € C([0,T7]; L*(R)).

€ L*(0,T; H*(R)), we can see from Theorem 1.3.1 and Proposition 1.2.1

STEP3: unicity. Suppose that i is another element of L2(0,7; H(R))NC([0; T]; L*(R)) with 4(T,-) =
f and i—i € L*(0,T; H1(R)) that satisfies (50). Then u — @ is an element of V N D(A,V’) (note that in
particular (u — @)(T,-) = 0), that satisfies (B3) with G, = 0. If we set w = e (u — @) we will see that
w € VN D(A, V') solves (B.2) with G2° = 0. But —A — A, is an isomorphism, as stated in Step 1-a). Thus

w = 0 and therefore u — u = 0. O
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Proof of Lemma[id. First, recall that p,a € ©(m/, M’), m’ < M’, and note that we have for any v € H,
1 1
Lol < ol < {1l (B.1)
Taking u, v € V, we have, using Schwarz’s inequality and (B-4))

|A(u, v)]

IN

M| < [T+ 5

G4 < ol + Sl x ol

IN

Csllul|v]|v]|v,

s where C5 depends an m’, M’ \. Therefore (53] is proven.

Taking now v € V we have

mdvy 2 9 T dv  _,
.A)\O(’U,’U)Zmu&H +()\+)\o)||v||H—/0 /R(B&vp ) (t, z)dzdt.

But, using Young’s inequality we get for § > 0,

’// tgcdaccht’<—//%]dv2 S1oP) (¢ 2)dwdt.

Choosing § = M'/m/? we get

m' dv M'?
Ara0) = NS (3 Aol — ol

and then, again by (B.4),

14

M
A)\O(U,’U) Z %H&Hi"‘ (/\+AO - W)HUH?H

Therefore it suffices to choose A\g > 0 s.t. A+ Xg > M’*/2m’3 in order to define ag = min{mTB, A Ao — 2]\7/7[1—/2}
that satisfies (54)). O

Proof of Lemma 510 We consider a mollification u, (¢, 2) = u(t, z, 7) of u(t, x) (see for instance p22 in [32]).

We will show that .
/ / |(ur)}]? dadt < Cs (B.5)
o Jr

with a constant Cs not depending on 7. Using a compactness argument this implies that there is an
element w € L*(0,T; L*(R)) such that for any ¢ € C3%°°(E) the quantity fOT Ja(ur)iop~! dadt converges to

fOT fR wpp~tdxdt, as T | 0. But using integration by parts with respect to the time variable we have

T T T p/
/ /(uT);g)p*l dzdt = —/ /ugpép*l dxdt—l—/ /uq-ga—tpfl dzdt.
0o JR 0o JR o JRr P

But the right hand side term in the above expression converges (as 7 | 0) to

T T p/
—/ /ucpffp_l dxdt—i—/ /ucp—tp_l dxdt
o JR o JR P
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du

I )y y (using the notations of Subsection [(.2)).

(see Lemma 3.2 in [32]), which is nothing else than (

Therefore we will get the desired result.

Using Fubini type arguments and Lemma 3.3 in [32] we can see that u, is a weak solution of (’Pé\ivyT(pT, a-,B;)),

where p; = p(-,7) (resp. ar, B;) is a mollified version of p (resp. a, B). Following [21] the idea is to use
o = (u,),¢2 € HY1(E) as a test function in ({@8)), where (,, is some element of a sequence of cut-off functions
(Cn) (this sequence can be defined for example in the same spirit than in the proof of Theorem VIIL6 in [33]).
In the following computations we drop any reference to the subscripts 7 and n. But the function denoted
by u is smooth so that w} and w/, exist in the classical sense. So that using integration by parts w.r.t. the

time variable in (@8] we first get

— T e P L T [ aul (a2 A 204CCL) — [y fy BubulCp Tt A fy S utfCPp !

== Jo JeouCo

Using the relation aulu/,(? = %(a|u;|2cz); — Zajul 2 — alul[*¢¢) and €(0,-) = (T, ) = 0 we get

T _ T T T T _
fo f]R |u2|2<2p b= _i 0 fRaHu;cPCQ_%fQ fRa|ulm|2CC£+fO f]Rau/zU’éCC; _fo fRBUQUQ@P !

T _ T _
+A fo JpwuiC?o™t + fo JoguiPpt
Remembering now that p,a € ©(m/, M'), B € Z2(M’) and |a}| < Cs(k, k, M), we get, using triangular and

Young inequalities, that

o Jo Jeld2 < 0 [ [ P + M T [ WlPCC + MY [ [ ¢+ AT [P
M ¢ T 22, M1 T 1122 A T 112 -2 A1 T 22
+W‘Sfo f]R|ut| G+ s o fR|uw| ¢ +W5fo fR|ut| ¢ +W3fo fRuC

T T
o Jo JalutPC + 5 fo Je9?¢
for any § > 0. Adjusting now § we get

/OT/R|ut|2<2 s04/0T/R(|u;|2+u2+gz)<2+c4/0T/RIu;|2(<<£+I<;|2>

with a constant Cy depending on m/, M’, M, k,x,d5, \. Using now u,u,,g € L*(0,T; L*(R)), Lemmas 3.2
and 3.3 in [32], and the fact that |[({| < ¢4 and |¢}| < c4 (cs > 0 is some constant), we get (B5) with a
constant Cs not depending on 7 > 0, by letting n tend to infinity. O
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