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ABSTRACT

We are interested in the local limits of families of random trees that satisfy the
Markov branching property, which is fulfilled by a wide range of models. Loosely, this
property entails that given the sizes of the sub-trees above the root, these sub-trees
are independent and their distributions only depend upon their respective sizes. The
laws of the elements of a Markov branching family are characterised by a sequence of
probability distributions on the sets of integer partitions which describes how the sizes of
the sub-trees above the root are distributed.

We prove that under some natural assumption on this sequence of probabilities, when
their sizes go to infinity, the trees converge in distribution to an infinite tree which also
satisfies the Markov branching property. Furthermore, when this infinite tree has a single
path from the root to infinity, we give conditions to ensure its convergence in distribu-
tion under appropriate rescaling of its distance and counting measure to a self-similar
fragmentation tree with immigration. In particular, this allows us to determine how, in
this infinite tree, the “volume” of the ball of radius R centred at the root asymptotically
grows with R.

Our unified approach will allow us to develop various new applications, in particular
to different models of growing trees and cut-trees, and to recover known results. An
illustrative example lies in the study of Galton-Watson trees: the distribution of a critical
Galton-Watson tree conditioned on its size converges to that of Kesten’s tree when the
size grows to infinity. If furthermore, the offspring distribution has finite variance, under
adequate rescaling, Kesten’s tree converges to Aldous’ self-similar CRT and the total size
of the R first generations asymptotically behaves like R2.

1 INTRODUCTION

The focus of this work is to study the asymptotic behaviour of sequences of random trees which satisfy the
Markov branching property first introduced by Aldous in [6, Section 4] and later extended for example
in [17, 30, 31]. See Haas [28] for an overview of this general model and Lambert [40] for applications
to models used in evolutionary biology. Our study will therefore encompass various models, like Galton-
Watson trees conditioned on their total progeny or their number of leaves, certain models of cut-trees
(see Bertoin [12, 13, 14]) or recursively built trees (see Rémy [46], Chen-Ford-Winkel [19] and Haas-
Stephenson [32]) as well as models of phylogenetic trees (Ford’s a-model [24] and Aldous’ 3-splitting
model [6]).

Informally, a sequence (T, ), of random trees satisfies the Markov branching property if for all n, T, has
“size” n, and conditionally on the event “T, has p sub-trees above its root with respective sizesny = -+- > n,”,
these sub-trees are independent and for each i = 1,...,p, the i™ largest sub-tree is distributed like T,
The sequence of distributions of (T, ), is characterised by a family q = (q,,),, of probability distributions,
referred to as “first-split distributions” (see next paragraph), where g, is supported by the set of partitions
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of the integer n. We will detail two different constructions of Markov branching trees corresponding to a
given sequence g for two different notions of size: the number of leaves or the number of vertices.

Let (g,,), be a sequence of first-split distributions. A tree with n leaves with distribution in the associated
Markov branching family is built with the following process. Consider a cluster of n identical particles and
with probability g, (14,...,A,), split it into p smaller clusters containing A,,..., A, particles respectively.
For each i =1,...,p, independently of the other sub-clusters, split the i cluster according to q 2, Repeat
this procedure until all the sub-clusters are empty. The genealogy of these splits may be encoded as a tree
with n leaves, the distribution of which we’ll denote by MBf 4,

Figure 1: Example of a tree with 7 leaves (in red) and first-split equal to (5, 2)

A Markov branching tree with a given number of vertices, say n, is built with a slightly different
procedure and we will note MB its distribution. Section 2.2.1 will rigorously detail the constructions of
both MB! and MBrf’q. Rizzolo [47] considered a more general notion of size and described the construction
of corresponding Markov branching trees.

One way of looking at the behaviour of large trees is through the local limit topology. For a given
tree t and R > 0, we denote by t|z the subset of vertices of t at graph distance less than R from its root.
We will say that a sequence t,, converges locally to a limit tree t, if for any radius R, t, |z = teo|g for
sufficiently large n. There is considerable literature on the study of the local limits of certain classes of
random trees or, more generally, of graphs. For instance, see Abraham and Delmas [1, 2], Stephenson [51],
Stefansson [48, 49] or a recent paper by Broutin and Mailler [ 18], as well as references therein, for studies
related to our work.

Let us present in this Introduction the simplest, and most common, case in which Markov branching
trees have local limits. Let (T,), be a sequence of Markov branching trees indexed by their size with
corresponding family of first-split distributions (q,,),. Let p be a non-negative integerand A; > -+ > 1, >0
be a non increasing family of integers with sum L. For n large enough, consider q,(n—L,A4,...,1,),
that is the probability that T, gives birth to p + 1 sub-trees among which the p smallest have respective
sizes A4,...,A,. Assume that for any such p and 4, q,(n—L,44,...,4,) converges to q,(A,,...,4,) for
some probability measure g, on the set of non-increasing finite sequences of positive integers. Under
this natural assumption, we will prove in a rather straightforward way that T, locally converges to some
“infinite Markov branching tree” T, with a single path from the root to infinity, called its infinite spine. The
distribution of T, is characterised by the family (g,,), and the measure g, which describes the distribution
of the sizes of the finite sub-trees grafted on the spine of T,. See Theorem 2.5 for a more precise and
general statement.

A drastically different approach to understand the behaviour of large random trees is that of scaling
limits. Aldous was the first to study scaling limits of random trees as a whole, see [5], and notably
introduced the celebrated Brownian tree as the limit of rescaled critical Galton-Watson trees conditioned
on their size with any offspring law that has finite variance. See also Le-Gall [41] for a survey on random
“continuous” trees.
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In this context, we will consider T, as a metric space rescaled by some factor a,, i.e. the edges of T,
will be viewed as real segments of length a,,, and denote by a, T, this rescaled metric space. Scaling limits
for Markov branching trees were studied in [30, 31] by Haas-Miermont et al. Their main result is that
under simple conditions on the sequence (q,,), of first-split distributions, T, converges in distribution,
under appropriate rescaling, to a self-similar fragmentation tree. These objects were introduced by Haas
and Miermont [29] and notably encompass Aldous’ Brownian tree as well as Duquesne and Le-Gall’s stable
trees [23].

Haas and Miermont’s result in particular gives an asymptotic relation between the size and height of a
finite Markov branching tree. When considering an infinite Markov branching tree T, we may wonder if a
similar relation exists, namely how many vertices or leaves are typically found at height less than some
large integer R. This seemingly simple question, the study of the integer sequence (#T |g)g, leads us to
consider the scaling limits of the weighted tree (T, ur), where u; is the counting measure on either the
vertices of T or on its leaves.

In Theorem 4.1, we consider the case in which T is an infinite Markov branching tree with a unique
infinite spine with distribution characterised by a family (q,,),, of first-split distributions and a probability
measure g, associated to the sizes of the finite sub-trees grafted on the spine. We prove that under the
assumptions of Haas and Miermont’s theorem on the family (q,), and an additional condition on the
measure q,, when R goes to infinity, the tree T /R endowed with the adequately rescaled measure u;
converges in distribution to a self-similar fragmentation tree with immigration. These infinite continuous
trees were introduced by Haas [27]. They include Aldous’ self-similar CRT [5] (which will appear as the
limit in many of our applications) and Duquesne’s immigration Lévy trees [22].

As a result, under appropriate rescaling, the “volume” of the ball of radius R centred at the root of
T converges in distribution to the measure of the ball with radius 1 centred at the root of a self-similar
fragmentation tree with immigration. Proposition 4.2 actually gives the stronger convergence of the whole
“volume growth” process.

The unified framework used here will yield multiple applications. As a first example, Theorem 2.5 will
allow us to recover known results on the local limits of conditioned Galton-Watson trees towards Kesten’s
tree (see Abraham Delmas [2] for instance) and Theorem 4.1 will give an alternative proof to Duquesne’s
results (see [22]) on the convergence of rescaled infinite critical Galton-Watson trees to immigration Lévy
trees. We will give similar results for some models of cut-trees, which encodes the genealogy of the random
dismantling of trees, studied by Bertoin [12, 13, 14]. We will also study some models of sequentially
growing trees described in [19, 32, 42, 46] and models of phylogenetic trees [6, 24].

This paper will be organised as follows. In Section 2, we will define finite and infinite Markov branching
trees and give a natural criterion for their convergence under the local limit topology in Theorem 2.5. In
Section 3 we will detail the background needed for our main result, Theorem 4.1, i.e. the study of the
scaling limits of infinite Markov branching trees. Section 4 will focus on the proof of this result. Finally,
Section 5 will give applications of our unified approach to various Markov branching models.

2 MARKOV BRANCHING TREES AND THEIR LOCAL LIMITS

2.1 Trees and partitions

2.1.1 Background on trees. First of all, let us recall Neveu’s formalism for trees, first introduced in [44].
Let U := | J,»oIN" be the set of finite words on IN with the conventions N = {1,2,3,...} and N° = {z}.
We then call a plane tree or ordered rooted tree any non-empty subset t C U such that:

— The empty word & belongs to t, it will be thought of as its “root”,
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— Ifu=(uy,...,u,) isin t, then its parent pr(u) := (uy,...,u,_1) is also in t,
— For all u in t, there exists a finite integer c,(t) > 0 such that ui := (uy,...,u,,1) is in t for every
1 <i<c,(t). We will say that c,(t) is the number of children of u in t.
Let T°¢ be the set of plane trees. Observe that if t is an infinite plane tree, this definition requires the
number of children of each of its vertices to be finite.

Plane trees are endowed with a total order which is of limited interest to us. Because of this, we define
an equivalence relation on T° to allow us to consider as identical two trees which have the same shape.
Say that two plane trees t and t’ are equivalent (noted t ~ t) i.f.f. there exists a bijection o : t — t’
such that 0(@) = @ and for all u € t \ {@}, pr{o(u)] = o[pr(u)]. Finally, set T := T°"/ ~. From now on,
unless otherwise stated, we will only consider unordered trees, i.e. by “tree” we will mean an element of T.

Let t be a tree. We say that a vertex u on t is a leaf if it has no children, i.e. if ¢,(t) = 0. Define #t as
the total number of vertices of t and # .t as its number of leaves. For any positive integer n, let T, and
Tf be the sets of finite trees with n vertices and n leaves respectively. Moreover, note T, the set of infinite
trees.

We will use the following operations on trees:

— Lettq,...,ty be trees; their concatenation is the tree [t,...,t,] obtained by attaching each of their
respective roots to a new common root, see Figure 2,

— Let t and s be two trees and u be a vertex of t; set t ® (u, s) the grafting of s on t at u, i.e. the tree
obtained by glueing the root of s on u, see Figure 3,

— Fix t a tree, a non-repeating family (u;);cs of vertices of t, and a family of trees (s;);es; let
t Qieq(u;, s;) be the tree obtained by grafting s; on t at u; for each i in J.

old ~_____-new root
roots
Figure 2: The tree [t;,t,, t3] Figure 3: The tree t ® (u, s)

For all n > 0, let b,, be the branch of length n, i.e. the tree with n + 1 vertices among which a single
leaf. Similarly, define the infinite branch b, and note (v,),>¢ its vertices where vy is its root and for all
n>0, v, =pr(v,.)

The local limit topology. 1If t is a tree, we may endow it with the graph distance dg, where for all u
and v in t, dg,(u,v) is defined as the number of edges in the shortest path between u and v. For any
non-negative integer R, we will note t|; the closed ball of radius R centred at the root of t, that is the tree
tlg:={uet:d,(a,u) <R}

The local distance between two given trees t and s is defined as

dioe(t,8) := exp[—inf{R >0:tlg# is}].

The application d,,, is an ultra-metric on T and the resulting metric space (T, d.) is Polish. The following
well-known criterion for convergence in distribution with respect to the local limit topology will be useful.
See for instance [2, Section 2.2] for a proof (which relies on [16, Theorem 2.3] and the fact that dy,. is an
ultra-metric).
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Lemma 2.1. Let T, n > 1 and T be T-valued random variables. Then, T,, = T in distribution with respect
to diy L.ff forallt € Tand R =0, P[T,|g = tlg] = P[T|z = t|g] as n tends to infinity.

2.1.2 Partitions of integers. As discussed in the introduction, Markov branching trees are closely related
to “partitions of integers”. This section thus aims to introduce a few notions on these objects which will be
useful for our forthcoming purposes.

Set Py := {@}, P; := {@,(1)} and for n > 2, let P, be the set of partitions of n, i.e. of finite non-
increasing integer sequences with sum n. More precisely, set

Ppi={A=(,e. s A) ENF 1 p>1, 2y 2 2 A, > 0and Ay + -+ A, =n}.

Similarly, let P, be the set of finite non-increasing IN U { oo }-valued sequences with infinite sum (and
therefore at least one infinite part). In other words, define

Poo = {A=(A,....2,) €(NU{o0}) : p>Tandoo =2, > -2, >0}.

Set Peoo i=Jyno Prnand P :=P_ o, UP.
Let A =(44,...,4,) be in P. We will use the following notations:
— Let p(A) :=p be its length and [|A|| = A; + -+ + A,, its sum (with the conventions p(@) = ||@|| = 0).
— For k e NU {oo}, let m (1) := D, 1, be the number of occurrences of k in the partition A.
— For a non-negative integer K, set AAK :=(A; AK,...,A, AK). This finite partition will be called
the truncation of A at level K.

We endow P with an ultra-metric distance defined similarly to dy,.. For all A and u in P, let

de(A,u) := exp[—inf{KZO : )L/\K;éu/\K}].

Lemma 2.2. (i) The application dy is an ultra-metric distance,
(ii) The metric space (P,ds) is Polish.

Remark 2.1. Forall A and uin ? and K > 0, AAK = uAK iff. dp(A, u) < e X. In particular, dp(A, u) = 1
i.f.f. A A0 # u A0 in which case p(1) # p(u).

Proof. (i) Clearly, d, is symmetrical and d;»(A,u) = 0 i.f.f. A = u. Hence, we only need to prove that
d, satisfies the ultra-metric triangular inequality. Let A, u and v be in P and assume that d,(A, v) >
dp(A, w) V dsp(u, v). Then, there exists K > 0 such that AAK = uAK = vAK and A AK # v AK, which is
absurd. Consequently, d(A, v) < dy(A, w) V dyp(u, v).

(ii) Observe that P C UnZO(N U {oo})" and is as a result both countable and separable. Therefore, it
only remains to show that it is complete.

Let (1,), be a Cauchy sequence with respect to d,,. By assumption, there exists an increasing sequence
(ng)k such that for all K > 0, A, AK = A,, AK when n,m > ng. In particular, there exists a constant p > 0
such that p(4,, ) = p for all K. Furthermore, notice that for all i =1, ..., p, the sequence [, (i) AK] is
non-decreasing. For each i =1,...,p, set A(i) := supg A, (i) AK < 0o. Clearly, A :=[A(1),...,A(p)] is in
? and is such that d(A,,, A) = 0 when n — oo. This proves that (P, d,) is indeed complete. O

Lemma 2.3. Let (A,),>; and A be P-valued random variables. Then, A, converges to A in distribution with
respect to d i.ff forall Ain P, and all K > 0, we have P[A,AK = AAK] - P[AAK = AAK]as n — oo.

Proof. Uses the same arguments as the proof of Lemma 2.1 (recall that d., is an ultra-metric and use [16,
Theorem 2.3]). O
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Remark 2.2. Elements of P_, are closely related to elements of T. Indeed, if t is a finite tree which can

be written as the concatenation of p trees t,,...,t,,i.e. t = [t;,...,t,], then the partition at the root or

first split of t defined by A(t) := (#t4,..., #tp)l is a partition of n when t has n + 1 vertices (the root
plus n descendants).

Similarly, if we consider leaves instead of vertices, then A“(t) := (#:t1,...,#¢ tp)i is a partition of n
when t has n leaves.

In this article, we will often have to consider sequences of random partitions A,, € P, that will weakly
converge to a limit partition A, € P, such that, ms,(As) =1 a.s.. In this particular setting, the weak
convergence can be defined as follows.

Lemma 2.4. Forall 1 <n < oo, let q, be a probability measure on P, and assume that q..(me, =1) = 1.
Then, q, = oo With respect to d i.ff. for all A in P_., we have q,(n—||A|l,A) = ¢oo(00,A) as n — oco.

Proof. = LetA=(A4,...,A,)bein P, and K > A,. In light of Lemma 2.3,
(|2l 2) = g, (11 € Py s wAK = (K, ) AK)
—oo>qoo(,u €EP :UAK = (K,)L)/\K) = (oo (00, A).

& For fixed K > 0 and A in P_,, Fatou’s lemma ensures that
liminf q,(u € P, : pAK = AAK) = liminf 3,5 Lo mak=ank Gl =171, %)

= Zv€?<wﬂ(oo,v)/\K=)L/\K qoo(oo: v) = QOo(,u EP :UAK=2A /\K)~

Similarly,
limgf qn(ue P, uAK #AAK) Zqoo(,uECPoo uAK #l/\K).
As a result and thanks to Lemma 2.3, we get that ¢, = ¢ O

2.2 The Markov-branching property

2.2.1 Finite Markov branching trees. We will now follow [30, Section 1.2] and define two types of
family of probability measures on the set of finite unordered rooted trees, satisfying the Markov branching
property discussed in the Introduction.

Fix ¢ = (q,,) a sequence of probability measures respectively supported by P,_; (referred to as “first-split
distributions” in the Introduction). We will define a sequence MB? = (MBY), of probability measures on
the set of finite trees where

— For all n, MB{ is supported by the set of trees with n vertices,

— Atree T with distribution MB! is such that

+ The decreasing rearrangement A(T) of the sizes of the sub-trees above its root is distributed
according to q,_;,
+ Conditionally on A(T) = (A4,...,4,), the p sub-trees of T above its root are independent with
respective distributions MB?\;
We will also define a sequence MB**¢ satisfying the same Markov branching property where we count
leaves instead of vertices to measure the size of a tree.

Markov branching tree with n vertices. First of all, set N an infinite subset of IN with 1 € N. This set will
index the possible number of vertices of the trees we want to generate, which is why we need 1 to belong
to N. Let ¢ = (g,—1 )nen De a sequence of probability measures such that g,(@) =1, ¢;[(1)]=1 (if 2 € N),
and for allnin N, n > 2, q,_; is supported by the set {A € P,_; : A, €N, i=1,...,p(A)}.
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Remark 2.3. This last condition comes from the fact that if T is distributed according to MB?, the blocks of

A(T) need to be in N because the distribution of the corresponding sub-trees belong to the family (MBZ)k o

We now detail a recursive construction for MB?. Let MB‘{({@}) = 1 and for n > 2, proceed by a
decreasing induction as follows:
— Let A have distribution q,,_4,
— Conditionally on A = (A4,...,A,) € P,_q, let (Ty,..., T,) be independent random trees such that T;
is distributed according to MB‘; foreach1<i<p,
— Define MBY as the law of the concatenation of these trees, i.e. that of [ Ty,..., Tyl

Figure 4: The construction of a tree with distribution MB?

Markov branching tree with n leaves. ~Similarly, fix an infinite subset N of IN such that 1 € N (corresponding
to the possible number of leaves of the trees we will generate) and let ¢ = (g,,),en be such that for all n
in N, q,, is a probability measure supported by the set {A € P, : A; €N, i=1,...,p(A)}.

To define MB*¢, we will proceed by the same recursive method used for MBY: first choose how the
mass is shared between the children sub-trees of the root, ans then generate the said sub-trees adequately.
However, if for some n in N we have q,(n) = 1, the recursion will be endless. For this reason, we also
require that for all n in N, q,(n) < 1 (i.e. with positive probability, a tree “splits” into smaller trees).

Let MBf’q be the distribution of a branch of geometric length with parameter 1—q;(1), i.e. MBf’q (o) =
q1(1)¥[1 —q;(1)] for all k > 0. For n > 1, we do as follows:

— Let T, be a branch with geometric length with parameter 1—gq,(n) and call U its leaf,

— Let A have distribution g,, conditioned on the event {m, = 0},

— Conditionally on A = (A4,...,A,), let (Ty,..., T,) be independent random trees respectively dis-

tributed according to MBii for1<i<p,

— Graft the concatenation of these trees on the leaf U of Ty, i.e. set T := Ty ® (U, [r,..., TP(A)]]) and
let MB“? be the distribution of T.

2.2.2 Infinite Markov branching trees. Using the same principle as before (split the mass above the
root and generate independent sub-trees with corresponding sizes) we will define a probability measure
supported by the set of infinite trees which satisfies a version of the Markov branching property. Let N and
q = (q—1)nen satisfy the conditions exposed in the construction of the sequence MBY.
In order to lighten notations, for any finite decreasing sequence of integers A = (44,...,A,), we define
MB% as the distribution of the concatenation of independent MBin -distributed trees. More precisely:
— Let MBq@ be the Dirac measure on the tree with a single vertex (its root), namely MB% =06y
— Forany A € P, withp=p(A)>0and A; e Nfori=1,...,p, let (Ty,...,T,) be independent trees
with respective distributions MB‘}L foralli=1,...,p. Set MBG’/1 as the distribution of the concatenation
of these trees. l
Observe that when p(A) =1, a tree with distribution MB‘}l is obtained by attaching an edge “under” the
root of a Mqul -distributed tree.
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Consider ¢, a probability measure on P, supported by the set

{AePe 2 eNU{oo},i=1,...,p(A)}

and let A follow q,. Let T° be a Galton-Watson tree with offspring distribution the law of m,(A).
Conditionally on T°, let (A, T,),er- be independent pairs and such that:

— A, has the same distribution as A conditioned on the event m,(A) = ¢, (T°),

— Conditionally on A, = (09,...,00,2) with A in P_,, T, follows MB].
Then, for every vertex u in T°, graft the corresponding tree T, on T° at u. Let T be the tree hence obtained,
i.e. set T := T° ®yer-(u, T,). Finally, call MBLI> the distribution of T.

Remark 2.4. — Suppose that e, (Me, = 1) = 1. In this case, the construction of MBLI™® is much
simpler: the tree T° is simply the infinite branch and the family (A, , T, ), is i.i.d.. In particular, T
a.s. has a unique infinite spine, i.e. a unique infinite non-backtracking path originating from the root.
— Atree T with distribution MBLZ> satisfies the Markov branching property: conditionally on A(T),
the sub-trees of T above its root are independent and their respective distributions are either MBI
or in the family (MB]), _,., depending on their sizes.
— The same exact construction can be used to define a measure MB@;q’q"".

2.3 Local limits of Markov-branching trees

Let g be the sequence of first-split distributions associated to a Markov-branching family MB? (respectively
MB*+9). Suppose g is a probability measure on P, supported by the set of sequences A such that for all
i=1,...,p(A), A; is either infinite or in N. The aim of this section is to expose suitable conditions on g
and q,, such that MB? converges weakly to MBEZ™ (or MBX? = MB3;*%) for the local limit topology.

Theorem 2.5. Suppose that when n goes to infinity, q,, converges weakly to q. with respect to the topology
induced by ds. Then, with respect to djoc, MBI = MBLI> (respectively MBS = MB ).

In many cases, the infinite trees we will consider will have a unique infinite spine, which corresponds
t0 oo (Mo = 1) =1 and the particular construction mentioned in Remark 2.4. In this situation, we may
use Theorem 2.5 alongside Lemma 2.4 to get the following corollary.

Corollary 2.6. Assume that g, is such that q.,(me, = 1) = 1 and suppose that for any finite partition A in
Poo we have q,(n— [|All,A) = qoo(00,A). Then, MB = MBLI™ (or MB4 = MB2%) with respect to
the local limit topology.

Proof of Theorem 2.5. For all n in NU {00}, let T, follow MBZ. We will use Lemma 2.1 and proceed by
induction on R. First, it clearly holds that for every tree t, t|, = {@} = T,lo = Toolo @S-

Let R be a non-negative integer and suppose that for any s € T, P[T,|g = s|g] = P[Too |z = slz] as
R — oo. Fixt € T and set d := c4(t), the number of children of its root. We may write t|p,; =[t1,...,tq]
for some t,...,t, in T with height R or less.

The labelling of t,...,t4 such that t|g,; = [ty,...,t4] is arbitrary and creates a kind of order
between the children vertices of the root of t. As a result, we need to consider a subset S of the set of
permutations on {1,...,d} such that for every permutation ¢ there is a unique T € S such that for all
i=1,...,d, ty; =t.,; as elements of T. Then for all n in NU {oo}, it ensues from the Markov-branching
nature of T, that

]P[Tn lri1 = t|R+1:| = J Z (Hlell’[Tai lr = ta-i]) Tpa)=d Gn—1(dA).

P oes
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Our induction assumption ensures that for all i =1,...,d and s in T with height R or less, the application
P —[0,1], A > P[T, |g = s]1,(3)—q is continuous. As a result, P[T, |1 = t|g4;] may be expressed as the
integral against q,_; of a finite sum of continuous functions. Therefore, since q,, = qoo,

P[T,lrs1 = tlgs1] e P Too lrs1 = tlrs1 ]-
We proceed in the same way to prove the claim on MB* trees. |

In the next proposition, we prove that the condition “q,, = q,” in Theorem 2.5 is optimal for MB? trees.

Proposition 2.7. Let ¢ = (q,_1),en be the sequence of first split distributions associated to a family MB? of
Markov branching trees with given number of vertices. If there exists a probability measure q., on P, such
that MBY converges weakly to MBZLI> for the local limit topology, then q,_; = (oo in the sense of the d

topology.

Proof. Observe that for all K > 0 and t,s € T, if t|x = s|x then A(t) AK = A(s) AK. As a result,
dp[A(t),A(s)] < dip(t,s) which proves in particular that the application A : T — P is continuous.
Consequently, since for all possibly infinite n, A(T,) has distribution q,_;, in the sense of the d, topology
we have q,,_; = ¢, when n — oo. O

3 BACKGROUND ON SCALING LIMITS

In this section, we will introduce the framework needed to consider the scaling limits of both finite and
infinite Markov branching trees as well as the corresponding limiting objects: self-similar fragmentation
trees with or without immigration. Afterwards, we will also give a few useful results on point processes
related to our models of trees.

3.1 IRR-trees and the GHP topology

To talk about scaling limits of discrete trees, we need to introduce a continuous analogue. We use the
framework of R-trees. An R-tree (or real tree) is a metric space (T, d) such that for all x and y in T:

— There exists a unique isometry ¢ : [0,d(x,y)] — T such that ¢(0) = x and ¢[(d(x,y)] =y,

— Ify:[0,1] — T is a continuous injection with y(0) = x and y(1) = y, then 3y =S¢ =: [x, y 1.
This roughly means that any two points in an R-tree can be continuously joined by a single path, up to its
reparametrisation, which is akin to the acyclic nature of discrete trees.

To compare two such objects, we will use the Gromov-Hausdorff-Prokhorov distance. More precisely,
we will follow the definition from [4] and extend it in a way similar to that of [3].

For any metric space (X, d) let M;(X) be the set of all finite non-negative Borel measures on X and
M(X) be the set of all non-negative and boundedly finite Borel measures on X, i.e. non-negative Borel
measures u on X such that u(A) < oo for all measurable bounded A C X.

A pointed metric space is a 3-tuple (X,d, p) where (X,d) is a metric space and p € X is a fixed
point, which we will call its root. For any x € X, set |x| := d(p, x) the height of x in (X,d, p), and let
|X| :=sup,.cx |x| be the height of X.

We will call pointed weighted metric space any 4-tuple X = (X, d, p, u) where (X, d) is a metric space,
p € X isits root and u is a boundedly finite Borel measure on X.

Remark 3.1. If X is a pointed weighted metric space, we will implicitly note X = (X, dy, px, Uy ) unless
otherwise stated.

Two pointed weighted metric spaces X and Y will be called GHP-isometric if there exists a bijective
isometry ® : X — Y such that ®(py) = py and uy c®~! = uy. Let K be the set of GHP-isometry classes of
compact pointed weighted metric spaces.
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3.1.1 Comparing compact metric spaces. LetX and Y be two pointed weighted compact metric spaces.
A correspondence between X and Y is a measurable subset C of X x Y which contains (px, py) such that
for any x € X there exists y € Y with (x, y) € C and conversely, for any y € Y there is x € X such that
(x,y) € C. We will denote by C(X,Y) (or C(X,Y) with a slight abuse of notation) the set of all pointed
correspondences between X and Y. For any C € C(X,Y), let its distortion be defined as follows:

disxy C := sup {|dx (x,x") =dy (3, ¥")| : (x,¥),(x",y) e C}.
When the setting is clear, we will simply note dis C := disxy C. Observe that disC < 2 (IX | v |Y|) < o0
and that disC > ||X| - |Y||.
For any finite Borel measure 7 on X x Y, we define its discrepancy with respect to uy and uy as:
D(7; uy, uy) == llux — 7 OP;HTV +lluy — 7 °P;1||Tv

where || - ||ty is the total variation norm, and py : (x,y) €X XY — x, py : (x,y) €X x Y — y are the
canonical projections from X x Y to X and Y respectively. The definition of the total variation norm and
the triangular inequality give D(7; ty, thy) = |ux(X) — uy (Y)].

Following [4, Section 2.1], we define the Gromov-Hausdorff-Prokhorov distance (or GHP distance for
short) between two pointed weighted compact metric spaces X and Y as:

1
doup(X,Y) := inf{EdisC VD(7m; Uy, uy) VE(C) : CeC(X,Y), T eMX x Y)}

where C° =X xY \ C.
Remark 3.2. Observe that dgp(X,Y) < (IX |V |Y|) \% (uX(X )+ uY(Y)) and is consequently finite. Moreover,

dep(X,Y) = (1/2- “X| — |Y||) \% |,uX(X) —,u,Y(Y)}. Therefore, the applications K — R, X — |X| and
X — ux(X) are both continuous with respect to dgpp.-

As was mentioned in [4, Section 2.1], dgyp is a well-defined distance on K which gives rise to the
same topology as the GHP distance defined in [3]. As a result and thanks to [3, Theorem 2.5], (K, dgyp) is
completely metrisable and separable. It is therefore Polish.

Rescaling compact metric spaces. For all m > 0, let 0™ := ({@}, d,o, m6®) € K be the degenerate metric
space only made out of its root on which a mass m is put. For a pointed weighted metric space X and
any non-negative real numbers a and b, we will note (aX, buy) := (X, ady, px, buy). When X is in K and
tx(X) = m, we will use the convention (0X, uy) = 0™ (which makes sense since (eX, uy) converges to
0™ as ¢ goes to 0 with respect to dgyp).

Lemma 3.1. Let X and Y be two elements of K. For any non-negative real numbers a, b, c and d:
(1) dopp((aX, buy), (X, duy)) < (la—cl1X]) v (Ib—d] ux (X)),
and (i) dgup((aX, buy),(aY, buy)) < (a V b) dgp(X, ).
Proof. (i) LetC={(x,x):x€X}eC(X,X). We have
diS(ax, byy), (cx,duy) C = SUP {Ia dy(x,y)—cdx(x,¥)| :x,y EX} <2|la—c||X|.

Let 1 € M(X x X) be defined for all measurable A ¢ X x X by n(A) = fx IlA((x,x)) buy(dx). Then
D(7t; buy,dpx) = |b—d|ux(X) and n(C°) = 0.

(i) For every correspondence C € C(X,Y), we clearly have dis,x p,,), (av,bu,) C = adisxyC. No less
clearly, for any finite measure w on X x Y, D(b7t; buy, buy) = bD(7T; Uy, thy)- O

Corollary 3.2. The application K x R, x R, — K defined by (X, a, b) — (aX, buy) is continuous for the
product topology.

10
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Concatenated compact metric spaces. Let (X;);e; be a countable family of pointed weighted metric spaces
with X; = (X;,d;, pi, 4;)- Let (X, d, p, u) where:
— X={p}u |_|ieri>
— d is defined by:
+ Foralli,j€7,d(p,p;) :=d(p;,p;) =0,
+ ForallieJ, and x,y € X;, d(x,y) :=d;(x, y),
+ Foralli# jand x €X;, y €X;, d(x,y) :=di(x, p;) + d;(¥, p;),
— For any Borel subset A of X, u(A) = >, ui(ANX)).
With a slight abuse of notation, we will consider (X, d) to be the quotient metric space X/ ~4 where x ~4 ¥
i.f.f. d(x,y)=0. For each i in J, we will also identify X; with its image in X by the quotient map. Note
X=:(X;;i€7).

Remark 3.3. 1f (T;);ey is a countable family of weighted R-trees, then (T;; i € J) is clearly an RR-tree itself.

Lemma 3.3. For all i > 1, let X; = (X;,d;, p;, 4;) be in K. Their concatenation (X;; i > 1) is an element
of K i.ff. the height |X;| of X; goes to 0 as i goes to infinity and 2121 wi(X;) is finite.

Proof. Set X := (X;;i> 1) and for all x in X and positive r, note By(x,r) :={y € X : dx(x,y) < r} the
open ball of X centred at x with radius r. Similarly, for all i > 1 and x € X;, note B;(x,r) :={y € X; :
d;(x,y) < r}. Clearly, the measure uy is finite i.f.f. the sum 2121 wi(X;) is.

If |X;| — O, then in particular, for all positive ¢, there exists a integer n such that | J,. ,X; € By(px, €).
Moreover, since X; is compact for all i = 1,...,n, we can find a finite e-cover of X;, i.e. a finite subset
A; of X; such that X; C UxeAi B;i(x,€). Set A:={px} UA; U---UA,. Observe that it is finite and that
X €| J,eaBx(x, €). Since this holds for all positive ¢, it follows that X is compact.

If limsup |X;| > O, then there exists a positive ¢ such that |X;| > ¢ for infinitely many indices i. As a
result, X cannot have a finite e-cover, which implies that it is not compact. O

Lemma 3.4. Let X;, Y;, i > 1 be in K and such that X := (X;; i > 1) and Y := (Y;; i > 1) both belong to K.
We have

dGHP(<Xi§ i21),(Y;5i2 1)) < Zizl denp(X;, Y;).

Proof. SetX:=(X;;i=>1)and Y:=(Y;;i>1). For all positive ¢ and i > 1, there exists a correspondence
C; in C(X;,Y;) and a finite Borel measure m; on X; x ¥; such that

1 . i
Edlsci VD(7;; py,, by,) V i (C;) < dgup(X;, Yi) +27"€.

Set C := Ui21 C;, which is a correspondence between X and Y. Let (x, y) and (x’, y’) be in C. If both
(x,y)and (x’, y') are in C; for some i, then clearly, |dy (x, x")—dy (¥, y")| < dis C;. Otherwise, if (x, y) € C;
and (x’, y’) € C; with i # j, then using the definition of dy and dy as well as the triangular inequality, we
get |dy(x, x")—dy(y, y")| < disC; +dis C;. Therefore, 1/2-disC < Zizl dep(X, Y;) + €.

For all n > 0, define the finite Borel measure (™ on X x Y by n(M(A) := D ’I'Ci[Aﬂ (X; x Yl-)] for any
Borel set A. By definition,

() =31, “i[CC N(X; x Yi)] =2 TG 1 < Disy daup(X;, Yo) + €.
Moreover, the discrepancy of (™ with respect to uy and uy satisfies
D(ﬂ(n)Q Uy, Uy ) < Z?:l ||,Uxi - °P§i1||Tv + ”AU‘Y,- - OP;il llrv + Zj>n (”,ij v + ||.ij ”TV)
< Z?zl D(7;; ux,, hy,) + Zj>n (ij(Xj) + UYJ(Y]))
< Do domp(Xi, Y + &+ 200 (b, (X)) + ay, (Y)).
In light of Lemma 3.3, there exists n such that Zi>n px, (X;) + py (Y;) < e. As a result, dgp(X,Y) <
is1 derp(X;, ;) + 2¢ which holds for all positive ¢. O

11
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3.1.2 Extension to locally compact R-trees. Let X = (X,dy, px,Ux) be a locally compact pointed
weighted metric space such that uy is a boundedly finite measure. Forall r > 0, let X|, := (X |, dx, Px, Ux |,)
where X[, := {x € X : |x| < r} is the closed ball with radius r centred at py and ux|, := Ty uy is
the restriction of uy to X|.. Observe that if r < R, clearly (X|z)|, = (X|,)lg = X|,. We also define
o.X :={xeX:|x|=r}.

For any two locally compact pointed weighted metric spaces X and Y, we define the extended Gromov-

Hausdorff-Prokhorov distance between them as:
oo

Deip(X, Y) := f e_r[l A dGHP(X|r,Y|r)]dr-
0

This definition closely resembles that of the GHP distance on locally compact metric spaces defined and
studied in [3].
Remark 3.4. Let X and Y be two weighted locally compact pointed metric spaces. For all R > 0,
oo —
|DGHP(XaY)_DGHP(X|R5Y|R)| < fR e’ |1 Adgrp (X, Y[, ) — 1A dGHP(XlR:YlR)| dr<e™®

<1

Let T be the set of GHP-isometry classes of locally compact rooted R-trees endowed with a boundedly
finite Borel measure and T., be that of compact weighted and rooted R-trees (i.e. T, =K NT).

Proposition 3.5. (i) Dgyp is a metric on T,
(ii) If T,, n = 1 and T belong to T, then Dgyp(T,,T) — 0 i.fiff dgup(T,l,,T|,) — O for all r = 0 with
ur(8.T)=0,
(iii) (T,Dgyp) is a Polish metric space,
(iv) dgup and Dgyp induce the same topology on T..

Proof. (i) Since dgyp is a metric, Dgyp is symmetric and clearly satisfies the triangular inequality. Moreover,
if T and T’ are two elements of T such that Dgp(T, T') = 0, then for almost every r > 0, T|, = T|,.. In this
case, T and T’ are GHP-isometric (see [3, Proposition 5.3] for a similar proof).

(i) Suppose dgyp(T, |, T|,) = 0 for all r > 0 with u;(8,T) = 0. Since uy is a locally finite measure,
the set {r > 0: u;(8.T) > 0} is at most countable. As a result, the sequence (r — 1A dGHP(Tnlr,TIr))n21
converges to r — 0 almost everywhere in [0, 00). Lebesgue’s dominated convergence theorem then
ensures that Dgyp(T,, T) — 0.

Assume Dgyp(T,,, T) — 0 and let r > 0 be such that u;(J,T) = 0. For every subsequence (1), there
exists a sub-subsequence (k,), such that 1 A dGHP(TnkZ l;,T|;) — O for almost every t > 0 as { — 0o. In
particular, there exists R > r such that dGHP(TnkK Iz, Tlg) — O.

Recall that dgyyp is topologically equivalent to the metric on K studied in [3]. Therefore, in light of the
proof of [3, Proposition 2.10], if 7,, n > 1 and 7 are compact R-trees such that dgyp(7,, 7) — 0, then for
all r > 0 such that u.(3,7) =0, dgup(7,l,» 7l.) = 0.

As a result, dGHP(Tnki |, T|,) — 0. From every subsequence (n;); we can thus extract a sub-subsequence
(kg), such that dGHP(Tnkl |, T|,) = 0, which is equivalent to saying that dgyp(T,|,,T|,) = 0 as n — oco.

(iii) Since a criterion similar to (ii) holds for the metric studied in [3], this metric is topologically
equivalent to Dgyp. As a result and thanks to Theorem 2.9 and Corollary 3.2 in [3], it follows that (T, Dgyp)
is completely metrisable and separable, i.e. it is Polish.

(iv) See Proposition 2.10 in [3]. O
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Continuous grafting. Let {(u;, 7;) : i € J} be a family of elements of R, x T, such that J is at most
countable. We define the R-tree G({(ui, Tl € J}) as

G({(ui,'ri) = J}) = (]R+ Ul JiesTir d, 0, ,u)

where the metric d is defined by:

— dlu,v]=|u—v|foralluand vin R,,

— d[x,y]=d; (x,y) foralli €7, x and y in 7,

— d[x,v]=d; (x,p;)+|u;—v|foralli€J, x € 7, and v in R,,

—d[x,y]= dTl(x,pTi)+de(y,ij)+ [u; —u;| foralli# j€J, x €1;and y € 1,
and y is the measure defined for all Borel set A by u(A) := ..., u-, (AN T;). The application G grafts the
trees 7; at height u; for each i € J on R, which can be thought of as an infinite (continuous) branch. It is
quite obvious that the weighted pointed metric space G({(ui, T € J}) is an R-tree.

Lemma 3.6. Let (u;);>; be a sequence of non-negative real numbers and (7;,d;, p;, Ui)i>1 be a sequence of
compact weighted R-trees. The weighted R-tree T := G({(ui, T 1}) is an element of T i.ff for all K >0
and € > 0 the set {i > 1:u; <K and |7;| > €} is finite and Y}, Ty, <ic bz, (T7) < 00.

Proof. For all x in T and positive r, denote by B;(x,r) :={y € T : d;(x, y) < r} the open ball of T centred
at x with radius r and similarly for alli > 1 and x € 7;, note B;(x,r) :={y € 7; : d;(>,y) < r}.
& Assume that for all K > 0, Zi21 1y, <k iz, (7;) < oo and for all positive ¢, that the set {i > 1 :u; <
K,|7;| > €} is finite. Observe that for all non-negative K, ur(T[x) < >, pz, (T, <k- Therefore, the
measure y; is boundedly finite and we only need to prove that T is locally compact.

Fix K > 0 and let ¢ be positive. For all i > 1, because 7; is compact, there exists a finite subset A;
of 7; such that 7; C UxeAi B;(x, €). To build an e-cover of T|, first observe that if i is such that u; < K
and |1;| < £/2, then 7; is contained in some open ball with radius ¢ centred at some ne for 0 <n <K/e.
Moreover, by assumption, there are only finitely many indices i with u; < K and |7;| > €/2. Therefore, if
weletA:={ne;0<n<K/e}U{x €A;;i>1,u; <K,|t;| = £/2}, then A is finite and T|y is contained in
UxeABT(x, €). As a result, T|x has a finite e-cover for all positive ¢ which means that it is compact.
= Suppose the set {i > 1:u; <K, |1;| > €} is infinite for some K > 0 and positive . In particular, we
can find an increasing sequence (i,), with u; < K and |t; | = ¢ for all n. For each n > 1, let x,, be in
7; and such that £/2 < d; (p; ,x,) < &. If n # m, the definition of the metric on T gives d(x,, x,,) > €.
Therefore, (x,), has no Cauchy subsequence which implies that Tk, isn’t compact and that T ¢ T.

Assume that {i > 1:u; <K, |t;| > ¢} is finite for all K > 0 and £ > 0, and that >, 1, <x, U, (7;) is
infinite for some finite K,. By assumption, {|7;| : u; < K,} is bounded by a finite constant R. Therefore,
ur(Tlg4r) = Dlisq Ly <k, Me, (T;) = 00. Consequently, u; isn’t boundedly finite and T ¢ T. m|

Remark 3.5. In the following, when we consider discrete trees, we will see them as IR-trees by replacing
their edges by segments of length 1.

3.2 Fragmentation trees

In this section, we will present a few results on certain classes of T.- and T-valued random variables:
self-similar fragmentation trees (introduced in [29]) and self-similar fragmentation trees with immigration
(see [27]).
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3.2.1 Self-similar fragmentation trees. Let 8! := {s =01 €41 151 =sy = > 0} and endow it
with the ¢, norm, i.e. for all s and r in 8!, say that the distance between s and r is ||s —r|| = Zi21 ls; —ryl.
Moreover, set 0 :=(0,0,...)and 1:=(1,0,0,...). We will also note Sl<1 = {s est:|s| < 1}.

A self-similar fragmentation process is an Sil-valued Markovian procegs (X(t); t = 0) which is continuous
in probability, and satisfies X(0) = 1 as well as the following so-called fragmentation property. There exists
a € R such that for all ¢, > 0, conditionally to X(t,) ='s, (X(to +t),t> 0) has the same distribution as

((si X(i)(slf"t))i; t> 0)

where (X)), are i.i.d. copies of X. The constant a is called the self-similarity index of the process X.

These processes can be seen as the evolution of the fragmentation of an object of mass 1 into smaller ob-
jects which will each, in turn, split themselves apart independently from one another, at a rate proportional
to their mass to the power a.

It was shown in [8, 9] that the distribution of a self-similar fragmentation process is characterised by a
3-tuple (a,c, v) where a is the aforementioned self-similarity index, ¢ > 0 is a so-called erosion coefficient
which accounts for a continuous decay in the mass of each particle and v is a dislocation measure on SlSl,
i.e. a o-finite measure such that f(l —s7) v(ds) < oo and v({1}) = 0. At any given time, each particle
with mass say x will, independently from the other particles, split into smaller fragments of respective
masses xsq, XS, ... at rate x*v(ds).

We will be interested in fragmentation processes with negative self-similarity index —y < 0 with no
erosion, i.e. with ¢ = 0. Furthermore, we will require the dislocation measure v to be non-trivial, i.e.
v(Slq) > 0, and conservative, that is to satisfy v(||s|| < 1) = 0. Therefore, the fragmentation processes
we will consider will be characterised by a fragmentation pair (y, v) and we will refer to them as (y, v)-
fragmentation processes.

Under these assumptions, each particle will split into smaller ones which will in turn break down
faster, thus speeding up the global fragmentation rate. Let X be a (y, v)-fragmentation process and set
To = inf{t > 0 : X(t) = 0} the first time at which all the mass has been turned to dust. It was shown
in [10, Proposition 2] that 7, is a.s. finite and in [25, Section 5.3] that it has exponential moments, i.e.
that there exists a > 0 such that ]E[exp(aro)] < 00.

Furthermore, a T,-valued random variable that encodes the genealogy of the fragmentation of the
initial object was defined in [29]. This random R-tree (7, d, p, 1) is such that u(7) =1 and if for all t > 0,
{T:(t) : i = 1} is the (possibly empty) set of the closures of the connected components of T\ (7],), then

(CACIHESVENEY)
is a (7, v)-fragmentation process. We will note 7, , the distribution of (7, d, p, u).

Remark 3.6. — More general self-similar fragmentation trees, where both the assumptions “c = 0” and
“v is conservative” are dropped, were defined and studied in [50].
— Let T be a (y, v)-self-similar fragmentation tree and m > 0. The tree (m"T,m us) encodes the
genealogy of a (y, v)-self-similar fragmentation process started from a single object with mass m.

Classical examples. It was observed in [9] that the Brownian tree, which was introduced in [5], may be
described as a self-similar fragmentation tree with parameters (1/2, vz) where v is called the Brownian
dislocation measure and is defined for all measurable f : SlSl — R, by

1 2 1/2
fdeBZJ;/Z(m) f(X,].—X,0,0,...)dX.

Another important example of fragmentation trees is the family of a-stable trees from [23], where
a belongs to (1,2). Indeed, a result from [43] states that the a-stable tree is a (1 —1/a, v,)-self-similar
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fragmentation tree with v, defined as follows: let (X,; t = 0) be a 1/a-stable subordinator with Laplace
exponent A — —log E[exp(—A%,)] = A1/* and Lévy measure My, (dt) :=[aT(1— 1/a)] e Yeq, , dt,
denote the decreasing rearrangement of its jurnps on [0,1] by A and for all measurable f : 8* — R, let

f v, =Dl p(arm)]

where k, :=T(2—a)/[a(a—1)]. Observe that the random point measure 2121 6 4, on (0, 00) with atoms
(A;,i= 1) is a Poisson Point Process with intensity measure I1, /.

Scaling limits of Markov branching trees. Self-similar fragmentation trees bear a close relationship with
Markov branching trees. Let ¢ : P_, — Si be such that if A = (44,...,4,) is in P,, then «(4) :=
(A /n,...,A,/n,0,0,...).

Theorem 3.7 ([30], Theorems 5 and 6). — Let (q,)qen be the sequence of first-split distributions of a
Markov branching family MB** and for all adequate n > 1, set g, := g, ot '. Suppose there exists a
fragmentation pair (y, v) and a slowly varying function { such that, for the weak convergence of finite
measures on 81,

n’(n) (1 —51)qn(ds) —— (1 —s) »(ds).

For all n €N, let T, have distribution MB~? and set ,, := Zuez(rn) 0, the counting measure on the
leaves of T,

— Let (qn—1)nex be the sequence associated to a Markov branching family MBI. Assume that there exists a
fragmentation pair (y, v) and a slowly varying function £ with either y < 1 or y = 1 and £(n) — 0 such
that n"€(n) (1 —s1)q,(ds) = (1 —s;) ¥(ds). For each n €N, let T, be a MB! tree and endow it with its
counting measure .

Under either set of assumptions, with respect to the GHP topology on T.,

1 Tl — 9 in distributi
TR e B Iy, indistribution.
The following useful result on the heights of Markov branching also holds.

Lemma 3.8. Suppose that (q,).ex satisfies the assumptions of Theorem 3.7 with respect to a given frag-
mentation pair (y, v) and a slowly varying function (. Then for any p > 0, there is a finite constant h,

such that

sup E (M)p <h, and IE[l‘.T|P] <h

neN an(n) P P
where T is a (y, v)-fragmentation tree and, as in Theorem 3.7, T, has distribution either MB or MBf’q.
Proof. See [25, Section 5.3] for the continuous setting and [30, Lemma 33] plus [30, Section 4.5] for the

discrete one. O

Concatenation of fragmentation trees. Fix a fragmentation pair (y, v) and let (7;);>; be a sequence of
iid. (y, v)-fragmentation trees. For all i > 1, note u; the measure of T;. Fix s in $! and set (7, (s)s (s)) i=

(7705512 1),
Lemma 3.9. With these notations, (T(s), t(s)) a.s. belongs to T.

Proof. Clearly T is an R-tree and its total mass is (7)) = Dis1 Sitki(T;) = Is|| which is finite. It only
remains to show that it is compact or, in light of Lemma 3.3, that s}’ |T;| a.s. converges to 0 as i grows to
infinity. Since s is summable, for any positive &,

1
S PIsTIT1 > ] < Sy SB[ Y] < B[] ] sl < o0
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where we have used Markov’s inequality and the fact that I‘Iill/ T € L1 (see Lemma 3.8). Borel-Cantelli’s
lemma then allows us to deduce that s}’lfJ’iI —0a.s. asi— o0, O

Lemma 3.10. For all fixed s in ', ]E[dGHP(‘I<S),T<r>)] converges to 0 as r — s.

Proof. For all n > 0, in light of Lemmas 3.1 and 3.4,

n

dare (70 Tio) < D[ (5] = 1)V lsi =il ]+ 25 (54 ) + sup (s]17:1) + sup (7 17,1

i=1 i>n 1>n
If y <1, t — t7 is concave, hence Jensen’s inequality gives

]E[sup (siyl‘Iil)} = ]E[(sup 5;|7; |1/7’) ] ( [sup s;|7; |1/VD ]E|:|‘J'1|1/Y:|Y(Zi>nsi)y’

>n >n >n

otherwise, if y > 1, since (s;) is non-increasing, for all i > n, s’ <s }s which implies
Y
]E[gup (siyl‘IiI)] < sfwi [sup (5i|71|)] < IEI:I‘J’1 ] s’ Zs [I‘Il ](Zi>nsi) .
>n >n

Consequently, there is a constant C > 0 independent of y such that for all integer n and s in 8!,
E[sup, s/ T:1] < C[ Xians ] Hence, for all s and r in 8! and any n > 1

]E[dGHP(CF(s),‘I(r))]S||s—r||+]E|:|‘I1|:|Z|s 1+ 3(s: +r)+C[(Zs) (Zr,.)y].

i>n i>n i>n
As a result,

) Y
lim sup ]E[dGHPU(s), >)] < inf 22 snSit ZC(ZM ) =0. o
r—s

3.2.2 Fragmentation trees with immigration. We say that a non-negative Borel measure I on 8' is an
immigration measure if it satisfies fs LI AIs|)I(ds) < oo. We will say that two such measures I and J are
equivalent if (1 A ||s||)I(ds) = (1 A||s||)J(ds), i.e. if |I —J| is supported by {0}.

Fix an immigration measure I such that I($') > 0 and let (y, ) be a fragmentation pair. Let & =
Zn21 O(u,s,) be a Poisson point process on R, x 8! with intensity du ® I(ds) independent of a family
(X0 n>1,k>1)of i.id. (y, v)-fragmentation processes. Define the $!-valued process X as follows:

l
= (X(t), t> 0) = ((Sn,kx(",k)[si(t—un)]; n>1:u, <t k= 1) ;> 0).

We call X a fragmentation process with immigration with parameters (y, v,I). It describes the evolution
of the masses of a cluster of independently fragmenting objects, where new objects of sizes s, appear, or
immigrate, at time u,. These processes were introduced in [26].

Similarly to pure fragmentation processes, the genealogy of these immigrations and fragmentations
can be encoded as an infinite weighted R-tree (see [27]), say (T!),d, p, u), such that if for all t > 0, we
note {T;(t) : i > 1} the set of the closures of the bounded connected components of T\ (7(7|,), then

(W01 i21)"; e 0)

. . . . . . I . . . I
is a (y, v,I)-fragmentation process with immigration. Let T be the distribution of (7!, d, p, w).
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Point process construction. The construction of (y, v)-fragmentation trees with immigration I described
in [27] can be expressed using Poisson point processes, concatenated (y, v)-fragmentation trees and
the continuous grafting application G from the end of Section 3.1.1. Let ¥ = Zi21
point process on R, x 8! with intensity du ® I(ds) and (Tij> Mij)ij=1 beiid. (v, v)-fragmentation trees
independent of . For all i > 1, set

O(u, ;) be a Poisson

Ji = <(szj7i,j;si,jui,j);j = 1>,

the concatenation of (7; ;; j > 1) with respective masses s; ;. Define T as the tree obtained by grafting 7;
at height u; on an infinite branch for each i > 1, i.e.

g0 .= G({(ui,ﬂ'i) i 1})

The random tree T has distribution GJYI S

Observe that for all K > 0, we can write the total mass grafted on the infinite branch at height less
than K as an integral against the point-process X:

2121 Ly, <k s, (7)) = 2121 ﬂuiSKHSi” = f 1<k lIsll 2(du, ds).

Since f 1A (ﬂusx ||s||)duI(ds) = Kf(l A |Isl)I(ds) < oo, we may use Campbell’s theorem (see [38,
Section 3.2]) and claim that f 1<k |Is|| £(du, ds) < oo a.s.. The second condition of Lemma 3.6 is thus
met. Moreover, for alli > 1,

]E[|7i|l/y|2] = ]E[Supjzlsi,j|7i,j|1/y‘2:| < ijlsi,jIE[Wl,ﬂl/T] < ]E[|71,1|1/Y] lIs; |l

where we have used the fact that (T, ;); ; is an i.i.d. family independent of .. Markov’s inequality therefore
implies that

. E[17:41"7]
ZﬂuiSKIPUTil > ez < ZﬂuisK“: YrE[|T M E] < — ZﬂuiSK”Si”
i>1 i>1 € i>1
which is, according to Campbell’s formula, a.s. finite. Consequently, using Borel-Cantelli’s lemma, we
deduce that conditionally on X, with probability one, there are finitely many indices i > 1 such that u; <K
and T; is higher than ¢. It follows from Lemma 3.6 that 7 is a.s. T-valued.

Remark 3.7. Let I be an immigration measure and suppose that there exists some positive y such that
for any measurable F : § — R,andc>0,c fF(s)I(ds) = fF(cl/Ys)I(ds). Then, for any dislocation
measure v, a (y, v,I)-fragmentation tree with immigration (7, u) satisfies the following self-similarity
property: for any positive m, (m"7T, m u) has the same distribution as (7, u). Furthermore, for any positive
¢, (T,cu) is a (y,c” v, c'I)-fragmentation tree with immigration and so is (¢777, u).

Relationship to compact fragmentation trees. Let (y, v) be a fragmentation pair and I an immigration
measure with I(8') > 0. Theorem 17 in [27] states that under suitable conditions, if (T, u;) denotes a
(y, v)-self-similar fragmentation tree, then (m"7T, mu<) converges to J. YI’ , in distribution as m — oo with
respect to the extended GHP topology.

For instance, Theorem 11 (iii) in [5], states that if (T, us) is a standard Brownian tree then when
m — 00, (m'/>T, m uy) converges in distribution to the “self-similar CRT”. This result was reformulated in
terms of fragmentation trees in [27, Section 1.2]: (m'/>T, m u-) converges in distribution as m — 0o to
a (1/2, vg, Ip)-fragmentation tree with immigration, where vy is the Brownian dislocation measure (see
Section 3.2.1) and the Brownian immigration measure I is defined for all measurable f : 8* — R, by

1/2
Fd=(2 f(x,0,0,...)
? 3/2
T [0,00) X

We will call a (1/2, vg, Ig)-fragmentation tree with immigration a immigration Brownian tree.
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Set a € (1,2) and recall the notations used to define v, in Section 3.2.1, in particular, that A denotes
the decreasing rearrangement of the jumps on [0, 1] of an 1/a-stable subordinator with Laplace exponent
A — —log E[exp(—A%,)] = A% and that k, = (2 —a)/[a(a—1)]. Let I be the immigration measure
defined for all measurable F : 8¢ — R, by

f FdI® = ifoo Mdt
8t k 0

a ta

In [27, Section 5.1], it was observed that if (T, u) is an a-stable tree, then (m'~/%T, m u,) converges in
distribution to a (1—1/a, v,,®)-fragmentation tree with immigration as m — oco. These trees coincide
with the a-stable immigration Lévy trees introduced in [22, Section 1.2].

3.3 Convergence of point processes

With the notations used in Section 3.2.2, let IT := 2121 O(u, s, 7,)- 1t1s a Poisson point process on R, X 8l x T,
with intensity du ® .¥(ds,dt) where the measure .¥ on 8! x T, is defined as follows: let (7;,;)i>1
be a sequence of i.i.d. (y, v)-fragmentation trees and for any s in $!, similarly to Section 3.2.1, set
T(s) i= ((s}’ri,siui); i> 1) and for all G : 8! x T, — R, let f Gdy := f]E[G(s,T<S>)] I(ds).

Moreover, recall from the construction of Markov branching trees with a unique infinite spine (see
Remark 2.4) that a tree T with distribution MBLJ* is obtained by grafting at each height n of an infinite
branch a tree T, where the sequence (T,),»¢ is i.i.d., is such that for all n > 0, A, := A(T,) has distribution
d. = qoo (00, -) and conditionally on A,, = A in P_,, T, has distribution MB‘}I. As aresult, T is characterised
by the point process >, .o 8, 1) (O simply by >; 8¢, 1 ).

Therefore, when considering scaling limits of such trees, it seems natural to take a step back and
instead consider the convergence of the underlying point processes on R, x 8! x T,. We will follow the
spirit of [27, Section 2.1.2] and introduce a topology on the set of such point measures adequate for our
forthcoming purposes.

Let % be the set of integer-valued Radon measures on R, x 8! x T, which integrate the func-
tion (u,s,7) — T,<xlls|l for all K > 0. Two measures u and v in & will be called equivalent when
|Is|| u(du, ds,dt) = ||s|| »(du, ds, dt), meaning that |u — v| is supported by R, x {0} x T,.

Note F the set of continuous functions F : R, x 8t x T, — R, such that there is K > 0 satisfying
F(u,s,v) <1,llsll for all (u,s, 7). If { is a random element of &, we define its Laplace transform as the
application L, : ¥ — R, defined by L,(F) := ]E[exp ( - fF dZ:)] for all F in &.

If u,, n>1 and u are elements of &, we will say that u, = u i.f.f. forall F € F, deun — deu.
Appendix A7 of [35] ensures that when endowed with the topology induced by this convergence, R is
a Polish space. Moreover, Theorems 4.2 and 4.9 of [35] give the following criterion for convergence in
distribution of elements of .

Proposition 3.11 ([35]). Let §,, n = 1 and & be R-valued random variables. Then &, converges to & in
distribution with respect to the topology on R i.ff. for all F € F, Lg (F) — L(F).
The following extension of the Portmanteau theorem to finite measures with any mass will be useful.

Lemma 3.12. Set (M,d) a metric space and let u,, n > 1 and u be finite Borel measures on M. Then U,
converges weakly to u i.ff. for any bounded Lipschitz-continuous function f : M — R, f f du,, converges to

f f du as n goes to infinity.

Proof. Suppose f fdu, — f f du for all Lipshitz-continuous functions f : M — IR. Observe that since
constant applications are Lipschitz-continuous, our assumption implies that u, (M) — u(M). Therefore, if
w(M) = 0, we directly get u,, = u.
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Otherwise, there exists n, such that u,(M) > 0 for all n > n,. For all such n, let {i, := [u,(M)] u,
and [i := [u(M)]'u which are probability measures. It ensues from the usual Portmanteau theorem
and our assumption that fi, = f[i. As a result, for any bounded continuous function f, as n goes to oo,

[ f duy = p, (M) [ fdit, — u(M) [ f dii= [ f du which is to say that u, = u. m]

4 SCALING LIMITS OF INFINITE MARKOV-BRANCHING TREES

In this section, we will state and prove our main result on scaling limits of infinite Markov branching trees
as well as its corollary on their volume growth.

Let N be an infinite subset of IN containing 1 and let ¢ = (q,_1),en be a sequence of first-split
distributions where for each n, q,_; is supported by {A €PN eNi=1,..., p(k)}. Recall from
Section 2.2.1 that the associated Markov branching family MB? is well defined. Furthermore, let g, be
a probability measure on P, supported by the set {(oo,)t) TAEP o, A ENi=1,. ..,p(l)}. In this
way, the probability measure MBLI™ on T, is also well defined and a.s. yields trees with a unique infinite

spine. To lighten notations, let g, := q.,(©0, - ) which is a probability measure on P_.

In the remainder of this section, we will assume that:
(S) There exist some y > 0 and a dislocation measure v on 8!, such that n?(1 —s)d,(ds) = (1 —s)»(ds).
In particular, Theorem 3.7 and Lemma 3.8 hold.
(I) There exists an immigration measure I on 8! such that if A has distribution g,, for any continuous
F:8' — R, with F(s) < 1 A|ls|l, RE[F(A/R'")] — [ FdI as R — oo.

Remark 4.1. Under Assumption (I), the immigration measure [ satisfies the self-similarity condition
exposed in Remark 3.7.

Theorem 4.1. Let T be an infinite Markov branching tree with distribution MBS endowed with its counting
measure . Under Assumptions (S) and (I), if y < 1, with respect to the extended GHP topology,

I B — gl
R’RY/r ) Rooo 157
in distribution, where STYI , denotes the distribution of a (y, v,I)-fragmentation tree with immigration.

Let T be a fixed element of T. We define its volume growth function as the application Vy : R, = R,
R — ur(T|g). In other words, V¢(R) is the mass or volume of the closed ball T|;. Once Theorem 4.1 is
proved, we will be interested in the volume growth processes associated to these trees.

Proposition 4.2. Suppose the assumptions of Theorem 4.1 are met. Let T be an infinite Markov branching
tree with distribution MBL2* and (T, u-) be a (v, v, I)-fragmentation tree with immigration. Then, the volume
growth function of (T /R, ur /RY") converges in distribution to that of (T, yy) with respect to the topology of
uniform convergence on compacts of R,. In particular

ur(Tlg) (@
—Rl/Y —’RHOO g (T1p).

We may adapt the proofs of Theorem 4.1 and Proposition 4.2 to get the following theorem.

Theorem 4.3. Let T be an infinite Markov branching tree with distribution MBﬁc’f”qoo and endow it with the
counting measure U on the set of its leaves. If Assumptions (S) and (I) hold for (q,), and q respectively,
then the conclusions of both Theorem 4.1 and Proposition 4.2 hold.

Remark 4.2. Instead of Assumption (I), we may assume that
(I') There exists a < 1/y and an immigration measure I on S such that if A is distributed according
to q,, RIE[F(A/R“)] — f F dI for any continuous F : 8* — R, with F(s) < 1 A|ls]|.
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Scaling limits of infinite Markov-branching trees Convergence of the associated point processes

If T has distribution MBLI* and is endowed with its counting measure u; under (S) and (I’), we get
that (T /R, ur/R*) converges in distribution to the infinite branch R, endowed with the random measure
U= Dsq lIsill ,,, where {(u;,s;);i > 1} are the atoms of a Poisson point process % on R, x s! with
intensity du ® I(ds). The tree (R,, u) encodes the genealogy of a pure immigration process. Furthermore,
ur(T[g)/R* converges in distribution to u([0,1]) = f[o,l]xsl [|s]| =(ds).

Similarly, if T is distributed according to MBﬁgq’q“’

leaves, the same results hold under (S) and (I’).

and is endowed with the counting measure on its

To prove Theorem 4.1, we will first study the convergence of the underlying point processes in Section 4.1
which will give us more leeway to manipulate the corresponding trees and end the proof in Section 4.2.
Section 4.3 will then focus on proving Proposition 4.2.

4.1 Convergence of the associated point processes

Since (T, dgyp) is Polish, in light of Assumption (S), Theorem 3.7 and Skorokhod’s representation theorem,
we can find an i.i.d. sequence [(T; ,)nex, T;Ji>1, where for each i > 1, the family (T; ),y T; of random
trees is such that:

— T;, has distribution MBY,

— T, is a (y, v) self-similar fragmentation tree,

— (T; /0", ur, /n)=: Ti’n a.s. converges to J; as n — 0.
For A = (Al,...,i )EPeo, let Ty :=[T;,, ;1 <i<p]. Foranyse 8!, let Tis) o= ((s] Tiysipg )1 > 1)
which is a compact R-tree (see Lemma 3.9).

Finally, let A be a random finite partition with distribution g, independent of [(T; ,),ex7;]i>1, and
for any R > 1, set ¢®® as the distribution of A/R'/". With these notations, Assumption (I) becomes:
R(1As|)q®(ds) = (1 Alls||) I(ds) as finite measures on 8.

Lemma 4.4. Let K C 8' be compact. Then supcy > ionSi — 0 as n goes to infinity.

Proof. Assume the contrary, i.e. that there exists a sequence (s(”))nzl in K and a positive constant ¢ such
that > sf”) > ¢ for all n > 1. Since K is compact, we can find a subsequence (s")); and s € K such
that ||s(®) —s|| — 0 as k — co. Consequently, 0 < ¢ < Zi>nk st < Zi>nk s; +||s™) —s|| — 0 as k — oo,
which is a contradiction. |

Fix G : 8' x T, — R, a 1-Lipschitz function satisfying G(s, -) < 1 A||s|| for any s € $'. Moreover, set
g : 8* = R, the function defined by g(s) := E[G(s, Tis))]-

Lemma 4.5. We have

R]E[G(R’WA, (R T[A],R*”VMTW))] — f E[G(s, T ()] 1(ds).
8l

Proof Clearly, g(s) < 1A ||s||. Moreover, for any s and r in 8*,
g(s)—g()| < ]EUG(S, Tis)) — G(x, 7<r>)|] < lls—rll + E[dgup(T5), Ty ) ] — 0

r—s

where we have used Lemma 3.10. Therefore, g is continuous and Assumption (I) ensures that
—1 -1 —1 _ -1
RIE[G(R A, (RT (), R /Y“m))] = RE[¢(R"N)] — Ll g(s)I1(ds).

Consequently, it will be sufficient to prove that as R — 00,
RIEHG(R—”YA, (R Tiag, R 701g, ) = G(RTVTA, (RT3, R iy ))H

<RE[(LARYA) A dgup((RTipp, R g, ), R0, R Vs ) | =2 A — 0.
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For all n > 1, thanks to Lemma 3.4 we get

dGHP((R_l Tiay, R_I/Y.UTW ), (R Ty, R—l/)’“%\) ))

n
< ZdGHP((R_l T; A, R—l/y‘uTLAi ), (R_l A?‘J‘i’ R_l/YAiU‘J'i ))
i=1

A _ AT A
+sup| —=|T; | |+su —I‘I)+2 —_
p( Tnd) +su(510) +2 25

i>n
and for each i > 1, Lemma 3.1 gives

_ _ B _ A A _
dos (R Ty Ry ), RN, R Ay ) < (FL v Rl—;y)dGHp(Ti,Ai,fri)-

Let £ > 0 be fixed. As a result of Assumption (I), the sequence R (1 A ||s||)g®(ds), R > 1 is tight and
so there exists a compact subset K of 8! such that SUPp>1 Rf(l Allsl) (1 - HK(S)) q®(ds) < e. Moreover,
as a compact subset, K is bounded, i.e. supy |Is|| = C < 00.

For all n > 1, recall that dGHP(TLn,‘J'l) <2v |Tl,n| V |T;|. As a result, thanks to Lemma 3.8,

supn]E[(dGHp(TLn,ffl))Z] < 3(22 + sup, IE[ITLan] +1E|:|‘Illz]) <1246h, < 00,

so the sequence [dGHP(TLn, ‘Il)ll is bounded in L2. Since by assumption, it converges to 0 a.s., it also
does in L'. Furthermore, supnlE[dGHp(Tl’n,‘Il)] =: D is finite. Consequently, and because the sequence
of families {(Ti,”)”’ji}iZI is i.i.d., for any n > 0, there exists N such that for alli > 1 and n > N,
IE[dGHP (Ti,n, T, l)] < 7. This gives the rather crude following bound

IE[dGHP(Ti,ns(-Ti)] <Dl,.y+1.

For all 6 > 0, in light of Lemma 4.4, there exists an integer my s which depends only on K and 6 such
that supgg Zi>mm s; < &. Then for all R> 1 and A € P_., with A/R" €K, if y < 1, Jensen’s inequality
gives

r kY _ T A — ) Y A _ ) Y
E| sup (EITMJ) S(JE[ sup Ry Tyl /YD S( Z W]EUTMJ /Y]) < (hy,)' &7

Li>mg 5 i>mg 5 i>my 5

where h;, is the constant from Lemma 3.8. Otherwise, if y > 1, since (1;);>; is a non-increasing sequence,

AT N Pmesr VR A = _ Ai ri=
E| sup (EWTW) s( leY ) IE[ sup Rl—;yITi’Ail}SsY 1 Z Rl—;YIE;[|Ti,Al_|:|sh15r

Li>my s 1>M 5 i>my 5

where h; is defined as in Lemma 3.8. Similarly,

AT hy ) 67 ify<1,
IE[ sup (—l|7i|)]3 (hayy) if y
i>mgs \ R h, &7 ify>1.

In summary, for all A in P_., such that A/R'/" belongs to K, we get that

A A = M
E Z RUT <o and E| sup (EIT%I)+‘5up (E'Til) <B&§"

i>Myes i>my 5 i>my s

for some finite constant B independent of ¢, 1, 6 and K.
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Therefore, for all positive €, 6 and 1,

A Al S =
ARS8+RIE[II‘K(W) (]‘ Rl/Y) ( ( Rl/ ) [dGHP(Ti,Ai’Ti)|Ai|

i=1

A
+JE[.SUP = |Tunl+ sup —|7|+2 2 RwM

i>my 5 i>my 5

i>my 5
Al , NN ,
£8+R1E[(1/\m A (C+C)mK,5n+( + o ———)mg D +25 +B5
Let 6 be such that (6 +67)B < ¢ and set ) < ¢/[(C + C")my s ]. Because of Assumption (I), we therefore
get that limsupg_, o, Ag < O(¢) from which it follows that Az — 0. |

Since the conclusion of Lemma 4.5 is met for any Lipschitz continuous function G : 8! x T, — R, with
G(s, -) <1 A|s||, Lemma 4.5 gives the following corollary:

Corollary 4.6. The convergence of Lemma 4.5 holds for any continuous G with G(s, -) < 1A ||s]|.

We will now prove that the point processes associated to adequately rescaled Markov branching trees
with a unique infinite spine converge in distribution to the point process associated to fragmentation trees
with immigration. Let II be a Poisson point process on R, x 8* x T, with intensity du ® .¥(ds,dt), where
J is the measure defined at the beginning of Section 3.3. Observe that for all K > 0,

[ 1<k (1 AlIsll) du® F(ds,d7) =K [, (1 A[Is]|)I(ds) < oo.

Campbell’s theorem (see [38, Section 3.2]) therefore ensures that IT a.s. satisfies the integrability conditions
necessary to belong to the set & of point measures on R, x 8¢ x T, defined in Section 3.3.

Let T have distribution MB%>. By construction of Markov branching trees with a unique infinite
spine (see Remark 2.4), there exists a sequence (A,, T,,),>o of i.i.d. random variables such that T =
boo Qn=0(Vn, Tp), where A, is distributed according to g, and conditionally on A, = A, T, has distribution
MB%. For all R > 1, let Il be the point process associated to (T /R, uy/RY"), i.e. the %-valued random
variable defined for all measurable f : R, x 8* x T, — R, by

Jfdlg =3 o fF[n/R, Ay /RYT, (To /R, g, [RYT)].
Lemma 4.7. With respect to the topology on % introduced in Section 3.3, Il converges to Il in distribution

as R goes to infinity.

Proof. In light of Proposition 3.11, it will be enough to prove that for any function F in the set &, the
Laplace transform of Il evaluated in F converges to that of I1. Fix such F in & and recall that it is
continuous and that there exists K > 0 such that 0 < F(u,s, 1) < ||s||1,<x for all (u,s, 7). Campbell’s
theorem for Poisson point processes gives

Ly(F) =exp(— [ [1-e @) ]du® 7(ds,d7)).
ForallR>1 and u > 0, set
¢r(u) = RE[1—exp (= F[u, Ao/RV", (To/R, ug, /R'M)]) ],
and pu) = f]E[l—exp(—F[u,s,7(5>])]1(ds).

Using these notations, we may write log L;(F) = — f (f ¢(u)du and thanks to the i.i.d. nature of the
sequence (A, T),) >0, forallR > 1,

og Ly, (F) = =3 log E[ exp ( — F[n/R, Ao/RY", (To /R, pr, /RY7)]) |
=3 tog (1= 1/R- pr(n/r)).
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The functions g, R > 1 and ¢ all have support in [0, K] and are continuous (in light of the dominated
convergence theorem). Observe that 0 < 1—e 7% < 1 A ||s||. From Corollary 4.6, we know that for all
fixed u > 0, pr(u) = ¢(u) as R — oo and that furthermore

SUDgs; SUP, Pr(1) < suppsy RE[1A(JIAoll/RVT)] < o0,

i.e. that the sequence (yg)g>; is uniformly bounded by a finite constant, say C. Let ¢ be positive. It also
follows from Corollary 4.6 that there exists a compact subset A of 8* x T, with

SUPg>1 R]E[(l A (”Ao”/Rl/Y)) : ﬂAﬂ(Ao/Rl/Y;(To/R, HTO/Rl/Y))] <e.

Recall that F is continuous, hence there exists 5 > 0 such that for any (u, s, 7) and (u/,s’, ') in the compact
set [0,K] x A, if [u—u'| +||s—¢'|| + dgup(7,7") < &, then |F(u,s,7) — F(u/,s’,7')| < e. As a result, and
because x — e is 1-Lipschitz continuous on R, for alR > 1 and u, v in [0,K] with [u—v| < §,

|<,0R(u) - ch(v)} < R]E[l A }F[u, Ao/RY (To/R, ur, /Rl/)’)] —_ F[v, Ao/RY (To/R, ur, /RI/Y):”]
< e+ RE| (e A UIAGI/RY) - 1 (Ro/RYY, (/R i, [RY1) | = 0.

This ensures that the sequence (¢g)z>1 is equicontinuous on [0,K]. It follows from the Arzela-Ascoli
theorem that (py converges uniformly to ¢. In turn, we deduce that

1 1 KR+1
| S /) — =S o /RO < T

sup |pp() — ¢ (u)| —— 0.
0<u<k R—o00

Moreover, because supp-; o Pr(t) < C,

log L, () — 1/R- S ga(n/R)| = T [1/R - ga(n/R)~log [1= 1/R- a(n/B)]|
< (KR+1)|C/R—log(1—C/R)| =O(1/R) ——0

where we have used the fact that the application [0,1) — R, x — x —log(1 —x) increases with x. Finally,
as Riemann sums of the continuous function ¢,

1
=S (n/R) —= [ p(w du=log Ly(F).

In summary, log Ly, (F) — log Ly(F) when R — oo. |

4.2 Proof of Theorem 4.1

Now that we know that the underlying point processes converge, we can prove convergence of the trees
themselves.

Recall that the topology we defined on % in Section 3.3 makes it a Polish topological space. As
such, Skorokhod’s representation theorem holds for %-valued random variables. In particular, because of
Lemma 4.7, there exist:

— A Poisson point process IT with intensity du ® .¥(ds, dr),

— A family {(AgR), T&R))HEO;R e ]N} such that for all fixed R > 1, (AgR), TgR))nzo is an i.i.d. sequence,
AP follows g, and conditionally on A®) = A, t® has distribution MB{ and is endowed with the
measure i, := Druer® O,

such that if for any R we let H}: be the random element of % defined for all measurable f : R, x8$'xT, — R,
by ff dllg == o0 f[n/R, AP /RYT, (1R, ung)/Rl/Y)], then IIy a.s. converges to IT when R — 00.

Let {(u;,8;,7;); 1 = 1} be the atoms of I and set & := .., 8, 5)- By definition of the intensity measure
of I, there exists a family {7; ; ; i, j > 1} of i.i.d. (y, v)-fragmentation trees independent of X such that for
alli>1,7;:= ((SZjTi,j’Si,jM‘Ti’j);j >1). Set T := G({(u;,7T,);i > 1}) where G is the continuous grafting
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application defined in Section 3.1.2 and recall that it is a (y, v)-fragmentation tree with immigration I (see
Section 3.2.2). For all ¢ > 0, let

T8 = G({(w;, 7)1 = 1, lIsill = €}).

This tree can be thought of as ) on which all sub-trees grafted on the spine with mass less than ¢ have
been cut away. Observe that because of the definition of the application G, the measure on ‘Igl ) is simply
the restriction of ) to U{el ),

For all R, set T® := b, ®,50(v,, ™) and note u.w its counting measure. Observe that t® is
distributed according to MBLZ>. Let T® := (R"1t® R™V/7_m) be the rescaled infinite Markov branching
tree associated to ITz. Moreover, for all positive ¢, let TE(R) be the tree obtained by removing from T® all
the sub-trees grafted on its spine with mass less than ¢, i.e. set

T® = G({[n/R, ®1T®, RV 1.w)] | n 2 0: AR 2 RV e}).

The tree T g(R) is clearly a subset of T® and it is endowed with the restriction of i w.

In this section we will endeavour to prove Theorem 4.1. In order to do so, we will use the following
criterion for convergence in distribution.

Theorem 4.8 ([16], Theorem 3.2). Let (M,d) be a metric space. If X, X%, X®), n> 1, k > 1 and X are
M-valued random variables satisfying:
(i) Forallk>1, X,(lk) = X% gs n — oo,
(ii) X® = X as k — oo,
(iii) For any positive n, lim_, o, limsup,_, o, P[d(X%,X )>n]=0,
Then X, converges to X in distribution.

Remark 4.3. Condition (i) is akin to finite-dimensional convergence of X,, to X and Conditions (ii) and (iii)
to tightness of (X,,),,.

In our setting, the sequence (T®;R € IN) of rescaled MBLI™ trees will play the role of (X,), and
the limit variable X will be 70, a (y, v)-fragmentation tree with immigration I. The intermediate family
(X,(,k))n,k will be replaced by (T&FR) ;R > 1) with £ — 0 along some countable subset of (0, o0). Similarly,
we’ll consider ‘J"g ) trees instead of (X)),

Lemma 4.9. With these notations, ‘Igl ) a.s. converges to T as & — 0 with respect to Dgyp.

Proof. For all £ > 0, let C, be the correspondence between T and ‘Ign defined by C, := {(x,x) 1x €
70}y Ui21:||5i||<s 7; x {u;} and set 7, the boundedly finite Borel measure on T!) x 7, such that for all
Borel A, 1, (A) := ffr(” 1,(x, x) piyw (dx). Let K > 0 be fixed. Note 7,y the restriction of 7, to T, x 70| .
The monotone convergence theorem yields

a.s.
D(7,lx; W |k, o k)= TTelx (C;) < J lIsIM g <e Lu<x 2:(du, ds) vy 0.

Let C,| := C, N (TVx x 7P| ) and observe that it is a correspondence between 7|, and 7|y Its
distortion satisfies
disC,|x < 2 sup {I‘J’il i 1,u; <K sl < e} LS'(; 0.
£

As a result, dGHP(TF(I)lK,‘J(gI)IK) — 0 a.s. as ¢ = 0. Since this holds for all K > 0, Proposition 3.5 (ii)
ensures that Dg;p(T, T9) a.s. converges to 0 when & — 0. O

Lemma 4.10. For all positive m,

lim lim sup ]P[DGHP(T(R), Te(R)) > 'r)] =0.

g—>0 R—o00

24



Scaling limits of infinite Markov-branching trees Proof of Theorem 4.1

Proof. We will proceed in a way similar to the proof of Lemma 4.9. For all R > 1 and ¢ > 0, define
the correspondence C® between T® and T® as C® := {(w,u) :u e T®}U{(w,n/R) 1 n = 1,[IA,ll <
RYrg,u € T®} and let #® be the boundedly finite measure T® x T®) defined for all Borel set A by
ngR)(A) = fTS(R) T4(x, x),uTe(m(dx).

For all K > 0, set CéR)| = CH N (T®] x TV ), which is a correspondence between T®|; and
T®)|, and let ngR)| « be the restriction of 7® to T® | x T®|. Then, for any non-negative K,

. 2
dis gm0y CP, < ~ sup {I7®]: 0 <n <RK, [AP]| <RV7e}.

Foralln>0andR>1, |T£1R)| =1 +sup{|TiRi)| :1<i< p(AgR))}. Further observe that thanks to Lemma 3.8,
we can find a finite constant h such that foralln > 0,R>1and i =1,...,p(A®), E[(1 + |t ®N/7|AR] <
h A®)(i). Therefore, since the sequence (AR, t®) ., isiid.,

1y 2y (A®)
. R P (R)y1
]E[(dlST(R)IK’TE(R)lKCE ) ]S(KR+1)WJE[ZI.:1° A+ 175D 0 o]
21/Th ®
< (KR+1) E[ A 1 0y <o )
Similarly,
1
R)| . _ R R _ ®)
]E[D(ﬂ.g g o | o K)] = E[ng )| [(ct ))c]] = (KR + 1)W]E[|IAO ||11”A51R)”<ng].
In light of Assumption (I),
AR
KR+1) —— E[1AP]11 ]<®r+DE 1% 17 Id
( + )Rl/T I 0 I AP |1<R1/e <( +1)E| & A R/ | R>oo (e Allsll) I(ds)

Finally, for any positive 7, if K > —2 logn, using Markov’s inequality and the monotone convergence
theorem,

lim sup ]P[DGHP(T(R), TH) > 'r)] < limsup]P[DGHP(T(R)IK, T®)>n —Ze_K]
R—o00

R—o0
. 1/y

) ]E[( dlST(R)|J<:Tg(R)|K CéR) |K) ] ]EI:D(TCER) 10 MT® | 'uTr(R) |K):|
< limsup -

R—co (n—2e=K)/r n—2e kX

2Y7Kh K

<
_((n—e—K)l/Y+n—e—K)f(€A||SI|)I(dS)?$O’ O

The next result is both intuitive and easy to prove. Its proof will therefore be left to the reader.

Lemma 4.11. Fix n a positive integer and let G, be the restriction of G to (R, x T,)". The application G,, is
continuous for the product topology.

Lemma 4.12. Let K > 0 and ¢ > 0 be fixed. Almost surely, for any continuous F : R, x 8¢ x T, — R,
bounded by 1,

lim sup fF(u> S, T)]luSK, |Isl[=¢e dHR(us S, T) < J-F(u’ S, T)lluSK, |Isl|=¢ dH(u’ S, T)’

R—o00

and  liminf [F@,s, 7)1k e AR(w, S, ) = [F(u, 5, 7)Lyek s> AW, S, 7).

Proof Let ¢ and ¢,, n > 1 be the applications from R, x 8! x T, to R, defined for all (u,s,t) by
¢(u,s,7) =1, gz and @, (u,s, 7) ;= [1—n(u—K), ], x [1—n(e—|[s|),]; respectively (where x, =
x VO for any real number x). Observe that for all n > 1, ¢, is continuous and that for n large enough, €, F
is an element of F. Therefore, everywhere on the event {I1; — I1}, f p, Fdll — f p, F dII for any fixed
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n > 1. Furthermore, ¢, |, ¢ so the monotone convergence theorem yields inf, -, f p, FdIl = f p FdII
and for allR > 1, inf f e, FdIlz = f @ F dIlg. As a result, on {II; — I},

. < . _
limsup fchdHR < rllgg[hlgris;ip fcpanHR] fgoFdl'I.

R— o0

Similarly, if we let ¢(u, s, 7) := 1,k 15>, there exists a sequence (y,,),, of continuous applications such
that ¢, T,, ¥ and for n large enough, 1, F is in %. The same kind of arguments lead to

o > . _
l}gg}f fldeHR_iglla[l}gggf fz/)anHR] fl/)FdH
everywhere on {II; — IT}. O

Lemma 4.13. Let ¢ be positive and such that H((u, s,7):|Is|| = s) =0a.s.. Then TE(R) a.s. converges to ‘J{el)
as R — oo.

Proof. Observe that for any K > 0, H((u, s,7):u=K ) = 0 a.s. which implies that with probability 1, for
any continuous bounded F : R, x 8! x T, —» R,

f F(ll, S, T) ]IHSK, Isll=¢ dH(ll, S, T) = f F(u, S, T)]IM<K, lIsll>¢ dH(u, S, T).
Consequently, in light of Lemma 4.12,

a.s.
IluSK, lIsll=e HR(du, dS, dT) R—)zoo ]luSK, lIsll=e¢ H(du, dS, dT)

Furthermore, the measures 1,<x s> [Ir(du,ds,d7), R > 1 and 1, s> [1(du, ds, d7) may be written as
finite sums of Dirac measures. As a result, almost surely, the atoms of 1,k s> [Tr(du, ds,d7) converge
to those of 1,,<x s> [1(du,ds,d7) when R — 00. Lemma 4.11 then ensures that TS(R)IK a.s. converges to
TEI )| . Since this holds for any K > 0, Proposition 3.5 allows us to conclude. O

Proof of Theorem 4.1. Observe that the set of positive & such that IP[H((u, s, T):|Is|| = s) = O] < 1lisat
most countable. As a result, we may consider a sequence (&; ), of positive real numbers which converges
to 0 and such that for all k, H((u, s,7): sl = sk) =0 a.s.. Lemmas 4.9, 4.10 and 4.13 then respectively
prove that conditions (ii), (iii) and (i) of Theorem 4.8 are met for T®, Tg(f), ‘J’g), R>1,k>1and 70,
Therefore, T® = 7! with respect to Dgyp. O

4.3 Volume growth of infinite Markov branching trees

We now turn to the proof of Proposition 4.2. Recall that if T € T is fixed, then Vg, the volume growth
function of T, is given by
ViR, — R,, R— ur(TlR).

Notice that V; is a non-negative, non-decreasing cadlag function.

Proof of Proposition 4.2. Proposition 3.5 ensures that (T, Dgyp) is a Polish metric space. In light of Sko-
rokhod’s representation theorem and since the assumptions of Theorem 4.1 are met, there exist a se-
quence (Tg)zs1 Of MBLI™ trees as well as a (¥, v, I)-fragmentation tree with immigration 7" such that
(R'7g, R, ) =: T® as. converges to T,

Proposition 3.5 and Remark 3.2 ensure that a.s., for all t > 0 such that MT(;)[aﬂm] =0, Vrw(t)
converges to Vo) (t). Now observe that u(ﬂn[aﬁm] = 0 i.f.f. Vqu is continuous at t. Therefore, if we
prove that V() is a.s. continuous on IR, since volume growth functions are monotone, we may use the
following classical result to conclude this proof:

If (f)n is a sequence of monotone functions from a compact interval I to R such that f,, — f point-wise

for some continuous function f, then f, — f uniformly on I.
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Following the construction of fragmentation trees with immigration detailed in Section 3.2.2, there exist
a Poisson point process ¥ = Zi21 O(y,s) ON Ry ¥ 8! with intensity du ® I(ds) and a family [‘J’i i,j= 1] of
ii.d. (y, v)-fragmentation trees independent of 3 such that

g0 = G({(ui,((siy’jiri}j,si,jugiyj);j > 1)) D> 1})

With these notations, we may write Voo) = X 2551 5, J'VTU[(' —ui)y /slTj]. Furthermore, for any non-
negative K, since V5 <1 foralli,j>1,

Qi1 2121 Sijly<k = f]lugK IIsll (du, ds)

which is a.s. finite, as already noticed. As a result and in light of the Weierstrass M-test, the restriction of
Vs to the compact interval [0,K] is a series which a.s. converges uniformly on [0,K].

Proposition 1.9 in [11] implies that the volume growth function of (y, v)-fragmentation trees is a.s.
continuous. In particular, with probability one, V,  is continuous for all i and j. As a uniformly converging
series of continuous functions, Vi) |[o,1<j| is a.s. continuous on [0,K]. Since this holds for any K = 0, Vg, is
a.s. continuous on R, which concludes this proof. a

o

4.4 Unary immigration measures

Before concluding this section, we will state a useful criterion to prove Assumption (I) when the limit
immigration measure is unary, i.e. supported by the set {(s,0,0,...) : s > 0}.

Lemma 4.14. Let X be an integer valued random variable such that there exist y € (0,1) and a positive
constant c satisfying n'*"IP[X = n] — c. In this case, for all continuous f : R, — R, with f(x) < 1A X,
RE[f(X/RY")] - fooo ¢ f(x)x~7" dx as R goes to infinity.

Proof. By assumption, for all £ > 0, there exists an integer N such that foralln > N, |n1+Y]P[X = n]—c| <e.
As a result

RZ(c—s)ﬁf(}%) < R]E[f(}%)} < Ri}% +R§(c + e)#f(}%).

n>N

As a Riemann sum, R Y. _ n~ 277 f(n/R'/") converges toward f Ooo f(x)x777 dx as R goes to infinity. The
desired result then follows. O

For each v € (0, 1), note I;m the measure defined by
Jo Fdr™ = [ £(x,0,0,...)x7" " dx

for any measurable f : 8¢ — R,. We have fl Allsl| I;’“(ds) < oo therefore I;m is an immigration measure.

Observe that I = (2/m)"/ 2[{‘72 where Iy denotes the Brownian immigration measure from Section 3.2.2.

Proposition 4.15. Let A be a random finite partition such that as n — 00, n**"IP[||A|| = n] — c for some
y €(0,1), ¢ > 0 and n"IP[A, > n] converges to c/y. For all R > 1, let ¢® be the distribution of A/R"/". Then,
R(1 A |Is|)) g®(ds) converges weakly to (1 A ||s||) cI;m(ds) as R — oo in the sense of finite measures on 8.

Proof. The main idea for this proof is to show that the tail of A is asymptotically negligible when its first
component is large, or more precisely, that R]E[l A ([||A|| —Aq] /Rl/ Y)] converges to O when R goes to
infinity. Since ||A|| fulfils the assumptions of Lemma 4.14,

RE[1AUIAI/RY) ] —— ¢ [1AlsIIT(ds) = /[y 1 —1)]=:C,
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Furthermore, A; < [|A|], so we get that lim supg_, o, R]E[l A (Al/Rl/V)] < C,. In light of Fatou’s lemma and
the assumption on the probability tail of A,

. Al ot 1/y 1oy
lggénglE[mm]_lgggffoRJP[AlzR t]de> [jey 't de=C,.

In summary, when R — 0o, RE[1 A (A, /RY")] - C,.

Now observe that if a, b, x and y are four real numbers, thenaAx+bAy <(a+b)A(x+y). In
particular, for all € € (0,1), 1 A (JJAII/RY") > (1 — &) A (A /RY) + e A([lIAl —Al]/Rl/Y). Moreover,

. AT M
Jim, RE| (=)A= i (= ORE| 1A p— i |

A
(1= 1 L =1
(1—¢) (Shm SIE[l/\ Ty D (1—¢) CY

where we have taken S = (1 — ¢)" R. Similarly,

. A=A oy (4 lAll = Ay
h;lling]E[E/\W =€ h;llilipS]E 1/\W .

Therefore,

1—
) c,—(1—e)7cC, o

lim sup RIE[I A ”A”—_Al] < in
R—00 R/ £€(0,1) el-r
Let f : 8¢ — R, be a Lipschitz-continuous function bounded by 1 and set g(x) := f(x,0,0,...) for
all x > 0. There exists a constant K > 0 such that for all x and y in 8!, |[f(x) — f(¥)| < 1 A (K [[x—yI].
Therefore

RE[ (14 1A (2= 1 JADY o (AT < gl o ZECIAT =) 0
R1/v R/v R/v & R/ - R1/y R—oo

Used conjointly with our assumption on ||A|| and Lemma 4.14, this ensures that R]E[(l A ||A||/R1/Y)f(A)]
converges to f f(s)I ;m(ds) as R — oo. Lemma 3.12 concludes this proof. O

5 APPLICATIONS

In this section, we will develop applications of our three main results (Theorems 2.5, 4.1 and Proposition 4.2)
to various models of random trees which satisfy the Markov branching property. With our unified approach,
we will recover known results and get new ones.

5.1 Galton-Watson trees

Let & be a probability measure on Z, with mean 1 and £(1) < 1 (critical regime). We will be interested in
unordered Galton-Watson trees with offspring ditribution &, the law of which we will note GW,. For any

finite tree t,
awe(t):= > []elet)]

t/eTod ; t/~t ust’
For each positive integer n such that GW,(T,) > 0, let GW be the measure GW conditioned on the set
of trees with n vertices. Similarly, if n satisfies GW(T ,,) > 0, define GW?” as GW; conditioned on the set
of trees with n leaves. Moreover, let d := ged {n —1; GW(T,) > 0} and d := ged {n — 1; GW(T ,) > 0}.

28



Applications Galton-Watson trees

Kesten’s tree. Let & be the size-biased distribution of £, that is £(k) = k&(k) for all k > 0. By assumption,

the mean of & is 1, so £ is a probability measure. We define GW‘EX’ as the distribution of Kesten’s tree which

is obtained as follows:

Let (X,).>0 be a sequence of i.i.d. random variables such that X, + 1 follows €,

— Independently of this sequence, let (T, x;n > 0,k > 1) be i.i.d. GW, trees,

— Foreachn >0, let T, :=[T,1,..., Tox, 1,

— For all n > 0, graft T, on an infinite branch at height n respectively, i.e. set T :=bso @150V, Ty)
and denote its distribution by GW°.

Remark 5.1. These infinite trees were first indirectly introduced in [37] by Kesten who studied the geneal-
ogy of Galton-Watson processes conditioned to hit O after a large time. This result entails that if T is a
GW( tree, conditionally on |T| > n, T converges in distribution to GWE><D as n — 00. Kesten’s tree can thus
be, in a way, considered as a GW, tree conditioned to have infinite height.

This tree also appears as the local limit of conditioned critical Galton-Watson trees under various types
of conditionings, see [2]. In particular, it was first proved in [36] (in terms of Galton-Watson processes)
and in [7] (in terms of trees) that if & is critical and has finite variance, then GWE = GW§°. In [20], it was
shown that under the same assumptions, GW?” = GW§°. In both cases, the finite variance assumption
may be dropped, see [33] and [2].

The local limits of Galton-Watson trees conditioned on their size with offspring distribution with means
less than 1 were studied in [34], [33] and [1]. See also [51] for the study of the local limits of multi-type
critical Galton-Watson trees.

Using Theorem 2.5, we will recover the following proposition in Section 5.1.1.
Proposition 5.1. In the sense of the d,,. topology, ng and GW?’” both converge weakly towards GW§°.

Afterwards, we will study scaling limits of Kesten’s tree in the spirit of Theorem 4.1. Recall the
descriptions of the immigration Brownian tree and a-stable immigration Lévy trees from Section 3.2.2.

Proposition 5.2. Let T be a tree with distribution ngo and define ug := Y.
the counting measures on the set of its vertices and leaves respectively.

uer Oy and H? = ZuGL(T) b,

i) Finite variance: Suppose & has finite variance o and that d = 1. Then, with respect to the D,
pp P 'GHP

topology,

pology, - © o2
I et I D N A —u
(R:Rz) R 00 ( B> 4 B)

where (T, ug) is the immigration Brownian tree.
(i’) If & has finite variance o and if d, = 1, then

T U1\ @ . o2 &(0)
R’RZ Ro00 B> 4 ug |-

(ii) Stable case: Suppose that £(n) ~cn~'* as n — oo for some positive constant ¢ and a € (1,2). Then,

T Ur (d) 1/(a—1
(E’ Ra/(a—l)) peoed CHC R

where (T, ,) is the a-stable immigration Lévy tree and k, =T(2—a)/[a(a—1)].

Remark 5.2. Both (i) and (ii) were proved in [22] and (i) seems to be a new, if predictable, result.
We also mention that under the assumptions of (ii), (T /R, M? /R¥@ 1)) should converge in distribution
(o} (Ta, (ck )YV (O),ua). We won’t prove this statement as Assumption (S) hasn’t been proved in this
case and to do so would require quite a bit of computation. The scaling limits of Galton-Watson trees with
such an offspring distribution conditioned on their number of leaves were however studied in [39].

Section 5.1.2 will focus on the finite variance case, first on (i) and then on (i"). We will prove
Proposition 5.2 in the stable case (ii) in Section 5.1.3.
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5.1.1 Markov branching property and local limits. Let N:={n>1: GW,(T,) > 0}. Proposition 37
in [30] states that the sequence of probability measures (GWE)H < Satisfies the Markov branching property,
i.e. we have GWE = MB! for all adequate n with q,,_, defined for all A =(A,,...,4,) in ?,_; by

p'E(p) P P[#T =2,]
l_[jzl mj(}k)! P[#T = n]

qn—l(l) =

where T is a GW, tree.

Similarly, if we let Ny := {n > 1 : GW¢(T;,) > 0}, then in light of [47, Lemma 8], the family
(GWé"’”)neN’C of probability measures satisfies the Markov branching property and the associated se-
quence q* of first-split distributions such that GW; " = MB44" is given for all nin N, and A = (4y,...,1,)
in P, by

p'ep) TT Pl#.T=2]
]‘[jzlmj(x)! P[#T, =n]

g ) =

where T still denotes a GW, tree.

A Kesten tree with distribution GW5°° can be seen as an infinite Markov branching tree with distribution
MBZLI> where q. is defined for any A = (A,,...,A,) in P_o, by

(p—1) p
l_[jzl m;(A)! =

The distribution of Kesten’s tree may also be rewritten as GWg> = MBZ4" 9% where ¢~ is given for all

AE€P_ o by

Qoo(00,1) := &(p) P[#T = ;1.

(p—1)
H]‘21 m j(k)!
Proposition 5.1 is a direct consequence of the following results from Sections 4.3 and 4.4 in [2] used
alongside Theorem 2.5.

q% (00, 1) = &(p) P OP[#.T =]

Lemma 5.3. If T is a GW¢ tree, then
P[#T = (n+1)d + 1] L and P[#,T=(n+1)d; +1] 1
P[#T =nd+1] n—oo P#,T=nd, +1] n—oco

Proof of Proposition 5.1. Let A = (A,,...,A,) be an element of P_,. If there exists 2 < i < p such that
A; — 1 isn’t divisible by d, then for alln € N, q,_;(n —1—||A||,A) = 0 = ¢, (00, A). Otherwise, for n € N
large enough, in light of Lemma 5.3

_ plE(p) P#T=n—|IAll _
qn_l(n—l—llkll,k)—HJZImj(A)! o — !;[H’[#T—)Li]

. -1 7
£(p) P[#T = A;] = qoo(00, ).
n—o00 1_1121 mJ(),)' !:2[ !
Similarly, as n goes to infinity, ¢~ (n—||A|l, 1) — g, (00, A). Since these hold for any A in P, we end
this proof by using Corollary 2.6. O

5.1.2 Scaling limits, finite variance. In the remainder of this section, (T;);»; will denote i.i.d. Galton-
Watson trees with offspring distribution &, (Y,,),>1, i.i.d. & distributed random variables and for alln > 1,
S,: =Y, +---+Y,—n. We will also consider N, a random variable independent of both (T;); and (Y,),
and such that N + 1 follows é .

The following so called Otter-Dwass’ formula or cyclic lemma (see [45, Chapter 6] for instance) will be
the cornerstone of many forthcoming computations.
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Lemma 5.4 (Otter-Dwass’ formula). With these notations, for allk > 1 and n > 1,

H’[#T1+---+#Tk=n]=§]l’[5n=— ]

Let q, be the probability distribution on P, defined by q, = qo. (0, -). Let A follow g, and recall
that it has the same distribution as (#T;,..., #Ty)'.

In this paragraph, we’ll assume that the variance o2 of & is finite and that d = 1. Recall that the
immigration Brownian tree is a (1/2, vg, Iz)-fragmentation tree with immigration. It was proved in [30,
Section 5.1] that Assumption (S) of Theorem 4.1 is fulfilled for y = 1/2 and v = 0/2 - vz. To prove
Proposition 5.2, it will therefore be sufficient to show that Assumption (I) is satisfied for y = 1/2 and
I=0/2-I. For all R > 1, note q® the distribution of A/R?.

Proposition 5.5. In the sense of weak convergence of finite measures on 8%, R(1 A ||s|]) ¢ (ds) converges as
R goes to infinity toward (1 A ||s||) o /2 - Ig(ds).

Since Iy is unary, in order to prove Proposition 5.5, it will be enough to show that A satisfies the
assumptions of Proposition 4.15. The next two lemmas will prove that both are met.

Lemma 5.6. When n goes to infinity, n*/*P[||A|| = n] — (o%/21)Y/2.

Proof. In light of Otter-Dwass’ formula, for all n > 1,
n*2P[||Al =n]=n*2Y,  P[#T) +- -+ #T, =n|N =k]P[N = k]
=Y k&K 2 P[S, = —k].
Recall the local limit theorem in the finite variance case:

supkez}nl/2 P[S, = k]—(2rno?)~V/? e_k2/2”02| — 0.
n—-,oo
As a result, there exists a finite constant C such that n'/?PP[S, = —k] < C foralln > 1 and k > 1 and if
k > 1 is fixed, n'/2P[S, = —k] — (2r0?)""/2. Furthermore, Y, kE(k) = 0% so Lebesgue’s dominated
convergence theorem yields
lim n¥2P{[IA]l =n] =Y kE(K)(lim,co n'/?P[S, = —k]) = (0 J2m)?,
n—-,oo
k=1 O

Lemma 5.7. When n — 00, n'/2IP[A, > n] converges to (202 /m)"/2.

Proof. Observe that for all n > 0, the event {A; = n} has the same probability as {N > 1,3i < N : #T; = n}.
Therefore P[A; = n] = Zkzl E(k+1) (1 —P[#T, < n]k). Let G be the moment generating function of &,
ie. G(s) = Zkzo £(k)s* for all s € [0,1]. This function is twice-differentiable on [0, 1] and we may write
P[A; > n]=G'(1)—G'(1—P[#T, > n]).

For all n > 1, Otter-Dwass’ formula gives n'/>P[#T, > n] =n'/2Y, _ m ' P[S,, = —1]. The local
limit theorem ensures that m/?P[S,, = —1] — (2m0?)™"/? as m — oo. Therefore, for all positive £ and n
large enough,

n'/?|P[#T > n] -, m~32(2no?)12| < nl/? Z m~3/2 g —— 2¢.

m=n n—oo

m=n

Incidentally, n'/?P[#T; > n] and n'/2 Y. m~*?(2rno?)7"/2 have the same limit when n — oo which is
to say that n'/?P[#T, > n] — (2/n0?)/? as n — co. As a result,

nl/zlP[Al >n]= nl/z[Gl(l)—Gl(l —P[#T, > n])] SN (%)1/2 G"(1) = (2;:2)1/2.

n— o0 o2
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Lemmas 5.6 and 5.7 and Proposition 4.15 prove Proposition 5.5. Theorem 4.1 therefore implies that
(T /R, uy/R?) converges in distribution to a (1/2,0/2 - v, 0 /2 Ip) fragmentation tree with immigration.
Using Remark 3.7, we may restate this last result as Proposition 5.2 (i). Furthermore, as a result of
Proposition 4.2, we get that in particular, ur(T|z)/R* converges in distribution to (0%/4) y, (73l,) or
equivalently to ug (Tglq/2)-

We will now prove Proposition 5.2 (i’). Assume that d, = 1. Theorem 7 in [47] proves that the family
(qrf ),, of first split distributions associated to Galton-Watson trees conditioned on their number of leaves
satisfies Assumption (S): n/?(1—s,)3~ = 0 £(0)"/2/2-(1—s;) v5(ds). As a result, we only need to prove
Assumption (I) for y =1/2 and I = 0 £(0)Y/2/2 - I;.

Proof of Proposition 5.2 (i"). Theorem 6 in [47] states that there exists a critical probability distribution ¢
on Z, such that #; T;, the number of leaves of T;, has the same distribution as #7, where 7 follows GW,.
Lemma 6 further states that if £ has finite variance o2, then ¢ has variance o2/£(0).

Let A* be such that (00, A) is distributed according to qéo. The random partition A* is distributed like
(#.Ty,...,#:Ty)Y, or equivalently, like (#7,,..., #7y)!, where (7,,),>; are i.i.d. GW/, trees independent
of N. Therefore, if (V,),»; is a sequence of i.i.d. {-distributed random variables and if Z, := V; +---+V,—n,
proceeding as in the proof of Lemma 5.6 gives:

nPPIAS] = n] = Sk &k + Dn'/2P[Z, = —k] — [0%E(0)/(2m)] "%,

Similarly, the same kind of computations as in Lemma 5.7 yields

n2P{Af > n]=n'2[G'(1)— G'(1-P[#17, > n])] — [202£(0)/m

— 00

]1/2

where G still denotes the moment generating function of . As a result, because of Theorem 4.1 and Proposi-
tion 4.15, when R — oo, (T /R, u¥ /R?) converges in distribution to a (1/2, 0 £(0)"/2/2- v, 0 £(0)"/2/2-I)
fragmentaion tree with immigration. Remark 3.7 then allows us to conlude. |

5.1.3 Scaling limits, stable case. In this paragraph, we’ll suppose that there exist a € (1,2) and a
positive constant ¢ such that n'**&(n) — ¢ when n — oo.

Recall that A denotes a q,-distributed variable and has the same distribution as (#T, ..., #Ty)* where
N +1 is distributed according to & and is independent of the sequence (Ty)n>1 of i.i.d. GW, trees. Moreover,
we will use the notations introduced to define v, and I'® in Sections 3.2.1 and 3.2.2: (%,;t > 0) will
denote a 1/a-stable subordinator with Laplace exponent A — —logE[exp(—A%,)] = A1/* and A will be
the decreasing rearrangement of its jumps on [0, 1].

It was proved in [30, Section 5.2] that the family ¢ = (q,,) e Of first-split distributions associated to
(ng)neN satisfies Assumption (S) of Theorem 4.1 for y = 1—1/a and v = (c k,)*/%-v,. Proposition 5.2 (ii)
will therefore be a consequence of the next proposition. For all R > 1, note q® the distribution of R=*/(@=DA,

Proposition 5.8. When R — 00, R(1 A |Is||) q®(ds) converges weakly to (c k,)/*(1 A ||s]|) I¢¥(ds).

Proof As shown in [30, Section 5.2], n'*Y/#P[#T, = n] converges to [(c k,)"/*aT(1—1/a)]~*. Therefore,
(#T,)n>1 lies in the domain of attraction of a 1/a-stable distribution. More accurately, in the Skorokhod

topology,

BT+ + #T, 0 1
( ! LntJ;tZO)L—(Et;tZO).
no k

n—oo ck,

This, in conjunction with Skorokhod’s representation theorem, implies that there exists a sequence (X,),>0,

where foralln > 1,

q) ck
x, @

(#T,,...,#T,,0,0,...)}

na
which a.s. converges to (a version of) A.

32



Applications Galton-Watson trees

Let F : 8¢ — R, be a Lipschitz continuous function such that F(s) < 1 A|s|| and set f : R, — R,
t = E[F(t*/(ck,) - A)]. The dominated convergence theorem ensures that the function f is continuous.
It is clearly bounded by 1 and
a . _ t
FO) E[1A(e%/(ck) - 1AN)] = B[ 1A Sqpy v | < ERIC Hgl A )T g (dx).
Since n*P[N = n] — ¢, Lemma 4.14 ensures that when R goes to infinity, RIE[f (N/Rl/(“’l))] converges
toc fooo t f(t)dt = (ck,)/* fF dI®. Furthermore, because A is distributed like (c k,) "' N% Xy,

RE[F(%) —f(}%)] SRIE[l A (K(}%)“ ™ —A“ﬂ

where K - (ck,) is bigger than the Lipschitz constant of F. We will now endeavour to prove that this last
quantity goes to 0 when R — oco. For all s in 8!, let s A 1 be the sequence (s; A 1);5;. Then for any x and y
in 8¢, we may write ||x—y|| =[x A1—=yA 1|+ ||(x—xA1)—(y—yA1).

In light of Lemma 4.14, nE[ 1 A (#T;/n®)] converges to [(ck,)/*T(2—1/a)]’. It ensues from the
iid. nature of the sequence (#T;);>; that

#T 2 #T 2
sup ]E[HXn A 1||2] = sup (nIE[(—l A 1) ] +n(n— 1)]E[—1 A 1} ) < 00,
n>1 n>1 n¢ na

Fatou’s lemma (or classical results on Poisson Point Process, see [38, Section 3.2]) ensures that E[||A A 1]|?]
is also finite. As a result, the sequence (]|X,, A1—A A 1]|),»; is bounded in L2. Since |[X,A1—AA1||— 0
a.s., we also have 1E|:||Xn ALl—AA 1||J — 0.

If B <1/a, then E[||A—AA1|P] < E[AIP] = IE[ZI’f] < 00. Moreover, since it converges, the
sequence (mlﬂ/ “P[#T;, = m])m is bounded by a finite constant, say Q. Consequently,

#T p kP11 “ dt aQ
—_ ﬁ = 1 —_ _— =
E[IX, —X, A 1] ]—n]E[( — 1) ]SQnE —F e Qﬁ T = T ap

+ k>na

which proves that the sequence (]E[HXH —X, A1 ])n21 is bounded. Since this holds for all f < 1/a, if €
is positive and such that (1+¢)B =: 8’ < 1/a, then

sup E[ (|(X, X, A1) — (A= AADIP) ] < sup B[ I1X, =X, A1[lP +[|a—A A1 < oo,
n>1

n>1
Hence, the sequence (Il(Xn —X, Al)—(A—AA 1)||/5)n>1 is bounded in L. Because it converges to 0
almost surely, its expectancy also goes to 0 as n tends to infinity.
For all B < 1/a and & > 0, there exist a finite constant C and a finite integer n, such that for alln > 1

E[IX, A1=AAL] vV E[lI(5, X, AD) = (A= AADF] < e+ Cleyy.

Using the same arguments as in the proof of Lemma 4.14 it is easy to prove that for any x > a —1,

oo
1IAtE c c
RE[1 A (N/RY(@D)<] — cf o de= oy s R
0

Consequently, if # € (1—1/a,1/a), we get

N a
ligs;lpR]E[l/\(K(m) HXN—A”)]
< limsup R]E[1A(K(}%)QE[HXNM—AMH | N])]

R—o0
ap
+R]E[1 A (Kﬂ(1$) IE[H(XN —XyAD)—(A—AA 1)|}’3 | N]ﬂ
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N¢ NP
i - B~
< limsup R]E|:1/\(K =) (8+CI[N<HE))]+R]E|:1/\(K B (aT) (€+CIIN<HE))}

R—o0
<y KCn? KPCn2P
- ﬂi‘.}p Ro/(a—1)-1 + RaB/(a—1)-1

N(l
+ K@ Dga/@DREl ] A ————
Ra/(a—1)

Neb
+ g/ e gla/(e=DI/BRE| 1 A —
RapB/(a—1)

=0(e*/(=™ D),

Since this holds for any positive ¢, it follows that

R]E[l A (K(}%)a [[%x —AH)] ——0,

which in turn proves that RIE[F (A/RY ("_1))] indeed converges to (c k,)"* f o F dI®. We conclude with
Lemma 3.12. O

5.2 Cut-trees

Let 7 be a finite labelled tree. If 7 is made out of a single vertex, let its cut-tree Cut(7) be the tree with a
single vertex. Otherwise, define the cut-tree of T as the (unordered) binary tree Cut(7) obtained by the
following recursive process:

— Pick a — b uniformly at random among the edges of T and remove that edge,

— Let 7, and 7, be the two sub-trees of T formerly connected by a — b,

— Define the cut-tree of T as the concatenation of the cut-trees of 7, and 7,, i.e. set Cut(t) :=

[Cut(7,),Cut(ty)].

With this definition, if T has n vertices, then Cut(7) has n leaves. The cut-tree of T represents the genealogy
of its dismantling when we remove edge after edge, until all have been deleted.

Figure 5: A labelled tree 7 and its cut-tree
(the edges of T are labelled in the order they are removed)

Cut-trees were introduced in [12] as a means of generalising the study of the number of cuts necessary
to isolate a marked vertex or a finite number of marked vertices. In this section, we will study the local
and scaling limits of two models of cut-trees, studied in [12] and [14], which both satisfy the Markov
branching property. Also see [15] and [21] for the study of the cut-trees of conditioned Galton-Watson
trees
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5.2.1 Cut-trees of Cayley trees. A Cayley tree of size n > 1 is a labelled tree 7, chosen uniformly
at random in the set of trees with n labelled vertices (for convenience, with labels 1 through n). It is
well-known that, viewed as an unlabelled tree, 7, has the same distribution as an unordered Galton-Watson
tree with offspring law Poisson (1) conditioned to have n vertices. For all n > 1, let T,, := Cut(7,,) be the
cut-tree of a Cayley tree with size n.

Let (7,),>0 be a sequence of i.i.d. unconditioned GWpysson (1) trees. Let To, be the tree obtained by
attaching for each n > 0 the cut-tree of 7, to the vertex of an infinite branch at height n by an edge. In
other words, set Too :=Dboo Q=0 (vn, [Cut (ﬁn)]]).

The aim of this section will be to prove the next two results.

Proposition 5.9. When n — oo, T, converges to T, in distribution with respect to the local limit topology.

Proposition 5.10. Endow T, with counting measure on its leaves phoo. Then (Too /R, oo /R%) converges as
R goes to infinity to (Tz,1/2 - ug) in distribution with respect to the Dgyp topology, where (Tg, Ug) denotes the
immigration Brownian tree.

Markov branching property. It was stated in [12] that (T,,) satisfies the Markov branching property and
more specifically, that the distribution of T, is MBﬁ’q where the associated first-split distributions are given
byq;(1)=1,foralln>2q,(p#2)=0andif 1 <k <n/2,

(n—k)" k1 k=1 (n—2)!

G

The tree T, can be described as an infinite Markov branching tree with distribution MBﬁ;,q’q"" where the
probability measure ¢, is defined by g (p # 2) = oo (Mo, 7 1) = 0 and for all positive k, g, (00,k) =
P[#10 = k] where ¥ is @ GWpgiss0n (1) tree. Recall that the size of ¥ has Borel distribution with parameter 1,
therefore, for any positive k, goo(00,k) = kk"1e™*/k1.

Local limits. For any k > 1, when n — oo, Stirling’s approximation gives

k=1 ,2—k k=1 ,—k
k
— -2/ — y
| n—o00 k!

k
We may then use Corollary 2.6 and thus prove Proposition 5.10.

qn(n_k)k)N =qOo(°°>k)

Scaling limits. Section 2.1 in [12] proves that n'/? (1 —s,) 3, (ds) converges weakly to (1 —s;)1/2- vz(ds)
in the sense of finite measures on Slﬁ.

Moreover, ¢, is a.s. binary, and Stirling’s approximation ensures that n®2q.,(oco,n) — (2m)~"/2.
Therefore, if A is such that (0o, A) follows g, and if ¢® is the distribution of A/R?, then Proposition 4.15
implies that R(1 A ||s||) ¢®(ds) weakly converges to (1 A ||s||)1/2 - Iz(ds) as R — oo. In other words,
Assumption (I) is also satisfied.

Consequently, Theorem 4.1 ensures that when R — 00, (To /R, oo /R%) converges in distribution to a
(1/2,1/2- vg,1/2-I) fragmentation tree with immigration with respect to the topology induced by Dgyp.
Remark 3.7 then concludes the proof of Proposition 5.10.

5.2.2 Cut-trees of uniform recursive trees. A recursive tree with n vertices is a labelled tree (with
labels 1 through n) such that the labels on the shortest path from 1 to any given leaf are increasing. For all
n > 1, let 7, denote a labelled tree chosen uniformly at random among the set of recursive trees with n
vertices and call T, its cut-tree.

Define a probability measure 7 on N by n(n) = 1/[n(n+ 1)] and let (X,,,3,),>o be a sequence of i.i.d.
variables, where for each n, X,, follows 7 and conditionally on X, = ¢, 1, is a recursive tree with £ vertices.
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Define T, as the tree obtained by attaching the cut-tree of 4, by an edge to an infinite branch at height n,
i.e. set Too :=Dboo Xrnzo (vn, [Cut (1‘},1)]]).

Proposition 5.11. In the sense of the local limit topology, T, converges in distribution to T, when n — Q.

It was observed in [13] and [14] that the sequence (T,),>; is Markov branching. Moreover, we
may deduce from [13, Section 2] the expression of the respective distributions g,, of A“(T,). Clearly,
g1(1) = 1, and for n > 2, if X denotes a random variable with distribution 7, then for all k < n/2,
qn(n—k,k) =P[X =k|X <n]+P[X =n—k|X <n]ly,,. In particular,

n 1 1 '

—k, k)= n_l(k(k+1)+(n—k)(n—k+1)) 1fk<n/2,
e P if k = n/2
(n—1)(n+2) if k=n/2.

The tree T, may also be described as an infinite Markov branching tree with distribution MBﬁg,q’q"o
where the measure g, is given by oo (P # 2) = §oo (Mo #1) =0 and for all k > 1, g, (00, k) = n(k).

If k is a fixed integer, then g, (n — k, k) clearly converges to q., (00, k). We conclude the proof of
Proposition 5.11 with Corollary 2.6.

Remark 5.3. It was shown in [14] that (n/logn)~' T, converges to the real interval [0, 1] rooted at 0 and
endowed with the Lebesgue measure. However, Assumption (S) doesn’t hold.

5.3 The a-y model

In this section, we will study trees generated according to the algorithm of the a-y model described
in [19]. This algorithm was introduced as an interpolation between various models of sequentially growing
trees such as Rémy’s algorithm [46], used to generate uniform binary trees with any number of leaves,
Marchal’s [42], which gives the n-dimensional marginal of Duquesne-Le Gall’s stable trees (the discrete
tree spanned by n leaves chosen uniformly at random in a stable tree), and Ford’s a-model [24], used for
instance in phylogeny.
Let 0 <y < a < 1. Start with T; := {@}, the trivial tree, and T, := {@, (1), (2)}, a tree with two leaves
attached to its root. Then for n > 3, conditionally on the tree T,_;:
— Assign to each edge of T,_; (considered as a planted tree, i.e. a tree in which a phantom edge has
been attached under the root) the weight 1 — a if the edge ends with a leaf or y otherwise,
— Also assign to each non-leaf vertex u the weight [¢,(T,_;)—1]la—v,
— Pick an edge or a vertex in T,,_; with probability proportional to these weights,
+ If an edge was picked, place a new vertex at its middle and attach a new leaf to it,
+ If a vertex was selected, attach a new leaf to it,
and call T, the tree thus obtained. We will also note AGZ’Y its distribution foralln>1and 0 <y <a < 1.

Remark 5.4. As mentioned at the beginning of this section, some particular choices of parameters give
previously studied algorithms:

— When a =y =1/2, we get Rémy’ algorithm [46],

— If B €(1,2), taking a =1/ and y = 1 — a gives Marchal’s algorithm [42],

— When a =y, this algorithm coincides with that of Ford’s a-model [24].

The Beta geometric distribution. Fix 6 in (0,1). Let II be a Beta random variable with parameters
(1—0,0), and conditionally on II, let X have geometric distribution with parameter 1 — II, meaning that
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P[X = n|II] =I1"(1 —1II) for every integer n > 0. We say that X is a beta geometric variable of parameters
(6,1—0). For all integers n > 0,

1
P[X = n] = E[[1"(1 H)]_—B(l—G,G)LX (1—x) dx_—r(l—e)(nﬂ)!'

We will also use the convention X =0 a.s. if 6 =1 and X = oo a.s. if 6 = 0.

Infinite a-y tree. Assume that 0 <y < a < 1. Let (X,,),»0 be a sequence of i.i.d. beta geometric random
variables with parameters (y/a,1—7y/a). Let (Y, x, T,x) be a sequence of i.i.d. variables independent of
(X,), such that Y, ; is a (@, 1 —a) beta geometric variable and conditionally on Y, , = ¢, 7, is an a-y tree
with £ + 1 leaves, i.e. T, follows AGf:Yl.

Finally, conditionally on (X, Y, y, T,x;n = 0,k > 0), define T, as the tree obtained by grafting for
each n > 0 the concatenation of 7,;, 0 <i <X, at height n on an infinite branch. In other words,

Too :=Dboo Q=0 (vn, [Tnos--- TH’XH]])
and denote by AG(‘;‘; its distribution.

Remark 5.5. In Ford’s a-model, i.e. when a =y > 0, X, = 0 a.s. for all n, so a single tree is grafted at
each height. Similarly, whena=1and0<y <a, Y, =0as..

We will start our study of the a-y model by proving this next proposition with the help of Theorem 2.5.
Similar results for a = y were already proved in [48] and in [18, Lemma 3.8] forany0 <y <a < 1.

Proposition 5.12. For any 0 <y < a < 1, the probability measure AG/, , converges weakly to AGS"Y asn
grows to o0 in the sense of the local limit topology.

We will then study the scaling limits of these infinite trees: Section 5.3.2 will focus on the case
0 <y <a<1and Section 5.3.3, on a =.

5.3.1 Markov branching property and local limits. Proposition 1 in [19] states that the sequence
(AGZ,y)n satisfies the Markov branching property. Moreover, the sequence g = (q,,),, associated to the first
split distributions of T,, i.e. such that q,, is the law of A“(T,) for all n > 1, is given by q,(&) = 1, and for
anyn > 2, forall A =(2,,...,4,) €P,,

1 l—a—y r(l—a)n! a?2T(p—1—7y/a) -1 TA;,—a)
0,00 = (r+ Ay ) ,
: [Im;() n(n—1) ; ") I'(n—a) r(l1—y/a) DF(l—a)li!
j=1
with the conventions I'(0) = oo and I'(0)/T(0) = 1 (which will be used throughout this section).
We can also write AG;"Y = MBfg,q’q"" where g, is the measure on P, given by

’M_Y/OLF(P—}’/OL) p! ﬁ al(A;—a)

- T(1—y/a)p! [Tjs1m(A)! i TA—a)A;!

forall A =(2,,...,4,) in P, and qoo(u) = 0 for all y in P, with either p(u) =1 or meo(u) > 1.

If X has beta geometric distribution with parameters (y/a,1—y/a) and is independent of the i.i.d.
sequence (Y;);>o of beta geometric variables with parameters (a,1 —a), for any A = (A4,...,4,) in P_,,
we get that

Joo(00

which ensures that q,, is a probability measure on P.

37



Applications The a-y model

Proof of Proposition 5.12. Let A=(A4,...,A,) be in P_,. Then, for n large enough, in light of Stirling’s
approximation,

0 1
Tn—)OO TH—?OO

_ 1 l—a—y I'(n—||A|| —a)n!
q“(“_”"”’”‘nj>1m,-(x)!( D 2 M) e T

L Tp—y/a) l—[ I'(A; —a)

Il—y/a) 1 TA—-a)A;!
JaT(p—7y/a) ! Lar(d—a)
et £ = 40000, A).
noeo T(1—y/a)p! [[inymi(A) 4 T(1—a)A;!
We conclude with Corollary 2.6. O

5.3.2 Scaling limits. In this paragraph, we will assume that 0 < y < a < 1. Let X be an a-stable
subordinator with Laplace exponent A — A% and Lévy measure I1,(dt) = a/T'(1 —a) t 17%1,.,dt. Define
A as the decreasing rearrangement of its jumps on [0, 1]. We define the dislocation measure v, for all
measurable functions f : SlSl — R, by

ri—a)

mﬂz[z?ﬂ (r+A—a=-NZan,)f(a/m)]

fdvy, =
8%
Results from [19] and [31] ensure that the family g satisfies Assumption (S): whenn — oo, n"(1—s;)g,(ds)
converges weakly towards (1 —s;) v, ,(ds).
We also define the immigration measure I, , for all measurable functions F : st - R, by

FdI E[F( )] d
t
o e F(l Y/ a) titr/a

Proposition 5.13. Let T be distributed according to AG°° and endow it with ur, the counting measure on the
set of its leaves. With respect to the Dgyp topology, (T /R, ,uT/Rl/ ") converges in distribution to a (Y, Vg,y,Igy)

fragmentation tree with immigration.

Proof Let A be such that (00, A) follows qoo. For all R > 1, set ¢® as the distribution of R™/7A. In light
of Theorem 4.1, it is sufficient to prove that R(1 A |s|])¢®(ds) = (1 A lIsl)I,,,(ds) when R — oo.

To prove this claim, we may proceed as in the proof of Proposition 5.8. The only significant difference
is that the constant 8 used near the end of that proof must now belong to the open interval (y, a). |

Remark 5.6. Let f§ be in (1,2) and set a = 1/, y = 1 — a. It was proved in [42] that the distribution
AG] JBA-1/p coincides with GW?’”, where the generating function of & is given by s — s + 71(1 —s)?. The
results of Propositions 5.12 and 5.13 are then consistent with those of Proposition 5.1 and Remark 5.2.

5.3.3 Ford’s a-model. When a = v, no weight is ever assigned to vertices. Consequently, the trees
generated by this algorithm are a.s. binary (i.e. each vertex has either two children or none). Furthermore,
the sequence (gq,,),, of associated first split distributions is much simpler: g,(&) still equals 1, and for n > 2,
ifa<1,foralll <k<n/2,

an(n— k) = 2= 1) ;)

I'n—k—a)T(k—a) +(1—2a)(n—k)k
T1—a)l(n—a) \2 n(n—1) ’

finallyifa=1, q,(n—1,1)=1.
Moreover, if a is positive, for alln > 1, g (00, n) = aT(n—a)/[T(1—a)n!] and g (1) = 0if p(A) # 2
or meo(A) # 1. As aresult, a tree with distribution AG;‘; is obtained by grafting at each height of an infinite
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spine a single tree with distribution AG];’ j;l where N, its number of leaves minus 1, has beta geometric
distribution of parameters (a,1— a).

Scaling limits of Ford’s a model. Let a € (0, 1). Results from [31, Section 5.2] ensure that (T,), satisfies
Assumption (S): when n — oo, n®(1—s;)q,(ds) = (1—s;) vff)(ds) where vff) is the binary dislocation
measure defined for all measurable f : Sil — R, by

1

m__ 1 a 2—4a _
ffdva ~Ti—a 1/2([x(1—x)]1+“+[x(l—x)]a)f(x’l x,0,0,...)dx.

Furthermore, ¢, is a.s. binary and Stirling’s approximation ensures that q.,(oo,n) is equivalent to
[a/T(1—a)]n"'~* when n — oo. Consequently, if A is such that (oo, A) follows g, and g®® denotes the
distribution of A/R'/*, Proposition 4.15 proves that R(1 A |[|s||)g®(ds) = (1 Alls|]) [a/T(1 — a)]1""(ds) as
R — o0o. Therefore, if we set IéF) :=a/T(1—a)-I;", we may use Theorem 4.1 and Proposition 4.2 to get
the following result:

Proposition 5.14. Let T be a AGy", tree with a in (0, 1) and endow it with the counting measure on the
set of its leaves. Then, (T /R, uf /R'/*) converges in distribution to a (a, v"), I!)-fragmentation tree with
immigration with respect to the topology induced by Dgyp.

Remark 5.7. When a = 1/2, i.e. in Rémy’s algorithm, these results coincide with Proposition 5.1 and
Proposition 5.2 (i’) for £(0) = &(2) =1/2.

When a =1. In this case, the algorithm’s output is deterministic: for each n > 2, a tree T,, with distribution
AGT | is simply equal to a branch of length n —1 upon which a single leaf has been grafted at each non-leaf
vertex (a “comb” of length n). Similarly, an infinite tree with distribution AGT is the “infinite comb”,
obtained by attaching a single leaf to all the vertices of the infinite branch. ’

As a result, if T has distribution AG;”? and u; denotes the counting measure on the set of its leaves,
then clearly, (T /R, ur/R) converges as R — oo to the metric space R, rooted at 0 and endowed with the
usual Lebesgue.

When a =0. Observe that q,(n—k, k) = (2 —1T—,/2)/(n—1). Then for all K > 1 and n large enough,

K—1
P[A®(T)AK =00, AK]=1— —1,

n—1 nooc

which implies A*(T,) — (00, c0) a.s. when n — oco. Theorem 2.5 then ensures that T, converges in
distribution to the complete infinite binary tree (in which every vertex has 2 children). Moreover, since
T, C T,.; a.s., this convergence happens almost surely.

5.4 Aldous’ -splitting model

This section will focus on the study a model of binary random trees introduced in [6, Section 4] as a
Markov branching model. Let f > —2 be fixed. Set ¢;(@):=1and foralln>2and 1 <k <n/2,
2—1y—p T(n—k+1+p) T(k+1+pP)

Z, (n—k)! k!

gn(n—k,k):=

where Z,, is a normalising constant. For all n > 1, let T, be a random tree with distribution MBf’q.

Remark 5.8. — The constant Z,, is given by
7 . 1 Tn—k+1+B) T(k+1+p)
T Ak=l (n— k) k! ’
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When > —1, it simplifies to Z, = [B(1+ 8,1+ p)—2B(n+1+ 6,1+ )]-T(n+2+2p)/n! (where
B denotes the usual Beta function) and when 3 = —1, it becomes Z, = 2/n - Z: kL.

— When f§ =—3/2, observe that the sequence (g, ), is the same as that of the a-model with a =1/2
(see Section 5.3.3). Therefore, like REmy’s algorithm, this model generates uniform binary trees with
any given number of leaves.

There are three regimes in this model, respectively 3 > —1, f =—1 and 8 € (—2,—1). The asymptotic
behaviour of q,, were studied in [6, Section 5] in these three regimes.

5.4.1 Local limits. In this paragraph, we will focus on the study of the local limits of T,,. We will once
again rely on the Markov branching nature of the model and on Theorem 2.5.

Proposition 5.15. 8 > —1 : In the sense of the local limit topology, T, converges in distribution to the
infinite binary tree.
B e(—2,—1): LetX follow the beta geometric distribution with parameters (2+ f3,—1—f3) (see Section 5.3).
Define qoo, a probability measure on Py, by oo (00,k) =P[X =k —1] forany k > 1 and qo(A) =0 if
P(A) # 2 or my.(A) # 1. With these notations, T, converges in distribution to MBi;q’q“ with respect to the
local limit topology.

Remark 5.9. Suppose 8 € (—2,—1) and let (X,,, T, )0 be an i.i.d. sequence such that for each n, X,
has beta geometric distribution with parameters (2 + 8,—1 — ) and conditionally on X,, = k—1, 7, is
distributed like T}. Finally, denote by T, the tree obtained by attaching by a single edge the tree 7,
respectively at each height n of an infinite branch, i.e. Ty :=beo Q=0 (vn, [[Tn]]). The tree T, hence
obtained has distribution MB2

Proof Observe that in light of Stirling’s approximation, I'(n + 1 + f8)/n! ~ n? when n — oo.

B >—1: When > —1, using Stirling’s approximation once again, we get that Z, ~ B(1+f3,1+p)n 172/

so if k > 1 is a fixed integer, q,(n —k, k) = O(n'**) when n — oo.
When  =—1, Z, ~ 2/n-logn hence, for any fixed k > 1, q,(n—k, k) ~ 1/(k logn) as n — oo.
Therefore, for any § > —1,if K > 1,

Gu[p € Pyt pAK = (K, K)] = 1= 3 gu(n—k, k) —— 1.

Lemma 2.3 then ensures that q, = (o c0)- It follows from Theorem 2.5 that T, converges in distribution
to the (deterministic) infinite binary tree.
pe(—2,—1): Letp €(—2,—1). Stirling’s formula ensures that the sequence (i’ﬁ r@G+1+ /5)/1'!)i21 is
bounded by a finite constant. As a result, the dominated convergence theorem ensures that

Z, Z T[(k+1+p) T(n—k+1+p) (n—k)P

(2 - 12k:n) ﬂZkSn

n_ﬁ_kZl k! (n—k)B(n—k)! nP
I(k+1+p) _T(2+p+)
n—o0 2; k! =2 -1-8

where we have used the definition of the beta geometric distribution with parameters (2 + ,—1—f3) as
introduced in Section 5.3.
Consequently, for any fixed positive integer k,
T(k+1+B)T(n—k+1+p) (“1-B)T(k+1+p)

li —k,k)= lim 2 = = k).
A dn(n =k, k) = lim, X 7. (n—K)! T2+ p)k! 9o (00, k)
We may then conclude with Corollary 2.6. |
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5.4.2 Scaling limits. We will now study the scaling limits of the 3-splitting model when f € (—2,—1)
with the help of Theorem 4.1.
Let v;}B) be the dislocation measure such that for all measurable f : Slgl - R,,

de(B) :ﬂ 1/2t/5(]_—t)’3f(1—tt00 )dt
o 1—-(2+ﬁ) i ,£,0,0,... .

It follows from Section 5.1 in [31] that (q,,),>; satisfies Assumption (S) fory =—1—f and v= v(B) More
precisely, n7 7P (1 —s,) G,(ds) converges weakly to (1 —s;) v(B)(ds) as finite measures on S

Let A denote a random integer such that (0o, A) has distribution g, and for all R > 1, set q(R) as the
distribution of A/RY17P)_ Just like in Section 5.3.3, Stirling’s approximation and Proposition 4.15 ensure
that Assumption (I) is met for y = —1 — 8 and the immigration measure I/gB) =(1-p)/T+p)- 14 5
As a result,

Proposition 5.16. Fix 3 € (—2,—1). Let T be a MBﬁgq’q“’ tree and endow it with ur, the counting measure
on the set of its leaves. In the topology induced by Dgyp, (T /R, u? JRYC1=P)Y converges in distribution to a
(-1-p, v(B) I[(SB))-fragmentation tree with immigration.

5.5 k-ary growing trees

Let k > 2 be an integer. In this section, we will study a model of k-ary trees, i.e. trees in which vertices have
either 0 or k children, described in [32]. This model is yet another generalisation of Rémy’s algorithm [46]
(which corresponds to k = 2).

The following algorithm allows us to get a sequence (T,,),>¢ of k-ary trees such that for all n, T, has n
internal vertices (vertices that aren’t leaves) or, equivalently, kn + 1 vertices or (k — 1)n + 1 leaves. First,
let T, be the trivial tree {@} and for n > 1, conditionally on T,

— Pick an edge of T,_; (considered as a planted tree) umformly at random,

— Place a new vertex on that edge and attach k — 1 new leaves to it,
and call T, the resulting tree. We will note GT;, the distribution of T;,.

The negative Dirichlet multinomial distribution. Let IT be a (k — 1)-dimensional Dirichlet variable with
k parameters (1/k,...,1/k), i.e. TI takes its values in the (k — 1)-dimensional simplex {x € (0, c0) :
X, + -+ +x, = 1}. Conditionally on II, let X = (X3, ...,X;_;) have negative multinomial distribution of
parameters (1;11), i.e. for each i € {1,...,k — 1}, X; counts the number of type i results before the first
type k result (failure) in a sequence of i.i.d. trials with k possible results with respective probabilities
I1,,...,II;. For any non-negative integers n,...,n;_; and with N =n; +--- +n,_;, we have

~ ~ . 1 g D(n +1/K)
PX = (o) = [ . 1_[“ } eiew L r(1/kn;!

i=2

The random variable X is said to follow a (k—1)-dimensional negative Dirichlet multinomial distribution with
parameters (1;1/k,...,1/k) which is a multidimensional generalisation of the beta geometric distribution.
Further observe that the sum || X|| = X; + -+ + X;_; has beta geometric distribution with parameters
(1/k,1—1/k) and that conditionally on ||X|| = n, X follows a (k — 1)-dimensional Dirichlet multinomial
distribution with parameters (n; 1/k,...,1/k).

Corresponding infinite tree. Let (X,, T, 1,...Tpk—1)n>0 D€ a sequence of i.i.d. variables such that for all
n >0, X, is distributed according to a (k —1)-dimensional (1;1/k, ..., 1/k) negative Dirichlet multinomial
distribution and conditionally on X, = (my,...,my_;), T, 1,..., Tox—1 are independent and have respective
distributions GT}",...,GT,*".
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Conditionally on (X, T, 1,... Tpk—1)n>0, let To, be the tree obtained after grafting at each height n > 0
of an infinite branch the concatenation of 7,,;, 1 <i < k—1, i.e. set

Too = boo ®n20 (Vn’ [[Tn,lf e Tn,kfl]])a
and let GT.” be the distribution of T,.

Section 5.5.1 will prove the following proposition.

Proposition 5.17. In the sense of the local limit topology, GT}. converges weakly to GT.° when n goes to 00.

Let IT be a (k — 1)-dimensional Dirichlet variable with parameters (1/k,...,1/k). Following [32,

Section 3.1], we define the dislocation measure va such that for all measurable f : SlSl — R,

_ T(1/K) f1(11,0,0,...)}]
L;fdvg_ k E[ 111, ]

Let A be a (k — 2)-dimensional Dirichlet variable with parameters (1/k,...,1/k). We also define the
immigration measure IkGT for all measurable functions F : 8¢ — R, by

1/k <
LlF(s)IfT(ds) ::mﬁ 7 VE[F(£(4,0,0,...04) |dt.

The aim of Section 5.5.2 will be to prove the next proposition.

Proposition 5.18. Let T be a GT.°-distributed tree and endow it with u, the counting measure on the set
of its internal vertices. With respect to the topology induced by Dgyp, when R grows to infinity, (T /R, u;, /RX)
converges in distribution to a (1/k, VET, I kGT)-fragmentation tree with immigration.

5.5.1 Markov branching property and local limits. For any t in T, we define A°(t) as the decreasing
rearrangement of the number of internal vertices of the sub-trees of t attached to its root, i.e. we let
A°(t) := A(t)—A*(t). In the setting of k-ary growing trees, A°(T,) = @ a.s. and if n > 1, A°(T,) takes its
values in the set of decreasing families of (Z. )* with sum n— 1. Because of the deterministic relationship
between n, #T, and # . T,, we have A(T,) = A“(T,) = @ and for n > 1, A(T,) = kA°(T,) +(1,...,1)
in Py, and A“(T,) = (k—1)A°(T,)+(1,...,1) in Pk=1)nt+1- For all n > 1, note q;_, the distribution of
A°(T,), that is the first-split distribution of T, with respect to internal vertices.

Proposition 3.3 from [32] states that (T},) > satisfies the Markov branching property and the distribution
of T,, may be expressed as either Man 4 OF MB(Lk’Ef)n 4, Where g and q* are both easily obtained from
(q;)nz0- Rewriting the formula from this last proposition for our purposes (where partition blocs are
arranged in decreasing order), for alln > 1 and A = (A4, ..., A;) decreasing with sum n, we get that

k

. (k=12 1 T(1/k) T(A; +1/k) < A G +n—2)!
(M) = njzlmj(x)!ir(nﬂﬂ/k)g T(1/k)A;! ;(m%‘(l)’li!; j! )

We can rewrite GT;.” as the distribution MBZLI> or MB&qL’qio of an infinite Markov branching tree.
The corresponding measures g, and qﬁo on P, can also be easily deduced from the measure q;_ on the
set of decreasing k-tuples of Z, U {oo} with infinite sum such that g7 _(A) = 0 if A, is infinite and

k

(k=1)! 1 1 l—[F(Ai+1/k)
im0k AT+ 1 4] T(/K) A

q° (0072'27"':}%) =

> I =2
for any integers 00 > A, >--- > 4, > 0. Observe that g3 (00, 4,,...,4;) = ]P[Xl =(A,,.. .,Ak)] where
X is a (k — 1)-dimensional negative Dirichlet multinomial variable with parameters (1;1/k,...,1/k). As a
result, q;  is a probability measure.
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Proof of Proposition 5.17. Let A = (A,,..., ;) be a decreasing sequence of (Z, )<~ and set L = Ay +- - -+2,.

For n large enough, we have - e fol cldx o)

q,(n—L,Ay, ..., A) 0 n—>oo 2 n>oo | n—o00

A

k=1 1 F(?Li+1/k)F(n—L+1/k)["zL:(j+L)!+Zk: ‘Ai!(j+n—ll-)!]
[ Laym) k) T(L/k) A T(n+1+1/k) (n—L)!;j!

il
= i=2 j=0

(k=1! 1 1 ﬁr(xiﬂ/k)_  (00.2)
oo [ Loy m k L+ 1 L1 Ta/A1 ~ 2007
Corollary 2.6 concludes this proof. O

5.5.2 Scaling limits. Proposition 3.1 in [32] states that n'/* (1—s,) g (ds) = (1—s,) ¥$'(ds) as n — oo
in the sense of finite measures on SlSl. Assumption (S) of Theorem 4.1 is thus met for the sequence q°.
To prove Proposition 5.18, we will need the following lemma. Let X = (X3, ...,X,_;) denote a negative
Dirichlet multinomial variable with parameters (1;1/k,...,1/k).

Lemma 5.19. Let A be a (k — 2)-dimensional Dirichlet (1/k,...,1/k) variable. For all Lipschitz-continuous
functions G : [0, 00)kt — R, such that G(x) < 1 A ||x]| for all x in [0, 00 )<},

RIE[G(%)] — ﬁ Loo tTVRE[G(t A)]dt.

Proof. Let (Y,),»; be ii.d. and such that conditionally on A, Y, is multinomial with parameters (1; A).
Moreover, set Z,, := Y; +---+Y,. The law of large numbers ensures that Z,,/n converges almost surely to A.
Let N be independent of A and (Z,),, and have beta geometric distribution with parameters (1/k,1—1/k).
Observe that X has the same distribution as Zy.

Define g : R, — R, by g(t) := E[G(t A)]. The dominated convergence theorem implies that it
is continuous and it clearly satisfies g(t) < 1 A t. Lemma 4.14 then ensures that RIE[g(N/R¥)] —
[kr(—1/)] " [ e kg (D) de,

Since Z,/n a.s. converges to A and because ||(Z,/n) — Al|| < 2, we can use the dominated convergence
theorem to state that for all positive ¢, there exists n, such that E[||(Z,/n)— A||]] < € as soon as n > n,.

Therefore, if K is the Lipschitz constant of G,
N Z N
<RE G[——N] —G[— A]
Rk N Rk

SEQIRSEC)

N 2Kn 1/k 1A (Ket)
< v £
_R]E[l/\(KeRk)]+ R e TR ), o dt

where we have used Lemma 4.14. This last quantity in turn converges to 0 when ¢ — 0 which proves the
desired result. O

Proof of Proposition 5.18. Recall that if A is such that (0o, A) follows g7, then A is distributed like X L
We may then deduce from Lemma 5.19 and Lemma 3.12 that Assumption (I) holds for q7_, I =1 ]?T and
y = 1/k. As a result, Theorem 4.1 concludes this proof. |
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