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THE CRAMER-WOLD THEOREM ON QUADRATIC
SURFACES AND HEISENBERG UNIQUENESS PAIRS

KARLHEINZ GROCHENIG AND PHILIPPE JAMING

ABSTRACT. Two measurable sets S, A C R? form a Heisenberg uniqueness
pair, if every bounded measure p with support in S whose Fourier trans-
form vanishes on A must be zero. We show that a quadratic hypersurface
and the union of two hyperplanes in general position form a Heisenberg
uniqueness pair in R?. As a corollary we obtain a new, surprising version
of the classical Cramér-Wold theorem: a bounded measure supported on a
quadratic hypersurface is uniquely determined by its projections onto two
generic hyperplanes (whereas an arbitrary measure requires the knowledge
of a dense set of projections). We also give an application to the unique
continuation of eigenfunctions of second-order PDEs with constant coeffi-
cients.

1. INTRODUCTION

The notion of a Heisenberg uniqueness pair by Hedenmalm and Montes-
Rodrigez [HMR] introduced a new facet to the investigation of Fourier trans-
form pairs (i, 1) for a bounded Borel measure p and its Fourier transform
(or characteristic function)

i€ = [ "9t cert

In general a version of the uncertainty principle balances the size (of the
support or of some quantity) of p with the size of ji, so that both cannot be
too small. By contrast, Heisenberg uniqueness pairs balance the size of the
support of a measure p with the size of the zero set of fi. A particular aspect
is that both the support of 1 and the zero set of i may be singular sets.

1.1. Heisenberg Uniqueness Pairs.

To be precise, let S, A C R? be two measurable sets and let M(S) de-
note the set of finite signed Borel measures supported in S. The following
definition was first introduced in [HMR] in a sightly more restrictive form.

Definition 1. The pair (S, A) C R¥xR% is said to be a Heisenberg uniqueness
pair, if the only measure p € M(S) such that 1 = 0 on A is the measure
pw=20.
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For a subset C C M(S) of measures, (S,A) is said to be a C-Heisenberg
uniqueness pair if the only measure p € C such that 7 = 0 on A is the measure
p=0.

Equivalently, if two finite measures supported on S have characteristic
functions agreeing on A, then they are equal.

If S is a smooth manifold, we write AC(S) for the set of finite measures
that are absolutely continuous with respect to the surface measure on S. The
original concept in [HMR] was that of an AC(S)-Heisenberg uniqueness pair
and so far was almost exclusively studied in dimension d = 2 when S is a
smooth curve.

Since a general characterization of Heisenberg uniqueness pairs is out of
reach, research so far has focussed on the investigation of specific examples,
for instance S being a hyperbola [HMR], a circle [Le, Sjl], a parabola [Sj2],
and A a set of lines or a discrete subset thereof, some cases with three parallel
lines are treated in [Bal, the case of both S and A being circles or spheres is
treated in [Le, Sj1, Sri|.

In [JK] most of these examples were unified and extended by means of a
new technique. The question of whether (S,¢; U /¢s) is a AC(S)-Heisenberg
uniqueness pair can then be answered by studying a certain dynamical system
on S defined by two (distinct) lines A = ¢; U/ly.* With this technique, one can
derive a complete characterization in the case of conic sections S = {(z,y) €
R? : az? + bry + cy® +dx + ey = f} C R? with a,b,¢,d,e, f € R not all 0
and two lines A = /1 U {5. Before a description of these results, we make a
convenient reduction. As already observed in [HMR], the notion of Heisenberg
uniqueness pairs is invariant with respect to affine linear transformations,
namely:

[Inv 1] Fix z,£ € R% Then (S, A) is a Heisenberg uniqueness pair, if and
only if (S -z, A — f) is a Heisenberg uniqueness pair.

[Inv 2] Fix T a linear invertible transformation R? — R% and denote by T*
its adjoint. Then (S, A) is a Heisenberg uniqueness pair, if and only
if (T71(S),T*(A)) is a Heisenberg uniqueness pair.

According to the invariance properties [InvIi-Inv2] it is enough to consider
the following cases for the analysis of conic sections in R2.

(i) A single line. If T' = {(z,y) € R? : y = 0} and ¢y, {; are two arbi-
trary lines through (0,0), then (I', ¢; U £5) is a Heisenberg uniqueness
pair. Actually (I',¢;) is already a Heisenberg uniqueness pair unless
¢ is the line orthogonal to I' [HMR].

(ii) The parabola. If ' = {(z,y) € R? : y = 2} and {;, {5 are two arbi-
trary lines through (0,0), then (I", ¢; U ¢5) is a Heisenberg uniqueness
pair [Le, Sj2].

*Througout the paper, two lines will always mean two distinct lines.
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(iii) The circle. If T' = {(x,y) € R? : 2? +y* = 1} and {;, (5 are two
arbitrary lines through (0,0) which intersect with an angle 0 ¢ 7Q,
then (T',¢; U {y) is a Heisenberg uniqueness pair [Le, Sj1]. |

(iv) The hyperbola. If T' = {(z,y) € R* : zy = 1} and ¢y, {, are two
lines through (0,0). If /; = R(a,b) and ¢y # R(—a,b), then (', £; Uls)
is a Heisenberg uniqueness pair [HMR].

Further degenerate quadratic curves which where not discussed in [JK], but

for which the techniques of [JK]| apply are the following.

(v) The cone T' = {(z,y) € R? : zy = 0}. If {; = R(a,b) and ¥y #
R(—a,b), then (I',¢; U {y) is a Heisenberg uniqueness pair.

(vi) Two parallel lines I' = {(z,y) € R* : 2? = a*}. If {1,{y are
two arbitrary lines through (0,0) except the y axis, (I',¢; U ls) is a
Heisenberg uniqueness pair.

By applying the invariance properties of Heisenberg uniqueness pairs, we

may summarize these results as follows.

Theorem 1.1. Let Q be a quadratic form on R?, v € R%, p € R, and S =
{(z,y) € R* : Q(x,y) +2(v, (z,y)) = p}. Then there exists an exceptional
set £ =E(Q, v, p) of pairs of distinct directions, such that when €y, ls are two
lines with directions not in €, then (S, (1Uly) is a Heisenberg uniqueness pair.
Moreover, if £y is fized, then the set {ly : ({1,05) ¢ E} is at most countable.
Therefore £ has measure zero with respect to the surface measure on S' x St.

Remark 1. The dependence of the exceptional set on the parameters ), v, p
is simple. For S a parabola, a point (= degenerate ellipse), or two parallel
lines (= degenerate parabola), £ is the empty set. In all other cases £(Q, v, p)
is a fixed set of directions that depends only on @, but not on v and p. Thus
for a fixed quadratic form @ only a set £(Q) and () may occur.

In this paper we present the first complete study of Heisenberg uniqueness
pairs in higher dimensions and will extend Theorem 1.1 to higher dimen-
sions for the case of a quadratic hypersurface S and a union of hyperplanes
A. We then make the connection with the classical Cramér-Wold Theorem
which characterizes probability measures by their projections onto hyper-
planes. In contrast to general measures, a measure supported on a quadratic
hypersurface is uniquely determined already by its projection to two generic
hyperplanes. Finally, as in [HMR] we interpret the notion of Heisenberg uni-
queness pair on a quadratic hypersurface as a statement about the solutions
to a partial differential equation of order two with constant coefficients.

Let us now describe our results with more precision. To start, let S be a
quadratic hypersurface, that is a surface of the form S = {z € R? : P(x) = 0}
where P is a polynomial of total degree 2. In the following we always write
P as the sum of a quadratic form () and an affine form. This means that
there exists a bilinear form B : R? x R? — R, such that Q(r) = B(x,z) and

TActually, in [JK], it is shown that (T, /; U /3) is an AC(I")-Heisenberg uniqueness pairs.
We will give a slightly simpler proof below that allows to extend the result.
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a vector v € R? and p € R, such that P(x) = Q(z) + 2(v,z) — p. The set
A will consist of two distinct hyperplanes Hy, Hy. We describe a hyperplane

by a normal vector v € R? with unit norm |u| = 1 and the offset parameter
s € R, and define

Hy,={recR: (v,u) =s} and H,= H,p.

We first consider the case of two intersecting hyperplanes. Our main result
is the following.

Theorem 1.2. Let Q be a quadratic form on R?, v € R4, p € R and S =
{x € R? : Q(z)+2(v,z) = p}. There exists an exceptional set £ = E(Q, v, p)
of pairs of distinct directions such that

(i) the set € has measure zero with respect to the surface measure on
Sdfl X Sdfl.

(ii) when uy,us € RY satisfy Q(ur), Q(ua) # 0 and (uy,uz) ¢ &, then
(S,H,, UH,,) is a Heisenberg uniqueness pair.

This result is very general and the proof gives an explicit construction of the
exceptional set in terms of the exceptional sets described in the special cases
of Theorem 1.1. Also notice that Theorem 1.2 holds for arbitrary measures,
whereas the cited results in dimension d = 2 were proved only for absolutely
continuous measures. The proof of Theorem 1.2 will be given in Section 2.
We will significantly extend the approach with dynamical systems [JK].

We will then focus on some specific cases and derive more precise results.
We will also consider the case of parallel hyperplanes. In Section 3 we study
the case when S is a cone or a hyperboloid in R? and A consists of two or
more hyperplanes. In Section 4 we study the case when S is a sphere in
R? and A consists either of two parallel hyperplanes or several hyperplanes
with a common intersection. It is a curious feature of the dynamical systems
approach that infinite Coxeter groups will occur naturally. Indeed, we will
apply a deep theorem about such groups in the proof of Theorem 4.2.

Let us now see how our results can be interpreted in probability theory and
PDEs.

1.2. A Cramér-Wold type theorem.

Let X,Y be two metric spaces and f : X — Y a Borel mapping. Recall
that, if p is a measure on X, the push-forward of p by f is the measure
fsponY defined by f, u(E) = ,u(f_l(E)) and that, for every continuous
compactly supported function g on Y,

(1) [ 9w ut) = [ o(t@) duto)
Y b's
The classical Cramér-Wold Theorem [CW] asserts that a probability measure
on R? is uniquely determined by the set
{m.pu : ™ a projection on a hyperplane through 0},

that is, if m,pu = m,v for every , or equivalently 7, (u—v) = 0, then p—v = 0.
This fact is easily proven as follows: if 7 is the projection on a hyperplane H,
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then the Fourier transform of 7, (;—v) in H is just the restriction of L—vto
H (see (ii) in Lemma 2.2). Therefore, 7, (1 — v) = 0 for every H if and only
if ,u/—\y = 0 which occurs if and only if y — v = 0. As ,u/—\u is continuous
one only needs a dense set of hyperplanes.

In general, not much more can be said, see e.g. [BMR, Gi, He, Re]. In
particular, finitely many projections do never determine a measure on R?
completely. However, if we restrict the support of a measure to a quadratic
hypersurface, we obtain a completely different version of a Cramér-Wold the-
orem. The following statement is an immediate consequence of Theorem 1.2.

Theorem 1.3. Let Q be a quadratic form onRY, v € R, p € R and S = {x €
R? : Q(z)+2{v,x) = p}. Then there exists an exceptional set & = E(Q, v, p)
of measure zero in S x S with the following property: Let ui,us € RY
be distinct directions, such that Q(u1), Q(u2) # 0 and (uy,us) ¢ €. If u,v €
M(S) and Tp, «pp = Tu, «V and Tg, . j =T, «V, then p=v.

Thus a finite measure supported on a quadratic hypersurface is determined
uniquely by its projections to two generic hyperplanes.

1.3. Applications to linear PDEs.

Let P be a quadratic polynomial on R? and S = {z € R? : P(z) = 0}.
Replacing each variable x; by the partial derivative %a%j’ we obtain a second
order partial differential operator P(D) with constant coefficients. If p is a

finite measure, then a basic formula about Fourier transforms states that

P(D)i() = / &0 () du(x).

Rd
Consequently, if supp  C S, then

P(D)i=0,

and thus i is a (distributional) solution of this PDE, as was observed in [HMR].
Conversely, if P(D)u = 0, then supppu C S. Let us give an example of the
kind of results we can obtain:

Example 1. Let A = E;l:l 88722_ be the standard Laplacian on R?. The
simplest bounded eigenfunctionsj of A with eigenvalue p < 0 are given by
ex(r) = e with [A]2 = —p.

Now assume that |A]* = |u|? = —p and that e,(z) = e,(z) on some hyper-
plane H. Without loss of generality, we may assume that H = RY"! x {0} and
then A\; = p; for j = 1,...,d — 1. The condition [A|* = |u|? then shows that
there are still two possibilities, namely pugy = £X;. Uniqueness is guaranteed
as soon as we assume that ey(z) = e,(z) on a second hyperplane H’ that is
not parallel to H.

With P(z) = —|z|* — p, the eigenvalue equation Au = pu can be written
as P(D)u = 0. Since ey = &\ and P(\) = 0, J, is indeed supported on
S ={x : P(x) = 0}. Theorem 1.2 then states that, for a generic pair of
intersecting hyperplanes (H, H'), ex(z) = e,(x) on H U H' implies A\ = p.
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Of course, the result for the simple eigenfunctions e, is valid for an arbitrary
pair of intersecting hyperplanes. However, for more general eigenfunctions,
this is no longer true and some restrictions apply to the hyperplanes for the
result to be true.

The actual result is much more general: Theorem 1.2 directly yields the
following property of solutions of homogeneous second order PDEs.

Theorem 1.4. Let Q be a quadratic form on R?, v € RY, p € R and P(x) =
Q(z) + (v,z) — p. Let up,ug € ST be such that Q(uy),Q(us) # 0 and
ur,uy € E(Q,v,p). Let p be a finite measure and assume that u = i solves
the partial differential equation P(D)u = 0.

If uw vanishes on the hyperplanes H,, and H,,, then u = 0.

In other words, a non-trivial eigenfunction of a second-order linear partial
differential operator with constant coefficients cannot vanish on two generic
hyperplanes. It remains to be seen whether a similar result holds for distri-
butions instead of measures.

2. QUADRATIC HYPERSURFACES AND HYPERPLANES

2.1. Measures on quadratic hypersurfaces with Fourier transform
vanishing on a hyperplane.

In this section we build up the proof of Theorem 1.2 and first investigate
measures on a quadratic hypersurface S whose Fourier transform vanishes on
a single hyperplane. We start with some simple geometric observations.

Lemma 2.1. Let B be a bilinear form on R? x R? and Q be the associated
quadratic form Q(x) = B(x,z). Let u,v € RY with |u| = 1 and let ,
be the orthogonal projection on the hyperplane H,. Define the affine linear
transformation Rﬁv by

B(z,u) + (v,u)

(2.2) Riv(x) = —2 0 u.
Fiz x € R? and consider the equation in y
Qly) +2(y,v) = Qx)+2(z,v)
(23) { ny) o= m)

~If Q(u) # 0, then (2.3) has two solutions, y = x and y = RY ().
- If Q(u) = 0 and B(x,u) + (v,u) # 0, then y = x is the only solution of
(2.3).

Notation. If no confusion can occur, we will simply write R, , = Rgv.
Further, if v = 0 we will write R,, = R, . In this case, R, is a linear mapping
and we define R to be its adjoint: (R,z,y) = (x, R’y) for every z,y € R?.

Note that (R%,)* = Id and that for the case B(z,u) = (z,u) and v = 0,
R is just the reflection of a vector x across the hyperplane H,. In general, R
is a reflection across the hyperplane H, with respect to the quadratic form
Q(x) as a “metric.”
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Proof. 1f m,(z) = m,(y) then y = = + tu for some t € R, and thus
Qy) = Q) + £Q(u) + 2B(r,u) and (g, 0) = (z,0) + H{u,v).
The identity Q(y) + 2(y,v) = Q(z) + 2(z,v) then reads as
2Q(u) + 2t B(z,u) + 2t(u,v) = 0.
It remains to solve for t. If Q(u) # 0, there are two solutions. Either ¢ = 0
Bla,w) + v, w) and thus y = R, ,(z). If Q(u) =0

Q(u
and B(z,u)+ (v,u) # 0, then ¢t = 0, and thus y = x is the only solution. [

and thus y = x, or t = —2

A measure supported on a quadratic hypersurface whose Fourier trans-
form vanishes on a hyperplane must possess some symmetry property. The
next lemma gives a precise formulation of these symmetries and is a crucial
extension of Lemma 2.1 of [JK].

Lemma 2.2. Let B be a bilinear form on R x R? and Q be the associated
quadratic form Q(x) = B(z,x). Let u,v € R? with |u| =1, s >0, p € R, and
let S={reR?:Q(x)+2(zx,v) = p}. For pe M(S) let v, be the measure
dvy,s = e @ dy. Then the following are equivalent:

() A€) = 0 for cvery & € H, .
(ii) 7y« s = 0.

Moreover, if Q(u) # 0, (i)-(ii) are equivalent to the following two properties:

(111) Ru,v x Vs = —Vys-
; {ww) (u,€)
(iv) f(€ + su) = —e > @t [(REE + su) for every £ € RY.

Proof. (i) < (ii) If € € H,s, then £ = m,& + su, and thus

€)= [ e auta) = [ memacsn )
Therefore, if we denote by v the measure defined by
dv(z) = dvyo(x) = e*@ du(z),
then, according to (1.1),

e = / ! mam) () = / e A, , (y) = Tr s D(mf)
Rd

u

where 7, ,  is the characteristic function of the measure 7, » v defined on H,
(identified with R%1).

Since 7, is a bijection from H, s to H,, i = 0 on H, , if and only ifm, . v=0
on H, that is m, . v = 0. This establishes the equivalence of (i) and (ii).

(i) = (iii) Let B, = {x € S : B(z,u) = —(v,u)}. If v € E,, then
R, ,(z) = z, consequently 7, is one-to-one on E, and v|g, = Ry, «V|g,. On
the complement S\ E, the projection 7, is two-to-one. We can therefore
partition S\ F, = S; U S_ into two Borel sets S, ,S_ in such a way that m,
is one-to-one on S, and on S_.
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Now assume that 7, ,.v = 0. Then v|g, = 0, which we may write as
B, = —Ruv«V|E,. Then

0 = /ug(y)dm*uz/sg(wu(x)) d(z)
- / ug(ﬂ'u(x)) dv(z) + /5 +g(7Tu(96)) dv(z) + / _g(m(az)) dv(z)
1) = [ olme) dvn) + [ ol avte).

v

Since Q(u) # 0, Lemma 2.1 asserts that if x € Sy then R, ,(z) € S; and
mu(2) = 7y (Ruw(2)), and R2 ,(2) := Ry, (Ruu(x)) = 2. But then

g(ﬂ'u(l‘))dl/(l‘) = /g(ﬂu(Riv(x)D dv(x)

S_ _

Therefore (2.4) reads as
(2.5) /S 9(mu(@)) Al () + Ru w(2)] = 0.

Since every (continuous) function on Sy can be written in the form g (,(z))
for some (continuous) function g on H,, we get v, s = —Ryyx Vus O0 Sy
Replacing S, by S_ in the argument shows that v, s = =Ry, « Vs 00 S_ as
well.

(ii) = (ii) Conversely, assume that v, s + Ry, s = 0. Since vg, =
Ry« V|E, by symmetry, it follows that v, s|g, = 0, consequently 7, . v|g, =
0. Reading (2.5) and (2.4) backwards, we find that also fS\Eu g(mu(x))dv(z) =
0 and thus m, .v = 0.

(ili) < (iv) Finally we note that

AE + su) = / R () = / £ du(z) = D(¢).

S S

whereas

/e“’“’£> ARy, «v(x) = /e“R“’““”’g) dv(x)
S S

Lgilunwe [
= ¢ ¥ oW /elmum’£> dv(x)
s

—92 {u,v)(u,&)

— ¢ Tu)/ei@szg'i_su) d[ﬁ(l’)
S

- %u,v)(u,.ﬁ)/\
— ETEWSTR(REE + su).



THE CRAMER-WOLD THEOREM ON QUADRATIC SURFACES 9

It follows that (iii) and (iv) are equivalent. O

Corollary 2.3. Let B be a bilinear form on R? x R? and Q be the associated
quadratic form Q(z) = B(x,x). Let u,v € R? with |u] =1, s > 0, p € R,
and let S = {x € R? : Q(x) + 2(z,v) = p}.
(i) (S, Hys) is a Heisenberg uniqueness pair if and only if , is one-to-one
on S.
(ii) If Q(u) # 0, (S, Hy ) is not a Heisenberg uniqueness pair.
(iii) Assume that Q(u) = 0 and p € M(S). Then ji vanishes on H, g, if
and only if p is supported on the set

E,={zxe€S :B(x,u) = —(v,u)}

and / e @) du(x) = 0. In particular, if E, NS has measure zero

with respect to the surface measure on S, then (S, H, ) is an AC(S)-
Heisenberg uniqueness pair.

Proof. (i) Assume 7, is one-to-one on S and pu € M(S). Lemma 2.2 shows
that if g =0 on H, s then m, , v, s = 0 with dv,, s(x) = e@u dy(z). Since 7,
is one-to-one, it follows that v, , = 0, thus p = 0 and (S, H,, ) is a Heisenberg
uniqueness pair.

Conversely, if 7, is not one-to-one on S, there exist points x,y € S, © # y
with 7, () = T, (y). Let p = e~@w§, — =W o£ 0, so that v, s = 6, —J,.
Therefore 7, , s = 0 and Lemma 2.2 shows that i = 0 on H, ;.

(i) If Q(u) # 0 and = € S satisfies B(x,u) + (v,u) # 0, then Lemma 2.1
shows that y = R, ,x € S\ {z} and m,(z) = m,(y). The previous argument
shows that (S, H, ) is not a Heisenberg uniqueness pair. The proof easily
adapts to show that (S, H, ) is not an AC(S)-Heisenberg uniqueness pair.

(iii) If Q(u) = 0, then 7, : S — H, is one-to-one on S\ E, by Lemma 2.1.
Therefore if 7, . v, s = 0 then v, s = 0 on S\ E, and thus g =0on S\ E,. O

As a single hyperplane leads to a Heisenberg uniqueness pair only in ex-
ceptional cases, we are led to ask when (S, Hy, s, U Hyy 5o U+ - - U Hy 5, ) for
N > 2 can be a Heisenberg uniqueness pair. In this case, the measure p must
satisfy multiple symmetries, and those symmetries may be incompatible. Our
aim is to show that this is indeed the case. To do so, we will first investi-
gate measures on S that have Fourier transform vanishing on two intersecting

hyperplanes.

2.2. Proof of Theorem 1.2. Measures on quadratic surfaces with
characteristic function vanishing on two hyperplanes.

We now prove Theorem 1.2. Throughout this section, ), B and S will be
as above. We will prove that, unless (u,us) is in an exceptional set £ of
measure 0, a measure p € M(S) such that @ =0 on H,, U H,, is necessarily
w=0.

We start with an appropriate parametrization of S9! x S~!. For given
u, € S every upy € S%! can be written as uy = cosfu; + sinf v, with
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unique vy € ST N {u}t (a d — 2 dimensional sphere) and 6 € [0, 7]. Note
that span(uy, us) = span(uy, vs).
Then the Lebesgue measure on S¥~! x §~! decomposes as

/ o, uz) doa(uy) doa(ug)
Sd—1ygd—1

= / / / @(uy, cos O u+sin O vy) sin? 20 dl dog_, (vs) dog(uy) .
sd-1 Jsd-1n{u; }+ Jo

Indeed, this is just a way to write dog(us) in spherical coordinates.

To see that the exceptional set £ has measure zero, we will show that,
for uy, vy fixed, the set of angles 6 for which (uj,cosfu; + sinfvy) € £ is
countable.

Note also that Sg := {u € S : Q(u) = 0} is a lower dimensional sub-
manifold of S~ and has therefore measure 0 in S, and so does Sg x Sg
in S x S4-1,

From now on, we fix u; € S¥1, vy € SN {u; }+ and write uy = uy(0) =
cos B uy + sin @ vy. We further assume that uy, us ¢ Sg and uy # us. Our aim
is to show that there is an at most countable set of 6’s for which (S, H,, UH,,)
is not an Heisenberg uniqueness pair.

Step 1. Let p € M(S) be such that p =0 on H,, U H,,. We will write
R; = R% for the involutions on S defined by u; and uy. Then the equivalence
(i) < (iii) of Lemma 2.2 implies that

Rjp=—p, j=1,2 thus (ReoRy).p=p.

Let m be the orthogonal projection on the subspace span(uy,us) generated
by u1,us and 7+ = I — 7 be the orthogonal projection on the orthogonal
complement of span(uy,uy). Let Sy be a measurable subset of S such that
7t is one-to-one from Sy to span(uy, uz)*t. Consequently, we may write every
y €S asy=x+u for aunique x € Sy and u € span (uq, uz).

We now make to crucial observations: (i) The intersection of S with the
affine plane z+span (u1, us) is a conic section (an ellipse, parabola, hyperbola,
or two lines), and (ii) every such cross section SN (z+span (uy, u)) is invariant
under the involutions R; and Rs. This follows from Lemma 2.1.

We may therefore use the analysis of Theorem 1.1 for each section and
each pair of lines z + Ruy; and x 4+ Ruy. To apply this analysis, we further
need an appropriate restriction of the given measure p to the cross section
S N (x + span (ug, ug)). Technically, this is done by desintegration.

Let v = w1, pu and let us write the disintegration theorem (e.g., [DM]) in
the form

e [e@am=[ [ cmdnmaE  eccs)

Recall that the measure p, is uniquely determined by this formula for v-
almost every = and that p, is supported on SN (:p + span(uq, Ug))
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Since mtu; = 0 for j = 1,2, (2.2) implies that 7 R; = m+. Therefore, for
@ € C.(9), we have

[e@ ) = [ o) duta)
S S

= L) o) )
.1) = ] ek )

It follows that R; .t = —p if and only if R; i, = —p, for v-almost every x.
The equivalence (i) < (iii) of Lemma 2.2 implies that 7z, = 0 on Ru; URuy.*
We may summarize this reduction to the two-dimensional case as follows.

Lemma 2.4. Let i € M(S) and uy,us € S™'. Then i vanishes on H,, U
H,,, if and only if [1; vanishes on Ruy U Ruy for v-almost all € Sy.

Next, for x € Sy the measure pu, is supported on the intersection of the
quadratic surface S with the plane = + span(uy, us) = « + span(uy, vy). This
intersection is either the union of two lines, a parabola, a hyperbola or an
ellipse. For each of these, we know from Theorem 1.1 when the condition
Iz | RuyURw, = 0 implies that p, = 0.

Step 2. We now apply Theorem 1.1 to S N (x + span(uy,usz)) and p,.
We first determine the intersection S, = SN (x + span(uy, ug)) =5nN (x +
span(uy, vg)) precisely.

As z € S, a point z + su; + tvy belongs to S, if and only if

Q(x + suy + tvy) + 2(x + suy + tvg, v) = Q(x) + 2(x,v) = p,
or equivalently,
(2.8) s2Q(uy) + 25t B(uy, va) + 2Q(vy) + 2sb(x) + 2t (x) = 0.

with b(z) = B(z,uy) + (u1,v) and V' (x) = B(x,v9) + (v, v).

Let 3 be the set of points (s,t) € R? satisfying (2.8). Then ¥ is either a
hyperbola, an ellipse, or a parabola in R? (where a degenerate hyperbola is a
set of two intersecting lines and a degenerate ellipse is a point or the empty
set). The classification into these three types depends on the value of the
discriminant of the quadratic form Q(s,t) = s2Q(uy) +2stB(uy, v2) +12Q(vs),

namely A = det (B%(?L)Q) Bg@g”) = Q(u1)Q(v2) — B(u1,v2)% The set

S,=S5nN (x + span(ul,vg)) ={z + su; +tvy : (s,t) € ¥} C R?

is obtained from ¥ by a linear transformation and a shift by x and thus repre-
sents the same conic section as X. Specifically, if Q(u;)Q(ve) — B(uy,v9)? < 0,

iThe Fourier transform of ftz is here taken in x + span(uy,uz2). That is

T (Euy + nug) = / et(sE+tn) dpg (T + suy + tus).
RQ
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then, for all x € Sy, SN (:1: + span(ul,w)) is a hyperbola or two intersect-
ing lines (in the degenerate case). If Q(u;)Q(ve) — B(uy,v9)* > 0, then
SN (:1: + span(ul,vg)) is an ellipse or a point (in the degenerate case). If
Q(u1)Q(v2) — B(uy,v2)? = 0, then SN (x + span(uy,v2)) is a parabola or a
set of two parallel lines or a single line (in the degenerate case).

Theorem 1.1 states the existence of a set £, = £(Q) C span(uy, vy) of pairs
of directions such that if (wq,ws) ¢ &, then p, = 0. At this point it is crucial
that &, depends only on @, but not on z € Sj.

Consequently, if wy,wy & £(Q), then ju, = 0 for all z € Sy. By (2.6) this
implies that p = 0.

Step 3. We finally calculate the measure of £ in S%! x S9!, Fix u; and
Vg € ull, and take wy; = u; and wy = cos@uy + sinfvy. Then the set of 0,
such that (wl, wg) € &, is contained in a fixed countable set independent of
x. Consequently the measure of the exceptional set &£ is

(2.9) / Xe (ur, uz) dog(ur) dog(us)
Sd—1xgd—1
:/ / / Xe (1, cos O uy+sin 0 vy) sin 20 df doy_1(vy) dog(uy) = 0.
si-1 Jsd-1nfus 3+ Jo

This completes the proof ot Theorem 1.2.

3. THE CONE AND THE HYPERBOLOID

In this section we investigate special arrangements of hyperplanes for S
being a hyperboloid or a cone.

Let p be an integer, 1 <p <d—1and g =d — p. Let Q be the quadratic
form

Q) =st+ b, =,
with the associated bilinear form B and set v =0. Let p € R and S, = {x €
R? : Q(x) = p}. Then Sy is a cone and S,, p # 0, is a hyperboloid with
one or two connected components. For instance, in dimension 3, if p =1 and
q = 2 then S; has 2 sheets while S_; has only one.

Our aim is to complement the statement of Theorem 1.2 which treats the
case of pairs of intersecting hyperplanes H,, UH,,, with non-isotropic normals,
Q(u1), Q(ug) # 0. We will treat two cases. On one hand, we will consider the
case of parallel hyperplanes and show that, generically, (S, Hy, s, UH 5, UHy s, )
is a Heisenberg uniqueness pair. On the other hand, we will also show that it is
possible to construct Heisenberg uniqueness pairs of the form (S, H,,U- - - H,, )
where all normals uq, ..., u; are isotropic vectors.

In this section, we will write R? = R? x R in the obvious sense: if 2 € R?,
then 2’ is its projection on R? and 2" its projection on R? so that = (2/, 2”).
In particular, (x,u) = (z/,u’) + (2", ") and B(z,u) = (z/,u) — (2", u").
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Note also that, if |u| = 1 and Q(u) # 0, then

= (v, u)u + Ty — B(azu)u
R, = (r,u)u+ 2 Q)
@9 Qs
Q(u) e

Set
(@) —2)w, Q) +2)w)
U = Y
Q(u)
then Rfu = @ = (G, u)u + m, 4. Since the normalization |[u'|> + [u”|? = 1
1 1—
92 = +2Q(u) and |u"|? = ;2(“)
—1. An easy computation now shows that
= <£7 U>RZU + Wulg
= _<§7 u>u + <§7 U>7TuLl~L + WuLg .
Recall from Lemma 2.2 that, when Q(u) # 0 and p € M(S), then g =0
on H, , if and only if

(3.10) (€ +su) = —h(RiE+su)  forall € € R

implies that |u , we thus obtain (@, u) =

3.1. Parallel hyperplanes with non-isotropic normal.
We will now prove the following statement.

Proposition 3.1. Let 1 < p,q < d — 1 be two integers with p+ q = d,
51, 82,53 € R, and let

2 2 2 2
Q(l‘):l‘1+...+l‘p_l‘p+1_..._ajp_i_q.

Let u € R? be such that Q(u) # 0, p € R, and set S, = {z € R? : Q(z) = p}.
If s1, 89, 83 € R are linearly independent over Q, then (Sp, Hys,UH, 5,UH,, s,)
1s a Heisenberg uniqueness pair.

Proof. Translating the hyperplanes in the direction u, it is enough to consider
the case s; = 0. We thus want to prove that (S,, H,oU H, U H,;) is a
Heisenberg uniqueness pair when s,t are Q-independent.

From (3.10), we obtain that 1 satisfies the following symmetries

i) = —fR)
A€+ su) = —R(RLE T su)
AE+tu) = —R(RLE + tu)

Now for arbitrary £ € H, o = ut write £ + sou = £ + (s — s)u + su and note
that R (£ + (so — s)u)= (s — so)u + (so — 8)m,1 @ + &, since w1 & = & It
follows that, on the one hand,

(811) A€+ sou) = —A(R(E + sou) = —f(—sou + somuii + ).
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and on the other hand
F(E + sow) = (€ + (s0 — s)u+ su) = —F(RL(E + (50 — )u) + su)
(3.12) = —(&+ (50 — 8)murti+ (25 — sp)u) .

Now assume that @ = 0 on H, 5,. Then (3.11) implies that iz = 0 on H,, _,.
Applying now (3.12) with —s instead of sy, we obtain that i = 0 on H,, s, 2s-
By induction, it follows that [t = 0 on H,, s +oxs, for every k € N. Reversing
the order in which we use (3.11)-(3.12) we obtain that 1z = 0 on H,, s+oxs for
every k € 7Z.

Next, using the third symmetry we obtain that 1 = 0 on Hy s +2ks+20 for
every k.0 € Z. As i = 0 on H,o we get that i = 0 on every hyperplane
H, ons 100 for every k,¢ € Z. This set is dense in R? and /i is continuous,
therefore i = 0 and (S, H, 0UH, sUH, ;) is a Heisenberg uniqueness pair. [J

3.2. Intersecting hyperplanes with isotropic normal.
Again, let 1 <p<g<d-1l,p+q=dwithp+q¢=d, Q(x) =22+ +

a2 —al —--—a,, and S, = {z € RY : Q(x) = p} for p € R. We now
assume that u € R? is isotropic, i.e., Q(u) = 0. Write u = (u/,u") € RP x R,
then Q(u) = 0 is equivalent to |u'| = |u”|. Without loss of generality, we can

restrict our attention to u with |u/| = |[u”| = 1.

Let p € M(S,). By Corollary 2.3, i vanishes on H,, if and only if p is
supported on the set £, = {z € S, : B(xz,u) = 0}. We represent £, in a
different form as follows: a point (2/, 2”) is in S, if and only if |2/|*—|2”|* = p,
ie., 2’ € (|2"> + p)¥/?2SP~1, and B(x,u) = 0, if and only if (2, u') = (2, u").
Consequently,

(3.13) B, ={(«/,2") e R : 2’ € (|2" >+ p)'/2S" 1 ((2", u" W/ + (u) ") }.
We note right away that F, is symmetric, and thus x € FE, implies that
—x € F,.

This leads to the first obversation on intersecting hyperplanes with isotropic

normals.

Proposition 3.2.
(i) If Q(u) = 0 for non-zero u, then (S,, H,) is an AC(S)-Heisenberg
uniqueness pair.
(i) Given vectors u;,j = 1,...,k, such that Q(u1) = - - = Q(ux) = 0,
(S,,Hyy U---U H,,) is a Heisenberg uniqueness pair, if and only if
ﬂle E,, is either empty or {0}.
(ili) If k <p and Q(u1) = -+ = Q(ux) = 0, then (S,, H,, U---UH,,) is
not a Heisenberg uniqueness pair.
Proof. (i) Since FE, is a (d — 2)-dimensional submanifold of the (d — 1)-
dimensional manifold S,, it has surface measure zero in S,. An absolutely
continuous measure with support in E, is necessarily 0 (Corollary 2.3(iii)).
(ii) Next assume that wuy,...,u; are such that Q(uy) = -+ = Q(ug) =
0. By Corollary 2.3, i vanishes on Ule H.,,, if and only if 4 is supported
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on ﬂle E,;. If this intersection is empty, then obviously y = 0. If this
intersection is {0}, then p = ¢dp. As 11(0) = 0, we obtain g = 0. Note that if
p # 0, then 0 ¢ S, and we obtain directly that u = 0.

If ﬂ?zl E.,; contains at least two points, then there is a non-zero x such that
{z,—x} C ﬂle E,, by the symmetry of E,. Now set pn = 0, — 6_, € M(S).
Then 4 is non-zero, but =0 on H,, U---UH,,, so (S,, H, U---UH,,) is
not a Heisenberg uniqueness pair.

(iii) If k& < p, then there exists a non-zero z” € (u})* N -+ (u})* of norm
|z”|? > |p| and a 2’ € (|2")? + p)V/2SP~1 N ﬂle(u;)l Consequently E,, N
-+ N E,, is not empty and contains the non-zero point (z/,2”). By item (ii)
(S, Hyy U---UH,,) is not a Heisenberg uniqueness pair. O]

Using the geometric characterization (ii) of Proposition 3.2, one can now
derive numerous examples of Heisenberg uniqueness pairs. As an example we
prove the following statements.

Proposition 3.3. Let p e R, 1 <p<g<d—-1withp+q=4d, Q bea
quadratic form

Qo) =i+t —ad =2y,
and S, be the cone (p =0) or hyperboloid (p #0) S, = {x € R : Q(z) = p}.
(i) If p > 0, there exist uy,...,u, # 0 with Q(u1) = --- = Q(u,) = 0,

such that (So, Hy,, U ---U H,,) is a Heisenberg uniqueness pair.

(i) If p = 0, there exist 2p vectors uy, ..., us, # 0 with Q(uy) = -+ =
Q(ugp) = 0 such that (So, Hy, U---UH,, ) is a Heisenberg uniqueness
pair.

(iii) If p < O, there exist p 4+ q vectors uy, ..., uprq # 0 with Q(uy) =
= Q(Uuptq) = 0 such that (So, H,, U---UH, , ) is a Heisenberg
UNIGUENESS PAir.

Proof. Choose an orthonormal basis uy, . .., u;, of RP. Define v = (u},0,...,0) €
R, u; = (u},uf), and @ = (uf, —uf), j =1,...,p.
First note that, for every a4, ..., a,, the intersection

(ar1v) + (u)") NN (apu;, + (u;)L)

contains exactly one point, namely, 2’ = Z§:1 ajul.
If (a/,2") € Njo1,. By, then, in view of (3.13), 2’ € ﬁ§:1(<x”,u;’>u; +

(uf)*), so that
p p ,
= Z (" uf)u and |2'|* = Z (a" ulf)"
j=1 j=1
In particular, if we write 2" = (y,7) with y € R? and g € R?? (with the
obvious abuse of notation when ¢ = p), then 2’ = y.
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Let us first assume that p > 0 then |2/| < |2”] < (|2”|>+ p)'/2. This contra-
dicts (3.13) and thus implies that ﬂ E,, = 0. Applying Proposition 3.2,
7j=1,...,p
this proves (i).
It p <0,

={(2',2', %), 2’ e R?, 7 € RT P},
and similarly,

Ei ={(2',—2',%), 2’ e RP, 7 e R"P}.

J

j:17"'7p
If ¢ = p, then already (,_, , Eu; N(;=; _, Fa, = {0}
For p = 0 the condition \:L”\ = |a:”| = |(«, SL’)| implies that £ = 0, and again

ﬂj:l,...,p Uj N ﬂj:l,...,p uj {0}

In both cases, Proposition 3.2 shows that (Sy, H,,U- - -UH, UHgz U---UHjy,)
is a Heisenberg uniqueness pair. Thus (ii) is proved.

Now, if p < 0 and g > p, then

() Eun () Es={0....,0,),7 e RT "},
J=1p J=1.p
Complete the orthonormal set uj, j = 1,...,p with vectors u}, j = p +
1,...,q, into an orthonormal ba51s of R? and let u; = (v}, u j) 1 =p+1,...,q.
If v € Njo1,. g By, NNj=1,.. pL4;, then on the one hand, z = (0,...,0,2) with
Z € R¥7P. On the other hand since alsox € E,; for j =p+1,...,q, we

must have 0 € ((0, %), u >u1 . Thus ((0, ), u;'> = 0 and finally z = 0.
Again, from Pr0p081t10n 3.2 we get that (So, HyyU---UH, UHy U---UHjy)
is a Heisenberg uniqueness pair. U

4. THE SPHERE

In this section Q(z) = |z|?, B(z,y) = (z,y), v = 0 and S = S*! is the unit
sphere of R%. If |u| = 1, R, is the reflection with respect to the hyperplane
normal to v and R, = R,,.

Let us first consider the case of parallel hyperplanes.

Proposition 4.1. Let u € S™! and 51 # s5 € R. Then

(i) (S*1, usl U H.,s,) is an AC(S?1)-Heisenberg uniqueness pair.
(i) (St 3 H,s UH,s,) is a Heisenberg uniqueness pair if and only if
‘81 — 82‘ > >
(iii) If s1, S92, 83 are lmearly independent over Q, then (S™!, H, s, UH, s, U
H,,) is a Heisenberg uniqueness pair.

The proof of (i) is essentially the same as in the case d = 2 by N. Lev [Le].

Proof. After a translation, it is enough to prove that (Sd_l, H, sUH,;)isa
Heisenberg uniqueness pair, where s = |s; — s9|/2. After applying a suitable
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rotation, we may further assume that « = (1,0,...,0). We will use the
following notation: we write x = (2, 7) for x € R%.

Let 1 € M(S*1). According to Lemma 2.2, i = 0 on H,, _ UH,, , is equiva-
lent to R, . (e** dp(z1, 7)) = —eF**1 dp(zq, T). But R, . (e*** dp(21,7)) =
et dpu(—w1, T) thus

(4.14) e du(z,3) + e dp(—21,7) = 0

' e dp(xy,T) + e du(—z,7) = 0°
Writing each equation in the form e**s*1dy(zy,7) = —du(—z1,7) and sub-
tracting these equations, we obtain that sin(2sx;)du(zi,z) = 0. Conse-

quently p is

supported on S*' N (£Z x R¥'). Further, (4.14) shows that g = 0 on
SN ({0} x R*1) so that p is actually supported on S9! N (£Z* x R1).

Note that s is supported on a set which has surface measure zero on S
Thus, if p is absolutely continuous with respect to surface measure on S,
then © = 0 and (S ', H, U H,,) is an AC(S?1)-Heisenberg uniqueness
pair.

In the general case, u = 3, ;. 521k ® . Since suppp C S, this

representation of y implies that p, = 0 if 3-|k| > 1 and that 1 is supported
1/2
on (1 — %/3) S?2 if |k| < 2s. Moreover, the symmetry (4.14) implies

that eigkuk —i—e*i%ku,k =0, that is _ = (—=1)* . In particular, if s > o
then u = 0y ® po and thus g = 0.

On the other hand, if s < 7, we take the u;’s to be arbitrary measures

1/2
supported on <1 — %kZ) ST2 for 0 < k < %s and then define p_, =
(—1)kLuy for those k’s. The measure p = Zo<\k|<3 dm, @ puy, satisfies 11 = 0
=75 2s
on H, UH,s Thus (S H, U H,,) is not a Heisenberg uniqueness
pair. ‘

Note that in this case, 1i(¢1,€) = EO<|M<;S e 2" (€) is 4ms periodic
in the first variable. Consequently, after a translation, if 4 € M(S?!) and
p=0on Hys UHps,, then i is 2(sy — s1)7 periodic in the first variable
&. Thus, if ot = 0 on Hyg, as well, then g is also 2(s3 — s1)m periodic in
1. In particular, for every k,¢ € Z we have [i(s; + 2k(sy — s1)7 + 2((s3 —
s))m, &) = 1(s1,€) = 0. If sy, 89, s3 are linearly independent over QQ then the
set {s1 + 2k(sg — s1)m + 20(s3 — s1)m : k, L € Z} is dense in R thus 7 = 0 on

a dense set in R?. As i is continuous, 77 = 0 on R? and thus y = 0. 0
Let us now turn to N hyperplanes Hy, ..., Hy that intersect in a common
point. Without loss of generality, we will assume that Hy,..., Hy intersect

in 0 so that Hy, = H,, o for some uj, € R?, |uy| = 1.
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Theorem 4.2. Let Hy,..., Hy be hyperplanes in R? and Ry, ..., Ry be the
corresponding orthogonal reflections. Then (ST, H,U---UHy) is a Heisen-
berg uniqueness pair if and only if the Coxeter group generated by Ry, ..., Ry
s infinite.

Proof. Let Ry be the reflection with respect to Hy. If p € M(S* ') and
vanishes on Hy, then by Lemma 2.2 we have Ry, i = —pu. Consequently, its
Fourier transform satisfies |ji( Ri€)| = |1(€)| for all £ € RY.

Let G be the group generated by the reflections {Ry,..., Ry}. This is a
Cozxeter group. The modulus |fi| is therefore invariant under the Coxeter
group G' = (Ry,..., Ry). Let u,u/ € S ! and x € H,. Since (Ryz, Ryu) =
(z,u), we have RyH, = Hg_,,. Consequently, if g = R; R;,... R;, € G and
ft = 0 on H,, then ji vanishes on H,. Furthermore note that the composition
R, R, of two reflections is a rotation in the plane spanned by u and u’ with
angle twice the angle between u and u'.

We distinguish two cases:

(i) Either G is infinite. In this case [HLR, Lemma 4.9], G contains a
subgroup generated by two reflections R, R’ that is already infinite. Write
H,, H, for the corresponding hyperplanes and note that ' ¢ H,. But then
the rotation RR' has an angle that is an irrational multiple of 7, so that the
orbit of H, under RR' is dense in RY. As /i = 0 on H, and |z is invariant
under RR', it follows that 1 = 0 on a dense set. As [ is continuous, 7t = 0 on
R? thus p = 0. Consequently, (S, H; U---U Hy) is a Heisenberg uniqueness
pair.

(ii) Or G is finite. But then, there exists a subset W of R? (a Weyl chamber)
such that {gW : g € G} is a covering of R? and every x € R? determines
a unique g such that x € gW. Now take any continuous function ¢ on
S=1 N W and extend ¢ to S~ by the following rule: if € S¥~! then there
exists a unique g € G such that gr € W. Writing g as g = Hj\il Ry, with
ki,....ky € {1,..., N}, wethen set p(x) = (=1)p(gz). The corresponding
measure p(zr) = ¢(x)do(z) is well defined, non-zero, absolutely continuous

with respect to surface measure, and satisfies Ry . = —p by construction.
By Lemma 2.2 1 =0on HyU---UHy. Thus (S, H; U---U Hy) fails to be
a Heisenberg uniqueness pair. U

Remark 2. When d = 2 we recover the theorem of Lev and Sjolin: let ¢4, {5
be two lines that intersect at 0. Then (S!,¢; U/ly) is a Heisenberg uniqueness
pair, if and only if the angle between ¢; and /5 is not in Q.

However, when d > 3, there exists sets of 3 hyperplanes such that the angle
between any two of them is in Qm but such that the corresponding Coxeter
group is infinite, see [RS] for a complete description of the 3-dimensional case.
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