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Multipliers of uniform topological algebras

M. El Azhari

Abstract. Let E be a complete uniform topological algebra with Arens-Michael
normed factors (£q),c, - Then M (E) = Jim M (E,) within an algebra isomor-
phism ¢. If each factor E, is complete, then every multiplier of F is continuous
and ¢ is a topological algebra isomorphism where M (E) is endowed with its
seminorm topology.

Mathematics Subject Classification 2010: 46H05, 46K05.

Keywords: Multiplier algebra, locally m-pseudoconvex algebra, uniform topo-
logical algebra.

1. Preliminaries

A topological algebra is an algebra (over the complex field) which is also a
Hausdorff topological vector space such that the multiplication is separately con-
tinuous. For a topological algebra E, we denote by A (E) the set of all nonzero
continuous multiplicative linear functionals on F. An approximate identity in
a topological algebra E is a net (ey),.q such that for each + € E we have
xe, —w x and e,r —, x. Let E be an algebra, a function p : E — [0,00]
is called a pseudo seminorm if there exists 0 < k < 1 such that p(z+y) <
p(x) +p(y), p(Az) = [A*p(z) and p(zy) < p(a)p(y) for all 2,y € E and
A € C. k is called the homogenity index of p. If £k = 1, p is called a seminorm.
A pseudo seminorm p is a pseudo norm if p (z) = 0 implies z = 0. A locally m-
pseudoconvex algebra is a topological algebra E whose topology is determined
by a directed family {p, : @ € A} of pseudo seminorms. For each o € A, let
ker (po) = {x € E : po (x) =0}, the quotient algebra E, = E/ker (p,) is a
pseudo normed algebra in the pseudo norm p,, (z,) = p (z), x4 =+ ker (pa) -
Let fo : E = E4, fo(x) =z + ker (po) = x4, be the quotient map, f, is a
continuous homomorphism from E onto E,. We endow the set A with the par-
tial order: o < g if and only if p, (z) < pg(z) for all z € E. Let o < 8
in A, since ker (pg) C ker (pa), we define the surjective continuous homo-
morphism fas : Eg — E4, 25 = & + ker (pg) — 2o = 2 + ker (po). Thus
{(Eq, fap), o < B} is a projective system of pseudo normed algebras which is
perfect in the sense of [2, Definition 4.1]. If E is complete, then F I&nEa
within a topological algebra isomorphism.

A locally m-convex algebra is a topological algebra E whose topology is defined
by a directed family {p, : @ € A} of seminorms. For each o € A, let A, (E) =
{feAE):|f(x)] <ps(z), z € E}. Let E be an algebra with involution x,
a seminorm on E is called a C*-seminorm if p (z*z) = p (ac)2 forallz € E. A



complete locally m-convex *-algebra (E7 (pa)aeA) , for which each p, is a C*-
seminorm, is called a locally C*-algebra. A uniform seminorm on an algebra F
is a seminorm p satisfying p(z?) = p(x)? for all x € E. A uniform topological
algebra is a topological algebra whose topology is determined by a directed
family of uniform seminorms. A uniform normed algebra is a normed algebra
(E,||.||) such that ||2z?| = ||z||? for all x € E.

An algebra E is called proper if for any « € E, *E = Fx = {0} implies
xz = 0. If E has identity, then FE is proper. Moreover, a topological algebra
with approximate identity is proper. Also, a uniform topological algebra is
proper. Let E be an algebra, a map T' : F — F is called a multiplier if
T (x)y = 2T (y) for all z,y € E. We denote by M (E) the set of all multipliers
of E. It is known that if F is a proper algebra, then any multiplier 7' of E is
linear with the property T (xy) = T () y = 2T (y) for all z,y € E, and M (E) is
a commutative algebra with the identity map I of E as its identity. Let (E, ||.||)
be a uniform normed algebra, and let M, (E) be the algebra of all continuous
multipliers of E with the operator norm ||.||op. It is known that ||.||,, has the
square property and the map [ : (E,|.||) = (M. (E),|-llop), I (z) (y) = xy, is
an isometric isomorphism (into).

2. Results

Proposition 2.1. Let (E7 (pa)aeA) be a locally m-pseudoconvex algebra with
proper normed factors (Ey),c, - The following assertions are equivalent:

(i) T (ker (fo)) C ker (fq) for all T € M (E) and « € A;

(ii) for each T' € M (E), there exists a unique (To),cp € [[aen M (Ea) such
that fo 0T =T, 0 fo and Ty 0 fog = fap 0T for all o < f in A. Furthermore,
T is continuous if and only if Ty, is continuous for all o € A.

Proof. (i) = (i) : Let T € M (F) and « € ker (fa), then f, (T (x)) =
To (fa () =0and so T (x) € ker (fa) -

(1) = (i7) : Let T € M (E) and o € A, since T (ker (fo)) C ker (fa) and by using
a known theorem of algebra, there exists a unique linear map T, : B, — E, such
that faoT = Taofa. Leta € Aand 2,y € B, To (fa (2) fa () = T (fa (29)) =
fa (T (acy)) = fo (2T (y)) = fa (.1‘) fa (T (y)) = fa (x) Ty (fa (y)) and similary
on the other side, so T, is a multiplier of E,. Let a < §in A, we have T, 0 f,, =
fO‘OT'7 then Taofagofﬂ = faﬁofﬂ ol = faﬂ OTBOfB’ hence Taofaﬂ = f()cﬁ OTﬂ
since fs is surjective. Suppose that 7" is continuous. Let O, be an open in E,,
we have f; 1 (Ty! (Oa)) = (Ta o fa) 1 (04) = (fa o T) " (O4) which is open in
E since f, o T is continuous, then T, ! (O,) is open in E,. Conversely, suppose
that T, is continuous for all a € A. Since E is topologically isomorphic to a
subalgebra of lim FE,, T is continuous if and only if f, o T is continuous for all
a € A. Since ﬁo T =1T,o0 fo and T, is continuous for all a € A, we deduce
that 7' is continuous.

Proposition 2.2. Let (E, (pa),ca) Pe a locally m-pseudoconvex algebra with
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proper normed factors (E,), ¢, - The following assertions are equivalent:

(§) U (ker (fap)) C ker (fop) for all U € M (Eg) and o < B in A,

(jj) there exists a unique projective system {(M (E,),hag), @ < 8} such that
hap (U)o fap = fapoU for all U € M (Eg) and o < 8 in A. Furthermore, if E,
is complete for all a € A, then hyg is continuous for all o < 8 in A.

Proof. (jj) = (j) : Let U € M (Eg) and zg € ker (fop), then fo5 (U (z3)) =
B (U) (fa (24)) = 0 and 50 U (w5) € ker (fag).

(J) = (Jj) :Let a < Bin A and U € M (Ejg), since U (ker (fag)) C ker (fap)
and by using a known theorem of algebra, there exists a unique linear map V :
E, — E, such that Vo fog = fapoU. Let xg,y3 € Eg, V (fap (3) fap (y3)) =
V (fap (xpyp)) = fap (U(zsyp)) = fap (xsU (ys)) = fap (xs) fap (U (ys)) =
fap (x3)V (fap (ys)) and similary on the other side, so V' is a multiplier of E,.
This shows the existence of the map hqog : M (Eg) — M (E,) such that h.g (U)o
fap = fapoU forall U € M (Eg) and o« < fin A. Let « < B in A, U1,Us €
M (Eg) and A € C, hag (U1 +AU2) © fap = fap o (U1 +AU2) = (fapoUr) +
A(fap o U2) = hap (Ur) © fap + Mhag (U2) © fap = (hap (U1) + Mrag (Uz2)) © fap,
hence hog (U1 + AUz) = hag (U1) + Ahap (Uz) since fop is surjective. Also,
hap (Ui 0 Uz)ofap = fapolUioUs = hag (Ur)o fapoUs = hap (U1)ohas (U)o fas,
then hapg (Ur 0 Us) = hap (U1) 0 hap (Us) since fqop is surjective. Let o < f <y
in A and W € M (E,), (hagohpy) (W) o fay = hap(hgy (W))o fapo fgy =
fagohgy (W)o fay = fapo fayo W = fay oW = hay (W) o fay, consequently
(hap © hgy) (W) = hay (W) since foy is surjective. Thus hag o hgy = hay. Let
a € A, if E, is complete, then every multiplier of E, is continous. Now by
assuming that E, is complete for all o € A, we will show that hg is continuous
foralla < Bin A.Fora € Aand r > 0,let B, (0,7) = {zq € Eq : D, (z) <7}
We denote by ||.||o the operator pseudo norm on M (E,). Let o < B in A, fap
is open by the open mapping theorem, so there is A > 0 such that AB,, (0,1) C
fap (Bs (0,1)) ie. By (0,1) C fap (B (0,7)) where r = A=%¢ and kg is the
homogenity index of ps. Let U € M (Ep),

Voas (Ul = b (B, (s (U) (fa (2))) : S (&) € Buy (0, 1)}

< 50D B, (e (U) (fus (5 (@) : f (@) € By (0,1))

— sup (B (s (U (5 (@)))) : f5 (&) € B (0,1))

< sup {pg (U (f5 (2)) : f5 (z) € Bs (0,r)}

< sup {||Ul5 Bg (s (2)) : f5 (x) € Bs (0,7)}

= r[|U]s-

Therefore hqg is continuous.

Theorem 2.3. Let (E, (Pa) e A) be a complete locally m-pseudoconvex algebra
with proper normed factors (Eq ), ¢, - Assume that E satisfies conditions (i) and
(j)- Then M (F) = lim M (E4) within an algebra isomorphism ¢. Furthermore,
if each factor E, is complete, then every multiplier of E is continuous and ¢
is a topological algebra isomorphism where M (E) is endowed with its pseudo
seminorm topology.



Proof. By Propositions 2.1 and 2.2, we define the map ¢ : M (F) — lim M (Ea),
T — (Tw) ocp - We will show that ¢ is an algebra isomorphism. Let T',.S € M (E)
and A € C, Tyo fo = faoT and Sy 0 fo = fo 0 S, then (T, +AS,) 0 fo =
fao(T +AS),so (T +AS), =T,+ S, by Proposition 2.1. Also, T,0S,0 fo =
Too faoS = faoT oS, hence (T'oS), = Ty oSy by Proposition 2.1. Let
T e M(E),ifT, =0 for all « € A, then fy,oT = T, 0 f, = 0 for all
a € A and consequently T = 0. Let (U, )aeA € lim M (E,) and define the map
T=&"1o hm Uyo®: E— E where I&nU is the multiplier of L m F, defined

by (L Ua> Ta), = (Ua(2a)), and @ : E — L m E,, is the topological algebra

isomorphism given by ®(z) = (fa(x)), . Clearly T is a multiplier of E, also
faoT = foo® lolimU,o® =U,o0f, forall « € A, so ¢(T) = (U) If
E,, is complete for alr € A, then every multiplier of F, is continuous, hence
every multiplier of E is continuous by Proposition 2.1. The pseudo seminorm
topology on M (E) is the topology defined by the family of pseudo seminorms
4o (T) = ||Tulla, & € A, s0 ¢ is a topological algebra isomorphism.

Proposition 2.4. Let (E, (pa)ae/\) be a locally m-pseudoconvex algebra with
approximate identity (e, ),cq - Then E satisfies conditions (i) and (j).

Proof. Let T € M (E), x € ker (f,) and w € Q,

fa (T (2) = fo (T (x — e, + ey,))

= fa (T (x) =T (wew)) + fo (T (wew)) = fo (T'(x) = T (x) ew) + fa (2T (€w))
o (T () = T (2) ) + fo (2) for (T (€0)) = fo (T (&) — T () ).

Since T (z)e, —w T (z) and f, is continuous, we deduce that f, (T (z)) =
0. Now we will show that U (ker (fag)) C ker (fap) for all U € M (Eg) and
a < B in A. Since (ey,),cq is an approximate identity in £ and fz : £ — Eg
is a surjective continuous homomorphism, it follows that (fs (€w)),cq is an
approximate identity in Eg Let U € M (Eg), x5 € ker (fap) and w € Q,
fap (U (xp)) = fap (U (5 — w513 (ew) + 155 (ew)))

255 (€w))) + fap (U (xpf5 (€w)))

= Jap (U (z5) = U (

:faﬂ( ( ) U(QL‘ )fﬁ (ew))+fa3 (xﬁU(fB (ew)))

= fap (U (2) = U (xp) f5 (€w)) + fap (25) fap (U (f3 (ew)))

= fap (U (25) = U (xp) f5 (€w)) -

Since U (z3) fs (€w) —w U zg) and fqg is continuous, we deduce that

(
fap (U (z5)) = 0.

Corollary 2.5. [4, Theorems 2.6 and 2.12] Let (E, (pa),cy) be a complete
locally m-pseudoconvex algebra with approximate identity. Suppose that each
factor E, = E/ker (p,) in the generalized Arens-Michael decomposition of E is
complete. Then every multiplier of E is continuous and M (E) = @M (Ew)
within a topological algebra isomorphism where M (FE) is endowed with its
pseudo seminorm topology.

Proof. It follows from Theorem 2.3 and Proposition 2.4.



Corollary 2.6. Let (E, (pa)aeA) be a locally C*-algebra. Then every multi-
plier of F is continuous and M (F) = lim M (FE,) within a topological algebra
isomorphism where M (E) is endowed with its seminorm topology.

Proof. By [6, Theorem 2.6] and [8, Corollary 1.12], E' has an approximate
identity and each factor F, is complete.

Now we will describe multipliers algebras of complete uniform topological
algebras.

Proposition 2.7. Let (E, (pa)ae/\) be a uniform topological algebra. Then
ker (fo) =N{ker(x): x € Ay (E)} for all @ € A and
ker (fag) = N{ker (no fop) : p € A(E,)} for all @ < §in A.

Proof. By [1, Theorem 6], p, (z) = sup{|x(x)|: x € Ay (F)} for all z € E
and a € A, then ker (f,) = ker (po) = N{ker (x) : x € Ay (E)} for all o € A.
Let < fBin A and 25 € Ejg ,

xg € ker (fap) < fap (xp) =0

& i (fap () =0 for all p € A(E,)

< x5 € N{ker (o fap) 1 pp € A(Eq)}.

Proposition 2.8. Let (E, (pa)aeA) be a uniform topological algebra. Then F
satisfies conditions (i) and (j).

Proof. By Proposition 2.7, ker (fo) = N{ker (x) : x € Ay (E)} for all a € A.
If T is a multiplier of E, then T (ker (x)) C ker (x) for all x € A, (E) by [5,
Theorem 2.9], so

T (ker (fo)) = T (N{ker (x) : x € Aa (E)})

CN{T (ker (X)) : x € Ao (E)}

C 1 {ker () : x € A (E)} = ker (fa)

By Proposition 2.7, ker (fog) = N{ker (1o fap) : pp € A(Eq)} for all @ < B in
A If U is a multiplier of Eg, then U (ker (§)) C ker (9) for all § € A(Eg) by
[5, Theorem 2.9], so U (ker (o fag)) C ker (o fap) for all p € A(E,), and
consequently

U (ker (fag)) = U (O {er (10 fap) : 1 € A (Ea)})

C AU (ker (16 fus)) 1 € A (Ba)}

CN{ker(po fap) it € A(Eq)} = ker (fap) -

Theorem 2.9. Let (E7 (Pa) e A) be a complete uniform topological algebra.
Then M (E) = l&nM (E,) within an algebra isomorphism . Furthermore, if
each factor E, is complete, then every multiplier of F is continuous and ¢ is
a topological algebra isomorphism where M (F) is endowed with its seminorm
topology.

Proof. It follows from Theorem 2.3 and Proposition 2.8.



Remark. Let (E, (Pa) e A) be a complete uniform topological algebra which
is also a symmetric *-algebra, then (E, (pa)aeA) is a locally C*-algebra, and so
each factor E, is complete.

As an application of previous results, we deduce the Arhippainen unitization
theorem [1, Theorem 4] on uniform topological algebras.

Proposition 2.10. Let (E, (pa)aeA) be a uniform topological algebra, and let
M. (E) be the algebra of all continuous multipliers of E. Then there is a family
of seminorms (qa),cp 00 M. (E) such that

1. (MC (B), (qa)aeA) is a uniform topological algebra;

2. themap L : E — M. (F), L(x)(y) = zy, is an algebra isomorphism (into)
and ¢, (L (2)) = pa (2) for all x € E and « € A.

Proof. 1. By Propositions 2.1, 2.2 and 2.8, we define the map ¢ : M. (F) —
Jim M. (Ea), T — (Ta)qen - As in the proof of Theorem 2.3, 9 is an injective
homomorphism. We endow M, (E) with the topology defined by the family of
seminorms ¢, (T') = ||Ta||la, @ € A, where ||.||o, is the operator norm on M, (E,) .
Let T € M, (E), 4o (T?) = |[(T%) o = |(Ta)’la = | Tall2 = ga (T)* since ||-|la
has the square property. Let T € M, (E) with ¢, (T) = 0 for all a € A, then
T, =0 for all « € A, so T = 0 since 9 is injective.
2. Since F is proper, L is an algebra isomorphism (into). Let z € E and
a €A, (L(z)),o fa = faoL(x), then (L(z)), (fa(y)) = (faoL(x))(y) =
fa (xy) = fa () fa (y) forally € E. Since themap [ : (Ey,D,) — (M (Ea), [|-lla)
() (Ya) = TaYa, is an isometric isomorphism (into), it follows that

)al

I(L () lla = P (fa () = pa (2) ; 50 ga (L (2)) = pa (z) .-

Proposition 2.11. Let E be a uniform topological algebra without unit, and
let E. be the algebra obtained from F by adjoining the unit. Then the map
g:E.— M. (E), g((x,\)) = L(z) + Al is an algebra isomorphism (into).

Proof. It is easy to show that g is an algebra homomorphism. Let (z,\) € E,
with g ((z,\)) = 0, then L(x) = —\I. Suppose A # 0, [ = —\"'L(x) =
L (—)x‘lac) , 50 —A7'z is a left unit in E. Since E is commutative, —A "1z is a
unit in E, a contradiction. Thus L (x) = 0 and consequently z = 0 since E is
proper.

Corollary 2.12. [1, Theorem 4] Let (E,(pa),c,) be a uniform topological
algebra without unit. Then there is a family of seminorms (s4),c, on E, such
that (Ee, (5a),cs) is a uniform topological algebra and s, ((z,0)) = pq () for
all z € F and o € A.

Proof. For each a € A, we define a seminorm on E. by
Sa ((z,A)) = qo (L (x) + M) for all z € E and A € C.
By Propositions 2.10 and 2.11, (Ee, (Sa)aeA> is a uniform topological algebra



and sq ((2,0)) = ¢o (L (2)) = po (z) for all z € E.

Remark. We have s, ((z,\)) = ¢o (L(2) + X)) < go (L(2)) + |Aga (I) =
Do () +|A| for all z € E and X € C. This shows that the topology on E,. defined
by the family of seminorms (sq),c, is weaker than the usual topology on E.
defined by the family of seminorms (pa),cx Where po (2, X)) = pa () + |A|.
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