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Abstract The massive digitization of heritage documents
have raised new prospects for Research like degraded
document image restoration. Degradations harm the leg-
ibility of the digitized documents and limit their process-
ings.

As a solution, we propose to tackle the problem of
degraded text characters with PDE (Partial Differential
Equation)-based approaches. Existing PDE-approaches
do not preserve singularities and edge continuities while
smoothing. Hence, we propose a new anisotropic diffu-
sion by adding new constraints to the Weickert coher-
ence enhancing diffusion filter in order to control the
diffusion process and to eliminate the inherent corner
rounding. A qualitative improvement in the singularity
preservation is thus achieved. Experiments conducted on
degraded document images illustrate the effectiveness of
the proposed method compared to another anisotropic
diffusion approaches. We illustrate the performance with
the study of the optical recognition accuracy rates.

Keywords degraded text characters - document
images - PDE-based approaches - optical character
recognition - restoration - reconstruction - enhancement

1 Introduction

Historical documents are of great interest to human be-
ings. Nowadays, recent techniques help in producing dig-
ital copies of these documents to provide wider use of its
rich resources while preserving rare, valuable and frag-
ile documents. Nevertheless, the quality of these digi-
tal copies depends greatly on the quality of the original
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documents. These are often affected by several types of
degradations limiting their use [1]. For instance, a poor
text quality reduces the performance of the Optical char-
acter recognition (OCR), a useful tool mainly in digi-
talizing libraries and in computer-assisted indexing [2].
That is why we need document restoration methods in
order to improve the OCR accuracy and the quality of
the digital copy of the original degraded document im-
age. Restoring could thus enhance human readability and
allows further application of image processing techniques
such as segmentation and character recognition.

Indeed, in earlier applications, image restoration has
often been used to denoise (noise is due to the electronic,
the CCD sensor and the image preprocessing, quantifi-
cation and compression processes) or deblur (blur is due
to long exposition, poor focusing, out-of-focus cameras,
camera or object motion during exposure) the image.
For instance, image noise/blur is stemmed from the im-
age acquisition process that results in pixel values that
do not reflect the true intensities of the real scene or
the original support. Noise or blur could be then intro-
duced into an image, depending on how the image is
created. Classic image denoising algorithms look for re-
moving additive white stationary Gaussian noise, while
preserving the original image details. Examples of such
algorithms are Gaussian smoothing [3], anisotropic dif-
fusion, total variation [4], non-local means algorithm [5,
6] followed by other improvement for speeding up the
original filter [7,8] and for allowing more flexibility [9,
10]. Buades et al [5] pointed out that non-local means
filter is a special case of bilateral filter which gives bet-
ter edge preserved denoising results. The concept of the
exemplar-based approaches was also successfully intro-
duced in image denoising [11] and image deblurring [12].
The Field of Experts (FoE) model is another interest-
ing approach recently used in image denoising [13]. By
introducing this model, classical Markov random field
(MRF) models becomes more powerful. All of the previ-
ously mentioned approaches use the natural redundancy
of information in images to remove the noise. We re-



A New PDE-based Approach for Singularity-Preserving Regularization 7

R

Fig. 1 Illustration of some examples of degraded document images.

fer the reader to [14] for the state-of-the-art denoising
results. The application area of restoration includes for
example image surveillance and medical images where
the imaging system introduces a light distortion. Most
of these works model a degraded image as an original
image that has been subject to linear frequency distor-
tion and additive noise injection. These two sources of
degradations are the most studied.

Faced with old documents, other types of degrada-
tions, such as the mixture of information (ink bleed-
through, spots), loss of information (gaps, discontinu-
ities), pattern deformation (geometric deformation, noise
around contours, unwanted jagged edges), appear lead-
ing to other restoration techniques adapted to them. In
fact, document images with common noise models can
be enhanced using traditional image restoration tech-
niques such as Median filtering, Weiner filtering [15],
morphological filters [16,17], multi-resolution pyramid
and fuzzy edge detectors [18], etc. Nevertheless, in prac-
tice, these popular models are not well suited to degra-
dations arising from phenomena such as document ag-
ing or ink bleeding. Specific degradation models for both
document [19] and text [20,21] are thus introduced. For
reconstructing low-resolution text image, H. Luong et
al. [22] exploit the repetitive behaviour of the charac-
ters on the whole text image and not only on a local
surrounding neighbourhood. J. Banerjee et al. [23] intro-
duce a probabilistic context model using an MRF to deal
with severe document degradations including cuts, blobs,
merges and vandalized documents. The loss of informa-
tion is often repaired by diffusion approaches like inpaint-
ing and anisotropic diffusion. The mixture of information
is generally restored by the separation of sources (ICA
[24], Markov model [25], diffusion [26,27], classification
or segmentation techniques [28,29]. For pattern defor-
mations, we can use geometric restoration, mathemati-
cal morphology [30] and even diffusion processes.

The main topic of this study is restoring degraded
text character. The latter consists of repairing the shapes
of the features as well as extrapolating lost information.
Text restoration remains a challenge due to the vari-
ety of fonts, colors and even to the presence of com-
plex backgrounds [28]. Moreover, text characters degra-
dations are characterized by a random loss of informa-
tion which makes their treatment very difficult to deal
with. It has been noticed that the state-of-the-art of the
main works dealing with textual document restoration
is very limited. Few algorithms have been developed by
the community [31-35]. Most of them give interesting re-
sults; however, their performance relies upon an efficient
character segmentation and/or recognition which limits
their application. For instance, applying machine learn-
ing methods for text restoration encounters difficulties
caused by character size and grayscale variations. They
are also not generic enough to treat any document im-
ages since they are designed in advance for a specific
content. Textual document images’ restoration is an im-
portant topic and many projects are proposed in order to
find solutions. We can cite as an example the European
project IMPACT [36], led by IBM and started in 2009,
a project that has an important workpackage on image
restoration to improve OCR result.

This paper proposes as a solution to textual docu-
ment image restoration the application of Partial Diffu-
sion Equation (PDE) - based techniques, known as an
effective way to restore natural degraded images. Based
on a study done on image restoration techniques and
attracted with its useful properties, we propose testing
the efficiency of PDE-based approaches for restoring de-
graded characters as a first step. As a second step, we
propose a new PDE-based approach which preserves the
character structures and enhances the coherency of the
strokes. We must notice that enhancing text in degraded
document images using PDE-based approaches has been
already introduced in the literature but our main con-
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tribution is twofold. We test the application of the most
efficient PDE-based approaches on degraded document
and we propose a new approach that deals successfully
with singularity-preserving regularization, a major char-
acteristic of textual document images. Diffusion process,
a common framework for the main type of document
image degradations, justifies our choice for taking into
account such process.

After a brief study of document image degradations
in Section 2, we will introduce some PDE - based ap-

proaches in section 3. In addition, we will highlight, through

experimental results, the advantages and shortcomings
of each of them. We refer the reader [37-40] for a more
detailed description of a large number of PDE-based ap-
proaches. This study proves that a specific class of these
approaches, called “matrix-valued diffusivity”, is well-
suited for the processing of oriented features. Neverthe-
less, none of them preserves singularities as important
features in textual documents. This problem represents
the motivation of the next section (Section 4) where we
propose a new PDE-based approach. This proposition
tends to preserve discontinuities as well as singularities of
the image while being smoothed. Some experiments done
on degraded document images indicate, in section 5, that
our proposition provides an efficient tool for denoising,
reconstructing and even restoring resized images (case of
magnification). This leads to a noticeable improvement
of the OCR system’s accuracy proven through the com-
parison of the OCR recognition rates before and after
the diffusion process. A comparative study with results
generated after applying other PDE-based approaches is
also given.

2 A study of document image degradations
2.1 Problem Statement

The term degradation means, as suggested by Henry S.
Baird [33], “every sort of less-than ideal properties of
real document images”. In fact, document image degra-
dations could be divided into different sets according
to their origin. We can distinguish, for example, defects
stemmed from time effect as well as digitization. By time
effect defects, we refer to all defects related to bad envi-
ronmental conditions mainly the humidity caused by an
unfitted storage during many years. We notice that once
the old document is scanned, the previous defects be-
come a part of the digitized image document. During the
scanning process, other types of degradations could be
added. For instance, digital degradations are generated
through the use of some image processing techniques
(high compression rate, low resolution, binarization,...).
Mechanical degradations refer to bad digitizing condi-
tions, defected material, low scanner performance,...

The digitization process could be “direct” if it is
done from the original document or “indirect” in the
case of using a copy (microfilm, negatives, photography,
printed documents...). It is obvious that “direct” digiti-
zation is more complicated than “indirect” digitization
but generates images with better qualities. Examples of
degraded document images are given in figure 1. These
images available within our team were provided by the
French Institute of Research on Text History, the archive
of “Chatillon-Chalaronne” and the French National Bib-
lio.

In order to deal with virtual restoration, [1] presents
a typology of document image degradations defined ac-
cording to the further treatment that will be under-
taken. This typology is thus intended to image process-
ing. It is decomposed into two classes: uniform and non-
uniform degradations. Uniform degradations affects the
entire document. This could be illustrated by geometri-
cal degradation and non-uniform illumination which are
common phenomena in document analysis resulting from
the scanning of thick documents. Non-uniform degrada-
tions affects local parts in the document. Degradation as
such could affect either the paper support (noisy back-
ground) or the letters (noisy foreground). Hence, the
present work focuses on noisy foreground degradations
(Fig.2) which are the major causes of OCR errors.

Ink bleed-through | | Staircassing artefact |

T

| Gap |

,
Layouts rupture — TR =
| - I | Gap with signmificant logs of

mformation

Fig. 2 Illustration of noisy foreground degradations on a
synthetic image.

We can distinguish different causes of damage that
threaten foreground archival support [1]: chemical effect,
biological effect, “indirect digitization” (case of microfilm
use as an example), processing techniques,... This work
treats mainly low resolution, lossy compression and bi-
narization artefacts generating faded, noisy and broken
characters. These treatments could introduce more or
less visible image artefacts resulting in ruptures of the
characters’ layouts and in significant modifications along
their contours. For example, the binarization is an irre-
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versible process that can transform a grayscale or a color
image into a black/white image according to a predefined
threshold. This process could reveal random irregulari-
ties on characters layout as noise is important in high
intensity variation areas (Fig.3). It could also modify the
characters topology limiting the word segmentation pro-
cess (Fig.4).

e fensle pluso
Cﬁéb’#[ﬁs 8 ER L l,

Fig. 3 Case of degraded characters’ layouts (Trevoux).

Love 1
Sculpturse: Africa’s
by [Daniel Pedersen

Fig. 4 Illustration of broken and damaged characters in a
low resolution document image.

2.2 Discussion

Noisy foreground degradations, compared to the other
types of degradations, face real problems that have not
been resolved yet. Indeed, the existing state-of-the-art
presents some contributions in this field mainly by defin-
ing a model reflecting more or less character degrada-
tions. However, no generic model describing all possi-
ble distortions has been published [33]. Moreover, virtual
restoration using a particular model requires the defini-
tion of hypothesis applicable only to very specific condi-
tions of acquisition. A simple change of conditions taken
into account degrades the performance of the model. An-
other solution, known by its ability to model the images
in a continuous space, is based on partial differential
equations. This solution has been successfully evaluated
for the restoration of natural images mainly in image de-
noising or noise removal. This treatment is necessary to
facilitate further processings and even to improve the vi-

sual quality.

The adaptation of PDE approaches in our context of
restoring degraded forms of letters seems very promising.
In fact, the choice of PDE is accounted for their local for-
mulations which are well adapted to deal with local data
corruption. Moreover, PDE formulation is mainly based
on image derivatives that are much better defined in tex-
tual document images than natural images: textual doc-
ument images are mainly composed of features around
which derivatives can be calculated precisely. Further-
more, PDE-based approaches consider images as con-
tinuous and differentiable functions. Hence, treatments

through PDE-based approaches are not inherently lim-
ited by the pixel borders and can process images with
very low spatial resolutions.

3 A study of PDE-based approaches

Since they are originally created to describe physical
laws and natural motions of mechanical objects and flu-
ids, PDEs have been deeply studied and extended to
other branches of mathematics and physics. The PDE-
based formulation enables the regularization of an image
through successive iterations. In this study, we will focus
on PDE-based approaches useful for noise removal and
edge enhancement. We could roughly classify these dif-
ferent approaches into two categories (linear/nonlinear)
according to the nature of the treatment. Linear PDE-
approaches apply local operators uniformly to a noised
image leading to isotropic smoothing. As Keeindering
[41] points out, these approaches generate a smoothing
process with a Gaussian kernel that erases geometrical
aspects of the image :

I =
Iy =

Hence, important features such as edges are blurred
and become harder to identify.

dZ’U(VI) s I =IO®GU:\/§
INoisy

(1)

Nonlinear algorithms overcome this problem since they
tend to preserve these features during smoothing (Fig.5).
The main idea underlying such algorithms is to introduce
image dependent diffusivities adapting the treatment to
the local properties of the image. However, according
to the used diffusion ceefficient, nonlinear diffusion pro-
cesses could be isotropic if they are driven by a scalar-
valued diffusivity or anisotropic in the case of a matrix-
valued diffusion tensor. Either scalar or matrix-valued
diffusivity tends to control the smoothing effect accord-
ing to the local geometry of the image.
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(a) Case of linear isotropic diffusion

(b) Case of nonlinear isotropic diffusion

Fig. 5 Impact of linear and nonlinear isotropic diffusion on a test image.

3.1 Nonlinear isotropic diffusion

Perona and Malik’s work [42,43] on nonlinear isotropic
diffusion has been the first issue in the area. In par-
ticular, a diffusion ccefficient function is chosen to be
inversely proportional to the image’s gradient (magni-
tude). Therefore, the diffusion flow increases within ho-
mogeneous regions where the gradient tends to be small
and decreases across non-linear discontinuities where the
gradient (magnitude) tends to be small and decreases
across non-linear discontinuities where the gradient (mag-
nitude) is very high. This is clearly illustrated in the
Perona-Malik equation given as:

{It div (C (||VI|]) x VI)
Iy

INoisy
where ||VI| is the gradient magnitude of the image
I and C (||VI]) is an edge stopping function chosen to
satisfy C'(0) =1 and lim,_C(v) = 0.

(2)

According to this equation, we notice that the ceef-
ficient C (||VI||) serves the purpose of selecting the lo-
cations in the image for smoothing. If C' is chosen con-
stant at all image locations, the diffusion equation yields
isotropic Gaussian smoothing. The function C' could be
defined by either C (||VI||) = —%-~= or C (|VI||) =

()

2
I
exp (1911},

Catté et al. [44] have proved the ill-posedness of the
diffusion equation and proposed a regularized version
where the coefficient is a function of a smoothed gradient

{i div (C (|G, @ VI||) x VI) (3)

1 Noisy
Compared to the original Perona and Malik’s equa-
tion, such proposition generates oriented vectors either

correctly along contours or inside uniform zones (Fig.6).

In general, the nonlinear isotropic diffusion filter acts
similarly to the linear diffusion filter inside uniform zones
but acts differently near edges where diffusion is inhib-
ited. Therefore, noise at edges cannot be eliminated suc-
cessfully by this process. The latter was further extended
to another nonlinear process which is anisotropic and
driven by an adapted diffusion tensor [45,46] instead of
a scalar diffusivity (Fig. 7).

3.2 Nonlinear anisotropic diffusion

A nonlinear anisotropic diffusion equation driven by dif-
fusion tensor is given as :

I, = div (D (J) V1)
Iy = INoisy

(4)

where D is an anisotropic diffusion tensor which de-
pends on the image via the structure tensor J defined as

J=0,(VI) =G, (VG D)V (G, 0D)')  (5)

Here G, and G,, are Gaussian convolution Kernels. D (J)
is performing as an edge stopping function to preserve
edges.

10
For D = C(|VI]) <0 .

isotropic diffusion equation of Perona-Malik.

, we have the nonlinear

The tensor J could be defined in its orthonormal sys-
tem of eigenvectors describing the directions where the
local contrast is maximal or minimal. This contrast is
measured by its eigenvalues. It is defined as :

J=A_x6O_60" +) x6,6, (6)
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A

(a) Orientation of the gradient vectors in the case of
the Perona-Malik process

(b) Orientation of the regularized gradient vectors in
the case of the Catté et al. process

Fig. 6 Illustration of the difference between the Perona-Malik diffusion equation and its regularized version proposed by

Catté et al.

Backgound
Edee

i kel

Case of nonlinear
isotropic diffision

QD
Strong isotropic @@0[}

smaothine

n()@@

Sheht amsotropic

Object

Case of nonlinear
anisatropic diffiision

smootline

Fig. 7 Nonlinear isotropic and anisotropic diffusion processes are different near contours but similar inside uniform zones.

where Ay, and ©,,_ are the eigenvalues and the
eigenvectors of the tensor field J.

Therefore, the diffusion tensor is given by:

D=fL (A, ) x0_0" + f_ (A, A )x0,60%  (7)
fr (Mg, A2) and f- (A4, A_) are two functions satis-
fying the two local constraints:

1. Edge preservation: if A ,_ > 0, the smoothing pro-
cess should be anisotropic and directed along the edge
direction O_.

Smoothing within homogenous areas: if A, ,_ ~ 0,

the smoothing process should be isotropic.

Among the promising anisotropic PDE-based appro-
aches, we have noticed the Weickert approach [47,46] and
the R. Kimmel et al. approach known as the beltrami-
flow [48,49]. The concept is the same but the values of

J+/— (A4, A_) are different (Tab.1). Both of these ap-
proaches are based on gradient divergence. D. Tschumperlé
[50] introduced a new formulation based on the compu-
tation of the trace operators and the Hessian matrix in-
stead of the divergence. Such formulation is given by

{ I, = trace (DH)

IO = INoz'sy (8)
3.3 Discussion
This section presents some typical PDE-based approaches
commonly known for their performance in noise removal
while preserving important features. The behaviour of
each approach in treating local image properties changes
according to the function f, ,_ (Tab.1). To illustrate this
idea, we give in figure 8, the diffusivity matrix D for the
different studied functions f, ,_. Each matrix, drawn in
the case of the image of a letter “a”, is characterized by
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Fig. 8 The behaviour statment of different nonlinear anisotropic diffusion approaches around contours and corners.

Perona-Malik fr A, 20) = f- (A4, A2) =exp— (Wﬁ I = div (C’(HVIH) ((1) (1)) V[)
fr+ApAn) =a+(1—a)exp <>\_§2> if Ap # A
Weickert (r+=2-) I, = div (DVI)
= e else
i = a = 0.001
fr O ho) = (/1
. _ 1 , — i
Beltrami — I = \/mdw (DVI) I, = div (DVI)
f* ()‘+7)‘*) = 1+AJ:
T e A =
VIt A
Tschumperlé " Iy = trace (DH)
f- ) = i

Table 1 Different functions f,,_ corresponding to different anisotropic diffusion approaches.

the shape of an ellipse directed by @ and its axis length is equal to \/f4/,— (A4, A-) (Fig. 9).
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Isophotes : I(x,v)=c

Fig. 9 The tensor’s structure in the case of nonlin-
ear anisotropic diffusion where fi (A4, A_) puy+ and

f- O Ao) = pie.

With the illustration given in figure 9, we are able
to highlight the advantages and the disadvantages of the
studied approaches. In fact, the diffusion filter of Perona-
Malik-Catté gives very good results for the preservation
of character topologies. For instance, the value of the
local smoothed gradient, which weights the diffusion,
avoids corner rounding and preserves edges. Neverthe-
less, the Perona-Malik-Catté filter does not smooth con-
tours disturbed by noise and does not ensure their conti-
nuity. The filters of Beltrami and Tschumperlé give bet-
ter results as they have the property of reducing noise,
smoothing contours and preserving the structures. How-
ever, they reinforce the continuity of edges very moder-
ately. This problem was successfully studied by Weick-
ert who proposes a new filter able to restore interrupted
structures. This mentioned property is very interesting.
Nevertheless, the lack of a correct treatment of the im-
age contours curvatures remains the main drawback of
this regularization process.

Table 2 summarizes the advantages and the disad-
vantages of Perona-Malik-Catté, Weickert, Beltrami and
Tschumperlé diffusion models respectively. This table
presents the behaviour of each approach in the case of
noise removal, coherence-enhancing and singularity preser-
vation as explained above.

4 Proposition of a new PDE-diffusion approach
4.1 Towards a model preserving singularities

Faced with a wide range of existing constrained and un-
constrained PDE formulations, each regularization method
has its advantages and its disadvantages as it was ex-
plained above. If most of them have in common noise re-
moval with contour prservation, their ability in coherence-
enhancing and corner preservation differs from one method
to another. As a requirement, defining a typical regular-
ization method combining the best of existing ones could
be an interesting aim. For instance, it would be desirable
to design a filter useful for noise removal with coherence-
enhancing property and both corner and edges preser-
vation. Having all these properties grouped in one filter

would be very interesting mainly in the treatment of tex-
tual document images with poor quality. In fact, noise
removal would be beneficial if the legibility of the text as
well as the visual quality of an image are enhanced. Such
enhancement is correctly achieved if this noise removal
takes into account the reinforcement of broken charac-
ters (coherence-enhancing property) and adapts smooth-
ing as much as possible to the geometry of the image. By
image geometry, we mean every important feature in the
image such as singularities (areas with high curvatures
or right angles (Fig.10)) and edges.

\ Tt

Fig. 10 (a) Localisation of singularities in the case of the
letter “A”, (b) Importance of the singularity details for the
recognition.

For instance, singularities must be treated carefully
as any modification, in the case of textual document
images, could change one letter to another and conse-
quently change the meaning. Thus, we will be faced with
a meaningless textual document. For example, the loss of
singularities could transform the letter “t” to the letter
“” which are completely different (Fig. 10).

The Weickert coherence enhancing diffusion process,
compared to the other processes, is characterized by its
abilities to repair stroke discontinuities on document im-
ages. This property is a very desirable one mainly in
treating broken characters of degraded textual documents.
However, the Weickert process destroys singularities and
leads generally to curved structures. This problem could
be avoided with a direct application of the scalar dif-
fusion introduced by Perona-Malik-Catté. This process
has the interesting property to vanish when the value of
the local smoothed gradient is important. Looking for
an approach that avoids corner rounding and takes into
account the coherence-enhancing diffusion, we propose
combined Perona-Malik and Weickert processes as one
approach (Fig.11).

4.2 Description of our proposition

Our proposition takes benefit from the scalar diffusion
model of Perona-Malik and the tensor driven diffusion
process of Weickert. As we have previously noticed, the
filter of Perona-Malik is a special case of the Weickert
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[ Nonlinear diffusion | edge-enhancing | coherence-enhancing [ corner preservation |

Perona-Malik-Catté No No Yes

Weickert Yes Yes No
Tschumperlé Yes No Yes/No

Beltrami Yes Yes/No Yes

Table 2 A performance comparison of different nonlinear diffusion approaches.

o

Contour

(a) Diffusivity Matriz D* in the case
of edge processing

.
) 0.

<«— Singularity

(¢) Diffusivity Matriz D* in the case
of singularity processing

(b) Diffusivity Matriz D* in the case
of processing areas with slight varia-

tions

Fig. 12 The shape of diffusivity matrix associated to our proposed PDE-based filter in the case of three different processed

areas.

filter. Thus, the main difference between these two ap-
proaches relies on the diffusivity ccefficient p ,_. This

coefficient in the case of the Weickert filter helps in smooth-

ing along the flow direction. The shape of the diffusivity
matrix is thus strongly anisotropic that fails to respect
singularities. For the Perona-Malik filter, the diffusivity
matrix has no specific orientation. It is represented by
a circle that the rayon vanishes near important features
(edges and corners). To take advantage of both of the
previously compared filters, we propose to maintain in
the new filter the Weickert diffusion oriented in the di-
rection of ©; but to change the diffusivity coefficient
piy/—- This new ceefficient is required to ensure a correct
trade-off between complete noise removal and important
feature preservation. To this end, we differentiate be-
tween diffusion near a contour where the values of Aj
and A_ are large and the diffusion near a corner where
Ay or A_ presents high values. The proposed solution
to such suggestion is to define the values of A; and A_
separately in the diffusivity ccefficient p,,_. After sev-
eral attempts, we succeed in designing a stable filter that
satisfies all the imposed requirements: Our new filter em-
ploys two thresholds K and K_ useful for identifying
the diffusion along the respective ©; and O_ axies. For
instance, the quantity of diffusion changes with the en-
countered feature: contour or singularity. Therefore, the
parameters K, and K_ are used to define the sensitiv-
ity threshold necessary to detect a variation in the image.

In its complete form, the equation of the proposed
diffusion filter is written as follows:

{It = div (D* x VI) ©

IO = INoisy

* = A t A t
D —exp< K_>><9+@++exp( K+)x8,9,
or
* 1 t 1 t (10)
D* = 1+(%)x9+6++1+(%)x8_(9_
O4/— , A/ eigenvectors and eigenvalues of Tf

As this PDE is designed to smooth edges, reduce
noise in uniform zones and preserve singularities, we de-
fine a specific treatment for each of these situations as
follows (Fig.12):

— Near an edge, we have Ay >> A_, A\ > K, and
A_ < K_. In this case, the diffusivity ccefficient p_
(respectively u4) is close to 0 (respectively to 1) in
the direction of _ (respectively 6,). A treatment
as such is similar to that of Weickert. It enhances
the consistency of features and accentuates smooth-
ing along edges (Fig.12(a)).

— In uniform areas with low intensity variation, we have
A+ < K4 and A_ < K_. In this case, the diffusivity
matrix D* becomes totally isotropic as both of the
diffusivity ccefficients 4 and p_ are close to 1. The
diffusion here is equivalent to that done with the heat
equation erasing all the small variations (Fig.12(b)).

— Near a singularity, we have Ay > K, and A\_ > K_.
In this case, the diffusivity ccefficients py and pu_
are close to 0. The diffusion process, simulated here
for the Perona-Malik process, is stopped in order to
preserve right angles and corners (Fig.12(c)).
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Fig. 11 The behavior statement of our proposition around
contours and corners (a mixture of both of Perona-Malik and
Weickert behavior processes(Fig.8)).

4.3 Estimation of the parameters

To evaluate the performance of the proposed filter, in
this section we will study the impact of different range
values of K and K_. Figure 13 illustrates, as an exam-
ple, the treated images with different parameter values
of K, and K_. We clearly notice a visual quality im-
provement of the noisy original image. Hence, noise is
eliminated in the case of the different restored images.
The parameters K and K_ affect mainly slight parts; in
the case of equal values (Fig.13(b)), they tend to erase
these parts, otherwise, their extremities are prolonged
in their flow direction (Fig.13(c)) and even the reglure

could appear (Fig.13(d)).

K is the sensitivity threshold useful for the preserva-
tion of the edges. When the value of K increases, edges
of low contrast objects in the image could be erased. This
is due to the fact that, in this case, the value of Ay is
high near a contour whatever the value of A_ is. As an
example, we noticed in figure 13(d) that the termination
of the letter “a” disappears when the contours varia-
tion are lower than K. Besides the threshold K, our
proposed PDE-based filter introduces another threshold
value, K_, useful for the preservation of singularities.
When the value of K_ increases, singularities in the im-
age could be erased. In fact, the value of A_ increases
near a singularity as it represents a complex structure
compared to a simple line or a uniform area.

By comparing both of the values of K_ and K, we
can notice two situations:

— If K_ > K, then the proposed filter processes ori-
ent structures by smoothing along the flow direction.
This represents the basic treatment of the Weickert
coherence-enhancing diffusion.

— If K4 > K_, then we have a better preservation of
image singularities and a significant loss of contours
with slight variations. However, with an important
value of Ky, the image contours will no longer be
preserved.

Moreover, as we clearly notice from the previous sec-
tion, the estimation of the parameters K and K_ for
a given image depends greatly upon the eigen-values
Ay,A_. These values vary according to the smoothing
parameters o and p of the tensor field T¥. If the reg-
ularization parameter o is generally equal to 0.5, the
parameter p depends upon the image contents and con-
trols the correct estimation of the anisotropic diffusion
orientation. For document images, p varies according to
the noise, the continuity of strokes and the text heights.
In fact, poorly degraded documents characterized by a
reduced noise along characters’ contours and continu-
ous strokes and even document images with small text
heights require small p values varying from 0.5 to 1.5.
For strongly degraded documents having large disconti-
nuities or for documents having high text heights, p must
be fixed between 1.5 and 3. In general, the values ¢ = 0.5
and p = 1.5 work pretty well for a great majority of doc-
ument images.

The eigen-values are naturally square values since
they are calculated from the tensor-matrix having also
square values. This explains the work of the Perona-
Malik [42]. For instance, the exponential argument is
not put in square but contains the eigen-value divided
directly by the parameter K. This parameter stops the
diffusion for real contours and boosts the diffusion in
noisy regions. In our case, the eigen-values of the tensor
matrix replace the gradient magnitude argument in the



16

Fadoua Drira et al.

G forent pluem
a !“ﬂmuptifz A

G Poucffcez ™
E‘::ﬁ?’z&“ﬂm 6.

—

iTce manace onf
[ eftaffaucse guc
EHCE font 0O

]

G5 forent pluemd
a crfupnee: nn%

15 PLoUcjce 2 Y
Ears pzt‘&ctﬂcma._
HTcE ymnticres onfi

amﬁwm:{; mug_:
ot proncffoe =z
Hee /pz("(?tctﬂ'cut‘a.
JiTce manecs onf
[ cftaffanucse yuc
ICE f Nt CO

G forent pluems

Fig. 13 (a) The original image and the restored image with fi, 0 = 0.5, p = 1.5, (b) K+ = K_ = 128 (¢) K+ = 60,
K_ =128, (d)K, =20, K_ = 128.

control of the diffusion process. We must then automat-
ically find the parameter K useful for both contours and
singularity preservation.

Figure 14 shows the 2D-joint histograms measuring

natural and document images. For example, the image of
Barbara shows a great number of contours and straight
lines but a few number of singularities like corners. For
this reason, the statistical cooccurrence matrix of this
image shows a high number of pixels having high A,
eigen-values for a large range of A_ eigen-values (Fig.14.b).

the statistical co-occurrences of eigen-value variation, mainlAnother example given with the classical image of Lena
the values of A; and A_ calculated simultaneously in
each pixels. This histogram definition differs between

is characterized by a limited number of singularities and
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Fig. 14 2D-joint histograms representing the statistical co-
occurrence of eigen-values A1 and A_ for natural images of
(a) Lena and (b) Barbara and for document images of (c) the
book of Nostradamus (pp.18/127)[54] and (d) a Journal in
low resolution [55].

very few number of contours. The associated 2D-joint
histogram contains a great number of small A_ eigen-
values for a large range of A\, eigen-values (Fig.14.a).
Both of the examples cited above give results completely
different from those obtained on document images. The
2D-joint histograms of these images show the occurrence
of large eigenvalues A} and A_, proof of the presence of
numerous contours and singularities (Fig.14.c, Fig.14.d).

Since A4 reaches high values along contours, it can-
not be used for an estimation of the K parameters. Nev-
ertheless, the A_ eigen-value which reaches high values
around singularities, could be used for the estimation of
the parameters K in the case of document images pro-
cessing. In order to preserve these singularities, we fix the
parameter K _ by taking 10% of the A_ maximum values
measured in the entire image. We assume that for doc-
ument images written in Latin script, on average, 10%
of the contours are located around singularities. Hence,
this estimation allows to preserve main singularities like
corners and strokes endings. For the parameter K, we

propose to fix it at half the value of K_ in order to re-