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Variance of the volume of random real algebraic
submanifolds

*

Thomas Letendre

December 17, 2019

Abstract

Let X be a complex projective manifold of dimension n defined over the reals and
let M denote its real locus. We study the vanishing locus Z;s, in M of a random real
holomorphic section sq of £ ® £4, where £ — X is an ample line bundle and £ — X
is a rank r Hermitian bundle. When r € {1,...,n — 1}, we obtain an asymptotic of
order d"~ %, as d goes to infinity, for the variance of the linear statistics associated with
Zs,, including its volume. Given an open set U C M, we show that the probability
that Z,, does not intersect U is a O of d~% when d goes to infinity. When n > 3, we
also prove almost sure convergence for the linear statistics associated with a random
sequence of sections of increasing degree. Our framework contains the case of random
real algebraic submanifolds of RP" obtained as the common zero set of r independent
Kostlan—Shub—Smale polynomials.

Keywords: Random submanifolds, Kac—Rice formula, Linear statistics, Kostlan—Shub—
Smale polynomials, Bergman kernel, Real projective manifold.
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1 Introduction

Framework. Let us first describe our framework and state the main results of this article
(see Section 2 for more details). Let X’ be a smooth complex projective manifold of positive
complex dimension n. Let £ be an ample holomorphic line bundle over X and let £ be a
rank r holomorphic vector bundle over X', with r € {1,...,n}. We assume that X, £ and £
are endowed with compatible real structures and that the real locus M of X is not empty.
Let he and h,y denote Hermitian metrics on £ and L respectively that are compatible with
the real structures. We assume that h, has positive curvature w. Then w is a Kéhler form
on X and it induces a Riemannian metric g on M.

For any d € N, the K#hler form w, hg and h, induce a L?-inner product on the space
RH?(X,E ® L) of real holomorphic sections of £ ® L4 — X (see (2.1)). Let d € N and
s € RHO(X, € ® L), we denote by Z, the real zero set s~(0) N M of s. For d large enough,
for almost every s € RHY(X, & ® L), Z, is a codimension r smooth submanifold of M and
we denote by |dV;| the Riemannian measure on Z induced by g (see Sect. 2.2). In the sequel,
we will consider |dV;| as a positive Radon measure on M. Let us also denote by |dVjs| the
Riemannian measure on M.
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Let sq be a standard Gaussian vector in RH(X,€ ® £4). Then |dV;,| is a random
positive Radon measure on M. We set Zg = Z,, and |dVy| = |dV;,| to avoid too many
subscripts. In a previous paper [16, thm. 1.3], we computed the asymptotic of the expected
Riemannian volume of Z; as d — 4+00. Namely, we proved that:

Vol (S"~7)

E[Vol (Z4)] = d2 Vol (M) Vol (57

+0(d=7), (1.1)
where Vol (M) is the volume of M for |dVj,| and the volumes of spheres are Euclidean vol-
umes. Here and throughout this paper, E[-] denotes the expectation of the random variable
between the brackets, and S™ stands for the unit Euclidean sphere of dimension m.

Let ¢ € C°(M), we denote by ||¢||, = maxzen |¢(x)| its norm sup. Besides, we denote
by (-,-) the duality pairing between (C°(M), ||| ) and its topological dual. Then, (1.1) can
be restated as:

Vol (S"~7)
Vol (S7)

where 1 € C°(M) stands for the unit constant function on M. The same proof gives similar
asymptotics for E[{|dVy] , ¢)] for any continuous ¢ : M — R (see [16, section 5.3]).

E[(|dVq| ,1)] = d? Vol (M) +0(d2 1),

Theorem 1.1. Let X be a complex projective manifold of positive dimension n defined over
the reals, we assume that its real locus M is non-empty. Let € — X be a rankr € {1,...,n}
Hermitian vector bundle and let L — X be a positive Hermitian line bundle, both equipped
with compatible real structures. For every d € N, let sq be a standard Gaussian vector in
RHO(X,E ® LY). Then the following holds as d — +oco:

Vol (S"~7)

Vo e CO(M),  E[(|dVql ,¢)] d5< M¢|dVM|> Vol (S")

+éll, O(d>7"). (12)

Moreover the error term O(dgfl) does not depend on ¢.

In particular, we can define a sequence of Radon measures (E[|dVql]),s,, on M by: for
every d > dp and every ¢ € CO(M), (E[|dV4]] ,¢) = E[(|dV4| ,#)]. Then Thm. 1.1 implies

that:
Vol (S™—"

d—+oo Vol (SP)

(d~%) E[|dval] ) |dVml, (1.3)

as continuous linear functionals on (C°(M), |||l..)-

Statement of the results. The main result of this paper is an asymptotic for the covari-
ances of the linear statistics {(|dV4| , ) | ¢ € C°(M)}. Before we can state our theorem, we
need to introduce some additional notations.

As usual, we denote by Var(X) = IE[(X - IE[X])Q} the variance of the real random
variable X, and by Cov(X,Y) = E[(X — E[X]) (Y — E[Y])] the covariance of the real random
variables X and Y. We call variance of |dVy| and we denote by Var(|dVy|) the symmetric
bilinear form on C%(M) defined by:

V1,2 € COM),  Var(|dVal) (¢1,¢2) = Cov({[dVal ,é1), (|dVa| , d2)) - (1.4)

Definition 1.2. Let ¢ € C%(M), we denote by w, its continuity modulus, which is defined
by:
we: (0,400) —> [0, +00)
e sup{[o(@) — o) | (z,y) € M?, py(z,y) < e},

where p, (-, ) stands for the geodesic distance on (M, g).



Since M is compact, w, is well-defined for every ¢ € C°(M). Moreover every ¢ € C°(M)
is uniformly continuous and we have:

Vo € CO(M), wg(e) — 0.

e—0
Note that, if ¢ : M — R is Lipschitz continuous, then wy(e) = O(e) as € — 0.

Definition 1.3. Let L : V — V' be a linear map between two Euclidean spaces, we denote
by ’detl- (L)’ the Jacobian of L:

|det™ (L)| = \/det (LL*),
where L* : V! — V is the adjoint operator of L.

See Section 4.1 for a quick discussion of the properties of this Jacobian. If A is an element
of M,(R), the space of matrices of size r X n with real coefficients, we denote by ’detL (A)’
the Jacobian of the linear map from R"™ to R" associated with A in the canonical bases of R™
and R".

Definition 1.4. For every t > 0, we define (X (¢), Y (¢)) to be a centered Gaussian vector in
M (R) X M., (R) with variance matrix:

e !t ot %
1—126715 0 0 e 2_11676*" 0 0
0 1 0 e*%
1 e~ 3% 0
t Ot—i L ()16715 0 67% ®Ir7
eEofe 0 0 1— e 0 -0 - 0
0 e s 0 1
0 R (R 0 0 1

i
are independent from one another and the variance matrix of (X;;(¢),Y;;(t)) is:

_ e % (1 — ;) _
oo Lo if j =1, and 1oe
e~ 3 (1 __t ) 1— e e 2 1

l—e—t l—e—t

SRy

) otherwise.

22r+1)(2n+1)°

We can now state our main result.

Notation 1.5. We set ap =

Theorem 1.6. Let X be a complex projective manifold of dimension n > 2 defined over the
reals, we assume that its real locus M is non-empty. Let € — X be a rankr € {1,...,n—1}
Hermitian vector bundle and let L — X be a positive Hermitian line bundle, both equipped
with compatible real structures. For every d € N, let sq be a standard Gaussian vector in

RHO(X, € ® L£Y).



Let B € (0,3), then there exists Cg > 0 such that, for all a € (0,aq), for all ¢1 and
¢ € CO(M), the following holds as d — +oo:

; Vol (S*—1
Var(laVil) (61,62) = % ( [ oncnfavie]) %

61l 02l O(d57) + 11l @ (Cad™") O(d""%), (1.5)

In,r

where

1t (E[|dett (X(1)][dett (v ()] RGN \ o .
Inr = /O < (1764)% (2m) (7) t 2z dt < +oo.

2 Vol (S7)
(1.6)
Moreover the error terms O(d"=2~%) and O(d"~%) in (1.5) do not depend on (¢1, ¢2).

We obtain the variance of the volume of Z; by applying Thm. 1.6 to ¢1 = ¢2 = 1. When
@1 = ¢2 = ¢ we get the following.

Corollary 1.7 (Variance of the linear statistics). In the same setting as Thm. 1.6, let
B € (0,3), then there exists Cg > 0 such that, for all o € (0,a0) and all ¢ € CO(M), the
following holds as d — +oo:

. o) Sn—l
var((aval o ==t ([ otiavan) L,

+ 1612, 0(d™2*) + |9l s (CodP) O(d"%) . (1.7)
Moreover, the error terms do not depend on ¢.

Remarks 1.8. Some remarks are in order.

e The value of the constant ag should not be taken too seriously. This constant appears
for technical reasons and it is probably far from optimal.

o If ¢o is Lipschitz continuous with Lipschitz constant K, then the error term in eq. (1.5)
can be replaced by:

1911lo (2]l + K) O(d"=27%)
by fixing 8 > «g, which is possible since % > ap.

e Thm. 1.6 shows that Var(|dVy|) is a continuous bilinear form on (C°(M), ||-||.,) for d
large enough. Moreover, denoting by (-,-),, the L?-inner product on C°(M) defined

by (¢1,¢2), = /M 102 |dVy|, we have:

Vol (S”_l)
d—r+00 (2m)r

dz=" Var(|dVgl) Lo s
in the weak sense. A priori, there is no such convergence as continuous bilinear forms
on (C°(M), |||.) since the estimate (1.5) involves the continuity modulus of ¢s.

e The fact that the constant Z, , is finite is part of the statement and is proved below
(Lemma 4.25). This constant is necessarily non-negative. Numerical evidence suggests
that it is positive but we do not know how to prove it at this point.

e Thm. 1.6 does not apply in the case of maximal codimension (r = m). This case
presents an additional singularity which causes our proof to fail. However, we believe
a similar result to be true for » = n, at least in the case of the Kostlan-Shub—Smale
polynomials described below (compare [8, 34]).



r_

Corollary 1.9 (Concentration in probability). In the same setting as Thm. 1.6, let o > §—%4
and let ¢ € C°(M). Then, for every e > 0, we have:

P ([(avl ) ~ BVl ,9)]| > d*c) = 0@,

where the error term is independent of €, but depends on ¢.

Corollary 1.10. In the same setting as Thm. 1.6, let U C M be an open subset, then as
d — +00 we have:
P(ZgnU=0)=0(d"?).

Our last corollary is concerned with the convergence of a random sequence of sections of
increasing degree. Let us denote by dvg the standard Gaussian measure on RH?(X, € @ £?)
(see (2.4)). Let dv denote the product measure @ oy dvg on [J ey RHY(X,€ @ £4). Then
we have the following.

Corollary 1.11 (Almost sure convergence). In the same setting as Thm. 1.6, let us assume
that n > 3. Let (sa)aen € [Ty RHO(X,E ® L) be a random sequence of sections. Then,
dv-almost surely, we have:

_r Vol (§S"—"
Ve CM), a0 o vt ([ ol ).
That is, dv-almost surely,
T Vol (S*—"
d=2 |V, (5" ) AV,

d—+o00 Vol (Sn)
in the sense of the weak convergence of measures.

Remark 1.12. We expect this result to hold for n = 2 as well, but our proof fails in this case.

The Kostlan—-Shub—Smale polynomials Let us consider the simplest example of our
framework. We choose X to be the complex projective space CP™, with the real structure
defined by the usual conjugation in C™*!. Then M is the real projective space RP". Let
L = O(1) be the hyperplane line bundle, equipped with its natural real structure and
the metric dual to the standard metric on the tautological line bundle over CP"™. Then
the curvature form of £ is the Fubini-Study form wpgg, normalized so that the induced
Riemannian metric is the quotient of the Euclidean metric on the unit sphere of C"*!. Let
E = C" x CP™ — CP" be the rank r trivial bundle with the trivial real structure and the
trivial metric.

In this setting, the global holomorphic sections of £¢ are the complex homogeneous
polynomials of degree d in n+1 variables and those of £® L? are r-tuples of such polynomials,
since & is trivial. Finally, the real structures being just the usual conjugations, we have:

RHY(X,E® LY =RI (X0, .., Xn]",

where Rﬁom [Xo, - .., Xy] is the space of real homogeneous polynomials of degree d in n + 1
variables. The r copies of this space in RH? (X, ® L?) are pairwise orthogonal for the inner
product (2.1). Hence a standard Gaussian in RHY(X, & ® L£?) is a r-tuple of independent
standard Gaussian in R [Xo, ..., X,] = RH? (X, £%).

It is well-known (cf. [3, 4, 13]) that the monomials are pairwise orthogonal for the L?-
inner product (2.1), but not orthonormal. Let a = (ay, ..., a,) € N**1 we denote its length

by |a] = ag + - + o, We also define X* = X7°--- X3 and a! = (ag!) - - - (an!). Finally,



if |o| = d, we denote by (i) the multinomial coefficient 4. Then, an orthonormal basis of

R¢ . [Xo,...,X,] for the inner product (2.1) is given by the family:
[(d+n)! d
“rh G
< wnd! @
|a|=d
Thus a standard Gaussian vector in R [Xo, ..., X,] is a random polynomial:
[(d+n)! AN,
7 d! Z e\ \a X%

|a|=d

where the coefficients (aq)|a|=q are independent real standard Gaussian variables. Since we
are only concerned with the zero set of this random polynomial, we can drop the factor
(d+n)!

mnd!l
Finally, in this setting, |dVy] is the common zero set of r independent random polynomials
in R¢[Xo,...,X,] of the form:

> aa <Z) X, (1.8)

loe|=d

with independent coefficients (aq )jqa|=q distributed according to the real standard Gaussian
distribution. Such polynomials are known as the Kostlan-Shub—Smale polynomials. They
were introduced in [13, 29] and were actively studied since (cf. [1, 5, 8, 23, 34]).

Related works. As we just said, zero sets of systems of independent random polynomials
distributed as (1.8) were studied by Kostlan [13] and Shub and Smale [29]. The expected
volume of these random algebraic manifolds was computed by Kostlan [13] and their expected
Euler characteristic was computed by Podkorytov [23] in codimension 1, and by Biirgisser
[5] in higher codimension. Both these results were extended to the setting of the present
paper in [16].

In [34], Wschebor obtained an asymptotic bound, as the dimension n goes to infinity,
for the variance of number of real roots of a system of n independent Kostlan—-Shub—Smale
polynomials. Recently, Dalmao [8] computed an asymptotic of order V/d for the variance of
the number of real roots of one Kostlan-Shub—Smale polynomial in dimension n = 1. His
result is very similar to (1.5), which leads us to think that such a result should hold for
r = n. He also proved a central limit theorem for this number of real roots, using Wiener
chaos methods.

In [14, thm. 3], Kratz and Leon considered the level curves of a centered stationary Gaus-
sian field with unit variance on the plane R%. More precisely, they considered the length of a
level curve intersected with some large square [T, T] x [-T,T]. As T — 400, they proved
asymptotics of order T for both the expectation and the variance of this length. They also
proved that it satisfies a central limit theorem as T' — +4o00. In particular, their result applies

to the centered Gaussian field on R? with correlation function (x,%) +— exp (*é |z — ZJH2)

This field can be seen as the scaling limit, in the sense of [21], of the centered Gaussian field
(5a()),cpr defined by our random sections, when n = 2 and r = 1.

The study of more general random algebraic submanifolds, obtained as the zero sets of
random sections, was pioneered by Shiffman and Zelditch [25, 26, 27]. They considered
the integration current over the common complex zero set Z; of r independent random
sections in H°(X', £%), distributed as standard complex Gaussians. In [25], they computed



the asymptotic, as d goes to infinity, of the expectation of the associated smooth statistics
when » = 1. They also provided an upper bound for the variance of these quantities and
proved the equivalent of Cor. 1.11 in this complex algebraic setting. In [26], they gave an
asymptotic of order d?"~m=3 for the variance of the volume of Z4 N U, where U C X is
a domain satisfying some regularity conditions. In [27], they proved a similar asymptotic
for the variance of the smooth statistics associated with Z;. When r = 1, they deduced
a central limit theorem from these estimates and an asymptotic normality result of Sodin
and Tsirelson [31]. Finally, in [28, thm. 1.4], Shiffman, Zelditch and Zrebiec proved that the
probability that Z; N U = @, where U is any open subset of X, decreases exponentially fast
as d goes to infinity.

Coming back to our real algebraic setting, one should be able to deduce from the general
result of Nazarov and Sodin [21, thm. 3] that, given an open set U C M, the probability
that Zg NU = () goes to 0 as d goes to infinity. Corollary 1.10 gives an upper bound for
the convergence rate. In particular, this bounds the probability for Z; to be empty. In
the same spirit, Gayet and Welschinger [10] proved the following result. Let ¥ be a fixed
diffeomorphism type of codimension r submanifold of R™, let € M and let By(x) denote
the geodesic ball of center z and radius ﬁ. Then, the probability that Z;N Bg(x) contains a
submanifold diffeomorphic to X is bounded from below. On the other hand, when n = 2 and
r = 1, the Harnack—Klein inequality shows that the number of connected components of Z;
is bounded by a polynomial in d. In [9], Gayet and Welschinger proved that the probability
for Z; to have the maximal number of connected components decreases exponentially fast
with d.

Another well-studied model of random submanifolds is that of Riemannian random waves,
i.e. zero sets of random eigenfunctions of the Laplacian associated with some eigenvalue .
In this setting, Rudnick and Wigman [24] computed an asymptotic bound, as A — +oo, for
the variance of the volume of a random hypersurface on the flat n-dimensional torus T".
On T2, this result was improved by Krishnapur, Kurlberg and Wigman [15] who computed
the precise asymptotic of the variance of the length of a random curve. In [33], Wigman
computed the asymptotic variance of the linear statistics associated with a random curve on
the Euclidean sphere S?. His result holds for a large class of test-function that contains the
characteristic functions of open sets satisfying some regularity assumption. In relation with
Cor. 1.10, Nazarov and Sodin [20] proved that, on the Euclidean sphere S?, the number of
connected components of a random curve times % converges exponentially fast in probability
to a deterministic constant as A — +oo.

About the proof. The idea of the proof is the following. The random section sy defines a
centered Gaussian field (sq4(2))zex. The correlation kernel of this field equals the Bergman
kernel, that is the kernel of the orthogonal projection onto H°(X,€ @ L£?) for the inner
product (2.1) (compare [3, 16, 25, 26, 27]).

In order to compute the covariance of the smooth statistics (|dVs| , ¢1) and (|dV4| , ¢2),
we apply a Kac—Rice formula (cf. [2, 3, 8, 32, 33]). This allows us to write Var(|dVy|) (¢1, ¢2)
as the integral over M x M of some function Dy(z,y), defined by (4.9). This density Dqy(z,y)
is the difference of two terms, coming respectively from

E[(|dVal , ¢1) (|dVal , ¢2)] and E[(|dVal , p1)] E[(|dVal , ¢2)] -

Since the Bergman kernel decreases exponentially fast outside of the diagonal A in M?
(see Section 3.4), the values of s4(x) and s4(y) are almost uncorrelated for (z,y) far from A.
As a consequence, when the distance between x and y is much larger than ﬁ, the above
two terms in the expression of Dy(x,y) are equal, up to a small error (see Sect. 4.3.2 for a
precise statement). Thus, D4(x,y) is small far from A, and its integral over this domain
only contributes a remainder term to Var(|dVy|) (¢1, ¢2)-



The main contribution to the value of Var(|dVy]|) (¢1, ¢2) comes from the integration of

Da(z,y) over a neighborhood of A of size about ﬁ. We perform a change of variable in

order to express this term as an integral over a domain of fixed size. This rescaling by ﬁ

explains the factor d~2 in (1.5). Besides, the order of growth of Dy(x,y) close to A is d",
that is the order of growth of the square of E[|dVy|] (see Thm. 1.1). Finally, we get an order
of growth of d"~% for Var(|dVy|) (¢1, ¢2). The constant in (1.5) appears as the scaling limit
of the integral of Dy(z,y) over a neighborhood of A of typical size ﬁ.

The difficulty in making this sketch of proof rigorous comes from the combination of
two facts. First, we do not know exactly the value of the Bergman kernel (our correlation
function) and its derivatives, but only asymptotics. In addition, the conditioning in the
Kac—Rice formula is singular along A, and so is D4. Because of this, we lose all uniformity
in the control of the error terms close to the diagonal. Nonetheless, by careful bookkeeping
of the error terms, we can make the above heuristic precise.

Outline of the paper. In Section 2 we describe precisely our framework and the con-
struction of the random measures |dV;,|. We also introduce the Bergman kernel and explain
how it is related to our random submanifolds.

In Section 3, we recall various estimates for the Bergman kernel that we use in the proof
of our main theorem. These estimates were established by Dai, Liu and Ma [7], and Ma and
Marinescu [17, 18, 19] in a complex setting. Our main contribution in this section consists
in checking that the preferred trivialization used by Ma and Marinescu to state their near-
diagonal estimates is well-behaved with respect to the real structures on X, £ and £ (see
Section 3.1).

Section 4 is concerned with the proof of Thm. 1.6. In Sect. 4.1, we prove a Kac—Rice
formula adapted to our problem, using Federer’s coarea formula and Kodaira’s embedding
theorem. In Sect. 4.2 we prove an integral formula for the variance, using the Kac—Rice
formula (Thm. 4.4). The core of the proof is contained in Sect. 4.3.

Finally, we prove Corollaries 1.9, 1.10 and 1.11 in Section 5.

Acknowledgments. I am thankful to Damien Gayet for his guidance in the course of this
work and for countless mathematical discussions, on this topic and others.
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2 Random real algebraic submanifolds

2.1 General setting

In this section, we introduce our framework. It is the same as the algebraic setting of [16],
see also [11, 10]. Classical references for the material of this section are [12, chap. 0] and [30,
chap. 1].

Let X be a smooth complex projective manifold of complex dimension n > 2. We assume
that X is defined over the reals, that is X is equipped with an anti-holomorphic involution
cx. The real locus of (X, cx) is the set of fixed points of cy. In the sequel, we assume that
it is non-empty and we denote it by M. It is a classical fact that M is a smooth closed
(i.e. compact without boundary) submanifold of X of real dimension n (see [30, chap. 1]).

Let £ — X be a holomorphic vector bundle of rank r € {1,...,n — 1}. Let c¢ be a real
structure on &£, compatible with cy in the sense that the projection 7g : £ — A satisfies
cx omg = mg o cg and cg is fiberwise C-anti-linear. Let he be a real Hermitian metric on &,
that is cg(he) = he.

Similarly, let £ — X be an ample holomorphic line bundle equipped with a compatible
real structure ¢, and a real Hermitian metric h.. Moreover, we assume that the curvature
form w of h, is a K&hler form. Recall that if ¢ is any non-vanishing holomorphic section on
the open set {2 C X, then the restriction of w to {2 is given by:

w/o = %aéln (hL(C, C)) :

This Kéahler form is associated with a Hermitian metric gc on X'. The real part of gc defines
a Riemannian metric ¢ = w(+,i-) on X, compatible with the complex structure. Note that,
since hs is compatible with the real structures on X and £, we have cj(he) = he and
chw = —w. Then we have c¢% gc = gc, hence ¢k g = g and cy is an isometry of (X, g).

Then g induces a Riemannian measure on every smooth submanifold of X'. In the case of
X, this measure is given by the volume form dVy = ‘;’L—T We denote by |dV)s| the Riemannian
measure on (M, g).

Let d € N, then the rank r holomorphic vector bundle £ ® £¢ can be endowed with a
real structure cqg = cg ® cdﬁ, compatible with cy, and a real Hermitian metric hgy = he ® hdﬁ.
If z € M, then cq induces a C-anti-linear involution of the fiber (£ ® £4),. We denote by
R(E @ L£4), the fixed points set of this involution, which is a dimension 7 real vector space.

Let I'(€ ® £?) denote the space of smooth sections of € ® £4. We can define a Hermitian
inner product on I'(€ ® £4) by:

Vsi,s0 € T(E @ LY, (s1,82) = /X ha(s1(x), s2(x)) dVy. (2.1)



We say that a section s € T'(€ ® £%) is real if it is equivariant for the real structures, that
is: cjos =socy. Let RT'(E ® £4) denote the real vector space of real smooth sections of
€ ® L. The restriction of (-,-) to R['(€ ® £4) is a Euclidean inner product.

Notation 2.1. In this paper, (-,-) will always denote either the inner product on the con-
cerned Euclidean (or Hermitian) space or the duality pairing between a space and its topo-
logical dual. Which one will be clear from the context.

Let HO(X,E ® £%) denote the space of global holomorphic sections of £ ® £%. This space
has finite complex dimension Ny by Hodge’s theory (compare [17, thm. 1.4.1]). We denote
by RHO(X, £ ® L) the space of global real holomorphic sections of £ ® £%:

RHO(X,5®£d):{SEHO(X,5®£d)’cdos:soc;(}. (2.2)

The restriction of the inner product (2.1) to RH?(X, £ ® L) makes it into a Euclidean space
of real dimension Ny.

Remark 2.2. Note that, even when we consider real sections restricted to M, the inner
product is defined by integrating on the whole complex manifold X

2.2 Random submanifolds

This section is concerned with the definition of the random submanifolds we consider and
the related random variables.

Let d € Nand s € RHY(X, £ ® L), we denote the real zero set of s by Zs = s71(0) N M.
If the restriction of s to M vanishes transversally, then Z,; is a smooth submanifold of
codimension r of M. In this case, we denote by |dV;| the Riemannian measure on Z;
induced by g, seen as a Radon measure on M. Note that this includes the case where Z; is
empty.

Recall the following facts, that we already discussed in [16].

Definition 2.3 (see [22]). We say that RH?(X, € ® L%) is 0-ample if, for any z € M, the
evaluation map
evd: RHO X, E®LY) — R(E® Ed)x

s — s(x) (2:3)

is surjective.

Lemma 2.4 (see [16], cor. 3.10). There exists d; € N, depending only on X, € and L, such
that for all d > di, RHO(X,€ @ L) is 0-ample.

Lemma 2.5 (see [16], section 2.6). If RH?(X,E ® L) is 0-ample, then for almost every
section s € RHO(X,E @ L) (for the Lebesque measure), the restriction of s to M vanishes
transversally.

From now on, we only consider the case d > dj, so that |dV;| is a well-defined measure
on M for almost every s € RHY(X,E ® L?). Let sy be a standard Gaussian vector in
RH(X, € ® L), that is s4 is a random vector whose distribution admits the density:

1 1, 9
- —— — 2.4
i \/%Ndexp( 2'5”) 24

with respect to the normalized Lebesgue measure on RH?(X, € ® £?). Here |||| is the norm
associated with the Euclidean inner product (2.1). Then Z;, is almost surely a submanifold
of codimension r of M and |dV;,| is almost surely a random positive Radon measure on M.
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To simplify notations, we set Zg = Zs, and |dVy| = |dVs,|. For more details concerning
Gaussian vectors, we refer to [16, appendix A] and the references therein.
Let ¢ € C°(M), for every s € RH®(X, € ® L%) vanishing transversally, we set

(Javi| ¢) = / o) |dVa (2.5)

rEL,s

Such a ¢ will be referred to as a test-function. Following [27], we call linear statistic of degree
d associated with ¢ the real random variable (|[dVy| , ¢).

2.3 The correlation kernel

Let d € N, then (sq(z))zexr is a smooth centered Gaussian field on X. As such, it is
characterized by its correlation kernel. In this section, we recall that the correlation kernel
of s4 equals the Bergman kernel of £ ® £¢. This is now a well-known fact (see [3, 11, 25, 27])
and was already used by the author in [16].

Let us first recall some facts about random vectors (see for example [16, appendix A]). In
this paper, we only consider centered random vectors (that is their expectation vanishes), so
we give the following definitions in this restricted setting. Let X; and X5 be centered random
vectors taking values in Euclidean (or Hermitian) vector spaces V4 and V5 respectively, then
we define their covariance operator as:

Cov(X1, X2) : v — E[X; (v, Xo)] (2.6)

from V5 to V4. For every v € Vs, we set v* = (-,v) € V5. Then Cov(X1, X2) = E[X71 ® XJ]
is an element of V4 ® V5*. The wariance operator of a centered random vector X € V is
defined as Var(X) = Cov(X, X) =E[X ® X*] € V ® V*. We denote by X ~ N(A) the fact
that X is a centered Gaussian vector with variance operator A. Finally, we say that X € V
is a standard Gaussian vector if X ~ A/(Id), where Id is the identity operator on V. A
standard Gaussian vector admits the density (2.4) with respect to the normalized Lebesgue
measure on V.

Recall that (£ ® £L?) R (€@ L4)* stands for the bundle P} (£ @ L4) ®@ Py ((5 ® L) *) over

X x X, where P; (resp. P») denotes the projection from X x X onto the first (resp. second)
factor. The covariance kernel of (s4(z))zcx is the section of (£ ® L)X (€ ® £4)* defined by:

(z,y) = Cov(sa(x), sa(y)) = E[sa(x) @ sa(y)*]. (2.7)

The orthogonal projection from RI'(€ ® £4) onto RH(X,€ ® £4) admits a Schwartz
kernel (see [17, thm. B.2.7]). That is, there exists a unique section E4 of (£ ® L)X (£ ® L4)*
such that, for any s € RT'(£ ® L?), the projection of s onto RH?(X, £ ® L?) is given by:

x |—>/ XEd(x,y) (s(y)) dVy. (2.8)

This section is called the Bergman kernel of £®@ L. Note that Ey is also the Schwartz kernel
of the orthogonal projection from I'(€ ® £%) onto H°(X,& @ L?), for the Hermitian inner
product (2.1).

Proposition 2.6. Let d € N and let sq be a standard Gaussian vector in RH(X,E @ L£4).
Then, for all x and y € X, we have:

Cov(sa(),sa(y)) = E[sa(z) ® sa(y)"] = Ea(z,y). (2.9)

11



Proof. We will prove that (z,y) — E[sq(z) ® sa(y)*] is the kernel of the orthogonal projec-
tion onto RH®(X,€ @ L?), i.e. satisfies (2.8). Let s € R['(€ ® £4), then

ex

/  Elsula) @ su(u)"] (s()) Ve = % [sd@) / sa(9)* (5()) Vx| = Elsa(z) (5. 5a)]

If s is orthogonal to RH?(X, € ® L) this quantity equals 0. If s € RHY(X, € ® L?) then
E[sa(z) (s, 5a)] = E[evi(sa)si(s)] = ev (E[sa @ s3] (5)) = evy(Var(sq) s) = evi(s) = s(x)

since Var(sy) = Id. Thus, for any s € RI'(€ ® L?), E[sq() (s, s4)] is the value at = of the
orthogonal projection of s on RH?(X, € ® L£?). Finally, the correlation kernel of (sq(z))sex
satisfies (2.8) and equals Ej. O

Remark 2.7. If (1.4, - .,5N,.4) is any orthonormal basis of RH®(X,€ ® £%), we have:

Na

Eq: (2,y) — Y sialx) ® sia(y)”. (2.10)

=1

Remark 2.8. If £ is the trivial bundle X x C" — X then Ej; splits as Ey = Id ® e4, where
Id is the identity of C" and eq is the Bergman kernel of £¢. There is no such splitting in
general.

Remark 2.9. In a complex setting, Ey is also the covariance kernel of the centered Gaussian
field associated with a standard complex Gaussian vector in HO(X,€ ® L£%).

The Bergman kernel also describes the distribution of the derivatives of s4. Let V¢ denote
any connection on £ ® L? — X. Then V% induces a connection (V%)* on (£ @ L1)* — X,

which is defined for all n € T ((€ @ £9)") by:
VseT (E@ L), Vz e X, dy (s,m) = (Vis,n(@)) + (s(z),(V)in), (2.11)

where (-, -) is the duality pairing. Let s € T' (€ ® £¢), then s° : x — s(z)* = (-, s(2)) defines
a smooth section of (5 ® Ed)*. Note that we use the notation s® because s* already denotes
(-,s) which is a linear form on I' (€ ® £?). We want to understand the relation between
(Vis® : T,X — (E® Ed): and (Vgs)*. Recall that (Vgs)* = (-, V%s), where the inner
product is the one on (5 ® Ed)m ® Ty X induced by hq and gc. That is, (Vgs)* is the adjoint
operator of Vis: T, X — (5 ® Ed)z. In order to get a nice relation, we have to assume that
V¢ is a metric connection, i.e. that:

Vs,teT (E@LY), Vr e X, dy (s,t) = (Vis,t(x)) + (s(z),Vit). (2.12)

Lemma 2.10. Let V¢ be a metric connection on € ® L2, let s €T (5 ® Ed) and let x € X.
Then for all v € T, X,

(Vd)zso.u = (V’is-v)* =v*o (V‘is)*_ (2.13)
Proof. First, for all s,t € T’ (5 ® Ed) and all z € X,

(t(x),s(x)) = (t(z), s(x)") = (t(x) ,5°(x)) . (2.14)

Then, by taking the derivative of (2.14), we get that for all s,t € T (5 ® Ed), forallz € X
and v € T, X:

<t(z) , Vgs . v> + <Vgt ‘v, s(z)> =d, ((t,s)) v= <t(:c) , (Vd);;s<> . v> + <Vgt ‘v, so(z)> )
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The first equality comes from the fact that V¢ is metric (see (2.12)) and the second from the
definition of the dual connection (2.11). Besides (Vit-v,s°(z)) = (V&t-v,s(z)), hence for
all s €' (€ ® £%) and all z € X we have:

Yo e T, X, (VHis® v = (Vis- v)* .

Recall that (Vgs)* is the adjoint of VZs. Hence for all v € T,,X and all ¢ € (5 ® Ed)m,

(¢, Vis vy = ((Vis) ¢ o) = 0" 0 (Vis) " (0),
which proves the second equality in (2.13). O

Remark 2.11. Conversely, one can show that a connection satisfying the first equality in
eq. (2.13) for every s,z and v is metric.

From now on, we assume that V¢ is metric. Then V¢ induces a natural connection V¢
on Py (€ ® L) — X x X whose partial derivatives are: V¥ with respect to the first variable,
and the trivial connection with respect to the second. Similarly, (V%)* induces a connection
V¢ on Py ((E® £4)*) and V{ ® Id+1d®V4 is a connection on (£ ® £4) K (€ ® L£L4)*. We
denote by 0, (resp. 0y) its partial derivative with respect to the first (resp. second) variable.
By taking partial derivatives in (2.9), we get the following.

Corollary 2.12. Letd € N, let V¥ be a metric connection on EQ LY and let s4 be a standard
Gaussian vector in RH*(X, £ ® L). Then, for all z and y € X, for all (v,w) € T,X x T, X,
we have:

COV(V;IS -, s(y)) = E[(Vgs . v) ® s(y)*} = 0. Eq(z,y) - v, (2.15)
Cov(s(z),Vis-w) =E [s(m) ® (Vis- w)*} = 0yEq(z,y) - w, (2.16)
Cov(V‘is -, V‘;s ‘w) =E [(Vgs ) ® (V‘;s : w)*} = 0,0y Eq(z,y) - (v,w). (2.17)

Proof. The first equality of each line is simply the definition of the covariance operator. By
applying 0, to (2.9) we get:

E[(Vis) ® 5(y)"] = 0 Ealz,y),
which proves (2.15). We can rewrite (2.9) as: Va,y € X, Eq(z,y) = E[s(z) ® s°(y)]. By
applying 0, to this equality, we get:

E [s(z) ® (Vd): so} = 0yEq(z,y).
Then we apply this operator to w € T,X, and we obtain (2.16) by Lemma 2.10. The proof
of (2.17) is similar. O

We would like to write that 9, E4(z,y) is Cov(s(z), Vis) = E {s(ac) ® (VZS)*:| Unfortu-

nately, this can not be true since

OyEq(z,y) e Ty X @ (E® L), @ (E® L)

y
while

E [s(:c) ® (st)*} eT,Xe (oL, oEaL’) .
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Let 9! Eq(z,y) e T,X ® (E®@ L) @ (E® Ed); be defined by:
Yw € T, X, agEd(x,y) cw* = 0yEq(z,y) - w. (2.18)
Similarly, let 0,0fEa(z,y) € T;X @ T,X ® (E®LY) ® (€@ ,cd)z be defined by:
V(v,w) € ToX x TyX,  9,0LEa(x,y) - (v,w*) = 0,0, Ealx,y) - (v,w). (2.19)

Then by Lemma 2.10 and Corollary 2.12, we have the following.

Corollary 2.13. Let d € N, let V¢ be a metric connection on EQ LY and let sq be a standard
Gaussian vector in RHY(X,E @ L4). Then, for all x and y € X, we have:

Cov(Vis, s(y)) =E[Vis® s(y)*] = 0. Ea(z,y), (2.20)
Cov (s(x), VZS) =E {s(:c) ® (VZS)*:| = 85Ed(z, Y), (2.21)
Cov(Vis, Vis) = E|Vis @ (Vis)"| = 0,05 Ea(e, ). (2.22)

3 Estimates for the Bergman kernel

The goal of this section is to recall the estimates we need for the Bergman kernel. Most of
what follows can be found in [17], with small additions from [18] and [19]. The first to use
this kind of estimates in a random geometry context were Shiffman and Zelditch [25]. They
used the estimates from [35] for the related Szegd kernel (see also [3, 26]). Catlin [6] proved
similar estimates for the Bergman kernel independently.

In order to state the near-diagonal estimates for the Bergman kernel, we first need to
choose preferred charts on X, £ and £ around any point in M. This is done in Section 3.1.
Unlike our main reference [17], we are only concerned with a neighborhood of the real locus
of X, but we need to check that these charts are well-behaved with respect to the real
structures. Sections 3.2, 3.3 and 3.4 state respectively near-diagonal, diagonal and far off-
diagonal estimates for Fy.

3.1 Real normal trivialization

In this section, we define preferred local trivializations for £ and £ around any point in M.
We also prove that these trivializations are compatible with the real and metric structures.

Let R > 0 be such that the injectivity radius of X is larger than 2R. Let xo € M,
then the exponential map exp, : Ty, X — X at o is a diffeomorphism from the ball
Br, x(0,2R) C Ty, X to the geodesic ball By (zo,2R) C X. Note that this diffeomorphism
is not biholomorphic in general.

Notation 3.1. Here and in the sequel, we always denote by B4 (a, R) the open ball of center
a and radius R > 0 in the metric space A.

Since cy is an isometry (see Sect. 2.1), we have that cx o exp,, = exp, odz,cx. Then
exp,, sends T,y M = ker (dy,cx —Id) to M and agrees on Ty, M with the exponential map
at zo in (M, g). By restriction, we get a diffecomorphism from Br, 1(0,2R) C Ty, M to the
geodesic ball Bys(zo,2R) C M. Moreover, on Br, x(0,2R) we have:

dyocx = (exp,,) "' ocx oexp,, . (3.1)

We say that exp,, defines a real normal chart about xo.
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Since i - TpyM = ker (dgy,cx +1d), we have Ty X = T, M @i - T,y M. Note that T, M
and ¢ - T, M are orthogonal for g,,, since these are distinct eigenspaces of an isometric
involution. Moreover, we know from Sect. 2.1 that ¢k gc = gc. This implies that (g¢)z,
takes real values on T, M x T,,M, ie. the restrictions to T,, M of (gc)., and g, are
equal. Thus, (gc)z, is the sesquilinear extension of g,, restricted to T,,M. Let Z be an
isometry from T,,M to R™ with its standard Euclidean structure, Z extends as a C-linear
isometry Zc : T, X — C", such that Z¢ o dy,cx © I(C_l is the complex conjugation in C".
Thus, exp,,, oI(E1 : Ben(0,2R) — Bx (20, 2R) defines normal coordinates that induce normal
coordinates Brn (0,2R) — Bas(20,2R) and such that Z¢ o (exp,, ) "' ocx oexp,, oZ: "' is the
complex conjugation in C™. Such coordinates are called real normal coordinates about xg.

We can now trivialize £ over By (o, 2R). Let V¢ denote the Chern connection of £. We
identify the fiber at exp, (z) € Bx(2o,2R) with &, by parallel transport with respect to
V¢ along the geodesic from z to exp,, (z), defined by ¢ — exp, (¢z) from [0, 1] to X (cf. [17,
sect. 1.6] and [18]). This defines a bundle map ¢z, : Br, x(0,2R) X 4y — £/B(20,2R) that
covers exp, . We say that ., is the real normal trivialization of £ over Bx(xo,2R).

Since xg € M, cg(Es,) = &z, and we denote by cg 4, the restriction of cg to £;,. Then
(dzoc, Ce zy) 18 @ real structure on Br, x(0,2R) x &, compatible with the real structure on
Br, x(0,2R). We want to check that ¢, is well-behaved with respect to the real structures,
i.e. that for all z € By, x(0,2R) and (° € &,

65(90960 (Zﬂ CO)) = Pxq (dIOCX © 2, CE xg (CO)) . (32)
This will be a consequence of Lemma 3.4 below.

Definition 3.2. Let £ — X be a holomorphic vector bundle equipped with compatible real
structures cg and cy and let V be a connection on £, we say that V is a real connection if
for every section s € T'(£) we have:

Ve e X, Vi(ceosocy)=ceoVe(z)50decx.

Remark 3.3. Let x € M, v € T,M and s € RT'(£). If V is a real connection on &, then
Vs -v € RE,. Indeed,

Vs v =V @)sodecx -v=ce(Vy(cgosocy) v) =ce(Vys-v).

Lemma 3.4. Let £ — X be a holomorphic vector bundle equipped with compatible real
structures ce and cx and a real Hermitian metric hg. Then, the Chern connection V& of £
18 real.

Proof. Since cg and cy are involutions and (dgcx) ™" = dey (s)Cx, we need to check that

VseI'(E),Vr e X Vés=ceoVE .\ (ceosocy)odycy. (3.3)

cx(x)

Let V be defined by Vs = CgOVfX(I) (ccosocy)odycy, for all s € T'(E) and € X. Then

V is a connection on € and it is enough to check that it is compatible with both the metric
and the complex structure. Indeed, in this case V = V¢ by unicity of the Chern connection,
which proves (3.3).

Let us check that V satisfies Leibniz’ rule. Let s € I'(£) and f : X — C. We have:

Va(fs) =ceo fo(z) ((focx)(ceosocy)) odyex
=cgo (mex(z) (ceosocy) +de,@)(focx)® Cg(s(z))) odzcxy
= f(x)%ms +d.f ® s(x).
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. . =& .
Since V¢ is the Chern connection, its anti- holomorphlc partisd . T hen, dscx and cg being

anti-linear (resp. fiberwise), the anti-linear part of V, s equals cg o@CX (x) (ce 050 cx)odycx.
By computing in a local holomorphic frame, one can check that:

Vs e T'(€),Vx € X, Cgoacx(z) (CgOSOCX)OdICXZEiS.

Thus, V is compatible with the complex structure. Finally, we check the compatibility with
the metric structure. Let s,t € I'(£) and € X, since hg = ¢z (hg) we have:

dy(he(s, 1)) = dy (h_g(cg 08,ce0 t)) = der () (h_g(cg osocy,ceoto cX)) odycy
=Te (vu(l)(@ 050 cx), Cg(t(x))) o dycy
+he (Cg(s(x)), fo(m)(Cg oto CX)) odzcx
= he (Cg 0 VE () (ce 0 s0cx), t(z)) odyex
+he (s(2), ce 0 VE (o) (ce 050 ) ) 0 ducic
= he (%Is,t(:n)) + he (s(:z:), %It) ) O

Let us now prove (3.2). Let z € Br, x(0,2R), let ¢° € &, and let ¢ : Bx(x0,2R) = €
be the section defined by ¢ : & — @q, ((exp,,) " (x),¢?). We denote by v : [0,1] — X the
geodesic t — exp, (tz). We have for all t € [0,1], ((y(t)) = @, (tz,¢°) and, by the definition
of ¢z,, we have:

vie[0,1], Vi, () =0. (3.4)

Let us denote E: ceoCocy and ¥ = cy 0. Since V¢ is real, (3.4) implies that for all
te[0,1],

VEWCT (1) = VE, (€ 0 dyy(ca) - 7/ (8) = ce 0 Vi C -7/ () = 0. (35)

Since cx is an isometry, 7 is a geodesic. More precisely, 7 : ¢ — exp,, (tdg,cx - 2). Besides,
((@0) = ce(¢(w0)) = ce.a(¢°). Then by (3.5), for all ¢ € [0, 1],

P (tdzocX © 2, CExg (CO)) = Pz (tdzocX "2 E(:L'())) = C(i(t))
Finally, we get (3.2) for t = 1:

Pzo (dIOCX ’ Z’05,10(<0)) = 5(7(1)) = 05(4(7(1))) = Ce ((pIO(Z,CO)) :

Recall that RE is the set of fixed points of cg. Then RE is naturally a rank r real vector
bundle over M, as a subbundle of £y. Let ¢° € RE,,, and  : x +— ¢g, ((exp,,) ' (z),¢°)
then, for all € Bx(x0,2R),

cg 0 Cocx(x) = ce 0 pu, ((expy,) " (ca (@), ¢")
= Cg 0 Pay (dpycx o (expy,)” Hx), ¢ )
= @ ((exp,,) 7" (), ce 00 (7))
= (().

Hence, ( is a real local section of £ and in particular, Vo € M, ((z) € RE,. This shows that
¢z, induces, by restriction, a bundle map Br, a(0,2R) x RE,, — RE/p,,(x,,2r) that covers
the restriction of exp,, to Br, am(0,2R).
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Let (¢¥,...,¢%) be an orthonormal basis of RE,,. Since RE,, = ker (cg 4, —Id) and
ez, is C-anti-linear, we have £,, = RE;, ® ¢ - RE,,. Moreover, since hg ,, and cg 4, are
compatible, (¢9,...,¢?) is also an orthonormal basis of €,,. Let i € {1,...,7}, we denote by
i : Bx(xo,2R) — £ the real local section defined by:

Gt g, ((eXPxo)_l(x)v Cz'o) :

Then, for every z € Bx(0,2R), (¢1(z),...,¢-(x)) is an orthonormal basis of £,. Indeed, the
sections (; are obtained by parallel transport for V€ along geodesics starting at xo, and V¢
is compatible with he. Hence, for all ¢ and j € {1,...,r}, for all z € By (xo,2R),

d
= (hg(Q(GXPmO (tz)), Cj(eXPZO(tZ)))) = h¢ (vfxpzo(tZ)Ci ody exp,, %, Cj(expm(tz))))
4 he (Ci(expxo(tz))), Ve (120G © dis exp,, z) =0.

The function « — he((;(x), (j(z)) is then constant along geodesics starting at xo, hence on
Bx(2o,2R). Since (he(Gi(2),(j(2))) ¢, j<, is the identity matrix of size r at o, (C1,...,¢)
is a smooth unitary frame for £ over By (0,2R). In particular, this shows that the real normal
trivialization ., is unitary. Since the (; are real, (¢1(z),...,{-(x)) is an orthonormal basis
of RE, for all x € M. Hence ((1,...,() is also a smooth orthogonal frame for RE over
B (0,2R). We say that (1,...,¢) is a local real unitary frame.

Similarly, let ¢} —~denote the real normal trivialization of £ over Bx(xo,2R). Then any
unit vector ¢§ € RL,, defines a local real unitary frame ¢, for £:

ozl ((exp,,) 7' (2),40) -

Then, for any d € N, ¢, and ¢} induce a trivialization ¢, ® (¢, )? of £ ® £4. This
trivialization is the real normal trivialization of £ ® L over By (xg,2R), i.e. it is obtained
by parallel transport along geodesics starting at xo for the Chern connection of £ ® L£%.
Moreover, a local real unitary frame for £ ® £¢ is given by ({1 ® ¢4, ..., ¢ @ ¢2).

3.2 Near-diagonal estimates

We can now state the near-diagonal estimates of Ma and Marinescu for the Bergman kernel.
In the sequel, we fix some R > 0 such that 2R is smaller than the injectivity radius of X.
Let x € M, we have a natural real normal chart

exp, X exp, : Br,x(0,2R) x Br,x(0,2R) — Bx(z,2R) X Bx(x,2R).

Moreover, the real normal trivialization of £ ® £¢ over By (x,2R) (see Section 3.1) induces
a trivialization

*

Br,x(0,2R) x Br,x(0,2R) x End ((5 ® Ed)z) = (5 ® ﬁd) & (5 ® ‘Cd)/BX(z,QR)xBX(z,QR)

that covers exp, x exp,. This trivialization coincides with the real normal trivialization of
(E@ LR (£® L) over Bx(z,2R) x Bx(z,2R).

Recall that dVx denotes the Riemannian measure on X. When we read this measure in
the real normal chart exp,, it admits a density x : By, x(0,2R) — Ry with respect to the
normalized Lebesgue measure of (I,X, g,). More precisely, we have x(z) = /det(g;;(2))
where (g;;(2)) is the matrix of ((exp,)*g),, read in any real orthonormal basis of (T, X, gz).
Since we use normal coordinates and X is compact, we have

K(z) =1+ O(||z||2) (3.6)
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where ||-|| is induced by g, and the estimate O(||z||2) does not depend on z.
Similarly, on the real locus (M, g), |dVas| admits a density, in the real normal chart exp,,
with respect to the normalized Lebesgue measure on (T, M, g,). This density is:

1

2 det (x93 9).) jr.01) (3.7)

from Br,/(0,2R) to R;. As we already explained in Sect. 3.1, on the real locus, g¢ is the
sesquilinear extension of the restriction of g to TM. Hence, for all z € Br,3(0,2R) we have:

det (((exp29).) 7, y) = det ((expi 9).)

which means that the density of |dVis| in the chart exp, is /& : Br,m(0,2R) — R5.

The following result gives the asymptotic of the Bergman kernel E4 (see Sect. 2.3) and
its derivatives, read in the real normal trivialization about x of (5 ® Ed) X (5 ® Ed)*. It
was first established by Dai, Liu and Ma in [7, thm. 4.18’].

Theorem 3.5 (Dai-Liu-Ma). There exists C' > 0 such that, for any p € N, there exists C,
such that Vk € {0,...,p}, Vd € N*, Vz,w € Br, (0, R),

Id
o (EQL),

d)" exp (=2 (11217 + ull* =2z w)))

DF Ey(z,w)— | —
b | = w(2)V/w(w)

» 2n+6+
<™ Y (1 V(o] + w])) T exp (~C'V|lz —wl) +0(d),
where:

° Décz,w

e the Hermitian inner product (-,-) comes from the Hermitian metric (gc),,

) s the k-th differential at (z,w) for a map T,X x T,X — End ((5 ® Ed)z),

the norm ||| on T,X is induced by g, (or equivalently (-,-)),
the norm ||-|| on (T*X)®? @ End (€@ [,d)m) is induced by g, and (hq)y.

Moreover, the constants C, and C' do not depend on x. The notation O(d~°°) means that,
for any l € N, this term is O(d_l) with a constant that does not depend on x, z, w or d.

Proof. This is a weak version of [17, thm. 4.2.1], with k¥ = 1 and m' = 0 in the notations
of [17]. We used the fact that Fy in [17] is given by:

1 1
Falew) = = exp (=5 (141 + ol - 2(,0)) ) Mieseon.

(compare (4.1.84), (4.1.85) and (4.1.92) pp. 191-192 and (5.1.18) p. 46 in [17]) and F; = 0.
See [17, Rem. 1.4.26] and [18]. O

Remark 3.6. Note that our formula differs from the one in [17, 18] by a factor 7 in the
exponential. This comes from different normalizations of the Kéahler form w.

We are only interested in the behavior of E; at points of the real locus, hence we restrict
our focus to points in M and derivatives in real directions. Similarly, for z,y € M, E4(x,y)
restricts to an element of R(£ ® Ed)x OR(E® Ed)z, still denoted by E4(x,y). Note that we
can recover the original E4(x,y) : (5 ® Kd)y — (5 ® Ed)x from its restriction by C-linear
extension.

First, we need to know the behavior of F; and its derivatives up to order 1 in each

variable in a neighborhood of the diagonal in M x M.
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Corollary 3.7. There exist C and C' > 0, not depending on x, such that Vk € {0,1,2},
Vd € N*, Vz,w € Br, (0, R),

d)nexp (=412 - wl?)

K Z,w)— | — d
D(z,w) Ed( ’ ) ( mm Id]R($®C )

Y
2n+8
<Ca B (T4 V() + wl)) T exp (~C'VA |z - w]) + 0(d™),

where D¥ is the k-th differential for a map from TpyM x TuM to End (R (5 ® [,d)m), the
norm on T, M 1s induced by g, and the norm on (T;M)®q ® End ((5 ® Ed)x) 18 induced by
gz and (hq)s.

Proof. We apply Theorem. 3.5 for p = k € {0,1,2} and set C = max(Cy, C1,C3). Then we
restrict everything to the real locus. o

3.3 Diagonal estimates

In this section, we deduce diagonal estimates for Ey4 and its derivatives from Thm. 3.5. Let
x € M, then the usual differential for maps from T, X to (€ ® L£%), defines a local trivial
connection V¥ on (EQLY) /B (0,2R), Via the real normal trivialization. Since this trivialization
is well-behaved with respect to both the metric and the real structure (cf. Sect. 3.1), V4 is
metric and real. By a partition of unity argument, there exists a real metric connection v
on £ ® L4 such that V¢ agrees with V¢ on By (0, R). In the remainder of this section, we
use this connection V¢, and the induced connection on (£ ® £4) K (£ ® £4)*, so that the
connection is trivial in the real normal trivialization about z.
Recall that 85Ed and (%cagEd are defined by (2.18) and (2.19) respectively.

Corollary 3.8. Letx € M, let V¥ be a real metric connection that is trivial over Br, x (0, R)
in the real normal trivialization about x. Let 875 and 0, denote the associated partial deriva-
tives for sections of (£ @ L4) X (€ @ L)*, then we have the following estimates as d — +00.

dn
Ey(z,7) = — lda(eg o), +0(d" ), (3.8)
0. Eq(z,x) = O(d”_%) , (3.9)
0! Bg(w, ) = o(d"—%) , (3.10)
m—+1
0,08 Eq(z, 7) = — lp(egca), @Iz +0(d"). (3.11)

Moreover the error terms do not depend on x.

Proof. Let x € M and let us choose an orthonormal basis of T, M. We denote the corre-
sponding coordinates on T, M x T, M by (z1,...,2p,w1,...,w,) and by 9., and 0y, the
associated partial derivatives. Let us compute the partial derivatives of E4 read in the real
normal trivialization of (5 ® Ed) X (5 ® Ed)* about (x,z). By Cor. 3.7, we only need to
compute the partial derivatives at (0,0) of

2
exp (~4 1z - wll?)

a: (z,w) = (3.12)
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for any d € N. For all ¢ and j € {1,...,n} and all (2, w) € Br, (0, R) we have:

O, a2 w) = (d(zj —wj) - %&:é?)) exp%;;(—g2) (3.14)
and
0.0, a2 ) = — <H<i>||zn<Z>H2) g
(daij Pz — i)z — wy) — L o w) a:g()z) C - wi) a“:(”zlff)) . (3.15)

where d;; equals 1 if ¢ = j and 0 otherwise. Recall that, by (3.6), x(0) = 1 and the partial
derivatives of x vanish at the origin. Then evaluating the above expressions at (0,0) gives:

§d(0, 0) = 1, 6zi§d(0, 0) =0= awjfd(o, 0) and 6Zi6wj£d(0, 0) = 5ijd.
By Cor. 3.7, we have the following estimates for the partial derivatives of E4 read in the real

normal trivialization about x: for all i,5 € {1,...,n},

mn

d ,
Ea(0,0) = — Wg(egea, +O(d" ). 0w, Fa(0,0) = O(d”*i ,
n+1 (316)

azi awj Ed(oa 0) = 5ij

——Idssac, +0(d"), 9. Ea(0,0) = 0(a"F).
Moreover these estimates are uniform in € M. Equations (3.8), (3.9), (3.10) and (3.11)
are coordinate-free versions of these statements. (]

3.4 Far off-diagonal estimates

Finally, we will use the fact that the Bergman kernel and its derivatives decrease fast enough
outside of the diagonal. In this section we recall the far off-diagonal estimates of [19, thm. 5],
see also [17, prop. 4.1.5].

Let d € N and let S be a smooth section of R (5 ® Ed) KR (5 ® Ed)*. Let z,y € M, we
denote by [|S(z,y)| o« the maximum of the norms of S and its derivatives of order at most k
at the point (x,y). The derivatives of S are computed with respect to the connection induced
by the Chern connection of £ ® £? and the Levi-Civita connection on M. The norms of the
derivatives are the ones induced by hy and g.

Theorem 3.9 (Ma—Marinescu). There exist C' > 0 and dyg € N* such that, for all k € N,
there exists Cy > 0 such that ¥d > dy, Vx,y € M

| Ea(, p)llex < Crd™ b exp (~C'Vd py(a,y) ) .

where py(-,-) denotes the geodesic distance in (M, g).

Proof. This is the first part of [19, thm. 5], where we only considered the restriction of Ey4
and its derivatives to M. Note that the Levi—Civita connection on M is the restriction of
the Levi-Civita connection on X. Hence the norm ||-||,x, such as we defined it, is smaller
than the one used in [19]. O
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4 Proof of Theorem 1.6

In this section, we prove Theorem 1.6. Recall that X is a compact Kéahler manifold of
dimension n > 2 defined over the reals and that M denotes its real locus, assumed to be
non-empty. Let &€ — X be a rank r € {1,...,n — 1} real Hermitian vector bundle and
L — X be a real Hermitian line bundle whose curvature form is w, the Kéhler form of X.
We assume that £ and £ are endowed with compatible real structures. For all d € N, Ey
denotes the Bergman kernel of £ ® £%. Finally, sq denotes a standard Gaussian vector in
RHO(X,E® L), whose real zero set is denoted by Z4, and |dVj]| is the measure of integration
over Zg.

4.1 The Kac—Rice formula

The first step in our proof of Thm. 1.6 is to prove a version of the Kac—Rice formula adapted
to our problem. This is the goal of this section. First, we recall the Kac—Rice formula we
used in [16] to compute the expectation of Vol (Z4) (Thm. 4.1). Then we prove a Kac-Rice
formula adapted to the computation of the covariance (Thm. 4.4), compare [2, thm. 6.3] and
[32, chap. 11.5].

Let L : V — V' be a linear map between two Euclidean spaces, recall that we denote by
|det* (L)| its Jacobian (cf. Def. 1.3). Since LL* is a semi-positive symmetric endomorphism
of V', det(LL*) > 0 and |det* (L)| is well-defined. The range of L* is ker(L)*, hence
ker(LL*) = ker(L*) = L(V)*. Thus |det* (L)| > 0 if and only if LL* is injective, that is if
and only if L is surjective. In fact, if L is surjective, let A be the matrix of the restriction of
L to ker(L)* in any orthonormal basis of ker(L)* and V', then we have:

|det™ (L)| = /det (AA?) = [det(A)].

Theorem 4.1 (Kac-Rice formula). Let d > dy, where dy is defined by Lem. 2.4 and let V¢
be any real connection on €@ L. Let sq be a standard Gaussian vector in RH(X, € @ L),
Then for any Borel measurable function ¢ : M — R we have:

E[/ZEZdﬂﬁ(deVd@ =(27r)_%/z ﬂﬂx&“dew (Vgsd)"sd(ac):()} V| (4.1)

cM |detJ‘ (evg
whenever one of these integrals is well-defined.

The expectation on the right-hand side of (4.1) is to be understood as the conditional
expectation of |det™ (VZsq)| given that sq(z) = 0. This result is a consequence of [16,
thm. 5.3]. See also Section 5.3 of [16], where we applied this result with ¢ = 1, in order to
compute the expected volume of Z,.

Let us denote by A = {(z,y) € M? | x = y} the diagonal in M?. Let d € N and let

(r,y) € M?\ A we denote by evg,y the evaluation map:

evi,: RHOX.E@LY) — R(E@L) oR(ELY),

| ; — (s(2). 5(3)) “2)

The following proposition is the equivalent of Lemma 2.4 for two points (z,y) ¢ A. One
could prove this result using only the estimates of Section 3. We give instead a less technical
proof, using the Kodaira embedding theorem. See [17, sect. 5.1] for a discussion of the
relations between these approaches.

Proposition 4.2. There ezists do € N, depending only on X, £ and L, such that for every

d > dy and every (z,y) € M2\ A, the evaluation map evgyy 18 surjective.
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Proof. Recall that there exists d; € N such that, for all d > d;, the map ev‘i defined by (2.3) is
surjective for any € M (see Lem. 2.4). Then, for all d > d; and all x € M, the complexified
map & : HO(X,E@ L) — (E® L£4)  defined by &v?(s) = s(z) is also surjective.

For any | € N, we denote by ¥; : X — P (HO(X, L',l)*) the Kodaira map, defined
by U;(z) = {s€ H(X,L")|s(x) =0}. By the Kodaira embedding theorem (see [12,
chap. 1.4]), there exists Iy € N such that ¥, is well-defined and is an embedding.

We set do = lg +di. Let d > dy and let (z,y) € M?\ A. Since ¥;,(z) and ¥;,(y) are
distinct hyperplanes in H%(X, £'), there exist o, and o, € H°(X, L) such that:

{om(ac) # 0, and {Uy(x) =0,

ox(y) =0 ay(y) # 0.
Since d — lg > dq, e~vi is onto and there exist o1 4,...,0., € HO(X,£ ® £L47!) such that
(01,2(2),...,002(x)) is a basis of (£ @ £L47!) . Similarly there exist 01,4, ...,0, such that

(01,y(y), ..., 0ry(y)) is a basis of (€® Ed_l")y. We define global holomorphic sections of
E® LYY sky = Opx ® 0, and s, = 0k, @ 0y for all k € {1,...,7}. These sections are
such that (sg»(z))1<k<r is a basis of (5 ® Ed)z, (Sk,y(¥))1<k<r 1s a basis of (5 ® Ed)y and
for all k € {1,...,7r}, sk (y) =0 = si (). This proves that the map

ovp,: HU(X.E@LY) — (EwLd) o(EoLld), .
s — (s(x), 5())

has rank at least 2r (as a C-linear map). Since e~viy is the complexified map of evgﬂ7 the
latter must have rank at least 2r (as a R-linear map), hence it is onto.

Remark 4.3. In Prop. 4.2, evg,y is surjective if and only if ’detL (evﬁ,y)’ > 0, that is if and
only if ev? (evgﬁy)* is non-singular. Since the latter is the variance operator of evd  (sq),
where s4 ~ N (Id) in RHO(X,€ @ L), we see that the surjectivity of evd  is equivalent to
the non-degeneracy of the distribution of (sq(x), sq(y)).

We can now deduce a Kac—Rice type formula from Prop. 4.2. For any d € N, we define
F,; to be the following bundle map over M?2:

Fy: RHOX,E@LY)x M? — R(E®LY) xR(E®LY).
(s,2,9) — (s(z),s(y))
Let V¢ be any real connection on & ® £L? — X (see Def. 3.2). Then by Rem. 3.3, the

restriction of V¢ defines a connection on R(£ ® L) — M. Let V?F, denote the vertical
component of the differential of Fyy. Then, for all (sg, z,y) € RH?(X,E® L%) x M?, we have:

Fy: RHOX,E@ L) xTuMxT,M —  R(E®LY) @R(ERLY) .
(S,’U,’LU) — (5($)+V530 -’U,S(y)—f—VZSO ’LU)

d
(s0,%,y)

We denote by 9 F; the partial derivative of F; with respect to the first variable (meaning s),
and by 99 F, its partial derivative with respect to the second variable (meaning (z,y)). Then
for all (sg,x,y) € RHY(X,E @ L?) x M? we have:

O Fy(so,z,y) = evg,y and  99Fy(s0,2,y) : (v,w) = (Viso - v, sto ‘w) . (4.3)
From now on, we assume that d > ds, where ds is given by Prop. 4.2. We define an incidence
manifold ¥4 by:

Sa = (Fa)' (0) N (RE(X,E @ L£Y) x (M?\ A)).
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By Prop. 4.2 and eq. 4.3, for all (s,z,y) € RHY(X,€ @ L) x (M?\ A), 0{Fy,(s,z,y) is
surjective. Thus, the restriction of Fy to RHO(X,E ® L) x (M?\ A) is a submersion and
¥4 is a submanifold of RHO(X,€ @ L£4) x M? of codimension 2r. Note that we are only
concerned with the zero set of Fy, hence none of this depends on the choice of V¢. We can
now state the Kac—Rice formula in this context.

Theorem 4.4 (Kac-Rice formula). Let d > dg, where dy is given by Prop. 4.2, and let V¢
be any real connection on €@ LY. Let sq be a standard Gaussian vector in RH(X,E @ L4).
Then for any Borel measurable function ® : X3 — R we have:

1

E/ D(sq, 2, y) |dVa|? / T ¥
l (5:9)E(Za)?\A 2m)" J@yem\a |dett (evd )|

E {(I)(sd,x,y) |detL (Vgsd)| |det ™ (V‘;sd)‘ ‘sd(x) =0= sd(y)} |dVar|®  (4.4)

1

whenever one of these integrals is well-defined. Here, |dVM|2 stands for the product measure
on M2 induced by |AVas|. Similarly, |AVy|* is the product measure on (Z4)2.

The expectation on the right-hand side of (4.4) is to be understood as the conditional
expectation of ®(sq, z,y) |det (Visq)| [det* (Vst)| given that sq(z) = 0 = s4(y).

Proof. The proof of Thm. 4.4 uses the double fibration trick, that is apply Federer’s coarea
formula twice. See for example [16, App. C] and the reference therein.

The Euclidean inner product on RH?(X, £ ® L) defined by eq. (2.1) and the Riemannian
metric g induce a Riemannian metric on RH®(X,€ ® £4) x M?, and on ¥, by restriction.
Let m : ¥g — RHY(X,£ ® L) and 7 : ¥g — M?\ A denote the projections from ¥4 to
the first and second factors, respectively. For all s € RH(X, £ ® L£?), T 1(3) is isometric to
Z, and we identify these spaces. Similarly, for all (z,y) € M?\ A we identify m;, ! (x,y) with
the isometric space ker(ev ).

We denote by ds the Lebesgue measure on RH(X,E @ L?) or any of its subspaces,
normalized so that a unit cube has volume 1. Let ® : ¥; — R be a Borel measurable

function. Then
, e—3llsl? 9
E / ® |dVy| :/ / (s, 7,y) 5 [dVal” | ds,
(Z4)2\A SERHO(X,EQLT) (Ivy)eﬂ'fl(s) (27T)T

where N is the dimension of RH%(X,& ® £%). Then, by the double fibration trick [16,
Prop. C.3] this quantity equals:

—2llsI® |dett (O Fy(s, x
/ / (s, x,y) g | L( - (s, ’ymds ldVi]*.  (4.5)
(z,y)EM2\A seker(evg,y) (27T)T |de‘E (81 Fd(sa xz, y)) ‘
Then eq. (4.3) shows that 0§ Fy , (s, =, y) = VgsEBVZs. Moreover, by definition of the metrics,
T, M is orthogonal to T, M and R(€ ® £%), is orthogonal to R(€ @ L£?),,. Thus

1

[dett (98 Fu(s, 2, y))| = det (95 Fus, 2,y) (9§ Fals,z,1))")”

()8 )

Vis(Vis)* 0 )
—der (VI *
0 VZS(VZS)

= |de‘uL (Vgs)‘ |de‘uL (VZS)‘ .

=
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Besides, eq.(4.3) also shows that ‘detl (ade(s,x,y))’ = ‘detl (ev‘iy)‘, which does not
depend on s, so that (4.5) equals:

1 o Sllsl

S — ® |det™ (V4s)| |det™ (VE ds | [dVas]?.
/(z7y)e]\/[2\A ‘detl (evg,y)‘ (/seker(evgwy) ’ ¢ ( IS)H ¢ ( yS)’ (27‘(‘)%‘ S>| ]M|

Finally, by Prop. 4.2, ker(ev?) is a subspace of codimension 2r of RH?(X, £ L%). Hence, the
inner integral in (4.5) can be expressed as a conditional expectation given that evgyy(sd) =0,
up to a factor (27)". This concludes the proof of Thm. 4.4. O

4.2 An integral formula for the variance

In this section, we fix some d > max(do, d1, d2) where dy, di and ds are defined by Thm. 3.9,
Lem. 2.4 and Prop. 4.2 respectively. We denote by V¢ a real connection on £ ® L. Let
¢1, ¢ € CO(M), we want to compute:

Var(|dVal) (¢1, ¢2) = Cov((|dVal , ¢1), ([dVal , ¢2))

ZE[(AVAl , é1) {1aVal  éa)] — E[(dVal o) E(laVal ,é)]. O
First, by Thm. 4.1, we have:
E[(dVa] , é1)] E[(JdVal , é)] = ﬁ
E Udetl (Visa)| ‘sd(x) = 0} EﬂdetL (Visq)| ’sd(y) = 0} )
. o1(z)d2(y) et (ovd)] ot (evd)] AV 2. (4.7)

On the other hand,

B{laval o) (aval . 6a)) ([ o) avi) ( [, o )|

/ 61(2)ba(y) [Vl
(z,y)€(Z4)?\A

Indeed, Z, is almost surely of dimension n —r > 0, so that (Z4)?> N A (that is the diagonal
in (Z4)%) has measure 0 for |[dVy|>. We compute this integral by Thm. 4.4:

/ 61(2)d2(y) [V
(z,y)e(Za)?\A

E [[det* (Visa)| |det* (Visa)|

=E

E

1 P1(z)p2(y) «
Jemenno Fit (o]

@) Jagema [dett (evd )]

sa(z) =0 = sd(y)} dAVas[?.  (4.8)

Let Dy be the function defined by: V(z,y) € M?\ A,

E[|det* (Visa)||det* (Vis0)| |evd,,(s) = 0]

‘detl (evgﬂ) ‘

Dd(‘ray) =

E Udetl (Visq)| ‘sd(x) = 0} E Udetl‘ (Visq)| ‘sd(y) = 0}
a et (evd)] [det (evd)|

(4.9)
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Since dimM = n > 0, A has measure 0 in M? for [dVis|>. Thus, by (4.6), (4.7), (4.8)
and (4.9), we have:

Var (Vi) (61.02) = e | 01(@)0a)Dut. )[4V (1.10)

Remark 4.5. At this stage, it is worth noticing that the values of the conditional expectations
appearing in the definition of Dy (see eq. (4.9)) do not depend on the choice of V<. In fact,
the whole conditional distribution of Vésy given that sq(z) = 0 (resp. of Vis,; given that
sa(y) = 0, resp. of (Visg, Visg) given that sq(z) = 0 = sq(y)) is independent of the choice
of V4. Indeed, if s4(x) = 0 then Vs, does not depend on V¢, and we conditioned on the
vanishing of sg4(z) (resp. sq(y), resp. sq(z) and sq(y)). Thus, in the sequel, we can use any
real connection we like, even one that depends on (z,5) € M2\ A.

4.3 Asymptotic for the variance

In this section we compute the asymptotic of the integral in eq. (4.10). The main point is to

write M? as the disjoint union of a neighborhood of A, of size about %, and its complement.

In (4.10), the set of points that are far from the diagonal will contribute a term of smaller
order than the neighborhood of A. This is a consequence of the fast decrease of the Bergman
kernel outside of the diagonal. The values of s4 at x and y are not correlated, up to some
small error, outside of a neighborhood of A.

We still assume that d > max(do, d1, d2) and we denote by s4 a standard Gaussian vector
in RHO(X, & ® LY.
4.3.1 Asymptotics for the uncorrelated terms

Let us first compute asymptotics for the terms in the expression of D, (see eq. (4.9)) that
only depend on one point, say z € M. For all x € M, ev? is linear. Hence s4(z) = ev?(sq)
is a centered Gaussian vector in R (5 ® Ed)x with variance operator:

ev? (ev))” = E[sq(z) ® (sa(2))*] = Ea(z, ), (4.11)
where Ej is the Bergman kernel of £ ® £ and the last equality is given by Prop. 2.6.

Lemma 4.6. For every x € M, we have:
LANE 1(.d —1
(5) 7 ldet (evi)| =1+ 0(a™),
where the error term O(d’l) does not depend on x.

Proof. Let x € M, then |det* (ev?) |2 = det E4(z, z) by (4.11). By (3.8), we have:

™

(E)m |detJ‘ (evi)‘2 = det (IdR(&gﬁd)m JrO(d’l)) -1+ O(dil) '
The error term in (3.8) is independent of z, therefore the same is true here. O

Let V¢ be a real connection on £ ® £¢. We assume that V¢ is a metric connection, so
that Lem. 2.10 and Cor. 2.12 are valid in this context. Recall that the Chern connection is
an example of real metric connection.

For all z € M, let j& : s (s(x),V‘is) denote the evaluation of the 1-jet at x, from
RHY(X, €@ L) to R(E ® Ed)z ® (R & Ty M). Since j¢ is linear, (sq(z), Visq) is a centered

25



Gaussian vector with variance operator j& (jg) *. This operator splits according to the direct
sum R(E® L) ®R(E®LY) @TrM:

G =E|jda) @ (72(s0)"]
( ®% () ® <Vdsd>D

Els
Vdsd ®s4(2)*] E[Visg® (Visg)* (4.12)

Ei(z,x) OiE4(x, x)
0 Eq(x,x) azag d(m,x) '

where the last equality comes from Cor. 2.13. We chose d > di, so that evg is surjective
(see Lem. 2.4), i.e. det (ev‘i (evg)*) > 0. Hence, the distribution of sg4(z) is non-degenerate.

Then (see [2, prop. 1.2]), the distribution of Vs, given that s4(z) = 0 is a centered Gaussian
inR(E® Ed)z ® T M with variance operator:

ama;jEd(x, z) — 0pEq(z, x) (Bq(z,2)) " angd(x, x). (4.13)
Lemma 4.7. For every x € M, we have:

sala) = 0] = (Qﬂ)%% (1+0(dY),

<d::1>g E[}deH (Vis4)|

where the error term is independent of x.

Proof. Let x € M, and let Lq(z) be a centered Gaussian vector in R(€ @ Ed)z ® T M with
variance operator:

Ag(z) = (6 ol VEa(z,x) — 0. Eq(x, ) (Ba(z,2))" agEd(x,x)) . (4.14)

dnJrl

By (4.13) and the above discussion, the distribution of Vs, given that s4(z) = 0 equals
that of ( )E Lg(z). Then,

dn+1

E [[det* (Visa)|

dot ((dZZI);Ldm) H (dzl)g E[|det (La(x))]]

(4.15)

Recall that the distribution of V¢s; given that s4(x) = 0 does not depend on the choice

of V¢ (Rem. 4.5). Hence Ay(x) does not depend on the choice of V¢. For the following

computation, we choose V¢ to be trivial over Br, (0, R) in the real normal trivialization

about x. Then we can use the diagonal estimates of Cor. 3.8 for the Bergman kernel and

its derivatives. We have: A4(z) = Idpggra), @ Idrsm —l—O(d_l), where the error does not
depend on z. Hence,

sd(x) = 0] E[

det (Ag(x)) =1+ O(d‘l) : (4.16)

Besides, there exists some K > 0 such that HAd( — Id|| Kd~! for all d large enough.
Then, by the mean value inequality, for all L € R(S @ LY, @TM

1 K K
exp <5 ((Aa(x)™ —1d) L,L>) - 1‘ < P esp (2—d ||L|2> .
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Let LY(z) ~ N(Id) in R(€ ® L), ® T M and let dL denote the normalized Lebesgue
measure on R(E ® L), @ T M. Then we have:

(2m)F [det (Aa(2))* E[Jdet* (La(x))|] — B [|det* (L3() ]|

< /\detL (L)| e 211 Jexp (—% {(Ag(x)~" —1d) L,L>) — 1‘dL

K 1 1 K 2
< — —(1-= )
< 2d/|det (L)|exp< 5 <1 d) Ll )dL

The integral on the last line converges to some finite limit as d — +oo. Thus, by (4.16),
E(|det™ (La())|] = det (Aa(x)) "% (E[|det™ (LY(@))|] + O(d"))
= E[|det™ (Lg(2))|] +0(d7),

uniformly in € M. Lemma 4.7 follows from (4.15), (4.17) and the following equality, that
was proved in [16, lem. A.14]:

(4.17)

E[|dett (Ly() :(2w)%w. (4.18)
H ( d )H VOl(S") .

4.3.2 Far off-diagonal asymptotics for the correlated terms

We can now focus on computing terms in the expression of Dy that depend on both x and y.
For all (z,y) € M*\ A, evl  (sq) = (sa(x), sa(y)) is a centered Gaussian vector with variance
operator:
evgyy(ev‘iﬁy)* =E [ev‘iﬁy(sd) ® evgyy(sd)*]

_ (E[Sd(z) ®sq(x)*] Elsq(z) ® Sd(y)*])

Elsa(y) @ sa(x)*]  E[sa(y) @ sa(y)"]
_ (Ed((E,(E) Ed(‘ray))

Eq(y,=) Ealy.y))’
where we decomposed this operator according to the direct sum R(E ® Ed)z ® R(E ® Ed)y.
Since we assumed d > da, ’detL (evﬁ,y)’ > 0 (see Prop. 4.2) and the distribution of
(sa(x), sa(y)) is non-degenerate.

We denote by jgyy DS (s(x), s(y), Vis, VZS) the evaluation of the 1-jet at (z,y). Then
jiy is a linear map from RH®(X, & ® L£?) to

(4.19)

RE€® L) eRE L) & R(ELY), @T;M) & (R(E ® L), ® T;M) . (4.20)

and jg’y(sd) is a centered Gaussian vector, with variance operator j;l,y (]gy)* We can split
this variance operator according to the direct sum (4.20). Then by Cor. 2.13, we have:

jty (2,)" = E[i (s @ (32, (s0) "]
E[sa(x) ® sa(2)*]  Elsa(r) ® sa(y)*] E[sa(r) ® (Visa)*] E[sa(z)® (Vysa)*]
_ | Elsa(y) @ sa(x)*]  E[sa(y) @ sa(y)*] Elsa(y) ® (Visa)*] El[saly) @ (Visa)*]
T | E[Visa®@sa(x)*] E[Visq®sa(y)] E|Visqa® (Visa)*| E|Visq® (std)*}
E|Visq®sq(x)*| E|Visq®say)*| E|Visq® (Visa)| E|Visq®@ (Visa)*
Ed(SC,SC) Ed(zay) 85Ed($,$) %E‘d(x,y)
_ | Baly,2)  Ealy,y) 9 Ealy,x)  95Ea(y,y)
amEd(wax) azEd(xay) azagEd(wax) 8185Ed(:6,y)
OuEa(y,x) 0:Ea(y,y) 0.0iEa(y,x) 0.0;Ea(y,y)
(4.21)
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Since the distribution of (sq(z), sa(y)) is non-degenerate, the distribution of (Vis, V{s)
given that ev, ,(sq) = 0 is a centered Gaussian with variance operator:

)) _
)
) (EGD RGN @500 REY)

(3I85Ed(z, x) 8z85Ed(z, Yy
0:0;Ea(y, )  0.05Ea(y,y
(&EEd(:E,z) Oz Ea(z,y
0:Ea(y, ) 0uEa(y,y

Definition 4.8. For every (z,y) € M?\ A and every d large enough, we define A4(z,y) to
be the operator such that dn:lAd(ac,y) equals (4.22). That is, A4(z,y) is the conditional

™

1
variance of (F57)* (Vis, VZS) given that ev, ,(sq) = 0.

Let ¢’ > 0 be the constant appearing in the exponential in Thm. 3.9. We denote

1 /n
b= = (5 + 1) (4.23)
and
Ind
Ag = {(w,y) € M? | pg(z,y) < bnﬁ} : (4.24)

where, as before, p, is the geodesic distance in (M, g).
Lemma 4.9. For every (z,y) € M?\ A4, we have:

[det™ (ev? )| = [det* (evt)| [det* (evf)| (1+0(a571)).
where the error term is uniform in (x,y) € M?\ Ay

Proof. For all (z,y) € M?\ Aq, we have py(z,y) > bn%. Then, by Thm. 3.9,

| Ea(z,y)|| < Cod™exp (—C'b, Ind) < Cod? .

Then, by (4.19) we have:

Besides, by (3.8),

<Ed((g)c’x) Ed((g)/,y)>1 = (z)n (Id+0(d™")) = O(d™"), (4.25)

so that

Eq(z,z) Eq(z,y)\ _ (FEalz,x) 0 sy
(Ezll(yvx) EZ(y,y)) B ( ’ 0 Ed(y,y)) (Id +O(d )) (4.26)

We conclude the proof by taking the square root of the determinant of this last equality
(recall (4.11)). O
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Lemma 4.10. For every (z,y) € M?\ A4, we have:

E“detl‘ (Vgsd)| ‘detJ‘ (Vgsd)‘ ’eviﬁy(sd) = 0} =
E[’detl‘ (Vgsd)’ ‘sd(ac) = 0} E[‘detJ‘ (Vst)‘ ‘sd(y) = 0} (1+ O(d*%*l)) ,

where the error term is uniform in (x,y) € M?\ Aq
This lemma is a consequence of the following technical result.

Lemma 4.11. For every (z,y) € M?\ Ay, we have:

Aa(z,y) = (Adéx) A;Ey)) (d+0(d~%71)),

uniformly in (z,y) € M?\ Aqg.
Proof of Lemma 4.10. Let (La(z), Lq(y)) and (L) (z), L) (y)) be centered Gaussian vectors
in
d * d *

R(E® L), @ TyM) @ (R(E@ LY, @ Ty M)
such that: the variance of (L/,(z), L, (y)) is Aq(z, y) (recall Def. 4.8), and Ly(z) and Ly(y) are
independent with variances Ag4(z) and Ag4(y) respectively (see (4.14)). Then, the distribution
of (La(x),La(y)) is a centered Gaussian with variance (Ado(m) Ado(y)). From the definitions
of Ag(z), Ag(y) and Ag(x,y), we have:

E[ydetL (vgsd)”sd(x) 0| = (dzl) E[|det" (La(z))|] .
E[’detJ‘ (std)‘ saly) = <d”+1) IE ’deti— (La( ))]

n+1\"
dﬁn ) E[|det™ (Lj(x))||det™ (Ly(y))]] -

E Udetl (Vﬁsd)HdetL (Vst)’ ‘eviy(sd) = 0} = (

Since Lg(x) and Ly4(y) are independent, we only need to prove that:

Hdeti— L/ Hdeti— L’( ))H Hdeti— (Lg(x Hdetl‘ (Laly ))H (1+O(d*%fl)).
(4.27)
By Lemma, 4.11,
= Ag(z) 0 e
det (Ag(z,y)) = det (( 0 Ad(y)) (Id+0(d ))) .
= det (Aq(z)) det (Aq(z)) (1 + O(dfgfl))

(Adéx) Adoy)> =1d+0(d™") (4.29)
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uniformly in (x,y), and

Mt = (M9, 0) =otE.

Thus there exists K > 0 such that, for all d large enough,

Ag(z,y)~ — (Adtgz> Ad(zy)) B

Then, for every L = (L1, L2) € (R(E ® Ld)z Q@T:M)® (R(E ® Ld)y ® Ty*M), we have:

1 -1 Aa(z) 0 \7* K||L||2 KHLH2
exp <§<<Ad(z,y) —( 4 Ad(y)) L,L)|-1 YEES exp oaEiT |-

Let dL denote the normalized Lebesgue measure on this vector space. We have:

N

(27_[_)’!““

det (Ag(z,v)) Hdetl (L ( x))’ ‘detJ‘ (Lfi(y))H
[

</‘d ¢ (L0)] [det™ (L) exp (=5 (M), JdetL (Late)] fdet™ (Latw)]
< [ det* (Ly)] |det (L eXp( 2<( o o L,L>)X
o (3 (st - (49 8) ) .5)) o

< 373 +1/|detL )| [det™ (L2)] [|Z]* x

1 Aa(z) 0 ! K
exp (—§<(( 5wt ~5prld) L.L))dL
Let us prove the last equality. By eq. (4.29), for every d large enough (uniform in (z,y)),

Aa) 0 \ ' K
{1+ ——)1d
|< 0 Ad(y)) t o
so that:

1 . -1 K
J e ol aect el 24 esw (5 (((“47 0) "~ gggeria) o2) )
1
< [ ldet® ()] et (o) 127 exp (- 1217 ) a2

And the last integral is finite since |det (L1)| |det" (L2)| |IL||? is the norm of a polynomial
in L.

Eq. (4.16) and (4.28) show that det(Ag(x,y)) = 14 O(d™'). Then, by the previous
computations and eq. (4.28), we have:

— det (Ag(2))? det (Aq(y))? E

=0(@d %),

1
§§,

E[|det" (Ly(x))| |det™ (Lj(y))]]
et (Aqg( et (A 3 L y .
( ¢ d:t Addzt;))d( ))) E[|det* (La(x))| |det* (La(y))[] + O(d~ 31
= E[Jdet" (La(x))| |det™ (La(y))[] (1 +O(@%71)) +0(a 27).
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Equations (4.17) and (4.18) prove that
E[|det" (La(x))| |det" (La(y))[] = E[|det™ (La(x))[] E[|det™ (La(y))]]

converges to some positive constant. This proves (4.27) and establishes Lemma 4.10. O

Proof of Lemma 4.11. First, recall that Ag(x,y), Aq(x) and Ag(y) do not depend on the
choice of V¢ (see Rem. 4.5). In this proof, we use the Chern connection which is both real
and metric. Let (z,y) € M?\ Ay, then p,(z,y) > bn%. By Thm. 3.9, we have:

102 Eq(z, y)|| < C1d" 2 exp (—C'by Ind) < C1d% 2.

Similarly, |0, Eq(y, x)|, ||85Ed(:c,y)|| and ||85Ed(y,z)|| are smaller than C;d"z . Then

(0 i) = (5 o) ol) e
EBy(x,x) OBz, ‘Eq(z,x not
(B0 ) (0 b)) o

and, by eq. (4.26),
Ey(z,z) Eq(z,y) ! _ (Eq4(x,x) 0 - iy
<Ed(y,w) Ed(y,y)) a < y)) (l4+0(@™=75). (432)
Using eq. (3.9), (3.10) and (4.25), we get:

<8ZEd(x,x) azEd(x,y)> <Ed(x,x) Ed(x,y)>1 <8§Ed($,x) agEd(:E,y))
azEd(yax) azEd(yay) Ed(yax) Ed(yay) a:gEd(y’x) a;gEd(yay)

N (@Edé:v,x) c’?mEdO(y,y)) (Ed(g,x) Ed((z)/,y)>1 <6§Ed(§:v,:v) 85Ed0(y,y))

+0(d27")  (4.33)

Using Thm. 3.9 once more, we know that H@I%Ed(x, y) H and H@I%Ed(y, x)H are smaller
than Cyd?. Then we have:

0,0 Eq(z,7) 0,08 FEq(z y)) (8 O Eq(z, x) 0 ) n
Y ’ Y ’ =" ’ +0(d?). 4.34
(P o 0 adEy) TOUT B
n+1

We substract eq. (4.33) to eq. (4.34) and divide by ¢
and Ag(y) (see Def. 4.8 and eq. (4.14)),

Ag(z,y) = (Adéx) Aiy)) +o(d 31 = (Adéx) Adtzy)) (Id+0(d~371)),

where we used the fact that Ag(z) = Id4+O(d™1) = Aq(y) to obtain the last equality. O

. By definition of A4(z,y), Agq(x)

Proposition 4.12. Let ¢1, ¢z € C°(M), then we have the following as d — +oo:
| 0i@onl)Pulasy) [4Varl* = 1] o2l O
M2\Aq

where the error term is independent of (¢1, ¢2).
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Proof. We combine Lemmas 4.9 and 4.10, which gives:

E [|detL (Visa)||det™ (Visq)] }GViy(Sd) = 0]
‘detl (evgyy)‘ -

E [[det (Vis)|

sa(y) = 0)

sa(w) = O] E[|det* (Visa)|
et (evd)| [det (evd)|

(1+0(a*)

for all (z,y) € M?\ A,4. Besides, by Lemmas 4.6 and 4.7,

E DdetJ‘ (Vgsd)} sq(x) = 0}

|det+ (evd)]

o) - E [[det* (Visa)|

sa(y) = 0)
[det (evd)]

Recalling the definition of Dy (eq. (4.9)), we obtain that:
V(z,y) € M*\ Ay,  Dylz,y) =O0(d""371),

uniformly in (z,y) ¢ Ag. Then, for any continuous ¢; and ¢» € C°(M), we have:

< 61l 12l Vol (M) < sup |Dd|>

M2\Ay

}/ ¢1(2)¢2(y)Dalz, y) [AVas|?
M2\Ag4

= (|61l ll92]l O(d"% ),

and the error term does not depend on (¢1, ¢2). O

4.3.3 Properties of the limit distribution

Before we tackle the computation of the dominant term in (4.10), that is the integral over Ay,
we introduce the random variables that will turn out to be the scaling limits of (Vgsd, V‘;sd)

given that eviy (sq4) = 0. We also establish some of their properties.

Notation 4.13. Let z € M and z € T, M, we denote by z* ® 2 € T)M ® T, M the linear
map:
@z TyM — TXM.
n o n(z)z"

Let (6%1, cel %) be an orthonormal basis of T, M and let (dzx1,...,dx,) denote its dual
basis. If z = > Zia%,_- then z*®z =Y z;z;dz; ® 6%]_, i.e. the matrix of 2*®z in (dz1, ..., dx,)

is (Zizj)lgi,jgn'

Definition 4.14. For all € M and z € T, M \ {0}, we define
Ay(z) €End (R (E® L), @ Ty M @ R?)

by:

_ 2
L

12 *
£ ——2"®z e zlzll IdT*]\/I_Zi@'
1—e— =l z

1—e—lIzI?
e—liz1?

—3=1? __2®z e =P
€z ldre v — =25 ldre v =5 2

Idrsp —

Ag(2) = . ® IdR(S@Ld)m .

We need information about A,(2), especially concerning the vanishing of its eigenvalues.
This will be useful in the estimates involving A, (z) below.
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Lemma 4.15. For allx € M and z € T, M \ {0}, the eigenvalues of A, (z) are:
o 1—e 2l gnd 1+ e’%”ZHQ, each with multiplicity (n — 1)r,

1 — eI 4|22 e 3117 1— el _ |22 e= 3121

1+ o 3l=IP 1— o3l

, each with multiplicity r.

Proof. Let x € M and z € Br,p(0,by, Ind) \ {0}. By definition of A, (z), its eigenvalues are
the same as that of

— =12 1412 *
Idrsy ——F—=z=2"® 2 e 22 (Tdps py — 282
s T—e—l=l s T—e—l=l (4.35)
e— 31207 (1dge ny — —2Q2 Tdp gy — " o, ’ '
Ty M — 1 =i=12 Ty M~ 1 =12

with multiplicities multiplied by 7. Hence, it is enough to compute the eigenvalues of the
operator (4.35).

Let us choose an orthonormal basis ( C—ci ) of T,,M such that z = ||z|| 6%1, and

Oy’ Oz
let us denote by (da1,...,dz,) the dual basis. Then, z* ® z = ||z dz; ® 6%1' Let (e1,e2)
denote the canonical basis of R?, then the matrix of the operator (4.35) in the orthonormal
basis (e1 ® dx1,e2 ® dxy,...,e1 @ dTy, ..., 2 @ dry) is:

1= H1ZH26:\|HZ\|!2‘ 1 (1 — 71 HZJHZ H?) 0
182 l1z112 llz]2e= =12
=31zl (17 _ 7”2“2) 1 Ll 0 |
1 YT
’ " ‘ (e;”Z”z 1 @ In—1

(4.36)
where I,_1 stands for the identity matrix of size n — 1.
The bottom-right block has eigenvalues 1—ezl2lI” and 1+e~2 ”Z”2, each with multiplicity
n — 1. To conclude the proof of Lemma 4.15, we only need to observe that, for all ¢ > 0, the
eigenvalues of

R =)
—t
et (1 - 1—teft) 1 - 1t—ee*t
are:
te? t 1—et—te 3t
1- 2t (1 =
176*’5—’—6 ( let) 1 — e~ 3t
and
te~? (g t 1—et4te 2t
— —e — = .
1—e-t 1 —et 1+ e3¢
Note that the latter one is the largest. o

Definition 4.16. We define the function f : (0,+00) — R by:

1—e 3t

1—et—te 3t

Vit > 0, f) =

33



Corollary 4.17. Let x € M and z € T, M \ {0}, then we have:

det (Ax(2)) =
(1 _ e*”ZHQ)T(n*Q) (1 e e*%l\znz)r (1 el g efénzHZ)’” > 0.
(4.37)
Moreover,

where |-|| denote the operator norm on End (R* @ R (€ ® Ed)z @TrM).

Proof. First, the formula for det (A,(z)) is a direct consequence of Lem. 4.15, and we only
need to check that the eigenvalues of A, (z) are positive. Clearly, 1 + e~2! > (0 when ¢ > 0.
Then, for all positive ¢, we have:

=t 4 — it —1¢ —1¢
L-c tle Lo’ n (e%t—efétft)zie ’ — | 2sinh E —t],
1 —e 2t 1—e 2t 1 —e 2t 2
and 2sinh (£) > ¢. Besides,
1—et+te 2t -3t ¢
¢ tte? €% (ognn(L)++t) >0
1+e 2t 1+ e 2t 2

Recall that [|A;(2)|| is the larger eigenvalue of Az (2), and [|Az(2) ™[] is the inverse of the
smallest eigenvalue of A, (z). For all ¢ > 0 we have

bole+
A
[N}

O0<1l-—e %<1+e

Besides,

1—e_t—1ie_%t N 1—e‘t+1ie_%t ot <o
1—e 3t 1+ e~ 3t 1—et
and we just proved that both these terms are positive. Hence, each of them is smaller than 2.
Thus, all the eigenvalues of A, (z) are smaller than 2 and ||A,(2)] < 2.
For all t > 0,

1—et—te 3t : t
T cl-et e 1ottt <l -2 T et = 1= <e 3,
1—e 2t 2
and this is always true by convexity of the exponential. Thus, the smallest eigenvalue of
1 —e = g2 e 2=l 1 _ )
Ay(2) is me = 5=, which proves our last claim. o
1—e2 FAlzI1)

Remark 4.18. To better understand the estimate (4.38), note that f is a decreasing function
on (0,400). Moreover,

Ft) —— 1, and £(t) ~ 1—3

when ¢ goes to 0.

Definition 4.19. For every © € M, and z € T, M \ {0}, let (L,(0),L,(z)) be a centered
Gaussian vector in RZ@R (£ ® Ed)z ® T M with variance operator Az (z).

34



Recall that we defined the random vector (X (t),Y(t)) for all ¢ > 0 in the introduction
(see Def. 1.4). Then (X (t),Y(t)) and (L,(0), L.(z)) are related as follows.

Lemma 4.20. Let x € M and z € T, M \ {0}, then there exists an orthonormal basis of
T, M such that, for every orthonormal basis of R (5 ®£d)m, the couple of r X n matrices

associated with (Lg(0), Ly(2)) in these bases is distributed as (X (||z]?),Y (||z]%)).

Proof. As in the proof of Lem. 4.15, let us choose an orthonormal basis (6%1, ce %) of
T, M such that z = ||z]| 6%1. Let (dx1,...,dz,) denote its dual basis. Let ((1,...,(-) be any
orthonormal basis of R (€ ® L',d)m, and let (e, e2) denote the canonical basis of R2.

Then z* @ z = ||z||> day @ 6%1 and the matrix of the operator (4.35) in the orthonormal
basis (e1 ® dx1,...,e1 ® dty, €0 ® dx1,. .., 69 ® dx,) is:

Jz]f2e =12 —1 22 l=l*
L e 0 e 2 F {1 - =5 0
0 I 0 e al="r,
YR BE Lole ! |
o= bzl (1*m) 0 1= 0
0 e~z 0 In—1
(4.39)

where I,,_1 stands for the identity matrix of size n — 1. Since A, (z) equals this operator
tensored by Idg(gg ) , the matrix of A, (2) in the orthonormal basis:

(€1®dl‘1®<1,...,€1®d$n®cl,€2®dl'1®<1,...,€2®d$n®cl,
€1®d$1®C2,-.-,€2®d$n®<2,...€1®d$1®<T,-.-,€2®d1'n®<7~)

is exactly the variance matrix of (X (||z]|°), Y (||z||*)) (cf. Def. 1.4).
Let us denote by M,(0) and M,(z) the matrices of L,(0) and L,(d) in the bases

( o ..., 52 ) and (¢1,...,¢). Then (Mz(0), M;(z)) is a centered Gaussian vector in

Oz’ Dy
M,.,(R)2. Moreover, we have just seen that the variance matrix of this random vector is the
same as that of (X(||z]|*),Y(]|z]|*)). This concludes the proof. O

Corollary 4.21. Let x € M and z € T, M \ {0}, then we have:
E[|det™ (L4(0))] |det (L. (2))|] = EHdetL (X(Hz||2))‘ ‘detL (Y(||z|\2)) H .
Proof. With the same notations as in the proof of Lemma 4.20 above, we have:
E[|det™ (M,(0))] |det (M, (2))|] = EHdetL (X(Hz||2))‘ ‘detL (Y(||z|\2)) H ,
since (M,(0), M,(2)) and (X(||z]|*), Y (]|z]|*)) have the same distribution. Besides,

|det™ (Ly(0))| = |det™ (M (0))] and |det" (Ly(2))] = |det™ (M,(0))] . -

Let us now establish some facts about the distribution of (X (¢),Y (¢)) for ¢ > 0.

Lemma 4.22. For allt > 0, we have:

E[|det™ (X (¢))| |det™ (Y(£))]] < n'.
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Proof. First, by the Cauchy—Schwarz inequality, we have:

1
2

E[|det™ (X (£))| |det™ (Y(£))|] <E [\detl (X(t))ﬂ ‘E [\detl (Y(t))ﬂ

Then, the definition of (X (¢),Y (t)) (Def. 1.4) shows that both X (¢) and Y (¢) are centered
Gaussian vectors in M,.,(R) with variance matrix:

1 — et 0
T I. 4.40
( 0 In_l) “ (4.40)

in the canonical bases of R™ and R”. Here I,- and I,,_; stand for the identity matrices of size
r and n — 1 respectively. Hence,

E [|det™ (X ()] |det* (v (1))]] < E[|detL (X(t))ﬂ = E[det (X (1) X ()] .
We denote by X1(t),..., X, (t) the rows of X (¢). Then
XX )" = (X)), X;(0)) i jr

where we see X;(t) as an element of R™ and (-,-) is the usual inner product on R™. Hence,
det (X ()X (¢)*) is the Gram determinant of the family (Xi(¢),...,X,(¢)), which is known
to be the square of the r-dimensional volume of the parallelepiped spanned by these vectors.

In particular,
2 2
det (X)X (®)") < [ X2 [ X ()]
By (4.40), the X;(t) are independent identically distributed centered Gaussian vectors with

variance matrix:
11— 0
1—e—t ,
)
so that:

det (X(0)X (1)) <E[IX@0)F - 1%-@0F] <E[Ix01°] = (n -1 ﬁ) <’ O

Lemma 4.23. We have the following estimate as t — +o0:
Vol (S"—7)\”
€L 1 _ L e e 1
E[|det™ (X (¢))] |det™ (Y (2))|] = (27) ( Vol (&) ) +O(te ) .

Proof. Let (X (c0),Y (o)) be a standard Gaussian vector in M,,(R)? ~ R?"" ie. X (c0)
and Y (co) are independent standard Gaussian vectors in M., (R). Then,

E[|det™ (X (c0))] |det" (Y (00))|] = E[|det™ (X (c0))|] E
—EHdetL X (o0)) H
G

1

o (e

[|detl‘ oo))H

where we used (4.18) to get the last equality.
Then the proof is basically the same as that of Lemma 4.7. From Definition 1.4, we see
that the variance operator A(t) of (X(¢),Y (¢)) equals Id +O(te*é) as t — +o0. Hence:

det (A(t)) =1+ o(te—%) and At =1d +o(te—%) .
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Let C' > 0 be such that [|A(t)™! —1d|| < Cte~3. We denote by L = (L, L) a generic
element of M,.,(R)? and by dL the normalized Lebesgue measure on this space. Then,

(27T)rn

det (A(t))? E[|det™ (X (¢))| |det™ (Y(£))|] — E[|det" (X (c0))| |det™ (Y(oo))m
exp (—% ((A(t)"" —1d) L,L>) -1
< gte—% / |det™ (Lq)| |det™ (La)] || L||* exp (—% (1 — gte—%) |L||2) drL

2
= O(te_%) .

< / |det™ (L1)] |det™ (Ls)| e~ 3IEI* g,

Thus

E [[det™ (X ()| |det™ (Y ())]]
= det (A(1)"* (E[|det* (X (00)| [det* (Y (c0))|] + O(te™#))

= (27)" (7\@5?;;)) ) . Ofte4). O

Definition 4.24. Let D, , : (0,4+00) — R be the function defined by:

Vi€ (0,4+00),  Dn.(t) = Efjdet” ()((1(?)@’—’?;: ol (@n)’ (%) '

Lemma 4.25. We have:

Foo n—2
/ 1D ()] 2 dt < +o0c.
0

Proof. We first check the integrability of |D, ()] t"7 at t = 0. By Lemma 4.22, about
t = 0 we have:

iz ao E[det! (X(0))] |dett (V(1)[]  ae . . (VOI(S" )\
| Dn,r ()] ¢ St (1— e—t)% +t(2m) ( Vol (S7) )
S ad (1 —TZ—t)% + O(tn;z) - O(t%g#)

And this is integrable at ¢ = 0 since n —r > 1.
Then, by Lemma 4.23, we have: |D,, (t)] th e = O(t% e_%) when ¢ goes to infinity. This
proves the integrability at infinity. O

4.3.4 Near-diagonal asymptotics for the correlated terms

The next step of the proof is to compute the contribution of the integral (4.10) on A,4. Let
R > 0 be such that 2R is smaller than the injectivity radius of A, as in Section 3. Let d3 € N
be such that Vd > ds, bn% < R. In the sequel we consider d > max(dp, d1, da, d3).

Since we chose d large enough that bn% < R we can compute everything in the expo-
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nential chart about x. Let ¢1, @2 € CO(M), we have:

R $1(2)d2(y)Palz, y) [dVar|”

=/ (/ ¢1(x)p2(y)Da(z,y) |dVM|> |V |
xeM yEBM (z,bn%)

= /EM (/EB ( _) ¢1($)¢2(6sz( ))Dd T expx 1/ dz> |dVM|

(4.41)

Q.

n

where 1/k is the density of (exp,)* |dVas| with respect to the normalized Lebesgue measure
on T, M (see Sect. 3.2). Let z € M, for all z € By, s (0, b, Ind) we define

Dy(z,z) = Dy (m exp, (%)) , (4.42)

where Dy is defined by (4.9). Then, by a change of variable in (4.41),

. ¢1(2)d2(y)Da(z, y) |dVar|> =

4% /IEM </zegw<o,bn L G <expz (%)) Da(z, 2) <n <%>) : dz) AV

(4.43)

and we need to compute the asymptotic of Dg(x,2) as d goes to infinity. We start by
computing |det™ (ev? )| when (z,y) € Aq.

Proposition 4.26. Let o € (0, 57 +1) let x € M and z € Br,p(0,b,1Ind). We denote

Y = eXp, (ﬁ) Then we have:

(3) " det (ot 0,)) = (1= ) (v 0@)),

where the error term does not depend on (x, z).
We will deduce Proposition 4.26 from the following two lemmas.

Lemma 4.27. Let 8 € (0,1) and d > ds, then for every x € M and z € By, p(0,by, Ind),
we have: )
T\ d d —lzlz\" ~1
(E) det (evy, (evg,)) = (1 — e lI=ll ) +O(dﬁ ),
where y stands for exp,, (\/3) Moreover the error term depends on 8 but not on (z,z).

Lemma 4.28. There exists C > 0 such that, for all B € [0,1), there exists dg € N such
that: Vd > dg, Yz € M, Vz € B, (0,d°71) \ {0},

2nr « 2\ —T ~
()" et (ot (0x2,)) (1= 1) o) < G,

where y stands for exp,, (ﬁ)
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Let us assume Lemmas 4.27 and 4.28 for now, and prove Prop. 4.26.

Proof of Proposition 4.26. First, note that if (4.44) holds for z € By, (0, b, Ind) \ {0}, then
the same estimate holds for z € Br, 3/(0, b, Ind) since both sides of the equality vanish when

z = 0. In the sequel we assume that z # 0.
Let a € (0, T{H)’ let d > ds and let x € M. Then for any z € T, M such that ||z|| > d~°,
we have:

(1= 1) "< (1 —exp (—a72)) (4.45)
Since 1 —e~ ' =¢(1— L+ O(t?)) as t — 0, there exists Co such that for all ¢ € (0,1),

(1—e™) 7 =] < Gott (4.46)

Hence, by (4.45), for any d > ds, for any « € M and any z € T,, M such that ||z|| > d~¢, we
have:

(1 _ e*”ZHZ)i < (d2ro¢ + 6'Od(27“72)0¢) < d2ro¢ (1 + 50) ) (447)
Let 8=1—(2r+1)a and f/ =1 — «, then 8 and 8’ € (0,1). By Lemma 4.27, there
exists Kg > 0 such that: for all d > ds, Vo € M, Vz € By, m(0,b,1nd),
2nr
(%) det (evg,

Yy z,Y

(evt,)) - (1- euzwﬂ < RodP~1 = Rpd-2re,

where y = exp, (ﬁ) Then, by (4.47), we have: ¥d > ds, Yz € M, ¥z € Br, vr(0, by Ind)

such that ||z]| > d~* = d?' 1,

TN 2nr sl —r ~ -
(E) det (ev‘iﬁy (evgyy)) (1 — eIzl ) — 1‘ < Kpd (1 + C’o) ,
Besides, let d > dg and x € M, then for all z € By, (0,d™%) \ {0} we have:

‘(5)2" det (eve, (et ) (1= 1) =1

by Lemma 4.28. Finally, for all d > max(dg/,ds), Vo € M, Vz € By, am (0,6, Ind) \ {0}, we
have:

<Cd,

()" et () (1) < (C2Rs (14.60))

Proof of Lemma 4.27. Let d > d3, let * € M and let z € Br,(0,b,1nd). We denote
Y = exp, (ﬁ) Since % < R, let us write eq. (4.19) in the real normal trivialization of

£ ® L% about x (see Sect. 3.1). We have:

n e [ E00) B0
(g) ev’i,y (eViy) :(g) By (ﬁ,O) Eq (ﬁa d)

Then, by the near-diagonal estimates of Cor. 3.7, we have:

(W)n Ea(0,0)  Ea(0, ;)

33
S

S

V\Ea(70) ()
_1
s, e A (s (_d_l) "deac 0 ((ln d)2n+8> :
6_%HZ|\2 (H (L)) 2 Id(g®l:d) (H (Ld) Id($®£d)x d



where the error term does not depend on (z, z). Recall that  satisfies (3.6). Hence for all

z € B(0,b, Ind),
(7)o (M)

uniformly in 2 and z. Let 8 € (0,1), then we have:

n . 1 el .
() et (e2) <e—;|z|2 61 >®Id<6®ad>x +0 (a77), (4.48)

and the constant in the term O(d’~!) does not depend on (z,z). Since the dominant term
on the right-hand side of (4.48) has bounded coefficients, we get the result by taking the
determinant of (4.48). O

Proof of Lemma 4.28. Let d > max(dy,ds) and let € M. Recall that Dé“z w) denotes the
k-th differential at (z,w) of a map from T, X x T, X to End ((€ ® L7) ).
The Chern connection reads D + p¢ in the real normal trivialization about x, where

pd is a 1-form on Br, x(0,2R). By definition of the real normal trivialization, u2(0) = 0.
Besides u2(z) is a smooth function of (z, z) and grows at most linearly in d. By compactness

of M, there exist A and B > 0 such that ‘ug (ﬁ)H < A+ BVd for all z € M and all

z € Br,x(0,R). Hence, there exists K7 > 0 independent of  such that, for any smooth
section S of R (£ @ L) KR (£ ® Ed)* over B, p(0, R) x By, (0, R), we have:

e (5 (G <0 s (0 () o (30)

where ||-||o: was defined in Section 3.4. Since we use the exponential chart, we can argue
similarly for the Levi-Civita connection. This gives a similar result for the higher derivatives
of S. For all k € N, there exists K; > 0 independent of x such that, for any smooth section
S of R (5 ® Ed) X R (5 ® Ed)* over Br, (0, R) X Br, (0, R), we have:

[Pt (5 (G ) <10 (o0 () o (G3)

Since d > dy, by eq. (4.49) and Thm. 3.9 we have: Vz,w € Br, (0, R),

[P (2 (G 7)< e (o () o (G2)

Let € M and z € By, (0,0, 1nd) \ {0}. We denote y = exp, (ﬁ) Let us write

eq. (4.19), in the real normal trivialization of £ ® £ about z, as in the proof of Lem. 4.27.
We have:

)

cl

(4.49)

Ck

< CyKod™ .

CQ

E.(0,0) By (0, L)

evd (evi ) =
,y( 7y) Ed(idao) Ed(idaid)
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Then, by elementary operations on rows and columns,

T det (ev‘iﬁy (evgyy)*) = —

E4(0,0) Bl (Ed (0, ﬁ) — E4q(0, 0))

2]

By Taylor’s formula, for all z € By, (0,5, Ind) \ {0} we have:

z z
Eq(0,—==) —E40,0)—DwnFEq- [0, == ]| <
H < ﬁ) 2(0,0) = Do Ei ( \/E>H

e L RCICHCARICH) |

Then, by (4.50), we have:

z
= — E4(0,0) — D0 Eq - (0, —) H < ||z]| CoKam™. (4.53)
@ H ( ) oo Vi
Similarly, for all z € Br,(0,b,1nd) \ {0} we have:

™" 1 z 5
a) T |[Fe\yg?) ~ B0 0 = Dooka- {7 K 4.54
(d) 2|l Ed(\/a,O) 4(0,0) (0,0)F2a (\/E’ )H l|z]| Co Kom™ (4.54)

A second order Taylor’s formula gives:
z oz z z
Ey(—=, —=) — Ea(==,0) — Eq4(0, )+Ed0,0)—D2 Ed(o,—,—,O))H
(B2 (\f 2+ Ei0.0)) - D (0. 2). (-

HZH (wséué)z D}y ) Ea <expz <7> XDy (7))“)

and since d > dp, by Thm. 3.9 and eq. (4.49) we have:
7T)” 1 ( < z oz > ( z )
2V 5 Ba( == == ) — B —=.0) - Eu
(d [l Vd Vd vd

<
(1)

Finally, by Equations (4.53), (4.54) and (4.55),

0, %) +Ed(0,0)> -
(\/iao))H < |2l CsKsn™.  (4.55)

E4(0,0) T (Ed (0, Ld) - Ed(0,0))
(7) 2 (ma(50) - E00) | ) -5 (50)
‘ ’ —Eq <0, %) + E4(0,0)
I 120 (07) OllzI)
<d) (WD(OO)Ed'(id’O) o Plooy Ba 0’%) ﬁo)) "



where the error term is uniform in x and d.
On the other hand, for every x € M and every z € T, M \ {0}, the diagonal estimates of
Sect. 3.3 give (see (3.16)):

m™\" 1 z z " z z
D) gprbos((073) (770)) = Fweoons ((07) ()
(d) R vd) \Vd dr+1 00 =11/ \ =l

= Idg(egray, +O(d™),

where the error term is independent of x and z. Similarly,

m\" 1 z m\" 1 z

- —D E- e = [ — —D E; - - — —1

(3) TpPoot: (0’ \/E) (3) J7Pwok (0’ ||z||) o),

m\" 1 z m\" 1 z

=) —DwnFa-|—-=,0)=(5) —=DpnFs-|-—,0)=0(@d"*

(Z) TpPooks (wz‘v (3) 7zPook: <|4r°> o),
and

e n
(3) Ea(0,0) = Tdp(eg ey, +O(d1).

Thus
n E4(0,0) L Doy Eq- (0, 2
I) dits T+ 0.0 Fd = Vs 775
1 z 1 2 z z
WD@O)ECI'(%’O) ||z||‘2D<o,o>Ed<(Ovﬁ) i

where the error term is uniform in (z, z). By (4.56) and (4.57), there exist Ci and Cy > 0
such that we have: Vd > max(do,ds), Vo € M, Vz € Br,0(0,b,1nd) \ {0},

=Id+0(d™"), (4.57)
)

E4(0,0) Bl (Ed (0, id) - Ed(O,O))
(3) (e (3.0) - Ea0,0)) b (73%) ~ (f’o) -1d
a [E _E, (0,%> + E4(0,0)
<Ol + G (458)

Let 8 € [0,1), then for all d > max(dy,ds3), for all z € M and all z € By, (0,d°71), we
have: C~'1 lz]] + C~'2d’1 < dP-1 (51 + 6'2) Let dg € N be such that (dg)ﬁ’1 (51 + 52) < %

Since the determinant is a smooth function, there exists C'3 > 0 such that, for every operator
A, if ||A]] < 3, then |det (Id+A) — 1| < C3 ||A||. Hence, by eq. (4.51) and (4.58), we have:
for all d > dg , for all z € M, for all z € By, p (0,d°71) \ {0}

< (51 + 52) Csdf1. (4.59)

1 T\ 2rn d d *
—HZHQT (3) det (evm,y (eVLy) ) —1

Recall that Cj was defined in the proof of Prop. 4.26 (see eq. (4.46)) and that, for all
x € M, for all z € By, p(0,1) \ {0}, we have:

< Colzl*.

e
(1 — e*HZHZ)T
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Then we have: Vd > dg, Vo € M, Vz € By, (0,d°71) \ {0},

(5)" e (ot vt ) (1)

(ﬁ)%r#det (evd (evd )*)w—l
/2| S (el

[ L gm\2m d\F) =1
(1 _ ez [E ) ||ZH2T (d) det ( Va,y (GV 7y) ) 1| + (1 — e_llz”z)r 1
(1 + C d*8- 2) (6’1 + 6’2) 6’3dﬁ71 + 50d2ﬁ72
<df? ((61 + 62) 63 (1 + 50) + 50) = dﬁfla,
where we define C' > 0 by the equality on the last line. O

We now want to compute the limit of the conditional distribution of df[—il (Vgsd, Vst)
given that sq(z) = 0 = sq(y) for (x,y) € Ag. Tt is enough to compute the limit of Agq(z,y)
as d — +o0o. Recall that Ay is defined by Def. 4.8. Since we work near the diagonal, we can
write everything in the real normal trivialization centered at z (see Sect. 3.1).

Lemma 4.29. Let x € M and let V? be a real metric connection which is trivial over
Br, 1 (0, R) in the real normal trivialization about x. Let 8 € (0,1), then, in the real normal
trivialization about x, we have: ¥z € Br, 3(0,b, Ind),

[ 0.04E.0,0) 0 aﬁEd( ,f)
a1\ 0,008 (5.0) .05 (5. 5))
Idr: s ez =l (Idgspr —2* ® 2) 51
< —3ll=? (IdT*IV[ —2*®2) T 11 ® Idgegra), +0(d”1),

where the error term does not depend on (x, z).

Proof. Let x € M and let us choose an orthonormal basis (6%1’ s Be ) of T,M. We

denote the corresponding coordinates on T, M X T, M by (z1,...,2n,w1,...,w,) and by

0., and 0, the associated partial derivatives. Let (dzi,...,dz,) denote the dual basis of
(6%1, N ) By definition of V? and 9,0} Eq (see eq. (2.19)), for all z,w € By, m(0, R),

the matrix of 8,05 Eq(z, w) in the orthonormal basis (dx, ..., dxy) is:

(azia’UJj Ed(Z, w

))Km‘gn :

Note that this is a matrix with values in End (R (5 ® Ed)z). Recall that we defined the
function &4 by (3.12). Then, by Cor. 3.7, for all z,w € By, (0, b, Ind), we have:

w

azlanEd<\/— \/—) <%>nazﬁw]§d<\/— \/—) ldg(ega, +O((Ind)*"*®).

43



Then, eq. (3.15) shows that:

oGy ) o) () ()

Vd(zj —w;)0z,k (Ld) Vil(zi —wi)du, s (%)
2 (%) 2 (%)

— dexp (—% |z — w|2) (035 — (2 —wi) (25 — wy)) + O((Ind)*)

=

dbij — d(zi — wi)(z5 — wy) —

+

where we used the fact that, uniformly in z € Bz, (0, b, Ind), we have:
z (Ind)? )
kl—=]|=1+0
(Za) o™

andVie {1,...,n}, 0.k <%> = o<%> .

Hence, for all z,w € By, (0, b, Ind), we have:

ik zZ W
Fron (s )

1 In d)2n+8
exp (=5l = wl?) (= (5 = w)les = w) Wagescoy, +0( 20— ).

d

where the error term is independent of z, z and w. Furthermore, for any 8 € (0, 1), the term
o(%) can be replaced by O (d°~1). Finally, for all z,w € Br, (0, b, In d), we have:

dnH@ aﬁEd(z w) =

1 * -
exp (5 ||Z . ’LU||2> (IdT;M 7(2 _ ’LU) X (z — ’LU)) [ IdR(E@ﬁd)m +0 (dB 1) )

which yields the result. O

A similar proof, using Cor. 3.7 and the expressions (3.13) and (3.14) for the partial
derivatives of &; yields the following.

Lemma 4.30. Let x € M and let V' be a real metric connection which is trivial over
Br,1(0, R) in the real normal trivialization about x. Let 8 € (0,1), then, in the real normal
trivialization about x, we have: ¥z € By, p(0,b, Ind),

n [ 9.Eq 0,00 8.4 (0, , .
7TJrl 4(0,0) d( \f) — o 3llzl? < 0* ZO) ®Id]R(E®L'i)I Jro(dﬁfl)
a3 \ 0,E, (7 o) 0, Ey (T,T

i 6§Ed(0 0) 6'1Ed (
i\ obE, (ﬁo) Q8 Ey (f =

where z* € TyM is to be understood as the constant map t — 2* from R to T;M and
z € Ty;M is to be understood as the evaluation on z from TxM to R. Moreover, the error
terms do not depend on (x, z).

i

2 —Zz -
) _ -l <Z 0)®IdR(5®Ld)m Lo,
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We would like to get a similar asymptotic for the last term in the conditional variance
operator (4.22), namely:

E4(0,0) (0,7) -
F(70) Fa(Gm))

Unfortunately, this term is singular on A, and this kills all hope to get a uniform estimate on
Br, 0(0,b, Ind)\{0}. Instead, we obtain a uniform estimate on By, p(0, by, In d)\ Bz, a1 (0, p)
for some p > 0. We need to carefully check how this estimate depends on p.

Lemma 4.31. Let 8 € (0,1) and p € (0,1). Let x € M and z € Br,3(0,b,Ind) such that
lz]] = p. Then, in the real normal trivialization about z, we have:

-1

(4 ( o £ (0. 73)
™) \Ba(320) Ba(G v

1 1 —e~ 2” HZ dﬂfl
1— el (e%nznz 1 © ldr(eocs, (Id +0(71 - e_épz)) :

Here, the notation O(%) means a quantity such that there exists C > 0 and € > 0,
—e 2

independent of x,z,d and p, such that whenever : dﬁ:llpz < g, the norm of this quantity is
2

—e

B—1
smaller than C—%— =
l1—e” 27

Proof. By eq. (4.19) and (4.48), we have:

(@ E;EZ(;OE)) EEdd((ﬁ;d)) <e—%1nzu2 6_%1”2”2>®IdR<8®m>m+0(dﬁ1),

where the error term is independent of (x, z). Besides,

1 ekl -
etz ) @ldreecy, | =
(4.60)

1 1 —e~ 3207
1—ellal? (e—%w ) ® ldg(epca),

1 el
edlr ) @ldreaey,

are 1 — e~ 2l1I” and 1 + e*%”ZHZ, which shows that:

AP - _ 1
H I 1 ® R(ERLT), X 176—%H2H27

where [|-|| is the operator norm on End (RZ® R (€ ® Ed) ). Then, if ||z]| = p, we have:

and the eigenvalues of

1 < 1
1— e_%”'z”2 = 1— 67%p2 '
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e_%”'z”2 d 1 dﬂfl
ezl 1 @ ldgegea), | 1d+0 o)) (4.61)

Taking the inverse of eq. (4.61), we get:

-1

<§>n Ea0,0)  Ei(0.5) | _
La(320) (G a)

™
—1
1 e‘%”zn2 ds-1
((e_;w ) @ ldrescy, (Id+0<1_e%p2)>’

where we used the mean value inequality and the fact that the differential of A — A~1 is

bounded from above on the closed ball of center Id and radius % Finally, eq. (4.60) gives

the result. O

Recall that A, (z) is defined for z € M and z € T, M \ {0} by Def. 4.14. Recall also that
Ag (z,y) is defined by Def. 4.8.

Lemma 4.32. Let 8 € (0,1) and p € (0,1). Let x € M and z € Br,3(0,b, Ind) such that
lz]] = p. We denote y = exp, ﬁ . Let V¢ be any real metric connection. Then, in the
real normal trivialization about x, we have:

Aa () =Az<z)+0((1fi_;z)2)’

where the constant in the error term does not depend on (x, z), d or p.

Proof. We know that A4(z,y) does not depend on the choice of V¥ (see Rem.4.5). Hence,
we can compute A4 (x,y) with V¢ trivial over Br, (0, R) in the real normal trivialization
of £ ® L about z.

Let 8 € (0,1) and p € (0,1), we apply Lemmas 4.30 and 4.31 for g Then, in the real
normal trivialization about x, we have:

" <3mEd(:c,:c) 8IEd(:c,y)> <Ed(:c,:c) Ed(x,y)>1 (82Ed(z,z) agEd(z,y))
dn+1 azEd(wa) azEd(yay) Ed(yax) Ed(y’y) a;gEd(yv'r) a;gEd(y y)

2 -1
0 =z 8_4 1 e~ 3l
= ((z* 0) ®IdR(5®£d)m +O(d2 )) <<€§|Z|2 1 ®IdR($®Cd)m X
8
dz—! 0 —=z B_4
(Id +O<167_%’12>> ((Z 0 ) ®Id]R(g®£d)m +O(d2 ) . (4.62)

Since, p < |z| < by, Ind, the norm of

1 el -
edier | ®ldrescy,
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-1 -1
is smaller than (1 — e’%nznz) < (1 — e’%pz) , and the norms of the other matrices

appearing in (4.62) are O(Ind). Hence, the expression (4.62) equals:

eI " e bl _ g1
e 0 =z 1 e 2 0 z d
P (—z* 0 > <_e—;|z|2 1 (z 0 ) @ IdR<5®£d>m+O<(1 _ e§p2)2‘>

e llzII? 2 Q e~ 3l2l? @ 4 Id 0 d?=1
Tl P et g e ) O ORERE, O T e )
(4.63)
where the error term is independent of (z,z). Finally, eq. (4.63) and Lemma 4.29 yield the
result. O

Lemma 4.33. Let 8 € (0,1) and p € (0,1). Let x € M and z € By, 3(0,b,Ind) such that
lz]] = p. We denote y = exp, (ﬁ) Let V¥ be any real metric connection. Then,

() el (9o (72 [t =] =
E [[det™ (X(1217%) | [aet™ (Y(1=17))[] + O(£(2) 5 H4aP1) |

where the constant in the error term does not depend on (x,z), d or p.

Proof. Let x € M and z € Br,p(0,b,Ind) \ {0}, let y = exp, (ﬁ) then we have:

() et (9s0) et (V)] [evt (50) = 0]

:E[detL ((d:“) Vgsd> det* <<d:+1) VZSd)

= E[|det" (Lj(2))| [det™ (Liy))]] .

where (L/,(x), L,(y)) is a centered Gaussian vector in
R(E@LY), @T;MaR(E L) @T M

with variance operator Ag(z,y). We can consider (L)(z),L!(y)) as a random vector in
R2®R (5 & L‘,d)m ®Tx M, via the real normal trivialization about . From now on, we work
in this trivialization. Let p € (0,1) and 8 € (0, 1), we assume that p < ||z|| < by, Ind. Then,
by Lemma 4.32, we have:

Aa(2.) =Az(z>+0((1d:7_;2)2)-

Moreover, by Cor. 4.17 and Rem. 4.18, ||A(z) 7| < f (Hz||2) < f(p?). Hence, we have:

51
Aa(2,) = Au(2) <Id +0 (f(pQ)diu» — A(2) (1A+O(f (o)),

(- 37)

where we used the fact that El;ﬂ < f(p?) (see the proof of Cor. 4.17). Then, we get:

l1—e

det (Ag (7,y)) = det (Ax(2)) (1+ O(f(p*)*d°~1)) (4.64)
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and
M ()™ = Au(2) " (1+O(F(PPdPY)) = Aule) ™+ O(f () 7).
Thus there exists K > 0 and € > 0 such that, whenever f(p?)*d’~! <,
[Aa(z,y) ™" = Aal2) | < K F(p?)'d71

By the mean value inequality, for every L = (L1, L2) € R?QT; M ®R (€ ® Kd)m we have:

op (‘% ((Aalw,y)™ = M) ™) L,L>) B
< G LI Sy o (G DI 12 ).

whenever f(p?)*d®~! < e. Let dL denote the normalized Lebesgue measure on this vector

space, and recall that we defined (L, (0), L,(z)) above (Def. 4.19). Then, we have:

(27)™" |det (Aa(w,y))* E[|det™ (L,(2)) | [det™ (L,(v))]]

— det (A, (2))? E [|det™ (L4(0))] |dett (Lo (2))]] ‘
g/]deﬁ (L1)| |det™ (L2)| exp (% <Am(z)1L,L>> X

exp (—% ((Aa(z,y)™ " = Au(2)™h) L,L>) — 1‘ drL

<A@ [ et (L) fdert (L) L)
exp (—% <(Az(z)_1 — gf(/ﬂ)‘ldﬂ‘l Id) L,L>) dr,

whenever f(p?)*d?~! < e. Since ||A.(d)] < 2 by Cor. 4.17, the smallest eigenvalue of
A, (2)71 is larger than % Thus, if f(p?)*d?~! < QK, for every L we have:

(8o = S0 e 1) Lon) = P,

Hence, the last integral above is bounded by:
1
/]detL (Ly)| |det™ (L2)] [|L]|* exp (—g |L|2) dL < +oo0.
Then, we have:

det (Ag(z,y)) % E[|det™ (Lj(x HdetL (Lyw)|] =
det (Ax(2))2 HdetJ‘ L (0))] ’detl‘ (La(2))|] +O(f(p2)4dﬁ71) )

and by (4.64), we obtain:

B[|det™ (Ly(w))] |det™ (La(y))]] =
E[|det” (La(0))] [det* (La()]] (1+0(4(*)°d* ™))
o+ det (Au (2 ))’%O(f( ) (L4 0(f (%) d™ ).
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Since, for all t > 0 we have (see Lem. 4.15):

< <) d L
_ _ an _ ,
14+e 3t 1—e3t l—et+te3t

r(n+1)

by Cor. 4.17 we have: det (A(2)) "% < f(p?)™ 2. Besides, by Cor. 4.21, we have:
E [|det* (Lo (0))] [det™ (La(2))|] = E [[det™ (X(121)| [det (Y (1217)]]
and by Lemma 4.22 this quantity is bounded from above by n". Finally, we have:
E[|det* (Li(@))| [det* (Li(y))]] =E[[det* (X (=17 | [acet* (v (1=17) |
+ o(f(p2)4+@dﬁ—1) : 0

The following corollary is not necessary to the proof of Thm. 1.6 but is worth mentioning.

Corollary 4.34. Let § € (0,1). Let x € M and z € By, (0,b,1nd) \ {0}. We denote

Y = exp, (%) Let V¥ be any real metric connection. Then, we have:

(e ) e () () e 50 = 0] =
ot () e (70} 0t

where the error term depends on z but not on x.
Proof. Let us fix, 8, z and z, then we set p = ||z|| and we apply Lemma 4.33. O

Before we can conclude the proof of Thm. 1.6, we need one last lemma.

Lemma 4.35. Let x € M and z € By, (0,0, Ind) \ {0}. We denote y = exp,, (id) Let

B € (0,1) and let V? be any real metric connection. Then, we have:

n T |
(#) E[Jdet (Visa)|ldet* (V)| [ev?, (s) = 0] <« Bl 0@

where the error term is independent of (x, z).

Vd
of Lem. 4.33, let (L,(z), L} (y)) be a centered Gaussian vector in R2 @ R (£ @ Ed)m QTrM
whose variance operator is A4(x,y), read in the real normal trivialization about z. In the
sequel, we work in this trivialization. We have:

Proof. Let © € M, let z € By, 3(0,b,Ind) \ {0} and let y = exp,, (i) As in the proof

(d::il) E[‘detJ‘ (Vgsd)HdetJ‘ (std)’ ‘eviy(sd) = 0} =

E[|det™ (L (2))| |det" (Ly(y))|] -
The proof follows the same lines as that of Lem. 4.22, the main difference being that

the variance operator is not explicit. An additional difficulty comes from the fact that the
estimate for A4(x,y) given by Lemma 4.32 is not uniform in z € By, (0, by, Ind)\ {0}, hence
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it is useless here. Fortunately, we only need to bound its trace, which is bounded from above
by that of the unconditional variance operator:

o [ 0.00E4(0,0) aaﬁEd( ﬁ)
T\ 0,00F (2,0) .00 (5 2)

and Lemma 4.29 allows us to bound the latter.
By the Cauchy-Schwarz inequality,

)

E[|det™ (Ly(x))] |det* (L,())]] <1Eﬂdetl (L;l(:c))fr]EUdetl (L;l(y))fr. (4.65)

Let Ag1(z,y) and Ag2(z,y) denote the variance operators of L/(x) and L/,(y) respectively,

so that: Aus(oy)
_ d,1 T,y *
Aa(z,y) = < % Ad,2($,y)) . (4.66)

Let us choose orthonormal bases of T, M and R (£ ® Ed)m. We denote by (L}(x)ij)1<i<r
1<j<n
the coefficients of the matrix of Lj(z) in these bases, and by (Ly(2)i), ¢, its rows. As in

the proof of Lem. 4.22, we have:

[det (Liy(2)|” = det (Lj(x) (Li(x))") = det ((Ly(); , Ly(w);))

(4.67)
2 2
< IZa@nll® -+ 1 Eat)e ).
Then, we have:
ks n 9
E[IZa@nl* - 1@ 7] = BT [ D (Lata))
=t (4.68)

— Z E

1<t mgrsn

l:[ (Liz(w)i<ji>)2] :

Let ji,...,jr € {1,...,7}, we denote X; = L};(x);(j,)- Then, by Wick’s formula (see [32,
lem. 11.6.1]), we have:

E\TT (Ea@)i)” | =B|[](x: 1 > HE{ EIRIEY } ’
i=1 i=1 ({a:,b:}) i=1
where we sum over all the partitions into pairs ({a;,b;}),¢;¢, of {1,...,2r}. Hence, by

Cauchy-Schwarz inequality again, we get:

Em(%( i) ] ({;})HE{(XLW)TE{(XU’%J)T

1

> e[|

({ai bi}) k=1

> ﬁE {(XI)Q}

({ai,b:}) I=1

2T7" HE[ L/ }

\

50



Thus, we have:

4 2 r)! . / 2
ORI o |G CEEy

11, ndr<n - Li=1 11, mjr<ni=1
(QT)! - - / 2
<oy [T | B[ Zat))’]
i=1 \sj=1 (4.69)

N
M
3 |Z
=
| — |
—
h
=
)
3
Y
—_

(2r)! -
< S Tr (Aa1 (2, )",

where Tr stands for the trace operator. Finally, by (4.67), (4.68) and (4.69), we have:

(27’)
2y

E[\deH (L;(x))ﬂ < T (A, y)

and similarly,

E [[det (Li(y)|"] < (
Thus, by (4.65), we get:

.' Tr (Ag2(x,y))" .

E[|det (Ly(a))] |det* (Ly(y))|] < E

ooy 1 (Aaa(z, Y))? Tr (Aga(,))®
2r)!

T (M)

Let 8 € (0,1), by eq. (4.70), we only need to prove that Tr (Ag(z,y)) < 2n+O(d°~!) to
complete the proof. By eq. (4.19),

(4.70)

—~

<

(Ed(ac, z) FEg(x, y))
Ea(y,z) Ea(y,y)

is a variance operator. Hence it is a positive symmetric operator and so is its inverse. Besides,
by (4.21), we know that:

0L Eq(z,x) G%Ed Y)\ _ (OuEa(z,x) O:E4(z,y) *
aﬁEd(y, z) 05Ea(y,y) 0:Ea(y,x) 0:Ea(y,y))
Then, the diagonal coefficients of:
(3xEd(50750) 3xEd($7y)) (Ed(xvx) Ed(xvy)) (aﬁEd( ,x) O Ea(x, y))
OzEa(y, ) 0:Ea(y,y)) \Ealy,x) Ealy,y) 0 Ealy, x) aﬁEd(y Y)

are non-negative, and so is its trace. Finally, by the definition of Ag4(z,y) (Def. 4.8), we have:

L (&cagEd(:c,:c) azagEd(z,y))_

Tr(ha@,9) < Z77 T\ 0,08 Ba(y,2) 0,08 Ealy. y) (4.71)

Note that what we have done so far works for any choice of connection since Ay(z,y)
is independent of this choice. However, the right-hand side of eq. (4.71) depends on the
choice V?. We use a real metric connection that is trivial on Br, (0, R) in the real normal
trivialization about . Then, by Lemma 4.29, we have:

Tr (Ag(z,y)) < 2n+O(d° ). O
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4.3.5 Conclusion of the proof
We can now prove Theorem 1.6.

Lemma 4.36. Let o > 0, let ¢ € CO(M) and let x € M, then we have:

/ o (o0 (Z5)) <ﬁ> (:Ds602) — D17 ) 0

= ¢l Odr=me),

where the error term does not depend on x or ¢.

Proof. We have:

Joe? (- (7))~ ()

1 1
<ol | e ) | (3 1Dt )1+ | Do (1))
BTIJVI(O7d7a)

Br, m (07bTL %)

=

(:Dat2) = Dusllal®) a:

Since k(z) =1+ O (Hz||2) uniformly in z (see (3.6)), we have:
1 Ind)?
sup |n|é1+0<%>,
Br,m (07bn %)

and this term is bounded. Thus, we only need to consider the integrals of == [Dg(z, z)| and
’Dnr(|\z||2)‘ By Lemma 4.22, we have:

/B(o,da)

pnfl dp

Dusll]az < vor(g7-1) [ Bl ();(”_ Wd)“ ()]

+(@2n) (%) Vol (Br, a1 (0,d))

d—32« n-2
n" t 2
<— Vol (S~ 1 / —  _dt+0(d"™).
2 o ) t=0 (1—e7t)? ( )
(4.72)

Then, since there exists C' > 0 such that 1,24 < C for all t € (0,1], we get:

n—2

d7‘2a t - d*Z(’L o
/ L dt<cC PR Al = O(d“‘")o‘) : (4.73)
t=0 (1—e7t)2 t=0

Dn,r(HZHQ)‘dZ = O(d(T*")a) Let us denote y = exp, (— By the

Hence, / 2 )
B(0,d—<) Vd

definition of Dgy(x, 2) (cf. (4.42)), we have:

! | E[[det* (Vsa)||det* (Visa)||evd,(sa) = 0]
= |Da(, 2)| < =
dr dr |dett (evd )|

iEUdetJ‘ (Visa)||salz) = O} E“detl‘ (ijsd)| saly) = 0]

dr |dett (evd)] ‘detl (evfj) |
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Then, let 8 € (0,1) and ' € (0, 2—1“) by Prop. 4.26 and Lem. 4.35 we have:

E[|det™ (V¥s,)||det™ (V4 ’eg —0| e 61 ,
1 [| (Vésa)ll (Visa)| |evi,y(sa) } rinl +0(d ] ) (1+O(d*ﬁ))
dr |dett (evd )| (1— e l=1%)

z,Yy
1 5
<C(——
S (1_e—|z|2) ’

for some large C'. By a polar change of coordinates similar to (4.72) and (4.73), we show that
the integral of this term over Br, s (0,d™%) is a O(d(“")o‘). Finally, by Lem. 4.6 and 4.7
we have:

1 E [|detl‘ (Visa)| |salz) = O} E UdetJ‘ (Vst)| saly) = O} o
dr |dett (evd)] |det+ (evd)| = 0.
Hence the integral of this term over By, ps (0,d™%) is a O(d— ™). O
Recall that we defined nor (see Ntn. 1.5). Let us denot a0
n = n. 1.5). n = .
ecall that we defined g S 2+ D) see et us denote g = ——

Lemma 4.37. Let a € (0,a1), let ¢ € C°(M) and x € M, then we have:

G C) E CANCEXE DT

= [[¢ll.. O(d=m) .

where the error term does not depend on x or ¢.
Proof. As in the proof of Lemma 4.36, since k3% is bounded on Br, v (0, bn%) uniformly
in x € M, we only need to prove that:

1 2
—TDd(ZL', z) — Dn,r(HZ” )

: — oar=ee')

for some o > 0. Then, since Vol (Br,r(0,b,1Ind)) = O((Ind)™) = O (da/)7 we get the
result by integrating over By, as(0, b, Ind) \ Br, p(0,d™%).

_1

e 1
51 and we can choose a positive 3 € (na, TH)

Since « € (0,a1), we have 0 < na <
Let 8’ € (0,1) be such that:

1—-2a8+r(n+1)—B<pf <1-2a8+r(n+1))—na<l1. (4.74)

We already know that —8 < —na, so we only need to check that 0 < 1 —«(1642rn+2r+n)
to ensure the existence of such a 3’. This goes as follows:

1704(16+2Tn+27’+n)>1—20¢1(8+7’n+n+7’):%>0.

By Lemma 4.33, for every x € M and z € By, (0, b, Ind) such that ||z]] > d~* we have:

<—d:+1) E[\detl (Visq)||det™ (Vsq)| ‘ev;{y(sd) - 0} -

EHdetl (X(HZHQ))] \detl (Y(Hz||2)) H + O(f(d‘%‘)@*“dﬁ/‘l) . (4.75)
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where, as usual, y stands for exp, (ﬁ) Recall that we have: f(t) ~ 1—22 ast — 0
(cf. Rem. 4.18). Then, we get:

f(d—Qoz)T("Z—+1)+4 — O(an(8+T(n+1))) )

Weset o/ =1—-2a(8 +r(n+ 1)) —p"—na, so that the error term in (4.75) is a O(d*"a*‘ll) .
By (4.74), we have o/ > 0.

By Prop. 4.26, applied for 8, and eq. (4.75) we have:
L E [ldet (Vidsg)||det* (Visa)| |eve, (sa) = 0]
dr |detJ- (evg’y)|

E [[det* (X(121%)) | |aet* (v(1=1%))
(1- e—nzwﬁ

[—

+ ofdmae)

(1+0(d?)), (4.76)

for all x € M and z € T, M such that d=* < ||z|| < b, Ind. Since
(1 - e*d’”‘)_E = 0(d"®),

and the numerator of (4.76) is bounded (cf. Lemma 4.22), the right-hand side of equa-
tion (4.76) equals:

E [[det* (X(1217) | [aet* (v (1))
(1—ell=%)%

+ O(d(T*n)Otfa’) i O(drafﬁ) )
Moreover, na + o =1 —2a(8+r(n+1)) — 5/ < B (see eq. (4.74)), so that we have:

| E[[det* (Visa)|[det* (Visa)| v, (sa) = 0]
dr |det+ (evd )|

E [[det* (X (12))] [det (v(11%)) ]
(1—els1%)%

+ O(d(rfn)afo/) )
On the other hand, by Lemmas 4.6 and 4.7, we have:

| E[[det* (Visa)| | sa(z) = 0] E[|aet* (Visa)| |saly) = 0]
dr |dett (evd)] ’detL (evZ)’

(2m)" (%) +0(d™).

Once again, eq. (4.74) shows that na 4+ o/ < 8 < 1. A fortiori (n — r)a + o/ < 1. Thus, for
all z € M and z € T, M such that d=“ < ||z|| < by, Ind, we have:

1
de(x,z) _Dn,T(||ZH2)

— O(d(r—n)a—a') ,
where o’ > 0 and the error term is independent of (z, z). O
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Proposition 4.38. Let a € (0, ), let ¢1 and g2 € CO(M), we have the following asymptotic
as d — 4o00:

IR CACHETERC)

-/ ( / 61(2) 2 (expz (—)) Dn,r<|z||2>dz> V|
zEM 2€BT1, M (0,by, Ind) d

+l¢1ll 1621l O(d™7)

=

dZ) |dV]u|

where the error term does not depend on (¢1, ¢2).

Proof. Let a € (0,), we set o = -2~ € (0,1). Let ¢1,¢2 € C°(M) and let = € M, we
apply Lemmas 4.36 and 4.37 for o/ and ¢3. Then, we have:

1 z z 2
A" o Bay (060 1n d) P1(@)2 (expm (ﬁ)) Da(z, 2)s (ﬁ) az

1
z 2 AR
= o1(x)p (expx (—)) D, - (|l2]]7)x <—> dz
/ZGBTI]\/[(O,bnlnd) 1( ) 2 \/E (H H ) \/E
+161()] 9]l O ("), (4.77)
and the error term can be rewritten as O(d~%).

Since k(2)2 = 1+0 (Hz||2) (cf. (3.6)), there exists C' > 0 independent of = such that for
all z € BTm]M(O; R),

/ o B (o502 (Z5)) Do a1 (n (ﬁ) - 1) :

(b, Ind)?
< I1(@)] 1920 O Do (11217 a2
2€B(0,b, Ind)

(bn Ind)? L
Vol (s*1) / | Dy (8)| 77 dL.

t=0

H(z)% — 1‘ <C ||z||2 Then, we get:

(b, Ind)?

C
<1910 g2l 5

Since | Dy, (t)] t"2" is integrable on (0, +00) (Lem. 4.25) and « < 1, we have:

2 o (2N
L o @0 (o2 (7)) D175 (50
/ o1 (2) 2 (expx (7)) Dur (21 dz + [62(2)] ], O(d), (4.78)
2€Br, m(0,by, Ind) d

where the error term in independent of . By (4.77) and (4.78), we have:

1 z z 3
E 2€Br, M (0,bn Ind) ¢1(x)¢2 (expz (ﬁ)) Dd(z,Z)H (ﬁ) ==

/Z e o G100 <expz (ﬁ» Do (I2]2) d= + |1 )] |2l O(d=2)

uniformly in z € M. Integrating this relation over M yields the result. O
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Now, let o € (0,ap), let ¢1 and ¢ € C°(M), then by eq. (4.10), Prop. 4.12, eq. (4.43)
and Prop. 4.38 we have:

Var(|dVal) (¢1, ¢2) =

dr—% z 9
= n,r d d
(27T>T /ﬂcEM </Z€BTIIM(O,bn Ind) ¢1(x)¢2 (epr (\/E)) b 1 (”ZH ) Z) | VM|

+ 1l l92lloc O(d=577) , (4.79)

where the error term is independent of (¢1, ¢2). Then, we have:

/zeBWw,bn ) ("51(@@ (expz (ﬁ)) - ¢1(9U)¢2(:E)) Dy (|12 dz

by, Ind / 2
< o @ | —F—= ‘D,” z ‘dz,
ok mes (275°) [ [Pt

where wy, is the continuity modulus of ¢ (see Def. 1.2). Besides, by a polar change of
coordinates, we have:

) 1 (by, In d)? I
/ Do) dz = 5 Vol (&) [ IDw 01 b (ws0)
2€B(0,b, Ind) 2

t=0

and this quantity is bounded, by Lemma 4.25. Then,

2 N
/ZGBTI]\/I(O,bn In d) P (expz (\/E)> D (l1217) d2
¢1($)¢2($)/ Dn,r(||z||2) dZ+ ||¢1||Oow¢2 (

ZEBTI M (O,bn In d)

b, Ind

7 >0(1), (4.81)

where the error term is independent of (¢1, ¢2).

Let g € (0, %), then there exists Cz > 0 such that for all d € N*, b, 1\’}51 ng_ﬂ. Since
wg, is a non-decreasing function, we have we, (bn%) < @y, (Csd="). By (4.79), (4.80)
and (4.81), we obtain:

Var(|dVal) (¢1, ¢2) =

Vol Sn 1 1 Ind)? -
A2 — (/ D162 |dVM|) 5/ D, ()t = dt
t=0

+ ||¢1Hoo 162110 O(d"™57%) + [I61]l o0 g (Cad™") O(d"™%) . (4.82)

By Lemma 4.23, we have: |D, .(t)| = O(te’%). Then there exists some C' > 0 such
that, for all ¢ large enough,

| Dy, (t)] t" 7 < Ce 1,
Then, for d large enough we have:
too n—2 +oo t 1
/ D)tz dt| < C e”1dt <4Cexp (——bi(ln d)2) =0(d™").
t=(bn Ind)? t=(bn Ind)? 4

(4.83)
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By equations (4.82) and (4.83), we get:
n Vol Sn_l 1 oo n—
Var(aval) (o0, 60) = =% ( [ ngnlavint) EZL (3 [ oo o)
M (2m) 2 Jo
16110 020l O(d"%7%) + [[f1 ]l e (Cod™?) O(d"%) . (4.84)
Finally, recall that we defined I, by eq. (1.6) and D,, , by Def. 4.24. Hence, we have:

1

too n—2
Tpr = —/ D ()] £ dt,
) 2 0 )

and this quantity is finite by Lemma 4.25. This concludes the proof of Theorem 1.6.

5 Proofs of the corollaries

5.1 Proof of Corollary 1.9

Corollary 1.9 is a direct consequence of Thm. 1.6 and the Markov inequality. Let ¢ € C°(M),
then, by (1.7) we have:

Var((|dVy| ,¢)) =O(d"~2),
where the error term depends on ¢. Now, let a > § — 7 and € > 0. We have:

P(|(aval ,0) ~El{laval ,9)]| > a°¢) = P (4= |{|aVal ,¢) ~ E[(|aVal , &)]| > <)

N

1
5 Var(d~ (ldVal )

/N

6—12d’20‘ Var((|dVq| , ¢)) .

5.2 Proof of Corollary 1.10

We obtain Cor. 1.10 as a consequence of Cor. 1.9. Let U C M be an open subset. We
denote by ¢y € C°(M) the function such that ¢y (z) is the geodesic distance from x to the
complement of U in (M, g). Then we have:

U={zeM|¢y(z) >0},

and ¢y is non-negative. Hence, Z; N U = @ if and only if (|dVy| ,¢y) = 0. Let € > 0 such

that: . v I(S )
O n—r
€<y </M ou 'dVM|) Vol (87

Then, by Thm. 1.1, for d large enough we have:

. 1 Vol (S7)
d IE[<|d‘/d| 5¢U>] — € 2 9 (/]\/[ ¢U |dV]\/1|) Vol (Sn) > 0.

Thus, for d large enough, we have:

P({JdVal , éu) = 0)

<P ({|dVal , ) < E[(|dVa] ,¢v)] - d5e)
<P (|(1aval , 6u) — EL(aVal , 6v)]| > d¥e)

P(ZdﬂUZQ))

And by Cor. 1.9, this is a O(d_%).
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5.3 Proof of Corollary 1.11

In this section we assume that n > 3. We consider a random sequence (s4)qen of sections
of increasing degree, distributed according to the probability measure dv = &) o dva on
[Lien RHO(X,E ® L), Strictly speaking, |dVs,| is not defined for small d. However, dv-
almost surely, |dV;,| is well-defined for all d > d;, so the statement of Cor. 1.11 makes
sense.

Our proof follows the lines of the proof of Shiffman and Zelditch [25, sect. 3.3] in the
complex case. First, we prove that for every fixed ¢ € CO(M) we have:

. Vol (S"7)
<|dvsd| a¢> dotoo. Vol (S") ( ]M(b|dV1\/[|>. (51)

|

d-

Then we use a separability argument to get the result. In the complex algebraic setting
of [25], the scaled volume of s;'(0) C X is a deterministic constant, independent of d. In
our real algebraic setting this is not the case.

Let ¢ € C°(M), then we have:

> (a5 ((avi,] . 6) — El(laval ,¢>]))2

deN

E = d7" Var({|dVa| , ¢)) < +00,

deN

since d=" Var((|dVy| , ¢)) = O(d~%) by Cor. 1.7. Hence, dv-almost surely, we have:

S (a5 (Vi) o) — Eaval o)) < +oc,

deN

and
(7% 1aVaul  6) = dFE[1dVAl L0)]) ———> 0.

d——+o0

Then, by Thm. 1.1, (|dVs,| , ¢) satisfies (5.1) dv-almost surely.

Let (¢x)zey be a dense sequence in the separable space (C°(M),||]|,). Without loss of
generality, we can assume that ¢y = 1, the unit constant function on M. Then, dr-almost
surely, we have:

_r Vol (S*~7)
VkEN,  d7E{|aVs,|én) —— VOE(SH) ( o |dVM|). (5.2)

Let s = (84)gen € [gen RHO(X,€ @ L?) be a fixed sequence such that (5.2) holds. For
every ¢ € C°(M) and k € N we have:

r Vol (S™~"
s avi) o) - oites ([ slava)|

< ’di% <|d‘/5d| 7¢> —d 2 <|d‘/sd| a¢k>’

Vol (S"~7)
Vol (5] MsbkldVMI*/ ¢ |dV|

_r Vol (S*~7)
+ 'd 2 (|dVs,| s k) — Vol (87 </ Pk |dVM|>‘

v Vol (S™—T
<o oull (a7 Gavi,] 1)+ T vor (o))

_r Vol (S™~7)
|t tave, o - S ([ ontava ).

o8




Recall that ¢g = 1. Then, by (5.2), the sequence (d~% (|dVj,| ,1))4en converges. Hence
it is bounded by some positive constant K. Let ¢ € CO(M) and let ¢ > 0. Let k € N be

such that: )
Vol (S*~7) B
— <e|Ks+ ———=Vol(M .

16 onll < e (Kot Sl Vol ()

Then, for every d large enough we have:

” 1 Sn T
'di (1dVs,| o) — V\Ofl s </ b |dVM|>'

_: Vol (S™~")
‘ (|[dVsyl s 8) — Vol (§7) ( M¢|dVM|>‘ < 2

and

Thus, ¢ satisfies (5.1).
Finally, whenever (5.2) is satisfied we have: for every ¢ € C°(M), ¢ satisfies (5.1). Since
the condition (5.2) is satisfied dv-almost surely, this proves Cor. 1.11.
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