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Towards the Albertson-Collins Conjecture

Kahina MESLEM ! Eric SOPENA 2
October 7, 2018

Abstract

A distinguishing r-labeling of a digraph G is a mapping A from the set of vertices of G to the
set of labels {1,...,7} such that no nontrivial automorphism of G preserves all the labels. The
distinguishing number D(G) of G is then the smallest r for which G admits a distinguishing
r-labeling. From a result of Gluck (David Gluck, Trivial set-stabilizers in finite permutation
groups, Can. J. Math. 35(1) (1983), 59-67), it follows that D(T") = 2 for every cyclic tourna-
ment 7" of (odd) order 2¢g+1 > 3. Let V(T) = {0, ..., 2q} for every such tournament. Albertson
and Collins conjectured in 1999 that the canonical 2-labeling \*, given by A*(¢) = 1 if and only
if ¢ < g, is distinguishing.

We prove that whenever one of the sub-tournaments of T induced by the set of vertices
{0,...,q} or {g+1,...,2q} is rigid, T satisfies the Albertson-Collins Conjecture. Using this
property, we prove that several classes of cyclic tournaments satisfy the Albertson-Collins Con-
jecture. Moreover, we also prove that every Paley tournament satisfies the Albertson-Collins
Conjecture.

Keywords: Distinguishing number; Automorphism group; Cyclic tournament; Albertson-
Collins Conjecture.
MSC 2010: 05C20, 20B25.

1 Introduction

An r-labeling of a graph or a digraph G is a mapping A from the set of vertices V(G) of G to
the set of labels {1,...,7}. An automorphism ¢ of G is A-preserving if A(¢(u)) = A(u) for every
vertex u of G. An r-labeling A of G is distinguishing if the only A-preserving automorphism of
G is the identity, that is, the labeling A breaks all the symmetries of G. In [4], Albertson and
Collins introduce the distinguishing number of G, denoted D(G), defined as the smallest r for
which G admits a distinguishing r-labeling.

A digraph G is rigid (or asymmetric) if the only automorphism of G is the identity. There-
fore, D(G) =1 if and only if G is rigid.

In the last decade, distinguishing numbers have been studied for several families of graphs,
such as trees [11 26], interval graphs [12], planar graphs [5], hypercubes [6], Cartesian products
of graphs [1}, (9} 14} 15| [17) 18] 20], Kneser graphs [2] 10], infinite graphs [7, 19, 25], for instance.
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However, distinguishing numbers of digraphs have been less frequently considered since the
paper of Albertson and Collins [3] (see [211, 22} 23]).

Symmetry breaking in tournaments is studied in [23] by Lozano who considers other ways of
distinguishing vertices, namely by means of determining sets [8] (sometimes called fixing sets)
or resolving sets.

We denote by Z, the group of residues modulo n. Let ¢ be an integer, ¢ > 1, and S be a
subset of Zag11 \ {0} such that for every k € Zggy1 \ {0}, |SN{k,2¢+1—k}| = 1. The cyclic
tournament T = T'(2q + 1; S) is the tournament of order 2q + 1 defined by V(T') = Zag+1 and
17 is an arc in T if and only if j —¢ € S. Cyclic tournaments are sometimes called circulant or
rotational tournaments in the literature.

Let T" be a permutation group on a finite set 2. A subset R of € is said to be I'-regular if its
stabilizer S(R) = {g € ' | gR = R} is trivial, that is, S(R) = {Idq}, where Idg € I" stands for
the identity permutation acting on €. In [I6], Gluck proves the following theorem (see also [24]
for a simpler proof of this result).

Theorem 1 (Gluck [16]) LetT' be a permutation group of odd order on a finite set Q. Then T’
has a regular subset in 2.

Theorem (1| implies that D(T) = 2 for every cyclic tournament 7' = T'(2¢ + 1;5), ¢ > 1.
Indeed, it follows from Gluck’s Theorem that there exists a subset Ry of V(T') such that
v(Rr) # Ry for every nontrivial automorphism v of T'. Therefore, the 2-labeling Ag, defined
by Ar, (i) = 1 if and only if i € Ry is clearly distinguishing. On the other hand, D(T') > 1
since T is a cyclic tournament, and thus not rigid.

In [3], Albertson and Collins study distinguishing 2-labelings of cyclic tournaments and
propose the following conjecture.

Conjecture 2 (Albertson-Collins [3]) For every cyclic tournament T = T(2¢q+1;5), ¢ > 1,
the 2-labeling \*, given by \*(i) =1 if 0 < i < q and \*(i) = 2 otherwise, is distinguishing.

In this paper, we prove that several classes of cyclic tournaments satisfy the Albertson-
Collins Conjecture. We first give some definitions, notation and basic results in Section [2l We
then consider the so-called pseudo-cyclic tournaments in Section [3| and prove our main results
in Section [4] We finally propose some directions for future work in Section

2 Preliminaries

We denote by V(G) and E(G) the set of vertices and the set of arcs of a digraph G, respectively.
Let G be a digraph and u a vertex of G. The outdegree of u in G, denoted dJGr(u), is the
number of arcs in E(G) of the form wwv, and the indegree of u in G, denoted d(u), is the
number of arcs in E(G) of the form vu. The degree of u, denoted dg(u), is then defined by
di(u) = df(u) +dg(u). If uv is an arc in G, u is an in-neighbour of v and v is an out-neighbour
of u. We denote by Ng (u) and N (u) the set of out-neighbours and the set of in-neighbours
of u in G, respectively. Hence, df,(u) = |NJ (u)| and d(u) = [Ng (u)|. Let v and w be two
neighbours of u. We say that v and w agree on u if either both v and w are in-neighbours of w,
or both v and w are out-neighbours of u, and that v and w disagree on u otherwise.

A digraph G is regular if all its vertices have the same in-degree and the same out-degree,
that is, d5(u) = df(v) and dg(u) = dg(v) for every two vertices u and v in G. For a subset W
of V(G), we denote by G[W] the sub-digraph of G induced by W.

For any finite set €2, Idg denotes the identity permutation acting on 2. Since the set € is
always clear from the context, we simply write Id instead of Idg in the following.



An automorphism of a digraph G is an arc-preserving permutation of its vertices, that is,
a one-to-one mapping ¢ : V(G) — V(G) such that ¢(u)¢(v) is an arc in G whenever uv is an
arc in G. The set of automorphisms of G is denoted Aut(G). The order of an automorphism
¢ is the smallest integer k& > 0 for which ¢* = Id. An automorphism ¢ of a digraph G is
nontrivial if ¢ # Id. A vertex u of G is fized by ¢ if ¢(u) = u. The orbit of u with respect
to ¢ is the set {u, ¢(u),...,¢" "1 (u)}, where r is the order of u with respect to ¢, that is, the
smallest positive integer for which ¢"(u) = u (note that the order of u necessarily divides the
order of ¢). An orbit of ¢ is then an orbit of some vertex with respect to ¢. A tournament
cannot admit an automorphism of order 2 (such an automorphism would interchange the ends
of some arc) and thus the automorphism group of a tournament has odd order, and every orbit
of an automorphism of a tournament contains either one or at least three elements.

The following observations will be useful later.

Observation 3 Let T be a tournament and u, v two vertices of T. If v is fized by an auto-
morphism ¢ € Aut(T) and the orbit of u with respect to ¢ is of size at least 3, then all vertices
in the orbit of u agree on v.

Indeed, if «' belongs to the orbit of u with respect to ¢, say u' = ¢*(u) for some integer
s > 0, the result follows from the fact that ¢*(v) = v and ¢° is an automorphism of 7.

Observation 4 Let T be a tournament and ¢ € Aut(T). If Oy and Oz are two (not necessarily
distinct) orbits of ¢ of size at least 3, then, for every two vertices u and u' in Oq,

INJ () N Oa| = [Nf(u') N 02| and [Ny (u) N O2f = N (u') N Os.

To see that, suppose ¢*(u) = u’ for some integer s > 0, and let N;f(u) NO2 = {v1,...,u},
k > 0 (if Nt (u)NO2 = 0, the result is obvious). We then have N (v/)NO2 = {¢*(v1), ..., ¢*(vg)},
which implies [N (u) N Oz = [N (u') N Os since ¢° is an automorphism of 7', and thus
[Ny (u) N O] = [Ng (w') N Ogl.

Observation 5 Let T be a tournament and ¢ € Aut(T'). Ewvery orbit of ¢ induces a regular
sub-tournament of T.

This directly follows from Observation |4 when considering the case O1 = Os.

The transitive tournament of order n, denoted T'T,, is defined by V(TT,) = {0,...,n — 1}
and, for every i,5 € V(TT),), ij is an arc whenever ¢ < j. Clearly, every transitive tournament
is rigid (all its vertices have distinct indegrees) and thus D(T'T},) = 1 for every n. The almost
transitive tournament of order n, denoted 1T}, is obtained from 7T}, by reversing the arc from
0 to n — 1. The tournament 77 is thus Hamiltonian. It is also known that every almost
transitive tournament of order at least 4 is rigid (note that T3 is the directed 3-cycle, and this
is not rigid).

Observation 6 For every n > 3, the tournament T'T) is rigid, and thus D(TT;;) = 1.

Indeed, every two vertices in TI¥ have distinct indegrees, and thus distinct outdegrees,
except the pairs {0,1} and {n — 2,n — 1}, as d;Tn*(O) = d;T;;(l) = 1 and d;T;(n —-2) =
dip.(n —1) = 1. Since every automorphism of 7T has odd order, TT} is a rigid tournament.

Let g be an integer, ¢ > 1, and S be a subset of Zyg1\ {0} such that for every k € Za,11\{0},
|ISN{k,2¢+1—Ek}| =1. Let

St=85n{l,...,q}, and S™ ={1,...,¢}\ST.
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We call the elements of ST the positive connectors of the cyclic tournament 7'(2¢ + 1,.5) and
the elements of S~ the negative connectors of T(2q+1,S). Note that knowing either S* or S~
is enough to determine S since

S=8"u{-s :sef{l,....g}\ ST} ={1,...,¢}\S U{-s : seS}

Therefore, we preferably denote the cyclic tournament T'=T'(2¢ + 1;S) by T =T(2¢ + 1; 57)
whenever we deal with an explicit set S. In that case, for every i,j € Zogt1, © < j, i is an
arc in T' = T(2q + 1;S7) if and only if either j —i < gand j —i ¢ S™, or j —i > ¢ and
2q+1—-j5+i€ 5.

Note that any cyclic tournament 7" = T'(2¢ + 1;.5) is regular. More precisely, d .(u) =
dr(u) = g = |S| for every vertex u € T

The converse T of a tournament 7' is obtained from 7" be reversing all the arcs. Clearly, the
converse of any cyclic tournament 7' = T'(2g + 1; S) is the cyclic tournament 7°¢ = T'(2¢ + 1; S¢)
with S¢ = {1,...,2q} \ S. Moreover, T and T are isomorphic, via the mapping 7 defined by
7(0) =0 and (i) = 2g + 1 — i for every i € V(T') \ {0}.

3 Pseudo-cyclic tournaments

Let T'=T(2q + 1;S) be a cyclic tournament and i, j two vertices of T" with i < j. We denote
by T; ; the sub-tournament of T induced by the set of vertices {i,i+ 1,...,j}. Note that the
sub-tournament 7; ; is not necessarily a cyclic tournament.

In the rest of this paper, we call the 2-labeling A\* defined in Conjecture [2| the canonical
2-labeling of T'. The canonical 2-labeling A* thus assigns label 1 to vertices of Ty, and label 2
to vertices of Ty 1,24

Since the tournament 7' = T'(2g + 1; S) is cyclic, the sub-tournaments 77,41 24 and Ty 4—1 are
isomorphic. Recall that the set S is characterized by the set S~ of its negative connectors. In
the following, we thus study (not necessarily cyclic) tournaments of the following form.

Definition 7 Let N be a subset of Z¢1 \ {0}, ¢ > 2, whose elements are called negative
connectors. The pseudo cyclic tournament P = P(q; N) is the tournament of order ¢ + 1
defined by V(P) = Zg41 and ij, i > j, is an arc in P if and only if i — j € N.

Note that if T = T'(2¢ + 1;5) is a cyclic tournament, then Ty, = P(q; S7) and Tyi1,24 =
Tog-1=Plqg—1;57) (if g ¢ S7), or Tgy1.2¢ = Tog—1 = Plg— 15" \{q}) (if g€ 57).

We first prove that T' = T'(2q + 1;.5) satisfies the Albertson-Collins Conjecture whenever
T07q or Tq+172q is rigid.

Proposition 8 Let T =T (2q+1;5) be a cyclic tournament. If Ty 4 is rigid or Ty11 .24 is Tigid,
then the canonical 2-labeling \* of T is distinguishing.

Proof. Let ¢ be a A*-preserving automorphism of 7', that is, A* o ¢ = A*, and let ¢ and ¢9
denote the restriction of ¢ to Ty, and Tj41 24, respectively. Since \* o ¢ = A*, both ¢ and ¢2
are automorphisms. Moreover, since Tp 4 is rigid or Ty 1 94 is rigid, we get ¢1 = Id or ¢o = Id.
We will prove that we necessarily have ¢; = Id and ¢ = Id, which gives ¢ = Id so that A" is a
distinguishing labeling of 7.

Suppose first that ¢; = Id and assume to the contrary that ¢o # Id. Let a1 € {¢+1,...,2q}
be the “smallest” non-fixed vertex of 1,11 94. Since 7' is cyclic, we can assume without loss of
generality a; = ¢+1. (If a; # g+1, by using the “shift” automorphism «: ¢ — i4+a; —q—1, the
sub-tournaments Ty, and T} 4124 are shifted to T, _g—1,4,—1 and Ty, 4, —¢—2, respectively. The
two restricted automorphisms ¢ and ¢2 become @] = agia~! and ¢ = agpea ™!, respectively,
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and we still have ¢} = Id.) Let O; denote the orbit of a; with respect to ¢». Since the size
of O is at least 3 and the sub-tournament 7'[O1] induced by O; is regular (Observation , ay
necessarily belongs to a cycle in T[O;] and thus to a 3-cycle in T'[O4], say ajazas.

Since ajaqas is a 3-cycle, we get {ag—a1,a3—ag,a1—az} C S. If ag < ag, let w = a1 —asz+as,
so that wa; is an arc of T. We then have w € V(Tp,) and thus, since w is fixed by ¢, wa; and
wag are both arcs of T, a contradiction since ags —w = a3 — a; and ag — a1 ¢ S. If ay > as,
we get a similar contradiction by considering the vertex w = a1 + a3 — a9: ajw is an arc of T,
again w € V(Tp4), which implies that ajw and azw are both arcs of T', a contradiction since
w—az=a —ay ¢ S.

The case ¢o = Id is similar. O

Note that Proposition 8/ implies that whenever Tp 4 or Ty 1,94 is rigid, both sets V(7T 4) and
V(Ty41,2q) are Aut(T')-regular. It should also be noticed that the condition in Proposition [8|is
sufficient for a cyclic tournament to satisfy the Albertson-Collins Conjecture, but not necessary,
as shown by the following example.

Example 9 Consider the cyclic tournament T'= T'(13;{2,5,6}). The automorphism group of
T only contains rotations (that is, mappings ¢ : i +— i+ b, 0 < b < 12), so that the canonical
2-labeling A* is clearly distinguishing, and thus T satisfies the Albertson-Collins Conjecture.
However, none of the sub-tournaments Tpe and 7712 is rigid. The sub-tournament 7Tpg =
P(6;{2,5,6}) admits an automorphism of order 3, namely ¢’ = (0, 3,6), and the sub-tournament

T712 = P(5;{2,5}) also admits an automorphism of order 3, namely ¢” = (7,8,9)(10, 11, 12).
Moreover, we have the following.

Proposition 10 Let T = T(2q+1;S) be a cyclic tournament and \* be the canonical 2-labeling
of T. If ¢ is a nontrivial X*-preserving automorphism of T, then ¢ has at least two orbits, both
in Toq and in Tyiq 24

Proof. Suppose first that ¢ has only a single orbit in Ty 4, which implies that ¢ is even. No
vertex a of Ty112, can be fixed by ¢, since otherwise, by Observation (3| all vertices in T,
would agree on a, which would imply either dy.(a) > ¢+ 1 or df.(a) > ¢ + 1, in contradiction
with the definition of 7. Therefore, ¢ has an even number of orbits in 751 24, of respective odd
sizes q1,...,qo0, £ > 1, with ¢; > 3 for every 7, 1 < i < 2/, and Z?il ¢ = q. Since ¢q; < ¢, the
automorphism ¢ = ¢?' is \*-preserving and has a single orbit in Tp ;. But ¢ fixes g1 vertices of
T4+1,2¢, contradicting the fact that any A*-preserving automorphism for which Tp 4, has a single
orbit fixes no vertices of Ty 41 24

Suppose now that ¢ has only a single orbit in Tj1 24, which implies that ¢ is odd. As before,
we claim that no vertex of Tp , is fixed by ¢. Assume to the contrary that a is such a vertex. As
above, by Observation |3| we get d;o’q(a) > qor dJTrM (a) > q, and thus di)’q (a) = d;qu (a) =¢q
according to the definition of T'. Since V(T},11,24) is either the set of in-neighbours or the set
of out-neighbours of a, we get that the elements of S~ or of ST, respectively, are consecutive
integers, and thus every two vertices in Tp, have distinct indegrees in 7p,. Hence, the sub-
tournament Tp 4 is rigid, which implies ¢ = Id by Proposition EI, a contradiction. Therefore, ¢
has an even number of orbits in Tp 4, each of size at least 3, and a contradiction arises as in the
previous case. ]

Let P = P(q; N) be a pseudo-cyclic tournament. The indegree sequence of P is the sequence
defined by

o(P) = (dp(0),...,dp(q))-

The value of dp(i) for any vertex i of P is given by the following.
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Proposition 11 The indegree dp(i) of any vertex i of the pseudo-cyclic tournament P =
P(q;N), 0 <i<gq, is given by

do(i) = i+ INN{i+1,.q—d}|  f0<i<[]],
PRV g —dp(g—1) otherwise.

Proof. By definition of P, there is an arc from j to i, j > ¢, if and only if j —¢ € N. Hence,
dp(i) = (i = [INN{1,...,i}|) + NN {1,...,q — i}
Therefore, we get
dp(i) =i+ |NN{i+1,...,q—1i}
if 0 <i < |%| (with, in particular, d5(4) = £ if ¢ is even), and
dp(i) =i—INN{g—i+1,....i}[=q—dp(g—1)
if [2] <i<q. O
From Proposition [11} we get that for every pseudo-cyclic tournament P = P(q; N), d5(0) =

|IN| and dp(q) = ¢ — |N|, and that the indegree sequence o(P) admits a central symmetry.
Moreover, the difference of the indegrees of any two consecutive vertices is either —1, 0 or 1.

Proposition 12 For any two consecutive vertices i and i + 1 of the pseudo-cyclic tournament
P=P(@N),0<i<q—1,dp(i+1)—dp(i) € {—1,0,1}. More precisely, we have

1. dp(i+1)—dp(i)=1—|Nn{i+1,q—1},

2. if g is odd, dp (1§]) = di (14]) = 1—2|N N {[4] +1}.

Proof. By Proposition ifo<i< L%J we have

dp(i+1)—dp(i) = i+1+[NON{i+2,...,¢q—i—1}
—i—|INn{i+1,...,q— i}
= 1—-|Nn{i+1,qg—1}.

Since 0 < INN{i+1,q—i}| <2, weget dp(t+1) —dp(i) € {—1,0,1}.
If [%1 <1 < p, then, by Proposition we get

dp(i+1) —dp(i) = q—d (¢q—i—1)—q+d (¢g—1i)
= d(¢g—i)—d (¢g—i—1)
= 1-|Nn{g—i—1+1,qg—q+i+1}]
= 1—-|Nn{i+1,q—1i}.

Finally, if ¢ is odd, we have

dp ([3]) —dp (13]) = . B’J: 3]+ 13D = (3] + [N {[5] + 1)

This completes the proof. O

Note that if ¢ is odd, the value of di ([4]) — dp (|4]) is either 1 or —1.
We can then define three types of vertices as follows.



Definition 13 Let P = P(¢q; N) be a pseudo-cyclic tournament. A vertex i € V(P), 0 < i <
q — 1, is said to be

1. an ascent-vertex if dp(i+1) = dp(i) + 1, that is, NN {i+1,¢—i} =0,
2. a descent-vertex if dp(i +1) = dp(i) — 1, that is, {i +1,¢—i} C N, or
3. a plateau-vertex if dp(i+1) = dp(i), that is, [NN{i+1,¢ —i}| = 1.

A pseudo-cyclic tournament P = P(g; N) is cyclic if and only if all its vertices have the same

indegree, which implies ¢ is even and |N| = £, and the set N is such that i € N if and only

q+1—1i¢ N. In other words, we have the following.

Observation 14 A pseudo-cyclic tournament P = P(q; N) is cyclic if and only if every vertex
i€ V(P),0<i<q—1, is a plateau-vertex.

Moreover, we also have the following.

Observation 15 Let P¢ = P(q; N€) be the converse pseudo-cyclic tournament of P = P(q; N),
that is, N ={1,...,q} \ N. If i is an ascent-vertex (resp. a descent-vertex, a plateau-vertex)
in P, 0<i<q—1, then i is a descent-vertex (resp. an ascent-vertex, a plateau-vertex) in P€.

This observation directly follows from the fact that dp.(i) = ¢ — dpp (i) for every vertex i.

We denote by «(P), 6(P) and 7(P) the number of ascent-vertices, descent-vertices and
plateau-vertices in o(P), respectively, so that a(P) 4 6(P) + 7(P) = q. Moreover, according to
the three above types of vertices, we define three types of subsequences of the indegree sequence
o(P).

Definition 16 Let P = P(q; N) be a pseudo-cyclic tournament. A sequence of k > 2 consecu-
tive vertices (i,...,i+k—1),i <n—k+ 1, of P is called

1. an ascent of size k if dp(i +j+1) =dp(i+j) + 1 for every j, 0 <5 <k —2,

2. a descent of size kif dp(i+j+1) =dp(i+j) — 1 for every j, 0 < j < k-2,

3. a plateau of size k if dp(i+j+1) = dp(i + j) for every j, 0 < j <k —2.

Note here that an ascent, a descent or a plateau of size k contains k — 1 ascent-vertices,
descent-vertices or plateau-vertices, respectively.

Example 17 The pseudo-cyclic tournament P = P(8;{2,4,5}) is depicted in Figure[Ia) (only
arcs corresponding to negative connectors are drawn, every missing arc is thus directed from
left to right). The indegree sequence of P is given by

o(P) = (3,4,4,5,4,3,4,4,5)

and is represented by the (centrally symmetric) indegree path of P depicted in Figure [I|b). We
then have w(P) =2, §(P) =2 and «(P) = 4.

The number of descent-vertices and the number of plateau-vertices are related to the cardi-
nality of the set N as follows.

Proposition 18 For every pseudo-cyclic tournament P = P(q; N),

5(P) + 3m(P) =N



w

SOkF------

(b) The indegree path of P(8;{2,4,5})

Figure 1: The pseudo-cyclic tournament P(8;{2,4,5}) and its indegree path

Proof. If N = (), then o(P) = (0,1,...,q) (P is transitive), so that §(P) = 7(P) = 0 and we
are done.

Otherwise, let N = {ay,...,a,}, so that |[N| = r > 1. We claim that each a; generates either
a descent-vertex or two plateau-vertices. Indeed, for each a; € N, either ¢ + 1 — a; € N, which
implies that both vertices a; — 1 and ¢ — a; are plateau-vertices, or ¢+ 1 —a; € N, which implies
that a; — 1 is a descent-vertex. We thus get |[N| = §(P) + 37(P), as required. O

The following proposition shows that vertices with same indegree in a pseudo-cyclic tourna-
ment are necessarily “not too far” from each other.

Proposition 19 Let P = P(q; N) be a pseudo-cyclic tournament. If i and j are two vertices
of P with i < j and dp(i) = dp(j), then

1 if0<i<j<|%| or 4] <i<j<gq,thenj<i+|N|,

2.if0<i<|%| <j<q thenj<i+2|N|

Proof. Let ¢ and j be such that 0 <i < j < |4] and j > i + |N|. By Proposition we have

dp(j) —dp(i) = j+INN{j+1,....¢—J})—i—|INNn{i+1,...,q—1i}|)
= j—i—INA({i+ L u{g—j+1q—d})]
> |N|—|N|=0.

Therefore, d (i) # dp(j). Since the indegree path of P is centrally symmetric, the result also
holds when [4] <i<j <q.
Suppose now that 0 < < |4] < j < g¢and j > i+ 2|N|. By Proposition we have

d];(])_d]_:’(l) = j—|Nﬁ{q—j—|—1,...,j}])—i—]Nﬂ{i+1,...,q—i}|)
= j—i—(Nn{g—7+1,...,4}H+|INNn{i+1,...,9—1i}|)
2IN| = (IN| +[N]) = 0.

V
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Again, we get dp (i) # dp(j). O
Finally, the following property will be useful in the sequel.

Proposition 20 Let P = P(q; N) be a pseudo-cyclic tournament. If a vertex i is fixed by every
automorphism of P, then the vertex q — i is also fized by every automorphism of P.

Proof. Suppose to the contrary that ¢ is fixed by every automorphism of P and that there
exists an automorphism ¢ of P such that ¢(q — i) # ¢ — 1.

Let ¢* : V(P) — V(P) be the mapping defined by ¢*(i) = ¢ — ¢(q — ¢) for every i € V(P).

We claim that ¢* € Aut(P). Let ij be an arc in P with ¢ > j, that is, i — j € N. We then
have

9" (1) =" (j) = a— dla— 1) —q+ d(qg —j) = (g — j) — &g — ).
Sinceq—j>qg—tandq—j—q+i=i1—j5€ N, (¢—j)(¢—1) is an arc in P. Since ¢ € Aut(P),
¢(q—j)p(q —1i) is an arc in P.

Suppose first that ¢(q¢ — j) > ¢(¢ — i), which implies ¢(q — j) — ¢(¢ — i) € N. In that case
¢"(j) = q = ¢lqg—Jj) < q— (g —1) = ¢*(i) and, since ¢*(i) — ¢"(j) = ¢(¢ —j) — ¢(¢ — i) € N,
¢*(i)p*(j) is an arc in P.

Suppose now that ¢(q¢ — j) < ¢(q — i), which implies ¢(q — i) — ¢(¢ — j) ¢ N. In that case
6°()) = 4 — dla— ) < a— dla — j) = ¢°(j) and, since ¢*(j) — 6 (i) = ¢lq — i) — d(a — ) & N,
¢*(1)¢*(4) is an arc in P.

The case of an arc ij with ¢ < j is similar, and thus ¢* € Aut(P).

We then have ¢*(i) = q — ¢(q — i) # i, contradicting the fact that i is fixed by every
automorphism of P. ]

This immediately gives the following.

Corollary 21 Let P = P(q; N) be a pseudo-cyclic tournament. If all vertices i < L%J of P are
fixed by every automorphism of P, then P is rigid.

4 Cyclic tournaments satisfying the Albertson-Collins
Conjecture

In this section, we prove that several classes of cyclic tournaments T'(2¢ + 1;.5) satisfy the
Albertson-Collins Conjecture. We first propose a few sufficient conditions for a cyclic tourna-
ment to satisfy the Albertson-Collins Conjecture and then consider several specific classes of
cyclic tournaments, depending on the structure of the set S of connectors.

4.1 Simple sufficient conditions

By Proposition for every nontrivial A\*-preserving automorphism ¢ of T' = T'(2¢+1; S), none
of Tp,q and Ty41,24 has a single orbit with respect to ¢. Using this property, we can prove the
following result.

Lemma 22 The cyclic tournament T = T'(2q+ 1; S) satisfies the Albertson-Collins Conjecture
whenever one of the following conditions is satisfied.

1. Aut(T) is of order 2q + 1,
2. qiseven, |ST|=4,g+1—5¢ 5 foreverys e S™, and [Aut(Tpq)| = q+1,
3. qis odd, |S™\ {p}| = q;21, q—s ¢S forevery s € ST, and |Aut(Ty41,2¢)] = ¢.

9



Proof. Recall that for every cyclic tournament T}, of order n, the n rotations of T;, form a
subgroup of Aut(7},).

In Case 1, Aut(7') contains only rotations, so that A* is clearly distinguishing. In Case 2, Tp 4
is a cyclic tournament and every automorphism of Tj , is a rotation. Therefore, the restriction
¢1 to Tp 4 of any A\*-preserving automorphism ¢ of 7' is a rotation and thus ¢; = Id. The result
then follows by Proposition Case 3 is similar, using T;1,24 instead of T 4. O

Let T be a tournament. We denote by V4(T'), d > 0, the set of vertices of T with indegree d.
Since any automorphism maps every vertex to a vertex with same degree, we have the following
result.

Lemma 23 Let P = P(n; N) be a pseudo-cyclic tournament. If the sub-tournament P[Vy(P)]
of P, induced by Vy4(T), is rigid for every d, d > 0, then P is rigid.

This lemma directly gives the following results.

Theorem 24 Let T = T(2q + 1;.5) be a cyclic tournament, P = Ty, and Py = Tyi194. If
P [Vi(P1)] is rigid for every d, or Pa[Va(Pa)] is rigid for every d, d > 0, then T satisfies the
Albertson-Collins Conjecture.

Proof. The result directly follows from Lemma [23| and Proposition O]

Theorem 25 Let T = T(2q+1;5) be a cyclic tournament with S~ # ) and let min(S™) denote
the smallest negative connector of S. If min(S™) > 2|S™|, then T satisfies the Albertson-Collins
Conjecture.

Proof. Consider the pseudo-cyclic sub-tournament P = Ty ,. By Proposition we know
that if two vertices ¢ and j, i < j, have the same indegree in P, then j —i < 2|S™|. Since
min(S7) > 2|S7|, we get that the sub-tournament P[Vy(P)] is transitive, and thus rigid, for
every d, d > 0. The result then follows by Theorem [24] O

4.2 Cyclic tournaments with few negative connectors

We consider in this subsection the case of cyclic tournaments with at most two negative con-
nectors. We prove that every such tournament satisfies the Albertson-Collins Conjecture.

The proof of our result is by case analysis. Each of the forthcoming figures (including figures
in the next subsection) is intended to illustrate the indegree path associated with a specific case
and, in particular, should allow the reader to easily identify the sets of vertices having the same
indegree (recall that every orbit of an automorphism only contains vertices having the same
indegree).

Theorem 26 If T = T(2q + 1;5) is a cyclic tournament with ¢ > 1 and |S™| < 2, then T
satisfies the Albertson-Collins Conjecture.

Proof. The result is obvious if ¢ = 1 since, in that case, T is the directed 3-cycle. We thus
assume g > 2. We will prove that one of the two sub-tournaments Py = Ty, or Py = Tj11,24 is
rigid, so that the result follows by Proposition
If S~ = (), then Py is transitive and thus rigid.
If |[S7| =1, say S~ = {a}, then, by Proposition the indegree of any vertex i of Py is as
follows.
i ifa¢{i+1,...,q—i}and0<i< |4,
dp (i) =14 i+1 ifac{i+1,....q—itand 0<i< |%],
q—dp(¢—1i)  otherwise.

10
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Figure 2: Indegree paths for the proof of Theorem

Therefore, dp, (i) = dp (§), i < j < |4], if and only if j =i+ 1 and j € {a,q+1—a}. If
a # L%J, then the number of vertices in P; with degree d is at most 2 for every d. In that case,
P, satisfies the condition of Lemma [23| and is thus rigid. If a = L%J the same property holds
except if ¢ is even (in that case, we have |Va(P1)| = 3 and |[V4(P1)| = 1 for every d # 2). But
then, P, satisfies the condition of Lemma 23| (since ¢ — 1 is odd) and we are done too.

Assume now that [S7| = 2 and let S~ = {a1,a2}. If ¢ = 2, then P» has order 2 and is thus
rigid. If ¢ = 3, then either S™ = {1,2}, S~ = {1,3} or S~ = {2,3}. It is then easily checked
that [V1(P1)| = [Va(P1)| = 2 in all cases, so that P; satisfies the condition of Lemma [23| and we
are done.

Suppose thus that ¢ > 3 and, moreover, that ¢ is even (if ¢ is odd we simply consider P,
instead of P). By Proposition [18] we know that 6(P;) + $7(P;) = 2. We thus have three cases
to consider.

1. (5(P1) =2 and 7T(P1) =0.
In that case, the sequence o(P;) has no plateau and exactly two descent-vertices, say dy
and dy. Since o(P)) is centrally symmetric and ¢ is even, we necessarily have dy = ¢—d; —1
which implies in particular that the difference do — dy is necessarily odd.
Suppose first that da —d; = 1 (see Figure (a)). In that case, we necessarily have dy = 1.
Moreover, since g > 3, the vertex 0 cannot be a descent-vertex (this would imply % =1)
and thus 1 ¢ S™. The only set V3(Py) containing more than two elements is thus Va (P) =

{3 —2,4,2 +2}. But since the vertex 4 — 1 is fixed by every automorphism of P; and

11
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Figure 3: Indegree paths for the proof of Theorem [26 (Cont.)

vertices 4 — 2 and 4 disagree on 4 —1 (as 1 ¢ S7), 2 — 2 and £ are also fixed so that Py
is rigid by Corollary

If dy — dy > 3 (see Figure[2(b)), then every set V;(Py) contains at most two elements and
Lemma [23] again allows us to conclude.

Suppose finally that da—d; = 3 (see Figure[2|(c)). This case is similar to the case do—d; = 1:
again, the only set V3(P1) containing more than two elements is Va (P1) = {§ —2, 4, { +2}
while the vertex 4 — 1 is fixed by every automorphism of P; and vertices 4 — 2 and
disagree on 4 — 1. Again, Py is rigid thanks to Corollary

. 0(P1) =1and n(P) = 2.

Since 6(P;) = 1, we cannot have two consecutive descent-vertices in P;. Therefore, since
o(Py) is centrally symmetric, if 7 is a descent-vertex, then ¢—(i+1) is also a descent-vertex.
As §(Py) = 1, we must have ¢ = ¢ — (i + 1), in contradiction with our assumption on the
parity of q. Hence, this case cannot happen.

. 0(P) =0 and w(Py) = 4.

Since ¢ is even and o (P) is centrally symmetric, we have four possibilities: (a) P; contains
four plateaus of size 2, (b) P; contains two plateaus of size 3, (¢) P; contains one plateau
of size 3, centered at g, and two plateaus of size 2, or (d) P, contains a single plateau, of
size 5 and centered at 2, see Figure (a), (b), (c) or (d), respectively.

(a) If Py contains four plateaus of size 2, then P satisfies the condition of Lemma[23| and

12



we are done.

If P; contains two plateaus of size 3, then the plateau-vertices are necessarily of the
form i, i4+1, g —4i—2 and ¢ —i — 1, with i < £ — 3, so that S~ = {a1, a2}, with
ar € {i+1,g—1i}, ag € {i +2,¢—i—1}, and dp (i) = 2 +i. We then have
Voyi(Pr) = {i,i + 1,7+ 2} and all other sets Vyg(P1), 2 < d < 4, d # 2+, are
singletons.

If i >0and i +1 € S, then, since i ¢ S, vertices ¢« and ¢ + 1 disagree on 0.
Since vertex 0 is fixed by every automorphism of Pj, ¢ and 7 + 1 cannot belong to
the same orbit of any automorphism and thus, by Corollary Py is rigid. If ¢ > 0
and ¢ —i € S7, we get the same conclusion since, in that case, either i +2 € S—,
which implies that ¢ and ¢ + 2 disagree on 0, or ¢ — ¢ — 1 € S7, which implies, since
qg—1i—2¢ S, that ¢ and i+ 2 disagree on ¢ (and ¢ is fixed by every automorphism of
Py). Suppose finally that ¢ = 0. Since ¢ is even, the vertex 3 is not a plateau-vertex
and thus is fixed by every automorphism of P;. If 0, 1 and 2 disagree on 3, these
three vertices cannot belong to the same orbit of any automorphism and P; is rigid
thanks to Corollary Otherwise, since 3 cannot be an in-neighbour of 0, 1 and 2
(this would imply |S™| > 3), 3 is an out-neighbour of 0, 1 and 2, so that 1,2 ¢ S,
which implies that P;[{0,1,2}] is transitive, and P is rigid by Lemma [23]

If P; contains one plateau of size 3 and two plateaus of size 2, then the plateau-
vertices are necessarily of the form i, 4 — 1, 2 and ¢ — i — 1, with ¢ < € — 3, so that
ST ={a1,a2}, with a; € {i + 1,9 — i}, a2 € {4,4 + 1}, and dp () = . Therefore,
the only set V;(P;) containing more than two elements is Vs (P)={4-1,4,9+1}.
Since S~ contains either § or 4 41, vertices 2 and £ + 1 disagree on 0. Since 0 is
fixed by every automorphism of Py, 2 — 1, 2 and § 4 1 are also fixed and thus, by
Corollary 21} P; is rigid.

If P, contains a single plateau of size 5, then the plateau-vertices are necessarily % -2,
2-1,...,2+1,s0that S~ = {a1, a2}, withay € {§ - 1,2 +2}, a0 € {4,241}, and
dp, (%) = 4. Moreover, if ¢ > 4, then every set Vy(P1) except Va(P1) is a singleton.
Suppose first that ¢ > 4, so that 1 ¢ S~ (otherwise, this would imply 1 =% —1).

If {2,3}NS~ = 0 (which happens in particular if ¢ > 10), the sub-tournament induced
by Vg (P) is either transitive or almost transitive, and thus rigid, so that P; is rigid
by Lemma [23| (this also follows from Theorem .

Suppose now that g € {6,8}, so that vertices 0 and ¢ are fixed by every automorphism
of P;. If all vertices belonging to the plateau are fixed by every automorphism of Py,
then P is rigid by Lemma [23] Otherwise, some of these vertices may form an orbit,
say O, of some automorphism, of size 3 or 5. Considering the structure of the set
S™, we get that the vertex 0 has three out-neighbours and two in-neighbours in
{3-2,4-1,4,2+41,2 +2}. Therefore, the size of the orbit O must be 3. Moreover,
since 0(4 —x) is an arc if and only if (+x)p if an arc for every x € {0,1, 2}, we get that
this orbit, if it exists, is necessarily O = {§—2,2,4+2}, and thus S~ = {£ -1,2+41}.
Moreover, O must induce a 3-cycle in P;, which implies either 2 € S~ and 4 ¢ S, or
2¢ S~ and 4 € S~. This forces S~ = {4,6} and thus {2,3} N S~ = @ for which we
have seen before that P is rigid.

Suppose finally that ¢ = 4. Without loss of generality, we can suppose that 1 ¢ S™
(otherwise, we consider P¢ instead of P and we have |(S7)¢| = |S™|, so that either
ST ={2,4} or ST = {3,4} and, in both cases, P; is a cyclic tournament). Due to
our initial assumption on the parity of ¢, this case occurs either if T'=T(9;S7), in
which case P(4;57) = Py, or T' = T(11;S7), in which case P(4;S7) = P, so that
P = P(5, S_)
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In the former case, the pseudo-cyclic tournament P, is then either P(3;{2}) or
P(3;{3}), respectively. In both cases, P» is rigid since |S™| = 1.
In the latter case, we will prove that P = P(5;.57) is rigid. We consider two subcases,
according to the set S~.
i. ST =1{2,4}.
In that case, we have V,(P) = {0,2,4} and V3(P) = {1,3,5}. Since both sub-
tournaments P[V2(P)] and P[V3(P)] are transitive, P is rigid by Lemma
i, S~ ={3,4}.
In that case, we have Vo(P) = {0,3,4} and V3(P) = {1,2,5}. Again, both sub-
tournaments P[V,(P)] and P[V3(P)] are transitive, P is rigid by Lemma

This completes the proof. ]

For proving Theorem we showed that whenever |S™| < 2, at least one of the two sub-
tournaments Ty, or Tyy124 of the cyclic tournament T = T'(2¢ + 1;.5) is rigid. It should be
noticed that this property does not hold in general when |S~| > 3, as shown by the cyclic
tournament T' = T'(13; {2,5,6}) given in Example [J|

Since any tournament 7" is isomorphic to its converse, Theorem [26] gives the following.

Corollary 27 If T = T(2q + 1;5) is a cyclic tournament, such that |S7| > q — 1, then T
satisfies the Albertson-Collins Conjecture.

4.3 The set S~ forms an interval

Observe first the following easy result.

Theorem 28 For every q > 1, if S ={1,...,q} or S ={1,...,q9—1,q+ 1}, then the cyclic
tournament T'(2q + 1; .S) satisfies the Albertson-Collins Conjecture.

Proof. This directly follows from Theorem [26] since we have either |S™|=0or |[S7|=1. O

In fact, we can prove that whenever the set S~ of negative connectors forms an interval
of integers, the corresponding cyclic tournament 7'(2¢q + 1;5) satisfies the Albertson-Collins
Conjecture.

We first prove two lemmas. The first one says that for every pseudo-cyclic tournament P,
if vertices 0,...,7 — 1 are fixed by every automorphism of P, ¢ is the first vertex of a plateau
whose corresponding negative connectors form an interval and every vertex outside the plateau
having the same indegree as the vertices of the plateau is fixed by every automorphism of P,
then all vertices of the plateau are also fixed by every automorphism of P.

Lemma 29 Let P = P(q; N) be a pseudo-cyclic tournament, and i a vertex of P with i < ,
satisfying all the following conditions.

(i) Every vertex j, 0 < j <1, is fizved by every automorphism of P.

(ii) i — 1 is an ascent vertex.

(iii) (¢,i+1,...,i+k—1) is a plateau of size k > 2 such that one of the two following conditions
holds.

(a) i+k—-1<32 andeither [i +1,i+k—-1CN,or[g—i—k+2,q—1i CN.
(b) i+k—1>1 and either [i+1,2) C N, or [24+1,q—i] C N.

(iv) |Va(P)| > k, ford = dp(i), and, if |V4(P)| > k, then every vertex in Vg(P)\{i,i+1,... i+
k — 1} is fized by every automorphism of P.
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Then, every vertex in {i,i+1,...,i+k — 1} is fized by every automorphism of P.

Proof. Suppose that P and i satisfy the conditions of the lemma. According to condition (iv),
it is enough to prove that no two vertices in {i,i + 1,...,7 + k — 1} can belong to the same
orbit of any automorphism of P, since this implies that every such vertex is fixed by every
automorphism of P. Observe that ¢ ¢ N since ¢ — 1 is an ascent-vertex.

We consider two cases, according to the position of the plateau.

Li+k—-1<42.
We consider two subcases, depending on the corresponding interval of negative connectors.

(a) [i+1,i+k—1] C N.
In that case, P contains arcs 0i, (i41)0, ..., (i+k—1)0, so that 7 and all other vertices
of the plateau disagree on 0, and thus, by Observation [3] ¢ and any other vertex of
the plateau cannot belong to the same orbit of any automorphism of P. Similarly, for
every j =i+1,...,i+k—1 (in that order), j and vertices j+1,...,i+k— 1 disagree
on j—i (which is fixed by every automorphism of P), so that, by Observation|3} j and
any other vertex of the plateau cannot belong to the same orbit of any automorphism
of P. Therefore, all vertices of the plateau are fixed by every automorphism of P.

(b) q—i—k+2,q—i CN.
If N contains no negative connector a < i, then the sub-tournament induced by the
plateau is transitive (since we then have min(N) > i + k — 1), so that all vertices of
the plateau are fixed by every automorphism of P.
Otherwise, let a be the largest negative connector such that a < i. We then have
[a+1,i4+k— 1NN =0, so that i and all other vertices of the plateau disagree on
1 —a, and thus, by Observation (3| 7 and any other vertex of the plateau cannot belong
to the same orbit of any automorphism of P. Similarly, for every j = i+4+1,...,i+k—1
(in that order), j and vertices j +1,...,7i+ k — 1 disagree on j — a (which is fixed by
every automorphism of P), so that, by Observation [3| j and any other vertex of the
plateau cannot belong to the same orbit of any automorphism of P. Therefore, all
vertices of the plateau are fixed by every automorphism of P.

2. i+k—-1>4.

In that case, ¢ is necessarily even. Since o(P) is centrally symmetric, we have (i,7 +

L...yi+k—=1)=(—r,...,447), for some r > 1.

If [g —r41, %] C N, then, using the same proof as in Case above, we get that no

two vertices in {4 —r,..., 4} can belong to the same orbit of any automorphism of P.

Symmetrically, starting with vertex ¢ instead of vertex 0 (recall that ¢ — j, j > 0, is fixed

whenever j is fixed, by Proposition , we can prove similarly that no two vertices in
4,...,4 4+ r} can belong to the same orbit of any automorphism of P. Therefore, no

vertex of the plateau can belong to an orbit of size at least 3 of any automorphism of P,

which implies that every vertex in {2 —r,..., 4 +r} is fixed by every automorphism of P

and we are done.

If [% +1,4+ 'r] C N, then we proceed as in Case |lb|labove: if the vertices of the plateau
do not induce a transitive tournament, then (i) using the largest negative connector a <
4 —r, we get that no two vertices in {4 —r,..., 4} can belong to the same orbit of
any automorphism of P, and (ii) symmetrically, using the smallest negative connector
a’ > 4 +r, we get that no two vertices in {,...,2 + 7} can belong to the same orbit
of any automorphism of P and thus, again, every vertex in {2 —r,..., 2 4 r} is fixed by

every automorphism of P.

This concludes the proof. ]
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Figure 4: Indegree paths for the proof of Theorem , case b—a+1>1

The second lemma says that every pseudo-cyclic tournament containing either ascent-vertices
and no descent-vertices, or descent-vertices and no ascent-vertices, is rigid whenever every
plateau, if any, is produced by an interval of negative connectors.

Lemma 30 If P = P(q; N) is a pseudo-cyclic tournament such that
(i) a(P)+0o(P) >0,
(i) a(P)S(P) =0,

(iii) for every plateau (i,i41, ..., i+k—1) of size k > 3, with i+k—1 < 4, either [i+1,i+k—1] C
N,or[g—i—k+2,q—i CN, and

(iv) for every plateau ($—q,...,44q), q even, ¢ > 1, of size 2q+1, either [$ —q+1,4] C N,
or [$+1,4+4¢] CN,
then P is rigid.

Proof. If 7(P) = 0, then P is a transitive tournament and is thus rigid.

Assume now that 7(P) > 0 and suppose first that P has no descent-vertices, that is, (P) = 0
and a(P) > 0. We will prove by induction on i that every vertex i < |2] is fixed by every
automorphism of P, so that the result follows by Corollary

If 0 is an ascent-vertex or the first vertex of a plateau of size 2, then 0 is fixed by every
automorphism of P. If 0 is the first vertex of a plateau (0,...,k — 1) of size k > 3, then the
sub-tournament induced by this plateau is transitive since we have either [1,k — 1] € N or

[¢ — k +2,q] € N. Therefore, all vertices 0,...,k — 1 are fixed by every automorphism of P.
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Suppose now that all vertices 0,...,7 — 1< L%J are fixed by every automorphism of P. If ¢
is an ascent-vertex, then i is fixed by every automorphism of P, otherwise ¢ is the first vertex
of a plateau and the result follows from Lemma

The case o(P) = 0 and §(P) > 0 follows from Observation considering P¢ instead of P
(we then have §(P¢) = 0 and «a(P€) > 0). O

Note that conditions (iii) and (iv) in Lemma are both necessary. For instance, the
pseudo-cyclic tournament P = P(5;{2,5}) has only ascent-vertices and plateau-vertices (we
have o(P) = (2,2,2,3,3,3)) while (0,1,2)(3,4,5) is an automorphism of P so that P is not
rigid, and thus condition (iii) is necessary. On the other hand, the pseudo-cyclic tournament
P = P(8;{2,3,5}) has only ascent-vertices and plateau-vertices, but a single central plateau
(we have o(P) = (3,4,...,4,5)) while (1,4,7) is an automorphism of P so that P is not rigid,
and thus condition (iv) is necessary.

We are now able to prove the following result.

Theorem 31 IfT =T(2q+1;S5) is a cyclic tournament, such that S~ = [a,b], 1 <a <b <gq,
then T satisfies the Albertson-Collins Conjecture.

Proof. We will prove that P = P(q; [a,b]) is rigid whenever ¢ is even. Therefore, considering
either Ty 4 or Ty41,24 depending on the parity of ¢, the result will follow by Proposition

If b < a+ 1, the result follows from Theorem so that we can assume b > a + 2. Suppose
now that 2 > bor 4 <a. If [a,b] # [1, 2] and [a,b] # [% +1,q], then Tp 4 is rigid by Lemma
Otherwise, Tj1124 is rigid by Lemma (since 0(Tyt124) = (4,...,4,2 - 1,...,4 - 1) if
[a,b] = [1, %], and 0(Ty41,2¢) = (3 —1,..., 2 = 1,4, ..., D) if [a,b] = [£ + 1,4]).

From now on, we thus assume that a < Z < b. We consider three subcases, depending on
the size of [a, b].

Lb-—a+1>41.
In that case, dp(0) =b—a+1>¢qg—(b—a+1)=dp(q). We consider three subcases,
corresponding to the three possible forms of the indegree path of P.

(a) a+b=q+1.
In that case, no vertex in P can be a plateau-vertex, and thus the indegree path of P
contains an ascent, a descent and an ascent (see Figure [ffa)). Therefore, each set

Va(P) has cardinality at most 2 and P is rigid by Lemma

(b) a=1orb=gq.
In that case, vertices 0,...,¢q —b—1 (ifa=1)or 0,...,a — 1 (if ¢ = b) are plateau-
vertices, and thus the indegree path of P contains a plateau of size g —b+1or a+ 1,
a descent and a plateau of size g —b+1 or a + 1 (see Figure [4b) for the case a = 1).
In both cases, the sub-tournaments induced by these plateaus are transitive, so that
every vertex of P is fixed by every automorphism of P by Observation |5 and P is
rigid by Corollary

(¢c) 1<a,b<panda+b#q+1.
In that case, the indegree path of P contains an ascent, a plateau, a descent, a plateau
and an ascent (see Figure (c)) Every vertex not belonging to a plateau belongs to
a set Vy(P) with cardinality 2 and is thus fixed by every automorphism of P. By
Lemma [29] every vertex belonging to a plateau is also fixed by every automorphism
of P. Using now Corollary we get that P is rigid.

2.b—a+1=1.
Note first that since a < % < b, we necessarily have ¢ > 1 and b < p. The indegree path
of P contains an ascent, possibly a plateau, a descent, possibly a plateau and an ascent.
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More precisely, o(P) contains a plateau if and only if a+b # g+1 (see Figure[f[(a) and (b)).
Moreover, since d(0) = dp(q) = £, we get Va(P) = A0, 4,q} (and the sub-tournament
induced by Vg (P) is a 3-cycle). Only two other sets V;(P) may have cardinality at least 3,
namely those two sets corresponding to the two plateaus.

We consider three subcases, depending on the values of a and b.

(a) a>2and b<q—1.
We first prove that every vertex in V% (P) =0, %, q} is fixed by every automorphism
of P. Since the vertex 1 is an ascent-vertex with d(1) = 4 4+ 1 and ]V%H\ = 2, it
is fixed by every automorphism of P. Since ¢ — 1 ¢ [a, b], vertices 0 and ¢ disagree
on 1, so that, by Observation [3] 0 and ¢ cannot belong to the same orbit of any
automorphism of P and we are done.
Moreover, by Lemma all vertices of the first plateau (whenever a + b # ¢ + 1)
are fixed by every automorphism of P. Hence, all vertices i < £ are fixed by every
automorphism of P and the result follows by Corollary

(b) b=¢q— 1.
In that case, we thus have a = . The first plateau contains vertices 1 to 2 —1 and thus
induces a transitive tournament, so that all its vertices are fixed by every automor-
phism of P. Now, since vertices 4 and ¢ disagree on 4 — 1, the three vertices {0, 1, ¢}
are all fixed by every automorphism of P and the result follows by Corollary

(c) a=2.
In that case, we thus have b = % + 1. The first plateau contains vertices 1 to % -1
and is isomorphic to the pseudo-cyclic tournament PC = P(Z — 2;[2, 4 — 2]). Since
PC*¢ is rigid by Theorem PC is rigid. Now, since vertices 0 and ¢ disagree on 1,
the three vertices {0, 2, ¢} are all fixed by every automorphism of P and, again, the
result follows by Corollary

3.b—a+1<i

The indegree path of P contains an ascent, possibly a plateau (if a # g+ 1 —b), a descent,

possibly a plateau and an ascent. If a < g+ 1 — b, the first vertex of the first plateau is

a—1 and its last vertex is ¢ —b (so that there is no plateau if a = ¢+1-0). If a > g+1—b,

the first vertex of the first plateau is ¢ — b and its last vertex is a — 1.

We will prove that every vertex of P is fixed by every automorphism of P. Note that
dp(0) =b—a+1,so0that dp(q) =q¢—b+a—1>dp(0) sinceb—a+1< 4.

We consider two subcases, depending on whether o(P) contains a plateau or not.

(a) a=q+1-0.
In that case, o(P) does not contain any plateau, the first vertex of the descent is a — 1
and its last vertex is b. Moreover, dp(a —1) = b and dp(b) = g — b. Let us consider
the vertex b. If d,(b) = q¢—b>b—a+1 = d,(0) (see Figure @(a)), then |V,_(P)| =2
and thus b is fixed by every automorphism of P. If g—b > b—a+1 (see Figure[6|b)),
then |V,_4(P)| = 1 and thus, again, b is fixed by every automorphism of P.
Now, we claim that every set Vy(P) with |V4(P)| = 3 contains three fixed vertices.
Each such set is of the form {i,j,k}, i < j < k, with j + %k = 2b. Then, j and k
disagree on b (since b — j = k — b < ¢ — b, so that jb and bk are arcs in P) and, as b
is fixed by every automorphism of P, by Observation [3| i, j and k are also fixed by
every automorphism of P. The result then follows by Corollary [21}

(b) a#qg+1-0.
In that case, the vertex a — 1 is either the first or the last vertex of the first plateau
and dp(a —1) = bor dp(a —1) = ¢ — a + 1, respectively. Similarly, the vertex b is
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either the first or the last vertex of the last plateau and d,(b) = g—bor dp(b) = a—1,
respectively.

We first claim that whenever 0 is fixed by every automorphism of P, all vertices
belonging to a set Vy(P) with |V;(P)| = 3 are also fixed by every automorphism of P.
Indeed, for any such set {7,7,k} withi < j < k, wehavei < a—landa—1 < j < b, so
that ¢ and j disagree on 0. Therefore, i, j and k are all fixed by every automorphism
of P.

We now consider three subcases, depending on the values of d(b) and d(0).

i.

ii.

dp(b) > dp(0).

In that case (see Figure (a)), the vertex 0 is fixed by every automorphism of P,
so that all vertices belonging to a set Vy(P) with |[V4(P)| = 3 are also fixed by
every automorphism of P.

If a — 1 is the first vertex of the first plateau, let « > 4 be the unique vertex with
dp(xz) = dp(a —1). We then have Vy(P) = {a — 1,a,...,q — b,x}. Since a —1
and x are the only in-neighbours of 0 in V,(P), both of them are fixed by every
automorphism of P. Therefore, by Lemma[29] every vertex belonging to the first
plateau is fixed by every automorphism of P.

Suppose now that a — 1 is the last vertex of the first plateau. Similarly, let = < 4
be the unique vertex with d(x) = dp(b), so that V,_1(P) = {z,¢—a+1,...,b}.
Since z is the unique out-neighbour of 0 in V,—;(P) (as z < a and ¢ —a+ 1 > a,
which gives V,—1(P) N [a,b] = {g—a+1,...,b}), z is fixed by every automorphism
of P and, by Proposition q — x is also fixed by every automorphism of P.
Therefore, by Lemma every vertex belonging to the first plateau is fixed by
every automorphism of P.

The result then follows by Corollary [21]

dp(b) = dp(0).

Suppose first that a — 1 is the last vertex of the first plateau (that is, a > ¢ +
1 —b), so that b is the last vertex of the second plateau. In that case, the
vertices of the second plateau induce a transitive tournament and they all agree
on 0. Therefore, the sub-tournament induced by V;_,11(P) is rigid, so that all
its vertices, and in particular 0, are fixed by every automorphism of P. Hence,
all vertices belonging to a set Vy(P) with |Vz(P)| = 3 are also fixed by every
automorphism of P. By Proposition [20] all vertices of the first plateau are also
fixed by every automorphism of P and, again, the result follows by Corollary

Suppose now that a—1 is the first vertex of the first plateau (that is, a < ¢+1—b),
so that b is the first vertex of the second plateau (see Figure [7[(b)).

We first prove that the vertex 0 is fixed by every automorphism of P. Suppose to
the contrary that 0 belongs to an orbit of size at least 3 of some automorphism
¢ of P. Among the vertices of the second plateau, b is the only in-neighbour
of 0. Therefore, this orbit must be of size 3 (recall that, by Observation [5, the
sub-tournament induced by an orbit must be regular) and thus a 3-cycle b0x.
Note that since xb is an arc of P, we then have x — b > a. Consider now the
set Vo—gr2 = {1,b — 1,¢ — a + 2}. The vertex 0 has only one in-neighbour in
Vo—at2, namely b — 1, since b— 1 € [a,b], 1 ¢ [a,b] and ¢ — a + 2 ¢ [a,b] (since
qg—a+2 >10b). On the other hand, b has at least two in-neighbours in V}_,.9,
namely 1 (since b—1 € [a,b]) and ¢ —a+ 2 (sinceq—a+2—-b>z—-b>a
and ¢ —a+2 —b < 4 <b). By Observation {4, this implies that Vj_,4 cannot
be an orbit of ¢, so that, in particular, 1 is fixed by ¢. Now, note that 1 is
an in-neighbour of x (since x —1 > b+ a — 1 > b) and an out-neighbour of 0,
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iii.

a contradiction since, by Observation [3| all vertices in {0,b, 2} should agree on
every vertex fixed by ¢.

Therefore, 0 is fixed by every automorphism of P, so that all vertices belonging
to a set Vy(P) with |Vy(P)| = 3 are also fixed by every automorphism of P.
By Proposition q is also fixed by every automorphism of P and thus, by
Lemma every vertex of the first plateau is fixed by every automorphism of P.
The result then follows by Corollary

dp(b) < dp(0).

Suppose first that a—1 is the last vertex of the first plateau (that is, a > ¢+1—b),
so that b is the last vertex of the second plateau (see Figure [7c)). In that
case, the vertices of each plateau induce a transitive tournament and thus all
vertices of these plateaus are fixed by every automorphism of P. Consider the set
Vo—a+1 = {0,z,y} = {0,qg—b+a—1,2b—2a+2}. Vertices 0 and ¢—b+a—1 disagree
on g—a+1 (since g—a+1 € [a,b] and r = g—a+1—(¢—b+a—1) < g—b < a—1so
that r ¢ [a, b]), which is fixed by every automorphism of P, and thus 0, g—b+a—1
and 2b — 2a + 2 are all fixed by every automorphism of P.

Therefore, all vertices belonging to a set Vy(P) with |V(P)| = 3 are also fixed by
every automorphism of P, and the result follows by Corollary

Suppose now that a—1 is the first vertex of the first plateau (that is, a < ¢+1—b),
so that b is the first vertex of the second plateau.

We first prove that the vertex 0 is fixed by every automorphism of P. Suppose
to the contrary that 0 belongs to an orbit of size 3 of some automorphism ¢
of P, say a 3-cycle Oxy, with « < x < b and y > b+ 1, so that z0, Oy and
yx are arcs in P, implying in particular ¢ < y — ¢ < b. Consider now the set
Vi—ar2 ={l,z—1,y+1}. Since 1 <a,a <zx—2(asa—1< % <z)and z < b, we
get that 01, z1, (z—1)0 and (x — 1)z are all arcs in P, so that 1 and = —1 disagree
on the orbit of 0 with respect to ¢. This implies that V4_,12 cannot be an orbit
of ¢, so that, in particular, 1 is fixed by ¢. Now, note that 1 is an in-neighbour
of y (since y —1 > b) and an out-neighbour of 0, a contradiction since all vertices
in {0, z,y} should agree on every vertex fixed by ¢.

Therefore, 0 is fixed by every automorphism of P, so that all vertices belonging
to a set V4(P) with |V(P)| = 3 are also fixed by every automorphism of P. By
Lemma every vertex of the first plateau is fixed by every automorphism of P
and the result follows by Corollary

This concludes the proof. ]

Again, since any tournament 7" is isomorphic to its converse, Theorem [31] gives the following.

Corollary 32 If T = T(2q + 1;5) is a cyclic tournament, such that S~ = [1,a] U [b,q], 1 <
a <b<gq, then T satisfies the Albertson-Collins Conjecture.

4.4 Paley tournaments

Let p be a prime, p = 3 (mod 4), so that p = 2¢ + 1 with ¢ odd. The Paley tournament is the
cyclic tournament QR, = T'(p; Sp) where S, is the set of non-zero quadratic residues of p. That
is, for every ¢,7, ¢ < j, ij is an arc in QR,, if and only if j — ¢ is a non-zero square in Z,. Paley
tournaments are arc-transitive and the set Aut(QR),) is the set of mappings i — ai + b, where
a,b € Zy, and a is a non-zero square. Since the number of non-zero squares in Zj, is ¢ = L%J, we
thus have |Aut(QR,)| = pyg.
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In [3], Albertson and Collins show that the Paley tournament () R; satisfies their conjecture.
We prove here that all Paley tournaments satisfy the Albertson-Collins Conjecture.

Theorem 33 For every prime p, p = 3 (mod 4), QR, satisfies the Albertson-Collins Conjec-
ture.

Proof. Suppose to the contrary that there exists a nontrivial A*-preserving automorphism
¢ 11+ ai+ b, where a,b € Z, and a is a non-zero quadratic residue, and let £ denote the order
of ¢.

Consider the action on V(QR,) of the group H =< ¢ > = {¢F : 1 < k < £}. Note
that |H| divides |[Aut(QR,)| = pq and, since ¢ is A*-preserving, |H| divides ¢. Moreover, ¢
cannot be prime, since otherwise the sub-tournament 75 of R, induced by the set of vertices
{g+1,...,2¢} would have a single orbit with respect to ¢, in contradiction with Proposition [10]

We claim that we necessarily have b = 0. Assume to the contrary that b # 0 and let r be
the size of the orbit of 0 with respect to ¢. We have ¢(0) = b, $?(0) = ab+ b and so on, so that

¢ (0)=a""o+a"*+---Fab+b=0
and ¢"T1(0) = ¢(0) = b. On one other hand, we have
¢ O0)=a"b+a" b+ +ab+b=a"b.

Therefore, a"b = b and thus a” = 1. Since a is a non-zero quadratic residue in Z,, its order
in the multiplicative group Zj, is ¢ and thus ¢ | 7. Moreover, since ¢ is A\*-preserving, we have
r = g. Hence, the sub-tournament 77 of QR,, induced by the set of vertices {0,...,q} contains
a fixed vertex x such that all vertices of the orbit of 0 with respect to ¢ agree on x, which
implies either di (x) =0or alJTr1 (x) = ¢ in contradiction with the definition of QR since both
sets {1,...,¢} and {¢+ 1,...,2¢} contain non-zero quadratic residues.

We thus have b = 0, so that 0 is fixed by ¢. Moreover, the orbit of 1 with respect to ¢ is
{1,a,a?,...,a? '} (recall that the order of @ in the multiplicative group Zy is q) and its size
is ¢. Since ¢ is A\*-preserving, the orbit of 1 with respect to ¢ is thus {1,...,q}. Therefore, all
vertices in {1,...,q} agree on 0 and we obtain a contradiction as above. ]

5 Discussion

In this paper, we proposed several sufficient conditions for a cyclic tournament to satisfy the
Albertson-Collins Conjecture. Proposition [§] says that the cyclic tournament 7' = T'(2q + 1; S)
satisfies the Albertson-Collins Conjecture whenever any of the sub-tournaments Tp 4 or T441,24
is rigid (however, this condition is not necessary, as shown by Example @ Using this property,
we then got several sufficient conditions on the structure of the set S~ of negative connectors
for at least one of these two sub-tournaments to be rigid.

We finally propose some directions for future research.

1. The main question following our work is obviously to prove, or disprove, the Albertson-
Collins Conjecture.

2. In [§], Boutin introduces the notion of a determining set of a graph G, that is, a subset
X of V(G) such that, for every two automorphisms ¢1,p2 € Aut(G), ¢1 = ¢2 whenever
o1(xz) = ¢a(x) for every vertex x € X (this notion was independently introduced by Erwin
and Harary in [13], under the name of fizing set). Albertson and Boutin prove in [2]
that D(G) < d if and only if G has a determining set X with D(X) < d — 1. Therefore
D(G) < 2 if and only if the subgraph of G induced by X is rigid.
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For each cyclic tournament T of order 2¢q 4+ 1 for which we proved the Albertson-Collins
Conjecture, we exhibited a rigid determining set of size at most {%W It is not difficult to
see that every Paley tournament has a rigid determining set of size 2 (indeed, every pair of
vertices is a rigid determining set). In [23], Lozano proves that every tournament contains
a (not necessarily rigid) determining set of size |£].

It would thus be interesting to determine the minimal size of a rigid determining set in a
cyclic tournament.

In [9] [10], Boutin also defines the cost of distinguishing a graph G such that D(G) = 2,
denoted p(G), as the minimum size of a label class in a distinguishing 2-labeling of G. It
is easy to prove that p(QR,) = 2 for every Paley tournament QR, (indeed, for every two
vertices ¢ and j in QR,, the 2-labeling \; ; defined by \; j(v) = 1 if and only if v =4 or
v = 7, is distinguishing).

It would be interesting to determine p(7T') for every cyclic tournament 7" = T'(2q + 1;.5),
or to characterize cyclic tournaments 7' with p(T") = 2.
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