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K-STABILITY OF FANO SPHERICAL VARIETIES
(K-STABILITE DES VARIETES SPHERIQUES FANO)

THIBAUT DELCROIX

ABsSTRACT. We prove a combinatorial criterion for K-stability of a Q-Fano
spherical variety with respect to equivariant special test configurations, in
terms of its moment polytope and some combinatorial data associated to the
open orbit. Combined with the equivariant version of the Yau-Tian-Donaldson
conjecture for Fano manifolds proved by Datar and Székelyhidi, it yields a crite-
rion for the existence of a Kahler-Einstein metric on a spherical Fano manifold.
The results hold also for modified K-stability and existence of Ké&hler-Ricci
solitons.

REsuME. Nous prouvons, pour une variété sphérique Q-Fano, un critére com-
binatoire de K-stabilité par rapport aux configurations test spéciales équiva-
riantes, exprimé en fonction de son polytope moment et d’une donnée com-
binatoire associée a l'orbite ouverte. En utilisant la version équivariante de
la conjecture de Yau-Tian-Donaldson prouvée par Datar et Székelyhidi, cela
devient un critére d’existence de métriques Kéahler-Einstein sur les variétés
sphériques Fano lisses. Les résultats s’appliquent également a la K-stabilité
modifiée et & I'existence de solitons de Kéhler-Ricci.

INTRODUCTION

Kéhler-Einstein metrics on a Kéhler manifold are the solutions (if they exist) of
a highly non linear second order partial differential equation on the manifold. It is
not clear at the moment under which conditions the equation admits solutions on a
Fano manifold. In the recent years a major advance in this direction has been made
through the resolution of the Yau-Tian-Donaldson conjecture in the Fano case, by
Chen, Donaldson, and Sun [CDS15a, CDS15b, CDS15¢]. This conjecture states in
its general form that the existence of some canonical metrics on a Kéhler manifold
should be related to the algebro-geometric condition of K-stability on the manifold.

The K-stability condition is a condition involving the positivity of numerical
invariants associated to polarized one parameter degenerations of the manifold,
equipped with an action of C*, called test configurations. In the Fano case, it
was proved by Li and Xu [LX14] (and also Chen, Donaldson and Sun) that it is
enough to consider test configurations with normal central fiber, which are called
special test configurations. Other proofs of the Yau-Tian-Donaldson conjecture
were obtained by Tian [Tial5], Datar and Székelyhidi [DS16], Chen, Sun and Wang
[CSW], Berman, Boucksom and Jonsson [BBJ]. The work of Datar and Székelyhidi
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2 THIBAUT DELCROIX

is of special interest to us as it allows us to take into account automorphisms of
the manifold, by considering only equivariant test configurations, and extends the
result to Kéhler-Ricci solitons.

The necessity of the K-stability condition with respect to special test configura-
tions was established earlier by Tian who provided an example of Fano manifold
with vanishing Futaki invariant but no Kéhler-Einstein metrics [Tia97]. It was
not clear at first if the K-stability condition could be used to prove the existence
of Kéhler-Einstein metrics on explicit examples of Fano manifolds. One aim of
the present article is to provide an illustration of the power of the approach to the
existence of K&hler-Einstein metrics via K-stability, on highly symmetric manifolds.

Namely, we obtain a criterion for the existence of K&hler-Einstein metrics on
a Fano spherical manifold, involving only the moment polytope and the valuation
cone of the spherical manifold. Both are classical and central objects in the theory
of spherical varieties. The class of spherical varieties is a very large class of highly
symmetric varieties, which contains toric varieties, generalized flag manifolds, ho-
mogeneous toric bundles, biequivariant compactifications of reductive groups. For
all of these subclasses for which a criterion was known, our result specializes to the
same criterion (compare with [WZ04, PS10, Dell5]). Examples of new varieties to
which our criterion applies include colored horospherical varieties and symmetric
varieties (for examples the varieties constructed in [DP83]). Let us mention here
the work of Ilten and Siiss on Fano manifolds with an action of a torus with com-
plexity one [IS17], and also the discussion in [DS16, Section 4], which were to the
author’s knowledge the first applications of K-stability as a sufficient criterion for
explicit examples.

Another aim of this article is to provide a framework for understanding the K-
stability condition in this class of spherical varieties, which should lead to a better
understanding of K-stability in general. The author obtained in [Dell5, Dell7] an
example of group compactification with no K&hler-Einstein metric but vanishing
Futaki invariant, which is furthermore not K-semistable unlike the Mukai-Umemura
type example from [Tia97]. This is evidence that non trivial K-stability phenomena
appear in the class of spherical Fano manifolds, which was not true for toric Fano
manifolds.

Before stating the main result of the article, let us introduce some notations, the
moment polytope and the valuation cone.

Let G be a complex connected reductive algebraic group. Let B be a Borel
subgroup of G and T' a maximal torus of B. Let X(T) denote the group of algebraic
characters of T'. Denote by ® C X(T') the root system of (G, T') and @7 the positive
roots determined by B.

Let X be a Fano manifold, spherical under the action of GG, which means that B
acts on X with an open and dense orbit. The moment polytope AT C X(T)®R of X
with respect to B is a polytope encoding the structure of representation of G on the
spaces of sections of tensor powers of the anticanonical line bundle. Alternatively,
from a symplectic point of view, it can be characterized as the Kirwan moment
polytope of (X,w) with respect to the action of a maximal compact subgroup K
of G, where w is a K-invariant Kéhler form in ¢;(X) (see [Bri87]). The moment
polytope AT determines a sub-root system ®; of ®, composed of those roots that
are orthogonal to the affine span of AT with respect to the Killing form k. Let
P be the set T\ @1, and 2pg be the sum of the elements of ®gu.
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A spherical variety X also has an open and dense orbit O under the action of
G. The valuation cone of X depends only on this open orbit O. Let M C X(T)
be the set of characters of B-semi-invariant functions in the function field C(O) of
O, and let N be its Z-dual. The restriction of a Q-valued valuation on C(O) to
the B-semi-invariant functions defines an element of N’ ® Q. The valuation cone
Y with respect to B is defined as the set of those elements of N/ ® Q induced by
G-invariant valuations on C(O).

Remark that the vector space N/ ® Q is a quotient of the vector space 9(T') ® Q,
where 9)(T) is the group of algebraic one parameter subgroups of T. Denote by
7:YP(T) ®Q — N ® Q the quotient map, so that 7=1(V) € V(T) ® Q. Let
E C X(T) ® R be the dual cone to the closure of the inverse image by 7 of the
opposite of the valuation cone 7=1(=V) in Y(T) ® R (dual with respect to the
extension of the natural pairing (-,-) : X(T) x 9(T) — Z).

The group of G-equivariant automorphisms Autg(X) of the spherical manifold
X is diagonalizable. The real vector space generated by the linear part of V is in
fact isomorphic to Y (Autg(X)) ® R.

Given ¢ in Y(Autg(X)) ® R identified with an element of N ® R, and a choice
¢ € m1(¢) of lift of ¢, we denote by barDHﬁg(AJr) the barycenter of the polytope

AT with respect to the measure with density p e2(P=20a.C) HaebQu k(a, p) with
respect to the Lebesgue measure dp on X(7') ® R. Our main result is the following.

Theorem A. Let X be a Fano spherical manifold. The following are equivalent.

(1) There exists a Kihler-Ricci soliton on X with associated holomorphic vector
feld ¢.
(2) The barycenter barDHﬁé(AJr) is in the relative interior of the cone 2pg + =.

(8) The manifold X is modified K-stable with respect to equivariant special test
configurations.

(4) The manifold X is modified K-stable.

The equivalence between (1) and (4) holds for any Fano manifold. In the set-
ting of Ké&hler-Einstein metrics, it is the consequence on one hand of the work of
Chen, Donaldson and Sun recalled earlier, and on the other hand of the work of
Berman [Ber16]. In the more general setting of Kéhler-Ricci solitons, Berman and
Witt-Nystrom [BW] showed that (4) is a necessary condition for (1). Datar and
Székelyhidi [DS16] showed that (3) implies (1) for any Fano manifold equipped with
an action of a complex reductive group, and (4) clearly implies (3). What we prove
in this article is the equivalence between (2) and (3) in the case of a spherical Fano
manifold. Furthermore we prove that the equivalence between (2) and (3) holds for
singular Q-Fano spherical varieties.

The intuition for our main result came from our previous work on group com-
pactifications, which did not involve K-stability. The proof of a Kéahler-Einstein
criterion for smooth and Fano group compactifications in [Dell5, Dell7| can be
adapted to provide another proof of the criterion for Kéhler-Ricci solitons on the
same manifolds. Similarly, Wang-Zhu type methods (as used in [WZ04] and [PS10]),
together with some results proved for horospherical manifolds in the present paper,
could be used to obtain the Kédhler-Ricci soliton criterion for these manifolds. One
advantage of this other approach is that the value of the greatest Ricci lower bound
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can be explicitly computed. Alternatively, for horospherical varieties at least, this
quantity could be computed using twisted modified K-stability (see [DS16]).

The computation of the K-stability of a manifold requires two ingredients. The
first one is a description of all test configurations (rather, using [DS16], all spe-
cial equivariant test configurations), and the second one is a way to compute the
Donaldson-Futaki invariant for all of these test configurations.

The description of special equivariant test configurations is obtained using the
general theory of spherical varieties. Generalizing the fan of a toric variety, the col-
ored fan of a spherical variety consists essentially of a fan subdividing the valuation
cone together with additional data called colors. The total space of a (normal) test
configuration is still a spherical variety, and can thus be described by its colored
fan. In the case of a special test configuration, the central fiber itself is a spherical
variety and the action of C* on the central fiber may be deduced from the colored
fan of the test configuration. More precisely, we prove the following.

Theorem B. Let X be a spherical variety under the action of a reductive algebraic
group G. Let X be an equivariant test configuration for X, with irreducible (scheme
theoretic) central fiber Xo. Then
— Xy s spherical under the action of G,
— to X is associated an element £ of the valuation cone such that for an ap-
propriate choice of Hy such that the open orbit of G in X is identified with
G/Hy, the action of €7 € C* induced by the test configuration is given by:

e” - gHy = gexp(—1&)Ho

for any lift §~ €N(T) @ Q considered as an element of the Lie algebra of T
Furthermore, for any £ in the valuation cone, we may associate to & an equivariant
test configuration with irreducible central fiber, and there exists an integral multiple
m&, m € N such that the test configuration associated to m& is special, that is, Xg
is a normal (reduced) variety. Finally, a special equivariant test configuration has
central fiber Xy isomorphic to X if and only if the associated & is in the linear part
of the valuation cone.

Degenerations of spherical varieties, and moduli questions, have been studied
by Alexeev and Brion [ABO06] (see also [AB04a, AB04b] for the case of reductive
varieties). We adopt here a different approach to be better able to keep track of
the actions of C* on the degenerations. Remark that the central fiber of a normal
and equivariant test configuration which is not special would be a stable spherical
variety in the sense of [AB06]. We do not study these test configurations here.
Our description of the action of C* on the central fiber of a special equivariant test
configuration relies heavily on the work of Brion and Pauer [BP87] on elementary
embeddings of spherical homogeneous spaces.

The Donaldson-Futaki invariant of a test configuration depends only on the cen-
tral fiber and the induced action of C* on the central fiber. Namely, it reduces to
the Futaki invariant of the central fiber evaluated at the holomorphic vector field
generating the action. The basic idea behind our computation of these numerical
invariants is that we may degenerate the central fiber even more in order to ac-
quire more symmetries, then compute the Futaki invariant on the corresponding
degeneration.
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For spherical varieties, this idea leads to consider only the Futaki invariants of
horospherical varieties. Indeed, there always exist a test configuration with horo-
spherical central fiber. The existence of a horospherical degeneration for spherical
varieties is a classical result [Bri86, Pop87]. In the notations of Theorem B, the test
configuration X has a horospherical central fiber if and only if £ is in the interior
of the valuation cone. Horospherical varieties are the simplest among spherical va-
rieties, but still form a large class containing toric varieties and homogeneous toric
bundles. They should be considered as the "most symmetric" spherical varieties. In
particular, even if it is possible to degenerate any spherical variety to a toric variety
[ABO04c], it is at the expense of some symmetries, as it can be made equivariantly
only with respect to a maximal torus.

Our computation of the modified Futaki invariant on Q-Fano horospherical vari-
eties gives the following statement, where we keep the notations introduced earlier.

Theorem C. Let X be a Q-Fano horospherical variety, with moment polytope AT,
Let ¢, & be two elements of P(Autq (X)) @ R and let ¢ and & be choices of lifts in
D(T) @ R. Then the modified (with respect to ) Futaki invariant of X evaluated
at & is

Futx.¢(§) = C (20 = barpy (A1), €)
where C' is a positive constant independent of &.

This statement was first obtained by Mabuchi [Mab87] for smooth toric man-
ifolds. For smooth homogeneous toric bundles, this statement was obtained by
Podesta and Spiro in [PS10]. Let us also mention here the work of Alexeev and
Katzarkov on K-stability of group compactifications [AK05]. Our computation is
based on an expression for the curvature form of a positive hermitian metric on a
polarized horospherical homogeneous space which is invariant under the action of
a maximal compact subgroup of G, in terms of a convex potential associated to the
metric, and a description of the asymptotic behavior of this convex function.

We will use two definitions of the Futaki invariant. First, we will use an analytic
definition to obtain its precise value. The original definition of the Futaki invariant
by Futaki [Fut83] was generalized by Ding and Tian to normal Q-Fano varieties
[DT92]. The modified Futaki invariant, the analogue for Kahler-Ricci solitons, was
introduced by Tian and Zhu [TZ02], and generalized to singular varieties by Berman
and Witt Nystrom [BW]. To show that we can compute the Futaki invariant on
a degeneration though, we will use the algebraic definition of the Futaki invariant.
This was first proposed by Donaldson [Don02]. He showed that the two definitions
coincide when the variety is non singular. In fact, as remarked by Li and Xu
[LX14, Section 7, Remark 1|, his proof extends to normal varieties. It is also
Berman and Witt Nystrom who generalized this algebraic definition to the modified
Futaki invariant (see also [WZZ16] and [Xiol4] for related recent work on Futaki
invariants).

Let us end this introduction with a question related with K-stability and the
method used here to compute Futaki invariants. Consider the partial order on G-
spherical Q-Fano varieties, given by Xy < X if X, is the central fiber of a special
equivariant test configuration for X. Given a G-spherical Q-Fano variety X, it is
interesting to consider the set of all G-spherical Q-Fano varieties smaller than X
with respect to this order. It follows from [AB04b, AKO05] that this poset is very well
understood for reductive varieties. In particular there is a single minimum which is
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the central fiber of any special test configuration with horospherical central fiber,
and the other elements are in bijection with the walls of the Weyl chamber, up
to a finite number of isomorphisms induced by exterior automorphisms of the root
system. It would be interesting to extend this precise description to all spherical Q-
Fano varieties. The fact that the minima are horospherical varieties is stated in the
present article. More generally, one may consider similar posets for more general
Q-Fano varieties by considering the partial order Xy <X X if Xy is the central fiber
of a special test configuration for X, equivariant with respect to a Levi subgroup of
the group of automorphisms of X. Many questions about these posets could clarify
the interpretation of K-stability. As a precise example, let us ask the following
question:

Question. What are the minima of these posets? In other words, if X is a Q-
Fano variety, and G is a Levi subgroup of AutO(X), under which conditions on X
are there no special G-equivariant test configurations for X with central fiber not
isomorphic to X ?

The only examples known to the author are horospherical varieties. One interest
of knowing these minima is that, thanks to the argument we use in Section 5, they
are the only varieties on which we really need to compute Futaki invariants. Of
course the poset alone is not enough to recover all the information about K-stability,
as one should keep track of the different ways the elements of the poset appear as
central fibers of test configurations, more precisely of the different holomorphic
vector fields induced by these test configurations.

The ideas and the methods of the present article should have interesting applica-
tions to several related problems. The most obvious one is K-stability of spherical
varieties for polarizations not given by the anticanonical line bundle. Another di-
rection is in Sasakian geometry, where an analogue of the Yau-Tian-Donaldson
conjecture was obtained by Collins and Székelyhidi [CS]. Finally, it would be inter-
esting to combine the ideas from our work with the work of Ilten and Siiss [IS17]
to study varieties with a spherical action of complexity one. In particular, Langlois
and Terpereau [LT16, LT17] have started a study of horospherical varieties of com-
plexity one that should lead them to a criterion for being Fano, which would be a
starting point.

The structure of the article is as follows. After introducing some notations and
conventions in Section 1, we begin in Section 2 by introducing horospherical homo-
geneous spaces and develop methods to deal with metrics on these spaces. Namely,
given a metric on a linearized line bundle, invariant under the action of a maxi-
mal compact subgroup, on a horospherical homogeneous space, we associate a real
function defined on a vector space with it and obtain an expression of its curvature
form in term of this function. In Section 3 we recall the necessary notions from the
theory of spherical varieties to determine special equivariant test configurations of
Fano spherical varieties, then achieve this goal. We explain in particular why any
Q-Fano spherical variety has a special equivariant test configuration with a Q-Fano
horospherical central fiber. The valuation cone and the moment polytope are also
introduced here. Section 4 is devoted to the computation of Futaki invariants of
Q-Fano horospherical varieties. It relies on Section 2 and the description of the
asymptotic behavior of the function associated to the restriction of a positive her-
mitian metric to the open orbit. This description involves the moment polytope
and generalizes the well-known case of polarized toric manifolds. Finally, we prove
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our main theorem in Section 5, after proving that the Futaki invariant for a given
C* action may be computed on a C*-equivariant degeneration of the variety. The
end of the section contains many examples of new situations in which the theo-
rem applies, including new examples of Kéahler-Einstein metrics, of Kéahler-Ricci
solitons, or of K-unstable manifolds. This illustrates also how the combinatorial
criterion simplifies on specific subclasses of spherical varieties, such as symmetric
varieties.

The reader interested in learning more about spherical varieties may consult
[Perl4, Tim11, Bri].

1. NOTATIONS

We introduce in this section some notions and notations on groups and Lie
algebras that will be used throughout the text.

Let G be a complex linear algebraic group. We will denote its Lie algebra by
the corresponding fraktur lower case letter g, and the exponential map by exp. An
(algebraic) character of G is an algebraic group morphism G — C*. We denote
the group of algebraic characters of G by X(G). An (algebraic) one parameter
subgroup of G is an algebraic group morphism C* — G. We denote the set of
algebraic one parameter subgroups of G by 2)(G). We denote by G the unipotent
radical of G, and by [G,G] its derived subgroup. If H is a subgroup of G, let
Ng(H) ={g € G;gHg™* = H} be the normalizer of H in G.

In this article, G will denote a connected complex linear reductive group, K will
denote a maximal compact subgroup of GG, and 6 the Cartan involution of G such
that K = G? is the fixed point set of . Let T' be a maximal torus of G, stable
under 0, let B be a Borel subgroup of G containing 7', and let B~ be the unique
Borel subgroup of G such that BNB~ =T, called the opposite Borel subgroup with
respect to T. Let ® C X(T) be the root system of (G,T) and let @ C ® be the
positive roots determined by B.

A parabolic subgroup P of G containing B admits a unique Levi subgroup L
containing 7. The parabolic subgroup of G opposite to P with respect to L is
defined as the unique parabolic subgroup @ of G such that PN Q = L and L is
also a Levi subgroup of . Let ®p denote the set of roots of P with respect to T
We denote by ®pu the set of roots of the unipotent radical P* of P. Alternatively,
these are the roots of G that are not roots of @, or the roots of P that are not roots
of L. Let

Consider the root decomposition of g:
g=to P g
acd

where g, = {z € g;ad(t)(z) = a(t)z Vt € t} is the root space for @. The Lie algebra

of Pis
p=to @ Ja-

acdp

The Cartan involution 6 descends to an involution of g, still denoted by 6. It sends
o t0 g for a € O.
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Assume now that T is any algebraic complex torus. There is a natural duality
pairing (A, x) between A € Y(T) and x € X(T') defined as the integer such that
x o Mz) = 20X for z € C*, which gives an isomorphism between 9)(T') and
Hom(X(T),Z). Given an algebraic complex subtorus S C T, there is a natural
inclusion of Y(S) in YP(T) as a direct factor, and a natural inclusion of X(7'/S) in
X(T) as a direct factor, where a character of T'/S is identified with a character of T'
which is trivial on S. By duality, these inclusions imply that 2)(7/.5) is a quotient
of Y(T), and that X(S) is a quotient of X(T).

Recall that since G is reductive, g = ¢ & J¥, where J denotes the complex
structure on g. Let a = tN JE Given A : C* — T an algebraic one parameter
subgroup, we consider its restriction to R’ and associate to A the derivative a of the
restriction at 1, which lives in the tangent space t = T.T'. In fact, a € a. Conversely
any a € a defines a Lie group morphism 7 € C — exp(7a) € T, which factorizes
by C — C* = C/27Z if and only if a is obtained as the derivative of an algebraic
one parameter subgroup as above. This correspondence embeds 2)(T") as a lattice
in a, and we identify 9(T) ® R with a. The natural duality (,) between X(T) @ R
and Y(T) ® R translates, for a € a identified with an element of Y(T') ® R, and
x € X(T), as (x,a) = Inx(exp(a)).

We will denote by k the Killing form on g. It defines a scalar product on the
semisimple part a N [g,g] of a. We choose a scalar product {-,-} on a which is
invariant under the action of the Weyl group W, and whose restriction to the
semisimple part is the Killing form x. Note that the vector subspace on which W
acts trivially, which is the intersection of a with the center of g, is then orthogonal
to the semisimple part of a. Let e, for a € ®, be a generator of the root space
Ja, such that e_, = —0(en), and [eq, e—o] = tao, where t, is defined as the unique
element of a such that {t,,a} = («a, a) for all a € a. More generally, given x € X(T),
we denote by t, the unique element of a such that {t,,a} = (x,a) for all a € a.

2. CURVATURE FORMS ON HOROSPHERICAL HOMOGENEOUS SPACES

2.1. Horospherical homogeneous spaces. We begin this section by introducing
horospherical homogeneous spaces. Our reference for these homogeneous spaces,
and the horospherical Q-Fano varieties that we will discuss in later sections, is
[Pas08].

2.1.1. Definition and normalizer fibration.

Definition 2.1. A closed subgroup H of a connected complex reductive group G
is called horospherical if it contains the unipotent radical U of a Borel subgroup
B of G. The homogeneous space G/H is then called a horospherical homogeneous
space.

Example 2.2. Consider the natural action of SLy(C) on C2. It has two orbits:
the fixed point 0 and its complement. The stabilizer of (1,0) is easily seen to be
the set of upper triangular matrices with diagonal coefficients equal to one. It is
the unipotent radical U of the Borel subgroup B of SLy(C) counsisting of the upper
triangular matrices, so C? \ {0} is a horospherical homogeneous space.

A torus (C*)™ is a horospherical homogeneous space under its action on itself.
A generalized flag manifold G/P where G is a semisimple group and P a parabolic
of G is a horospherical homogeneous space. Combining the two examples gives
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that products of tori with generalized flag manifolds are examples of horospheri-
cal homogeneous spaces. In fact all horospherical homogeneous spaces are torus
fibrations over generalized flag manifolds (see for example [Pas08|):

Proposition 2.3. Assume that H is horospherical, then the normalizer fibration
N¢(H)/H — G/H — G/Ng(H)

is a torus fibration over a generalized flag manifold. More precisely, the normalizer
P = Ng(H) of H in G is a parabolic subgroup containing B, and the quotient
P/H =T/TNH is a torus. Conversely, if H is such that Ng(H) is a parabolic
subgroup of G and P/H is a torus, then H is horospherical.

Example 2.4. The normalizer fibration associated to SLy(C)/U is the one defining
the complex projective line: C* — C? \ {0} — P!. In this case, P = B is the
subgroup of upper triangular matrices.

For any closed subgroup H, the normalizer Ng(H) acts on G/H by multiplica-
tion on the right by the inverse. The subgroup H in Ng(H) acts trivially. The
action of (g,pH) € G x Ng(H)/H on the coset *H € G/H is then given by
(9,pH) - *H = gxp~'H. The isotropy group of eH under this action is the group
{(p,pH),p € Ng(H)}. We will mainly use this for horospherical homogeneous
spaces, and we denote the corresponding isotropy group by diag(P) in this case. It
is isomorphic to P wvia the first projection.

2.1.2. Polar decomposition on a horospherical homogeneous space. We fix now H
a horospherical subgroup of G, and denote by P its normalizer. The inclusion of
D(T'NH) in Y(T) gives rise to a subspace ap C a under the identification of a with
D(T) @ R. Let a; denote the orthogonal complement of ay with respect to {,-}.

Proposition 2.5. The image of a1 in G under the exponential is a fundamental
domain for the action of K x H on G, where K acts by multiplication on the left
and H by multiplication on the right by the inverse. As a consequence, the set
{exp(a)H;a € a1} C G/H s a fundamental domain for the action of K on G/H.

Proof. The case when the horospherical subgroup is the unipotent radical U of B
is a classical result known as the Iwasawa decomposition (see for example [Hel78,
Chapter IX, Theorem 1.3]). It states more precisely that the map

KxaxU — G, (kya,u) —— kexp(a)u

is a diffeomorphism.

Now let H be any horospherical subgroup containing U, and a; be as defined
above. Given g € G, use the Iwasawa decomposition to write g = k exp(a)u where
a € a is uniquely determined. Decompose a as ap + a1 € ag b a; = a. Then g =
kexp(a1) exp(ag)u where k € K, exp(ap)u € H and a1 € a; uniquely determined.

O

2.2. Hermitian metrics on linearized line bundles. We will now associate to
a K-invariant hermitian metric on a linearized bundle on a horospherical homoge-
neous space two functions. One function will be associated to the pull back of the
line bundle to G under the quotient map, and the other will be associated to the
restriction to exp(ay). Let us first describe the linearized line bundles obtained by
this pull back and this restriction.
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2.2.1. Associated linearized line bundles.

Definition 2.6. Let X be a G-variety. A G-linearized line bundle L on X is a line
bundle on X equipped with an action of G such that the bundle map L — X is
equivariant and the maps between the fibers induced by the action are linear.

Let G/H be a horospherical homogeneous space. Let L be a G x P/H-linearized
line bundle on G/H. The fiber L.y above eH € G/H defines a one dimensional
representation of the isotropy group diag(P). Denote by x the character of P
associated to this representation, so that (p,pH) - & = x(p)& for £ € Lep.

Consider the quotient map 7 : G — G/H,g — gH, and the pull back 7*L of
the line bundle L to G. We still denote by 7 the induced map n*L — L. Since
7 is equivariant under the action of G by multiplication on the left, 7*L admits
a pulled back G-linearization. Let us choose a non zero element s(e) € (7*L),.
Together with the linearization, it provides a global trivialization

s:g€Gr—g-s(e) € (n"L),.

Denote by ¢ : P/H — G/H the inclusion. It is equivariant under the action of
P x P/H. The restriction ¢*L of the line bundle L to P/H provides a P x P/H-
linearized line bundle on the torus P/H. In general the linearizations of ¢*L for
the action of P x {eH} ~ P and the action of P through {e} x P/H are different.
They are related by:

(p. H)- &= (e,p”H)(p,pH) - €
= x(p)(e,p ' H) &

forpe P, £ € L.

We still denote by ¢ the inclusion ¢*L — L. We define two trivializations s;
and s, of .*L:

si(pH) = (p, H) - (" om)(s(e)),
s (pH) = (e,p ' H) - (11 o m)(s(e)).
By the previous calculation, they satisfy
si(pH) = x(p)s:(pH).
The following diagram summarizes the objects introduced in this subsection.
L L L
Sy Sr
(L L)

G —" G/H «‘“— P/H

2.2.2. Functions associated to hermitian metrics. Let L be a G x P/H-linearized
line bundle on G/H, and denote by x the corresponding character of diag(P). Let
q be a smooth hermitian metric on L. Consider the pull-back 7*¢q of the metric ¢
to m* L. Denote by ¢ : G — R the potential of 7*¢ with respect to the section s,
that is the function on G defined by

#(g) = —21In|s(g)

We associate to ¢ another function, this time associated with its restriction to
L|p/r- Denote by u : a; — R the function defined by

u(z) = —2In|s,(exp(z)H)|,+q.

T*g-.
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Proposition 2.7. Assume that the metric q is invariant under the action of the
compact group K. Then q is uniquely determined by u. Furthermore, we have

bk exp(a)h) = u(x) — 2In|x(exp(x)h)|.
foranyk e K, x €a; and h € H.
Proof. Tt is clear that 7*q is completely determined by its global potential ¢ on
G, thus that ¢ is completely determined by ¢. We only need to prove the relation
between u and ¢, since any g € G can be written as ¢ = kexp(z)h with k € K,
x € a; and h € H by Proposition 2.5.

First remark that since ¢ is invariant under the action of K, and 7 is equivariant

under the action of GG, 7*¢ is also invariant under the action of K. Then the
invariance of the section s yields

p(kexp(x)h) = —2In[s(kexp(x)h)|r+q = —2In |k - s(exp(z)h)[rq = P(exp(z)h).
We then remark that

m(s(exp(x)h)) = m((exp(x)h) - 5(e))
(

by definition of x.
We then write, since exp(z) € P,
¢(exp(z)h) = =21n(|x(h)||(exp(x), H) - 7(s(e))lq)
= —2In|(exp(z), H) -t o w(s(e))|,=q — 2In|x(R)|
= —2In|s;(exp(z)H)|,~q —2In|x(h)

we then use the relation between sections described in Section 2.2.1 to obtain

dexp(a)h) = —2n(|x(exp(a))||s. (exp(@) H)|o-g) — 21n [x(h)|
— —2Ins, (exp(a) H)|+q — 2In [x(exp(a)h)].

Recalling the definition of u, we obtain the statement. O

2.3. Pointwise expression of a curvature form. Let L be a G x P/H-linearized
line bundle on G/H, with associated character of diag(P) denoted by x. Let ¢ be a
K-invariant smooth hermitian metric on L, with associated functions ¢ : G — R
and u:a; — R.

Recall that the curvature form w of ¢ is a global (1,1)-form defined locally as fol-
lows. If s9 : U € G/H — L is alocal trivialization of L, and ¥(z) := —21n|so(2)|,,
then w = 90y on U. If q is invariant under the action of K then w is also invariant.
We want to compute the expression of w in terms of x and wu.

In general we cannot find a global trivialization of L on G/H, and cannot find a
global potential for w. This is the case in particular for generalized flag manifolds.
We will bypass this difficulty by computing w through its pull back to G under the
quotient map. This approach is similar to the use of quasipotentials by Azad and
Biswas in [ABO03] for generalized flag manifolds.
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We can identify the tangent space at eH to G/H with

g/h =~ @ Ce_o®a; & Ja;.

acPpu

Choose a basis [y,...,l. of the real vector space a;. Denote by (x1,...,2,) the
corresponding coordinates of a point = ), x;l; € a;. A complex basis of the
tangent space Tey G/ H is then given by the union of the I; and the e_,, for a € ®pu.

On P/H C G/H, given a tangent vector £ at the coset eH, we can define a
smooth real holomorphic vector field R¢, invariant under the action of P/H by
multiplication on the right, simply by transporting the given tangent vector by the
holomorphic action:

R¢:pH — (H,p *H)-€ € Tyu P/H.

Consider the complex basis of holomorphic (1,0)-vector fields composed of the
(Rl;—iJRI;)/2 and (Re_o —iJRe_q)/2, where J denotes the complex structure on
G/H, and i is the complex structure coming from the complexification in TG/ H®C.
We denote the dual basis of (1,0)-forms by {v;}; U {7a}ta. We will compute the
curvature (1,1)-form w pointwise in the basis of (1,1)-forms obtained from these.

Theorem 2.8. Let w be the K-invariant curvature form of a K-invariant metric
q. Then the form w is determined by its restriction to P/H, given for x € a; by

————(2)iv, AV + Y {0 Vu(@)/2 = ) iYa AT
acEPpu

where Vu is the gradient of u with respect to the scalar product {, }.

In order to prove the theorem we need to obtain an infinitesimal decomposition,
adapted to the polar decomposition G = K exp(a;)H, for elements of g/h. Recall
that U is the unipotent radical of B and is a subgroup of H. It is also the image
under the exponential of @, ce+Ceq. It will be enough to obtain an infinitesimal
decomposition adapted to the Iwasawa decomposition G = K exp(a)U, which is
achieved by the following lemma.

Lemma 2.9. Let {z;}; and {za}a denote complex numbers, and let

f= Z zil; + Z Zab—a € 9/b

1<j<r OlE‘I’lt

Then exp(f) = kexp(y + O)u where k € K, y € a, O € g is of order strictly higher
than two in the z; and zo, and w € U. Furthermore, if z; = x; + iy;,

y= Z Ijlj—l— Z Zaiata/Z.
1<j<r QED pu

Proof. Recall that 6 denotes the Cartan involution on g, with fixed point set €. We
will denote by O a term in g of order strictly higher than two in the z; and z,,
which may change from line to line.
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Write f = Al + AQ — Ag, with
A= > yidli+ Y (2ab—a+0(zae—a)) €t

1<j<r a€®pu

Ay = E ,lej € aq
1<j<r

Az = E 0(zae—q) € E Ceq.
aEPpu aE€EPpu

Using the Baker-Campbell-Hausdorff formula yields
GXp(—Al) exp(f) GXp(Ag) = exp(Ag + 1/2([A2, Al] + [Al, Ag] + [AQ, Ag]) + O)

We now decompose Ag+1/2([Az, A1)+ [A1, As]+[A2, A3]) = By + B2+ Bs with
By €t By € aand Bs € u. It is easy to see that By and Bs are of order two in the
Zj, Za, 0 that, by the Baker-Campbell-Hausdorff formula again,

exp(—B1) exp(—A1) exp(f) exp(Asz) exp(—Bs) = exp(Bz + O).

We have exp(—Bj) exp(—A4;) € K, and exp(As) exp(—Bs) € U, so to conclude
the proof it remains to compute y = B3. There are two contributions to this term,
the first being A, and the second, coming from %[Al,A3], which is

% > [zae,a,e(zae,a)]:% > zaZale—a,b(e_a)]

aEPpu aEPpu

:% Z ZaZalta

aEdpu

We now proceed to prove the theorem.

Proof of Theorem 2.8. Let 7 denote again the quotient map G — G/H. Consider
m*w. This is the curvature form of the pulled back metric 7*q on n*L. Let ¢
be the global potential of 7*¢ on G. Then ¢ is a global i900 potential for 7*w,
which means that 7*w = i00¢. Recall from Proposition 2.7 that ¢(kexp(z)h) =
ul() — 2 n(x(exp(x)h)). ) )

Consider on P C G the right invariant vector fields Rl;, respectively Re_,
obtained by transporting the elements /; respectively e_, from g ~ T,G by the
action of P on G by multiplication on the right by the inverse. These vector fields
are sent to Rl; respectively Re_, by . Since for any elements f1, f2 of T,G ® C,
we have

7T*""'g(fla f2) = Wr(g) (T (f1), T (f2))
it will be enough to compute 7*w on pairs of holomorphic (1,0) vector fields Z; or
Z corresponding to the real holomorphic vector fields just defined.

Let f1 and fs be two elements of g, and let Z;, Z; be the corresponding right-
P-invariant holomorphic (1,0) vector fields on P C G as defined above. Since
7w = i00¢, we have, at p € P,

2

_ 0
(T*w)p(Z1, Z2) = 9210 o(exp(z1 f1 + z2f2)p).
0

We will carry out this computation at p = exp(z) for f; and fo two elements in

a/b.
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Consider now f as in Lemma 2.9 and « € a;. Then

exp(f) exp(z) = kexp(y + O)uexp(z)
= kexp(y + O) exp(x)u

/

where v’ € U, because T normalizes U. Then by the Baker-Campbell-Hausdorff
formula and since O is of order strictly higher than two in z;, 2, there exists an
O’ € g, still of order strictly higher than two in z;, z4, such that

exp(f) exp(z) = kexp(z +y + O )u.

We deduce that ¢(exp(f)exp(x)) = d(exp(z +y + O')), because v € U C H,
and any character of P vanishes on U. Then we apply this to obtain, given fi, fo

in g/b,

2
(T*W)exp(z) (21, Z2) = 62?622 o(exp(z1 f1 + z2f2) exp(x))
0

0? ,
= 5rg| HeR@ +y+0Y)

where y is given by Lemma 2.9 for f = z1 f1 + 22 f2,

82
= s AR +Y)

82

= 9205, plexp(z + y') exp(y — y"))

where y! is the projection in a; of y € a = ap ® ay,

_ (u(z +y") — 2In(x(exp(z + y))))
021079 0 4 X P ’

— 8—2 ulx by — X

_8z18220( (z+y")—2(xz+y)).

Together with the precise value of y given by Lemma 2.9, this allows us to
compute the values of (7*w)exp(z)(Z1, Z2) for all choices of Z1, Zs in the set of
right- P-invariant holomorphic (1,0)-vector fields obtained from elements f;, fo of

a/b.
(i) Let us first apply this to f1 =1;,, fa =1;,. We obtain
~ 2
(" W)exp(a) (Z1, Z2) = 92105 (u(@ + z1ly, + 2ly,) — 2 (x, 2))
0
1 92
= Zm . U(I + xlljl + IQljz)
1 0%u

- Zaleasz :E)
(ii) If f1 =1; and f» = e_, then Lemma 2.9 gives
1
Yy = Illj + EZQZQta

and it is easy to see that the double derivative vanishes.
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(iii) Similarly, if f; = e_n, and fo = e_q,, with a3 # ag, then

1 _ _
Y= 5(2121%1 + 2220t a,)

and the double derivative vanishes again.
(iv) The remaining case is when f; = fo = e_,. In that case,

1 2
=3 ton
Y 2|21 + 2]

so that

82
(7‘r W)exp(w)(zl’ZQ) = 02107 0
{Vu(x),t}l/Q} — (X ta)
= {Vu(z)/2 — ty, to}.

We can indeed replace t. with t, because Vu(x) € ai, and, by definition, a; is
orthogonal to ag. (I

(u(z + 21 + 22°t5,/2) — 2 (x, & + |21 + 22/*ta/2))

3. TEST CONFIGURATIONS OF SPHERICAL VARIETIES

3.1. Colored fans and spherical varieties. We first review general results about
spherical varieties. We will use [Kno91| as main reference for this section. The
theory was initially developed by Luna and Vust [LV83].

Definition 3.1. A normal variety X equipped with an action of GG is called spherical
if a Borel subgroup B of GG acts on X with an open and dense orbit.

A homogeneous space G/H which is a spherical variety under the action of G is
a spherical homogeneous space. A spherical subgroup is a closed subgroup H such
that G/H is a spherical homogeneous space.

Let X be a spherical variety and = a point in the open orbit of B. Denote by
H the isotropy group of = in G. The pair (X, x) is called a spherical embedding of
the spherical homogeneous space G/H, and is equipped with a natural inclusion of
G/H in X through the G-equivariant map gH — ¢ - x.

Example 3.2. A horospherical homogeneous space is spherical: if H contains the
unipotent radical U of B, and B~ is a Borel subgroup opposite to B, then B~ H
is open and dense in G, or equivalently, B~ H/H is open and dense in G/H. An
embedding of a horospherical space is called a horospherical embedding of G/H, or
a horospherical variety.

Example 3.3. The group G itself is a spherical homogeneous space under the
action of G x G defined by (g1,92) - g = glgggl. Indeed, if B and B~ are opposite
Borel subgroups of G, the Bruhat decomposition shows that the B x B~ -orbit BB~
is open and dense in G.

3.1.1. Valuation cone and colors. Let O be a spherical homogeneous space under
the action of G. Let k = C(O) be the function field of O. The action of G on k is
defined by (g- f)(x) = f(g~' - z)forge G, f €k, x € O.

Definition 3.4. A wvaluation of k is a map v : k* = k '\ {0} — Q such that:
— v(C*) =0,
— v(f1+ f2) > min{v(f1),v(f2)} when fi, fo and f1 + f2 are in k*,
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— I/(flfg) = V(fl) + V(fQ) for all fl; f2 c k*.

Let us now choose B a Borel subgroup of G. Define Mp(0O) C X(B) as the set
of characters x such that there exists a function f € k* with b- f = x(b)f. It is a
subgroup of X(B), and hence a finitely generated free abelian group.

Define N5(0O) = Hom(Mg(0),Z). To any valuation v of k we can associate
an element p, of Np(0) ® Q, defined by p,(x) = v(f) where f € k* is such that
b-f=x(b)f for all b € B. This is well defined because B has an open and dense
orbit, so two such functions are non-zero scalar multiples of each other.

It is a fundamental result in the theory that the map v —— p, is injective on
the set of G-invariant valuations, and we denote by Vg(O) the image of the set of
G-invariant valuations of k£ under this map. This is a convex cone in Ng(0) ® Q
called the wvaluation cone of O (with respect to B). Although the set of G-invariant
valuations of k£ does not depend on the choice of Borel subgroup, we will use in the
following its image Vp(O), which does depend on the choice of B.

As an example, let us record the following characterization of horospherical va-
rieties. Other examples will be described in Section 5.4.2.

Proposition 3.5. [BP87, Corollaire 5.4] A spherical homogeneous space O is a
horospherical homogeneous space if and only if its valuation cone Vp(O) is the full

space Np(0) ® Q.

Denote the set of B-stable prime divisors in O by Dg(0). An element of Dp(O)
is called a color of O. A color D € Dg(O) defines a valuation on G/H and thus
an element p(D) in N5(0)g. However, the map p : Dp(0) — Np(0) ® Q is not
injective in general.

We will in general drop the mention of B and O in the notations, as no confusion
should be possible.

3.1.2. Colored fans. Let G/H be a spherical homogeneous space, and choose B a
Borel subgroup of G. Let ¥V C N ® Q be the valuation cone of G/H with respect
to B and let D be its set of colors.

Definition 3.6.

— A colored cone is a pair (C,R), where R C D, 0 ¢ p(R),andC CN®Qis a
strictly convex cone generated by p(R) and finitely many elements of V such
that the intersection of the relative interior of C with V is not empty.

— Given two colored cones (C,R) and (Co, Ro), we say that (Co,Ro) is a face
of (C,R) if Cp is a face of C and Ro = R N p~1(Cy).

— A colored fan is a non-empty finite set F of colored cones such that the face
of any colored cone in F is still in F, and any v € V is in the relative interior
of at most one cone.

Theorem 3.7. [Kno91, Theorem 3.3] There is a bijection (X,xz) — Fx between
embeddings of G/H up to G-equivariant isomorphism and colored fans. There is a
bijection Y — (Cy, Ry) between the orbits of G in X, and the colored cones in Fx.
An orbit Y is in the closure of another orbit Z in X if and only if the colored cone

(Cz,Rz) is a face of (Cy,Ry).
The support of the colored fan Fx is defined as |Fx| = {C;(C,R) € Fx}.

Proposition 3.8. [Kno91, Theorem 4.2] A spherical variety X is complete if and
only if the support | Fx| of its colored fan contains V.
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Given X a spherical embedding of G/H, we denote by Dy its set of colors, which
is the union of all sets R C D for (C,R) € Fx.

Definition 3.9. A spherical variety X is called toroidal if Dx is empty.

Example 3.10. [Pas08, Exemple 1.10] A horospherical variety is toroidal if and
only if the fibration structure of the horospherical homogeneous space given in
Proposition 2.3 extends to the embedding. In other words, toroidal horospherical
varieties are precisely the homogeneous fibrations over generalized flag manifolds,
with fibers toric varieties.

In the case of the horospherical homogeneous space C? \ {0} ~ SLy(C)/U, there
are two complete embeddings: P? and the blow up of P? at one point. The latter
is toroidal, and the fibration structure is obvious, while the former is not toroidal.

3.1.3. Equivariant automorphisms. The classification of spherical embeddings up
to G-equivariant automorphisms, together with the deep uniqueness Theorem of
Losev [Los09], shows that the neutral component of the group of G-equivariant
automorphisms of a spherical variety X is isomorphic to the neutral component
of the group of G-equivariant automorphisms of its open G-orbit, through the
restriction. Indeed, the construction in [Kno91] of the colored fan Fx of a spherical
embedding (X, x) of G/H does not depend on the choice of base point x such that
its isotropy group is H.

Choose z a base point in the open G-orbit in X, and let ¢ be an equivariant
automorphism of the open G-orbit. Then the stabilizer H of x in G is also the
stabilizer of its image o(z) by o, since o commutes with G. The colored data of
the pointed homogeneous spaces (G/H,z) and (G/H,o(x)) are thus related by an
automorphism, which may differ from the identity only by exchanging some colors,
by [Los09]. This exchange of colors is impossible if the equivariant automorphism is
in the connected component of the identity. In this situation, (X, z) and (X, o(x))
are two embeddings of G/H with the same fan Fx, so they are G-equivariantly
isomorphic by Theorem 3.7, which means that the equivariant automorphism of
G/H sending x to o(x) extends to X.

If we fix a base point (or rather the stabilizer H of a base point), then we get an
explicit description of these equivariant automorphisms. Indeed, the group of G-
equivariant automorphisms of G/H is isomorphic to the quotient Ng(H)/H, whose
action on G/ H is induced by the action of Ng(H) by multiplication on the right by
the inverse: p-gH = gHp~ ' = gp~'H (see for example [Tim11, Proposition 1.2]).

The reader may find a more precise description of the full equivariant automor-
phism group in [Gan18§].

3.1.4. Morphisms between spherical varieties. Let H < H' be two spherical sub-
groups of G. Denote by ¢ : G/H — G/H’ the corresponding G-equivariant
surjective map of homogeneous spaces. It induces a surjective homomorphism

¢« N(G/H)®Q — N(G/H') @ Q.
Let Dy C D(G/H) be the set of all D € D(G/H) such that ¢(D) = G/H'.
Theorem 3.11. [Kno91, Theorem 4.1] Let (X, x), respectively (X', 2'), be a spher-
ical embedding of G/H, respectively G/H', then ¢ : G/H — G/H' extends to a
G-equivariant morphism ¢ : X — X' sending x to x’' if and only if for every
colored cone (C,R) € Fx, there exists a colored cone (C',R') € Fx: such that
¢+(C) C C" and ¢.(R\Dy) C R'.
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3.2. Line bundles on spherical varieties. Let us recall some results from [Bri89]
about line bundles on spherical varieties.

3.2.1. Cartier divisors. Let X be a complete spherical variety, embedding of some
spherical homogeneous space O. Let T{ denote the finite set of G-stable prime
divisors of X. Any divisor Y € Z§ corresponds to a ray (C, () € Fx, and we denote
by uy the indivisible generator of this ray in A/. The set D of colors of O is in
bijection with the set of irreducible B-stable but not G-stable divisors in X, by
associating to a color of O its closure in X.

Any B-stable Weil divisor d on X writes

d= Z nyY-f—Z?’LDE

ygzg DeD

for some integers ny, np. In fact, any Weil divisor is linearly equivalent to a B-
invariant divisor and Brion proved the following criterion to characterize Cartier
divisors.

Proposition 3.12. [Bri89, Proposition 3.1] A B-stable Weil divisor in X is Cartier
if and only if there exists an integral piecewise linear function ly on the fan Fx such
that

d= Y la(uy)Y + > la(p(D)D+ Y  npD

vezg DeDx DeD\Dx

for some integers np.

3.2.2. Ample Cartier divisors and polytopes. Let F¥** denote the set of cones C C
N ® Q of maximal dimension, such that there exists R C D with (C,R) € Fx.
If d is a Cartier divisor and o € F¥?*, let m, be the element of M such that
la(x) = my(x) for x € 0. Since we assumed X complete, 4 is uniquely determined
by the m,-.

Proposition 3.13. [Bri89, Théoréme 3.3] Assume X is complete and

d= Z la(vy)Y + Z la(p(D))D + Z npD

YeI§ DeDx DeD\Dx

is a Cartier divisor on X. It is ample if and only if the following conditions are
satisfied:

— the function lg is convex,

— Mg, # Mg, if 01 # 02 € FY™,

— np > me(p(D)) for all D € D\ Dx and o € FR*>*.

To a Cartier divisor d, we associate a polytope Ay C M ® R defined as the set
of m € M @R such that m € —m, + ¢V for all o € F** and m(p(D)) +np >0
for all D € D\ Dx.

The support function va : N® R — R of a polytope A € M ® R is defined by

va(z) = sup{m(z);m € A}.

If d is ample then l4(z) = va,(—x) for z € | Fx]|.
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3.2.3. Linearized line bundles and moment polytopes. Let L be a G-linearized ample
line bundle on a spherical variety X. Let B be a Borel subgroup of G and T a
maximal torus of B. Denote by V) an irreducible representation of G of highest
weight A € X(T') with respect to B. Since X is spherical, for all » € N, there exists
a finite set A, C X(T') such that

H(X,L") = €P W
AEA,

Definition 3.14. The moment polytope Ap of L with respect to B is defined as

the closure of (J, oy Ar/r in X(T) @ R.

Even though it is not clear from the definition, Ay, is a polytope. More precisely,
we may recall the explicit relation between A and the polytope associated to a
Cartier divisor whose associated line bundle is L. Fix a linearization of L, and
choose a global B-semi-invariant section s of L, so that the zero divisor d of s is an
ample B-invariant Cartier divisor. Let us be the character of B defined by s, that
is, such that b- s(b=! - z) = ps(b)s(x) for all x € X.

Proposition 3.15. (|Bri89, Proposition 3.3], see also [Bri, Section 5.3]) The mo-
ment polytope Ar of L and the polytope Ay associated to d are related by A =
s + Ad-

3.2.4. Anticanonical line bundle. Let us now recall some results from [GH15]. In
this article, Gagliardi and Hofscheier study the anticanonical line bundle on a spher-
ical variety, in particular on Q-Fano spherical varieties. It is based on the work of
Brion [Bri97], and the analogue for Q-Fano horospherical varieties by Pasquier
[Pas08]. We consider the anticanonical divisor on a Q-Fano spherical variety X. It
is clear that the discussion of Cartier divisors and moment polytopes above extends
to Q-Cartier divisors and linearized QQ-line bundles. Let K)_(1 denote the (naturally
linearized) Q-line bundle on X.

Let P be the stabilizer of the open orbit of B in X. There exists a B-semi-
invariant section of K)_(l with weight 2pp and divisor

d= Z Y+ZnDE

ver§ — DeD

where the np are explicitly obtained in terms of 2pp and the types of the roots
(see [GH15] for a precise description of these coefficients).

The moment polytope AT is then 2pp+ Ay by Proposition 3.15, and furthermore
the dual polytope A% of Ag is a Q-G /H-reflexive polytope in the sense of [GH15],
which can be obtained as the convex hull:

A4 = conv({pp/np,D € D} U {uy,Y € I§}).

The Q-Fano variety X can further be recovered from its Q-G/H-reflexive poly-
tope A} by the following procedure, detailed in [GH15|. The colored fan of X is
obtained from A, as the union of the colored cones (Cone(F), p~1(F)) for all faces
F of A} such that the intersection of the relative interior of Cone(F') with the
valuation cone V is not empty.

3.3. Equivariant degenerations of spherical spaces.
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3.3.1. Adapted parabolic and Levi subgroups. Let X be a spherical variety under
the action of G and B a Borel subgroup of G. The stabilizer in G of the open orbit
of B is a parabolic subgroup of G containing B called the adapted parabolic.

Definition 3.16. Let H be a spherical subgroup of G. An elementary embedding
of G/H is a spherical embedding (E,z) of G/H such that the boundary Ey, =
E\ (G/H) is a single codimension one G-orbit (necessarily closed).

The colored fan of an elementary embedding is a single ray in the valuation cone,
with no colors [BP87, 2.2].

Choose B a Borel subgroup of GG such that BH is open in G. The adapted
parabolic P is also the stabilizer in G of BH.

Definition 3.17. A Levi subgroup L of P is called adapted to H if the following
conditions hold:
— PNnH=LNH,
— LN H contains the derived subgroup [L, L],
— for any elementary embedding (E, z) of G/H with closed orbit Fy, the closure
C -z of the orbit of x under the action of the connected center C' of L meets
that orbit of B which is open in Ey.

The choice of an adapted Levi subgroup L together with a maximal torus T C L

allows us to identify M with an explicit subgroup of X(T") [BP87, 2.9]. More
precisely, the group M is identified with X(T/T N H), the group A is identified
with the group 9(T/T N H) of one parameter subgroups of T/T N H, and so V is
identified with a cone in the Q-vector space 9(T/T N H) ® Q. Denote by 7 the
quotient map P(T)@Q — Y(T/TNH) @ Q.
Definition 3.18. Let (E, ) be an elementary embedding of G/H, and Cg be the
ray in V associated to E. We say that a one parameter subgroup A € (7)) is
adapted to E if it projects to an element of Cg NY(T/T N H) under the quotient
map 7.

Proposition 3.19. [BP87, 2.10] Let (E,z) be an elementary embedding of G/H,
and A € Y(T') adapted to E, then lim,_,o A(z) - x exists and is a point in the open
orbit of B in Fy.

3.3.2. Choice of an adapted Levi subgroup. We will need to use some properties of
the adapted Levi subgroups, essentially proved in [BLV86, BP87]. However, since
they are sometimes proved for an adapted Levi subgroup of a particular form, we
need to show that we can choose a good Levi subgroup, up to changing the base
point. Let us first prove the following elementary fact.

Proposition 3.20. Let L be a Levi subgroup adapted to H, and v € P* the unipo-
tent radical of P, then uLu™' is a Levi subgroup of P adapted to uHu™'.

Remark that all Levi subgroups of P are conjugate under an element of P“.
Remark also that if H is the stabilizer of z, then uHu ™! is the stabilizer of the
point u - x, which is still in the open B-orbit by definition of P.

Proof. We can first see that
PnuHu ' =uw(PNH)u ' =uw(LNHyu ' =ulu NuHu™?,

and
[uLu™ ', uLu™'] = u[L,Lju™" C uHu ™"
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Assume now that (E,z) is an elementary embedding of G/uHu~' with closed
orbit Eg. Then (E,u~!-z) is an elementary embedding of G/H with closed orbit
Ey. Since L is adapted to H, if C is the connected center of L, C' - u~! - x meets
the open orbit of B in Ey. The connected center of uLu~! is uCu~!, and we get
uCu~1 -2 =u-C-u~1-z. This meets the open orbit of B in Fy since u € P* C U,
so uLu~! is adapted to uHu " (Il

Proposition 3.21. Let T be a maximal torus of B. Then up to changing the base
point in the open orbit of B and thus its stabilizer H, we can choose an adapted
Levi subgroup L containing the torus T and such that Ng(H) = H(C N Ng(H)).

Proof. First choose any base point Z in the open orbit of B, and let H be its
stabilizer. Let L = Stabg(df.) where f € C[G] is a regular function on G which
vanishes everywhere on G\ BH and df, is the differential of f at the neutral element
e, considered as an element of the coadjoint representation. Let also C denote the
connected center of L. Then L is adapted to H [BLVS86, Section 3].

Furthermore, it is shown in [BP87, Section 5| that BH = BNg(H), so Ng(H)
is spherical and P and L are also adapted to Ng(fl ). In particular, we have
PN Ng(H) = LN Ng(H).

The Levi subgroup L might not contain the maximal torus 7', but there is a
conjugate L under an element u of P* that does contain 7. By Proposition 3.20,
L = uLu' is adapted to the subgroup H = uHu !,

Furthermore, we have PN Ng(H) = LN Ng(H). From this we deduce that the
inclusion of CH in CNg(H) is an equality. Indeed, P* N Ng(H) C PN Ng(H) =
LN Ng(H), and LN P* = {e}, so the following surjective maps are isomorphisms.

P" x CNg(H) — PNg(H) = BH = PH +— P" x CH.

These isomorphisms imply that CH = CNg(H), and this equality implies the last
conclusion: Ng(H) = H(C N Ng(H)). O

3.3.3. Equivariant degenerations. We fix now a spherical homogeneous space O
under the action of G, a Borel subgroup B of G and a maximal torus T in B.
Using Proposition 3.21, we choose a base point z € O with isotropy group H so
that there exists a Levi subgroup L of P adapted to H and containing the fixed
maximal torus T of B. Note that G/H x C* is a spherical homogeneous space
under the action of G x C*.

We use the work of Brion and Pauer on isotropy subgroups of elementary embed-
dings [BP87, section 3] to obtain information about the equivariant degenerations
of a spherical homogeneous space. In this article, equivariant degenerations of
spherical homogeneous spaces are defined as follows.

Definition 3.22. An equivariant degeneration of G/H is an elementary embedding
(E,%) of G/H x C*, equipped with a surjective G x C*-equivariant morphism
p: E — C, where G acts trivially on C, and C* acts by multiplication on C, with
p~1(0) = Ey the closed orbit of E.

Let us remark that P x C* is an adapted parabolic for (G x C*)/(H x {1}), and
L x C* is an adapted Levi subgroup with connected center C' x C*. We identify
D(T x C*) with (T) ¢ Z. Furthermore, the valuation cone of (G x C*)/(H x {1})
can be identified with ¥V x Q C (N @ Q) ® Q.
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Proposition 3.23. Let (F, %) be an equivariant degeneration of G/H. Let (A\,m) €
N(T) ®Z be a one parameter subgroup adapted to E. Then m > 0, the action
of G on Ey is transitive, and if Hy denotes the isotropy subgroup in G of Tg =
lim,_,o(A(2), 2™) - &, then the action of e™ € C* on G/Hy is given by multiplication
on the right by Ne~7/™).

Proof. Let p: E — C denote the G x C*-equivariant morphism associated to the
degeneration. Then since Zo € Ey = p~1(0), we have m > 0. Denote by Hy the
isotropy subgroup of Z, in G x C*. Obviously, (A(z), 2™) € Hy for all z € C*.

Let us first show that G acts transitively on (G x C*)/Hy. Consider (g1, z;) and
(g2, 22) in G x C*. Let s € C* be such that s™ = z5/2;. Then

(91,21) = (91, 22/8™) = (91A(s), 22)(A(1/5),1/s™),
so since (\(1/s),1/s™) € Hy,

(91,21)Ho = (91A(5)g5 "> 1)(92, 22) Ho,
which shows the transitivity of the action of G. In particular if Hy is the isotropy
group of Zp in G, we can identify Ey with G/Hj.
The action of C* is obtained similarly. Given z = e” € C*, we have
(e,2)(g: 1) - o = (e,2)(g, 1) Ho
= (9, GT)HO
= (gAe™™/™), 1)(A(e™/™), e7) Hy
= (gA(e™™/™),1)Ho
= (gA(e™™/™),1) - Fo.
This finishes the proof of the proposition. ([

Conversely, any elementary embedding whose ray is generated by some (A, m) €
D(T/TNH)®Q x Q with m > 0 provides an equivariant degeneration of G/H
thanks to Theorem 3.11.

Proposition 3.24. Keeping the same notations as in Proposition 3.23, we have:
BH is open in G (in particular Hy is spherical), P = Stabg(BHy), and L is
adapted to Hy.

Proof. By [BP87, Théoréme 3.6], (B x C*)Hy is open in G x C*, P x C* =
Stabgxcx ((B % (C*)ﬁo), and L x C* is adapted to Hy, where Hy denotes the isotropy
group of Ty in G x C* as in the proof of Proposition 3.23.

First remark that for any b € B and z € C*, we have (b, 2™) g = (bA(1/z2),1)-Zo.
Since A is a one parameter subgroup of 7' C B, we obtain that B x C* - &y =
B x {1} - &g, thus the orbit of &y = eHy in G/Hj is open, which implies that BHy
is open in G.

Now let us show that Stabg(BHp) = P. We have proved above that B - Zg =
(B x C*) - Zg, and furthermore we have {e} x C* C Stabgxc+((B x C*) - Zp), so it
follows that

P x C* = Stabgxc- (B x C*) - o)
= Stabg((B x C*) - &) x C*
= Stabg(B - &) x C*



K-STABILITY OF FANO SPHERICAL VARIETIES 23

Hence P = Stabg(B - Zg) = Stabg(BH)).

Finally we have to show that L is adapted to Hy.

First let us describe the subgroup Hy more explicitly in terms of Hy, A and m.
By the description of the action of G x C* on G/H, we easily check that

Hy = | J Ho\e™/™) x {e7}.
7€C

Since L x C* is adapted to Hy we obtain

(PN Hy) x {1} = (P x C*) N Hy) N (G x {1})
= ((L x C*)N Hy) N (G x {1})
= (LﬁHo) X {1}

hence PN Hy = LN Hy. Similarly, [L, L] C Hy follows from:
[L,L] x {1} = [L x C*, L x C*] ¢ HyN (G x {1}) = Hy x {1}.

Consider (Z, z) an elementary G-embedding of G/Hy = (GxC*)/Hy, with closed
orbit Zy. Since the action of C* commutes with the action of G on G/Hy, this is
also an elementary embedding for the action of G x C*. Since L x C* is adapted to
(G x C*)/Hy, there exists a one parameter subgroup t — (u(t), t*) of T x C* such
that zg := limy_,0(u(t),t*) - z is in the open B x C*-orbit in Zy. This 2o obviously
lies in the closure of C - z in Z, since (u(t),t*) - z = (u(t)A(s¥),1) - z if s™ = ¢.
As previously, (b,t) € B x C* acts on z as (b,t) - z0 = (b, t)(p(1/s),1/t) - 20 =
(bu(1/s),1) - z9 where s* =t, 50 B2y = (B x C*) - 29 is open in Zy. We have thus
shown that L is adapted to Hy. (I

3.3.4. Elementary embeddings and equivariant automorphisms. Let (E,Z) be an
equivariant degeneration of G/H, and (A, m) € Y(T) X Z a one parameter subgroup
adapted to E. Let Ty = lim,_,0(A(2), 2™)-Z and denote by Hy the isotropy subgroup
of jo in G.

Proposition 3.25. We have TNH C TN Hy and TN Ng(H) C T N Ng(Hy).
Proof. If t € T N H then

t-zo = lim(¢,1) - (A(2),2™) - &

z—0

= lim(A(2),2™) - (t,1) - &

z—0
= Io.
Recall from Section 3.1.3 that the action of
Ng(H)/H = Autg(G/H) C Autgxcx (G/H X (C*)

extends to the elementary embedding E. It is a priori no longer explicit on G/ H.
We denote by y v~ nH the action of nH € Ng(H)/H ony € E. We have (n,1)-Z
nH = x.
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Assume that t € TN Ng(H). We then have
(t,1) - To = lim(¢,1) - (A(2),2™) -
z—0
= Zhi%()‘(z)v 2™) - (¢, 1) :

8

IS

= lim(\(2), 2™)E ~t ' H
z—0
=Fo Nt 'H.

Since the action of Ng(H)/H commutes with the action of G, the isotropy group
of &g v t7'H in G is the same as the isotropy group of %y, which is Hy. On the
other hand, the isotropy subgroup of (¢,1) - o in G is tHot~!, so we obtain that
Hy = tHopt~!. In other words, t € Ng(H)). O

Let us also highlight the relation between the linear part of the valuation cone,
equivariant automorphisms, and equivariant degenerations of G/H whose closed
G x C*-orbit G/H) is isomorphic to G/H. We assume here that H and L are as
in Proposition 3.21.

Assume (\,m) € (T N Ng(H)) N7~ (V) & N*. In this case, the equivariant
degeneration of G/H associated to the ray generated by (A, m) may be described
explicitly [BP87, Section 2.8]. This is the quotient of G/H x C* x C by the action
of C* given by t - (gH,z,0) = (gA\(1/t)H, z/t™,t0). The open G x C*-orbit is the
image of the G x C* x C*-orbit of (eH, 1,1), isomorphic to G/H x C*, and the closed
G x C*-orbit is the image of the G x C* x C*-orbit of (eH, 1,0), whose stabilizer in
G x C* is (A(z),2™)(H x {1}), and stabilizer in G is H. In particular, the closed
orbit is in this case isomorphic to G/H.

Remark that the construction above may be carried out whenever A € (T N
Ng(H)) and m € N*, which shows that 9(T' N Ng(H)) ® Q is a Q-vector space
contained in 7=1(V). In fact, it is the maximal such vector space, also called
the linear part of m—1(V), by [BP87, Proposition 5.3]. Let us give a statement
summarizing this paragraph for future reference.

Proposition 3.26. Let A € 9(T) N7~ (V), and m € N*. Then the following are
equivalent:
— =X eY(T) N7 1(V), which means that X is in the linear part of m=1(V),
— AeY(T N Na(H)),
— the equivariant degeneration associated to the ray generated by (\,m) has
closed orbit isomorphic to G/H.

Recall that G/H is horospherical if and only if the valuation cone V is the full
vector space N’ ® Q. We then have in particular:

Corollary 3.27. If G/H s horospherical then all equivariant degenerations of
G/H have closed orbit isomorphic to G/H.

3.3.5. Horospherical degenerations. Let () denote the parabolic subgroup of G op-
posite to P with respect to the Levi subgroup L containing the maximal torus T,
and Q" its unipotent radical.

Proposition 3.28. We still use the notations from Proposition 3.23. Assume that
m(A) is in the interior of the valuation cone, then Hgy is horospherical for G, and

Hy = Q"(L N Ho).
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Proof. This is essentially [BP87, Proposition 3.10] except we consider only the
action of G and not the full action of G x C*. But it follows easily from this
case. Indeed, if Hy contains a maximal unipotent subgroup U x {1} of G x C*,
then Hy obviously contains U, so it is horospherical. Furthermore, we have Hy =
(Q" x {1})(L x C* N Hy) and taking the intersection with G x {1} yields Hy =
Q“(L N Hy). O

3.4. Equivariant test configurations for spherical varieties. We will in this
section apply the general theory of spherical varieties to construct special equivari-
ant test configurations for Q-Fano spherical varieties. Combined with the descrip-
tion of the action of C* on equivariant degenerations obtained in Proposition 3.23,
we will have enough information about spherical test configurations for the proof
of our main result.

3.4.1. Equivariant test configurations. Let us first recall the definition of test con-
figurations.

Definition 3.29. Let (X, L) be a polarized normal projective variety.

A test configuration for (X, L) is a normal variety X with an action of C*,
equipped with a C*-linearized line bundle £ and a C*-equivariant flat morphism
m: X — C such that £ is m-ample, the fiber (wfl(l),£|r1(1)) is isomorphic to
(X, L") for some fixed integer r > 0.

The scheme theoretic fiber of m over 0 € C is called the central fiber of X and
denoted by Xo. The fiber X; over any 0 # ¢ € C is isomorphic to X thanks to the
action of C*.

A test configuration for (X, L) is special if the central fiber X is a normal variety,
in particular reduced and irreducible.

If a reductive group G acts on (X, L), we say that a test configuration is G-
equivariant if (X, £) admits an action of G which commutes with the C* action and
such that the isomorphism between (X, L") and (7~ !(1), £|-1(1)) is G-equivariant.

The definition extends verbatim to normal varieties equipped with an ample Q-
line bundle. In the rest of the paper, we always consider Q-Fano varieties, and the
ample Q-line bundle L will always be the anticanonical QQ-line bundle Kg(l, SO we
will omit it in the notations. Furthermore, if the test configuration is special, the
induced Q-line bundle Lo on the central fiber X is the anticanonical line bundle
K)_(j, so the central fiber X is also a Q-Fano variety (see for example [Berl6,
Lemma 2.2]).

Let (X,L) be a polarized spherical variety under G. Then if (X, L) is a G-
equivariant test configuration, the normal variety X is a spherical variety under the
action of G x C*. More precisely, if (X, z) is a spherical embedding of G/H, then
(X, ) is a spherical embedding of G x C*/H x {1}, where # € 7~1(1) corresponds
to z in the isomorphism between 7=*(1) and X.

The central fiber Xy equipped with the reduced induced structure is a normal
G x C*-stable subvariety of the G x C*-spherical variety X', hence it is also a G x C*-
spherical variety. In particular, if we consider only the union of the open G x C*-
orbits in X and in 771(0), we obtain an elementary embedding of (G x C*)/(H x
{1}), which can be studied using Section 3.3. Whenever the test configuration is
special, the scheme theoretic central fiber itself is a spherical variety.
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Finally remark that since the action of Auty, c.(G/H x C*) > Autd(G/H) x
{1} extends to any G/H x C*-embedding by Section 3.1.3, any G-equivariant test
configuration for a spherical embedding X of G/ H is also G' x Aut® (X )-equivariant.

3.4.2. Construction.

Theorem 3.30. Let X be a Q-Fano spherical embedding of G/H. Let m € N*, and
let X € P(T)N7= (V). Then there exists a G-equivariant test configuration (X, L)
for X, with irreducible central fiber Xo, such that Xy equipped with the reduced
induced structure is a spherical embedding of G/Hy and the action of e € C* on
G/H, is given by €™ - gHy = g)\(e_T/m)Ho. Furthermore, there exists k € N* such
that the G-equivariant test configuration constructed for (m, k) is special.

Proof. The construction depends only on the line generated by (A, m), so we may
assume that (A, m) is primitive. The construction uses results of [GH15| as recalled
in Section 3.2.4. Let d be the Q-Cartier divisor representing K)_(l constructed there,
and np the coefficients of the colors. Let A} be the Q-G/H-reflexive polytope
associated to X, considered in (N & Z) @ R.

We build from this polytope the colored fan Fy of X. Remark that the colors
of G/H are in bijection with the colors of G/H x C* by sending D € D to D x C*.
For every face F' of A%, consider the three colored cones

(Cone(F), p~ ' (Cone(F)),
(Cone(F U {(0,~1)}), p~" (Cone(F U {(0,~1)}))
(Cone(F U {(A,m)}), p~ (Cone(F U {(\,m)})).

Among these cones, keep only the cones such that the intersection of the relative
interior of their support with ¥V x @Q is non empty. Then Fy is the set of these
cones.

It is clear that the corresponding spherical embedding of G/H x C* is complete.
Furthermore, by the description of equivariant morphisms between spherical vari-
eties, it admits a G x C*-equivariant inclusion of X x C*, and a G x C*-equivariant
surjective morphism p to the spherical embedding P' of the G x C* homogeneous
space G x C*/G x {1} ~ C*, such that p~!(C*) = X x C*.

We then build the line bundle. We chose to build & complete, and will choose a
line bundle £ that is ample. Denote by X, = p~!(c0), respectively Xo = p~1(0),
the fibers of p, corresponding as irreducible G x C*-invariant divisors of X to the
rays generated by (0,—1), respectively (A\,m). Remark that these are spherical
varieties, and that they are the closures in X' of equivariant degenerations of G/H.
Consider the B x C*-invariant Weil divisor

§=a( Y YXC'+> npDxC*)+b(Xe + Xo)
YeWs DeD

where a,b € N.

Let v denote the support function of the dilated polytope aAy; = A,q and con-
sider the function l5 defined for (z,n) e N @ Q ® Q by

— ls(z,n) =v(—z +n/m\) +bn/m if n > 0 and

— ls(z,n) =v(x) —bnif n < 0.
This is clearly a piecewise linear function on the support of the fan Fy. It fur-
thermore satisfies the three conditions of Proposition 3.13, provided b > 0 is large
enough. It is however not integral in general. By definition, it satisfies I5(0,—1) = b
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and I5(A,m) = b. By the relation between [; and the support function of the poly-
tope Aq4 recalled in Section 3.2.2, we thus have

5= Is(uy,00Y xC*+ Y Is(p(D),0)D x C*

Yez§ DeDx
+ > anpD X T +15(0, —1)Xoo + Is(A, m) Xo.
DeD\Dx

Let us now check that /5 is integral piecewise linear for @ and b divisible enough.
Denote by mp € M ® Q the vertex of A, corresponding to the maximal face F' of
A%, Any maximal cone of Fy is either the cone over the union of some maximal
face F of A% and (0, —1), in which case l5 is given by the linear function (—ampg, —b)
on this cone, or it is the union of some maximal face F' of A% and (A, m), in which
case ls is given by the linear function (—ampg, —amg(\)/m + b/m) on this cone.
Up to choosing a and b divisible enough, we can thus assume that /5 is given by an
element of M @ Z on all maximal cones.

This finally shows that J is an ample Cartier divisor. The corresponding ample
line bundle £ obviously restricts to pj Ky on X x C*, where p is the first projec-
tion. It remains to show that it may be equipped with a G x C*-linearization such
that its restriction to X x C* respects the natural linearization of p{ K. Since X is
normal, as a spherical variety, a tensor power L" of £ admits a G x C*-linearization
[KKV89]. Furthermore, two such linearizations differ by a character of G x C*. As
a consequence, we may change the linearization of L™ to obtain the one we want.

The test configuration is obtained by considering p~!(C), equipped with the map
p and the restriction of £. If we consider the spherical embedding of G/H x C*
given by the ray generated by (\,m), we obtain an equivariant degeneration of
G/H, and the action of C* on the closed orbit G/Hj, which is the open orbit of G
in the central fiber Xy, is as expected by Proposition 3.23.

The test configuration X constructed above is not special in general. However,
the test configuration A} obtained from X by the base change C — C,z > 2*
has reduced central fiber for k divisible enough (see for example [BHJ17, Proof of
Proposition 7.15]). The effect on the G x C* variety constructed above is simply
obtained by keeping the same fan but changing the lattice N ®Z to N @ %Z. Hence
the result. (]

Taking any A projecting to the interior of the valuation cone yields, thanks to
Proposition 3.28,

Corollary 3.31. Any Q-Fano spherical variety admits a special test configuration
with horospherical central fiber.

4. MODIFIED FUTAKI INVARIANT ON Q-FANO HOROSPHERICAL VARIETIES

4.1. Modified Futaki invariant on singular varieties. Let X be a normal Q-
Fano variety. Let A be an ample line bundle on X such that there exists m €
N* such that the restriction of A to the regular part X,e; of X is K;(Z The
cohomology class ¢;(X) is the class ¢1(A4)/m. We will always assume that X has log
terminal singularities. This is harmless in our setting since Q-Fano (horo)spherical
varieties have log terminal singularities [AB04b, Section 5.1]. See [Pasl7] for a
survey on singularities of spherical varieties.
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Let Aut’(X) denote the connected component of the neutral element in the
automorphism group of X. Since X is a Q-Fano variety, this is a linear algebraic
group. Choose a maximal compact subgroup K in AutO(X ). Its complexification
G is a Levi subgroup of Aut’(X). Choose a maximal torus 7' in G such that K 0T
is the maximal compact torus of T, and denote by a the subspace i€ Nt in the Lie
algebra of G. Any element £ € a is such that J¢ € £ generates a compact torus in
K.

Let ga be a smooth, positive K-invariant hermitian metric on A. On a normal
variety, this means that the potentials of g4 with respect to local trivializations of A
are the restrictions of smooth and strictly plurisubharmonic functions to X, given
a local embedding of X in CV. Let wy € 2me;(A) denote the curvature current of
ga, and w = wa/m € 2mec1(X). The current w is still K-invariant, and defines a
Kahler form on the regular part X,., of X.

Remark that on X,.s, the anticanonical line bundle K;(l is a well defined line
bundle, and the metric ¢4 induces a smooth positive metric ¢ on K;(rlcg. The form
w is the curvature form of ¢ on X,cs. Let dV, denote the volume form on Xic,
associated to ¢, defined by

dVy(z) = |s_1|§s NS
where s is any non zero element of the fiber over x of the canonical line bundle of
Xreg, and s71 is the corresponding non zero element of the dual line bundle K;(rlcg.

We call Hamiltonian function of £ € a with respect to w the smooth function 6
on X,c, defined by Lew = i@gﬁg, where L¢ is the Lie derivative with respect to &.
It is shown to exist and to be bounded in [BW]. This function is well defined up
to a constant and we fix this constant by the normalization condition:

/ BedV, = 0.
Xreg

Definition 4.1. The modified Futaki invariant of X with respect to ¢ € a is defined
for £ € a by
Futx)g(f) = —/ 956940.)".
Xreg

It is proved in [BW] that it is well defined and independent of the choice of the
metric ga.

If we want to consider the K-stability of X with respect to G-equivariant test
configurations (for any reductive subgroup G of Aut’(X)), the only ¢ at which
we will need to evaluate the Futaki invariant generate automorphisms commuting
with G. Recall that we described these G-equivariant automorphisms when X is
spherical under the action of G in Section 3.1.3.

Assume that X is horospherical under G, and that x € X is in the open orbit,
with isotropy group H. The group of equivariant automorphisms of X is isomorphic
to P/H, where we recall that P = Ng(H) is a parabolic, and the action of P/H
on the open orbit G -z = G/H is by multiplication on the right by the inverse.
Recall that P/H is a torus. Its maximal compact subtorus is thus well defined and
we denote by

b1 =Y(P/H) @R
the subalgebra of the Lie algebra of P/H obtained as J times the Lie algebra of
the maximal compact subtorus, where J denotes the complex structure on P/H.
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By Proposition 2.5, we can identify by with a;. We keep a different notation to
emphasize that an element of by acts on the right and not on the left.

4.2. Hermitian metrics on polarized horospherical varieties. Let X be a
projective embedding of a horospherical homogeneous space G/H, equipped with
a G x (P/H)-linearized ample line bundle L, where P is the normalizer of H in
G. Denote by x the character of the isotropy subgroup diag(P) C G x (P/H)
associated to L.

Fix B a Borel subgroup of G containing 7" and opposite to P, that is the opposite
Borel subgroup B~ ! is a subgroup of P. Let AT be the moment polytope associated
to the G-linearized line bundle L with respect to B. Consider the polytope A =
X|r — AT, and let vaa denote the support function of the dilated polytope 2A.

Proposition 4.2. Let ¢ be a K-invariant locally bounded metric on L, and let
u:a; — R be the function associated to its restriction to G/H. Assume that q is
smooth and positive over G/H. Then u is a smooth and strictly convex function,
and the function u — vaa is bounded on a;.

Proof. The fact that w is smooth and strictly convex is obvious thanks to the
expression of the curvature of the restriction of ¢ over G/H obtained in Theorem 2.8.
Let us now consider the discoloration X of X. This is the spherical embedding
of G/H corresponding to the fan F; obtained as the union of the colored cones
(C,0), for all colored cones (C,R) € Fx. It is a complete toroidal embedding
of G/H which admits a natural G x P/H-equivariant surjective homomorphism
7 : X — X, thanks to the description of spherical morphisms. The map 7 is
further an isomorphism between the open orbits, both identified with G/H.

Consider the pull back L := 7*L of L on X, with the G' x (P/H)-linearization
induced by the linearization of L. Its restriction to G/H corresponds to the same
character x of P. Let s be a B x (P/H )-semi-equivariant section of L, let u denote
the character of B associated to s, and let d be the B-invariant Cartier divisor
defined by s.

Consider the pulled back section § of L. It is still B x (P/H)-semi-invariant with
the same B-character u, and its divisor d is the pull back of the Cartier divisor
d defined by s. The function [; associated to d coincide with the function Iy (see
[Pas17, Proof of Lemma 5.3]). On a toroidal horospherical manifold, the function
I coincides with the function associated to the restriction of the Cartier divisor d
to the toric subvariety Z := P/H C X under the action of the torus P/H, whose
fan as a spherical variety is precisely the fan underlying the colored fan F¢ [Brig89,
Section 3.2]. Note that the toric fan of Z with the usual conventions for toric
varieties is the opposite to F; (see [Pezl0, Section 2| for details on this subtlety).

Since L is ample, the polytope AT is equal to pu + Ay, where Ay is the polytope
with support function x — l4(—x), associated to the ample Cartier divisor d. On
the other hand, since [; = l4, the moment polytope of E|Z is n + Ay where 7 is the
character of T/TNH associated to the restriction of § to Z (that is, t-5(t~'-z) = 5(x)
forze Z te T/T N H). Remark that even if d is not ample on X, its restriction
to Z is.

Consider now the metric ¢ on L. The pulled back metric 7*q on L is still K-
invariant and locally bounded. Furthermore, the associated function @ on a; is still
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u since 7 is an equality on G/H. Recall that with the notations of Section 2,
u(z) = —21n |s, (exp(x) H)g
= (2x,z) — 2In|s;(exp(x)H)|g.

Consider the Batyrev-Tschinkel metric ¢y on L|; [Mai00, Section 3.3]. This is

a continuous hermitian metric on L|;, invariant under the action of the compact
torus, with potential ug : a3 — R such that

up(z) = —2In[s;(exp(z)H)lqy = v-2(n+a,)(2)-
Then since ¢ is locally bounded and ¢ is continuous, the function

1y Js(exp(@) H)lg

w(z) = (2x62) = voamean (@) = =2In o

is bounded.

It remains to determine the polytope n+Ay. Recall that AT = p+Ayg, hence the
polytope above is n— p+ AT, It is then straightforward to check that y—n is equal
to (z,y) — (x,y) for (z,y) € a1 ®X(T/TNH)®R = a. Indeed, by definition of n
and p, 7 = p on ay, and by definition of y and u, we have, for y € X(T/TNH) R,

) s(x) = exply) - s(exp(—y) - x) = exp(y) - s(x) = XV s(x)

because exp(y) € H N B. We conclude then that u — vaa is bounded, with A =
XlT — AT, O

Remark 4.3. The idea to use the discoloration of X was suggested to me by Boris
Pasquier. If the closure of P/H in X is a normal toric variety, we can also deduce
the moment polytope of the restriction of L to P/H from the proof.

4.3. Computation of the modified Futaki invariant. We fix G a connected
reductive complex group, B a Borel subgroup of G, T' a maximal torus of B, and
K a maximal compact subgroup of G such that K NT is a maximal compact torus
of T. Let X be a horospherical Q-Fano variety, and choose a base point in X such
that its isotropy group H contains the unipotent radical of B~!. Denote by P the
normalizer of H in G.

Recall from Section 3.2.4 that the moment polytope of the ample Q-line bun-
dle K;(l is the polytope obtained as the dual of the Q-G/H-reflexive polytope
associated to X, translated by —2pp.

The weight associated to the anticanonical line bundle on G/H is obtained as
the weight of the action of diag(P) on the one dimensional representation det(g/h).
It follows that this character is also

—2pp = Z —a.

acPpu

Let m € N* be such that A = K™ is an ample line bundle. Choose g4 a smooth
positive K-invariant metric on A. Denote by ¢ = (qala/ )"/™ the induced metric
on K&}H Let w be the curvature form of ¢ and u be the convex potential of ¢.
Then u — vaa is bounded, where —A = AT 4+ 2pp and AT is the moment polytope
of the anticanonical Q-line bundle.

We will compute the Futaki invariant for all £ € by for X.
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4.3.1. Computation of Hamiltonian functions.

Proposition 4.4. Let £ € by ~ P(T/T N H) @ R and 0¢ be the Hamiltonian
function of & with respect to w. Let £ € P(T) @ R =~ a be any lift of . Then b is
the K-invariant smooth function on X,c. defined for x € a; by

O (exp(z)H) = — {vu(x),é} .

Proof. First remark that since the function 6 is smooth on X,ee, and G/H C Xyeg
is dense, it is enough to work on G/H. By K-invariance it will be enough to obtain
O (exp(x)H) for z € ay.

We will work on G using the pullback by 7 : G — G/H. We defined in
Section 2 a function ¢ on G as the potential of 7*¢ with respect to a global left
invariant section. This function is a global i9d-potential for 7*w on G satisfying
o(kexp(x)h) = u(z) — 2In(x(exp(z)h)) for k € K, z € ay and h € H.

Let & be any lift of &, and denote by Le¢ the Lie derivative with respect to the

right-G-invariant vector field defined by € on G. We have on the one hand
Lgﬂ'*w = L£~265¢

= i09Ls
and on the other hand,

Lgﬂ'*w = F*ng
= %000
= 265(6‘5 o 7T).

Let g = kexp(z)h € G, where k € K, © € a; and h € H. Recall that exp(t&)
acts here by multiplication on the right by the inverse. We compute

(exp(t)*#)(g) = ¢(g exp(—t))
= ¢(k exp(z — t&)R')

where h' € H since P normalizes H

= u(x — t&') — 2In(x(exp(z — t&)h'))
=u(z — t&") — 2In(x(exp(z)h)) + 2 (x, &),

where ¢! is the a; component of £ € a = ag @ a;.
Using this we obtain

(Leo)(9) = 0| (exp(16)"6)(0)

0
= - {Vu(x),§1} +2 <X7§>

In particular, this function is K x H invariant (where H acts by multiplication on
the right), just as 7*6e.

The difference between the L¢¢ and 7*0¢ is thus a K x H invariant smooth
function on G which is pluriharmonic on G. The only such functions are of the
form 1 (kexp(z)h) = v(z) where v is an affine function on a;, but both 7*6; and
—{Vu(z),£'} are bounded so the difference between the two is a constant.
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Remark that Vu(z) € a; is orthogonal to ag, so we can replace &' with £. It
remains to check the normalization condition. We use the notation

O (exp(x) H) = — {Vu(x), &} .
Note that we can restrict to G/H since Xyeg \ (G/H) is of codimension at least one
in X,eq. Recall that G/H is a fiber bundle with fiber P/H over the generalized flag
manifold G/P = K/(K N P). We use fiber integration and K-invariance to obtain

that:
/ égd‘/zz = C/ §5|ST 38;1 /\S_T_l,
G/H P/H

where C' is a positive constant, and s, is the right-P/H-invariant section of the
restriction K 6/1 5| P/ Using invariance under the action of the maximal compact
subtorus of P/H on itself, we obtain that this is up to a positive constant, equal to

/ —{Vu(z), £} e @ dx

ag

and the last expression vanishes. Indeed, we have

—{Vu(zx), &} e @) = {V(f"(m), {}

and the Stokes formula yields the vanishing, because by boundedness of u — vaa,
e~ < Ce 22 and A contains 0 in its interior, so e~"22 has exponential decay. [

4.3.2. Computation of the Futaki invariant.

Theorem 4.5. Let X be a Q-Fano horospherical embedding of G/H, let AT be the
moment polytope of X, and let (,€ € by. Let ¢ and £ be lifts in a of ( and . Then
Futx¢(§) =C <_2PP - barDH,f(A+)ug>
where barDH’C~ is the barycenter with respect to the measure

clrtiee) T nla,p)dp
O(E(—‘ppu)

with dp the Lebesgue measure, and C is a positive constant independent of & and
depending on ¢ only via the volume of AT with respect to the measure above.

Proof. We have to compute
Futx ¢(§) = —/ fge’c.
Xreg V

Let us first use Theorem 2.8 to express the volume form w”™ on P/H. The
theorem gives that, for x € ay,

1 9%u _ _
Wexp(z)H = Z 7(1‘)’73‘1 Ny + Z <a7 VU($)/2 - tX> Yo N\ Yo

1< esr + 0T OTis =y
We then obtain, recalling that x = —2pp,
n MARg(u)(2)
wexp(m)H = 4r9Card(®pu) H <Oé, V’UJ(.I) + 4tPP> Q
acEPpu

where

Q= A %A% A Ve Te

1<5<r a€EPpu
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We now use the same techniques as in the previous proof, that is, K-invariance,
fiber integration on the fiber bundle G/H — G/P, and integration of a compact
torus-invariant function on a torus, to compute:

Futxg(f) = —/ 9569%.)"
G/H

= C/ {Vu(:v),g} e {vu(@).C} H (o, Vu(z) + 4t,,.) MAR (u)(z)dx

a€dpu

where C' > 0 is a constant independent of £ and (. Since u is smooth and strictly
convex, we can use the change of variables p = —(dyu + 4pp)/2, where dyu € a*
is the derivative of u at x. Remark that this equivalently means ¢, = —(Vu(z) +
4t,,.)/2, and that the domain of integration after this change of variables becomes
AT by Proposition 4.2. Hence we obtain that

<—p —20p, §~> o(2p+40p.C) H {a, —p} dp

acEPpu

:C/A+ <—p—2pp,£>e<2p+4p’°*5> I #(ep)dp

Ote(—‘bpu)

MWAO:C/

A+

since « is in the semisimple part,
= Cl <—2pp - barDHﬁg(A+),§> .

The final constant C’ > 0 depends on 5 only at the last step, where we multiplied
C by the volume of AT with respect to the measure

o(2p+4pp.C) H k(c, p)dp.

acE—Ppu

5. MODIFIED K-STABILITY CRITERION FOR Q-FANO SPHERICAL VARIETIES

5.1. Statement of the criterion. We will prove in this section our main theorem.
The proof combines the results from Section 3 and Section 4, together with an
argument allowing us to compute the Futaki invariant of a Q-Fano variety on an
equivariant degeneration.

5.1.1. Definition of modified K-stability. Let X be a Q-Fano variety. Given ( €
Lie(Aut(X)), let

T = {exp(2(); z € C}.
It defines a subgroup of AutO(X ) which may very well not be closed. It is equipped
with a privileged map C — T¢,z — exp(2(), and ¢ may be recovered as the
derivative at 1 of the restriction of this map to R.

Definition 5.1. Let ¢ € Lie(Aut(X)) be a semisimple element such that J¢ gen-
erates a compact real subgroup. Let (X, L) be a Tc—equivariant special test con-
figuration for X with central fiber Xy. Denote by (o the element of Lie(Aut(Xy))
obtained as derivative at 1 of the map obtained by composition:

RcC— Te — Aut(Xo).
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Denote by ¢ the element of Lie(Aut(X()) generating the action of C* on Xy induced
by the test configuration. The modified Donaldson-Futaki invariant of the test
configuration is

DF¢ (X, £) = Futx, ¢, (§)-

We assume now that X is equipped with an action of a reductive group G, and
fix ¢ € Lie(Aut(X)) a semisimple element such that J¢ generates a compact real
subgroup. We further assume that the action of G commutes with T¢.

Definition 5.2. The Q-Fano variety X is modified K-semistable (with respect to
G-equivariant special test configurations) for the vector field ¢ if for any G x T¢-
equivariant special test configuration (X, L) for X, DF¢(X,L£) > 0. It is K-stable
(with respect to G-equivariant special test configurations) for the vector field ¢ if
furthermore DF (X, £) = 0 only if the central fiber X of X is isomorphic to X.

5.1.2. Statement. Our main result is a criterion for modified K-stability in terms
of combinatorial data describing a Q-Fano spherical variety.

Let X be a Q-Fano variety, spherical under the action of a reductive group G.
Let B be a Borel subgroup of G, T' a maximal torus of B.

Let AT C X(T) ® R be the moment polytope of X with respect to B. Let M be
the subgroup of X(T') as defined in Section 3.1, let N' = Hom(M, Z) be the dual, and
let V C N ®R be the valuation cone of X. Denote by 7 : 9(T) 9 R — N @R the
quotient map induced by the inclusion of M in X(T'). Let us denote by E C X(T)®R
the dual cone of 7=1(—=V), and by Relint(Z) its relative interior.

Recall that we denote by ® the root system of (G, T) and ®* the positive roots
defined by B. Let @« denote the roots in ®* which are not orthogonal to A*,
and let 2pg be the sum of the elements of ®gu.

Let ¢ be an element of the linear part of V € N®R. Choose ¢ € 7~ (¢) any lift of
¢ inY(T)®R. Recall that we denote by barDHyé(AJr) the barycenter of the polytope

AT with respect to the measure with density p e2(P=2ra.C) HaebQu k(a, p) with
respect to the Lebesgue measure dp on X(T) ® R.

Theorem 5.3. The variety X is modified K-semistable (with respect to special
G-equivariant test configurations) for ¢ if and only if

bar, ; :(AT) € 2pq + E.

It is modified K-stable (with respect to special G-equivariant test configurations) for
¢ if and only if
barpm ¢(AT) € 2pg + Relint(Z).

5.2. Computing the Futaki invariant on a degeneration.

5.2.1. Algebraic definition of the modified Futaki invariant. Let us recall the al-
gebraic definition of the modified Futaki invariant, given by Berman and Witt
Nystrom [BW].

Let X be a Q-Fano variety, and A an ample line bundle on X so that A|x, , =
K)_(:; Consider &, ¢ two semisimple elements in the Lie algebra of AutO(X ) such
that J¢ and J( generate commuting compact real subgroups.

The complex torus T¢ x T; acts on H(X, A¥) for all k € N. This action is
diagonalizable. Choose a basis (ej)jyz’cl of H°(X, A¥), such that T¢ x T acts on Ce;
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through the character x;. Define s; = (x;,(£,0)) and r; = (x;, (0,¢)), where (,)
denotes the duality pairing (X(Tg x T¢) @ R) x (D (Te x Ty) ® R) — R.
The quantized modified Futaki invariant at level k is defined by:

Ny
k T
Fut (6) = = > exp(-2)s;.
j=1

The algebraic definition of the modified Futaki invariant is obtained thanks to the
following result.

Proposition 5.4. [BW, Proposition 4.7] The modified Futaki invariant of X is
obtained as the following limit:

Futxc(€) = khﬂnolo mkNy

Fut'y, (€).

5.2.2. Equivariant degenerations and space of sections of linearized line bundles.
The fact that we can compute the modified Futaki invariant of a Q-Fano variety
on an equivariant degeneration will be a consequence of the following result. Our
proof of this statement consists of a little twist in the method used by Donaldson
to compute the Futaki invariant on toric test configurations in [Don02], also used
by Li and Xu to prove an intersection formula for the Donaldson-Futaki invariant
[LX14].

Proposition 5.5. Let X be a projective G-variety, where G is a reductive group,
and let £ be a G-linearized line bundle on X. Let p: X — P! be a surjective G-
invariant morphism, and assume that L is relatively ample with respect to p. For
t € PL, let X; = p~*(t) denote the scheme theoretic central fiber and Ly = L|x, .
Let t1,to € P. Then for large enough k € N, the representation of G given by
HO(Xy,, L} is isomorphic, as a representation of G, to HO(Xy,, LY.).

Proof. Let us first show that we can assume that £ is ample on X. By [Har77,
I1.7.10], there exists an N € N such that £ ® p*(Op:(N)) is ample on X. Further-
more, we have H(X;, L;) ~ H°(Xy, (L @ p*(Op1(N)))|x,) equivariantly for the
action of G.

From now on we assume that £ is ample.

Consider on P! the divisor given by a point ¢ € PL. Choose a global section s;
of O(1) with zero divisor {¢t}. Consider the pull back p*O(1) of this line bundle,
and the pulled back global section p*s; of p*O(1). The zero divisor of p*s; is the
divisor X;, and since p is G-invariant, the section p*s; is G-invariant.

The divisor X; provides, for all £ € N, an exact sequence:

1 —LFoo(-X,) — L£F — LFx, — 1
If we fix t, then for large k, we have by Serre vanishing Theorem,
HY(X,LF @ O(-X;)) =0,

so the short exact sequence of line bundles gives the following exact sequence in
cohomology:

0— H'X,LF 2 O(-X;)) — HO(X, £F) — HO(X,, L) — 0

where the first map is given by multiplication by the global section p*s; of O(X}).
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Remark that H(X, £F @ O(—=X;)) = HY(X, L*¥ @ p*O(—1)) is independent of ¢.
We can thus rewrite the exact sequence as:

0— HX,LF @ p*O(-1)) — H(X, LF) — H(X;, LF) — 0

It is then clear from the exact sequence that the dimension of HO(X;, LF) is
independent of t for k large enough. Let us now consider the structure of G-
representation. The second map is given by restriction to X;, which is G-stable, so
we obtain that H°(X;, L¥) is the quotient representation of H%(X, £¥) by the image
of HO(X,LF @ p*O(—1)). But for any t € P!, our choice of a section p*s; so that
p* sy is G-invariant, ensures that the inclusion of HO(X, LF@p*O(—1)) in HO(X, £F)
is G-equivariant. In particular, the images H°(X, £* @ p*O(—1)) in H°(X, L*) for
different values of t are isomorphic as G-representations. Be reductivity of GG, the
quotient representations are thus isomorphic.

Given t;,to € P', we thus obtain that for large enough k, the structure of G-
representation of H(X;, L¥) is independent of t € {t1,t2}. O

Let X be a normal Q-Fano variety, and (X, £) be a special test configuration for
X. Let X; denote the fiber 7=1(t). Assume that (X, L) is equipped with actions
of two commuting complex tori T; and Tg, generated by the holomorphic vector
field ¢, respectively &, such that the map m : X — C is invariant under both
actions. Let (;, respectively &, denote the holomorphic vector fields on X; induced
by the restriction of the action of T, respectively T¢, identified with elements of
Lie(Aut’(X;)).

Corollary 5.6. The function C — R;t — Futx, ¢, (&) is constant.

Proof. By assumption, (X, £) is a special test configuration for X. It is a standard
procedure (see for example [LX14, Section 8.1]) to extend this test configuration
to a family 7 : X — P! that we denote by the same letter, still equipped with a
m-ample line bundle £. We can further do this procedure in a way that is invariant
under Ty x Tg.

Apply Proposition 5.5 to this family. Given t,,ts € P!, we obtain that the
T¢ x Te-representations H°(Xy,, AF ) and H%(Xy,, A})) are isomorphic for k large
enough. In particular, the quantized modified Futaki invariants are equal for k
large enough:

k k
Flltg(t)l NN (5151) = Futg(t)2,§t2 (5752)'
By Proposition 5.4, this implies that the modified Futaki invariants of X;, and Xy,
are equal, hence the result. ([

5.3. Proof of Theorem 5.3. Let us denote by @ the stabilizer of the open orbit

of B in X. By Proposition 3.21, we can choose a base point x, whose isotropy

group is denoted by H, and a Levi subgroup L of @) adapted to H, containing T,

such that Ng(H) = H(T N Ng(H)). In particular, the following are isomorphic
Autd(X) ~ (Ng(H)/H)? ~ (TN Ne(H)/T N H)°.

The lift ¢ of ¢ in Y(T) @R is thus in (T N Ng(H)) ® R, and the action of T; on
the open orbit identified with the coset space G/H is given by:
exp(7¢) - gH = gexp(—7C) H.
Let X7 be a special G-equivariant test configuration for the Q-Fano variety X.
Recall that it is automatically equivariant under the action of Autg(X) which
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contains T;. Its central fiber, denoted by X{), is a spherical Q-Fano variety under
the action of G by Proposition 3.23. Let (A\,m) € Y(T) ® N* be such that y =
lim,_,o(A(2),2™) - (x,1) is in the open orbit of B in X, and denote the isotropy
group of y by HJ.

Then, by Proposition 3.23 again, the action of C* = T¢ on X induced by the
test configuration is described on G/H| by

e” - gHy = gexp(—7€) Hy,

where §~ = A/m. Furthermore, by Proposition 3.25, the action of T, on X is still
given, on G/H{, by
exp(7¢) - gHg = gexp(—7C)Hj.

Let us now choose X any G-equivariant special test configuration for the Q-Fano
spherical variety X, with horospherical central fiber, using Corollary 3.31. Let yo
be the base point obtained from y € X{ through the choice of an adapted one
parameter subgroup, and let Hy be its isotropy group. Using Proposition 3.24 and
Proposition 3.25, we see that the action of Ty and T are still given by multipli-
cation on the right by exp(—Tf), respectively exp(—Té), on G/Hy. Furthermore,
by Proposition 3.28, Hy = P“(Hy N T), where P is the parabolic subgroup of G,
opposite to @ with respect to 7" C L. Remark that P is also the normalizer of
Hjy in G. Remark also that the roots of the Levi subgroup L C @ are determined
by the moment polytope AT, as the roots that are orthogonal to AT (see |Bri89,
Section 4.2]). Thus ®g« and 2pg as defined before the statement of Theorem 5.3
coincide with the data —®pu and —2pp associated to P.

The moment polytope of Xy with respect to B is the same as the moment
polytope of X and X|). This is a known fact for equivariant polarized degenerations
of spherical varieties, and can be recovered using Proposition 5.5. We can now apply
our computation of the Futaki invariant on Q-Fano horospherical varieties to obtain:

DF¢ (X, £) = Futx; (£
= F‘lltX(),C(é-)

by Corollary 5.6, then by Theorem 4.5, this is

=C <2pQ — barDH’E(A+),§~>

where C' is some positive constant. Furthermore, we have seen that for horospherical
Q-Fano varieties, bar, ;- g:(AJF) and the quantity above do not depend on the choice
of lifts ¢ and € of ¢, &€ € Y(T/T N Hy) @ R. Since TN H c TN H, C TN Hy,
we obtain that the condition obtained does no depend on the choice of a lift ¢ of
CENR=Y(T/TNH)®R.

By Theorem 3.30, for any choice of (A, m) € Y(T)@®N* such that X projects to the
valuation cone V), there exists kK € N* and a G-equivariant special test configuration
for X with &€ = kA/m. We then obtain that X is K-semistable (with respect to
special equivariant test configurations) if and only if

<2pQ — barDHﬂé(A+),§~> >0

for all £ € 7= (V) where 7 : Y(T) ® R — N @ R. This means precisely that
bar (A1) = 2pq is in the dual cone = to 7~ (=V).
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Furthermore, X is isomorphic to X if and only if if and only if £ projects to an
element of the linear part of the valuation cone. Indeed, if X|) is isomorphic to X,
then the action induced by £ on X is G-equivariant, so £ projects to an element of
the linear part of the valuation cone. Conversely, given such a &, the corresponding
equivariant degeneration of G/H satisfies H = H/, by Proposition 3.26. Addition-
ally, the moment polytope of X|| is the same as the moment polytope of X, and
they are both Q-Fano. Hence by the results of Gagliardi and Hofscheier recalled in
Section 3.2.4, X and X{, are equivariantly isomorphic.

It is clear that (2pq — barp,y, ((A%),€) = 0 if and only if 2 — barp, (A*)

lies in one of the hyperplanes defining the dual cone (7=1(V))Y. It is always the
case if ¢ projects to the linear part of V. On the other hand, if —¢ ¢ 7=1(V), then
it means that 2pq — bar,; :(A™) is on the boundary of the cone (7~*(V))". This
finishes the proof of Theorem 5.3.

5.4. Examples. Let us give some illustrations of new situations where our main
result can be applied. We restrict to smooth varieties for simplicity.

5.4.1. Horospherical varieties. Since the valuation cone is the whole space for horo-
spherical varieties, the K-stability criterion becomes very simple in that case. We
thus obtain a generalization of the main result of [PS10].

Corollary 5.7. Let X be a smooth and Fano horospherical variety, with moment
polytope AT. Then X admits a Kdihler-Ricci soliton. Furthermore, the following
are equivalent:

— X is Kdhler-Finstein,

— X is K-stable,

— X is K-semistable,

— the Futaki invariant of X vanishes,

— baI‘DH(AJr) = 2pQ.

Examples of interesting smooth, Fano, colored horospherical varieties, (thus not
treated by [PS10]), are given by Pasquier in [Pas09]. Indeed, he classifies in this
article horospherical manifolds with Picard number one. These are necessarily Fano,
and colored when they are not homogeneous under a larger group. There exists in
fact two infinite families (and three additional examples) of such manifolds [Pas09,
Theorem 0.1]. Pasquier shows that their automorphism group is non reductive,
which implies that they admit no K&éhler-Einstein metrics and are not K-stable.

Our result shows that they are not K-semistable, and admit Kéhler-Ricci solitons.
The first conclusion is especially interesting in the following context. A conjecture
by Odaka and Odaka [OO13, Conjecture 5.1], saying that a Fano manifold with
Picard number one should be K-semistable, has been disproved by Fujita [Fuj17],
who provided two counterexamples. The examples of Pasquier provide infinite
families of counterexamples, showing that Fujita’s examples are not exceptional.

5.4.2. Symmetric varieties. An important class of spherical varieties is given by
symmetric varieties. The combinatorial data from Section 3.1 have a nice expression
in the case of symmetric spaces, that we recall here. The reference for this point
of view is [Vus90|, which is summarized in [Perl4, Section 3.4.3]. Ruzzi [Ruzl2]
obtained a classification of smooth and Fano symmetric varieties of small rank. We
use this, together with [GH15], to obtain explicit examples of moment polytopes of
smooth and Fano symmetric varieties.
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Let o be a group involution of G, Let G? be the fixed point set of o, and H
a closed subgroup such that G ¢ H C Ng(GY). The subgroup H is called a
symmetric subgroup and G/ H is called a symmetric space. A G-equivariant normal
embedding of G/H is called a symmetric variety.

A torus S in G is split if o(s) = s7! for s € S. Let S be a split torus in G,
maximal for this property, and let T' be a maximal torus of G containing S. Then
we have o(T') = T, and o descends to an involution of X(T"), still denoted by o.

Recall that ® denotes the root system of G with respect to 1. There exists a
Borel subgroup B of G containing T such that for all a € &, either o(a) = «
or o(a) is a negative root. The subset BH is open dense in G, in particular H is
spherical.

Let ®7 denote the set of a € ® such that o = o(a). It is a sub root system of
&, Let U = o1\ &7, and

20, = Z Q.

acvt
The set
O, ={a—o(a);ae @\ D7}
is a (possibly non-reduced) root system in X(7/7 N H) ® R.

We have M = X(T/T N H) and the valuation cone V with respect to B is the
negative Weyl chamber —C. of the root system ®, in 9(T/T N H) @ Q.

Example 5.8. Consider the involution ¢ of G = SL,(C) defined by sending a
matrix g to the inverse of its transpose matrix o(g) = (¢*)~!. By definition, the set
of fixed point is SO, (C). As a consequence, any subgroup of G between SO, (C)
and Ng (SO, (C)) is a symmetric subgroup.

The maximal torus T" in SL,,(C) formed by diagonal matrices is split. We choose
as Borel subgroup B the subgroup of upper triangular matrices. Then ®7 is empty
and ®, is the root system formed by the roots 2« for o € ®. In particular, the
positive Weyl chamber CF of the root system ®,, is also the positive Weyl chamber
of ®. Hence the valuation cone with respect to B is the negative Weyl chamber of
® and its dual is the cone generated by the negative roots —®*.

For H = G° = S0O,,(C), the lattice M = X(T'/T N H) is the lattice formed by
the set of characters 2, where x is a character of T' (or equivalently x is an element
of the weight lattice of ).

For H = Ng(G?) = Ngu, (¢)(SO,(C)), the lattice M = X(T/TNH) is the lattice
formed by the set of characters 2x, where x is an element of the lattice generated
by roots in ®.

Corollary 5.9. Let X be a smooth and Fano symmetric embedding of G/H, with
moment polytope AT. Then with the notations introduced above, X is Kihler-
Einstein if and only if the barycenter of AT with respect to the measure [, ¢ g+ x(c, p)dp
is in the relative interior of the translated cone 2p, + (CF)V.

Example 5.10. The classification of spherical projective varieties under the action
of SLy(C) is explained in [AB06, Example 1.4.3]. Two of them are symmetric
varieties, and the other are horospherical. Let us consider the symmetric ones.
The first one is P! x P!, where SLy(C) acts diagonally. There are only two
orbits. The closed orbit is the diagonal and the open orbit is the complement of the
diagonal. The open orbit is isomorphic to the symmetric space SLy(C)/SO2(C).
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The moment polytope of this Fano variety with respect to the Borel subgroup B of
upper triangular matrices is the following.

I > | |
I > |A+
0 20 8p/3
The barycenter barpy(A™) is computed as
4.2
xodx 8
barpy (A™) = fo?ﬂ =P
Jo wdz 3

It of course satisfies the K-stability condition: 8p/3 € Relint(2p + Ry p). Remark
that in this case, there is only one possible central fiber different from P! x P!, it
is the horospherical variety S in the notations of [AB06, Example 1.4.3]. More
explicitly, consider the rational ruled surface Fo = P(Op1 @ Op1(2)). This is an
SL2(C)-horospherical variety with two closed orbits. One of these orbits is a curve
with self-intersection —2, which may be contracted, and the image of the con-
traction is denoted by S5. The anticanonically polarized equivariant horospherical
degeneration of P! x P! O SLy(C)/SO5(C) is Sa.

The second one is P2, where SLy(C) acts by the projectivization of its linear
action on the quadratic forms in two variables. The open orbit is isomorphic to
SL2(C)/NsL,(c)(SO2(C)). Again, this manifold obviously satisfies the K-stability
criterion. Its moment polytope, together with the barycenter barpy (A1) = 4p are
represented as follows.

i > | :AJ,-

A

The polarized equivariant horospherical degeneration of the symmetric variety
P2 under this action of SLy(C) is the variety Sy, constructed similarly as Sy from
Fy =P(Op1 @ Op1(4)) by contracting the curve with self intersection equal to —4.

Example 5.11. Consider the space of all conics in P2. It may be identified with
P> by identifying a conic with its equation, which has six coefficients. Consider
the action of SL3(C) on this space. We see that it is a spherical variety with
open orbit the orbit of nondegenerate conics, isomorphic to the symmetric space
SL3(C)/NsLy(c)(SOs(C)).

There is another smooth and Fano spherical embedding of the same symmetric
space, called the variety of complete conics. It may be constructed as the closure
in P° x (P°)* of the set of couples (C, C*) where C is a nondegenerate conic in P2
and C* is the dual conic, defined as the space of tangents to C'. This construction
was generalized by De Concini and Procesi [DP83], to define wonderful compacti-
fications of symmetric spaces under an adjoint semisimple group, which are often
Fano so provide numerous examples where Corollary 5.9 applies.

The moment polytope corresponding to the variety of complete conics is the
following.
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It is easy to check our K-stability criterion for this manifold, and we obtain that
the variety of complete conics admits Kéahler-Einstein metrics.

Example 5.12. A reductive group G = G x G/ diag( @) is a symmetric homoge-
neous space under the action of the group G = G x G for the involution a(gl, g2) =
(92,91). If B > T is a Borel subgroup of G containing a maximal torus T, then
B = B x B~ is an adapted Borel subgroup, ®Z is empty, X(T x T/dlag( [')) is the
anti diagonal embedding of %(T) and can thus be identified with X(7") by projection
to the first coordinate. Under this identification, 2p, = 2pp € X(T' x T /diag(T))
is identified with 2p4, and the restricted root system ®, is identified with d the
root system of G with respect to T. We may identify, still under the projection to
the first coordinate, the moment polytope A" with the polytope in X(7) ® R as
defined in [Dell5, Del17], and the barycenter becomes

barpp(AY) /pH k(e p) dp// [T #(a,p)*dp,

aedt acdt

as used in [Dell5, Dell7].

We then recover our previous result: a smooth and Fano group compactifica-
tion X with moment polytope AT C X(T) ® R is Kahler-Einstein if and only if
barpy (AT) € 2p + = where Z is the relative interior of the cone generated by
®T. The similar statement for Kihler-Ricci solitons is new, even though it may be
obtained using the techniques of [Dell5, Dell7].

Let us take the opportunity to mention other interesting examples of group com-
pactifications which were not mentioned in [Dell5, Dell7], where the only examples
were toroidal compactifications of simple groups. First consider the smooth and
Fano compactifications of the reductive but not semisimple group GL2(C). Using
[Ruz12], we obtain the following list of eight moment polytopes (I thank Yan Li for
pointing out that I forgot two polytopes in an earlier version of this article).
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AT AT

AN
NS

It is obvious that the last five do not admit Kéhler-Einstein metrics. Compu-
tations show that the first three admit Ké&hler-Einstein metrics. We may also ap-
proximate, numerically, the unique holomorphic vector field such that the modified
Futaki invariant vanishes (see [TZ02]), then check numerically that the modified
K-stability condition is satisfied.

As an example, the precise coordinates of the barycenter barpy (AT) in the case
of the third polytope are (2343/1750,—2343/1750). Remark that only the third
and the fifth polytopes correspond to toroidal compactifications of GLy(C).

Considering colored compactifications also allows to obtain smaller dimensional
examples of group compactifications with vanishing Futaki invariant which are
not K-semistable. Namely, the three smooth and Fano compactifications of the
(semisimple but not simple) group SO4(C), of dimension six, are colored, with the
following moment polytopes:
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AT

2p

While the first example satisfies the K-stability criterion, both the two others do
not satisfy the K-semistability criterion, while having a vanishing Futaki invariant
since their groups of equivariant automorphisms are finite. Hence they do not admit
any Kahler-Ricci solitons. It would be interesting to know their full automorphism
group and in particular if it is reductive.

Example 5.13. There are examples of smooth and Fano symmetric varieties with
Picard number one, which are not homogeneous under a larger group [Ruzl0,
Ruzl1]. Unlike the similar horospherical examples of Pasquier, these may very
well be K-stable. For example, the smooth and Fano spherical embedding of
SL3(C)/SO3(C) with Picard number one, the smooth and Fano biequivariant com-
pactifiation of the group G2 with Picard number one, and the smooth and Fano
biequivariant compactification of the group SL3(C) admit K&hler-Einstein metrics.
Their respective moment polytopes are as follows.
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[ABO3]
[ABO4al
[ABO4D]
[ABOAC]
[ABOG]
[AKO5]
[BBJ]
[Ber16]

[BHJ17|

[BLVS6]

[BP87]

[Bri]
[Bris6]

[Bri87]

[Brig9]

[Brig7]

[(BWI]
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