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K-STABILITY OF FANO SPHERICAL VARIETIES

THIBAUT DELCROIX

Abstract. We prove a criterion for K-stability of a Q-Fano spherical variety
with respect to equivariant special test configurations, in terms of its moment
polytope and some combinatorial data associated to the open orbit. Combined
with the equivariant version of the Yau-Tian-Donaldson conjecture for Fano
manifolds proved by Datar and Székelyhidi, it yields a criterion for the exis-
tence of a Kähler-Einstein metric on a spherical Fano manifold. The results
hold also for modified K-stability and existence of Kähler-Ricci solitons.

Introduction

Kähler-Einstein metrics on a Kähler manifold are the solutions (if they exist) of
a highly non linear second order partial derivative equation on the manifold. It is
not clear at the moment under which conditions the equation admits solutions on a
Fano manifold. In the recent years a major advance in this direction has been made
through the resolution of the Yau-Tian-Donaldson conjecture in the Fano case, by
Chen, Donaldson, and Sun [CDS15a, CDS15b, CDS15c]. This conjecture states in
its general form that the existence of some canonical metrics on a Kähler manifold
should be related to an algebro-geometric condition of K-stability on the manifold.

The K-stability condition is a condition involving the positivity of numerical
invariants associated to polarized one parameter degenerations of the manifold,
equipped with an action of C∗, called test configurations. In the Fano case, it
was proved by Li and Xu [LX14] (and also Chen, Donaldson and Sun) that it is
enough to consider test configurations with normal central fiber, which are called
special test configurations. Other proofs of the Yau-Tian-Donaldson conjecture
were obtained by Tian [Tia15], Datar and Székelyhidi [DS], Chen, Sun and Wang
[CSW], Berman, Boucksom and Jonsson [BBJ]. The work of Datar and Székelyhidi
is of special interest to us as it allows us to take into account automorphisms of
the manifold, by considering only equivariant test configurations, and extends the
result to Kähler-Ricci solitons.

The necessity of the K-stability condition with respect to special test configura-
tions was established earlier by Tian who provided an example of Fano manifold
with vanishing Futaki invariant but no Kähler-Einstein metrics [Tia97]. It was
not clear at first if the K-stability condition could be used to prove the existence
of Kähler-Einstein metrics on explicit examples of Fano manifolds. One aim of
the present article is to provide an illustration of the power of the approach to the
existence of Kähler-Einstein metrics via K-stability, on highly symmetric manifolds.

Namely, we obtain a criterion for the existence of Kähler-Einstein metrics on
a Fano spherical manifold, involving only the moment polytope and the valuation
cone of the spherical manifold. Both are classical and central objects in the theory
of spherical varieties. The class of spherical varieties is a very large class of highly

1



2 T. DELCROIX

symmetric varieties, which contains toric varieties, generalized flag manifolds, ho-
mogeneous toric bundles, biequivariant compactifications of reductive groups. For
all of these subclasses for which a criterion was known, our result specializes to the
same criterion (compare with [WZ04, PS10, Del15]). Examples of new varieties
to which our criterion applies include colored horospherical varieties and symmet-
ric varieties (for examples the varieties constructed in [DP83]). Let us mention
here the work of Ilten and Süss on Fano manifolds with an action of a torus with
complexity one [IS], and also the discussion in [DS, Section 4], which were to the
author’s knowledge the first applications of K-stability as a sufficient criterion for
explicit examples.

Another aim of this article is to provide a framework for understanding the K-
stability condition in this class of spherical varieties, which should lead to a better
understanding of K-stability in general. The author obtained in [Del15, Del] an
example of group compactification with no Kähler-Einstein metric but vanishing
Futaki invariant, which is furthermore not K-semistable unlike the Mukai-Umemura
type example from [Tia97]. This is evidence that non trivial K-stability phenomena
appear in the class of spherical Fano manifolds, which was not true for toric Fano
manifolds.

Before stating the main result of the article, let us introduce some notations, the
moment polytope and the valuation cone.

Let G be a complex connected reductive algebraic group. Let B be a Borel
subgroup of G and T a maximal torus of B. Let B− be the Borel subgroup of G
opposite with respect to B. Let X(T ) denote the group of algebraic characters of T .
Denote by Φ ⊂ X(T ) the root system of (G,T ) and Φ+ the positive roots defined
by B.

Let X be a Fano manifold, spherical under the action of G, which means that B
acts on X with an open and dense orbit. The moment polytope ∆+ ⊂ X(T )⊗R of X
with respect to B is a polytope encoding the structure of representation of G on the
spaces of sections of tensor powers of the anticanonical line bundle. Alternatively,
from a symplectic point of view, it can be characterized as the Kirwan moment
polytope of (X,ω) with respect to the action of a maximal compact subgroup K
of G, where ω is a K-invariant Kähler form in 2πc1(X) (see [Bri87]). The moment
polytope ∆+ determines a sub-root system ΦL of Φ, composed of those roots that
are orthogonal to the affine span of ∆+ with respect to the Killing form κ. Let Φ+

P

be the set Φ+ \ ΦL, and 2ρP be the sum of the elements of Φ+
P .

A spherical variety X also has an open and dense orbit O under the action of
G. The valuation cone of X depends only on this open orbit O. LetM− ⊂ X(T )
be the set of characters of B−-semi-invariant functions in the function field C(O)
of O, and let N− be its Z-dual. The restriction of a Q-valued valuation on C(O) to
the B−-semi-invariant functions defines an element of N−⊗Q. The valuation cone
V− with respect to B− is defined as the set of those elements of N− ⊗ Q induced
by G-invariant valuations on C(O).

Remark that the vector space N−⊗Q is a quotient of the vector space Y(T )⊗Q,
where Y(T ) is the group of algebraic one parameter subgroups of T . Denote by
π : Y(T ) ⊗ Q −→ N− ⊗ Q the quotient map, so that π−1(V−) ⊂ Y(T ) ⊗ Q. Let
Ξ ⊂ X(T )⊗R be the dual cone to the closure of π−1(V−) in Y(T )⊗R, with respect
to the natural pairing 〈·, ·〉 : X(T )×Y(T ) −→ Z.
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The group of G-equivariant automorphisms AutG(X) of the spherical manifold
X is diagonalizable. The real vector space generated by the linear part of V− is in
fact isomorphic to Y(AutG(X))⊗ R.

Given ζ in Y(AutG(X))⊗R identified with an element of N− ⊗R, and a choice
ζ̃ ∈ π−1(ζ) of lift of ζ, we denote by barDH,ζ̃(∆

+) the barycenter of the polytope

∆+ with respect to the measure with density p 7→ e〈4ρ−2p,ζ̃〉∏
α∈Φ+

P
κ(α, p) with

respect to the Lebesgue measure dp on X(T )⊗R. Our main result is the following.

Theorem A. Let X be a Fano spherical manifold. The following are equivalent.
(1) There exists a Kähler-Ricci soliton on X with associated complex holomor-

phic vector field ζ.
(2) The barycenter barDH,ζ̃(∆

+) is in the relative interior of the cone 2ρP +Ξ.
(3) The manifold X is modified K-stable with respect to equivariant special test

configurations.
(4) The manifold X is modified K-stable.

The equivalence between (1) and (4) holds for any Fano manifold, it is the conse-
quence of the work of Chen, Donaldson and Sun recalled earlier for Kähler-Einstein
metrics, and of the work of Datar and Székelyhidi for Kähler-Ricci solitons. When
X admits an action of a reductive group G, the equivalence between (1) and (3)
was shown by Datar and Székelyhidi. What we prove in this article is the equiva-
lence between (2) and (3) in the case of a spherical Fano manifold. Furthermore we
prove that the equivalence between (2) and (3) holds for singular Q-Fano spherical
varieties.

The intuition for our main result came from our previous work on group compact-
ifications, which did not involve K-stability. The proof of a Kähler-Einstein criterion
for smooth and Fano group compactifications in [Del15, Del] can be adapted to pro-
vide another proof of the criterion for Kähler-Ricci solitons on the same manifolds.
Similarly, Wang-Zhu type methods (as used in [WZ04] and [PS10]), together with
some results proved for horospherical manifolds in the present paper, could be used
to obtain the Kähler-Ricci soliton criterion for these manifolds. One advantage of
this other approach is that the value of the greatest Ricci lower bound can be ex-
plicitly computed. Alternatively, for horospherical varieties at least, this quantity
could be computed using twisted modified K-stability (see [DS]).

The computation of the K-stability of a manifold requires two ingredients. The
first one is a description of all test configurations (rather, using [DS], all special equi-
variant test configurations), and the second one is a way to compute the Donaldson-
Futaki invariant for all of these test configurations.

The description of special equivariant test configurations is obtained using the
general theory of spherical varieties. Generalizing the fan of a toric variety, the col-
ored fan of a spherical variety consists essentially of a fan subdividing the valuation
cone together with additional data called colors. The total space of a (normal) test
configuration is still a spherical variety, and can thus be described by its colored
fan. In the case of a special test configuration, the central fiber itself is a spherical
variety and the action of C∗ on the central fiber may be deduced from the colored
fan of the test configuration. More precisely, we prove the following.

Theorem B. Let X be a spherical variety under the action of a reductive algebraic
group G. Let X be a special equivariant test configuration for X, with central fiber
X0. Then
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• X0 is spherical under the action of G,
• to X is associated an element ξ of the valuation cone such that for an
appropriate choice of H0 such that the open orbit of G in X is identified
with G/H0, the action of eτ ∈ C∗ induced by the test configuration is given
by:

eτ · gH0 = g exp(−τ ξ̃)H0

for any lift ξ̃ ∈ Y(T )⊗Q considered as an element of the Lie algebra of T .

Furthermore, for any ξ in the valuation cone, there exists such a test configuration,
and X is isomorphic to X0 if and only if ξ is in the linear part of the valuation
cone.

Degenerations of spherical varieties, and moduli questions, have been studied
by Alexeev and Brion [AB06] (see also [AB04a, AB04b] for the case of reductive
varieties). We adopt here a different approach to be better able to keep track of
the actions of C∗ on the degenerations. Remark that the central fiber of a normal
and equivariant test configuration which is not special would be a stable spherical
variety in the sense of [AB06]. We do not study these test configurations here.
Our description of the action of C∗ on the central fiber of a special equivariant test
configuration relies heavily on the work of Brion and Pauer [BP87] on elementary
embeddings of spherical homogeneous spaces.

The Donaldson-Futaki invariant of a test configuration depends only on the cen-
tral fiber and the induced action of C∗ on the central fiber. Namely, it reduces to
the Futaki invariant of the central fiber evaluated at the holomorphic vector field
generating the action. The basic idea behind our computation of these numerical
invariants is that we may degenerate the central fiber even more in order to ac-
quire more symmetries, then compute the Futaki invariant on the corresponding
degeneration.

For spherical varieties, this idea leads to consider only the Futaki invariants of
horospherical varieties. Indeed, there always exist a test configuration with horo-
spherical central fiber. The existence of a horospherical degeneration for spherical
varieties is a classical result [Bri86, Pop87]. In the notations of Theorem B, the test
configuration X has a horospherical central fiber if and only if ξ is in the interior
of the valuation cone. Horospherical varieties are the simplest among spherical va-
rieties, but still form a large class containing toric varieties and homogeneous toric
bundles. They should be considered as the "most symmetric" spherical varieties. In
particular, even if it is possible to degenerate any spherical variety to a toric variety
[AB04c], it is at the expense of some symmetries, as it can be made equivariantly
only with respect to a maximal torus.

Our computation of the modified Futaki invariant on Q-Fano horospherical vari-
eties gives the following statement, where we keep the notations introduced earlier.

Theorem C. Let X be a Q-Fano horospherical variety, with moment polytope ∆+.
Let ζ, ξ be two elements of Y(AutG(X)) ⊗ R and let ζ̃ and ξ̃ be choices of lifts in
Y(T ) ⊗ R. Then the modified (with respect to ζ) Futaki invariant of X evaluated
at ξ is

FutX,ζ(ξ) = C
〈

barDH,ζ̃(∆
+)− 2ρP , ξ̃

〉
where C is a positive constant independent of ξ.
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This statement was first obtained by Mabuchi [Mab87] for smooth toric man-
ifolds. For smooth homogeneous toric bundles, this statement was obtained by
Podesta and Spiro in [PS10]. Let us also mention here the work of Alexeev and
Katzarkov on K-stability of group compactifications [AK05]. Our computation is
based on an expression for the curvature form of a positive hermitian metric on a
polarized horospherical homogeneous space which is invariant under the action of
a maximal compact subgroup of G, in terms of a convex potential associated to the
metric, and a description of the asymptotic behavior of this convex function.

We will use two definitions of the Futaki invariant. First, we will use an analytic
definition to obtain its precise value. The original definition of the Futaki invariant
by Futaki [Fut83] was generalized by Ding and Tian to normal Q-Fano varieties
[DT92]. The modified Futaki invariant, the analogue for Kähler-Ricci solitons, was
introduced by Tian and Zhu [TZ02], and generalized to singular varieties by Berman
and Witt Nystrom [BW]. To show that we can compute the Futaki invariant on
a degeneration though, we will use the algebraic definition of the Futaki invariant.
This was first proposed by Donaldson [Don02]. He showed that the two definitions
coincide when the variety is non singular. In fact, as remarked by Li and Xu
[LX14, Section 7, Remark 1], his proof extends to normal varieties. It is also
Berman and Witt Nystrom who generalized this algebraic definition to the modified
Futaki invariant (see also [WZZ16] and [Xio14] for related recent work on Futaki
invariants).

Consider the partial order on G-spherical Q-Fano varieties, given by X0 � X if
X0 is the central fiber of a special equivariant test configuration for X. Given a
G-spherical Q-Fano variety X, it is interesting to consider the set of all G-spherical
Q-Fano varieties smaller than X with respect to this order. It follows from [AB04b,
AK05] that this poset is very well understood for reductive varieties. In particular
there is a single minimum which is the central fiber of any special test configuration
with horospherical central fiber, and the other elements are in bijection with the
walls of the Weyl chamber, up to a finite number of isomorphisms induced by
exterior automorphisms of the root system. It would be interesting to extend this
precise description to all spherical Q-Fano varieties. The fact that the minima
are horospherical varieties is stated in the present article. More generally, one
may consider similar posets for more general Q-Fano varieties by considering the
partial order X0 � X if X0 is the central fiber of a special test configuration for X,
equivariant with respect to a Levi subgroup of the group of automorphisms of X.
Many questions about these posets could clarify the interpretation of K-stability.
As a precise example, let us ask the following question: What are the minima of
these posets? In other words, if X is a Q-Fano variety, and G is a Levi subgroup
of Aut0(X), under which conditions on X are there no special G-equivariant test
configurations for X with central fiber not isomorphic to X? The only examples
known to the author are horospherical varieties. One interest of knowing these
minima is that, thanks to the argument we use in Section 5, they are the only
varieties on which we really need to compute Futaki invariants. Of course the poset
alone is not enough to recover all the information about K-stability, as one should
keep track of the different ways the elements of the poset appear as central fibers of
test configurations, more precisely of the different holomorphic vector fields induced
by these test configurations.
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The ideas and the methods of the present article should have interesting applica-
tions to several related problems. The most obvious one is K-stability of spherical
varieties for polarizations not given by the anticanonical line bundle. Another di-
rection, to which we will come back in a later article, is in Sasakian geometry,
where an analogue of the Yau-Tian-Donaldson conjecture was obtained by Collins
and Székelyhidi [CS]. Finally, it would be interesting to combine the ideas from
our work with the work of Ilten and Süss [IS] to study varieties with a spherical
action of complexity one. In particular, Langlois and Terpereau [LT16, LT] have
started a study of horospherical varieties of complexity one that should lead them
to a criterion for being Fano, which would be a starting point.

The reader interested in learning more about spherical varieties may consult
[Per14, Tim11, Bri].

1. Notations

We introduce in this section some notions and notations on groups and Lie
algebras that will be used throughout the text.

Let G be a complex linear algebraic group. We will denote its Lie algebra by
the corresponding fraktur lower case letter g, and the exponential map by exp. An
(algebraic) character of G is an algebraic group morphism G −→ C∗. We denote
the group of algebraic characters of G by X(G). An (algebraic) one parameter
subgroup of G is an algebraic group morphism C∗ −→ G. We denote the set of
algebraic one parameter subgroups of G by Y(G). We denote by Gu the unipotent
radical of G, and by [G,G] its derived subgroup. If H is a closed subgroup of G,
let NG(H) = {g ∈ G; gHg−1 = H} be the normalizer of H in G.

In this article, G will denote a connected complex linear reductive group, K will
denote a maximal compact subgroup of G, and θ the Cartan involution of G such
that K = Gθ is the fixed point set of θ. The involution θ is identified with the
complex conjugation under the identification of G with the complexification of K.
Let T be a maximal torus of G, stable under θ, let B be a Borel subgroup of G
containing T , and let B− be the unique Borel subgroup of G such that B∩B− = T ,
called the opposite Borel subgroup with respect to T . Let Φ ⊂ X(T ) be the root
system of (G,T ) and let Φ+ ⊂ Φ be the positive roots determined by B.

A parabolic subgroup P of G containing B admits a unique Levi subgroup L
containing T . The parabolic subgroup of G opposite to P with respect to L is
defined as the unique parabolic subgroup of G such that P ∩Q = L and L is also
a Levi subgroup of Q. Let ΦP denote the set of roots of P with respect to T . We
denote by Φ+

P the set of roots of the unipotent radical Pu of P . Alternatively, these
are the roots of G that are not roots of Q, or the roots of P that are not roots of
L. Let

2ρP =
∑
α∈Φ+

P

α.

Consider the root decomposition of g:

g = t⊕
⊕
α∈Φ

gα
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where gα = {x ∈ g; ad(t)(x) = α(t)x ∀t ∈ t} is the root space for α. The Lie algebra
of P is

p = t⊕
⊕
α∈ΦP

gα.

The Cartan involution θ descends to an involution of g, still denoted by θ. It sends
gα to g−α for α ∈ Φ.

Assume now that T is any algebraic complex torus. There is a natural duality
pairing 〈λ, χ〉 between λ ∈ Y(T ) and χ ∈ X(T ) defined as the integer such that
χ ◦ λ(z) = z〈λ,χ〉 for z ∈ C∗, which gives an isomorphism between Y(T ) and
Hom(X(T ),Z). Given an algebraic complex subtorus S ⊂ T , there is a natural
inclusion of Y(S) in Y(T ) as a direct factor, and a natural inclusion of X(T/S) in
X(T ) as a direct factor, where a character of T/S is identified with a character of T
which is trivial on S. By duality, these inclusions imply that Y(T/S) is a quotient
of Y(T ), and that X(S) is a quotient of X(T ).

Recall that since G is reductive, g = k ⊕ Jk, where J denotes the complex
structure on g. Let a = t ∩ Jk. Given λ : C∗ −→ T an algebraic one parameter
subgroup, we consider its restriction to R∗+ and associate to λ the derivative a of
the restriction at 1, which lives in the tangent space t = TeT . In fact, a ∈ a.
Conversely any a ∈ a defines a Lie group morphism τ ∈ C 7−→ exp(τa) ∈ T , which
factorizes by C −→ C∗ = C/2πZ if and only if a is obtained as the derivative of
an algebraic one parameter subgroup as above. This correspondence embeds Y(T )
in a, and we identify Y(T )⊗ R with a. The natural duality 〈, 〉 between X(T )⊗ R
and Y(T ) ⊗ R translates, for a ∈ a identified with an element of Y(T ) ⊗ R, and
χ ∈ X(T ), as 〈χ, a〉 = lnχ(exp(a)).

We will denote by κ the Killing form on g. It defines a scalar product on the
semisimple part a ∩ [g, g] of a. We choose a scalar product {·, ·} on a which is
invariant under the action of the Weyl group W , and whose restriction to the
semisimple part is the Killing form κ. Note that the vector subspace on which W
acts trivially, which is the intersection of a with the center of g, is then orthogonal
to the semisimple part of a. Let eα, for α ∈ Φ, be a generator of the root space
gα, such that e−α = −θ(eα), and [eα, e−α] = tα, where tα is defined as the unique
element of a such that {tα, a} = 〈α, a〉 for all a ∈ a. More generally, given χ ∈ X(T ),
we denote by tχ the unique element of a such that {tχ, a} = 〈χ, a〉 for all a ∈ a.

2. Curvature forms on horospherical homogeneous spaces

2.1. Horospherical homogeneous spaces. We begin this section by introducing
horospherical homogeneous spaces. Our reference for these homogeneous spaces,
and the horospherical Q-Fano varieties that we will discuss in later sections, is
[Pas08].

2.1.1. Definition and normalizer fibration.

Definition 2.1. A closed subgroup H of a connected complex reductive group G
is called horospherical if it contains the unipotent radical U of a Borel subgroup
B of G. The homogeneous space G/H is then called a horospherical homogeneous
space.

Example 2.2. Consider the natural action of SL2(C) on C2. It has two orbits :
the fixed point 0 and its complement. The stabilizer of (1, 0) is easily seen to be
the set of upper triangular matrices with diagonal coefficients equal to one. It is
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the unipotent radical U of the Borel subgroup B of SL2(C) consisting of the upper
triangular matrices, so C2 \ {0} is a horospherical homogeneous space.

A torus (C∗)n is a horospherical homogeneous space under its action on itself.
A generalized flag manifold G/P where G is a semisimple group and P a parabolic
of G is a horospherical homogeneous space. Combining the two examples gives
that products of tori with generalized flag manifolds are examples of horospheri-
cal homogeneous spaces. In fact all horospherical homogeneous spaces are torus
fibrations over generalized flag manifolds (see for example [Pas08]).

Proposition 2.3. Assume that H is horospherical, then the normalizer fibration

NG(H)/H −→ G/H −→ G/NG(H)

is a torus fibration over a generalized flag manifold. More precisely, the normalizer
P = NG(H) of H in G is a parabolic subgroup containing B, and the quotient
P/H = T/T ∩ H is a torus. Conversely, if H is such that NG(H) is a parabolic
subgroup of G and P/H is a torus, then H is horospherical.

Example 2.4. The normalizer fibration associated to SL2(C)/U is the one defining
the complex projective line : C∗ −→ C2 \ {0} −→ P1. In this case, P = B is the
subgroup of upper triangular matrices.

For any closed subgroup H, the normalizer NG(H) acts on G/H by multiplica-
tion on the right by the inverse. The subgroup H in NG(H) acts trivially. The
action of (g, pH) ∈ G × NG(H)/H on the coset xH ∈ G/H is then given by
(g, pH) · xH = gxp−1H. The isotropy group of eH under this action is the group
{(p, pH), p ∈ NG(H)}. We will mainly use this for horospherical homogeneous
spaces, and we denote the corresponding isotropy group by diag(P ) in this case. It
is isomorphic to P via the first projection.

2.1.2. Polar decomposition on a horospherical homogeneous space. We fix now H
a horospherical subgroup of G, and denote by P its normalizer. The inclusion of
Y(T ∩H) in Y(T ) gives rise to a subspace a0 ⊂ a under the identification of a with
Y(T )⊗ R. Let a1 denote the orthogonal complement of a0 with respect to {·, ·}.

Proposition 2.5. The image of a1 in G under the exponential is a fundamental
domain for the action of K ×H on G, where K acts by multiplication on the left
and H by multiplication on the right by the inverse. As a consequence, the set
{exp(a)H; a ∈ a1} ⊂ G/H is a fundamental domain for the action of K on G/H.

Proof. The case when the horospherical subgroup is the unipotent radical U of B
is a classical result known as the Iwasawa decomposition (see for example [Hel78,
Chapter IX, Theorem 1.3]). It states that the map

K × a× U G, (k, a, u) k exp(a)u

is a diffeomorphism.
Now let H be any horospherical subgroup containing U , and a1 be as defined

above. Given g ∈ G, use the Iwasawa decomposition to write g = k exp(a)u where
a ∈ a is uniquely determined. Decompose a as a0 + a1 ∈ a0 ⊕ a1 = a. Then g =
k exp(a1) exp(a0)u where k ∈ K, exp(a0)u ∈ H and a1 ∈ a1 uniquely determined.

�
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2.2. Hermitian metrics on linearized line bundles. We will now associate to
a K-invariant hermitian metric on a linearized bundle on a horospherical homoge-
neous space two functions. One function will be associated to the pull back of the
line bundle to G under the quotient map, and the other will be associated to the
restriction to exp(a1). Let us first describe the linearized line bundles obtained by
this pull back and this restriction.

2.2.1. Associated linearized line bundles.

Definition 2.6. Let X be a G-variety. A G-linearized line bundle L on X is a line
bundle on X equipped with an action of G such that the bundle map L −→ X is
equivariant and the maps between the fibers induced by the action are linear.

Let G/H be a horospherical homogeneous space. Let L be a G×P/H-linearized
line bundle on G/H. The fiber LeH above eH ∈ G/H defines a one dimensional
representation of the isotropy group diag(P ). Denote by χ the character of P
associated to this representation, so that (p, pH) · ξ = χ(p)ξ for ξ ∈ LeH .

Consider the quotient map π : G −→ G/H, g 7−→ gH, and the pull back π∗L of
the line bundle L to G. We still denote by π the induced map π∗L −→ L. Since
π is equivariant under the action of G by multiplication on the left, π∗L admits
a pulled back G-linearization. Let us choose a non zero element s(e) ∈ (π∗L)e.
Together with the linearization, it provides a global trivialization

s : g ∈ G 7−→ g · s(e) ∈ (π∗L)g.

Denote by ι : P/H −→ G/H the inclusion. It is equivariant under the action of
P × P/H. The restriction ι∗L of the line bundle L to P/H provides a P × P/H-
linearized line bundle on the torus P/H. In general the linearizations of ι∗L for
the action of P × {eH} ' P and the action of P through {e} × P/H are different.
They are related by:

(p,H) · ξ = (e, p−1H)(p, pH) · ξ
= χ(p)(e, p−1H) · ξ

for p ∈ P , ξ ∈ ι∗L.
We still denote by ι the inclusion ι∗L −→ L. We define two trivializations sl

and sr of ι∗L:

sl(pH) = (p,H) · (ι−1 ◦ π)(s(e)),

sr(pH) = (e, p−1H) · (ι−1 ◦ π)(s(e)).

By the previous calculation, they satisfy

sl(pH) = χ(p)sr(pH).

The following diagram summarizes the objects introduced in this subsection.

π∗L L ι∗L

G G/H P/Hπ

s

ι

sl sr
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2.2.2. Functions associated to hermitian metrics. Let L be a G × P/H-linearized
line bundle on G/H, and denote by χ the corresponding character of diag(P ). Let
q be a smooth hermitian metric on L. Consider the pull-back π∗q of the metric q
to π∗L. Denote by φ : G −→ R the potential of π∗q with respect to the section s,
that is the function on G defined by

φ(g) = −2 ln |s(g)|π∗q.

We associate to q another function, this time associated with its restriction to
L|P/H . Denote by u : a1 −→ R the function defined by

u(x) = −2 ln |sr(exp(x)H)|ι∗q.

Proposition 2.7. Assume that the metric q is invariant under the action of the
compact group K. Then q is uniquely determined by u. Furthermore, we have

φ(k exp(x)h) = u(x)− 2 ln |χ(exp(x)h)|.

for any k ∈ K, x ∈ a1 and h ∈ H.

Proof. It is clear that π∗q is completely determined by its global potential φ on
G, thus that q is completely determined by φ. We only need to prove the relation
between u and φ, since any g ∈ G can be written as g = k exp(x)h with k ∈ K,
x ∈ a1 and h ∈ H by Proposition 2.5.

First remark that since q is invariant under the action of K, and π is equivariant
under the action of G, π∗q is also invariant under the action of K. Then the
invariance of the section s yields

φ(k exp(x)h) = −2 ln |s(k exp(x)h)|π∗q = −2 ln |k · s(exp(x)h)|π∗q = φ(exp(x)h).

We then remark that

π(s(exp(x)h)) = π((exp(x)h) · s(e))
= (exp(x)h,H) · π(s(e))

= (exp(x), H)(h, hH) · π(s(e))

= χ(h)(exp(x), H) · π(s(e))

by definition of χ.
We then write, since exp(x) ∈ P ,

φ(exp(x)h) = −2 ln(|χ(h)||(exp(x), H) · π(s(e))|q)
= −2 ln |(exp(x), H) · ι−1 ◦ π(s(e))|ι∗q − 2 ln |χ(h)|
= −2 ln |sl(exp(x)H)|ι∗q − 2 ln |χ(h)|

we then use the relation between sections described in Section 2.2.1 to obtain

φ(exp(x)h) = −2 ln(|χ(exp(x))||sr(exp(x)H)|ι∗q)− 2 ln |χ(h)|
= −2 ln |sr(exp(x)H)|ι∗q − 2 ln |χ(exp(x)h)|.

Recalling the definition of u, we obtain the statement. �
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2.3. Pointwise expression of a curvature form. Let L be a G×P/H-linearized
line bundle on G/H, with associated character of diag(P ) denoted by χ. Let q be a
K-invariant smooth hermitian metric on L, with associated functions φ : G −→ R
and u : a1 −→ R.

Recall that the curvature form ω of q is a global (1,1)-form defined locally as fol-
lows. If s0 : U ⊂ G/H −→ L is a local trivialization of L, and ψ(z) := −2 ln |s0(z)|q,
then ω = i∂∂̄ψ on U . If q is invariant under the action of K then ω is also invariant.
We want to compute the expression of ω in terms of χ and u.

In general we cannot find a global trivialization of L on G/H, and cannot find a
global potential for ω. This is the case in particular for generalized flag manifolds.
We will bypass this difficulty by computing ω through its pull back to G under the
quotient map. This approach is similar to the use of quasipotentials by Azad and
Biswas in [AB03] for generalized flag manifolds.

We can identify the tangent space at eH to G/H with

g/h '
⊕
α∈Φ+

P

Ce−α ⊕ a1 ⊕ Ja1.

Choose a basis l1, . . . , lr of the real vector space a1. Denote by (x1, . . . , xr) the
corresponding coordinates of a point x =

∑
i xili ∈ a1. A complex basis of the

tangent space TeHG/H is then given by the union of the lj and the e−α for α ∈ Φ+
P .

On P/H ⊂ G/H, given a tangent vector ξ at the coset eH, we can define a
smooth real holomorphic vector field Rξ, invariant under the action of P/H by
multiplication on the right, simply by transporting the given tangent vector by the
holomorphic action:

Rξ : pH 7−→ (H, p−1H) · ξ ∈ TpHP/H.
Consider the complex basis of holomorphic (1,0)-vector fields composed of the

(Rlj−iJRlj)/2 and (Re−α−iJRe−α)/2, where J denotes the complex structure on
G/H, and i is the complex structure coming from the complexification in TG/H⊗C.
We denote the dual basis of (1,0)-forms by {γj}j ∪ {γα}α. We will compute the
curvature (1,1)-form ω pointwise in the basis of (1,1)-forms obtained from these.

Theorem 2.8. Let ω be the K-invariant curvature form of a K-invariant metric
q. Then the form ω is determined by its restriction to P/H, given for x ∈ a1 by

ωexp(x)H =
∑

1≤j1,j2≤r

1

4

∂2u

∂xj1∂xj2
(x)iγj1 ∧ γ̄j2 +

∑
α∈Φ+

P

〈α,∇u(x)/2− tχ〉 iγα ∧ γ̄α

where ∇u is the gradient of u with respect to the scalar product {, }.

In order to prove the theorem we need to obtain an infinitesimal decomposition,
adapted to the polar decomposition G = K exp(a1)H, for elements of g/h. Recall
that U is the unipotent radical of B and is a subgroup of H. It is also the image
under the exponential of ⊕α∈Φ+Ceα. It will be enough to obtain an infinitesimal
decomposition adapted to the Iwasawa decomposition G = K exp(a)U , which is
achieved by the following lemma.

Lemma 2.9. Let {zj}j and {zα}α denote complex numbers, and let

f =
∑

1≤j≤r

zj lj +
∑
α∈Φ+

P

zαe−α ∈ g/h
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Then exp(f) = k exp(y+O)u where k ∈ K, y ∈ a, O ∈ g is of order strictly higher
than two in the zj and zα, and u ∈ U . Furthermore, if zj = xj + iyj,

y =
∑

1≤j≤r

xj lj +
∑
α∈Φ+

P

zαz̄αtα/2.

Proof. Recall that θ denotes the Cartan involution on g, with fixed point set k. We
will denote by O a term in g of order strictly higher than two in the zj and zα,
which may change from line to line.

Write f = A1 +A2 −A3, with

A1 =
∑

1≤j≤r

yjJlj +
∑
α∈Φ+

P

(zαe−α + θ(zαe−α)) ∈ k

A2 =
∑

1≤j≤r

xj lj ∈ a1

A3 =
∑
α∈Φ+

P

θ(zαe−α) ∈
∑
α∈Φ+

P

Ceα.

Using the Baker-Campbell-Hausdorff formula yields

exp(−A1) exp(f) exp(A3) = exp(A2 + 1/2([A2, A1] + [A1, A3] + [A2, A3]) +O)

We now decompose A2 +1/2([A2, A1]+ [A1, A3]+ [A2, A3]) = B1 +B2 +B3 with
B1 ∈ k, B2 ∈ a and B3 ∈ u. It is easy to see that B1 and B3 are of order two in the
zj , zα, so that, by the Baker-Campbell-Hausdorff formula again,

exp(−B1) exp(−A1) exp(f) exp(A3) exp(−B3) = exp(B2 +O).

We have exp(−B1) exp(−A1) ∈ K, and exp(A3) exp(−B3) ∈ U , so to conclude
the proof it remains to compute y = B2. There are two contributions to this term,
the first being A2 and the second, coming from 1

2 [A1, A3], which is

1

2

∑
α∈Φ+

P

[zαe−α, θ(zαe−α)] =
1

2

∑
α∈Φ+

P

zαz̄α[e−α, θ(e−α)]

=
1

2

∑
α∈Φ+

P

zαz̄αtα

�

We now proceed to prove the theorem.

Proof of Theorem 2.8. Let π denote again the quotient map G −→ G/H. Consider
π∗ω. This is the curvature form of the pulled back metric π∗q on π∗L. Let φ
be the global potential of π∗q on G. Then φ is a global i∂∂̄ potential for π∗ω,
which means that π∗ω = i∂∂̄φ. Recall from Proposition 2.7 that φ(k exp(x)h) =
u(x)− 2 ln(χ(exp(x)h)).

Consider on P ⊂ G the right invariant vector fields R̃lj , respectively R̃e−α
obtained by transporting the elements lj respectively e−α from g ' TeG by the
action of P on G by multiplication on the right by the inverse. These vector fields
are sent to Rlj respectively Re−α by π∗. Since for any elements f1, f2 of TgG⊗C,
we have

π∗ωg(f1, f2) = ωπ(g)(π∗(f1), π∗(f2))
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it will be enough to compute π∗ω on pairs of holomorphic (1,0) vector fields Zj or
Zα corresponding to the real holomorphic vector fields just defined.

Let f1 and f2 be two elements of g, and let Z1, Z2 be the corresponding right-
P -invariant holomorphic (1,0) vector fields on P ⊂ G as defined above. Since
π∗ω = i∂∂̄φ, we have, at p ∈ P ,

(π∗ω)p(Z1, Z̄2) = i
∂2

∂z1∂z̄2

∣∣∣∣
0

φ(exp(z1f1 + z2f2)p).

We will carry out this computation at p = exp(x) for f1 and f2 two elements in
g/h.

Consider now f as in Lemma 2.9 and x ∈ a1. Then

exp(f) exp(x) = k exp(y +O)u exp(x)

= k exp(y +O) exp(x)u′

where u′ ∈ U , because T normalizes U . Then by the Baker-Campbell-Hausdorff
formula and since O is of order strictly higher than two in zj , zα, there exists an
O′ ∈ g, still of order strictly higher than two in zj , zα, such that

exp(f) exp(x) = k exp(x+ y +O′)u.

We deduce that φ(exp(f) exp(x)) = φ(exp(x + y + O′)), because u ∈ U ⊂ H,
and any character of P vanishes on U . Then we apply this to obtain, given f1, f2

in g/h,

(π∗ω)exp(x)(Z1, Z̄2) = i
∂2

∂z1∂z̄2

∣∣∣∣
0

φ(exp(z1f1 + z2f2) exp(x))

= i
∂2

∂z1∂z̄2

∣∣∣∣
0

φ(exp(x+ y +O′))

where y is given by Lemma 2.9 for f = z1f1 + z2f2,

= i
∂2

∂z1∂z̄2

∣∣∣∣
0

φ(exp(x+ y))

= i
∂2

∂z1∂z̄2

∣∣∣∣
0

φ(exp(x+ y1) exp(y − y1))

where y1 is the projection in a1 of y ∈ a = a0 ⊕ a1,

= i
∂2

∂z1∂z̄2

∣∣∣∣
0

(
u(x+ y1)− 2 ln(χ(exp(x+ y)))

)
= i

∂2

∂z1∂z̄2

∣∣∣∣
0

(
u(x+ y1)− 2 〈χ, x+ y〉

)
.

Together with the precise value of y given by Lemma 2.9, this allows us to
compute the values of (π∗ω)exp(x)(Z1, Z̄2) for all choices of Z1, Z2 in the set of
right-P -invariant holomorphic (1,0)-vector fields obtained from elements f1, f2 of
g/h.
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(i) Let us first apply this to f1 = lj1 , f2 = lj2 . We obtain

(π∗ω)exp(x)(Z1, Z̄2) =
∂2

∂z1∂z̄2

∣∣∣∣
0

(u(x+ x1lj1 + x2lj2)− 2 〈χ, x〉)

=
1

4

∂2

∂x1∂x2

∣∣∣∣
0

u(x+ x1lj1 + x2lj2)

=
1

4

∂2u

∂xj1∂xj2
(x).

(ii) If f1 = lj and f2 = e−α then Lemma 2.9 gives

y = x1lj +
1

2
z2z̄2tα

and it is easy to see that the double derivative vanishes.
(iii) Similarly, if f1 = e−α1

and f2 = e−α2
, with α1 6= α2, then

y =
1

2
(z1z̄1tα1 + z2z̄2tα2)

and the double derivative vanishes again.
(iv) The remaining case is when f1 = f2 = e−α. In that case,

y =
1

2
|z1 + z2|2tα,

so that

(π∗ω)exp(x)(Z1, Z2) =
∂2

∂z1∂z̄2

∣∣∣∣
0

(
u(x+ |z1 + z2|2t1α/2)− 2

〈
χ, x+ |z1 + z2|2tα/2

〉)
=
{
∇u(x), t1α/2

}
− 〈χ, tα〉

= {∇u(x)/2− tχ, tα} .

We can indeed replace t1α with tα because ∇u(x) ∈ a1, and, by definition, a1 is
orthogonal to a0. �

3. Test configurations of spherical varieties

3.1. Colored fans and spherical varieties. We first review general results about
spherical varieties. We will use [Kno91] as main reference for this section. As
mentioned by Knop, the theory was initially developed by Luna and Vust [LV83].

Definition 3.1. A normal varietyX equipped with an action ofG is called spherical
if a Borel subgroup B of G acts on X with an open and dense orbit.

A homogeneous space G/H which is a spherical variety under the action of G is
a spherical homogeneous space. A spherical subgroup is a closed subgroup H such
that G/H is a spherical homogeneous space.

Let X be a spherical variety and x a point in the open orbit of B. Denote by
H the isotropy group of x in G. The pair (X,x) is called a spherical embedding of
the spherical homogeneous space G/H, and is equipped with a natural inclusion of
G/H in X through the G-equivariant map gH 7−→ g · x.

Example 3.2. A horospherical homogeneous space is spherical: if H contains the
unipotent radical U of B, and B− is a Borel subgroup opposite to B, then B−H
is open and dense in G, or equivalently, B−H/H is open and dense in G/H. An
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embedding of a horospherical space is called a horospherical embedding of G/H, or
a horospherical variety.

Example 3.3. The group G itself is a spherical homogeneous space under the
action of G×G defined by (g1, g2) · g = g1gg

−1
2 . Indeed, if B and B− are opposite

Borel subgroups of G, the Bruhat decomposition shows that the B×B−-orbit BB−
is open and dense in G.

3.1.1. Valuation cone and colors. Let O be a spherical homogeneous space under
the action of G. Let k = C(O) be the function field of O. The action of G on k is
defined by (g · f)(x) = f(g−1 · x) for g ∈ G, f ∈ k, x ∈ O.

Definition 3.4. A valuation of k is a map ν : k∗ = k \ {0} −→ Q such that:
• ν(C∗) = 0,
• ν(f1 + f2) ≥ min{ν(f1), ν(f2)} when f1, f2 and f1 + f2 are in k∗,
• ν(f1f2) = ν(f1) + ν(f2) for all f1, f2 ∈ k∗.

Let us now choose B a Borel subgroup of G. DefineMB(O) ⊂ X(B) as the set
of characters χ such that there exists a function f ∈ k∗ with b · f = χ(b)f . It is a
subgroup of X(B), and hence a finitely generated free abelian group.

Define NB(O) = Hom(M,Z). To any valuation ν of k we can associate an
element ρν of NB(O) ⊗ Q, defined by ρν(χ) = ν(f) where f ∈ k∗ is such that
b · f = χ(b)f for all b ∈ B. This is well defined because B has an open and dense
orbit, so two such functions are non-zero scalar multiples of each other.

The map ν 7−→ ρν is injective on the set of G-invariant valuations, and we denote
by VB(O) the image of the set of G-invariant valuations of k under this map. This
is a convex cone in NB(O)⊗Q called the valuation cone of O (with respect to B).
Although the set of G-invariant valuations of k does not depend on the choice of
Borel subgroup, we will use in the following its image VB(O), which does depend
on the choice of B.

As an example, let us record the following characterization of horospherical va-
rieties. Other examples will be described in Section 5.4.2.

Proposition 3.5. [BP87, Corollaire 5.4] A spherical homogeneous space O is a
horospherical homogeneous space if and only if its valuation cone VB(O) is NB(O)⊗
Q.

Denote the set of B-stable prime divisors in O by DB(O). An element of DB(O)
is called a color of O. A color D ∈ DB(O) defines a valuation on G/H and thus
an element ρ(D) in NB(O)Q. However, the map ρ : DB(O) −→ NB(O)⊗Q is not
injective in general.

We will in general drop the mention of B and O in the notations, as no confusion
should be possible. When we will use two opposite Borel subgroups B and B−, we
will use a minus sign in subscript to denote objects defined with respect to B−.

3.1.2. Colored fans. Let G/H be a spherical homogeneous space, and choose B a
Borel subgroup of G. Let V ⊂ N ⊗ Q be the valuation cone of G/H with respect
to B and let D be its set of colors.

Definition 3.6.
• A colored cone is a pair (C,R), where R ⊂ D with 0 /∈ ρ(R), and C ⊂ N⊗Q

is a strictly convex cone generated by ρ(R) and finitely many elements of V
such that the intersection of the relative interior of C with V is not empty.
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• Given two colored cones (C,R) and (C0,R0), we say that (C0,R0) is a face
of (C,R) if C0 is a face of C and R0 = R∩ ρ−1(C0).

• A colored fan is a non-empty finite set F of colored cones such that the
face of any colored cone in F is still in F , and any v ∈ V is in the relative
interior of at most one cone.

Theorem 3.7. [Kno91, Theorem 3.3] There is a bijection (X,x) 7−→ FX between
embeddings of G/H up to G-equivariant isomorphism and colored fans. There is a
bijection Y 7→ (CY ,RY ) between the orbits of G in X, and the colored cones in FX .
An orbit Y is in the closure of another orbit Z in X if and only if the colored cone
(CZ ,RZ) is a face of (CY ,RY ).

The support of the colored fan FX is defined as |FX | =
⋃
{C; (C,R) ∈ FX}.

Proposition 3.8. [Kno91, Theorem 4.2] A spherical variety X is complete if and
only if the support |FX | of its colored fan contains V.

Given X a spherical embedding of G/H, we denote by DX its set of colors, which
is the union of all sets R ⊂ D for (C,R) ∈ FX .

Definition 3.9. A spherical variety X is called toroidal if DX is empty.

Example 3.10. [Pas08, Exemple 1.10] A horospherical variety is toroidal if the
fibration structure of the horospherical homogeneous space given in Proposition 2.3
extends to the embedding. In other words, toroidal horospherical varieties are
precisely the homogeneous fibrations over generalized flag manifolds, with fibers
toric varieties.

In the case of the horospherical homogeneous space C2 \ {0} ' SL2(C)/U , there
are two complete embeddings: P2 and the blow up of P2 at one point. The latter
is toroidal, and the fibration structure is obvious, while the former is not toroidal.

3.1.3. Equivariant automorphisms. The classification of spherical embeddings up
to G-equivariant automorphisms shows that the group of G-equivariant automor-
phisms of a spherical variety X is isomorphic to the group of G-equivariant auto-
morphisms of its open G-orbit, through the restriction. Indeed, the construction
in [Kno91] of the colored fan FX of a spherical embedding (X,x) of G/H does not
depend on the choice of base point x such that its isotropy group is H.

Choose x a base point in the open G-orbit in X, and let σ be an equivariant
automorphism of the open G-orbit. Then the stabilizer H of x in G is also the sta-
bilizer of its image σ(x) by σ, since σ commutes with G. Then (X,x), and (X,σ(x))
are two embeddings of G/H with the same fan FX , so they are G-equivariantly
isomorphic by Theorem 3.7, which means that the equivariant automorphism of
G/H sending x to σ(x) extends to X.

If we fix a base point (or rather the stabilizer H of a base point), then we get an
explicit description of these equivariant automorphisms. Indeed, the group of G-
equivariant automorphisms of G/H is isomorphic to the quotient NG(H)/H, whose
action on G/H is induced by the action of NG(H) by multiplication on the right by
the inverse: p · gH = gHp−1 = gp−1H (see for example [Tim11, Proposition 1.2]).

3.1.4. Morphisms between spherical varieties. Let H < H ′ be two spherical sub-
groups of G. Denote by φ : G/H −→ G/H ′ the corresponding G-equivariant
surjective map of homogeneous spaces. It induces a surjective morphism

φ∗ : N (G/H)⊗Q −→ N (G/H ′)⊗Q.



K-STABILITY OF FANO SPHERICAL VARIETIES 17

Let Dφ ⊂ D(G/H) be the set of all D ∈ D(G/H) such that φ(D) = G/H.

Theorem 3.11. [Kno91, Theorem 4.1] Let (X,x), respectively (X ′, x′), be a spher-
ical embedding of G/H, respectively G/H ′, then φ : G/H −→ G/H ′ extends to a
G-equivariant morphism φ : X −→ X ′ sending x to x′ if and only if for every
colored cone (C,R) ∈ FX , there exists a colored cone (C′,R′) ∈ FX′ such that
φ∗(C) ⊂ C′ and φ∗(R \ Dφ) ⊂ R′.

3.2. Line bundles on spherical varieties. Let us recall some results from [Bri89]
about line bundles on spherical varieties.

3.2.1. Cartier divisors. Let X be a complete spherical variety, embedding of some
spherical homogeneous space O. Let IGX denote the finite set of G-stable irreducible
divisors of X. Any divisor Y ∈ IGX corresponds to a ray (C, ∅) ∈ FX , and we denote
by uY the indivisible generator of this ray in N . The set D of colors of O is in
bijection with the set of irreducible B-stable but not G-stable divisors in X, by
associating to a color of O its closure in X.

Any B-stable Weil divisor d on X writes

d =
∑
Y ∈IGX

nY Y +
∑
D∈D

nDD

for some integers nY , nD. In fact, any Weil divisor is linearly equivalent to a B-
invariant divisor and Brion proved the following criterion to characterize Cartier
divisors.

Proposition 3.12. [Bri89, Proposition 3.1] A B-stable Weil divisor in X is Cartier
if and only if there exists an integral piecewise linear function ld on the fan FX such
that

d =
∑
Y ∈IGX

ld(uY )Y +
∑
D∈DX

ld(ρ(D))D +
∑

D∈D\DX

nDD

for some integers nD.

3.2.2. Ample Cartier divisors and polytopes. Let Fmax
X denote the set of cones C ⊂

N ⊗ Q of maximal dimension, such that there exists R ⊂ D with (C,R) ∈ FX .
If d is a Cartier divisor and σ ∈ Fmax

X , let mσ be the element of M such that
ld(x) = mσ(x) for x ∈ σ. Since we assumed X complete, ld is uniquely determined
by the mσ.

Proposition 3.13. [Bri89, Théorème 3.3] Assume X is complete and

d =
∑

Y ∈WG

ld(vY )Y +
∑
D∈DX

ld(ρ(D))D +
∑

D∈D\DX

nDD

is a Cartier divisor on X. It is ample if and only if the following conditions are
satisfied:

• the function ld is convex,
• mσ1 6= mσ2 if σ1 6= σ2 ∈ FX(n),
• nD > ld(ρ(D)) for all D ∈ D \ DX .

To a Cartier divisor d, we associate a polytope ∆d ⊂ M⊗ R defined as the set
of m ∈ M⊗ R such that m ∈ −mσ + σ∨ for all σ ∈ FX(n), and m(ρD) > nD for
all D ∈ D \ DX .
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The support function v∆ : N ⊗R −→ R of a polytope ∆ ⊂M⊗R is defined by

v∆(x) = sup{m(x);m ∈ ∆}.
If d is ample then ld(x) = v∆d

(−x) for x ∈ |FX |.

3.2.3. Linearized line bundles and moment polytopes. Let L be a G-linearized ample
line bundle on a spherical variety X. Let B be a Borel subgroup of G and T a
maximal torus of B. Denote by Vλ an irreducible representation of G of highest
weight λ ∈ X(T ) with respect to B. Since X is spherical, for all r ∈ N, there exists
a finite set ∆r ⊂ X(T ) such that

H0(X,Lr) =
⊕
λ∈∆r

Vλ.

Definition 3.14. The moment polytope ∆L of L with respect to B is defined as
the closure of

⋃
r∈N∗ ∆r/r in X(T )⊗ R.

Even though it is not clear from the definition, ∆L is a polytope. More precisely,
we may recall the explicit relation between ∆L and the polytope associated to a
Cartier divisor whose associated sheaf is L. Choose s a global B-semi-invariant
section of L, so that the zero divisor d of s is an ample B-invariant Cartier divisor.
Let χ(s) be the character of B defined by s.

Proposition 3.15. ([Bri89, Proposition 3.3], see also [Bri, Section 5.3]) The mo-
ment polytope ∆L of L and the polytope ∆d associated to d are related by ∆L =
χ(s) + ∆d.

3.2.4. Anticanonical line bundle. Let us now recall some results from [GH15]. In
this article, Gagliardi and Hofscheier study the anticanonical line bundle on a spher-
ical variety, in particular on Q-Fano spherical varieties. It is based on the work of
Brion [Bri97], and the analogue for Q-Fano horospherical varieties by Pasquier
[Pas08]. We consider the anticanonical divisor on a Q-Fano spherical variety X. It
is clear that the discussion of Cartier divisors and moment polytopes above extends
to Q-Cartier divisors and linearized Q-line bundles. Let K−1

X denote the (naturally
linearized) Q-line bundle on X.

Let P be the stabilizer of the open orbit of B in X. There exists a B-semi-
invariant section of K−1

X with weight 2ρP and divisor

d =
∑
Y ∈IGX

Y +
∑
D∈D

nDD

where the nD are explicitly obtained in terms of 2ρP and the types of the roots
(see [GH15] for a precise description of these coefficients).

The moment polytope ∆+ is then 2ρP +∆d by Proposition 3.15, and furthermore
the dual polytope ∆∗d of ∆d is a Q-G/H-reflexive polytope in the sense of [GH15],
which can be defined as the convex hull:

∆∗d = conv({ρD/nD, D ∈ D} ∪ {uY , Y ∈ IGX}).
The Q-Fano variety X can further be recovered from its Q-G/H-reflexive poly-

tope ∆∗d by the following procedure, detailed in [GH15]. The colored fan of X is
obtained from ∆d as the union of the colored cones (Cone(F), ρ−1(F )) for all faces
F of ∆∗d such that the intersection of the relative interior of Cone(F ) with the
valuation cone V is not empty.
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3.3. Equivariant degenerations of spherical spaces.

3.3.1. Adapted parabolic and Levi subgroups. Let X be a spherical variety under
the action of G and B a Borel subgroup of G. The stabilizer in G of the open orbit
of B is a parabolic subgroup of G containing B called the adapted parabolic.

Definition 3.16. Let H be a spherical subgroup of G. An elementary embedding
of G/H is a spherical embedding (E, x) of G/H such that the boundary E0 =
E \ (G/H) is a single codimension one G-orbit (necessarily closed).

The colored fan of an elementary embedding is a single ray in the valuation cone,
with no colors [BP87, 2.2].

Choose B a Borel subgroup of G such that BH is open in G. The adapted
parabolic P is also the stabilizer in G of BH.

Definition 3.17. A Levi subgroup L of P with connected center C is called adapted
to H if the following conditions hold:

• P ∩H = L ∩H,
• L ∩H contains the derived subgroup [L,L],
• for any elementary embedding (E, x) of G/H with closed orbit E0, the

closure C · x of the C-orbit of x meets the open orbit of B in E0.

The choice of an adapted Levi subgroup L together with a maximal torus T ⊂ L
allows us to identify M with an explicit subgroup of X(T ) [BP87, 2.9]. More
precisely, the group M is identified with X(T/T ∩ H), the group N is identified
with the group Y(T/T ∩H) of one parameter subgroups of T/T ∩H, and so V is
identified with a cone in the Q-vector space Y(T/T ∩ H) ⊗ Q. Denote by π the
quotient map Y(T )⊗Q −→ Y(T/T ∩H)⊗Q.

Definition 3.18. Let (E, x) be an elementary embedding of G/H, and CE be the
ray in V associated to E. We say that a one parameter subgroup λ ∈ Y(T ) is
adapted to E if it projects to an element of CE ∩Y(T/T ∩H) under the quotient
map π.

Proposition 3.19. [BP87, 2.10] Let (E, x) be an elementary embedding of G/H,
and λ ∈ Y(T ) adapted to E, then limz→0 λ(z) · x exists and is a point in the open
orbit of B in E0.

3.3.2. Choice of an adapted Levi subgroup. We will need to use some properties of
the adapted Levi subgroups, essentially proved in [BLV86, BP87]. However, since
they are sometimes proved for an adapted Levi subgroup of a particular form, we
need to show that we can choose a good Levi subgroup, up to changing the base
point. Let us first prove the following elementary fact.

Proposition 3.20. Let L be a Levi subgroup adapted to H, and u ∈ Pu the unipo-
tent radical of P , then uLu−1 is a Levi subgroup of P adapted to uHu−1.

Remark that all Levi subgroups of P are conjugate under an element of Pu.
Remark also that if H is the stabilizer of x, then uHu−1 is the stabilizer of the
point u · x, which is still in the open B-orbit by definition of P .

Proof. We can first see that

P ∩ uHu−1 = u(P ∩H)u−1 = u(L ∩H)u−1 = uLu−1 ∩ uHu−1,
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and
[uLu−1, uLu−1] = u[L,L]u−1 ⊂ uHu−1.

Assume now that (E, x) is an elementary embedding of G/uHu−1 with closed
orbit E0. Then (E, u−1 · x) is an elementary embedding of G/H with closed orbit
E0. Since L is adapted to H, if C is the connected center of L, C · u−1 · x meets
the open orbit of B in E0. The connected center of uLu−1 is uCu−1, and we get
uCu−1 · x = u ·C · u−1 · x. This meets the open orbit of B in E0 since u ∈ Pu ⊂ U ,
so uLu−1 is adapted to uHu−1. �

Proposition 3.21. Let T be a maximal torus of B. Then up to changing the base
point in the open orbit of B and its stabilizer H, we can choose an adapted Levi
subgroup L containing the torus T and such that NG(H) = H(C ∩NG(H)).

Proof. First choose any base point x̃ in the open orbit of B, and let H̃ be its
stabilizer. Let L̃ = StabG(dfe) where f ∈ C[G] is a regular function on G which
vanishes everywhere on G\BH and dfe is the differential of f at the neutral element
e, considered as an element of the coadjoint representation. Let also C̃ denote the
connected center of L̃. Then L̃ is adapted to H̃ [BLV86, Section 3].

Furthermore, it is shown in [BP87, Section 5] that BH̃ = BNG(H̃), so NG(H̃)

is spherical and P and L̃ are also adapted to NG(H̃). In particular, we have
P ∩NG(H̃) = L̃ ∩NG(H̃).

The Levi subgroup L̃ might not contain the maximal torus T , but there is a
conjugate L under an element u of Pu that does contain T . By Proposition 3.20,
L = uL̃u−1 is adapted to the subgroup H = uH̃u−1.

Furthermore, we have P ∩NG(H) = L ∩NG(H). From this we deduce that the
inclusion of CH in CNG(H) is an equality. Indeed, Pu ∩NG(H) ⊂ P ∩NG(H) =
L ∩NG(H), and L ∩ Pu = {e}, so the following surjective maps are isomorphisms.

Pu × CNG(H) −→ PNG(H) = BH = PH ←− Pu × CH.

These isomorphisms imply that CH = CNG(H), and this equality implies the last
conclusion: NG(H) = H(C ∩NG(H)). �

3.3.3. Equivariant degenerations. We fix now a spherical homogeneous space O
under the action of G, a Borel subgroup B of G and a maximal torus T in B.
Using Proposition 3.21, we choose a base point x ∈ O with isotropy group H so
that there exists a Levi subgroup L of P adapted to H and containing the fixed
maximal torus T of B. Note that G/H × C∗ is a spherical homogeneous space
under the action of G× C∗.

We use the work of Brion and Pauer on isotropy subgroups of elementary embed-
dings [BP87, section 3] to obtain information about the equivariant degenerations
of a spherical homogeneous space. In this article, equivariant degenerations of
spherical homogeneous spaces are defined as follows.

Definition 3.22. An equivariant degeneration of G/H is an elementary embedding
(E, x̃) of G/H × C∗, equipped with a surjective G × C∗-equivariant morphism
p : E −→ C, where G acts trivially on C, and C∗ acts by multiplication on C, with
p−1(0) = E0 the closed orbit of E.

Let us remark that P × C∗ is an adapted parabolic for G × C∗/H × {1}, and
L × C∗ is an adapted Levi subgroup with connected center C × C∗. We identify
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Y(T × C∗) with Y(T ) ⊕ Z. Furthermore, the valuation cone of G × C∗/H × {1}
can be identified with V ×Q ⊂ (N ⊗Q)⊕Q.

Proposition 3.23. Let (E, x̃) be an equivariant degeneration of G/H. Let (λ,m) ∈
Y(T ) ⊕ Z be a one parameter subgroup adapted to E. Then m > 0, the action
of G on E0 is transitive, and if H0 denotes the isotropy subgroup in G of x̃0 =
limz→0(λ(z), zm) · x̃, then the action of eτ ∈ C∗ on G/H0 is given by multiplication
on the right by λ(e−τ/m).

Proof. Let p : E −→ C denote the G× C∗-equivariant morphism associated to the
degeneration. Then since x̃0 ∈ E0 = p−1(0), we have m > 0. Denote by H̃0 the
isotropy subgroup of x̃0 in G× C∗. Obviously, (λ(z), zm) ∈ H̃0 for all z ∈ C∗.

Let us first show that G acts transitively on G × C∗/H̃0. Consider (g1, z1) and
(g2, z2) in G× C∗. Let s ∈ C∗ be such that sm = z2/z1. Then

(g1, z1) = (g1, z2/s
m) = (g1λ(s), z2)(λ(1/s), 1/sm),

so since (λ(1/s), 1/sm) ∈ H̃0,

(g1, z1)H̃0 = (g1λ(s)g−1
2 , 1)(g2, z2)H̃0,

which shows the transitivity of the action of G. In particular if H0 is the isotropy
group of x̃0 in G, we can identify E0 with G/H0.

The action of C∗ is obtained similarly. Given z = eτ ∈ C∗, we have

(e, z)(g, 1) · x̃0 = (e, z)(g, 1)H̃0

= (g, eτ )H̃0

= (gλ(e−τ/m), 1)(λ(eτ/m), eτ )H̃0

= (gλ(e−τ/m), 1)H̃0

= (gλ(e−τ/m), 1) · x̃0.

This finishes the proof of the proposition. �

Conversely, any elementary embedding whose ray is generated by some (λ,m) ∈
Y(T/T ∩ H) ⊗ Q × Q with m > 0 provides an equivariant degeneration of G/H
thanks to Theorem 3.11.

Proposition 3.24. Keeping the same notations as in Proposition 3.23, we have:
BH0 is open in G (in particular H0 is spherical), P = StabG(BH0), and L is
adapted to H0.

Proof. By [BP87, Théorème 3.6], (B × C∗)H̃0 is open in G × C∗, P × C∗ =

StabG×C∗((B×C∗)H̃0), and L×C∗ is adapted to H̃0, where H̃0 denotes the isotropy
group of x̃0 in G× C∗ as in the proof of Proposition 3.23.

First remark that for any b ∈ B and z ∈ C∗, we have (b, zm)·x̃0 = (bλ(1/z), 1)·x̃0.
Since λ is a one parameter subgroup of T ⊂ B, we obtain that B × C∗ · x̃0 =
B × {1} · x̃0, thus the orbit of x̃0 = eH0 in G/H0 is open, which implies that BH0

is open in G.
Now let us show that StabG(BH0) = P . We have proved above that B · x̃0 =

(B × C∗) · x̃0, and furthermore we have {e} × C∗ ⊂ StabG×C∗((B × C∗) · x̃0), so it
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follows that

P × C∗ = StabG×C∗((B × C∗) · x̃0)

= StabG((B × C∗) · x̃0)× C∗

= StabG(B · x̃0)× C∗

Hence P = StabG(B · x̃0) = StabG(BH0).
Finally we have to show that L is adapted to H0.
First let us describe the subgroup H̃0 more explicitly in terms of H0, λ and m.

By the description of the action of G× C∗ on G/H0 we easily check that

H̃0 =
⋃
τ∈C

H0λ(eτ/m)× {eτ}.

Since L× C∗ is adapted to H̃0 we obtain

(P ∩H0)× {1} = ((P × C∗) ∩ H̃0) ∩ (G× {1})

= ((L× C∗) ∩ H̃0) ∩ (G× {1})
= (L ∩H0)× {1}

hence P ∩H0 = L ∩H0. Similarly, [L,L] ⊂ H0 follows from:

[L,L]× {1} = [L× C∗, L× C∗] ⊂ H̃0 ∩ (G× {1}) = H0 × {1}.

Consider (Z, z) an elementary G-embedding of G/H0 = G×C∗/H̃0, with closed
orbit Z0. Since the action of C∗ commutes with the action of G on G/H0, this is
also an elementary embedding for the action of G×C∗. Since L×C∗ is adapted to
G×C∗/H̃0, there exists a one parameter subgroup t 7−→ (µ(t), tk) of T×C∗ such that
z0 := limt→0(µ(t), tk) · z is in the open B×C∗-orbit in Z0. This z0 obviously lies in
the closure of C ·z in Z, since (µ(t), tk)·z = (µ(t)λ(sk), 1)·z if sm = t. As previously,
(b, t) ∈ B × C∗ acts on z0 as (b, t) · z0 = (b, t)(µ(1/s), 1/t) · z0 = (bµ(1/s), 1) · z0

where sk = t, so B · z0 = B × C∗ · z0 is open in Z0. We have thus shown that L is
adapted to H0. �

3.3.4. Elementary embeddings and equivariant automorphisms. Let (E, x̃) be an
equivariant degeneration of G/H, and (λ,m) ∈ Y(T )×Z a one parameter subgroup
adapted to E. Let x0 = limz→0(λ(z), zm)·x̃ and denote byH0 the isotropy subgroup
of x0 in G.

Proposition 3.25. We have T ∩H ⊂ T ∩H0 and T ∩NG(H) ⊂ T ∩NG(H0).

Proof. It t ∈ T ∩H then

t · x0 = lim
z→0

(t, 1) · (λ(z), zm) · x̃

= lim
z→0

(λ(z), zm) · (t, 1) · x̃

= x0.

Recall from Section 3.1.3 that the action of

NG(H)/H = AutG(G/H) ⊂ AutG×C∗(G/H × C∗)

extends to the elementary embedding E. It is a priori no longer explicit on G/H0.
We denote by y x nH the action of nH ∈ NG(H)/H on y ∈ E. We have (n, 1)·x̃x
nH = x̃.
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Assume that t ∈ T ∩NG(H). We then have

(t, 1) · x0 = lim
z→0

(t, 1) · (λ(z), zm) · x̃

= lim
z→0

(λ(z), zm) · (t, 1) · x̃

= lim
z→0

(λ(z), zm)x̃x t−1H

= x0 x t−1H.

Since the action of NG(H)/H commutes with the action of G, the isotropy group
of x0 x t−1H in G is the same as the isotropy group of x0, which is H0. On the
other hand, the isotropy subgroup of (t, 1) · x0 in G is tH0t

−1, so we obtain that
H0 = tH0t

−1. In other words, t ∈ NG(H0). �

Let us also highlight the relation between the linear part of the valuation cone,
equivariant automorphisms, and equivariant degenerations of G/H whose closed
G × C∗-orbit G/H0 is isomorphic to G/H. We assume here that H and L are as
in Proposition 3.21.

Assume (λ,m) ∈ Y(T ∩ NG(H)) ∩ π−1(V) ⊕ N∗. In this case, the equivariant
degeneration of G/H associated to the ray generated by (λ,m) may be described
explicitly [BP87, Section 2.8]. This is the quotient of G/H ×C∗ ×C by the action
of C∗ given by t · (gH, z, θ) = (gλ(1/t)H, z/tm, tθ). The open G × C∗-orbit is the
image of the G×C∗×C∗-orbit of (eH, 1, 1), isomorphic to G/H×C∗, and the closed
G × C∗-orbit is the image of the G × C∗ × C∗-orbit of (eH, 1, 0), whose stabilizer
in G× C∗ is (λ(z), zm)H × {1}, and stabilizer in G is H. In particular, the closed
orbit is in this case isomorphic to G/H.

Remark that the construction above may be carried out whenever λ ∈ Y(T ∩
NG(H)) and m ∈ N∗, which shows that Y(T ∩ NG(H)) ⊗ Q is a Q-vector space
contained in π−1(V). In fact, it is the maximal such vector space, also called
the linear part of π−1(V), by [BP87, Proposition 5.3]. Let us give a statement
summarizing this paragraph for future reference.

Proposition 3.26. Let λ ∈ Y(T ) ∩ π−1(V), and m ∈ N∗. Then the following are
equivalent:

• −λ ∈ Y(T ) ∩ π−1(V), which means that λ is in the linear part of V,
• λ ∈ Y(T ∩NG(H)),
• the equivariant degeneration associated to the ray generated by (λ,m) has
closed orbit isomorphic to G/H.

Recall the characterization of horospherical varieties in terms of their valuation
cones. We then have in particular:

Corollary 3.27. If G/H is horospherical then all equivariant degenerations of
G/H have closed orbit isomorphic to G/H.

3.3.5. Horospherical degenerations. Let Q denote the parabolic subgroup of G op-
posite to P with respect to the Levi subgroup L containing the maximal torus
T .

Proposition 3.28. We still use the notations from Proposition 3.23. Assume that
λ is in the interior of the valuation cone, then H0 is horospherical for G, and
H0 = Qu(L ∩H0).
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Proof. This is essentially [BP87, Proposition 3.10] except we consider only the
action of G and not the full action of G × C∗. But it follows easily from this
case. Indeed, if H̃0 contains a maximal unipotent subgroup U × {1} of G × C∗,
then H0 obviously contains U , so it is horospherical. Furthermore, we have H̃0 =
(Qu × {1})(L × C∗ ∩ H̃0) and taking the intersection with G × {1} yields H0 =
Qu(L ∩H0). �

3.4. Equivariant test configurations for spherical varieties. We will in this
section apply the general theory of spherical varieties to construct special equivari-
ant test configurations for Q-Fano spherical varieties. Combined with the descrip-
tion of the action of C∗ on equivariant degenerations obtained in Proposition 3.23,
we will have enough information about spherical test configurations for the proof
of our main result.

3.4.1. Equivariant test configurations. Let us first recall the definition of special
test configurations, introduced by Tian [Tia97].

Definition 3.29. Let (X,L) be a polarized normal projective variety.
A special test configuration for (X,L) is a normal variety X with an action of C∗,

equipped with a C∗-linearized line bundle L and a C∗-equivariant flat morphism
π : X −→ C such that L is π-ample, the fiber (π−1(1),L|π−1(1)) is isomorphic to
(X,Lr) for some fixed integer r > 0, and π−1(0) is a normal variety.

If a reductive group G acts on (X,L), we say that a special test configuration
is G-equivariant if (X ,L) admits an action of G which commutes with the C∗
action and such that the isomorphism between (X,Lr) and (π−1(1),L|π−1(1)) is
G-equivariant.

The definition extends verbatim to normal varieties equipped with an ample Q-
line bundle. In the rest of the paper, we always consider Q-Fano varieties, and the
ample Q-line bundle L will always be the anticanonical Q-line bundle K−1

X , so we
will omit it in the notations. Furthermore, the induced Q-line bundle L0 on the
central fiber X0 is the anticanonical line bundle K−1

X0
, so the central fiber X0 is also

a Q-Fano variety (see for example [Ber16, Lemma 2.2]).
Let (X,L) be a polarized spherical variety under G. Then if (X ,L) is a special

G-equivariant test configuration, the normal variety X is a spherical variety under
the action of G×C∗. More precisely, if (X,x) is a spherical embedding of G/H, then
(X , x̃) is a spherical embedding of G×C∗/H × {1}, where x̃ ∈ π−1(1) corresponds
to x in the isomorphism between π−1(1) and X.

The central fiber π−1(0) is a normal G × C∗-stable subvariety of the G × C∗-
spherical variety X , hence it is also a G×C∗-spherical variety. In particular, if we
consider only the union of the open G×C∗-orbits in X and in π−1(0), we obtain an
elementary embedding of G×C∗/H ×{1}, which can be studied using Section 3.3.

Finally remark that since the action of AutG×C∗(G/H × C∗) extends to any
G/H × C∗-embedding by Section 3.1.3, any G-equivariant test configuration for a
spherical embedding X of G/H is also G×AutG(X)-equivariant.

3.4.2. Construction.

Theorem 3.30. Let X be a Q-Fano spherical embedding of G/H. Let m ∈ N∗,
and let λ ∈ Y(T ) ∩ π−1(V). Then there exists a G-equivariant test configuration
(X ,L) for X, with central fiber X0, such that X0 is a spherical embedding of G/H0

and the action of eτ ∈ C∗ on G/H0 is given by eτ · gH0 = gλ(e−τ/m)H0.
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Proof. We may assume that (λ,m) is primitive. The construction uses results of
[GH15] as recalled in Section 3.2.4. Let d be the Q-Cartier divisor representing
K−1
X constructed there, and nD the coefficients of the colors. Let ∆∗d be the Q-

G/H-reflexive polytope associated to X, considered in (N ⊕ Z)⊗ R.
We build from this polytope the colored fan FX of X . Remark that the colors

of G/H are in bijection with the colors of G/H ×C∗ by sending D ∈ D to D×C∗.
For every face F of ∆∗d, consider the three colored cones

(Cone(F ), ρ−1(Cone(F )),

(Cone(F ∪ {(0,−1)}), ρ−1(Cone(F ∪ {(0,−1)}))
(Cone(F ∪ {(λ,m)}), ρ−1(Cone(F ∪ {(λ,m)})).

Among these cones, keep only the cones such that the intersection of the relative
interior of their support with V × Q is non empty. Then FX is the set of these
cones.

It is clear that the corresponding spherical embedding of G/H ×C∗ is complete.
Furthermore, by the description of equivariant morphisms between spherical vari-
eties, it admits a G×C∗-equivariant inclusion of X×C∗, and a G×C∗-equivariant
surjective morphism p to the spherical embedding P1 of the G × C∗ homogeneous
space G× C∗/G× {1} ' C∗, such that p−1(C∗) = X × C∗.

We then build the line bundle. We chose to build X complete, and will choose a
line bundle L that is ample. Denote by X∞ = p−1(∞), respectively X0 = p−1(0),
the fibers of p, corresponding as irreducible G × C∗-invariant divisors of X to the
rays generated by (0,−1), respectively (λ,m). Remark that these are spherical
varieties, and that they are the closures in X of equivariant degenerations of G/H.
Consider the B × C∗-invariant Weil divisor

δ = a(
∑

Y ∈WG

Y × C∗ +
∑
D∈D

nDD × C∗) + b(X∞ +X0)

where a, b ∈ N.
Let v denote the support function of the dilated polytope a∆d = ∆ad and con-

sider the function lδ defined for (x, n) ∈ N ⊗Q⊕Q by
• lδ(x, n) = v(−x+ n/mλ) + bn/m if n ≥ 0 and
• lδ(x, n) = v(x)− bn if n ≤ 0.

This is clearly a piecewise linear function on the support of the fan FX . It fur-
thermore satisfies the three conditions of Proposition 3.13, provided b > 0 is large
enough. It is however not integral in general. By definition, it satisfies lδ(0,−1) = b
and lδ(λ,m) = b. By the relation between ld and the support function of the poly-
tope ∆d recalled in Section 3.2.2, we thus have

δ =
∑
Y ∈IGX

lδ(uY , 0)Y × C∗ +
∑
D∈DX

lδ(ρ(D), 0)D × C∗

+
∑

D∈D\DX

anDD × C∗ + lδ(0,−1)X∞ + lδ(λ,m)X0.

Let us now check that lδ is integral piecewise linear for a and b divisible enough.
Denote by mF ∈M⊗Q the vertex of ∆d corresponding to the maximal face F of
∆∗d. Any maximal cone of FX is either the cone over the union of some maximal
face F of ∆∗d and (0,−1), in which case lδ is given by the linear function (−amF ,−b)
on this cone, or it is the union of some maximal face F of ∆∗d and (λ,m), in which
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case lδ is given by the linear function (−amF ,−amF (λ)/m + b/m) on this cone.
Up to choosing a and b divisible enough, we can thus assume that lδ is given by an
element ofM⊕ Z on all maximal cones.

This finally shows that δ is an ample Cartier divisor. The corresponding ample
line bundle L obviously restricts to p∗1K

−a
X on X ×C∗, where p1 is the first projec-

tion. It remains to show that it may be equipped with a G×C∗-linearization such
that its restriction to X×C∗ respects the natural linearization of p∗1K

−a
X . Since X is

normal, as a spherical variety, a tensor power Ln of L admits a G×C∗-linearization
[KKV89]. Furthermore, two such linearizations differ by a character of G×C∗. As
a consequence, we may change the linearization of Ln to obtain the one we want.

The test configuration is obtained by considering p−1(C) = X × C∗ ∪ X0, for
C = C∗∪{0} ∈ P1, equipped with the map p and the restriction of L. If we consider
the spherical embedding of G/H × C∗ given by the ray generated by (λ,m), we
obtain an equivariant degeneration of G/H, and the action of C∗ on the closed
orbit G/H0, which is the open orbit of G in the central fiber X0, is as expected by
Proposition 3.23. �

Taking any λ projecting to the interior of the valuation cone yields, thanks to
Proposition 3.28,

Corollary 3.31. Any Q-Fano spherical variety admits a test configuration with
horospherical central fiber.

4. Modified Futaki invariant on Q-Fano horospherical varieties

4.1. Modified Futaki invariant on singular varieties. Let X be a normal Q-
Fano variety. Let A be an ample line bundle on X such that there exists m ∈
N∗ such that the restriction of A to the regular part Xreg of X is K−mXreg

. The
cohomology class c1(X) is the class c1(A)/m. We will always assume that X has log
terminal singularities. This is harmless in our setting since Q-Fano (horo)spherical
varieties have log terminal singularities [AB04b, Section 5.1]. See [Pas] for a survey
on singularities of spherical varieties.

Let Aut0(X) denote the connected component of the neutral element in the
automorphism group of X. Since X is a Q-Fano variety, this is a linear algebraic
group. Choose a maximal compact subgroup K in Aut0(X). Its complexification
G is a Levi subgroup of Aut0(X). Choose a maximal torus T in G such that K ∩T
is the maximal compact torus of T , and denote by a the subspace ik ∩ t in the Lie
algebra of G. Any element ξ ∈ a is such that Jξ ∈ k generates a compact torus in
K.

Let qA be a smooth, positive K-invariant hermitian metric on A. On a normal
variety, this means that the potentials of qA with respect to local trivializations of A
are the restrictions of smooth and strictly plurisubharmonic functions to X, given
a local embedding of X in CN . Let ωA ∈ 2πc1(A) denote the curvature current of
qA, and ω = ωA/m ∈ 2πc1(X). The current ω is still K-invariant, and defines a
Kähler form on the regular part Xreg of X.

Remark that on Xreg, the anticanonical line bundle K−1
X is a well defined line

bundle, and the metric qA induces a smooth positive metric q on K−1
Xreg

. The form
ω is the curvature form of q on Xreg. Let dVq denote the volume form on Xreg

associated to q, defined by
dVq(x) = |s−1|2qs ∧ s̄
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where s is any non zero element of the fiber over x of the canonical line bundle of
Xreg, and s−1 is the corresponding non zero element of the dual line bundle K−1

Xreg
.

We call Hamiltonian function of ξ ∈ a with respect to ω the smooth function θξ
on Xreg defined by Lξω = i∂∂̄θξ, where Lξ is the Lie derivative with respect to ξ.
It is shown to exist and to be bounded in [BW]. This function is well defined up
to a constant and we fix this constant by the normalization condition :∫

Xreg

θξdVq = 0.

Definition 4.1. The modified Futaki invariant ofX with respect to ζ ∈ a is defined
for ξ ∈ a by

FutX,ζ(ξ) = −
∫
Xreg

θξe
θζωn.

It is proved in [BW] that it is well defined and independent of the choice of the
metric qA.

If we want to consider the K-stability of X with respect to G-equivariant test
configurations (for any reductive subgroup G of Aut0(X)), the only ξ at which
we will need to evaluate the Futaki invariant generate automorphisms commuting
with G. Recall that we described these G-equivariant automorphisms when X is
spherical under the action of G in Section 3.1.3.

Assume that X is horospherical under G, and that x ∈ X is such that its isotropy
subgroup H contains the unipotent radical U of a Borel subgroup B. Then the
group of equivariant automorphisms of X is isomorphic to P/H, where we recall
that P = NG(H) is a parabolic containing B, and the action of P/H on the open
orbit G ·x = G/H is by multiplication on the right by the inverse. Recall that P/H
is a torus. Its maximal compact subtorus is thus well defined and we denote by

b1 = Y(P/H)⊗ R
the subalgebra of the Lie algebra of P/H obtained as J times the Lie algebra of
the maximal compact subtorus, where J denotes the complex structure on P/H.
By Proposition 2.5, we can identify b1 with a1. We keep a different notation to
emphasize that an element of b1 acts on the right and not on the left.

4.2. Hermitian metrics on polarized horospherical varieties. Let X be a
projective embedding of a horospherical homogeneous space G/H, equipped with
a G× P/H-linearized ample line bundle L, where P is the normalizer of H in G.

Denote by χ the character of the isotropy subgroup diag(P ) ⊂ G × P/H asso-
ciated to L. Let ∆+ be the moment polytope associated to the G-linearized line
bundle L with respect to B. Consider the translated polytope ∆ = χ + ∆+, and
let v2∆ denote the support function of the dilated polytope 2∆.

Proposition 4.2. Let q be a K-invariant locally bounded metric on L, and let
u : a1 −→ R be the function associated to its restriction to G/H. Assume that q is
smooth and positive over G/H. Then u is a smooth and strictly convex function,
and the function u− v2∆ is bounded on a1.

Proof. The fact that u is smooth and strictly convex is obvious thanks to the
expression of the curvature of the restriction of q overG/H obtained in Theorem 2.8.

Let us now consider the decoloration X̃ of X. This is the spherical embedding of
G/H corresponding to the fan FX̃ obtained as the union of the colored cones (C, ∅),
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for all colored cones (C,R) ∈ FX . It is a complete toroidal embedding ofG/H which
admits a natural G × P/H-equivariant surjective morphism π : X̃ −→ X, thanks
to the description of spherical morphisms. The map π is further an isomorphism
between the open orbits, both identified with G/H.

Consider the pull back L̃ := π∗L of L on X̃, with the G × P/H-linearization
induced by the linearization of L. Its restriction to G/H corresponds to the same
character χ of P . Let s be a B × P/H-semi-equivariant section of L, let µ denote
the character of B associated to s, and let d be the B-invariant Cartier divisor
defined by s.

Consider the pulled back section s̃ of L̃. It is still B × P/H-semi-invariant with
the same B-character µ, and its divisor d̃ is the pull back of the Cartier divisor
d defined by s. The function ld̃ associated to d̃ coincide with the function ld (see
[Pas, Proof of Lemma 5.3]). On a toroidal horospherical manifold, the function ld̃
coincides with the function associated to the restriction of the Cartier divisor d̃ to
the toric subvariety Z̃ := P/H ⊂ X̃ under the action of the torus P/H, whose fan
is precisely the fan underlying the colored fan FX̃ [Bri89, Section 3.2].

Since L is ample, the polytope ∆+ is equal to µ + ∆, where ∆ is the polytope
with support function x 7−→ ld(−x), associated to the ample Cartier divisor d. On
the other hand, since ld̃ = ld, the moment polytope of L̃|Z̃ is η + ∆ where η is the
character of T associated to the restriction of s̃ to Z̃. Remark that even if d̃ is not
ample on X̃, its restriction to Z̃ is. It is clear that η = µ, so the moment polytope
of L̃|Z̃ is ∆+.

Consider now the metric q on L. The pulled back metric π∗q on L̃ is still K-
invariant and locally bounded. Furthermore, the associated function ũ on a1 is still
u since π is an equality on G/H. Recall that with the notations of Section 2,

u(x) = −2 ln |sr(exp(x)H)|q̃
= 〈2χ, x〉 − 2 ln |sl(exp(x)H)|q̃.

Consider the Batyrev-Tschinkel metric q0 on L̃|P/H [Mai00, Section 3.3]. This is
a continuous hermitian metric on L̃|P/H , invariant under the action of the compact
torus, with potential u0 : a1 −→ R such that

u0(x) = −2 ln |sl(exp(x)H)|q0 = v2∆+(x).

Then since q̃ is locally bounded and q0 is continuous, the function

u(x)− 〈2χ, x〉 − v2∆+(x) = −2 ln
|sl(exp(x)H)|q̃
|sl(exp(x)H)|q0

is bounded. Since we denoted χ + ∆+ by ∆, we obtain the statement: u − v2∆ is
bounded. �

Remark 4.3. The idea to use the decoloration of X was suggested to me by Boris
Pasquier. If the closure of P/H in X is a normal toric variety, we can also deduce
the moment polytope of the restriction of L to P/H from the proof.

4.3. Computation of the modified Futaki invariant. We fix G a connected
reductive complex group, B a Borel subgroup of G, T a maximal torus of B, and
K a maximal compact subgroup of G such that K ∩T is a maximal compact torus
of T . Let X be a horospherical Q-Fano variety, and choose a base point in X such
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that its isotropy group H contains the unipotent radical of B. Denote by P the
normalizer of H in G.

Recall from Section 3.2.4 that the moment polytope of the ample Q-line bun-
dle K−1

X is the polytope obtained as the dual of the Q-G/H-reflexive polytope
associated to X, translated by 2ρP .

The weight associated to the anticanonical line bundle on G/H is obtained as
the weight of the action of diag(P ) on the one dimensional representation det(g/h).
It follows that this character is precisely

−2ρP =
∑
α∈Φ+

P

−α.

Letm ∈ N∗ be such that A = K−mX is an ample line bundle. Choose qA a smooth
positive K-invariant metric on A. Denote by q = (qA|G/H)1/m the induced metric
on K−1

G/H . Let ω be the curvature form of q and u be the convex potential of q.
Then u − v2∆ is bounded, where ∆ = ∆+ − 2ρP and ∆+ is the moment polytope
of the anticanonical Q-line bundle.

We will compute the Futaki invariant for all ξ ∈ b1 for X.

4.3.1. Computation of Hamiltonian functions.

Proposition 4.4. Let ξ ∈ b1 ' Y(T/T ∩ H) ⊗ R and θξ be the Hamiltonian
function of ξ with respect to ω. Let ξ̃ ∈ Y(T )⊗ R ' a be any lift of ξ. Then θξ is
the K-invariant smooth function on Xreg defined for x ∈ a1 by

θξ(exp(x)H) = −
{
∇u(x), ξ̃

}
.

Proof. First remark that since the function θξ is smooth on Xreg, and G/H ⊂ Xreg

is dense, it is enough to work on G/H. By K-invariance it will be enough to obtain
θξ(exp(x)H) for x ∈ a1.

We will work on G using the pullback by π : G −→ G/H. We defined in
Section 2 a function φ on G as the potential of π∗q with respect to a global left
invariant section. This function is a global i∂∂̄-potential for π∗ω on G satisfying
φ(k exp(x)h) = u(x)− 2 ln(χ(exp(x)h)) for k ∈ K, x ∈ a1 and h ∈ H.

Let ξ̃ be any lift of ξ, and denote by Lξ̃ the Lie derivative with respect to the
right-G-invariant vector field defined by ξ̃ on G. We have on the one hand

Lξ̃π
∗ω = Lξ̃i∂∂̄φ

= i∂∂̄Lξ̃φ

and on the other hand,

Lξ̃π
∗ω = π∗Lξω

= π∗i∂∂̄θξ

= i∂∂̄(θξ ◦ π).

Let g = k exp(x)h ∈ G, where k ∈ K, x ∈ a1 and h ∈ H. Recall that exp(tξ)
acts here by multiplication on the right by the inverse. We compute

(exp(tξ)∗φ)(g) = φ(g exp(−tξ))
= φ(k exp(x− tξ)h′)
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where h′ ∈ H since P normalizes H

= u(x− tξ1)− 2 ln(χ(exp(x− tξ)h′))
= u(x− tξ1)− 2 ln(χ(exp(x)h)) + 2 〈χ, tξ〉 ,

where ξ1 is the a1 component of ξ ∈ a = a0 ⊕ a1.
Using this we obtain

(Lξφ)(g) =
d

dt

∣∣∣∣
0

(exp(tξ)∗φ)(g)

= −
{
∇u(x), ξ1

}
+ 2 〈χ, ξ〉

In particular, this function is K ×H invariant (where H acts by multiplication on
the right), just as π∗θξ.

The difference between the Lξφ and π∗θξ is thus a K × H invariant smooth
function on G which is pluriharmonic on G. The only such functions are of the
form ψ(k exp(x)h) = v(x) where v is an affine function on a1, but both π∗θξ and
−
{
∇u(x), ξ1

}
are bounded so the difference between the two is a constant.

Remark that ∇u(x) ∈ a1 is orthogonal to a0, so we can replace ξ1 with ξ. It
remains to check the normalization condition. We use the notation

θ̃ξ(exp(x)H) = −{∇u(x), ξ} .

Note that we can restrict to G/H since Xreg \ (G/H) is of codimension at least one
in Xreg. Recall that G/H is a fiber bundle with fiber P/H over the generalized flag
manifold G/P = K/(K ∩ P ). We use fiber integration and K-invariance to obtain
that : ∫

G/H

θ̃ξdVq = C

∫
P/H

θ̃ξ|sr|2qs−1
r ∧ sr−1,

where C is a positive constant, and sr is the right-P/H-invariant section of the
restriction K−1

G/H |P/H . Using invariance under the action of the maximal compact
subtorus of P/H on itself, we obtain that this is up to a positive constant, equal to∫

a1

−{∇u(x), ξ} e−u(x)dx

and the last expression vanishes. Indeed, we have

−{∇u(x), ξ} e−u(x) =
{
∇e−u(x), ξ

}
and the Stokes formula yields the vanishing, because by boundedness of u − v2∆,
e−u ≤ Ce−v2∆ and ∆ contains 0 in its interior, so e−v2∆ has exponential decay. �

4.3.2. Computation of the Futaki invariant.

Theorem 4.5. Let X be a Q-Fano horospherical embedding of G/H, let ∆+ be the
moment polytope of X, and let ζ, ξ ∈ b1. Let ζ̃ and ξ̃ be lifts in a of ζ and ξ. Then

FutX,ζ(ξ) = C
〈

barDH,ζ̃(∆
+)− 2ρP , ξ̃

〉
where barDH,ζ̃ is the barycenter with respect to the measure

e−〈2p−4ρP ,ζ̃〉 ∏
α∈Φ+\Φ+

I

κ(α, p)dp
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with dp the Lebesgue measure, and C is a positive constant independent of ξ and
depending on ζ only via the volume of ∆+ with respect to the measure above.

Proof. We have to compute

FutX,ζ(ξ) = −
∫
Xreg

θξe
θζωn.

Let us first use Theorem 2.8 to express the volume form ωn on P/H. The
theorem gives that, for x ∈ a1,

ωexp(x)H =
∑

1≤j1,j2≤r

1

4

∂2u

∂xj1∂xj2
(x)γj1 ∧ γ̄j2 +

∑
α∈Φ+

P

〈α,∇u(x)/2− tχ〉 γα ∧ γ̄α.

We then obtain, recalling that χ = −2ρP ,

ωnexp(x)H =
MAR(u)(x)

4r2Card(Φ+
P )

∏
α∈Φ+

P

〈α,∇u(x) + 4tρP 〉Ω

where
Ω :=

∧
1≤j≤r

γj ∧ γ̄j
∧

α∈Φ+
P

γα ∧ γ̄α.

We now use the same techniques as in the previous proof, that is, K-invariance,
fiber integration on the fiber bundle G/H −→ G/P , and integration of a compact
torus-invariant function on a torus, to compute :

FutX,ζ(ξ) = −
∫
G/H

θξe
θζωn

= C

∫
a1

{
∇u(x), ξ̃

}
e−{∇u(x),ζ̃} ∏

α∈Φ+
P

〈α,∇u(x) + 4tρP 〉MAR(u)(x)dx

where C > 0 is a constant independent of ξ and ζ. Since u is smooth and strictly
convex, we can use the change of variables p = dxu + 4ρP , where dxu ∈ a∗ is the
derivative of u at x. Remark that this equivalently means tp = ∇u(x) + 4tρP , and
that the domain of integration after this change of variables becomes 2∆ + 4ρP by
Proposition 4.2. Hence we obtain that

FutX,ζ(ξ) = C

∫
2∆+4ρP

〈
p− 4ρP , ξ̃

〉
e−〈p−4ρP ,ζ̃〉 ∏

α∈Φ+
P

{α, p} dp

By Section 3.2.4, the polytope ∆ + 2ρP coincides with the moment polytope ∆+,
so we obtain

FutX,ζ(ξ) = 2Card(Φ+
P )+1C

∫
∆+

〈
p− 2ρP , ξ̃

〉
e−〈2p−4ρP ,ζ̃〉 ∏

α∈Φ+
P

{α, p} dp

= 2Card(Φ+
P )+1C

∫
∆+

〈
p− 2ρP , ξ̃

〉
e−〈2p−4ρP ,ζ̃〉 ∏

α∈Φ+
P

κ(α, p)dp
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since α is in the semisimple part,

= C ′
〈
barDH,ζ(∆

+)− 2ρI , ξ
〉
.

The final constant C ′ > 0 depends on ζ̃ only at the last step, where we multiplied
2Card(Φ+

P )+1C by the volume of ∆+ with respect to the measure

e−〈2p−4ρP ,ζ̃〉 ∏
α∈Φ+

P

κ(α, p)dp.

�

5. Modified K-stability criterion for Q-Fano spherical varieties

5.1. Statement of the criterion. We will prove in this section our main theorem.
The proof combines the results from Section 3 and Section 4, together with an
argument allowing us to compute the Futaki invariant of a Q-Fano variety on an
equivariant degeneration.

5.1.1. Definition of modified K-stability. Let X be a Q-Fano variety. Given ζ ∈
Lie(Aut(X)), let

Tζ = {exp(zζ); z ∈ C}.

It defines a subgroup of Aut0(X) which may very well not be closed. It is equipped
with a priviledged map C → Tζ , z 7→ exp(zζ), and ζ may be recovered as the
derivative at 1 of the restriction of this map to R.

Definition 5.1. Let ζ ∈ Lie(Aut(X)) be a semisimple element such that Jζ gen-
erates a compact real subgroup. Let (X ,L) be a Tζ-equivariant special test con-
figuration for X with central fiber X0. Denote by ζ0 the element of Lie(Aut(X0))
obtained as derivative at 1 of the map obtained by composition:

R ⊂ C→ Tζ → Aut(X0).

Denote by ξ the element of Lie(Aut(X0)) generating the action of C∗ on X0 induced
by the test configuration. The modified Donaldson-Futaki invariant of the test
configuration is

DFζ(X ,L) = FutX0,ζ0(ξ).

We assume now that X is equipped with an action of a reductive group G, and
fix ζ ∈ Lie(Aut(X)) a semisimple element such that Jζ generates a compact real
subgroup. We further assume that the action of G commutes with Tζ .

Definition 5.2. The Q-Fano variety X is modified K-semistable (with respect to
G-equivariant special test configurations) for the vector field ζ if for any G × Tζ-
equivariant special test configuration (X ,L) for X, DFζ(X ,L) ≥ 0. It is K-stable
(with respect to G-equivariant special test configurations) for the vector field ζ if
furthermore DFζ(X ,L) = 0 only if the central fiber X0 of X is isomorphic to X.
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5.1.2. Statement. Our main result is a criterion for modified K-stability in terms
of combinatorial data describing a Q-Fano spherical variety.

Let X be a Q-Fano variety, spherical under the action of a reductive group G.
Let B be a Borel subgroup of G, T a maximal torus of B, B− the Borel opposite
to B with respect to T .

Let ∆+ ⊂ X(T )⊗R be the moment polytope of X with respect to B. LetM− be
the subgroup of X(T ) as defined in Section 3.1 with respect to the Borel subgroup
B−, let N− = Hom(M−,Z) be the dual, and let V− ⊂ N− ⊗ R be the valuation
cone of X with respect to B−. Denote by π : Y(T ) ⊗ R −→ N− ⊗ R the quotient
map induced by the inclusion ofM− in X(T ). Let us denote by Ξ ⊂ X(T )⊗R the
dual cone of π−1(V−), and by Relint(Ξ) its relative interior.

Recall that we denote by Φ the root system of (G,T ) and Φ+ the positive roots
defined by B. Let Φ+

P denote the roots in Φ+ which are not orthogonal to ∆+, and
let 2ρP be the sum of the elements of Φ+

P .
Let ζ be an element of the linear part of V− ⊂ N− ⊗R. Choose ζ̃ ∈ π−1(ζ) any

lift of ζ in Y(T )⊗ R.

Theorem 5.3. The variety X is modified K-semistable (with respect to special
G-equivariant test configurations) for ζ if and only if

barDH,ζ̃(∆
+) ∈ 2ρP + Ξ.

It is modified K-stable (with respect to special G-equivariant test configurations) for
ζ if and only if

barDH,ζ(∆
+) ∈ 2ρP + Relint(Ξ).

5.2. Computing the Futaki invariant on a degeneration.

5.2.1. Algebraic definition of the modified Futaki invariant. Let us recall the al-
gebraic definition of the modified Futaki invariant, given by Berman and Witt
Nystrom [BW].

Let X be a Q-Fano variety, and A an ample line bundle on X so that A|Xreg
=

K−mXreg
. Consider ξ, ζ two semisimple elements in the Lie algebra of Aut0(X) such

that Jξ and Jζ generate commuting compact real subgroups.
The complex torus Tξ × Tζ acts on H0(X,Ak) for all k ∈ N. This action is

diagonalizable. Choose a basis (ej)
Nk
j=1 of H0(X,Ak), such that Tξ×Tζ acts on Cej

through the character χj . Define sj = 〈χj , (ξ, 0)〉 and rj = 〈χj , (0, ζ)〉, where 〈, 〉
denotes the duality pairing X(Tξ × Tζ)⊗ R×Y(Tξ × Tζ)⊗ R→ R.

The quantized modified Futaki invariant at level k is defined by:

Fut
(k)
X,ζ(ξ) = −

Nk∑
j=1

exp(
rj
mk

)sj .

The algebraic definition of the modified Futaki invariant is obtained thanks to the
following result.

Proposition 5.4. [BW, Proposition 4.7] The modified Futaki invariant of X is
obtained as the following limit:

FutX,ζ(ξ) = lim
k→∞

1

mkNk
Fut

(k)
X,ζ(ξ).



34 T. DELCROIX

5.2.2. Equivariant degenerations and space of sections of linearized line bundles.
The fact that we can compute the modified Futaki invariant of a Q-Fano variety
on an equivariant degeneration will be a consequence of the following result. Our
proof of this statement consists of a little twist in the method used by Donaldson
to compute the Futaki invariant on toric test configurations in [Don02], also used
by Li and Xu to prove an intersection formula for the Donaldson-Futaki invariant
[LX14].

Proposition 5.5. Let X be a projective G-variety, where G is a reductive group,
and let L be a G-linearized line bundle on X . Let p : X −→ P1 be a surjective
G-invariant morphism, and assume that L is relatively ample with respect to p.
For t ∈ P1, let Xt = p−1(t) and Lt = L|Xt . Let t1, t2 ∈ P1. Then for large
enough k ∈ N, the representation of G given by H0(Xt1 , L

k
t1) is isomorphic, as a

representation of G, to H0(Xt2 , L
k
t2).

Proof. Let us first show that we can assume that L is ample on X . By [Har77,
II.7.10], there exists an N ∈ N such that L ⊗ p∗(OP1(N)) is ample on X . Further-
more, we have H0(Xt, Lt) ' H0(Xt, (L ⊗ p∗(OP1(N)))|Xt) equivariantly for the
action of G.

From now on we assume that L is ample.
Consider on P1 the divisor given by a point t ∈ P1. Choose a global section st

of O(1) with zero divisor {t}. Consider the pull back p∗O(1) of this line bundle,
and the pulled back global section p∗st of p∗O(1). The zero divisor of p∗st is the
irreducible divisor Xt, and since p is G-invariant, the section p∗st is G-invariant.

The divisor Xt provides, for all k ∈ N, an exact sequence:

1 −→ Lk ⊗O(−Xt) −→ Lk −→ Lk|Xt −→ 1

If we fix t, then for large k, we have by Serre vanishing Theorem,

H1(X,Lk ⊗O(−Xt)) = 0,

so the short exact sequence of line bundles gives the following exact sequence in
cohomology:

0 −→ H0(X ,Lk ⊗O(−Xt)) −→ H0(X ,Lk) −→ H0(Xt, L
k
t ) −→ 0

where the first map is given by multiplication by the global section p∗st of O(Xt).
Remark that H0(X ,Lk ⊗O(−Xt)) = H0(X ,Lk ⊗ p∗O(−1)) is independent of t.

We can thus rewrite the exact sequence as :

0 −→ H0(X ,Lk ⊗ p∗O(−1)) −→ H0(X ,Lk) −→ H0(Xt, L
k
t ) −→ 0

It is then clear from the exact sequence that the dimension of H0(Xt, L
k
t ) is

independent of t for k large enough. Let us now consider the structure of G-
representation. The second map is given by restriction to Xt, which is G-stable,
so we obtain that H0(Xt, L

k
t ) is the quotient representation of H0(X ,Lk) by the

image of H0(X ,Lk ⊗ p∗O(−1)). But for any t ∈ P1, our choice of a section p∗st
so that p∗st is G-invariant, ensures that the inclusion of H0(X ,Lk ⊗ p∗O(−1)) in
H0(X ,Lk) is G-equivariant. In particular, the images H0(X ,Lk ⊗ p∗O(−1)) in
H0(X ,Lk) for different values of t are isomorphic as G-representations.

Given t1, t2 ∈ P1, we thus obtain that for large enough k, the structure of G-
representation of H0(Xt, L

k
t ) is independent of t ∈ {t1, t2}. �
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Let X be a normal Q-Fano variety, and (X ,L) be a special test configuration for
X. Let Xt denote the fiber π−1(t). Assume that (X ,L) is equipped with actions
of two commuting complex tori Tζ and Tξ, generated by the holomorphic vector
field ζ, respectively ξ, such that the map π : X −→ C is invariant under both
actions. Let ζt, respectively ξt, denote the holomorphic vector fields on Xt induced
by the restriction of the action of Tζ respectively Tξ, identified with elements of
Lie(Aut0(Xt)).

Corollary 5.6. The function C −→ R; t 7−→ FutXt,ζt(ξt) is constant.

Proof. By assumption, (X ,L) is a special test configuration for X. It is a standard
procedure (see for example [LX14, Section 8.1]) to extend this test configuration
to a family π : X −→ P1 that we denote by the same letter, still equipped with a
π-ample line bundle L. We can further do this procedure in a way that is invariant
under Tζ × Tξ.

Apply Proposition 5.5 to this family. Given t1, t2 ∈ P1, we obtain that the
Tζ × Tξ-representations H0(Xt1 , A

k
t1) and H0(Xt2 , A

k
t2) are isomorphic for k large

enough. In particular, the quantized modified Futaki invariants are equal for k
large enough:

Fut
(k)
Xt1 ,ζt1

(ξt1) = Fut
(k)
Xt2 ,ζt2

(ξt2).

By Proposition 5.4, this implies that the modified Futaki invariants of Xt1 and Xt2

are equal, hence the result. �

5.3. Proof of Theorem 5.3. Let us denote by Q the stabilizer of the open orbit
of B− in X. By Proposition 3.21, we can choose a base point x, whose isotropy
group is denoted by H, and a Levi subgroup L of Q adapted to H, containing T ,
such that NG(H) = H(T ∩NG(H)). In particular, the following are isomorphic

AutG(X) ' NG(H)/H ' T ∩NG(H)/T ∩H.

The lift ζ̃ of ζ in Y(T ) ⊗ R is thus in T ∩ NG(H), and the action of Tζ on the
open orbit identified with the coset space G/H is given by:

exp(τζ) · gH = g exp(−τ ζ̃)H.

Let X ′ be a special G-equivariant test configuration for the Q-Fano variety X.
Recall that it is automatically equivariant under the action of AutG(X) which
contains Tζ . Its central fiber, denoted by X ′0, is a spherical Q-Fano variety under
the action of G by Proposition 3.23. Let (λ,m) ∈ Y(T ) ⊗ N∗ be such that y =
limz→0(λ(z), zm) · (x, 1) is in the open orbit of B− in X ′0, and denote the isotropy
group of y by H ′0.

Then, by Proposition 3.23 again, the action of C∗ = Tξ on X ′0 induced by the
test configuration is described on G/H ′0 by

eτ · gH ′0 = g exp(−τ ξ̃)H ′0,

where ξ̃ = λ/m. Furthermore, by Proposition 3.25, the action of Tζ on X ′0 is still
given, on G/H ′0, by

exp(τζ) · gH ′0 = g exp(−τ ζ̃)H ′0.

Let us now choose X any G-equivariant test configuration for the Q-Fano spher-
ical variety X ′0 with horospherical central fiber, using Corollary 3.31. Let y0 be the
base point obtained from y ∈ X ′0 through the choice of an adapted one parameter
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subgroup, and let H0 be its isotropy group. Using Proposition 3.24 and Proposi-
tion 3.25, we see that the action of Tζ and Tξ are still given by multiplication on
the right by exp(−τ ζ̃), respectively exp(−τ ξ̃), on G/H0. Furthermore, by Propo-
sition 3.28, H0 = Pu(H0 ∩ T ), where P is the parabolic subgroup of G, opposite
to Q with respect to T ⊂ L. Remark that P is also the normalizer of H0 in G.
Remark also that the roots of the Levi subgroup L ⊂ Q are determined by the
moment polytope ∆+, as the roots that are orthogonal to ∆+ (see [Bri89, Section
4.2]). Thus Φ+

P and 2ρP as defined before the statement of Theorem 5.3 coincide
with the data associated to P .

The moment polytope of X0 with respect to B is the same as the moment
polytope of X and X ′0. This is a known fact for equivariant polarized degenerations
of spherical varieties, and can be recovered using Proposition 5.5. We can now apply
our computation of the Futaki invariant on Q-Fano horospherical varieties to obtain:

DFζ(X ,L) = FutX′0,ζ(ξ)

= FutX0,ζ(ξ)

by Corollary 5.6, then by Theorem 4.5, this is

= C
〈

barDH,ζ̃(∆
+)− 2ρP , ξ̃

〉
where C is some positive constant. Furthermore, we have seen that for horospherical
Q-Fano varieties, barDH,ζ̃(∆

+) and the quantity above do not depend on the choice
of lifts ζ̃ and ξ̃ of ζ, ξ ∈ Y(T/T ∩ H0) ⊗ R. Since T ∩ H ⊂ T ∩ H ′0 ⊂ T ∩ H0,
we obtain that the condition obtained does no depend on the choice of a lift ζ̃ of
ζ ∈ N− ⊗ R = Y(T/T ∩H)⊗ R.

By Theorem 3.30, for any choice of (λ,m) ∈ Y(T ) ⊕ N∗ such that λ projects
to the valuation cone V−, there exists a G-equivariant test configuration for X
with ξ̃ = λ/m. We then obtain that X is K-semistable (with respect to special
equivariant test configurations) if and only if〈

barDH,ζ̃(∆
+)− 2ρP , ξ̃

〉
≥ 0

for all ξ̃ ∈ π−1(V−) where π : Y(T ) ⊗ R −→ N− ⊗ R. This means precisely that
barDH,ζ̃(∆

+)− 2ρP is in the dual cone Ξ to π−1(V−).
Furthermore, X ′0 is isomorphic to X if and only if if and only if ξ projects to an

element of the linear part of the valuation cone. Indeed, if X ′0 is isomorphic to X,
then the action induced by ξ on X is G-equivariant, so ξ projects to an element of
the linear part of the valuation cone. Conversely, given such a ξ, the corresponding
equivariant degeneration of G/H satisfies H = H ′0 by Proposition 3.26. Addition-
ally, the moment polytope of X ′0 is the same as the moment polytope of X, and
they are both Q-Fano. Hence by the results of Gagliardi and Hofscheier recalled in
Section 3.2.4, X and X ′0 are equivariantly isomorphic.

It is clear that
〈

barDH,ζ̃(∆
+)− 2ρP , ξ

〉
= 0 if and only if barDH,ζ̃(∆

+) − 2ρP

lies in one of the hyperplanes defining the dual cone (π−1(V−))∨. It is always the
case if ξ projects to the linear part of V−. On the other hand, if −ξ /∈ π−1(V−),
then it means that barDH,ζ̃(∆

+)−2ρP is on the boundary of the cone (π−1(V−))∨.
This finishes the proof of the Theorem.
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5.4. Examples. Let us give some illustrations of new situations where our main
result can be applied. We restrict to smooth varieties for simplicity.

5.4.1. Horospherical varieties. Since the valuation cone is the whole space for horo-
spherical varieties, the K-stability criterion becomes very simple in that case. We
thus obtain a generalization of the main result of [PS10].

Corollary 5.7. Let X be a smooth and Fano horospherical variety, with moment
polytope ∆+. Then X admits a Kähler-Ricci soliton. Furthermore, the following
are equivalent:

• X is Kähler-Einstein,
• X is K-stable,
• X is K-semistable,
• the Futaki invariant of X vanishes,
• barDH(∆+) = 2ρP .

Examples of interesting smooth, Fano, colored horospherical varieties, (thus not
treated by [PS10]), are given by Pasquier in [Pas09]. Indeed, he classifies in this
article horospherical manifolds with Picard number one. These are necessarily Fano,
and colored when they are not homogeneous under a larger group. There exists in
fact two infinite families (and three additional examples) of such manifolds [Pas09,
Theorem 0.1]. Pasquier shows that their automorphism group is non reductive,
which implies that they admit no Kähler-Einstein metrics and are not K-stable.

Our result shows that they are not K-semistable, and admit Kähler-Ricci solitons.
The first conclusion is especially interesting in the following context. A conjecture
by Odaka and Odaka [OO13, Conjecture 5.1], saying that a Fano manifold with
Picard number one should be K-semistable, has been disproved by Fujita [Fuj], who
provided two counterexamples. The examples of Pasquier provide infinite families
of counterexamples, showing that Fujita’s examples are not exceptional.

5.4.2. Symmetric varieties. An important class of spherical varieties is given by
symmetric varieties. The combinatorial data from Section 3.1 have a nice expression
in the case of symmetric spaces, that we recall here. The reference for this point
of view is [Vus90], which is summarized in [Per14, Section 3.4.3]. Ruzzi [Ruz12]
obtained a classification of smooth and Fano symmetric varieties of small rank. We
use this, together with [GH15], to obtain explicit examples of moment polytopes of
smooth and Fano symmetric varieties.

Let σ be a group involution of G, Let Gσ be the fixed point set of σ, and H
a closed subgroup such that Gθ ⊂ H ⊂ NG(Gθ). The subgroup H is called a
symmetric subgroup and G/H is called a symmetric space. A spherical embedding
of G/H is called a symmetric variety.

A torus S in G is split if σ(s) = s−1 for s ∈ S. Let S be a split torus in G,
maximal for this property, and let T be a maximal torus of G containing S. Then
we have σ(T ) = T , and σ descends to an involution of X(T ), still denoted by σ.

Recall that Φ denotes the root system of G with respect to T . There exists a
Borel subgroup B of G containing T such that for all α ∈ Φ+, either σ(α) = α or
σ(α) is a negative root. Observe that the Borel subgroup B− opposite to B with
respect to T also satisfies this property. Both BH and B−H are dense in G, in
particular H is spherical.
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Let Φσ denote the set of α ∈ Φ such that α = σ(α). It is a sub root system of
Φ. Let Ψ+ = Φ+ \ Φσ, and

2ρσ =
∑
α∈Ψ+

α.

The set
Φσ = {α− σ(α);α ∈ Φ \ Φσ}

is a (possibly non-reduced) root system in X(T/T ∩H)⊗ R.
We have M = M− = X(T/T ∩ H) and the valuation cone V− with respect to

B− is the positive Weyl chamber C+
σ of the root system Φσ in Y(T/T ∩H)⊗Q.

Example 5.8. Consider the involution σ of G = SLn(C) defined by sending a
matrix g to the inverse of its transpose matrix σ(g) = (gt)−1. By definition, the set
of fixed point is SOn(C). As a consequence, any subgroup of G between SOn(C)
and NG(SOn(C)) is a symmetric subgroup.

The maximal torus T in SLn(C) formed by diagonal matrices is split. We choose
as Borel subgroup B the subgroup of upper triangular matrices, B− is then the
subgroup of lower triangular matrices. Then Φσ is empty and Φσ is the root system
formed by the roots 2α for α ∈ Φ. In particular, the positive Weyl chamber C+

σ of
the root system Φσ is also the positive Weyl chamber of Φ. Hence the valuation
cone with respect to B− is the positive Weyl chamber of Phi and its dual is the
cone generated by Φ+.

For H = Gσ = SOn(C), the lattice M = M− = X(T/T ∩ H) is the lattice
formed by the set of characters 2χ, where χ is a character of T (or equivalently χ
is an element of the weight lattice of Φ).

For H = NG(Gσ) = NSLn(C)(SOn(C)), the lattice M = M− = X(T/T ∩H) is
the lattice formed by the set of characters 2χ, where χ is an element of the lattice
generated by roots in Φ.

Corollary 5.9. Let X be a smooth and Fano spherical embedding of G/H, with mo-
ment polytope ∆+. Then with the notations introduced above, X is Kähler-Einstein
if and only if the barycenter of ∆+ with respect to the measure

∏
α∈Ψ+ κ(α, p)dp is

in the relative interior of the translated cone 2ρσ + (C+
σ )∨.

Example 5.10. The classification of spherical projective varieties under the action
of SL2(C) is explained in [AB06, Example 1.4.3]. Two of them are symmetric
varieties, and the other are horospherical. Let us consider the symmetric ones.

The first one is P1 × P1, where SL2(C) acts diagonally. There are only two
orbits. The closed orbit is the diagonal and the open orbit is the complement of the
diagonal. The open orbit is isomorphic to the symmetric space SL2(C)/SO2(C).
The moment polytope of this Fano variety with respect to the Borel subgroup B of
upper triangular matrices is the following.

0 2ρ
∆+

8ρ/3
|

The barycenter barDH(∆+) is computed as

barDH(∆+) =

∫ 4

0
x2dx∫ 4

0
xdx

ρ =
8

3
ρ.

It of course satisfies the K-stability condition: 8ρ/3 ∈ Relint(2ρ + R+ρ). Remark
that in this case, there is only one possible central fiber different from P1 × P1, it
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is the horospherical variety S2 in the notations of [AB06, Example 1.4.3]. More
explicitly, consider the rational ruled surface F2 = P(OP1 ⊕ OP1(2)). This is an
SL2(C)-horospherical variety with two closed orbits. One of these orbits is a curve
with self-intersection −2, which may be contracted, and the image of the con-
traction is denoted by S2. The anticanonically polarized equivariant horospherical
degeneration of P1 × P1 ⊃ SL2(C)/SO2(C) is S2.

The second one is P2, where SL2(C) acts by the projectivization of its linear
action on the quadratic forms in two variables. The open orbit is isomorphic to
SL2(C)/NSL2(C)(SO2(C)). Again, this manifold obviously satisfies the K-stability
criterion. Its moment polytope, together with the barycenter barDH(∆+) = 4ρ are
represented as follows.

0 2ρ
∆+

4ρ
|

The polarized equivariant horospherical degeneration of the symmetric variety
P2 under this action of SL2(C) is the variety S4, constructed similarly as S2 from
F4 = P(OP1 ⊕OP1(4)) by contracting the curve with self intersection equal to −4.

Example 5.11. Consider the space of all conics in P2. It may be identified with
P5 by identifying a conic with its equation, which has six coefficients. Consider
the action of SL3(C) on this space. We see that it is a spherical variety with
open orbit the orbit of nondegenerate conics, isomorphic to the symmetric space
SL3(C)/NSL3(C)(SO3(C)).

There is another smooth and Fano spherical embedding of the symmetric space
SL3(C)/NSL3(C)(SO3(C)), called the variety of complete conics. It may be con-
structed as the closure in P5 × (P5)∗ of the set of couples (C,C∗) where C is a
nondegenerate conic in P2 and C∗ is the dual conic, defined as the set of tangents
to C. This construction was generalized by De Concini and Procesi [DP83], to de-
fine wonderful compactifications of symmetric spaces under an adjoint semisimple
group, which are often Fano so provide numerous potential examples.

The moment polytope corresponding to the variety of complete conics is the
following.

•
2ρ

∆+

It is easy to check our K-stability criterion for this manifold, and we obtain that
the variety of complete conics admits Kähler-Einstein metrics.

Example 5.12. A reductive group Ĝ = Ĝ × Ĝ/diag(Ĝ) is a symmetric homoge-
neous space under the action of the group G = Ĝ× Ĝ for the involution σ(g1, g2) =

(g2, g1). If B̂ ⊃ T̂ is a Borel subgroup of Ĝ containing a maximal torus T̂ , then
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B = B̂ × B̂− is an adapted Borel subgroup, ΦσG is empty, X(T̂ × T̂ /diag(T̂ )) is the
anti diagonal embedding of X(T̂ ) and can thus be identified with X(T̂ ) by projection
to the first coordinate. Under this identification, 2ρσ = 2ρB ∈ X(T̂ × T̂ /diag(T̂ ))

is identified with 2ρB̂ , and the restricted root system Φσ is identified with Φ̂ the
root system of Ĝ with respect to T̂ . We may identify, still under the projection to
the first coordinate, the moment polytope ∆+ with the polytope in X(T ) ⊗ R as
defined in [Del15, Del], and the barycenter becomes

barDH(∆+) =

∫
∆+

p
∏
α∈Φ̂+

κ(α, p)2dp/

∫
∆+

∏
α∈Φ̂+

κ(α, p)2dp,

as used in [Del15, Del].
We then recover our previous result: a smooth and Fano group compactifica-

tion X with moment polytope ∆+ ⊂ X(T ) ⊗ R is Kähler-Einstein if and only if
barDH(∆+) ∈ 2ρ + Ξ where Ξ is the relative interior of the cone generated by
Φ+. The similar statement for Kähler-Ricci solitons is new, even though it may be
obtained using the techniques of [Del15, Del].

Let us take the opportunity to mention other interesting examples of group com-
pactifications which were not mentioned in [Del15, Del], where the only examples
were toroidal compactifications of simple groups. First consider the smooth and
Fano compactifications of the reductive but not semisimple group GL2(C). Using
[Ruz12], we obtain the following list of six moment polytopes.

•

2ρ

∆+

•

2ρ

∆+

•

2ρ

∆+

•

2ρ

∆+

•

2ρ

∆+

•

2ρ

∆+

It is obvious that the last three do not admit Kähler-Einstein metrics. Com-
putations show that the first three admit Kähler-Einstein metrics. We may also
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approximate, numerically, the unique holomorphic vector field such that the modi-
fied Futaki invariant vanishes (see [TZ02]), then check numerically that the modified
K-stability condition is satisfied.

As an example, the precise coordinates of the barycenter barDH(∆+) in the case
of the third polytope are (2343/1750,−2343/1750). Remark that only the third
and the fifth polytopes correspond to toroidal compactifications of GL2(C).

Considering colored compactifications also allows to obtain smaller dimensional
examples of group compactifications with vanishing Futaki invariant which are
not K-semistable. Namely, the three smooth and Fano compactifications of the
(semisimple but not simple) group SO4(C), of dimension six, are colored, with the
following moment polytopes:

• •
2ρ

∆+

• •
2ρ

∆+

• •
2ρ

∆+

While the first example satisfies the K-stability criterion, both the two others
do not satisfy the K-semistability criterion, while having a trivially zero Futaki
invariant since their group of equivariant automorphisms are finite. Hence they
do not admit any Kähler-Ricci solitons. It would be interesting to know their full
automorphism group and in particular if it is reductive.

Example 5.13. There are examples of smooth and Fano symmetric varieties with
Picard number one, which are not homogeneous under a larger group [Ruz10,
Ruz11]. Unlike the similar horospherical examples of Pasquier, these may very
well be K-stable. For example, the smooth and Fano spherical embedding of
SL3(C)/SO3(C) with Picard number one, the smooth and Fano biequivariant com-
pactifiation of the group G2 with Picard number one, and the smooth and Fano
biequivariant compactification of the group SL3(C) admit Kähler-Einstein metrics.
Their respective moment polytopes are as follows.
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•
2ρ

•
2ρ

•
2ρ
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