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Mesoscopic Scale Instability in Particulate Materials
François Nicot1; Guillaume Veylon, Ph.D.2; Zhu Huaxiang, Ph.D.3;

Jean Lerbet4; and Félix Darve5

Abstract: This manuscript investigates some instability features in granular materials by considering an elementary grain arrangement on 
the intermediate scale. Although force chains have long been recognized as playing a basic role in the strength of granular specimens, the 
collaborative contribution of grain loops (grain arrangement) has been highlighted more recently. As a result, the stability of grain loops 
is expected to strongly govern the stability of the whole assembly. This paper shows that such elementary patterns can be destabilized 
even though the contact law between granules is elastic. This behavior stems from the nature of the kinematical model describing the 
geometrical interaction between neighboring grains. 

Keywords: Stress; Instability; Collapse; Failure; Second-order work; Granular materials; Microstructure; Grain loops.

Introduction

It has been well known for half a century that force chains appear in
granular assemblies when loaded (Dantu 1957). These force chains
are made up of more or less aligned contacting grains. They carry
the largest forces in the direction of the major principal stress. More
recently (Tordesillas et al. 2012), other meso-structures have been
characterized by considering contacting grains forming closed
loops [in two-dimensional (2D) conditions], which have been
called “force loops”. These force loops can comprise three, four,
five, or even more grains in contact, but the number of such loops
decreases rapidly as the number of grains involved decreases
(Tordesillas and Muthuswamy 2009; Tordesillas et al. 2012; Kruyt
2012; Zhu et al. 2016).

Furthermore, microstructural analyses of stability in granular
media (Nicot and Darve 2006, 2007; Nicot et al. 2007b, 2012b)
have shown the close relation between macroscopic second-order
work and the sum of microscopic discrete second-order works. The
first is defined from the macroscopic incremental stress and strain
tensors applied to the boundary of the body or of the representative
elementary volume at the macro level. The second are obtained
from the incremental interaction forces and relative displacements
between grains at the micro level. Moreover, several papers have
been published showing that the second-order work criterion is a
general stability criterion for rate-independent materials, subjected
to quasi-static loading conditions leading to divergence instability
(Laouafa and Darve 2002; Darve et al. 2004; Nicot and Darve
2006, 2007; Nicot et al. 2007a, b; Daouadji et al. 2011). This paper
will not come back on these basic aspects of instability in granular
media. The loss of stability by divergence appears to be related

to the loss of definite positiveness of the constitutive matrix (or
equivalently of its symmetric part) for homogeneous elastoplastic
problems and of the stiffness matrix for (1) elastic discrete systems
(Challamel et al. 2008; Nicot et al. 2012a; Lerbet et al. 2013) or
(2) elastoplastic boundary value problems simulated by the Finite
Element Method (Laouafa et al. 2011).

Focusing on the microstructural scale, the first preliminary
analyses (Hadda et al. 2013) of granular instability seem to show
failure mechanisms corresponding to force chain breaking by
buckling attributable to the microstructural failure of force loops
laterally supporting the force chains. This scenario is currently
being fully confirmed (see for example, Sibille et al. 2015) by dis-
crete element computations with the discrete element method
(DEM) code called “Yade” (Smilauer et al. 2010), demonstrating
that force loop and force chain instability plays a fundamental role
in granular failure.

Therefore, it is useful to independently investigate the stability
of force loops and force chains as the basic meso-structures, as ob-
served in granular media. This is precisely the purpose of this
paper: to propose such stability analyses for a four-grain loop
referred to as “the diamond pattern”. Indeed, taking into account
the fact that three grain loops appear in DEM modelling as a basi-
cally stable loop in a granular assembly, the four-grain loop may be
viewed as the simplest loop that may be unstable depending on
the previously discussed second-order work criterion. As is usual
in discrete element methods, the interaction forces between grains
are based on elastic linear stiffnesses in the normal and tangential
directions with respect to the intergranular contact plane. Moreover,
the tangential force is limited by a coulombian friction, leading to
an elastic-plastic behavior in the tangential direction.

In this context, it will be shown that an explicit stiffness matrix
can be exhibited in both cases of the purely elastic and the elastic-
plastic diamond meso-structures. The stiffness matrix, whose ex-
pression is analytically established, is not symmetric even in the
case of a purely elastic intergranular behavior. This nonsymmetry
appears to result from geometrical effects in the case of solely elas-
tic components, and it is induced both by material and geometrical
aspects in the case of elastic-plastic interaction forces (see also
Kuhn and Chang 2006). Thus, because of this nonsymmetry, a sta-
bility analysis using the second-order work criterion is pertinent.
As obtained for large granular assemblies (Sibille et al. 2007,
2008), a bifurcation domain is exhibited in the macroscopic force
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plane with a lower bound given by the curve related to the van-
ishing values of the determinant of the symmetric part of the
stiffness matrix. In this bifurcation domain, instability cones are
observed which correspond to the “isotropic cones” of linear alge-
bra theory for nonpositive definite matrices. A linear perturbation
approach which is classical in a continuum mechanics framework
(e.g., Benallal and Comi 2003) is not proposed here, but rather a
direct geometric instability analysis to properly take into account
the essential discrete nature of a granular force loop.

Consequently, the intriguing macroscopic granular instabilities
appear to be present at the mesoscale in the force loops observed
experimentally in 2D and numerically by DEM. Thus this paper
will show that these meso-structures constitute the elemental place
where instability arises, in fine leading to macroscopic failure.

Contact Model between Spheres

Constitutive Formulation

The classical description of sphere interaction assumes that the
spheres are perfectly rigid and can overlap, resulting in contact
forces. Let us consider two spheres, S1 and S2, with the same radius
rg, in contact (with a possible overlapping). A local frame (n, t) can
be attached to this configuration, where n is given by the line join-
ing the two centers G1 and G2, and t is normal to n (Fig. 1).

The relative motion of S2 with respect to S1 can be described by
analyzing the incremental displacement of a given Point I belong-
ing to the interfacial region between the two spheres. By denoting
uM the displacement of any Point M with respect to the reference
frame R (x1, x2), it follows that

δuI ¼ δuI∈S2=S1 ¼ δuI∈S2=R − δuI∈S1=R ð1Þ

Because

δuI∈S2=R ¼ δuG2=R þ IG2 × δω2 ð2aÞ

δuI∈S1=R ¼ δuG1=R þ IG1 × δω1 ð2bÞ

where the symbol × stands as the cross product. Eq. (1) gives the
standard kinematic relation

δuI ¼ δuG2=R − δuG1=R þ IG2 × δω2 − IG1 × δω1 ð3Þ

The first term δuG2=R − δuG1=R corresponds to the incre-
mental change in the vector G1G2, whereas the second term

IG2 × δω2 − IG1 × δω1 takes the proper rotation of spheres
around their center of mass into account. Noting G1G2 ¼ ln, it
follows that

δðG1G2Þ ¼ δln − lδαt ð4Þ

where α = rotation of the vector G1G2 with respect to the frame
(n, t) attached to the sphere S1, resulting from the motion of S2 with
respect to S1 (Fig. 2).

If the authors ignore hereafter the proper rotation of spheres
around their center of mass, the relative incremental displacement
of S2 with respect to S1, therefore, reads

δu ¼ δln − lδαt ð5Þ

where δun ¼ δl = incremental normal displacement; and δut ¼−lδα = incremental tangential displacement. Eq. (5) is independent
of the choice of the arbitrary Point I, justifying the notation δu.

In discrete element modelling and in absence of particle rota-
tion around their center of mass, the increments of both normal
Δun and tangential Δut displacements are computed from the
current positions of the centers of the spheres (Fig. 2). Noting
G1G 0

2 ¼ l 0n, the following expressions can be derived with respect
to the frame (~n, ~t)

Δun ¼ l 0 cosα − l ð6aÞ

Δut ¼ −l 0 sinα ð6bÞ

For small increments (α ¼ Δα ≪ 1), Eq. (6) gives in a first-
order approximation

Δun ≈ l 0 − l ¼ Δl ð7aÞ

Δut ≈−lΔα ð7bÞ

which corresponds to the incremental formulation in Eq. (5). The
kinematical description developed previously, leading to Eq. (5),
is, therefore, thought to be general enough and representative of
the broad class of the discrete element method (enabling particle
overlapping).

It should be stressed that this kinematical analysis is based on
the displacement of a material point (Point I in the initial configu-
ration, Fig. 3). This point is attached to sphere S2, and is moved
with sphere S2 with respect to sphere S1 (Point I 0 in the final con-
figuration, Fig. 3). Both vectors G2G 0

2 and II 0 are equal.

n

t

1G

2x

1x

2G

1S

2S

I

Fig. 1. Contact between two spheres: geometrical setting
Fig. 2. Relative motion between two contacting spheres: geometrical
model and notations
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A contact law can, therefore, be built by relating a contact force
to the displacement of this material point. More precisely, this
contact law can be built by relating the normal (N) and tangential
(T) components of the contact force acting between the two spheres
to the normal (un) and tangential (ut) components of the relative
displacement.

The most popular model for describing the local behavior is
an elastic-plastic mechanical model, including a Mohr–Coulomb
criterion. This model can be expressed under the following rate
formalism, which introduces a normal elastic stiffness kn and a
tangential elastic stiffness kt, both constant, and a local friction
angle φg:

Ṅ ¼ −knu̇n ¼ −knl̇ ðN ¼ 0 if l > 2rgÞ ð8aÞ

The standard soil mechanics sign convention is adopted
throughout the text: forces are counted positive in compression.

In the elastic regime (jTj < tanφgN, or jTj ¼ tanφgN with
Ṫ < tanφgṄ),

Ṫ ¼ −ktu̇t ¼ ktlα̇ ð8bÞ

In the plastic regime (jTj ¼ tanφgN and jṪj ¼ tanφgjṄj),
Ṫ ¼ −ζnζt tanφgknu̇n ¼ −ζnζt tanφgknl̇ ð8cÞ

where ζn = sign of u̇n; and ζt = sign of u̇t.
In absence of the proper rotation of spheres around their center

of mass, this model is the one commonly used in most numerical
discrete element models.

Coming back to the definition of the un and ut, un is clearly an
exact differential, which is not the case for ut. The relation δut ¼
lδα is not integrable. An explicit expression utðl;αÞ satisfying the
differential equation δut ¼ lδα cannot be derived.

The absence of the exact character of the differential ut is at
the origin of some peculiar features. In the elastic regime, Eqs. (8a)
and (8b) hold. These equations are associated with a nonconserva-
tive behavior. The behavior is clearly reversible (there is no dissi-
pation). However, the external energy necessary for the system to
evolve from a given state to another state depends on the path
followed. Eqs. (8a) and (8b) (no sliding occurs along the tangential
direction of contact), therefore, model a hypoelastic behavior
(Truesdell 1955; Ericksen 1958; Bernstein 1960).

To illustrate the dependence of the external energy with respect
to the loading path, the following example can be considered
(Fig. 4). Two spheres (with the same radius) are initially in contact

(Configuration 1), with OA ¼ l. Sphere 1 is fixed, whereas Sphere
2 is moved to a final position defined by the position C of its center
of mass (Configuration 2). Two loading paths can be considered:
• Path 1 (ABC) is composed of a purely shearing motion (AB),

followed by a purely normal compression (BC).
• Path 2 (ADC) is composed of a purely normal compression

(AD), followed by a purely shearing motion (DC), with BC ¼
AD ¼ Δ.
Assuming an elastic behavior at the contact between the two

spheres, the external energy associated with Path 1 is given by

E1 ¼ ðktl2α2 þ knΔ2Þ=2 ð9Þ
Likewise, the external energy associated with Path 2 is given by

E2 ¼ ½knΔ2 þ ktðl −ΔÞ2α2�=2 ð10Þ
When the tangential displacement Δ is not zero, Eqs. (9)

and (10) show that E1 ≠ E2. Thus, the external work required to
transform the system from the initial Configuration 1 to the final
Configuration 2 depends on the loading path followed, even though
no internal dissipation is introduced in the system. This very basic
example illustrates a hypoelastic behavior.

The purpose of the next section is to examine some constitutive
consequences of this local nonconservativity, on the scale of a small
particle arrangement. In particular, it will be shown that a nonsym-
metric tangent stiffness matrix can be derived, even in the elastic
regime. As reviewed in the introduction, this nonsymmetry, stem-
ming from the nonconservativity of the contact law, will induce the
existence of a proper bifurcation domain, enabling the occurrence
of various failure modes.

Diamond Pattern

Constitutive Formulation

This paper considers a regular assembly of four spherical particles
in contact, experiencing a diamond pattern as depicted in Fig. 5.

1G

2x

1x

2G

2G′

1S

2S

I

I ′

Fig. 3. Material description of the relative motion between two con-
tacting spheres without proper rotation

Sphere 2

Sphere 1

α
A

D

C

B

O

Fig. 4. Illustration of the path dependency of the contact law: geome-
trical model and notations
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The spheres have the same radius r. The elementary assembly is
assumed to be loaded by a system of two centered perpendicular
forces, aligned along the principal loading directions: an axial
force, F1, and a lateral force, F2. The geometry of the assembly is
described by indicates of the two parameters L1 and L2. For sym-
metry reasons, the distance between the centers of any two adjoin-
ing spheres is the same and is denoted l. At any stage of the loading,
the following geometrical relations hold:

L1 ¼ 2l cosα ð11aÞ

L2 ¼ 2l sinα ð11bÞ
where α denotes the angle between the straight line joining the
centroids of any spheres in contact (for example, centroids G1 and
G2 in Fig. 5).

Before any loading, lo ¼ 2r. The initial configuration is, there-
fore, properly described by the angle αo. It is also convenient
to introduce the kinematic variables Δ1 ¼ L1o − L1 and Δ2 ¼
L2o − L2, where L1o ¼ 2lo cosαo and L2o ¼ 2lo sinαo.

The symmetry of the problem ensures that no torque is applied
to the particles. Hence, the motion of each particle is only com-
posed of a translational component. The particles have no rotation.
Applying an external loading (F1, F2) makes the geometry of the
assembly change. The change in geometry is related to the relative
motion between the spheres. The normal component of the relative
displacement is denoted un, whereas the tangential counterpart is
denoted ut. This relative displacement directs a contact force be-
tween adjoining grains, where N = normal component; and T =
tangential component. At any stage of the loading, the following
balance equations hold:

F1 ¼ 2ðN cosαþ T sinαÞ ð12aÞ

F2 ¼ 2ðN sinα − T cosαÞ ð12bÞ

Balance Eq. (12) can be written under a rate form, relating
the kinematic variables (Δ̇1, Δ̇2) to the static variables (Ḟ1, Ḟ2).
Differentiating Eq. (12) gives

Ḟ1 ¼ 2ðṄ cosαþ Ṫ sinαÞ − F2α̇ ð13aÞ

Ḟ2 ¼ 2ðṄ sinα − Ṫ cosαÞ þ F1α̇ ð13bÞ

The local behavior, described properly using the elastic-plastic
mechanical model presented in the previous section, can be intro-
duced in Eq. (13), by distinguishing the elastic and plastic regimes.

Elastic regime

Ḟ1 ¼ 2ð−kn cosαu̇n − kt sinαu̇tÞ − F2α̇ ð14aÞ

Ḟ2 ¼ 2ð−kn sinαu̇n þ kt cosαu̇tÞ þ F1α̇ ð14bÞ

Accounting for Eq. (11) yields

L̇1 ¼ 2l̇ cosα − 2l sinαα̇ ð15aÞ

L̇2 ¼ 2l̇ sinαþ 2l cosαα̇ ð15bÞ

Thus, as Δ̇1 ¼ −L̇1 and Δ̇2 ¼ −L̇2, and recalling that u̇n ¼ l̇
and u̇t ¼ −lα̇

2u̇n ¼ − cosαΔ̇1 − sinαΔ̇2 ð16aÞ

2u̇t ¼ − sinαΔ̇1 þ cosαΔ̇2 ð16bÞ

Combining this with Eq. (14) gives

Ḟ1 ¼
�
kncos2αþ ktsin2α − F2

sinαffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2
1 þ L2

2

p
�
Δ̇1

þ
�
ðkn − ktÞ cosα sinαþ F2

cosαffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2
1 þ L2

2

p
�
Δ̇2 ð17aÞ

Ḟ2 ¼
�
ðkn − ktÞ cosα sinαþ F1

sinαffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2
1 þ L2

2

p
�
Δ̇1

þ
�
ktcos2αþ knsin2α − F1

cosαffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2
1 þ L2

2

p
�
Δ̇2 ð17bÞ

where cosα ¼ L1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2
1 þ L2

2

p
and sinα ¼ L2=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2
1 þ L2

2

p
.

Elastoplastic regime:

Ḟ1 ¼ 2ð−kn cosαu̇n − ζnζt sinα tanφgknu̇nÞ − F2α̇ ð18aÞ

Ḟ2 ¼ 2ðζnζt cosα tanφgknu̇n − kn sinαu̇nÞ þ F1α̇ ð18bÞ

and by virtue of Eq. (16), it follows that:

Ḟ1 ¼
�
kn cosαðcosαþ ζnζt sinα tanφgÞ − F2

sinαffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2
1 þ L2

2

p
�
Δ̇1

þ
�
kn sinαðcosαþ ζnζt sinα tanφgÞ

þ F2

cosαffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2
1 þ L2

2

p
�
Δ̇2 ð19aÞ

1F

1F

2F 2F

2L

1L

α

N
T

2G

1G

2x

1x

Fig. 5. The diamond pattern: geometrical model and notations
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Ḟ2 ¼
�
kn cosαð−ζnζt cosα tanφg þ sinαÞ þ F1

sinαffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2
1 þ L2

2

p
�
Δ̇1

þ
�
kn sinαð−ζnζt cosα tanφg þ sinαÞ − F1

cosαffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2
1 þ L2

2

p
�
Δ̇2 ð19bÞ

Eqs. (17) and (19) can also be expressed as Ḟ ¼ K̃ Δ̇, where K̃ is the tangent stiffness matrix

K̃ ¼ kn

2
6664

cos2αþ Λ1sin2α − sinα
F2

kn
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2
1 þ L2

2

p ð1 − Λ2Þ cosα sinαþ cosα
F2

kn
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2
1 þ L2

2

p
ð1 − Λ1Þ cosα sinαþ sinα

F1

kn
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2
1 þ L2

2

p sin2αþ Λ2cos2α − cosα
F1

kn
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2
1 þ L2

2

p

3
7775 ð20Þ

In the elastic regime, Λ1 ¼ kt=kn and Λ2 ¼ kt=kn
In the plastic regime, Λ1 ¼ ζnζtðtanϕg= tanαÞ and Λ2 ¼ −ζnζt tanφg tanα

Noting S ¼
h S1
S2

i
and E ¼

hE1

E2

i
, with S1 ¼ F1=L2o, S2 ¼ F2=L1o, E1 ¼ ðL1o − L1Þ=L1o, and E2 ¼ ðL2o − L2Þ=L2o, the constitutive

equation Ḟ ¼ K̃ Δ̇ can be expressed in a Lagrangian formalism as Ṡ ¼ K̂ Ė. Then

L2oṠ1 ¼ K̃11L1oĖ1 þ K̃12L2oĖ2 and L1oṠ2 ¼ K̃21L1oĖ1 þ K̃22L2oĖ2 ð21Þ

Thus

K̂1j ¼ K̃1jLjo=L2o and K̂2j ¼ K̃2jLjo=L1o ðwith no summation on repeated indicesÞ ð22Þ
which gives

K̂ ¼ AK̃B ð23Þ

where A ¼
h
1= tanαo 0

0 1

i
, B ¼

h
1 0

0 tanαo

i
and tanαo ¼ L2o=L1o.

As K̂ ¼
h
1= tanαo 0

0 1

i
K̃
h
1 0

0 tanαo

i
, both matrices K̂ and K̃ have the same spectral properties; they are associated with the

same endomorphism (Appendix I). Thus, the problem can be investigated by considering equation Ḟ ¼ K̃ Δ̇ or equation Ṡ ¼ K̂ Ė indif-
ferently, with

K̂ ¼ cos2αkn

2
6664

�
1þ Λ1kttan2α − tanα

S2=kn
1 − E1

��
tanαo ð1 − Λ2ktÞ tanαþ S2=kn

1 − E1

ð1 − Λ1ktÞ tanαþ tan2α
S1=kn
1 − E2

�
tan2αþ Λ2kt − tanα

S1=kn
1 − E2

�
tanαo

3
7775 ð24Þ

Finally, the constitutive equations can be expressed as a dimensionless relation

ṡ ¼ KĖ ð25Þ

By setting s ¼ S=kn and K ¼ knK̂, with

K ¼ cos2α

2
6664

�
1þ Λ1tan2α − tanα

s2
1 − E1

��
tanαo ð1 − Λ2Þ tanαþ s2

1 − E1

ð1 − Λ1Þ tanαþ tan2α
s1

1 − E2

�
tan2αþ Λ2 − tanα

s1
1 − E2

�
tanαo

3
7775 ð26Þ

The only geometrical parameters involved in the tangent stiff-
ness matrix are angles αo and α, with tanαo ¼ L2o=L1o and
tanα ¼ tanαoð1 − E2Þ=ð1 − E1Þ. The nonlinearity stems from
the terms α, sk, and Ek in the components Kij.

Material and Geometry Effects

In both situations (elastic regime and plastic regime), Eq. (26)
reveals that the tangent stiffness matrix is nonsymmetric. However,
the origin of the nonsymmetry is not the same in the elastic and

plastic regimes. Indeed, K can be split into two terms, K ¼
Kmat þKgeo, where Kmat represents the material origin of the
constitutive behavior, involving only the elastic or the plastic
behavior on the contact scale between the spheres

Kmat ¼ cos2α

� ð1þΛ1tan2αÞ= tanαo ð1−Λ2Þ tanα
ð1−Λ1Þ tanα ðtan2αþΛ2Þ tanαo

�
ð27Þ

Kgeo accounts for the geometrical origin of the constitutive
behavior, with

5



Kgeo ¼ cos2α

2
664
− tanα
tanαo

s2
1 − E1

s2
1 − E1

tan2α
s1

1 − E2

− tanαo tanα
s1

1 − E2

3
775 ð28Þ

Indeed, unlike Kgeo, Kmat contains the material parameters Λ1

and Λ2.Kgeo includes (in addition of the stress terms s1 and s2) the
geometrical parameter α.

When the local behavior is plastic, the matrix Kmat is clearly
nonsymmetric

Kmat
12 − Kmat

21 ¼ ζnζt tanφg ð29Þ

As expected, Kmat is symmetric when the local behavior is
elastic.

As shown in Eq. (28), Kgeo is nonsymmetric, except in the
situation where

tan2α
s1

1 − E2

¼ s2
1 − E1

ð30Þ

It can readily be shown that Eq. (30) is equivalent to the relation

cosαF2 ¼ sinαF1 ð31Þ
By virtue of Eqs. (12), Eq. (31) leads to T ¼ 0. Thus, when the

tangential force is zero between contacting particles (no shearing
takes place), the matrix Kgeo is symmetric in the elastic regime.

Thus, the nonsymmetry of the tangent stiffness matrix has a
double origin: material and geometric. When the local behavior
is elastic, the matrixKmat is symmetric, but the matrixKgeo is non-
symmetric as soon as the tangential force T is nonzero, making the
whole tangent stiffness matrix nonsymmetric.

This is the consequence of the nature of the contact law along
the tangential direction. When the tangential behavior is activated
(T ≠ 0), the nonconservativeness of the contact law along the tan-
gential direction makes the tangent stiffness matrix nonsymmetric.
This property arises in discrete materials, made up of an assembly
of contacting or connecting bodies. Because relative motions can
take place between the constitutive bodies, such nonconservative
geometrical effects may occur. This result, well established
in structural mechanics (Challamel et al. 2008; Nicot et al.
2012a, b; Lerbet et al. 2013), is shown to also be valid in any
granular material.

To check this result numerically, the response of the system is
investigated along a biaxial loading path in the next section.

Numerical Investigation

Starting from an unloaded initial geometrical configuration (αo) in
which particles are barely touching, an isotropic compression load-
ing (s1 ¼ s2 ¼ so) is first applied. Then, the lateral force is kept
constant, whereasthe axial loading is monotonously increased

ṡ2 ¼ 0 ð32aÞ

Ė1 ¼ const ðpositiveÞ ð32bÞ
The simulation is run using first the parameters reported in

Table 1.
Because a purely isotropic initial state is considered (αo ¼ π=4),

a low value was affected to the friction angle (φg ¼ 5 deg) to ac-
tivate the plastic regime during the biaxial loading. The evolution of
the normalized axial stress (s1) as a function of the axial strain
(E1 ¼ Δ1=L1o) is reported in Fig. 6. The curve is composed of
three parts. The first part, up to Point A, corresponds to the isotropic

confinement. Both the second part, from Point A to Point B, and the
third path beyond Point B correspond to the biaxial loading. The
lateral stress S2 is constant (s2 ¼ 0.3). During the second part,
the local behavior is elastic, and the nonlinearity character of the
response stems from the change in the geometry. Then, after
Point B, the local behavior is plastic. Immediately after Point A,
the axial stress monotonously decreases (softening regime). Even
though the decrease is more pronounced in the plastic regime, it
starts in the elastic regime. This is also confirmed by the analysis
of the (normalized) determinant of the tangent stiffness matrix,
as reported in Fig. 7.

As expected, the determinant is first positive during the confin-
ing stage until Point I. Then it becomes and stays negative (end of
confining stage, and biaxial loading stage), whatever the nature of
the local constitutive regime. This clearly proves that during the
confining stage, the material becomes unstable (from Point I). The
discontinuity that appears at Point B corresponds to the transition
from an elastic regime to an elastoplastic regime, inducing a dis-
continuous change in the components of the stiffness matrix.

It must be recalled that the axial stress rate ṡ1, along the drained
biaxial path, is given by

ṡ1 ¼
K11K22 − K12K21

K22

Ė1 ¼
detK
K22

Ė1 ð33Þ

Thus, at Point A, when the loading path turns from the isotropic
compression loading to the drained biaxial loading, detK < 0.
Therefore, according to Eq. (33), the slope of the curve E1 − s1
is negative at Point A, indicating that a softening regime
takes place.

More interestingly, detK can be computed analytically. Accord-
ing to Eq. (26), the following relation can be derived:

Table 1. Numerical Simulation: Constitutive Parameters and Initial
Conditions

Parameters (unit) Values

αo (degrees) 45
so 0.3
kt=kn 0.2
φg (degrees) 5

Fig. 6. Biaxial test: evolution of the axial stress
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detK ¼ sin2Λ1 þ cos2Λ2 − cosα sinα

�
s2

1 − E1

þ s1
1 − E2

�
þðΛ1 − Λ2Þ cosα sinα

�
cos2α

s2
1 − E1

− sin2α
s1

1 − E2

�
ð34Þ

Taking the definition of Λ1 and Λ2 into account, in the elastic regime, one has

detK ¼ kt=kn − cosα sinα

�
s2

1 − E1

þ s1
1 − E2

�
ð35Þ

Likewise, in the plastic regime

detK ¼ ζnζt tanφg

�
cos2α

s2
1 − E1

− sin2α
s1

1 − E2

�
− cosα sinα

�
s2

1 − E1

þ s1
1 − E2

�
ð36Þ

Restricting the analysis to the elastic case, it appears from Eq. (35) that the vanishing of detK occurs when

cosα sinα

�
s2

1 − E1

þ s1
1 − E2

�
¼ kt=kn ð37Þ

One can particularize this analysis by considering the isotropic compression case. Then, E1 ¼ E2 ¼ E. Noting that α ¼ αo, Eq. (26) gives

K ¼ cos2αo

2
64
ð1=tan2αo þ kt=knÞ tanαo − s2

1 − E
ð1 − kt=knÞ tanαo þ

s2
1 − E

ð1 − kt=knÞ tanαo þ tan2αo
s1

1 − E
ðtan2αo þ kt=knÞ tanαo − tan2αo

s1
1 − E

3
75 ð38Þ

Thus, the following can be readily obtained:

ṡ1 ¼ Ė= tanαo or s1 ¼ E= tanαo ð39aÞ

ṡ2 ¼ tanαoĖ or s2 ¼ tanαoE ð39bÞ

In these conditions, Eq. (38) can be rewritten as

K ¼ cos2αo

2
6664

�
1=tan2αo þ kt=kn − E

1 − E

�
tanαo

�
1 − kt=kn þ

E
1 − E

�
tanαo

�
1 − kt=kn þ

E
1 − E

�
tanαo

�
tan2αo þ kt=kn − E

1 − E

�
tanαo

3
7775 ð40Þ

K is, therefore, symmetric along the isotropic loading path.

Likewise, by virtue of Eq. (39), Eq. (37) gives

E�
1 − E�

¼ kt=kn or E� ¼
kt=kn

1þ kt=kn
ð41Þ

Eq. (41) specifies the value E� of the strain E at which detK
vanishes along an isotropic compression path. At this state

K� ¼ cosαo sinαo

�
1=tan2αo 1

1 tan2αo

�
ð42Þ

The vanishing of detK can be obtained even at small strains
if the ratio kt=kn is small with respect to 1. For example, if
kt=kn ¼ 0.5, E� ¼ 0.33; the vanishing of the determinant is ob-
served at relatively large strains. On the contrary, if kt=kn ¼ 0.2,
E� ¼ 0.17 (as it is perfectly verified in Fig. 7), the vanishing of
the determinant occurs at moderate strains. Remarkably, these
values are independent of the initial geometrical configuration
(angle αo). However, it must be emphasized that for αo ¼ π=4, as
considered in the previous numerical simulation (Table 1), the stiff-
ness matrix takes the simplified form

K ¼ 1=2

2
664
1þ kt=kn − E

1 − E
1 − kt=kn þ

E
1 − E

1 − kt=kn þ
E

1 − E
1þ kt=kn − E

1 − E

3
775 ð43Þ

During the isotropic compression loading, the strain increases
gradually, until reaching the value E� ¼ ðkt=knÞ=ð1þ kt=knÞ at
which detK vanishes. As detK ¼ kt=kn − ½E=ð1 − EÞ�, detK
decreases from kt=kn to zero, and finally takes negative values for
strains larger than E�. Thus, although not intuitive, the occurrence
of instability (as depicted by the softening regime associated with
the drained biaxial loading path) requires a sufficient level of de-
formation (E�) to be reached at the end of the isotropic confining
process. In other words, a sufficient level of normal overlapping
(critical normal overlapping) is required at the contacts between
grains. If this critical overlapping is not reached, no softening will
appear during the drained biaxial loading in the elastic regime.

When E ¼ E�, the stiffness matrix K� degenerates into the
spherical matrix 1=2J, J being the unit matrix, as all terms are
equal to 1=2. So, strictly speaking, the determinant of K, when the
tangent stiffness matrix is not degenerated into a spherical matrix,
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is never zero. Before the state E� is reached, all eigenvalues of
K are strictly positive (λ1 ¼ 1 and λ2 ¼ kt=kn − E=ð1 − EÞ with
E=ð1 − EÞ < kt=kn), as detK is. For strains larger than E�, K
admits one negative eigenvalue (λ2 ¼ kt=kn − E=ð1 − EÞ with
E=ð1 − EÞ > kt=kn), making the determinant negative as well.

As shown in Eq. (42), this peculiar situation cannot occur when
αo ≠ π=4. The stiffness matrix K� does not degenerate into a
spherical matrix and admits two eigenvalues, one being zero. This
case is considered in the following numerical simulation, using the
parameters reported in Table 2.

The evolution of the normalized axial stress as a function of
the axial strain is reported in Fig. 8. As for the purely isotropic
case, the curve is composed of three parts. The first part, up to
Point A, corresponds to the isotropic confinement. After Point A,
the axial stress monotonously decreases (softening regime), even in
the elastic regime. The softening regime is less pronounced than
in the purely isotropic case αo ¼ π=4.

Similar to what was obtained in the previous purely isotropic
case, the determinant of the tangent stiffness matrix, as seen in
Fig. 9, is first positive during the confining stage until Point I. Then
it becomes, and remains, negative (end of the confining stage and
biaxial loading stage), whatever the nature of the local constitutive
regime. As expected, the vanishing of the determinant occurs at
a strain state E�, which depends only on the ratio kt=kn: E� ¼
ðkt=knÞ=ð1þ kt=knÞ ¼ 0.19.

Stability Analysis

Because the tangent stiffness operator K can be nonsymmetric,
even when the local behavior is elastic, material instability can
occur. Such instabilities are properly detected by the vanishing of
the second-order work (Hill 1958; Darve et al. 2004; Nicot and
Darve 2007; Nicot et al. 2012a). The second-order work involves
the loading parameters (Ė1, Ė2) and (ṡ1, ṡ2), related through the
constitutive Eq. (26), as follows

W2 ¼ ṡ1Ė1 þ ṡ2Ė2 ð44Þ

The mechanical state considered is reputed to be unstable when
at least one loading direction exists along which the second-order
work takes a negative value. Considering the numerical simulation
performed in the previous section (Table 2), a directional analysis
is carried out at three different states: points I, A, and B (Figs. 8
and 9). Kinematic probes (Ė1, Ė2) are imposed along all the

Fig. 7. Biaxial test: evolution of the determinant of the tangent stiffness matrix

Table 2. Refined Numerical Simulation: Constitutive Parameters and
Initial Conditions

Parameters (unit) Values

αo (degrees) 35
so 0.35
kt=kn 0.24
φg (degrees) 14

Fig. 8. Biaxial test: evolution of the axial stress

Fig. 9. Biaxial test: evolution of the determinant of the tangent stiffness
matrix
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directions of the strain rate space, and the stress rate response
(ṡ1, ṡ2) is computed. Then, the normalized second-order work is
determined

w2 ¼
ṡ1Ė1 þ ṡ2Ė2

kṡkkĖk ð45Þ

For convenience, a polar plot is chosen (Laouafa and Darve
2002), made up of points of coordinates ½cosαEðrþ w2Þ;
sinαEðrþ w2Þ�, where tanαE ¼ Ė1=Ė2 and r ¼ 2. When the
second-order work is negative along a given direction, the corre-
sponding point of the diagram is located inside the circle of
radius r ¼ 2.

In fact, the second-order work is a quadratic form associated
with the symmetric part Ks of K (Nicot and Darve 2009). Accord-
ing to the Bromwich theorem (Ishaq 1955; Iordache and Willam
1998), stating that the smallest eigenvalue of the symmetric partMs
of any square matrix M is lower than any real part of the eigen-
values of M (the inequality is strict when M is nonsymmetric),
it follows that the determinant of Ms always vanishes before that
ofM. Hence, when the determinant ofK is zero, at least one eigen-
value ofKs is strictly negative. As shown in the previous section,K
is symmetric until Point A. After Point A, the eigenvalues ofK and
Ks are very close and both determinants (detK and detKs) as well,
until the plastic regime is activated, as seen in Fig. 10. Thus, until
Point B, the sign of the second-order work is directly related to the
sign of the eigenvalues of K.

As shown in Fig. 11, when detK vanishes (Point I), the insta-
bility cone reduces to a single direction. When the loading is pur-
sued (Points A and B), detK takes strictly negative values. The
instability cone opens. The evolution of the instability cone open-
ing over the loading path can be analyzed in Fig. 12. The instability
cone opening is represented by hatched lines in Fig. 12. The am-
plitude of the cones follows the evolution of j detKj. When detK is
negative, the amplitude of the cone increases (resp. decreases)
when j detKj also increases (resp. decreases). A strong discontinu-
ity takes place at Point B, when the local behavior becomes plastic.
In addition, the evolution of αE over the loading path is reported in
Fig. 12. It can be observed that the loading direction is not included
within the instability cones, after Point I, until Point A is reached.
Then, at Point A, the loading path is changed (from an isotropic
compression to a biaxial loading with a constant lateral force),
and the loading direction belongs to the instability cone. As a result,

Fig. 10. Evolution of the eigenvalues of both the tangent stiffness matrix and its symmetric part over the loading path

Fig. 11. Polar diagram of the normalized second-order work. The
different diagrams correspond to the different loading stages (Points I,
A and B—see Figs. 8 and 9)

Fig. 12. Evolution of the instability cone over the loading path
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the axial stress s1 decreases after Point A (softening regime), as
shown in Fig. 8.

In conclusion, even though the local behavior between particles
is purely elastic, an unstable behavior can be observed on the speci-
men scale. Instability appears long before the plastic criterion is
met on the local (contact) scale. It is clearly material on the speci-
men scale, detected by the second-order work criterion. The local
origin of this instability is related to the contact law used to describe
the evolution of the contact forces as a function of the relative dis-
placements between spheres. Because of the hypoelastic character
of the law before the plastic criterion is met, instability may arise,
detected by the vanishing of the second-order work.

Closure Discussion

The diamond pattern considered in the previous section can be
regarded as one basic generic arrangement taking place within a
2D granular assembly. It is now well recognized that a granular
material, once loaded, is composed of two distinct, interacting
phases: a strong phase is constituted by the force chains gathering
along quasi-linear patterns, with the contacting grains transmitting
substantial contact forces. This was confirmed by several authors
using discrete element simulations (Radjai et al. 1999) or consid-
ering experimental tests (Oda and Konishi 1974). These force
chains, whose stability is ensured by the surrounding weak phase,
are known to be responsible for the strength of the medium.
Correlatively, the collapse of these chains directs a limitation of the
strength of the medium, as observed at the peak (or near the pla-
teau) of the drained triaxial test (Tordesillas et al. 2010, 2011,
2012). The weak phase is made up of the rest of the medium, mix-
ing different grain loops in 2D. Unlike force chains, the deform-
ability of the grain loops is important attributable to the relative
motion between grains. Therefore, as a first approximation, it is
believed that the deformability of the granular assembly is ensured
by the grain loops within the weak phase, whereas the strength of
the medium stems from the force chains. These two phases act in
close collaboration, the weak phase (grain loops) directing a stabi-
lization effect for the force chains. This confining effect is even
more efficient because the grain loops constituting the weak phase
are stable.

The diamond-like pattern considered in this manuscript repre-
sents a grain loop. The same approach can be carried out with other
grain loops containing more grains (pentagonal or hexagonal pat-
terns), even though the occurrence frequency of grain cycles within
a granular assembly decreases when the number of grains increases
(Kruyt 2012). Basically, the same conclusions would have been
drawn. According to the loading conditions applied, the axial force
reaches a peak and follows a descending branch. At the peak, the
system is not able to sustain a higher axial force. If an additional
axial force is applied to the system, an abrupt collapse is expected
to occur, stemming from an imbalance between the external force
and the internal contact forces between grains. It is worth empha-
sizing that this evolution occurs even though the local behavior
between grains is purely elastic, shedding light on the geometri-
cal effects related to the local kinematical description at contacts
(section 2).

These geometrical effects are particularly visible in both
Eqs. (12) and (13). The expressions of Ḟ1 and Ḟ2 in Eq. (13)
are composed of two parts. A first part involves the constitutive
behavior on the contact scale: terms 2ðṄ cosαþ Ṫ sinαÞ and
2ðṄ sinα − Ṫ cosαÞ. These terms give rise to the symmetric
operator Kmat [Eq. (27)]. A second part involves a purely geomet-
rical effect: terms F2α̇ and F1α̇. These terms, together with the

definition of the tangent incremental displacements given in
Eq. (5), are directly related to the nonsymmetric operator Kgeo,
see Eq. (28).

Eq. (12) can be rewritten as�
F1

F2

�
¼ 2

�
cosα − sinα

sinα cosα

��
N

−T
�

ð46Þ

where R ¼
h cosα − sinα
sinα cosα

i
= rotation matrix of angle α. Any

change inR, directed by a change in the orientation α of the branch
vectors joining the centroids of the spheres, results in a change in
the external forces (F1, F2). Thus, the evolution of (F1, F2) also
stems from the change in the micro-structure. This feature can be
generalized from the stress averaging Love-Weber formula (Love
1927; Weber 1966; Christoffersen et al. 1981; Mehrabadi et al.
1982). The average stress σ acting within a granular assembly of
volume V containing Nc contacts is given by

σij ¼
1

V

XNc

c¼1

fci l
c
j ð47Þ

where lc = branch vector relating the centers of contacting particles;
and fc = inter-particle forces. Ignoring the change in the volume,
the evolution of σ is governed by the change in the contact forces fc

(depending on the local behavior) and the change in the branch
vectors lc (the distribution of the branch vectors relates to the
micro-structure). This is a generalization of the feature investigated
in this manuscript on the elementary pattern scale.

The emergence of a nonconservative behavior on the grain ar-
rangement scale, characterized by the nonsymmetry of the tangent
stiffness operator, makes the diamond pattern a heuristic example
of a hypoelastic structure. This hypoelastic behavior observed on
the grain arrangement scale derives from the mathematical structure
of the kinematical model used to describe the interaction between
the particles. It should again be stressed that this model corresponds
to that widely used in the discrete element models, in which par-
ticles can overlap.

The nonsymmetry of the tangent stiffness operator was shown to
give rise to a proper bifurcation domain (even in the elastic regime).
This domain gathers all the mechanical states where the second-
order work can take negative values along given loading directions.
Thus, for the mechanical states within the bifurcation domain,
instability modes can occur according to the loading conditions
(this corresponds, for example, to the softening regime observed
in Figs. 6 and 8). These findings are perfectly in accordance with
the recent investigation on elastic structures (Ziegler column), in
which it is shown that some loading conditions can destabilize
an elastic structure, especially when kinematical constraints are
prescribed (Challamel et al. 2008; Nicot et al. 2012a; Lerbet
et al. 2013).

Appendix I. Spectral Properties of Matrices K̂ and K̃

Matrices K̃ and K̂ are related by the equation

K̂ ¼ AK̃B ð48Þ

where A ¼
h
1= tanαo 0

0 1

i
, B ¼

h
1 0

0 tanαo

i
and tanαo ¼

L2o=L1o.
The authors observe that A ¼ RARA and B ¼ RBRB, where

matrices RA and RB are diagonal and, therefore, commute
(RARB ¼ RBRA). The quadratic form q̂ associated with matrix
K̂ reads
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q̂ðXÞ ¼ tXK̂X ð49Þ

Using Eq. (48), and taking into account that all matricesRA and
RB and their inverses R−1

A and R−1
B are symmetric and commute,

Eq. (49) can be transformed into

q̂ðXÞ ¼ tXtRB
tRAR

−1
B RAK̃R−1

A RBRARBX ð50Þ

and thus

q̂ðXÞ ¼ tðRARBXÞðR−1
A RBÞ−1K̃ðR−1

A RBÞðRARBXÞ ð51Þ

Noting Y ¼ RARBX, P ¼ R−1
A RB and H ¼ P−1K̃P yields

q̂ðXÞ ¼ tYHY ¼ qHðYÞ ð52Þ

where qH = quadratic form associated with matrix H.
As Y ¼ RARBX, where the matrix RARB is symmetric,

definite and positive, the quadratic forms qH and q̂ are equivalent.
Matrices K̂ and H, therefore, have the same spectral properties.
Moreover, as H ¼ P−1K̃P, matrices K̃ and H are similar. They
are associated with the same endomorphism and have the same
eigenvalues.

In conclusion, both matrices K̂ and K̃ have the same spectral
properties; they are associated with the same endomorphism.

Appendix II. Dimensionless Constitutive Relation

In both situations (elastic regime and plastic regime), the tangent
stiffness matrix K̃ can be split into two terms, K̃ ¼ K̃mat þ K̃geo,
where K̃mat represents the material origin of the constitutive behav-
ior, involving only the elastic or the plastic behavior on the contact
scale between the spheres, and K̃geo accounts for the geometrical
origin of the constitutive behavior

K̃mat ¼ kn

�
cos2αþ Λ1sin2α ð1 − Λ2Þ cosα sinα

ð1 − Λ1Þ cosα sinα sin2αþ Λ2cos2α

�
ð53Þ

with Λ1 ¼ kt=kn and Λ2 ¼ kt=kn in the plastic regime, and Λ1 ¼
ζnζtðtanϕg= tanαÞ and Λ2 ¼ −ζnζt tanφg tanα in the plastic
regime

K̃geo ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2
1 þ L2

2

p
�−F2 sinα F2 cosα

F1 sinα −F1 cosα

�
ð54Þ

Formally, noting S1 ¼ F1=L2o, S2 ¼ F2=L1o, E1 ¼ ðL1o −
L1Þ=L1o and E2 ¼ ðL2o − L2Þ=L2o, the governing Eqs. (17)
and (19) can be expressed as

Ṡ ¼ ðK̂mat þ K̂geoÞĖ ð55Þ

with S ¼
h S1
S2

i
and E ¼

hE1

E2

i

K̂mat

¼ cos2αkn

� ð1þΛ1kttan2αÞ= tanαo ð1−Λ2ktÞ tanα
ð1−Λ1ktÞ tanα ðtan2αþΛ2ktÞ tanαo

�
ð56Þ

and

K̃geo ¼ cos2αkn

2
6664
− tanα

S2
1−E1

�
tanαo

S2=kn
1−E1

tan2α
S1=kn
1−E2

− tanα
S1

1−E2

tanαo

3
7775

ð57Þ

The relation K¼KmatþKgeo, together with Eqs. (56) and (57),
gives Eq. (25).
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