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SIMULTANEOUS DETERMINATION OF THE MAGNETIC FIELD AND THE ELECTRIC
POTENTIAL IN THE SCHRODINGER EQUATION BY A FINITE NUMBER OF BOUNDARY
OBSERVATIONS

IBTISSEM BEN AICHA, YOUSSEF MEJRI

ABSTRACT. We study the inverse problem of determining the magnetic field and the electric potential appear-
ing in the magnetic Schrodinger equation, from the knowledge of a finite number of lateral observations of the
solution. We prove a Lipschitz stability estimate for both coefficients simultaneasly by choosing the "initial"
conditions suitably.

Keywords: Inverse problem, magnetic Schrodinger equation, stability estimate, finite number of partial Neu-
man measurements, Carleman estimate.

1. INTRODUCTION

1.1. Statement of the problem. In this paper, we study the following inverse problem: Given T > 0 and
a bounded domain 2 < R", n > 1, with smooth boundary I', we want to determine simultaneously the
divergence free magnetic potential of the form a(xz,t) := x(t)a(x) and the electric potential ¢(x,t) :=
B(t)q(x) appearing in the following equation

(=0 + Ho(t) + q(z, 1))u(z,t) =0, in Q= x (0,T),
(1.1) u(z, %) = ug(x) in 2,
u(z,t) =0, on Y =T x(0,7)

where H,(t) := (iV + x(t)a)? denotes the time-dependent Hamiltonian, associated to the magnetic po-

tential vector x(t)a(x). Here a = (a1, ...,a,) € A == H{(Q)" n {a € L®(Q,R"), V-a = 0}, and
q € L®(Q) are unknown real valued functions. Moreover, the functions 3, x € C3(0, T; R) are assumed to
be known functions satisfying

T T T

(1.2) (2 =B =0, X(G) 20, B(3) %0

We denote by I'" an open subset of I satisfying an appropriate geometrical condition we shall precise later.

The inverse problem we investigate in this paper, is to know whether the knowledge of a finite number of
Neumann measurements J,uj+ (0,7 = (V- V) p+ x (0,7) uniquely determines a(x) and g(z) simultane-
ously. Here v(x) denotes the unit outward normal to I" at .

1.2. Bibliographical notes. There is a wide mathematical literature dealing with uniqueness and stability
in inverse coefficient problems related to partial differential equations. In recent years, significant progress
have been made in the recovery of magnetic potentials in magnetic Schrddinger equations from the Dirichlet-
to Neuman map. As it was noted in [[11]], the Dirichlet-to Neuman map is invariant under a gauge transfro-
mation of the magnetic potential. Namely, given ¢ € C'(£2) such that ¢r = 0, we have Ay vy = Ag. So,
due to this obstruction to uniqueness, the best one could recover from the Dirichlet-to-Neumann map is the
magnetic field da, where da is the exterior derivative of a interpreted as the one form Z?=1 a;dx;.
1
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The inverse problem of determining the magnetic field da and the electric potential ¢ from boundary
observations was first considered by Sun [12], in the case n > 3. He showed that da and ¢ can be uniquely
determined when @ € W%, q € L™ and da is small in the L* norm. In [10], a uniqueness result was
proved for C*™ magnetic potentials. In [11]], Eskin proved a uniqueness result for an inverse problem for
the Schrodinger equation with electromagnetic potentials, modulo a gauge transform of the recovery of the
potentials from the Dirichlet-to Neuman map. In a recent work, Bellassoued and Choulli [3] considered
the problem of recovering the magnetic potential da from the Dirichlet-to-Neumann map associated to the
Schrodinger equation and proved in dimension n > 2 a stability estimate of Holder type.

In the Riemannian case, Bellassoued [2] proved recently a Holder-type stability estimate in the recovery
of the magnetic field da and the electric potential ¢ from the knowledge of the Dirichlet-to-Neumann map
associated to the Schrodinger equation with zero initial data. In the absence of the magnetic potential a, the
problem of recovering the electric potential ¢ on a compact Riemannian manifold was solved by Bellassoued
and Dos Santos Ferreira [8]].

The problem of determining the magnetic field by a local Dirichlet-to Neuman map was solved by Dos
Santos Ferreira, Kenig, Sjostrand and Uhlmann [5]. In [[13]], Tzou showed that the magnetic field depends
stably on the Dirichlet-to Neuman map measured on any subboundary which is larger than half the boundary.
In [4], Benjoud studied the inverse problem of recovering the magnetic field da and the electric potential
q from the knowledge of the Dirichlet-to-Neumann map. Assuming that the potentials are known in a
neighborhood of the boundary, she proved a stability estimate with respect to arbitrary partial boundary
observations. The key ingredient in the proof of all the above mentioned papers, is the construction of
geometric optics solutions.

To our knowledge, there is a few results on the recovery of coefficients appearing in a Schrodinger equa-
tion, from a finite number of boundary measurements. By a method based essentially on an appropriate
Carleman estimate, Baudouin and Puel [1]] showed that the electric potential in the Shrédinger equation can
be stably recovered from a single boundary measurement. In [7], Cristofol and Soccorsi proved a Lipschitz
stability in recovering the magnetic field in the Schrddinger equation from a finite number of observations,
measured on a subboundary for different choices of ug. In the present paper, we improve the two above
mentionned results by showing that the electric potential and the magnetic field can be stably and simul-
taneously recovered from a finite number of boundary observations of the solution. We stress out that the
simultaneous identification of the magnetic field and the electric potential in the Schrédinger equation can-
not be directly obtained from the results of [1]] and [7]], as the electric (resp. magnetic) potential is a two
(resp. first) order perturbation of the laplacian. As a matter of fact, the method of derivation of the stability
estimate given in Theorem[I.2]is different for the one of [7][Theorem 1.1], as second order time-derivatives
of the solution only are used.

1.3. Well posedness of the magnetic Schrodinger equation and main results. Before stating our main
result, we need first to justify the existence of a unique solution of (I.I). To this end, we introduce the space
H1(Q) := H () equipped with the scalar product

< (=A + DY, (=A + 1) >12(0) for any u, v € H1 (),
and denote by Ha := H?(Q) n H}(Q) equipped with the scalar product
< (A + Du, (A + 1)v > 12 for any u, v € Ha ().

Here and below < -,- >72(q) denotes the usual scalar product in L?(Q). Then, we have the following
theorem:
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Theorem 1.1. Leta € A, g € L®(2,R), x € C3(0, T;R) and 3 € C3(0, T; R). Then, for every ug satisfying
AFug e Ha, k = 0,1,2, and for any f € W?(0,T; Ho(RQ)), there exists a unique solution
u e C3(0,T;Ha) N C3(0,T; Ho)

to the equation

(1.3) { (=i0 + Hq(t) + B(t)q(x))u(z,t) = f, in Q= x(0,T),

u(z, %) = ug(x) in Q.

Moreover, there exists a constant C' > 0 such that

_ j
(1.4) [0 u, D)) < C Y (A ol 05 =012 te(0,7).
k=0

Proof. Since H,(t) is a self adjoint operator in L?((2), associated with the sesquilinear form
ue [V + x(t)a)[72qyns  wE Hy(Q),
then, it holds true (see. e. g. [[7]) that the domain of H,(t) is
D(H,(t)) = Hy(2) n H*(Q).
Further, as ¢ € L*(Q2) for all ¢ € (0,T"), we deduce from the Kato-Rellich Theorem that
D(Ha(t) + B(t)q) = D(Ha(1)).
In view of [9][Section ], there exists a family of unitary operotors (U(t, s))o<s <7 in Ho satisfying the
following statements:
(1) U(s,s) = Id, the identity mapping in H,,
(2) U(t,s) D(Ha(s) + B(s)q) = D(Ha(t) + 5(t)q), t,5 € [0,T].
(3) For all ¢ € D(H,(s) + B(s)q), the mapping ¢t — U(t, s)z, is continuously differentiable in [0, T']
and satisfies
—i0U(t,5) ¢ + (Ha(t) + B(t)q(x))U(t, s)¢ = 0,
therefore, arguing as in [[7][Section 2], we check that

(1) = Ut g)uo +sz U(t, ) f(s) ds,

is solution to (I.3)) and satisfies the estimate We complete the proof of this theorem.. g

In order to express the main result of this paper, let us introduce some notations. Let us denote by V), an
arbitrary neighborhood of the boundary I'. For M > 0, and (ag, o) € A x L*(2), we define the admissible
set of the unknown coefficients a and q:

Sn(ao, qo) = {(a,q) € A x L*(£), such that a = ag, and q = qp in V}.
Then, our main result can be stated as follows

Theorem 1.2. Let M > 0, let x and B be as in Theorem and satisfy Let (aj,q5), j = 1,2
be in Spr(ao, qo), where (ao, qo) are the same as above. Then, there exists n + 1 initial conditions ug ,
k =0, ...,n, such that we have
n
lar — az| 20y + a1 — a2l r2(0) < C( > 100 0Fur g — 0,07 us il
k=0

2
L?(O,T;m(rﬂ)) :
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Here C > 0 is a constant depending only on ), T', x and 3 and ujy, j = 1, 2, is the solution of where
ug k is substituted for uy.

1.4. Comments.

e Notice that as in [9]], we impose the initial condition u(-, %) =wupin (1.1) at t = % and not ¢t = 0.
This allows us to "symmetrize" the solution u to ll around t = % and consequently to apply the
Carleman estimate of Proposition [2.1{to u over (0, 7).

e The assumption V - a = 0 is purely technical and does not restrict the generality of Theorem [I.2]
Indeed, it is well known that the magnetic potential is not meaningful in physics. The physical
relevant quantity is the "two-form" da = 0 A a, which coincides with the magnetic field curl ¢ when
n = 3. Actually, given the "magnetic field" b, we can always choose a divergence free a such that
we have b = da. This amounts to substituting a + V) for a, where 1) € H'(Q) is solution to the
system

—AyY=V-a in§,
=0 in 09).

e As in [7], we enforce homogeneous Dirichlet-boundary conditions to (I.T). These homogeneous
Dirichlet conditions impose that ¢ be known in the vicinity ) of the boundary 0€2. Nevertheless, this
condition can be removed upon selecting suitable non-homogeneous Dirichlet boundary conditions
on 02 as in [1]].

e Similarly, we can remove the assumption that ¢ be known on ) by selecting the initial conditions
uok, for k = 1,...,n, as in [Z][Theorem 1.1]. Nevertheless, the set of initial conditions cannot
be defined explicitly, so we rather stick with the formulation of Theoren{I.2] given in this paper.
Nevertheless, in order to avoid the inadequate expense of the site of this article, we shall not go
further into details in this matter.

¢ Evidently, it can be checked that if a; = ag then, the electric potential can be Lipschitz stably
retrieved from one boundary observation of the solution. This extends the result of Baudouin and
Puel [1]], to the case of a magnetic Laplacian.

Similarly, if ¢ = g2, we can determine the divergence free magnetic potential for n boundary
observations of the solution, which generalises the result of [7].

o It is worth mentionning that the stability estimate of Theorem [I.2]determines 7 + 1 unknown func-
tions (a1, ...,ay,) and ¢ from the knowledge of n + 1 boundary observations over the time-space
(0,7).

e We stress out that the condition|l.1|imposed on the functions y and /3 are essential in order to solve
the inverse problem under study in this work. Indeed they allow us to recover the information on a
and ¢ from the knowledge of the "initial" condition of the second order derivative of the linearized
system associated with (see the second line in|3.11)).

1.5. Outline of the paper. The proof of Theorem [I.2]is based on the celebrated Bugkheim. Klibanov
method [6] which is by means of a Carleman estimate designed for Schrédinger equations. In Section [2]
we state the global Carleman estimate we use in the derivation of the stability result. Section [3]contains the
proof of Theorem|[I.2]
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2. GLOBAL CARLEMAN ESTIMATE

In this section, we recall the global Carleman inequality for vanishing solution on the boundary 3., which
can be found in [1l][Section3]( see also [[7] ). This estimate is the main tool needed for the derivation of
Theorem [[.2

Given the Schrodinger operator
2.9 L:=id+ A,
we define a function 1 € C*(£2, R, ), satisfying the following conditions:

i) |Vy(x)| = >0, Ve e
(i) V¢ -v < Oforall z e T\I'"
(iii) dA; > 0, e > 0 such that for all £ € R"™, and for all A > A1, we have
AVY - €2 + D*(€,€) = el¢f,

0%y

8:@63@-

where Dy = ( and D2y (¢, €) denotes the C-scalar product of D2¢¢ with &.

)1<z’,j<n

Notice that there are actual functions 1 verifying the above assumptions, such as z — |z — x0|?, for an
arbitrary xo € R™\Q and a subboundary I' 5 {x € T, (x — x¢) - v > 0}. Furthermore, for A > 0 the
following weight functions:

() o — (@)

(2.6) Q(x,t) = m, and 77($7t) = my

where a > [|e*?| 1« (o). Finaly, we introduce the two operators Py and P, acting in C°(Q)’, as follows:
(2.7) Py = id + A+ s%|Vn|?, and P :=isdm +2sVn-V + s(An),
in such a way that P; + P» = e~ *"Le®". Then, we have the following result:

Proposition 2.1. Assume that 1) and I'" satisfy the above conditions. Let ) and 6 be as in @) and let P,
Jj =1, 2 be defined by (2.7). Then, there are two constants sop > 0 and C > 0, depending only on T, 2 and
T, such that the estimate

sle™Vulo o) + SPle™ulF gy + D) 1P ulF2g)
j=1,2

< C(slem0"2(0,1) 20, 2 ey + e Lulda g )

holds for all s > so, and for any function u € L*(0,T; H}(Q)) such that Lu € L*(Q) and d,u €
L%(0,T; L*(T'T)). Here X stands for '™ x (0, T).

3. STABILITY ESTIMATE

In this section, we derive the stability estimate for a and g appearing in the magnetic Schrodinger equation
(1.1) of Theorem Here and henceforth the symbol ”’” stands for the differentiation with respect to ¢.
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3.1. Linearization. Let u;, for j = 1, 2, be solutions to

(=10t + Ho,(t) + B(t)gj)u; =0, inQ,
(3.8) uj(-, $) = up(z), in €,
u; =0, on .

Then, u = u; — g is a solution to the following boundary value problem

(_iat + Hal + 5(t)QI)u = f7 in Qa
(3.9) u(,L)=0 in Q,
u =0 on X,

where f = x(a1 — a2) - (—2iV — x(a1 + a2))us — 5(q1 — g2)uso. By differentiating (3.9)), we get

(—i0s + Hoy + B(t)q1)v =g := f' — Hyu— f'qru, in Q,

(3.10) v(-, T) =0, in Q,
v =0, on X

with v = dyu. Thus, w = 0;v is a solution to

(—i0; + Hqy (t) + B()qr)w = h:= f" = 2(H} + B'q1)v — (Hy, + B"q1)u, inQ,
3.11) w(- L) =2x($) (a1 — a2)(x) - Vug — i ($) (@1 — @2)(x)uo, in Q,
w =0, on %

3.2. Preliminary estimates. We start by stating a powerful tool introduced by A. L. Bughkeim and M. V.
Klibanov in [6]].

Lemma 3.1. For d € {1,...,n}, let n be given by . Then, there exists a positive constant k > 0,
depending only on T, such that we have

T t 2 K
J f em2on(e) f P& @) de| dwdt < % e/ 2 g
0 JQ % ’

for every p e L*(Qr)%.

We turn now to establishing the coming statement with the aid of Proposition [2.1]and the above lemma.

Lemma 3.2. There exists s1 > 0 such that for any s = s1, we have the following estimate

SSHe_san%%Q) + HPle_SanQLQ(Q) < C(He—sn(al - CL?)Hiz(Q)n + e=* (a1 — QQ)Hzm(Q)

where C is a positive constant independent of s.

Proof. By applying Proposition [2.1]to the solution w, we find a constant C' > 0 such that

s*le™ M) Faq) + [P wl2g) + sle™ V| T

(3.13) < C(He‘S”quia(Q) + sl\6‘8"91/2<auw)1/2@w|\%2@+)), 5> 0,

where Lw(z,t) = (=h(z,t) + 2ix(t)a1(z) - V + x2(t)a3 (z) + B(t)q1 (z))w(z, t). Here h(x,t) is given by
the following identity

h(z,t) = =2(Hq, + B'q)v — (Hy, (8) + B"(D)q)u + filer — ¢2)(x) + fa(ar — a2)(2),
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where
fl ($, t) = /6”’&2 + 26'6tu2 + BaEUQ,
and

folz,t) = X”( —2iV — x(a1 + a2) — 2x% (a1 + az) — xx" (a1 + ag)u2
—1—2)(’( —2iV — x(a1 + a2) — 2xx/(a1 + ag))é’tm
—i—x( —2iV — x(ay — ag))aqu

In view of (1.4), we have f; € C°([0,T]; L®(£2)) for j = 1, 2. Moreover, it is easy to see that H, + f'q1
and H} + "¢, are bounded operators from L?(0,T; H'(Q)) into L*(Q). Thus, there exists C' > 0,
independent of s, such that we have

s3)e” + HPle_sanLg(Q + 5H6_5”V1u|\%2
< c(ne—swal = 2)|Zan + 1 a1 — 42)2agg + sle™0Y2(8,0) 20,025 s
Y (e B + eV alg)-
P=U,V,W
Therefore, since Vk f Vk T)dr and Vk f Vk T)dr, for k = 0,1, we deduce
from Lemma [3.1] that

nge*s"wH%Q(Q + [|Pre*Mw] 3, 2g) T sle s 1Vw|3,
< C<|‘€7577(‘11 - a2)”%2(Q)n + e (q1 — Q2)H%2(Q) + 5‘|€7sn91/2(auw)lpaku?y(m)

e w250, + e VWl L2(g) )
for any s > sg. Thus, by taking s sufficiently large, we obtain
Ble Ml g + [ Pre w2y < € (e o — as)l2agy + e a1 — ) 3o
5 e 10Y2(0,1) 20,0 3 51 ).
This completes the proof of the Lemma. (Il

3.3. Proof of Theore Let us now complete the stability estimate. Putting ¢(z,t) = e *"@hy(x, t)
and using the fact that ¢(x,0) = 0, we get

l6(, )HLQ(Q) ff L ooz, t)|? dw dt = 2R (f L atqs(x,t)mdxdt).

Hence, from the Green formula and (2.7) one can see that
T
b -
| (-, %)H%Q(Q) = 2% (J J (i0y + A + 32|V17(:v,t)|2)¢(x,t)¢(:u,t) dx dt)
0. JO

- 2%(f Lplgz)(x,t)gﬁ(gc,t)dxdt).
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Therefore, we get from the Cauchy-Schwarz inequality that

lo (-, )HLz(Q) < 2|Pigla ()¢l 70

(3.15) < 532 <s3\|e*5"w|\§2(@ + |\Ple*8”w\|%2(@>, s> 0.
Then, by Lemma@ we obtain for all s > s

T s T o _sn(-. T
(3.16) 60 520 = 4 () e T a1 — a2) - Vol 2agaye + 8 () e g — ao ol

< 03*3/2(ne*8"<a1 — ) Bagp + e e = @)[3agq) + 5 le 10 200 P00 s )

Let us now choose the initial conditions ug as follows. Pick w S € such that w > Q\V. Then, we choose
ug € C’g () such that ug(x) = 1 for any x € w. Taking into account that ¢; — g2 and a1 — ay vanish in V
and that n(z, £) < n(z,t) for all = € Q, we deduce from |b that

(3.18)

_ Con( T (T
Cille™" ’2)(Q1—Q2)HL2(Q) Cs 3/2(H€ 102 (a1-as) |72 qyn + e "(’2)(Q1—Q2)H%2(Q)+5\|5uw|\%2(z+))-

Here we used the fact that e~ and 0,1 are bounded on X T. Next, we select n initial conditions ug ) €
C8(Q), for k = 1,...,n, such that ug = T} on w. Then, we infer from || in a similar way that
(3.19)

—sn(-, L sn(-, T _sn(-.T
Calle™* "B (a1 =az)el 22y < O™ (™D (@1a2) 22y +le ™03 (@1-2) 3oy +3 10wl Fasny )

where (a1 — ag)y, denotes the k' component of a; — az. Summing up |i with 1i fork=1,..,n
we get that

n
T T
Cille™"2 (a1 = )72y + Co Y, le ™02 (a1 = a2);]72(q)
j=1
<O+ 1) 572 (1m0 a1 = a3) By + 0D (@1 = @) oy + 5 10wl3ass)), 52 52
Thus, there exists s3 > 0 such that for s > s3, we have
T
105 (g1 = 42) oy + le "0 (a1 — az) Bagye < s 200,07 (wn — uz)[Basey-

_4ge=1

Finally, from the inequality e—on(3) =e 12 >0, we get the desired result.
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