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ON THE LINK BETWEEN FINITE DIFFERENCES AND
DERIVATIVES OF POLYNOMIALS

KOLOSOV PETRO

ABSTRACT. The main aim of this paper to establish the relations between
forward, backward and central finite and divided differences (that is discrete
analog of the derivative) and partial and ordinary high-order derivatives of the
polynomials.
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1. INTRODUCTION

Let introduce the basic definition of finite difference. Finite difference is differ-
ence between function values with constant increment. There are three types of
finite differences: forward, backward and central. Generally, the first order forward
difference could be noted as: Apf(z) = f(x + h) — f(z) backward, respectively,
is Vi f(z) = f(z) — f(z — h) and central &, f(z) = f(z + $h) — f(xz — 3h), where
h = const, (see [1], [2], [3]). If increment is enough small, but constant, we can say
that finite difference divided by increment tends to derivative, but not equals. The
error of this approximation could be counted next: %@) — f'(z) = O(h) = 0,
where h - increment, such that, h — 0. By means of induction as well right for
backward difference. More exact approximation we have using central difference,
that is: %@) — f'(z) = O(h?), note that function should be twice differentiable.
The finite difference is the discrete analog of the derivative (see [4]), the main dis-
tinction is constant increment of the function’s argument, while difference to be
taken. Backward and forward differences are opposite each other. More generally,
high order finite differences (forward, backward and central, respectively) could be
denoted as (see [7]):

(L) AEf) = A o1 - 85740 = 3 () 0¥ S+ (= o
k=0
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(12) Pi(r) = i(—l)k(ﬁ) (et (B-k)n)

k=0

13 VE@) =@ - Ve -0 =3 () 0F s
k=0

Let describe the main properties of finite difference operator, they are next (see [5])

(1) Linearity rules A(f(z) + g(x)) = Af(x) + Ag(z)
6(f(z) +g(x)) = df(x) + dg(x)
V(f(z)+g(x)) = Vf(z) + Vg(z)

(2) A(C- f(2) =C-Af(z), V(C- f(z)) =C-Vf(z),
6(C- flx))=C-éf(x)

(3) Constant rule AC =VC =§C =0

Strictly speaking, divided difference (see [6]) with constant increment is discrete
analog of derivative, when finite difference is discrete analogue of function’s differ-
ential. They are close related to each other. To show thus, let define the divided
difference.

Definition 1.4. Divided difference of fixed increment definition (forward, centaral,
backward respectively)

fTlai, =)= w, j>i, Az >1

[, 4] = M, j<i, Ve>1
xi—xj

f(xi-i-m) — f(xi—m)

2m

felwi) =

Hereby, divided diffrence could be represented from the finite difference, let be
j =1+ const

Af(z;) _ Vf(xi)
Az Vz

fi[xia Ij] =

fC [wl] = om = =
The n-order
fc[wi]n = 0" f(Titm) _ 0" f(Titm)

(2m)" oxm

Each properties, which holds for finite differences holds for divided differences as
well.
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2. DEFINITIONS FOR x4 DISTRIBUTION

Let be variable x4 : g = g-C, C = 2941 —xg =const, CER - x4 € R, g € Z.
Define the finite difference of function of such argument, we take C' = h and rewrite
forward, backward and central differences of some analytically defined function

f(zi) next way: Af(wiy1) = f(wiy1)—f(2i), Vf(wio1) = f(zi)—f(@io1), 0f(z:) =

f T, 1) = flx. 1 ). The n-th differences of such a function could be written as
K3 5 ’L—E
n n— n— . n
1) A i) = A ) = A ) = 3 ()1 Sarrnon)
k=0

n

(22 1) =3 (1) (-1F £ (wirg )

k=0

23) V) = V) - T i) =3 (1) C1F S
k=0

Let be differences Af(zit1), 0f(z;), Vf(zi—1), such that ¢ € Z and differences is
taken starting from point 7, which divides the space Z = Z~ U Z* symmetrically
(note that +/— symbols mean the left and right sides of start point 4, i.e backward
and forward direction), this way we have (i+1) € Z*, (i—1) € Z ™, i € (ZT,Z7).
Let derive some properties of that distribution:

(1) max(Z~) = min(Z™) =i

(2) Forward difference is taken starting from min(Z"), while backward from

max(Z™)
(3) card(Z*) = card(Z™)
(4) Maximal order of forward difference in which it is not equal to zero is

max(Z™")

(5) Maximal order of backward difference in which it is not equal to zero is
min(Z™)

(6) Maximal order of central difference in which it is not equal to zero is
max(Z™)

(7) Forward and backward difference equal each other by absolute value, while
to be taken from ¢ =0

3. DIFFERENCE AND DERIVATIVE OF POWER FUNCTION

Since the n-order polynomial defined as summation of argument to power mul-
tiplied by coefficient, with higher power n, let describe a few properties of finite
(divided) difference of power function.

Lemma 3.1. For any power function with natural number as exponent holds the
equality between forward, backward and central divided differences, and derivative
with order respectively to exponent and equals to exponent under factorial sign.

Proof. Let be function f(x) = 2™, n € N. The derivative of power function, f (z) =
na™~1, so k-th derivative f*)(z) =n-(n—1)---(n —k+1)-2" % n > k. Using
limit notation, we have: lim,,_,,- ™) (z) = f(z) = n!. Let rewrite expressions

@I 22 23) according to definition z; = i - Az, note that Az = Vo = dz. By
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means of power function multiplication property (i-Axz)™ = i"™-Az", we can rewrite
the n-th finite difference equations (2.1] 22 23] as follows

(32) A™(zi,) = Z (T/Z) (=D" (i+m—k)"™ Aa™ m<neN
k=0

Using limit notation on (B:2), we obtain

(3.3) lim AnE) lim Z (7:)(—1)’“ (i+m—k)"

m—n— Azxm™ m—n—
k=0

_Z(> (i+n—k)"""=n

Similarly, going from (23)), backward n-th difference equals:

(3.4) lim Viei,) _ lim zm: <’:) (-1)F - (i—m+k)"™

m—n_— Vaxm m—n

And n-th central (2.2])

(3.5) lim 57’;’;&?” = lim i <’:) (-1 (i + = - k)m

m—n m—n
_ - n k : n n=0 _
_Z<k>(_1) : (z+§—k) —
k=0
As we can see the next conformities hold

A g, B

(3.6) A A = A A

F 0
(3.7) 51351%0 oxn 5351510 Sxm

VU o VS

= '
(3.8) Vom0 Vat  Vamc Van
Aot VS +
(3.9) Alagglc N 5alc—>c Sz vlggglc Van V(O eRT)
In partial case when C' =0
arf _ooonf VS
(3.10) dz" 511—>0 S VliHO Vi
As well holds
daf | "f
(3:11) d:c( 0) = vlglglgo Vazn (%)
arf _ o A 6nf VIS +
(312) da™ ~ Algglc N 53151510 oz vlzlglc Var’ V(CEeRT)
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where f = z™. And there is exist the continuous derivative and difference of order
k < mnsince f € C" class of smoothness. Thus, from 3.6l B7 B.8)), we can conclude

dhz™  AM(xP) () V™(a))
= 2 = 2 = L = !
(3.13) T Ao 5o T nl, (Az, dx, Vz) /4 dx

This completes the proof. (Il

Definition 3.14. We introduce the difference equality operator E(f), such that
def A"f 6nf vnf
(3.15) E(f) = ( =— =

Azm ox™ Van

Property 3.16. Let be central difference written as 0m f(x;) = f(@izm) — f(Xiem)
the n-th central difference of n-th power is 6™, (%) = n!- 2m - 62", where dx =
Titm — Ti—m = CONSL

Going from lemma (B.1I), we have next properties

4

(1) AF(x Z+1) =const, (i +1) € Z+ : max(Z+) > k — Ak(gcfﬂ) = Ak (2F)
(2) VE(xF ) =const, (i —1) € Z— : min(Z—) < k — VF(zF ) = V*(aF)
(3) 0% (2} ) = const, i € Z+ : max(Z+) > k — 0%(2F) = 6k(xf+ )

(4)

([z—l—l]EZ—i— [i—1]eZ-): AR (2l ) = V’“‘”(:v 1) =0,
j>1, since AC=6C=VC=0
(5) V(f=a2", neN, k<n):AFf = (-1)""1.VFf.
(6) Af(@it1) = |V f(zi-1)
Hereby, according to above properties, we can write the lemma B.1) as

drat  AMz) _ t(xf) V(7))

= —n!
(3.17) dzn Ax™ oxn Vazr "
Or
(3.18) (%) 2" = E(2") =n!

4. DIFFERENCE OF POLYNOMIALS

Let be polynomial P, (z4) defined as
(4.1) Pu(zg) = aix,

Finite differences of such kind polynomial, are AP,(x;) = P,(xiy1) — Pu(x;),

VP,(xi—1) = Pp(x;) — Po(i—1), 6Pu(2;) = Py (:1:,+1) - P, <3: 1>. Such way,
K3 5 ’L—E

according to the properties ([l 2 B]) from section [ high order finite differences of

polynomials could be written as:

AkPn(chl) = Ak(ao : $?+1 S $?+1) = Ak(GO : x?+1) et Ak(an '$?+1)

(4.2) =ag- A¥(ady) + o a - A (e,
Backward difference, respectively, is

VkPn(wi_l) = Vk(ao . :c?,l +otan-al )= V’“(ao . x?,l) + -+ Vk(an cal )

(4.3) =ao V(@) )+ +an V) ,)
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And central

6P, () = 6" (ag -2V + -+ a, - 2?) = 6%(ag - 20) + - - - 4 6% (ayp - 1)

(4.4) =aqg - 6]“(90?) 4+ 4ay, - 5’“(:10?)

Above expressions hold for any build natural n-order polynomial.
Lemma 4.5. V([i +1] € Z+, [i—1] € Z—) : AM (2l ) = VFi(aF ) =0, j>1

Proof. According to lemma (B1), the n-th difference of n-th power is constant,
consequently, the constant rule (B)) holds AC' = 6C = VC = 0. O

According to lemma ([£.2]) and properties (2] B]), taking the limits from (£.2] [4.3]
[44), receive:

(4.6) Ak%npn(xldrl) — 111331 {Ak(ao . I?H) Lt Ak(an .I?H)}
=A"(an - 274 ) = an - A"(2F4)

(4.7) §F7m P (24) = lim {6%(ag - a?) + -+ + 6" (an - 1)}
k—n

=6"(ap - 2}) = ay - 0" (x})
(4.8) VkH”Pn(:Ei_l) = gim {Vk(ao . x?_l) + -+ Vk(an . x?_l)}
—n

=V"(an -z} 1) =an -V'(zi ), k<n
Since the n-th difference of n-th power equals to n!, we have theorem.

Theorem 4.9. Each n-order polynomial has the constant n-th finite (divided) dif-
ference and derivative, which equals each other and equal constant times n!, where
n is natural.

Proof. According to limits (&6, A7 B.8), we have A" P, (xi11) = an - A™(x}, ),
V'Pp(xic1) = an - V(2 1), 0" Pp(x;) = an - 0™ (2]), going from lemma BI), the
n-th difference of n-order polynomial equals to k, - n!, the properties (I 2 [ )
proofs that for enough large sets Z*, Z~ we have A"(z7, ) = A"(x}), 6" (2}) =
o™z y), V() = V™(a}), min(Z~) < n < max(Z"). Therefore, we have
equality

d"P,(x) A"P,(z;) 6"Pp(x;) V"Pp(xs)

dzm (Az)»  (6x)»  (Va)"

Or, by means of definition (314)

(4.10)

=ay, -n!

(4.11) (%) Po(@) = E(Pa(2)) = an - E(z")



ON THE LINK BETWEEN FINITE DIFFERENCES AND DERIVATIVES OF POLYNOMIALS7

5. RELATION WITH PARTIAL DERIVATIVES

Let be partial finite differences defined as
(51) Af(ulv uz, ..., un)ul = f(ul + h7 uz, ..., un) - f(uh Uz, .-, Un)

(52) 6f(u17 Uz, .- -, un)ul = f(ul+h'; Uz, .- -, u’n«)_f(ul_h'; Uz, .- -, Un)

(5.3) Vi(ur, ug, ..., )y, := flur, ugy..oy up) — flur —h, ug,..., up)

By means of mathematical induction, going from Lemma (BI), we have equal-
ity between n-th partial derivative and n-th partial difference, while be taken of
polynomial defined function or power function.

Theorem 5.4. For each n-th natural power of many variables the n-th partial
divided differences and n-th partial derivatives equal each other.

Proof. Let be function Z = f(u1, ua,..., un) = (u1, ua,..., u,)"™, where dots
mean the general relations, i.e multiplication and summation between variables.
We denote the equality operator of partial difference as E(F(u1, uz, ..., Un))u.,
where uy, is variable of taken difference. On this basis

oz  A"Zy, 0"Z, V"Z

Uk

(5:5) oup  Aup - dul - Vup = A
Or, using equality operator
(5.6) L B(Z)e = A-nl

oup F
where A is free constant, depending of relations between variables and 0 < k <
n. O
Property 5.7. Let be partial differences of the function f(u1, -+ ,ur) = uf £
uy £ - xul, ne N, Af(ur, -+ ug)m, 0f(ur, -+ ue)m, VF(ur, - ur)m,

where M - complete set of variables, i.e M = {u;}¥ the n-th partial differences of
each variables are

(5.8) A" f(ur, Uz, U3, oy Uk)ur, us, ug,.ou, = k-0l (Aug)™ - (Aug)”
(5.9) 0" f(ur, uay U3y -y Uk)uy, us, us, ouy = £E -0l (0ug)™ -+ (dug)™
(5.10) V" f(u1, u2, us, ..., Uk)uy, us, us, .our = k-0l (Vu)™ - (Vug)"
Vk € Z :max(Z") >n > min(Z7), (dur) = (duz) = ... = (dug),
(Vui) = (Vug) =... = (Vug), (Auy) = (Aug) = ... = (Auy)
Otherwise
k
(5.11) A" f(ur, U2, Uz, -y Uk)uy, us, us, oouy = T - Z(Auz)"
i=1
k
(5.12) 0" fur, Uz, U3, -y Uk)uy, us, us, coup = 1 Z(&ui)"
i=1
k
(513) vnf(uh U2, U3, ..., uk;)uh U, UZ, -oyUp — n!- Z(V’u,l)n
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Note that here the partial differences of non-single variable defined as
A"f(uy .o up)ar = A" f(ug + by ug A — AT f(ug, k)
5"f(u1,...,uk)M = 5"71]0(’&1 +h,. .., uk —I—h)M —5”71]0(’(1,1 —h,...,uk —h)M
V"f(ul, e ,uk)M = Vn_lf(ul, R ,uk)M - V"_lf(ul —h,...,u — h)M

Moreover, the n-th partial difference taken over enough large set Z and Vi :
Az; = 1 has the next connection with single variable n-th derivative of n-th power

k n
d
(514) Anf(ula U2, U3, ..., uk)“l, U2, UB,.eny up — Z ( ) f(ul)

With partial derivative we have relation
(5.15)

k
Anf(ulv U2, U3, ..., uk)uh U2, U3,-.., up — Z <
=1

) n
6U> f(ulv Uz, U3, ..., uk)

Theorem 5.16. For each non-single variable polynomial with order n holds the
equality between k < n-order partial differences and derivative.

Proof. Let be non-single variable polynomial
(5.17) Poln) = M;-u
i=1

Going from above property (5.7, the k-th partial differences of one variable are
AFP (U )y, = My - K- (Aug)®, 5P (un)u, = My, - k! - (Sug)”,

(5.18) VAP (), = My, - k! - (Vug)*
0 < k < n. The k-th partial derivative:
OF Py, (un)
5.19 —— = M - k!
( ) 8u§ k
Hereby
(5.20) OF P (uy) B AFP, (U ), B §F P (U )y B VFPL (tn ),
' 8u’,§ B Au’,j B 5u’,§ B Vu’,j
Also could be noted as
k
(5.21) aLiu") =EPn(un))u, = My -k, k<n
ouy.

6. THE ERROR OF APPROXIMATION

The error of derivative approximation done by forward finite difference with
respect to order k < n could be calculated as follows

o () (@) e

For polynomials is

(6.2) <%>kpn(:z:) - (%)kPn(x) =O("")



ON THE LINK BETWEEN FINITE DIFFERENCES AND DERIVATIVES OF POLYNOMIALS9

The partial, if m < k

(6.3) (A%k)mz— <aiuk)mz_ O(u*™™)

Where O - Landau-Bachmann symbol (see [§], [9]).

7. SUMMARY

In this section we summarize the obtained results in the previous chapters and
establish the relationship between them. According to lemma (B, theorems (9],

E4), (5I4) we have concluded

(7.1) d;;: — Blz") = n!

(7.2) dnzrfx) — B(Py(2)) = an - Ez")
(7.3) ‘2% — B(Z)u, = A-n!

(7.4) ak%(g”") — E(Pu(tn))u, = My - k!

Generalizing these expressions, we can derive the general relations between ordinary,
partial derivatives and finite (divided) differences

(7.5) E") = E(Py(ug)) = E(Z)u, = E(Pn+j(Un+i))u,

Y

d"u" _d Py(u) 0"Z _90 Prti(Unts) i>0

dun dum ouy oun Y=

(7.6)

U

V(A, M,, a,)=1

I.e the equalities hold with precision to constant. Function Z defined as Z =
flur, ug,..., up) = (u1, ug,..., u,)™. And finally

Y=U

with same limitations.

8. CONCLUSION

In this paper were established the equalities between ordinary and partial finite
(divided) differences and derivatives of power function and polynomials, with order
equal between each other.
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