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ON THE LINK BETWEEN FINITE DIFFERENCES AND
DERIVATIVES OF POLYNOMIALS

KOLOSOV PETRO

ABSTRACT. The main aim of this paper to establish the relations between
forward, backward and central finite and divided differences (that is discrete
analog of the derivative) and partial and ordinary high-order derivatives of the
polynomials.
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1. INTRODUCTION

Let introduce the basic definition of finite difference. Finite difference is differ-
ence between function values with constant increment. There are three types of
finite differences: forward, backward and central. Generally, the first order forward
difference could be noted as: Apf(z) = f(x + h) — f(z) backward, respectively,
is Vi f(z) = f(z) — f(z — h) and central &, f(z) = f(z + $h) — f(xz — 3h), where
h = const, (see [1I, [2], [3]). If increment is enough small, but constant, we can
say that finite difference tends to derivative, but not equals. The error of this
approximation could be counted next: %@) — f'(z) = O(h) — 0, where h -
increment, such that, h — 0. By means of induction as well right for backward
difference. More exact approximation we have using central difference, that is:
%@) — f'(z) = O(h?), note that function should be twice differentiable. The
finite difference is the discrete analog of the derivative (see [4]), the main distinc-
tion is constant increment of the function’s argument, while difference to be taken.
Backward and forward differences are opposite each other. More generally, high or-
der finite differences (forward, backward and central respectively) could be denoted

as (see [7]):
(L) AEf) = A o1 - 85740 = 3 () 1F S+ (= ko
k=0
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(1.2) Zf(x)_zn:(—l)k(Z) .f(:zr—l— (g—k) h)
k=

0

13 VE@) =@ - V-0 =3 () 1 s
k=0

Let describe the main properties of finite difference operator, they are next (see [5])
(1) Linearity rules A(f(z) + g(z)) = Af(z) + Ag(x)
6(f(x) +g(x)) = 6f(x) + dg(x)
V(f(z) +g(x)) = Vf(z) + Vg(x)
(2) AC- f(z)) =C-Af(x), V(C- f(z)) =C-Vf(x),
5(C- f(x))=C-0f(x)
(3) Constant rule AC = VC = §C = 0.

Strictly speaking, divided difference (see [6]) with constant increment is discrete
analog of derivative, when finite difference is discrete analogue of function’s differ-
ential. They are close related to each other. Let define the divided difference

Definition 1.4. Divided difference of fixed increment definition (forward, centaral,
backward respectively)
flxy) — f=s)

flas, o] = T o—m J>

Folon a) = TELZTE) oy
Ty — Ty
1. f(Iier) - f(xifm)
folzi] = om
Hereby, divided diffrence could be represented from the finite difference, let be
j =1+ const

Af(zj) _ V(i)

fi[xi; Ij] = s = =
ﬂMEW$WEW$m
The n-order
n_ 0" f(wixm) _ 6" f(@itm)
felod" = =5 = "o

Each properties, which holds for finite differences holds for divided differences as
well.

2. DEFINITIONS FOR Z4y DISTRIBUTION

Let be variable x4 : g = g-C, C = 2941 —xg =const, CER - x4 € R, g € Z.
Define the finite difference of function of such argument, we take C' = h and rewrite
forward, backward and central differences of some analytically defined function
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f(zi) next way: Af(wiy1) = f(wiy1)—f(zi), V(wio1) = f(z:)—f(@io1), 0f(z:) =
(o

el )~ f T ). The n-th differences of such a function could be written as
2 2

Q1) A () = A i) = A @) = 3 (1) (0 fain)
k=0

(22) 710 = S (}) - F i)
k=

0

23) V' Sain) = ) =9 i) = 3 () 1 S
k=0

Let be differences Af(ziy1), df(x;), Vf(xi—1), such that ¢ € Z and differences is
taken starting from point i, which divides the space Z = Z~ U ZT symmetrically,
this way we have (i +1) € Z*, (i—1) € Z~, i € (Z*,Z7). Let derive some
properties of that distribution:

(1) max(Z~) =min(Z*) =4

(2) Forward difference is taken starting from min(Z"), while backward from

max(Z™)
(3) card(Z*) = card(Z™)
(4) Maximal order of forward difference in which it is not equal to zero is

max(Z™)

(5) Maximal order of backward difference in which it is not equal to zero is
min(Z™)

(6) Maximal order of central difference in which it is not equal to zero is
max(Z™)

(7) Forward and backward difference equal each other by absolute value, while
to be taken from ¢ =0

3. DIFFERENCE AND DERIVATIVE OF POWER FUNCTION

Since the n-order polynomial defined as sum of argument to power with higher
power n, let describe a few properties of finite(divided) difference of power function.

Lemma 3.1. For any power function with natural number as exponent holds the
equality between forward, backward and central divided differences, and derivative
with order respectively to exponent and equals to exponent under factorial sign.

Proof. Let be function f(x) = 2™, n € N. The derivative of power function, f (z) =
na™1, so k-th derivative f®)(z) =n-(n—1)---(n —k+1)-2" % n > k. Using
limit notation, we have: lim,,_,,- ™) (z) = f(z) = n!. Let rewrite expressions
@I 22 23) according to definition z; = i - Az, note that Az = Vo = dz. By
means of power function multiplication property (i-Ax)"™ = ¢"-Az"™, we can rewrite
the n-th finite difference equations (211 222 23)) as follows

(3.2) Am(x?Jrl):Z(?Z)(—l)k- (i+m—k)" Az™ m<neN
k=0
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Using limit notation on (B:2), we obtain

fm 27 @D _ limii (7:)(—1)’“-(i+m—k)m

m—n— Axm m—n =0
=2 <Z>(—1>’“ (i+n—k)" =n!
k=0
Similarly, going from (23]), backward n-th difference equals:
R VA €Y m
i g = Z( )t i-meh

_§<Z>(—1)k-(i—n+k)n_

And n-th central ([2.2])

e Ly S (o5 )"

m—n-

I e L VS PO A L
= (k)< e (i 2 k)" =
k=0
As we can see, the n-th forward, backward and central divided(finite) differences of
n-th power equal to same value, so they equal each other and we can to conclude
drz"  A"aiy,)  0"(ap) V()

= = L = v =n!
(3.3) e A 5o van n!, (Az, 0z, V) 4 dx

O

Definition 3.4. We introduce the difference equality operator E(f), such that

def (A™f o"f NV"f
(3.5) E(f) = (A:v" T osan V:v")

Property 3.6. Let be central difference written as 0m f(x;) = f(Xitm) — f(Tiem)
the n-th central difference of n-th power is 6™, (%) = n!- 2m - 6a™, where dx =
Titm — Ti—m = CONSL
Going from lemma (B.1), we have next properties
(1) Ak( 1) =const, (i+1) € Z+ :max(Z+) >k — Ak(xfﬂ) = Ak (z¥
(2) V¥(zF ) = const, (i —1) € Z— : min(Z—) < k — VF(aF_ ) = V¥ (2h)
(3) 6% (= .)_const i € Z+ : max(Z+) > k — 0" (af) = 6% (af, )
@) V(i +1] € Z+, [i—1] € Z—) : AMI(afy,) = Vk”(flfi 1) =0,
j>1, since AC=6C=VC=0
Hereby, according to above properties, we can write the lemma B.I]) as

drat _ AMay) () _ V()

—_— prm— p— '
(3.7) dxm Axn ox™ Vzr "
Or
(3.8) dd;n (@) = n!
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4. DIFFERENCE OF POLYNOMIALS

Let be polynomial P, (z4) defined as

n

(4.1) Pu(zg) = > aix)

i=0
Finite differences of such kind polynomial, are AP, (x;) = Py(xit1) — Pn(x;),

VP, (xi-1) = Pn(x;) — Pao(wi1), 0P (2;) = Py (!E.Jrl) - P, (56 1)- Such way,
K3 5 'L*i
according to properties (Il 2 B from section 1, so high order finite differences of

polynomials could be written as:
AFPy(wi1) = A(ao - afyy + - 4 ap - ayy) = A¥ag - i) + -+ A (ay - 2l y)
Backward difference, respectively, is
VFPo(wim1) = VF(ao - af_y 4+ an - afy) = VF(ao - 2f_y) + -+ V¥(an - 2]y)
And central

6P, (2) = 6% (ag -2 + -+ a, - 2?) = 6%(ag - 29) + - - - 4 6% (ayn - 27)

Above expressions hold for any build n-order polynomial.

Lemma 4.2. V([i +1] € Z+, [i—1] € Z—) : AMF (2l ) = VFi(zF ) =0, j>1
Proof. According to lemma (B), the n-th difference of n-th power is constant,
consequently, the constant rule (3)) holds AC = 6C = VC = 0. O

According to lemma ([@2)) and properties (2] Bl), we have limits:
(4.3) AMP (2i41) = lll_rf}l {Ak(ao ad) AM(ay, - ‘T?Jrl)}

= AMan - @y1) = an - A"(27)

%

(4.4) §F7 Py (24) = lim {6%(ag - af) + -+ + 6" (an - 2})}
k—n
=6"(an - 27') = an - 6" (z7)
(4.5) V" Po(wi-1) = lim {V¥(ag - 2)_)) + -+ V¥(an - 20 4)}
k—n

=V'(an-2i ) = an - V" (xi4)

Since the n-th difference of n-th power equals to n!, we have theorem.

Theorem 4.6. Each n-order polynomial has the constant n-th divided difference
and deriwative, which equals each other and equal constant times n!.

Proof. According to limits (@3] B4 BL.5), we have A" P, (zi41) = an - A™(x},),
VP (ziz1) = apn - V™"(z_), 0"Pp(x;) = ap - 0™(x}), going from lemma BI]), the
n-th difference of n-order polynomial equals to k, - n!, the properties (I 2 Bl )
proofs that for enough large sets Z, Z~ we have A™(x;11) = A"(z;), 0" (z;) =
0™(zit;), V™(xi—1) = V™(z;), min(Z—) < n < max(Z+). Therefore, we have
equality

d"Pn(xz)  A"Pu(x;)  0"Py(x;)  V"Pu(xy)

(47) dem (Az)n (dx)r (Va)n

=a, - n!
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Or, by means of definition (3]
d"P,(x)

dx™

(4.8) = E(P,(z)) = a, - E(z")

5. RELATION WITH PARTIAL DERIVATIVES

Let be partial finite differences defined as
(5.1) Af(ur, ug,y ...y Up)uy = flur +h, vay.oony un) — flug, ug,..., up)

(5.2)  Of(ur, uaye.oy Up)uy = flur+h, ugy..ooy up) — flur —h, ug, ..., up)

(5.3) Vf(ur, ug, ..., Un)uy := flur, ugy..oy un) — flur —h, ug,..., up)

By means of mathematical induction, going from Lemma (BI), we have equal-
ity between n-th partial derivative and n-th partial difference, while be taken of
polynomial defined function or power function.

Theorem 5.4. For each n-th natural power of many variables the n-th partial
divided differences and n-th partial derivatives equal each other.

Proof. Let be function Z = f(u1, ua,..., un) = (u1, u2,..., uy)™. We denote
the equality operator of partial difference as E(F(u1, ua, ..., Up))y,, Where ug is
variable of taken difference. On this basis
nzZ  A"Z, "Zu "Zu
(5.5) 9 = k:5 eV E— A.n!
ou} Aul ouy Vuy

Or, using equality operator

oz

5.6 =FE(Z)y, =A-n!
(56) Gor = E@u =A-n
where A is free constant, depending of relations between variables and 0 < k <
n. (|
Property 5.7. Let be partial differences Af(ul +uf +uf +---+ul)ar, 0f(uf +
ub+ul 4+ oo, Ful)m, VI +ub +ul 4+ ul)au, where M - set of variables,
the n-th partial differences of each variables are
(5.8) A" f(ul, uy, uf, o, Uy, ua, us, e = K0 (Aug)”™ - (Aug)”
(5.9) A" fuls uy, ug, o U, s, ug, o = Kol (0u)" - (Gug)”
(5.10) VP f(ul, uy, uf, <o, UL uy, ua, us, s = k- n(Vug)™ - (Vug)™

V(u1, w2, us, -+ ,ur) € Z:max(Z) >n, (dur) = (duz) =... = (duy),

(Vui) = (Vug) =... = (Vug), (Auy) = (Aug) = ... = (Auy)

Theorem 5.11. For each non-single variable polynomial with order n holds the
equality between k < n-order partial differences and derivative.
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Proof. Let be non-single variable polynomial
n
(5.12) Prlun) = E M; - ug
i=1

Going from above property (B.7)), the k-th partial differences of one variable are
APy (un)uy = My - kU (Aug)®, 6P (un)u, = My - kL - (Sug)F,

(5.13) VP (Un )y, = My - k! - (Vg )*
0 < k < n. The k-th partial derivative:
OF P (uy)
5.14 - — M- k!
( ) 8u’,§ k
Hereby
(5.15) *Pu(un)  A*P(un)u,  FPu(tn)u,  VF¥Prl(tn)u,
' 8uz N Auﬁ N 5u§ N Vuz
Also could be noted as
k
(5.16) IPultn) _ g () = M- K, k<n

k
ouy

6. THE ERROR OF APPROXIMATION

From section 1 we know the link between ordinary finite differences and deriva-
tives, that is

ST 2y = 0u(0)
I () = 0u?)

Note that for each particular error O (h) we use the index, respected to the order
of derivative and difference.

Property 6.1. While difference to be taken of power function with positive natural

exponent, holds the rule Ilirn‘ (% - %) = O;(h) : Oj(h) < Ojq1(h), j <n
—J

and finally V(h € R) : Op(h) = 0, i.e with increasing the order of difference the

limiting behavior of deriwative decreasing accordingly.

Proof. Generally, the big O notation is a mathematical notation, invented by Paul
Bachmann and Edmund Landau (see [8], [9]), that describes the limiting behavior
of a function when the argument tends towards a particular value or infinity. The
O(z) could be defined as

O(x) = c/g(x)daz — /f(x)da:, while f(z) < cg(x)

Taking that, if f(x) = 2™, we integrate (ILT)) and obtain the recurrent relation

Ou(h) = / Ak - / 9 (@) de
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Using limit notation, we obtain

lim {/OOO Ak (z™)dx — /OOO f(k)(:zr)d:r] = Opn(h) — 0

k—n

7. SUMMARY

In this section we summarize the obtained results in the previous chapters and
establish the relationship between them. According to lemma (B, theorems (6],

E4), (EII) we have concluded

(7.1) d;;: — Blz") = n!

(72) T _ p(P(@) = 0 - B
(7.3) % — B(Z)u, = A-n!

(7.4) m%ﬁ;”) = E(Pu(un))uy = My - &

Generalizing these expressions, we can derive the general relations between ordinary,
partial derivatives and finite (divided) differences

(7.5) E(u™) = E(Pn(ug)) =E(Z)u, = E(PnJrj (unJrj))un

Y

d"u"  d"Pp(u)  O0"Z  0"Puyj(Uunyjs) . >0
dun  du  Ou} ur =

U

V(A, My, a,) =1

I.e the equalities holds with precision to constant. Function Z defined as Z =
flur, ug,..., up) = (u1, ua,..., u,)™. And finally

Y=U

with same limitations.

8. CONCLUSION

In this paper were established the equality between ordinary and partial finite
(divided) differences and derivatives of power function and polynomials, with order
equal between each other.
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