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HYDRODYNAMIC LIMIT FOR AN ACTIVE EXCLUSION PROCESS

by

Clément Erignoux

Abstract. — Collective dynamics can be observed among many animal species, and have given rise in the
last decades to an active and interdisciplinary field of study. Such behaviors are often modeled by active
matter, in which each individual is self-driven and tends to update its velocity depending on the one of its
neighbors.

In a classical model introduced by Vicsek & al., as well as in numerous related active matter models, a
phase transition between chaotic behavior at high temperature and global order at low temperature can be
observed. Even though ample evidence of these phase transitions has been obtained for collective dynamics,
from a mathematical standpoint, such active systems are not fully understood yet. Significant progress has
been achieved in the recent years under an assumption of mean-field interactions, however to this day, few
rigorous results have been obtained for models involving purely local interactions.

In this paper, as a first step towards the mathematical understanding of active microscopic dynamics,
we describe a lattice active particle system, in which particles interact locally to align their velocities.
We obtain rigorously, using the formalism developed for hydrodynamic limits of lattice gases, the scaling
limit of this out-of-equilibrium system. This article builds on the multi-type exclusion model introduced by
Quastel [35] by detailing his proof and incorporating several generalizations, adding significant technical
and phenomenological difficulties.

Résumé (Limite hydrodynamique pour un processus d’exclusion actif). — L’étude des dy-
namiques collectives, observables chez de nombreuses espéces animales, a motivé dans les derniéres décennies
un champ de recherche actif et transdisciplinaire. De tels comportements sont souvent modélisés par de la
matiére active, c’est-a-dire par des modéles dans lesquels chaque individu est caractérisé par une vitesse
propre qui tend & s’ajuster selon celle de ses voisins.

De nombreux modéles de matiére active sont liés & un modéle fondateur proposé en 1995 par Vic-
sek & al.. Ce dernier, ainsi que de nombreux modéles proches, présentent une transition de phase entre
un comportement chaotique a haute température, et un comportement global et cohérent & faible tempéra-
ture. De nombreuses preuves numériques de telles transitions de phase ont été obtenues dans le cadre des
dynamiques collectives. D’un point de vue mathématique, toutefois, ces systémes actifs sont encore mal
compris. Plusieurs résultats ont été obtenus récemment sous une approximation de champ moyen, mais il
n’y a encore a ce jour que peu d’études mathématiques de modéles actifs faisant intervenir des interactions
purement microscopiques.

Dans cet article, nous décrivons un systéme de particules actives sur réseau interagissant localement pour
aligner leurs vitesses. Comme premiére étape afin d’atteindre une meilleure compréhension des modéles
microscopiques de matiére active, nous obtenons rigoureusement, a 1’aide du formalisme des limites hydro-
dynamiques pour les gaz sur réseau, la limite macroscopique de ce systéme hors-équilibre. Nous développons
le travail réalisé par Quastel [35], en apportant une preuve plus détaillée et en incorporant plusieurs général-
isations posant de nombreuses difficultés techniques et phénoménologiques.

Key words and phrases. — Statistical physics, Hydrodynamic Limits, Lattice gases, Out-of-equilibrium systems,
Non-gradient systems, Exclusion process.
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1. Introduction

1.1. Active matter and active exclusion process. — Active matter systems, i.e. microscopic
interacting particles models in which each particle consumes energy to self-propel, have been the subject
of intense scrutiny in physics in the recent years. As explained thoroughly in Appendix A, active matter
exhibits a rich phenomenology. Its two most studied features are the emergence of global polarization,
first discovered with Vicsek’s seminal model [50], and the so-called Motility Induced Phase Separation
(MIPS, cf. [11]), which can be roughly described as the particle’s tendency to cluster where they move
more slowly. As detailed in Appendix A, these two phenomena have been extensively studied by the
physics community in the last decade (e.g. [41] [42] [43] for alignment phase transition , [10] [11] for
MIPS).

By essence, active matter models are driven out-of-equilibrium at a microscopic level, and although
many are now well-understood from a physics standpoint, their mathematical understanding to this day
remains partial. Inspired by Vicsek’s original model [50], significant mathematical progress has been
achieved using analytical tools for active alignment models submitted to mean-field or local-field inter-
actions, i.e. for which the particle’s interactions are locally averaged out over a large number of their
neighbors (e.g. [5], [15], [18]). However, in some cases, the local-field approximation is not mathemat-
ically justified, and deriving exact results on models with purely microscopic interactions can provide
welcome insight for their phenomenological study [30].

Let us start by briefly describing a simplified version of the active exclusion process studied in this
article before giving some mathematical context. On a two-dimensional periodic lattice, consider two-
types of particles, denoted ”+” and ”—”, which move and update their type according to their neighbors.

— Each particle’s type is randomly updated by a Glauber dynamics depending on its nearest

b2

neighbors.
— The motion of any particle is a random walk, weakly biased in one direction depending on its
type : the ”4” particles will tend to move to the right, whereas the ”—" particles will tend to move
to the left.

— The vertical displacement is symmetric regardless of the particle’s type.
To model hard-core interactions, an exclusion rule is imposed, i.e. two particles cannot be present on the
same site : a particle jump towards an occupied site will be canceled. This induces the congestion effects
which can lead to MIPS, and one can therefore hope that this model encompasses both the alignment
phase transition and MIPS which are characteristic of many of the active models described in Appendix
A. However, mathematically proving such phenomenology for our microscopic active model is still out of
reach.

In this article, as a first step towards this goal, we derive the hydrodynamic limit for an extension of the
model briefly described above. From a mathematical standpoint, a first microscopic dynamics combining
alignment and stirring was introduced in [13], where De Masi et al. considered a lattice gas with two
types of particles, in which two neighboring particles can swap their positions, and can change type
according to the neighboring particles. They derived the hydrodynamic limit, as well as the fluctuations,
when the stirring dynamics is accelerated by a diffusive scaling, w.r.t. the alignment dynamics. This scale
separation is crucial to have both alignment and stirring present in the hydrodynamic limit. Generally,
the strategy to obtain the hydrodynamic limit for a lattice gas depends significantly on the microscopic
features of the model, and must be adapted on a case-by-case basis to the considered dynamics. For
example, the exclusion rule in the active exclusion process makes it non-gradient, thus the proof of its
hydrodynamic limit is significantly more elaborate. The end of this introduction is dedicated to putting
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4 C.ERIGNOUX

in context the mathematical contributions of this article and describing the difficulties occurring in the
derivation of the hydrodynamic limit of our model.

1.2. Hydrodynamics limits for non-gradients systems. — The active exclusion process presented
above belongs to a broad class of microscopic lattice dynamics for which the instantaneous particle
currents along any edge cannot be written as a discrete gradient. This difficulty appears naturally in
exclusion systems, in particular for systems with multiple particle types, or for generalized exclusion
processes where only a fixed number « (k > 2) of particles can be present at the same site. Such systems
are called non-gradients. A considerable part of this article is dedicated to solving the difficulties posed
by the non-gradient nature the active exclusion process.

The first proof for a non-gradient hydrodynamic limit was obtained by Varadhan in [48], and Quastel
[35] (cf. below). To illustrate the difficulty let us consider a general diffusive particle system of size N
in 1 dimension, evolving according to a Markov generator £y. Such a diffusive system must be rescaled
in time by a factor N2, therefore each jump in £y should occur at rate N2. Denoting by 7, the state of
the system at the site z (e.g. number of particles, energy of the site), £Lx7, is a microscopic gradient,

£N77:1: = NQ(jI71,$ - jm,erl)a

where j, .41 is the instantaneous current along the edge (z,x + 1), and the N? comes from the time-
rescaling. This microscopic gradient balances out a first factor IV, and acts as a spatial derivative on
a macroscopic level. In order to obtain a diffusive equation similar to the heat equation, one needs to
absorb the second factor N in a second spatial derivative. This is the main difficulty for non-gradient
systems, for which the instantaneous current j, ;41 does not take the form of a microscopic gradient.
The purpose of the non-gradient method developed by Varadhan is to establish a so-called microscopic
fluctuation-dissipation relation
jm,erl =~ _D(nm+1 - 7]1) + ACNgma

where Lyg, is a small fluctuation which usually disappears in the macroscopic limit according to Fick’s
law for diffusive systems. Although the link to the macroscopic fluctuation-dissipation relation (cf. Section

8.8, p140-141 in [45] for more detail on this relation) is not apparent, the latter is indeed a consequence
of the microscopic identification above.

1.3. Multi-type lattice gases, and contributions of this article. — The difficulties to derive the
hydrodynamic limit of multi-type particle models vary significantly depending on the specificities of each
microscopic dynamics. Active matter provides natural examples of multi-type particle systems, since
each possible velocity can be interpreted as a different type. When the particles evolve in a continuous
space domains, (e.g. [15], [16]) and in the absence of hard-core interactions, the density of each type
of particles can essentially be considered independently regarding displacement, and the scaling limit
usually decouples the velocity variable and the space variable.
In the case of lattice gases, however, it becomes necessary to specify the way particles interact when
they are on the same site. Dynamically speaking, multi-type models often allow either
— swapping particles with different types, as in [37] for a totally asymmetric system with velocity
flips.
— The coexistence on a same site of particles with different velocities, as in [14] or [39] for a
model closely related to the one investigated in this article with weak driving forces, or in [20] for
a zero-range model exhibiting MIPS-like behavior.
These simplifications allow to bypass the specific issues arising for diffusive systems with complete exclu-
sion between particles, since the latter often require the non-gradient tools mentioned previously.

The first hydrodynamic limits for non-gradient microscopic systems were studied by Varadhan and
Quastel. They developed in [48] and [35] a general method to derive the hydrodynamic limit for non-
gradient systems with main requirement a sharp estimate for the Markov generator’s spectral gap. Quastel
also notably obtained in [35] an explicit expression for the diffusion and conductivity matrices for the
multi-type exclusion process, as a function of the various particle densities and of the self-diffusion
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HYDRODYNAMIC LIMIT FOR AN ACTIVE EXCLUSION PROCESS 5

coefficient ds(p) of a tagged particle for the equilibrium symmetric simple exclusion process with density
p. This result was then partially extended to the weakly asymmetric case (in [36] as a step to obtain a
large deviation principle for the empirical measure of the symmetric simple exclusion process, and where
the asymmetry does not depend on the configuration, and in [24] for a weak asymmetry with a mean-field
dependency in the configuration), as well as a more elaborate dynamics with creation and annihilation
of particles [38].

In this article, we derive the hydrodynamic limit for an active matter lattice gas with purely microscopic
interactions. To do so, we generalize the results obtained by Quastel [35] by incorporating many natural
extensions, and apply in great detail the non-gradient method for multi-type exclusion with a weak drift.

There are several reasons behind our choice to detail this difficult proof. First, Quastel’s original
article suffers from typos which are fixed in this paper, in particular the spectral gap for the multi-type
exclusion process is not uniform with respect to the density and this required an adaptation of the original
proof. Second, Quastel’s proof relied significantly on the structure of the microscopic dynamics which
could be controlled by the symmetric exclusion. This played a crucial role in [35] to ensure that the
particle density does not reach 1, because when this is the case, the system loses its mixing properties as
represented by the decay of the spectral gap. When the considered dynamics is a multi-type symmetric
exclusion (identical for any particle type, as in [35]), the macroscopic density for the total number of
particles evolves according to the heat equation, and density control at any given time is ensured by
the maximum principle. In our case, the limiting equation is not diffusive and a priori estimates on the
density are much harder to derive. Finally, [35] was one of the first examples of hydrodynamic limit
for non-gradient systems, and to make the proof more accessible, we used the more recent formalism
developed in [27], in which an important upside is the clear identification of the orders of the estimates
in the scaling parameter N.

We extend the proof of the hydrodynamic limit for the multi-type exclusion process [35] to the weakly
asymmetric case when the particle types depend on a continuous parameter. The hydrodynamic limit for
lattice gases with K particle types takes the form of K coupled partial differential equations. Extending
it to a continuum of particle types therefore poses the issue of the well-posedness of the system. To
solve this issue, we therefore introduce an angular variable joint to the space variable. Although the
global outline of the proof remains similar, this induced numerous technical difficulties. In particular, as
opposed to the previous examples, local equilibrium is not characterized by a finite number of real-valued
parameters (e.g. density, local magnetization), which required significant adaptation of the proof of the
hydrodynamic limit.

1.4. Active exclusion process and main result. — The remainder of this section is dedicated to a
short description of our model and its hydrodynamic limit. For clarity’s sake, we first describe in more
details the simplified model with only two types of particles briefly presented above, and then introduce
the more general active exclusion process studied in this article. Precisely describing the complete model,
and rigorously stating its hydrodynamic limit, will be the purpose of Section 2.

Description of a simplified process with two particle types. — For the clarity of notations, we describe
and study our model in dimension d = 2. The simplified version of the model can be considered as an
active Ising model [43] with an ezclusion rule : each site x of the periodic lattice T% of size N is either

— occupied by a particle of type “+” (nF = 1),

— occupied by a particle of type “—” (n; = 1),

— empty if i =n; =0.
Each site contains at most one particle, thus the pair (n;",7, ) entirely determines the state of any site
x, and is either (1,0), (0,1) or (0,0). The initial configuration for our particle system is chosen at
local equilibrium and close to a smooth macroscopic profile {y = (8' + ¢ - T? — [0,1], where T? is
the continuous domain [0, 1]? with periodic boundary conditions, and ¢; (x/N) (resp. (i (z/N)) is the
initial probability that the site x contains a “+4” particle (resp. “—"). We denote by 7 the collection

(0 sm7 )z, -
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6 C.ERIGNOUX

Each particle performs a random walk, which is symmetric in the direction ¢ = 2, and weakly asym-
metric in the direction ¢ = 1. The asymmetry is tuned via a positive parameter A, thus a “+” (resp.
“—") particle at site x jumps towards z + e; at rate 1 + A/N (resp. 1 — A/N) and towards = — e; at rate
1—MA/N (resp. 1+ A/N). If a particle tries to jumps to an occupied site, the jump is canceled. In order
to obtain a macroscopic contribution of this displacement dynamics, it must be accelerated by a factor
N2

Moreover, the type of the particle at site z is updated at random times, depending on its nearest
neighbors. Typically, to model collective motion, a “—" particle surrounded by “+” particles will change
type quickly, whereas a “—” particle surrounded by “—” particles will change type slowly, to model the
tendency of each individual to mimic the behavior of its neighbors. Although they determine the shape of
the last term of the hydrodynamic limit, the microscopic details of this update dynamics are technically
not crucial to the proof of the hydrodynamic limit (in the scaling considered here), we therefore choose
general, bounded flip rates ¢, (7)) parametrized by an inverse temperature 8 > 0 and depending only on
the local configuration around xz. We further assume that these jump rates depend continuously on the
0,’s around z.

¢

The complete dynamics can be split into three parts, namely the symmetric and asymmetric contri-
butions of the exclusion process, and the Glauber dynamics, evolving on different time scales. For this
reason, each corresponding part in the Markov generator has a different scaling in the parameter N : the
two-type process is driven by the generator

1 ,
Ly = N? [/: + £“’*} + L€,
N
whose three elements we now define. Fix a function f of the configuration, we denote by

7736277:_‘_77; E{Oal}

the total occupation state of the site z. The nearest-neighbor simple symmetric exclusion process gener-
ator L is
LF@ = 30 3 ma (U= mess) (FG) — £)) .
zeT% |2|=1

L™ encompasses the weakly asymmetric part of the displacement process,

L@ = 30 ST A =0y (1= msae,) (FE™) = F(@),

rGT%5:i1

which is not a Markov generator because of its negative jump rates, but is well-defined once added to the
symmetric part of the exclusion process. Finally, £ is the generator which rules the local alignment of
the angles
L@ = Y muca s (@) (FT) = F(@)) -
z€T%,

In the identities above, 7***# is the configuration where the states of z and = + 2z have been swapped in

77, and 7” is the configuration where the type of the particle at site x has been changed.

”

Hydrodynamic limit. — Let us denote by p; (u) (resp. p; (u)) the macroscopic density of “+” (resp.“—")
particles, and by p;(u) = p;i (u) + p; (u) the total density at any point u in T?. Let us also denote by
m¢(u) = pi (u) — p; (u) the local average asymmetry.

Then, as a special case of our main result the pair (p;, p; ) is solution, in a weak sense, to the partial
differential system

{@pz_ =V. [D(pt, p?)V,Ot + ds(pt)vP?_] — 20y, [mts(pt,pf) + dS(pt)p?_] + 1,
Oipy =V - [0(pe, pi )V +ds(pe)Vpr | 4 2000, [mus(pr, ) — ds(pi)py | — T

with initial profile

(1.2) po (w) = ¢*(u).

(1.1)
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HYDRODYNAMIC LIMIT FOR AN ACTIVE EXCLUSION PROCESS 7

In the PDE (1.4), 9., denotes the partial derivative in the first space variable, ds is the self-diffusion
coefficient for the SSEP in dimension 2 mentioned in the introduction, the coefficients ? and s are given
by

* *

(1.3) a<p,p*>:%<1—ds<p» and s(p,p*>=%<1—p—ds<p»,

and I is the local creation rate of particles with type “+”, which can be written as the expectation under
a product measure of the microscopic creation rate. Although it is not apparent, the coefficients 0, s,
and dy satisfy a Stokes-Einstein relation in a matrix form when the differential equation is written for
the vector (p;, p; ), in the sense that

(0(p,p+)+ds(p) o(p, ") )<p+(1—p+) —ptp” )

2(pp7) 2(p,p7) +ds(p) —ptpm  pT(1—p7)
_ (p*[ﬁ(p, p) +ds(p)] p~s(p. p") )
pts(p.p7) p~ls(p,p7) +ds(p)])

The second matrix above is the compressibility matrix, whose components are Cov,+ ,- (15", 75> ), where
both s; and sg take value in {+, —}.

This simplified model is very close to the active Ising model (cf. Appendix A, and [43]) with a weak
driving force. The main difference is the exclusion rule : in the active Ising model, there is no limit to the
number of particles per site, and each particle’s type is updated depending on the other particles present
at the same site. In our two-type model, the exclusion rule creates a strong constraint on the displacement
and therefore changes the form of the hydrodynamic limit, which is no longer the one derived in [43].

Description of the active exclusion process. — We now describe the active exclusion process considered
in this article, which is in some form a generalization of the model presented above. Indeed, although for
technical reasons the proof of our main result cannot be applied verbatim to a finite number of particle
types, the overwhole scheme is exremely similar, and under suitable assumptions on the initial profile,
one can state an analogous result in the case of a finite number of particle types as well. Since the
active exclusion process is thoroughly introduced in Section 2, we briefly describe it here, and only give
a heuristic formulation for our main result. Denoting

$ := [0, 27|,

the periodic set of possible angles, the type of any particle is now a parameter § € $ representing the
angular direction of its weak driving force. To compare with the simplified model, the “+” particles
correspond to the angle § = 0, whereas the “—” particles correspond to the angular direction 6 = 7.

Any site is now either occupied by a particle with angle 6 (n, = 1, 6, = 0), or empty (n, =0, 6, =0
by default). The initial configuration 77(0) of the system is chosen at local equilibrium, close to a smooth
macroscopic profile Z : T? x § — R, where each site x is occupied by a particle with angle 6,. € [0, 6+ df|
with probability E(;v/N, 0)de, and the site remains empty w.p. 1 — fs Z(x/N, 0)do.

Our active exclusion process is driven by the Markov generator

1 ,
Ly = N? [/:+ NEV‘A} + LS,

with three parts described below. Fix a function f of the configuration. The nearest-neighbor simple
symmetric exclusion process generator £ is unchanged with respect to the two-type case, whereas £ is
now given by

L@ =D Y 0N02)ne (1= nayse,) (O = F@))

z€T?, |z]|=1
z=de;

where the asymmetry in the direction ¢ for a particle with angle 6 is encoded by the functions X;(6),

A1(0) = Acos(9) and A2(0) = Asin().
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8 C.ERIGNOUX

To fix ideas, The Glauber generator will be taken of the form
i =3 /S cas(0,7) (F(7°) — F(7) do,
z€T%,

where 779 is the configuration where 6, has been set to @, and we choose alignment rates similar to the
Glauber dynamics of the XY model (cf. Appendix A). More precisely, we consider

€xp (5 Dy Ty COS(0y — 0))
fs exp (ﬁ Zywm 1y cos(0y — 9’)) o’

which tends to align 6, with the 6,’s, for y a neighbor site of . In the jump rates above, we take the
value in [—m, 7] of the angle 6, — 6. The intensity A and the inverse temperature § > 0 still tune the
strength of the drift and the alignment.

As mentioned before, we settle for now for a heuristic formulation of the hydrodynamic limit. Let us
denote by pf(u) the macroscopic density of particles with angle 6, and by p¢(u) = [, pf(u)d6 the total

A~

cw,ﬂ(aa 77)

N
density at any point u in the periodic domain T? := [0,1]%. Let us also denote by Q; the direction of the

i = [ st (o)) o

As expected from (1.1), the main result (cf. Theorem 2.6) of this article is that p? is solution, in a weak
sense, to the partial differential equation

(14)  0pf =V - [0(pr, p{) Vi + ds(pr)Vpi] — 2V - {s(pt’ AN+ o) <:\\;Ez§)] e

local average asymmetry

with initial profile R
po(u) = ((u,0).

In the PDE (1.4), d, is the self-diffusion coefficient for the SSEP in dimension 2 mentioned previously, the
coefficients 0 and s are given by (1.3) as in the two-type case, and T'; is the local creation rate of particles
with angles 6, which can be written as the expectation under a product measure of the microscopic
creation rate.

Before properly stating the hydrodynamic limit, let us recall the major difficulties of the proof. The
main challenge is the non-gradient nature of the model : the instantaneous current of particles with angle
0 between two neighboring sites = and = + e; can be written

jz,erei = l{ﬁm:(f}nz(l - 7730+6i) - 1{9z+ei:0}nl+ei(1 - 7793)7
which is not a discrete gradient. One also has to deal with the loss of ergodicity at high densities, and with
the asymmetry affecting the displacement of each particle, which drives the system out-of-equilibrium,
and complicates the non-gradient method. Finally, the non-linearity of the limiting equation also induces
several difficulties throughout the proof.

Model extensions. — Several design choices for the model have been made either to simplify the notations,
or to be coherent with the collective dynamics motivations (cf. Appendix A). However, we present now
some of the possible changes for which our proof still holds with minimal adaptations.
— The model can easily be adapted to dimensions d > 2. The dimension 1, however, exhibits very
different behavior, since neighboring particles with opposite drifts have pathological behavior and
freeze the system due to the exclusion rule.
— The nearest neighbor jumps dynamics can be replaced by one with local and irreducible transition
function p(-). This involves minor adjustments of the limiting equation, as solved by Quastel [35].
In this case, the total jump generator must be split between a symmetric part scaled as N2, and
an asymmetric part scaled as N whose jumps can be decomposed as a succession of jumps from
the symmetric part. However, providing exact criteria for the validity of the extension to a more
general jump kernel would be rather difficult, and such extensions are best checked on a case-by-
case basis. In the case of nearest-neighbor exclusion, the drift functions can be replaced by any
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bounded function, and can also involve a spatial dependency, as soon as \;(u,6) is a smooth C'1:1
function of its two variables u and 6.

— We chose for our alignment dynamics a jump process, however analogous results would hold for
diffusive alignment. The jump rates can also be changed to any local and bounded rates, provided
they are smooth in the 6,’s. The smoothness assumption in the last two comments is there to make
sure that the expectation of their microscopic contribution under the grand-canonical measures is
a Lipschitz-continuous function in the grand-canonical parameter.

1.5. Structure of the article. — Section 2 is dedicated to the full description of the model, to
introducing the main notations, and the proper formulation of the hydrodynamic limit for the active
exclusion process.

Section 3 is composed of three distinct parts. In Subsection 3.1 we characterize local equilibrium for
our process by introducing the set M ($) of parameters for the grand-canonical measures of our process.
We also give a topological setup for M (%), for which some elementary properties are given in Appendix
C. In Subsection 3.2, we prove using classical tools that the entropy of the measure of our process with
respect to a reference product measure is of order N2. The last Subsection 3.3 tackles the problem of
irreducibility, which is specific to our model and is one of its major difficulties. Its main result, Proposition
3.12, relies on a-priori density estimates, and states that on a microscopic scale, large local clusters are
seldom completely full, which is necessary to ensure irreducibility on a microscopic level.

Section 4 proves a law of large numbers for our process. The so-called Replacement Lemma stated in
Subsection 4.1 relies on the usual one block (Subsection 4.3) and two blocks (Subsection 4.4) estimates.
However, even though we use the classical strategy to prove both estimates, some technical adaptations
are necessary to account for the specificities of our model.

Section 5 acts as a preliminary to the non-gradient method. The first result of this section is the
comparison of the active exclusion process’s measure to that of an equilibrium process without drift nor
alignment (Subsection 5.1). We also prove, adapting the classical methods, a compactness result for
the sequence of measures of our process, (Subsection 5.2) as well as an energy estimate (Subsection 5.3)
necessary to prove our main result.

The non-gradient estimates are obtained in Section 6. It is composed of a large number of intermediate
results which we do not describe in this introduction. The application of the non-gradient method to the
active exclusion process, however, requires to overcome several issues which are specific to our model. One
such difficulty is solved in Subsection 6.3, where we estimate the contributions of microscopic full clusters.
In Subsections 6.6 and 6.7, we prove that for our well chosen diffusion and conductivity coefficients, the
total displacement currents can be replaced by the sum of a gradient quantity and the drift term. For the
sake of clarity, we use to do so the modern formalism for hydrodynamic limits as presented in [27] rather
than the one used in [35]. We state in this section a convergence result at the core of the non-gradient
method (Theorem 6.11) whose proof is intricate and is postponed to the last section.

All these results come together in Section 7, where we conclude the proof of the hydrodynamic limit
for our process. Some more specific work is necessary in order to perform the second integration by parts,
due to the delicate shape of the diffusive part of our limiting differential equation.

Finally, Section 8 is dedicated to proving Theorem 6.11, following similar steps as in [27]. To do so,
we estimate in Subsection 8.1 the spectral gap of the active exclusion process on a subclass of functions.
We then describe in Subsection 8.2 the notion of germs of closed forms for the active exclusion process,
and prove using the spectral gap estimate a decomposition theorem for the set of germs of closed forms.
A difficulty of this model is that the spectral gap is not uniform in the density, and decays faster as the
density goes to 1. This issue is solved by cutting off large densities (cf. equation (8.2) and Lemma 8.15).
Using the decomposition of closed forms, Theorem 6.11 is derived in Subsection 8.5.
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10 C.ERIGNOUX

2. Notations and Main theorem

We describe an interacting particle system, where a particle follows an exclusion dynamics with a
weak bias depending on an angle associated with this particle. At the same time, each particle updates
its angle according to the angles of the neighboring particle. We study the macroscopic behavior of the
corresponding 2-dimensional system with a periodic boundary condition.

2.1. Main notations and introduction of the Markov generator. — On the two dimensional
discrete set

T% = {1,...,N}?

with periodic boundary conditions, we define the occupation configuration n = (1;),cr2, € {0, 1}???\, where
n: € {0,1} is the number of particles at site z. With any occupied site = € T%;, we associate an angle
0, € 3 representing the mean direction of the velocity in the plane of the particle occupying the site.
When the site x is empty, we set the angle of the site to 8, = 0 by default.

Definition 2.1 (Configurations, cylinder & angle-blind functions)
For any site x € T%, we denote by 7),, the pair (1,,6,), and by 7 = (7z)zer2, the complete configuration.
The set of all configurations will be denoted by

Sx = {0, 0u)sers, € (10,1} x $)™ | 0, =0if 3, =0}

Denote by Y the set of infinite configurations above, where T%; is replaced by Z?. We will call cylinder
function any function f depending on the configuration only through a finite set of vertices By C Z2,
and C! w.r.t. each 0., for any x € By. The set of cylinder functions on Z? will be denoted by C. Note
that a cylinder function is always bounded, and that any function f € C admits a natural image as a
function on X for any N large enough. This is always the latter that we will consider, and we therefore
abuse the notation and denote in the same way both f and its counterpart on X .

We will call angle-blind function any function depending on 7 only through the occupation variables
n = (17_»,3)%13v . In other words, an angle-blind function depends on the position of particles, but not on
their angles. We denote by S the set of angle-blind functions.

We will use on the discrete torus the notations | - | for the norm |z | = Z?:1| ;|-

Let T be a fixed time, we now introduce the process (7)(t)):cjo,7] on X n which is central to our work.
Our goal is to combine the two dynamics present in Viscek’s model [50] : The first part of the process
is the displacement dynamics, which rules the motion of each particle. The moves occur at rates biased
by the angle of the particle, and follows the exclusion rule. Thus, for § = +1 the rate p,(de;,n) at which
the particle at site  moves to an empty site « + de;, letting e; = (1,0), e2 = (0, 1) be the canonical basis
in Z2, is given by

pz(des, 1) = { 1+ MC?S(QI)/N %f Zi ! ;
+ Adsin(6,)/N if i=2
where \ € R is a positive parameter which characterizes the strength of the asymmetry. For convenience,
we will denote throughout the proof

(2.1) A1(0) = Acos(0) and A2(0) = Asin(6).

The previous rates indicate that the motion of each particle is biased in a direction given by its angle.
The motion follows an exclusion rule, which means that if the target site is already occupied, the jump is
canceled. Note that in order to see the symmetric and asymmetric contributions in the diffusive scaling
limit, we must indeed choose an asymmetry scaling as 1/N. Furthermore, in order for the system to
exhibit a macroscopic behavior in the limit N — oo, we need to accelerate the whole exclusion process
by N2, as discussed further later on.

The second part of the dynamic is the angle update process, which will be from now on referred to
as the Glauber part of the dynamics. A wide variety of choices is available among discontinuous angle



375

376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

391

392

393

394

395

396

397

398

399

HYDRODYNAMIC LIMIT FOR AN ACTIVE EXCLUSION PROCESS 11

dynamics (jump process) and continuous angle dynamics (diffusion). We choose here a Glauber jump
process with inverse temperature 8 > 0 described more precisely below.
The generator of the complete Markov process is given by

(2.2) Ly = N2LP + L©,
where
1
D _ 1w
(2.3) L =L+ NL

is the generator for the displacement process (which two parts are defined below) and L€ is the generator
of the Glauber dynamics. The process can therefore be decomposed into three distinct parts, with
different scalings in N, namely the symmetric part of the motion, with generator N2£, the asymmetric
contribution to the displacement generator NL" with parameter A > 0, and finally the angle-alignment
with generator £¢ and inverse temperature 3 > 0, which are defined for any cylinder (and therefore C*
in the angular variables, cf. Definition 2.1) function f: Xy — R, by

(2.4) LIM =D > e (L= 1) (FH") = f(@))

z€T?; |2|=1

'Cmf(ﬁ) = Z Z 6)‘1(990)779: (1 - 779:+5€z') (f(ﬁmﬁm-i_&i) - f(ﬁ)) )

€T3, 6==%1
Ni=1,2

(2.5) crm =3 n /S er 5(0,7) () — F(7)) do.

2
zeTy,

Note that £ alone is not a Markov generator due to the negative jump rates, but considering the
complete displacement generator £+ N1 L™ solves this issue for any N large enough. In the expressions
above, we denoted 7*'**# the configuration where the occupation variables 7, and 7, . at sites x and

2 + z have been exchanged in 7

Ntz if y=ux,
R if y=a+z,
Ty otherwise,

and %% the configuration where the angle 6, in 7 has been updated to @

HT0 (nyv 9) if Y=z,
Y Ty otherwise.

For z,y € T%, we write z ~ y iff |z — y| = 1. We choose for ¢, 5 the jump rates

exp (B >y Ty €08(6y — 9))
fs exp (ﬁ Zywx 1y cos(0y — 0’)) o’

which tend to align the angle in x with the neighboring particles according to XY-like jump rates (cf.
Appendix A) with inverse temperature 8 > 0. Note that by construction, for any non-negative [,
fS ¢z,3(0,7)df = 1 and that the jump rates ¢, g(#,7) can be uniformly bounded from above and below

A~

01’5(9, 77)

by two positive constants depending only on f.
The process defined above will be referred to as active exclusion process.

2.2. Measures associated with a smooth profile and definition of the Markov process. —
We now introduce the important measures and macroscopic quantities appearing in the expression of the
hydrodynamic limit. Let us denote by T? the continuous periodic domain in dimension 2,

T2 = [0,1)%.
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Definition 2.2 (Density profile on T?). — We denote by M (8) the set of non-negative measures &
on $ with total mass @($) in [0,1]. We call density profile on the torus any function

p: (u,dd) — p(u,dd)

such that p(u,.) € M;(8) Vu € T%,. For any density profile p on the torus, p(u,df) represents the local
density in u of particles with angle in df, and p(u) represents the total density of particles in w.

Definition 2.3 (Measure associated with a density profile on the torus)
To any density profile on the torus p, we associate pg, the product measure on X such that the
distribution of 7, is given for any x € T% by

py (N = 0) = 1— p(z/N),
(2.6) piy (1 = 1) = p(z/N),
piy (0, € df | ny =1) = p(x/N,df)/p(x/N),

and such that 7,7, are independent as soon as x # y.

In other words, under ug, the probability that a site z € T% is occupied is p(x/N) = [ p(x/N,0)d6 €
[0,1]. Furthermore, the angle of an empty site is set to 0 by default, and the angle of an occupied site x
is distributed according to the probability distribution p(z/N,-)/p(z/N).

E[I?,’T] =

Definition of the process. — Let D([0,T],Xn) denote the space of right-continuous and left-

(0.T] the elements of EE?,’T]. For any initial

—1£V\A a

limited (cadlag) trajectories 77 : ¢t — 7(t). We will denote by 7'
measure v on Y, any non-negative drift A < N (to make the displacement operator £ + N
Markov generator), and any 3 > 0, we write P)'? for the measure on EE(\),’T] starting from the measure
7(0) ~ v, and driven by the Markov generator Ly = Ly (), 3) described earlier. We denote by E)'? the
expectation w.r.t. P25, In the case A = 3 = 0, there is no drift and the angle of the particles are chosen
uniformly in $. In this case, we will omit A and $ in the previous notation and write P, for the measure
and E, for the corresponding expectation. Let us now define the initial measure from which we start our
process. Let ¢ € C (T? x $) be a continuous non-negative function on T? x $, which will define the initial

macroscopic state of our particle system. We assume that for any u € T?,
(2.7) Clu) = /Z(u, 6)do < 1,
3

i.e. that the initial density is less than one initially everywhere on T2. This assumption is crucial,
because when the local density hits one, because of the exclusion rule, the system loses most of its mixing
properties. At density 1, mixing only comes from the (slow, because of the scaling) Glauber dynamics,
which is not sufficient to ensure that local equilibrium is preserved.

We can now define the initial density profile on the torus p, by

(2.8) Po(u, df) = C(u, 0)do.
We start our process from a random configuration

(2.9) 7(0) ~ pu™ = p

fitting the profile p,, according to Definition 2.3. Given this initial configuration, we define the Markov

(0,71

process 7071 ¢ XN }P’i]g driven by the generator Ly introduced in (2.2), starting from p'v
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Topological setup. — Let us denote by M(T? x $) the space of non-negative measures on the continuous
configuration space endowed with the weak topology, and

(2.10) MOTI = D (j0,T], M(T? x 8))

the space of right-continuous and left-limited trajectories of measures on T2 x §. Each trajectory 7%

of the process admits a natural image in M7 through its empirical measure

L (ﬁ[O’T]> ~3 Z N2 (t)0z /N0, (1)

IET2

We further define the projection 7%, which associates to 77) the trajectory ¢ — 7’ (711). We endow
MI%T] with Skorohod’s metric defined in Appendix B.1, and the set P(M![%7]) of probability measures
on MT] with the weak topology. We now define QN € P(M[*T]) the distribution of the trajectory of
the empirical measure 7V (777) of our process 7%} ~ ]P’Z\Ljf

2.3. Hydrodynamic limit. —

Self-diffusion coefficient. — The hydrodynamic limit for our system involves the diffusion coefficient of
a tagged particle for symmetric simple exclusion process (SSEP) in dimension 2. Let us briefly remind
here its definition. On Z2, consider an infinite equilibrium SSEP with density p and a tagged particle
placed at time O at the origin. We keep track of the position X (t) = (X1(t), X2(t)) € Z? of the tracer
particle at time ¢ and denote by @, the measure of the process starting with measure 1, on 72\ {0} and
a particle at the origin.

Definition 2.4 (Self-Diffusion coefficient). — The self-diffusion coefficient ds(p) is defined as the
limiting variance of the tagged particle

The existence of this limit is a consequence of [28]. A variational formula for ds has been obtained
later by Spohn [44]. The regularity of the self-diffusion coefficient was first investigated in [49], where
Varadhan shows that the self-diffusion matrix is Lipschitz-continuous in any dimension d > 3. Landim,
Olla and Varadhan since then proved in [31] that the self-diffusion coefficient is in fact of class C*° in
any dimension. The matter of self-diffusion being treated in full detail in Section 6, p199-240 of [29], we
do not develop it further here. We summarize in appendix B.2 some useful results on the matter.

Diffusion, conductivity and alignment coefficients. — Given a density profile on the torus p(u, df), recall
from Definition 2.2 that p(u fs u,df) is the local density. We introduce the coefficients
’\ (ua da) ﬁ(uv d@)

o(p, p)(u, db) = o) (1=ds(p(u))Lipy0y,  5(p, P)(u,db) = (1—p(u) *ds(P(U)))Tu)l{p(uM},

5
where dy is the self-diffusion coefficient described in the previous paragraph. We also define (p), the
vector representing the mean direction of the asymmetry under p,

g ~ cos(#)
Q = ! .
@ = [ st (o)
as well as T'(p) the local creation and annihilation rate of particles with angle 6
L(p)(u,dO) = p(u)Ep(u..) [co,5(0,1)] dO — p(u, dD),

where under Ej5(,,,.), each site is occupied independently w.p. p(u), and the angle of each particle is chosen
according to the probability distribution p(u,-)/p(u). The precise definition of E5,,.) is given just below
in Definition 3.4.
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Weak solutions of the PDE. — In order to state the hydrodynamic limit of our system, we need to
describe the notion of weak solutions in our case, which is quite delicate because of the angles. For any
measure m € M(T? x $) and any function H : T? x § — R integrable w.r.t. m, we shorten < m, H >=
Jpe s H (u, 0)dr(du, d6).

Definition 2.5 (Weak solution of the differential equation). — Any trajectory of measures
(7t )eejo,m) € MIOT] will be called a weak solution of the differential system
(2.11)

N ~ N N N = N cos(6) N
0P, =V - [0(pt, P)Vpe + ds(pr) VD] — 22XV - |5(pt, p,) Q2 + Pyds(pr) (Sin(ﬂ))] +T(p,)

po(u,dd) = ((u,0)dl
if the following four conditions are satisfied :

i) mo(du,dd) = C(u, 0)dudd

ii) for any fixed time ¢ € [0, T], the measure 7 is absolutely continuous in space w.r.t. the Lebesgue
measure on T?, i.e. there exists a density profile on the torus (in the sense of Definition 2.2) p,, such
that

7t (du, df) = p,(u, df)du.
iii) Letting p¢(u) = [q p;(u,dh), pis in H'([0,T] x T?), i.e. there exists a family of functions 9, p;
in L2([0,T] x T?) such that for any smooth function G € C%*([0,T] x T?),
/ pt(1)0y, Gt (u)dtdu = —/ G () Oy, pt(u)dtdu
[0,T]x T2

[0,T]xT2

iv) For any function H € C1%1(]0,T] x T? x 8),

T
<mpr,Hpr > — <7, Hy >:/ < my, Oy Hy > dt
0

T
)
0 T2x$

0, Hi(u,0) [2X6(pr. )54 (B,) + 20:(0)du(p) ] (u d@)) + Hy(u,0)0(p,)(u, d6) | dudt,

2
3 ( — 0u Ho(1,0) [0(p1. ,) — . (p2)By] (. d8) D, pr (1) + 02, Hy(u,0)ds(p1) 5, (u, d6)

i=1

where the various coefficients are those defined just before, and the functions \; are defined in (2.1).

Note that in this Definition, the only quantity required to be in H' is the total density p : indeed, the
term d,(pt)Vp, is rewritten as

ds(p)V Py = V(ds(pe)Py) — dy(pe) PV prs
and the first term in the right-hand side above allows another derivative to be applied to the test function
H, whereas the second term only involves the derivative of p as wanted.
We are now ready to state our main theorem :

Theorem 2.6. — The sequence (QV)yen defined at the end of Section 2.2 is weakly relatively compact,
and any of its limit points Q* is concentrated on trajectories (m;)icjo, ) which are solution of (2.11) in
the sense of Definition 2.5.

Remark 2.7 (Uniqueness of the weak solutions of equation (2.11))

One of the reasons for our weak formulation of the scaling limit of the active exclusion process is
the lack of proof for the uniqueness of weak solutions of equation (2.11). Several features of equation
(2.11) make the uniqueness difficult to obtain : First, our differential equation does not take the form
of an autonomous differential equation : the variation of p;(u,6) involves the total density p, therefore
the differential equation is in fact a differential system operating on the vector (p:(u, ), ps(u)). Cross-
diffusive systems can exhibit pathological behavior when the diffusion matrix has negative eigenvalues,
but in our case, both eigenvalues are non-negative and this issue does not appear.
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However, although cross-diffusive systems are quite well understood (cf. for example [1]), our equation

involves a drift term which factors in via the vector ﬁ(ﬁt) the whole profile (p;(u,0))pcs. One of the
consequences of this drift term, which is the main obstacle to prove uniqueness, is that even the uniqueness
of the total density p;(u) is not well established. Indeed, contrary to [35], in which the total density evolves
according to the heat equation, the total density in our case is driven by the Burgers-like equation

Fppi(u) = Api(u) = AV - (my (u)(1 = pe(u)))

where m is a quantity which depends on the whole profile (p;(u, 0))ges, and for which uniqueness is hard
to obtain.

2.4. Instantaneous currents. — In order to get a grasp on the delicate points of the proof, and to
introduce the particle currents on which rely the proof of Theorem 2.6, we need a few more notations.

Throughout the proof, for any function ¢ : ¥y — R and z € T%, we will denote by 7,¢ : ¥n — R the
function which associates to a configuration 7 the value ¢(7,.7), where 7,77 € X is the translation of the
configuration 7 by a vector x :

(Tzﬁ)y = ﬁerya Yy € T?V'

For any function
H: [0,T]xT?x8%§ — R
(t,u,0) —  Hi(u,0)’
in C121([0, 7] x T? x 8), and any measure 7 on T? x S, let us denote
<7 Hy >= Hy(u,0)dn(u,0)
T2 x$

the integral of H with respect to the measure m. We consider the martingale MtH’N

t
(2.12) MPN =< 7N H, > — < xl¥, Hy > —/ (8s + Ly) < 7N, H, > ds,
0

N

where 7' is the empirical measure of the process

1
=5 D 1:(8)00 /N 0. (s)-
zeT?,

The quadratic variation of this martingale can be explicitely computed, and is equal to (cf. Appendix
1.5 of [27])

t
[MH’N]t:/LN(<7r§’,H5>)—2<7r H,> Ly <7N, H, > ds
0

= / Loy 00 (511 (5) Hi (/N 02(5)) H (@ + 1) /N, 82115

zeT%,

— N1 () Ho (2 + 1) /N, 0211(5)) Ly [12(5)Hs(2/N, 0(s))]
— N (8)Hs(2/N, 05 (5)) Ly [241 () Hs (2 + 1)/N, 041(s))] ds

Because of the initial factor N~4, the contributions of the asymmetric and Glauber parts of the dynamic
can be crudely bounded respectively by CN~! and CN 2. By computing the symmetric part, we finally
obtain

P =00/N) 4 5 X | [ a6 [F2o + /N, 0.060) + H2w = 1/8,0,(9) = 20222 /N.0,(5)

zeT?,
+205(8) (1 = N1 (8)) Hs (2/N, 0,()) [Hs((x + 1) /N, 04(5)) — Hy(x/N, 0:(s))]
+20541(8) (1 = 12(8)) Ho (2 + 1) /N, 041 () [Hs (2 + 1) /N, 0541(5)) — Hs (2/N, 0511 (3))]-
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Because we assumed that H is a smooth function, the three lines above are of order at most N~!, and

therefore [MtH’N]t vanishes as N goes to infinity. The martingale thus vanishes uniformly in time, in
probability under Piﬁ

Assume now that the function H takes the form
(2.13) Hy(u,0) = Gg(u)w(8),

where G and w are respectively functions on [0, 7] x T? and $. From now on, for any function ® : § — R,
any configuration 7 and any = € T3 we will shorten

Ny = ©(0,)ns-
With these notations, recalling that
Ly =N?(L+N'L™) + L9,
we can write the generator part of the integral term of (2.12) as
T
(2.14) /O Ly <7V, H,>ds= N2/ 37 Gula/N) (N2[Ln2(s) + N7LL® 2 (5)) + L2 (s))ds.
z€T%,

Let us introduce accordingly the three instantaneous currents in our active exclusion process. Recall that
T, represents the translation of a function by x.

Definition 2.8. — Given asite x € T%;, each part of the generator Lx’s action over n% can be written
2
(2.15) L = (Ta—e e = 72dy)  with (@) =n6 (1= ne,) — ¢ (L—10)
i=1
2
(216) LM = (et =) with (@) =05 (=) + 02 (1= o),
i=1
and
(2.17) LY =71,4¢  with  4¥([7) = no/coﬁlg(G,ﬁ)(w(G) —w(fp))do.
s

For 7 € {1,2} we will at times write j&', .. = 7,j (vesp. ry . .. = 7,7¢), which is interpreted as the
instantaneous current with intensity w in the direction i along the edge (x, z +¢;) of the symmetric (resp.
weakly asymmetric) part of the process. The last quantity 7,v* is the local alignment rate.

When considering the time process (7(t))icjo,r) we will, for the sake of concision, write ji'(t) for
J¢(1(t)), and in the same fashion ¢ (¢) instead of r¢(7(t)), and v (t) instead of 4*(7(¢)). Finally, in the
case where w = 1, we will denote by

Ji =G =10 = Te-

Performing a first integration by parts on the exclusion part of the right-hand side of (2.14), we obtain

thanks to equations (2.15), (2.16) and (2.17)

(2.18)

T 2
/O Ly <N H, > ds = NQ/ S [Z (N2 (5) +14(9)) 9w, WGl /N) + Gular/N )y (5) | i,

zeT%, i=1
where 0, v is the discrete partial derivative

(Ou; NG)(x/N) = N [G((x + e;)/N) — G(z/N)].

The spatial averaging is of great importance throughout the proof of the hydrodynamic limit, we need
some convenient notation to represent this operation. For any site € T3, and any integer [, we denote
by

Bz)={yeTx | lly—allo <}
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the box of side length 2] 4+ 1 around z. In the case where x = 0 is the origin, we will simply write
By := By(0). For any finite subset B C T%, |B| denotes the number of sites in B. Given ¢ a function on
YN, we denote by

R R

yEB ()

the average of the function ¢ over Bj(z). In the case where (7)) = n§, (resp. ©() = no), we will write

T20¥ = (@)L (vesp. 7.p) for the empirical average of 7 (resp. 1) over the box centered in x of side

length 2] + 1.
We will also denote for any integer [ by p; the empirical angular density defined by

- 1
(2.20) pL= B/ Z Nwdp, € Mi(5),
z€B;

where M (8) is the set of non-negative measures on $ with total mass in [0, 1] (cf. Definition 3.1 below).
Finally, to simplify notations throughout the proof, we will write e N instead of the integer part [eN|.

3. Canonical measures, entropy and irreducibility

3.1. Definition of the canonical measures. — Due to the presence of angles, the canonical product
measures for the active exclusion process are not parameterized by the local density « € [0,1] like the
SSEP, but rather by a measure @ on [0, 27] whose total mass [q @(df) is the local density.

Definition 3.1 (Grand-canonical parameters). — Recall that T? is the 2-dimensional continuous
torus (R/Z)?, and let M(S) be the set of non-negative measures on $§. We will call grand-canonical
parameter any measure & € M(8) with total mass o := [ @(df) < 1. We denote by

(3.1) Mi(8)={aeM@S)|ac|01]},
the set of grand-canonical parameters.

We now define a topological setup on M;($). Let us consider on C1(8), the set of continuously
differentiable functions, the norm ||g||* = max(||g|| ., ||¢’||..), and let B* be the unit ball in (C*(S), [|-||).

Definition 3.2. — We endow M (S$), the vector space of finite mass signed measures on $, with the

norm nall= sup, {/g(e)da(e)},

and with the corresponding distance

d(a,a’) := sup {/g(@)d&(ﬂ) —/g(ﬁ)da’(ﬂ)}.
geB* 3 S

We then endow M;($) with the topology induced by ||| - |||. This distance is a generalization of the

Wasserstein distance to measures which are not probability measures.

Remark 3.3. — As checked in Appendix C, this topology satisfies
— for any cylinder function 1, the application & — Eg(¢)) is Lipschitz-continuous (cf. Proposition
C.2).
— any a € M(S) is the limit of combinations of Dirac measures.
— if 0 — 6, then ||| dp, — o ||| — 0.
It is therefore the natural choice for our problem.

We now introduce the canonical measures of our process, which are translation-invariant particular
cases of measures associated with a density profile, introduced in Definition 2.3.



559

560

561

562

563

564

565

566

567

568

569

570

571

572

573

574

575

576

577

578

579

580

581

582

583

584

585

586

587

588

589

590

591

592

18 C.ERIGNOUX

Definition 3.4 (Grand canonical measures). — Consider a translation invariant density profile on
the torus p, i.e. such that for any u € T?,

plu, d9) = a(do)

for some grand-canonical parameter & € M;($) independent of u. We will write ug for the product
measure ,ug , and E5 will denote the corresponding expectation. This class of measures will be referred
to as grand-canonical measures. Furthermore, for any a € [0,1], the measure ug associated with the
uniform density profile on the torus

p(u,db) = adb /27,

where the angle of each particle is chosen uniformly in $, will be denoted by ), and the corresponding
expectation will be denoted by E,.

Note that these measures are dependent on N, but due to their translation invariant nature, we will
omit this in our notation.

Remark 3.5. — For any density o € [0, 1], the measure u¥ on Xy is not invariant for our dynamic,
because although it is invariant for the symmetric part of the exclusion, the weakly asymmetric part (as
well as the Glauber part as soon as 8 # 0) breaks this property. We will however prove in Section 3.2
that due to the scaling in N, the stationary distribution of our dynamics is locally close to p.

Definition 3.6 (Canonical measures). — Fix a positive integer [, an integer K < (2 + 1)? and
Ok = (b1,...,0k) a family of K angles, taken up to reordering of its coordinates, we shorten by K the
pairs (K, O ), which we will refer to as canonical states on B;. We will denote by K; the set of canonical
states K on By,
K; = {K = (K,Ok) | K < (20 +1)?}.

Since our process loses its fast mixing properties when there is only one or less empty site (In which case
mixing mainly comes from the Glauber dynamics, which is very slow w.r.t. the displacement dynamics,
cf. Section 3.3 below), we also introduce

(3.2) K ={KeK | K< (2+1) -2},

the set of K for which the exclusion process on B; is irreducible. Furthermore, for any fixed K e K;, we
denote by

K
(3.3) »i = {ﬁ config. on B ‘ Z Nelp, = 259k }7
k=1

r€EB;

the set of configurations on B; with canonical state K in By.
Let p7, ; denote the measure py, on B, for any density « €]0, 1, we will denote by y,  the conditioning

of uy, ; to Elf( (which is therefore a measure on the set of local configurations 7 € ({0,1} x $)%!), and by
[E, z the corresponding expectation

E (o) =Eai (9 | e =F).
These measures will be referred to as canonical measures of the process.

Definition 3.7. — Fix [ € N, we associate to any K e K; the grand-canonical parameter

1 K
PR — o
AR (2l+1)2; O

When there is no ambiguity, we will drop the dependency in I and simply write o = a g .

The pertinent results regarding the metric space (M1(S),]|| - |||) are regrouped in Appendix C : The
equivalence of ensembles is proved in Section C.1, the Lipschitz-continuity of the expectation w.r.t. ug
in the parameter @ is proved in Section C.2, and finally, the compactness of the set (M1 (S),]|| - |||) is

proved in Section C.3.
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3.2. Entropy production and local equilibriumm. — The proof of the replacement Lemma is based
on the control of the entropy production of the process. The difficulty here is that the invariant measures of
the process are not known, and the decay of the relative entropy w.r.t. these measures cannot be computed
directly. Thus we consider approzimations of these measures, and for a fized non-trivial density o €]0, 1],
our goal is to get an estimate of the entropy of the process’s time average with respect to the reference
measure p, introduced in Definition 3./.

Let us fix « €]0, 1], we are going to prove that regardless of the initial density profile, the entropy of
the active exclusion process w.r.t the measure of a process started from ), and following a symmetric
simple exclusion process can be controlled by CN? for some constant C.

The choice of p}, among the p’,, o/ €]0,1] is not important, since for any different angle density
o’ €]0, 1], the relative entropy between the two product measures p? and u, is of order N2 as well.

For some cylinder function h € C, and some edge a = (aj,az) in T or Z?, we denote by V, the
gradient representing the transfer of a particle from site a; to site as under the exclusion process

(3.4) Vaf () = na, (1 =1a,) (f (7°%) = f(1)) -

We will shorten this notation in the case where a = (0,e;) by writing V; := V(g ,). Before turning
to the control of the entropy itself, we introduce an important quantity in the context of hydrodynamic
limits.

Definition 3.8 (Dirichlet form of the symmetric dynamics). — Let h be a cylinder function, we
introduce the Dirichlet form of the process

(3.5) Za(h) = —Ea(hLh),

where £ is the symmetric exclusion generator defined in equation (2.4). It can be rewritten thanks to
the invariance of pg w.r.t the symmetric exclusion process as

-@a(h) = %]Ea Z Z (vfc,x+zh)2

zeT% |2|=1

If there is no ambiguity, we will omit the dependency in @ of the Dirichlet form, and simply denote it by
2. The Dirichlet form is convex and non-negative. Furthermore, any function f in its kernel is such that
f(@) = f(@) for any pair (7, 7) of configurations with the same number of particles K < N? — 2 and the
same family of angles. For any non-negative function h, we also introduce the Dirichlet form

(3.6) D(h) = 2(Vh),
which has the same properties as 2.

We now investigate the entropy production of the active exclusion process. Let PtN AF he the semi-
group of the active exclusion process associated with the complete generator Ly introduced in equation
(2.2), and pN = pN PN’ the measure of the configuration at time ¢. Because we assume the initial
profile to be continuous (and therefore bounded), u? is absolutely continuous with respect to the product
measure p%, with density

d,uN(A): 10 (1_nm)1—C(x/N) +nr27r<(m/N76$)

(37) du, K 11—« a

2
z€T%;

This, and the fact that the alignment rates c, g are bounded from above and below uniformly in 6,
guarantee that for any time ¢, pl¥ is also absolutely continuous w.r.t. uZ. We therefore denote by
N = duly /uz the density of the measure at time ¢ w.r.t. the reference measure ;. We now prove the
following estimate on the entropy of the function f/.

Proposition 3.9 (Control on the entropy and the Dirichlet form of )
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For any density f w.r.t. p, we denote by H(f) = E}(flog f) the entropy of the density f. Then, for

o~

any time t > 0, there exists a constant Ko = Ko(t, A, 3,() such that

1 [t 1 rt
H (t/ fSNds) <KoN* and D (t/ fSNds) < K.
0 0

Proof of Proposition 5.9. — The density f{ is solution to

(3.8) {atftN = L}kvftN

fo! = du™ Jdps,
where LY is the adjoint of Ly in L?(u}). To clarify the proof, we divide it in a series of steps.

Ezpression of the entropy production of the system. — The relative entropy of ul¥ with respect to the
reference measure p) is given by

H(uy | o) = H(fY) =B (fM log f1Y)

which is non-negative due to the convexity on [0, +00[ of  — xlogz. According to equation (3.8), its
time derivative is

(3.9) OcH (fY) =7, (log £ L fY) +ES (LN fY) -
The second term on the right-hand side is equal to
E; (LifN) =B (£ Ia1) =0,
since all constant functions are in the kernel of Ly. Equation (3.9) can be rewritten, since L%, is the
adjoint of Ly in L?(u}), as
OuH (fY) =2 (ff Lnlog fY).
Now thanks to the elementary inequality

2
logb —loga < %(\[— Va),
we can control Ly log f¥ by
2

WLN ftNa

therefore, the definition of Ly yields

outt(%) < <2870 (1) + 2 (V5o i) s (Ve /).

where D is the Dirichlet form defined in Definition 3.8.
Integrating between the times 0 and ¢, we get

10)  mG L +2n? [ D) < e e+ [ E (R eves s o /a ) as

Since the Dirichlet form of the symmetric exclusion process is non-negative, we now focus on showing that
the part of the entropy due to the weakly asymmetric part and Glauber part do not grow too much in NV,
in order to get an upper bound on the Dirichlet form D(f) and on the entropy H(ul | uZ). From here,
control over the initial relative entropy should suffice to ensure that the measure of the active exclusion
process remains close to a product measure.
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Bound on the entropy production of the asymmetric part of the dynamics. — by definition of the asym-
metric dynamic,

B (Ve /i) —E | A -y 5@ (Vi - )

z,i,0=+1

Despite the extra factor IV, the jump rates of the weakly asymmetric dynamics are not very different
from symmetric exclusion process jump rates, which allows us to estimate the quantity above in terms of
the Dirichlet form. More precisely, thanks to the elementary inequality

E(py) < 1E(9?)/2 + E(¥?)/2y

which holds for any positive constant v, we can write with

o == ) (VI = 1@,
and

Y = Ni(0:)04/ [N (D)
that

. (Ve /i)
s

2
z,i,0==+1 v

N 2 N ?
Es (Mi(0)°1Y) | Tk; <nm<1 ~ se,) (\/EW”“) - fsN(ﬁ)) )] .

In right-hand side above, letting Cy = 4\? the first term can be bounded by C) N2 /2, since the number
of terms in the sum is 4N2, whereas the second sum of terms is yD(f~). We then let ¥ = N to obtain
the upper bound

(3.11) 2NE;, (MfSNcW* fSN) < CAN? + N2D(fM).
Bound on the entropy production of the Glauber part of the dynamics. — thanks to the elementary

inequality ab < (a® + b?)/2, and since the jump rates c, g are less than €%° /27, and 7, by 1

B (Ve i) s (VA X [eontem (Viran - @) a

z€T%,
e8P 1 3
< EX (= [ NG5+ = fN@) ).
< % (3 [rrann S
Tely

Since B}, (5= [ fN(7%)d0) = EZ, (f2), the expectation can be bounded from above by 2, and we can
therefore write, letting Cs = 2¢%% /7

(3.12) oF; ( ngLG\/E> < O5N?

Bound on the Dirichlet form and on the entropy production. — at this point, we obtain from (3.10),
(3.11) and (3.12)

t
H(ulN | ph) +N2/0 D (fN)ds < H(u™ | pf) +t(Cx + Cs)N?

By (3.7), there exists a constant K = K(Z, a), such that for any N € N, ||10g de/duZ||oo < KN?, and
we can therefore estimate the relative entropy of the initial measure p w.r.t. u? by

(3.13) H(pN | ) < KN2.

We can therefore write

(3.14) 1 )+ [ VD (1) < KON,
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where K (t) = K 4 t(Cx + Cp) is a positive constant. Since H(f) = E*(flog f) and D(f) are both non-
negative and convex, we can deduce from (3.14), that for some time-dependent constant Koy = fg K(s)ds,

we have
I Lt
(3.15) H (t/ fSN) <KyN?> and D (t/ fSNds) < K.
0 0
This upper bound proves proposition 3.9, and will be necessary in the next Section to apply the replace-
ment Lemma, 4.1 to the active exclusion process. [

Before taking on the problem of irreducibility, we give a result that will be needed several times
throughout the proof, and comes from the entropy inequality. Let us denote by £5#=0 the modified
Glauber generator with uniform update of the angle in $, (i.e. 5 =0)

=0 p/ 1 P .
£o008@) = Y mg- [ — f@)ds
T Js
zeT?,
and denote in a similar fashion
(3.16) L0 = N2LP + £9°=0,
which is the complete generator of the active exclusion process with random update of the angles. Then,
accordingly to our previous notations, IP’I);;O is the measure on the trajectories started from u and driven
by the generator Lfi,zo. We can now state the following result.

Proposition 3.10 (Comparison of Pi,{,j and sz). — We endow XN with the topology associated
with the metric

(3.17) A7) = Y L=

2
z€T%;

A

0, — 0
444;;447 +’1{ﬁz#ﬁ;}”

where |0, — 07| € [0, 7], and EES’T] with the corresponding Skorohod’s metric. There ezists a constant
Ky = Ko(T, 8, E) > 0 such that for any bounded and measurable function X : E[I?,’T] — R and any A > 0,

1
RWe] ~[0,T 2 A0 ~0,T
EN [X (77[ ])} << (KON +log ), {exp (AX (n[ 1))})
where HI0T] is the notation already introduced at the end of Section 2.2 for a trajectory (0(t))eeio,r)-

Proof of Proposition 3.10. — The proof of this Proposition is rather straightforward thanks to the en-
tropy inequality. In a first step, we compare the same process starting from p%. First note that for any

function X : EE?,’T] — R, we can write

By [x (707)] =B (f{f ((0)X (ﬁmﬂ)) :

This yields that
.19 BN [ (707)] < L (B0 2 +10g ) [exp (4x (707))]).

In the entropy inequality above, EM is the expectation under the measure of the process started from
n

pY, whereas Ezf is that of the process started from the stationary measure ;.

By (3.13), the first term in the right-hand side above is less than KN?/A for some fixed constant
K=K (Z ). Furthermore, the Radon-Nikodym derivative of the process with alignment (5 > 0) w.r.t the
one without alignment (8 = 0) can be explicitly computed. Given a cadlag trajectory plo Tl ¢ EES’T],
consider 71, ...,7g the set of angle jumps between times 0 and 7', let us denote by x; the site at which
the angle changed at time 7;, and by 6; = 6, (7;) the new angle at site ;. Then, the density between the
measures with and without alignment is given by

R ~
dP; @ =] C;,8(0i, (7)) < (SR,

dp)° Ca;,0(05,7(72))

i=1
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where R is the number of angle updates between times 0 and T. To establish the estimate above, we
used that ¢, (6,7) can be uniformly bounded from above by €83 /27, that ¢, 0(6,7) = 1/27, and that
regardless of the configuration and the inverse temperature §, each site updates its angle at rate 1(i.e.
Jy €e,5(0,7) = 1). We can now estimate the second term in the right-hand side of equation (3.18) by
%logEi‘L’f {eSﬂR exp <AX (ﬁ[O’T]>)} .
Applying the Cauchy-Schwarz inequality yields that the quantity above is less than
i (1ogEi‘L:§O [ewﬂR] + log EI’):;O [exp (2AX (ﬁ[O’T]))D .

Since the angle updates happen in each site at rate 1 except when the site is empty, we can define on the
same probability space as our process a family P, of i.i.d. Poisson variable with mean 7', and such that
R< Zzeﬂl‘?v P,. Thanks to the elementary inequality

logE [6166 Lot} P’”} =T(e' —1)N?,

we now only have to let
Ko(T, 3.¢) = 2K(¢) + T(e'* — 1)
and replace A by 2A to conclude the proof of Proposition 3.10. O

3.3. Irreducibility and control on full clusters. — Unlike the exclusion process with one type of
particles, the multi-type exclusion process is not irreducible when the number of particles is too large,
namely when the domain has less than one empty site. When all the sites are occupied for example, the
process is stuck in its current configuration, up to realignment, due to the exclusion rule. At high density,
we therefore lose the mizing properties we need to reach local equilibrium. To illustrate this statement,
consider a square macroscopic domain of size eN, and on it a configuration with the bottom half filled
with particles with angle 0, and the top half filled with particles with angle 6/ # 0, and letting a finite
number of sites be empty, the mizing time of this setup is of order larger than N? due to the rigidity of
the configuration. In order to reach equilibrium, an empty site needs to "fetch” a particle and transport it
in the other cluster, and so on, until the density is homogeneous for both types of particles. The scaling
of our alignment dynamics, is, furthermore, not sufficient to ensure sufficiently frequent realignment of
the particles to solve this issue.

In order to prove the scaling limit of a multi-type exclusion process, it is therefore critical to bound
the particle density away from 1. This issue was solved in [35] by using the fact that the total density of
the multi-type SSEP (the angle blind model) follows the standard SSEP dynamics (with one specie). Thus
the total density could be controlled by the classical argument on the hydrodynamic limit for SSEP. In
our case, however, the total density does not follow the SSEP dynamics. In fact, it is not even a Markov
chain due to the asymmetric parts which depend on the angles. A different argument is required to control
the evolution of the total density, which is the purpose of the subsection.

In the general setup where the number of types of particles in a domain B can reach |B| (which will
often be the case when particles take their angles in §), it is known that the exclusion process with |B|—1
particles is no longer irreducible, as a consequence of a generalization of the n-puzzle (cf. Johnson &
Story, 1879, see [26]). We therefore need to consider only the local configurations with two empty sites,
on which the exclusion process is irreducible regardless of the number of types of particles, as stated
in the following Lemma. For any integers a,b € Z, [a,b] = {a,...,b} denotes the segment of integers
between a and b.

Lemma 3.11 (Irreducibility of the displacement process with two empty sites)
Consider a square domain B = B,(x), and two configurations 7, 7j two configurations with the same
types and number of particles in B, i.e. such that

> nabo, = > 1,00

r€EB zEB
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New position of the two empty sites

Initial positions of the two empty sites

FiGURE 1. Reaching 7*°*? from 7 .

Further assume that the number of empty sites in n and 1/ is at least 2. Then, there exists a sequence of
configurations 0°, ..., 0", such that n° =7, " = 1, and such that for any k € [0,n— 1], **' is reached
from 7* by one allowed particle jump, i.e.

Skl _ (ﬁ%)xkﬁﬁk"t‘zk

n ) and nf .. =1-nf =0 and |z ] = 1.

Furthermore, there exists a constant C such that n < Cp?.

Proof of Lemma 3.11. — The proof of this statement is quite elementary. Fix a configuration 7 € X on
a rectangular domain B with two empty sites, and let a = (a1, a2) be an edge in T%. We are first going
to prove that 7%1%2 can be reached from 7 using allowed particles jumps. Notice that according to the
exclusion rule, we can consider that any empty site is allowed to move freely by exchanging their place
with any site next to it.

We first bring ourselves back to a configuration described in Fig. 1, where the two closest empty sites
are brought next to the edge a. More precisely, we reach a configuration where the two empty sites and
the two sites a1 and ao are at the vertices of a side-1 square. From here, we are able to invert the two
particles in a; and as by a circular motion of the four empty sites along the edges of the square, and then
bring back the empty sites along the paths that brought them next to a to their original location. Doing
0, one reaches exactly the configuration 7%1>*2 from 7 with allowed particle jumps in B.

We deduce from this last statement that for any pair of configurations 77, 77/ with the same particles
in B, i) can be reached from 77 with jumps in B since the transition can be decomposed along switches
of nearest neighbor sites. The process is thus irreducible on the sets with fixed numbers K of particles,
as soon as K is smaller than |B| — 2. Furthermore, this construction ensures that any two neighboring
particles can be switched with a number of particle exchanges of order p where we denoted by p the size
of the box. Since one needs to invert 2p pairs of particles at most to move one particle to its final position
in 77/, this proves the last statement. O

We now prove that large microscopic boxes are rarely fully occupied under the dynamics. Let us
denote by E, . the event

(3.19) Epo = Z ny < |Bp(x)| =20,
YEBy(x)
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on which the box of size p around x contains at least two empty sites. When the site x is the origin,
we will simply write E, instead of F, . In order to ensure that full clusters very rarely appear in the
dynamics, we need the following Lemma.

Proposition 3.12 (Control on full clusters). — For any positive time T,
) . r g _
(3.20) Jim Jim B / foe] ET: =0.
e

Remark 3.13 (Scheme of the proof). — We first sketch the proof in a continuous idealized setup to
explain the general ideas before giving the rigorous proof. To prove that the box of microscopic size p is
not full, setting p’ = (2p + 1)? the cardinal of B,, it is enough to prove thanks to the microscopic setting

that
/ / o (w)dudt — 0,
[0,T]><’I[‘2 p'—o0

where p;(u) denotes the macroscopic density in w at time t.
We expect the total density p to follow the partial differential equation

(3.21) Op=Ap—V - (m(l - p)),

where m is an a priori random quantity representing the local direction of the asymmetry, which can be
represented as the vector field which would satisfy at any time ¢ and for any smooth function H : T?> — R

cos(0,(t))
[ HCm = i Z He (m(&(t») |

Naturally, making sense of this quantity is not obvious, and it is not our purpose in this paragraph. For
now, we carry on with our heuristic presentation, and therefore assume that (3.21) holds true. We can
therefore formally write, letting ¢(p) = 1/(1 — p)

at/ oo du—/ &' (p0) [Api — V - (my(1 = p1))] du

/ ¢ (pr) [~ (Vpe)? + mi(1 = pe) V] du

(322 <[ " [ o+ 2L 2, (- 7]

< [l (1= pdu =20l | oo

One could then apply Gronwall’s Lemma to obtain that for any time ¢,

/ d(pr)du < 2ImIi% / $(po)du
T2 T2

1 1-6
- Ppe)du = < /Tz Lip>1-0y + /Tz Lp<i-ay = —5— - Lp>1-6y + 1,

therefore, for any time ¢,
0 2
2 1 2Hlmllt / —1 :
(3.23) /T {pi21-6} < T3 [6 - d(po)du 0

As a consequence, for any time ¢, we could therefore write

(3.24) // w)dudt < T(1 — // o143
[0, T]><’]1‘2 0,T]x

The first term in the right-hand side vanishes for any fixed ¢ as p’ — oo, whereas the second becomes as
small as needed letting § — 0.

Furthermore, for any time ¢,
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Since our macroscopic density does not verify equation (3.21), however, the operations above need to
be performed in a microscopic setup. The derivation of equation (3.23) is the purpose of Proposition
3.14. Two intermediate Lemmas 3.15 and 3.16 prove the microscopic equivalent of equation (3.22).

Before giving the proof of Proposition 3.12, which is postponed to the end of the subsection, we give
first the following estimate.

Proposition 3.14 (High density estimate). — Denote

1
PN =N g1 2
lyl<eN

the average density in a small mesoscopic box centered at 0. For any positive 0 < 0’ < 1/2, and any time
t > 0, we have the bound

. . B L '
(3.25) lim sup lim sup 37 | 22 Lirppen(ty>1-0/2) | <0'C,
zeT%,
where C' is a finite constant depending continuously on t, and also depending on the asymmetry X\, and
the initial profile C.

Proof of Proposition 3.1/. — For any small § > 0, let us denote by ¢s the application

¢s : [0,1+46/2] — Ry
P T

Note that all successive derivatives of order less than & of ¢s are positive (and increasing) functions, and
all are bounded by Cj/**! for some family of universal constants (Cj)r>o.

We now fix a C! function H : T? — R, and assume that fTQ H(u)du = 1. For any u € T2, we denote
by H, the function

H,:v— H(u—v).

In order to simplify the notations, for any configuration 7 € ¥, and given its empirical measure 7V, we
shorten

R 1 T—y
(3.26) PG =< g = s 1 (S

yeT?,

In some cases, this quantity could be larger than 1, so that we need to take further precautions. For any
fixed § we will therefore assume that N is large enough for the condition

% > H(z/N) < 1+g,
zeT%,
to hold, which is possible because we assumed that H is smooth and f’ﬂ‘Z H(u)du = 1. Note that this
restriction to NV large enough is not an issue, because in all what follows, H will be fixed and N will go
to oo.
For N large enough, the density pY># (7)) is now in the domain of ¢5, we now write

1 N 1 .
(3.27) HE | s D 08 (02 ) | =B | 5 Do Lwvos (027 (@) |

IGT?\, CEGT?\,

where Ly is the generator of the complete process Ly = N2L + NL™ + LS. Our goal is to apply
Gronwall’s Lemma, to the expectation in the left-hand side, therefore we now need to estimate the right-
hand side.

Since p2-# does not depend on the angles of the particles, neither does ¢; (pY*'), and the contribution
of the Glauber part £¢ of the generator Ly in the right-hand side above vanishes. The two other parts
of the generator together yield the wanted bound, and are treated in separate lemmas for the sake of
clarity. As mentioned earlier, these two lemmas are the microscopic equivalent of equation (3.22).
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so3 Lemma 3.15. — [Contribution of the symmetric part] There ezists a sequence (c¢n (0, H)) nen depending
soa only on § and H, vanishing as N — oo, and such that for any configuration 7 € Xy

N.H NLH
¢g (pl’+€1)+¢g (pﬂ? ) ( N,H

2
(328) > Los (M) (M) < - D] 5 PRl = X)) + en (6, H).
:L’ET?V xe'ﬂ'?\,
i=1,2
Lemma 3.16. — [Contribution of the asymmetric part] There exists a sequence (¢ (0, H))nen depend-

ing only on & and H, vanishing as N — oo, and such that for any configuration 7 € Xy

(3.20) —~ > L™ es (037 ()

N
z€T%,

2. 45 (pi\[*lz) +0F (12"") ( N.H N,H)2 + 44/\2% (p2"")

< Z Z 2 Pate; — Pz

(7) +cn(0, H).

N2
zeT?, | =1
sos  Proof of Lemma 3.15. — By definition of the symmetric part of the generator L,
2
Z Lps (PiV’H(ﬁ)) = Z Z L, nyie, =0} [¢5 (PiV’H(ﬁy’erei)) — ¢ (PiV’H(ﬁ))] .
z€T?3, z,y€eT?, i=1

We now develop the gradient of ¢s5 to the second order, to obtain that the right-hand side above is equal
to

2
Do D Lnnyie—0} [% (o2 1) (o2 () — pp ™ (1)

,y€TS, i=1

1 N,H (> 9 9
& e Z@) (et grseny - 1 @) o (o34 @) - o0 @) )].

sos Note that since the successive derivatives of order less than k of ¢; are uniformly bounded on [0,1] by
sor Oy /6%, the vanishing quantity o ((inH(ﬁyyﬂ) _ pi\’H(ﬁ))z) can be bounded uniformly in 7, x,y and
sos ¢ (but not uniformly in §). Since H is a smooth function,

e ~ 1 y+e; Yy
| ) = ) | = gz | H (U5 = Hapw ()

N2
soo is of order N3, the contributions of the second line above are therefore at most of order N~2 and vanish
si0 in the limit N — oo. This yields

2
(3.30) D Los () =" &5 (0T @) DD Ly myse.—op (P2 @) — pNH (@) + on (D),

z€T, z€T3, y€T?, i=1

s11 where oy (1) is less than a vanishing sequence (cy)yen depending on & and H only.
Since for any z € T2, H, (v + z) = H,_.(v), the definition of pY-¥ yields

e, ~ 1 y+e; Yy
e o0 (5 @5) = 02 @) =33 = ) (Fap (P5%) = Hap (%))

:%ny (Hx—efv/N (%) ~ Han (%D

1 y+e; y+e;
— 2 lutes (Ha:/N <N1> —Hypen <N>> .

Summing the quantity above over y, one obtains exactly p2" + pN:% — 2pN-H This is the discrete
Laplacian in the variable = of pY-¥ and a discrete integration by parts allows us to rewrite the first term
on the right-hand side of equation (3.30) as

> 22: (¢3 (pﬁi) — % (PiV’H)) (pi-viri - in’H) .

z€T?, i=1
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s12  We now write

(5 (n272) = 05 (21)) o (p“e?);gb P (P2 = o) o (22— o),

813 in which Piv-sf, — pN-H g of order 1/N because H is a smooth function, to finally obtain that

+ 95
A

(3.31) S Lo (BN == 3 Z % (p”e’)

zeT?, €T3, i=1

s14 where once again, the oy can be bounded by a vanishing sequence (¢y)ny depending only on §, which
s1s completes the proof of Lemma 3.15 O

si6 Proof of Lemma 3.16. — This proof follows the exact same steps as for the previous one. We first obtain
817 by definition of L™ and developing the discrete gradient of ¢ that

2
1 1 Y ~ . ~
(332) & > L5 (0) =on (W) + 5 Do D (ma)es (o2 (@) (e T @) — (@),
z€T%, z,y€eTs, i=1
s1s  where j is defined according to equation (2.15) as

3@ = Xi(00)m0(1 = ne,) = Ai(Be, e, (1= mo),

and oy (1) is less than a vanishing sequence depending only on ¢ and H. Once again, similar steps as in
the previous case allow us to rewrite

(ryg ) (oA ey — oo i) )

1 Yy +e; Yy
=773 POy (1= nyser) + Xi(Oye )y ves (1= my)] (Hz/N ( N ) ~ Hoyn (N))
1 y+e; Y
:ﬁ)\’b(ey)ny(l - ny+€i) (Hz/N ( N ) o HI/N (N))
+ ﬁ)\i(ay“’ei)ny“’ei(l —1y) (H:E/N ( N > — Hoyn (N))

1 Yy +e; Y+ e;
=mki(9y)ny(1 - 77y+ei) <Hz/N (N) - H$+E'L/N ( N >>

M Oyee e (0= m) (Home () = Hopn (L))

Summing once again by parts in z, we obtain that the second term in the right-hand side of equation
(3.32) is

2
v 30 e (@) (o ) — o @)

z,ye']l'Z 1=1
- X 2 [k (@) ok ()
zeTy, i=1
Z |:)\z(0y)ny(1 — ny-l—ei,)Hm-i-ei/N <y<]i>vel) + Ai(9y+e1)77y+e1:(1 - ny)Hz/N (i]):l
yeT?,
(3.33) =51 + Sa,

s10  where

S1 = N3 Z Z [¢6 (pu—el ) ¢5( @ ))} Z |:)\i(0y)ny(1_ny""ei)Hw-&-ei/N <y;rvez)]

z€T?, i=1 yeT?,




820

821

822

823

824

825

826

827

828

829

830

831

832

833

HYDRODYNAMIC LIMIT FOR AN ACTIVE EXCLUSION PROCESS 29

and

Sy = N3 Z Z [% (pere ) o5 (02" (0 ))] Z |:A7;(9y+ei)’r}y+ei(1 —1y)Hyyn (%ﬂ :

z€T?3, =1 yeT%
These two terms are treated in the exact same fashion, we therefore only treat in full detail the case of
S1, Se will follow straightforwardly. First, we develop the difference ¢ (pwrel( )) of (pYH (7)) to the
first order,

N,H s _ N,H , N,H R
¢Z§ (p:t+e7;> - ¢’:s (pi\f H) = ¢y (px—&-el) (pm—i-ei - p]zv H) +o (pz—i-e,; - pjxv H) .

Once again, H being a smooth function, px+e — pN-H is of order 1/N, therefore the o <p$+e — pN.H

A
also a oy (1/N), and the corresponding contribution in S; vanishes in the limit N — co. Recall that ¢
is a positive function, we now apply in S; the elementary inequality ab < a?/2 + b?/2 to

N,H N,H N,H
a = ¢ (pw-y—eL) (pm+61 - Py’ )

b= %\/ﬁ’?ﬁs’ (PiVJrI:) Z [Ai(9y+ei>ny+ei(1 —ny)Hyyn (%)} .

yeT%,

and

This yields

¢ (px+e ) 2
i N,H N,H
‘51|SON(1)+ ZQ 92 (pw-l-eb_pa: )
€Ty
i=1,
//( N.H
S

pw+€i) Y+ e;
+ 2N6 Z Ai0y)1hy (1 = Nytei) Hoge, /v ( N )
yeTs,

The function H being non-negative, for any y, we can write
Y+ e yte
)‘i(‘gy)ny(l - 77y+6i)Hr+ei/N ( N ) <A1 - 77y+ei)Hx+ei/N ( N ) .

Furthermore, since we assumed that fTQ H =1, and since H is smooth, we get that

7 2 How(y/N) = 1+ ox (1),

2
yETN

which yields

Y+

yeT%

This, combined with the previous bound, yields that

g(pN_;_H) s A2 ( ' )
sl <o)+ Y0 | TR (it ) EEE e

2
z€TA
i=1,2

A similar bound can be achieved for Sy, this time developing the difference ¢j (px +€1) A ( ) in

pN-H instead of pere ,
(. N,H 241 ( N,H
5(/)3:’ ) N,H N> Aqﬁé(px’ ) N,H\2
| S2| < on(1) + §T2 [2 (Pz+e7—f’m ) t—oyz =)
€
=1

Combining these two bounds with identities (3.32) and (3.33), we obtain that
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L% ()

z€T%,
n( NH 1 ( N,H
[ (px+el) + (b(; (pz7 ) N.H 2 )\2¢g pNVH
< Z 9 (pz—;-e;, - in’H) + #(1 - in’H)Q + ON(l)a
$ET§
i=1,2

where the on (1) can be bounded by a vanishing sequence (¢y)n depending only on H and §. One easily
obtains that for any non-negative § and any p € [0,1+ §/2],

(1= )05 (p) < 205(p),
thus concluding the proof of Lemma 3.16. O

We are now ready to apply Gronwall’s Lemma and complete the proof of Proposition 3.14. For that
purpose, let us define

1
A, ,
o(t) = Eul\? N2 Z on (PiVH(t))
zeT?,
according to the previous Lemmas 3.15, 3.16 and to equation (3.27), there exists a sequence ky = ¢y +¢n
depending only on § and H, verifying

kn — 0,
N—o0

and such that
0, ®(t) < AN2®(t) + ky.
Since ¢; is bounded from below by 1/1 + §, ®(t) also is, and therefore
0P (t) < (4N + kn(1+6))®(2).

Gronwall’s Lemma therefore yields that for any non-negative t,

>\’ ]. )\7 1 2
B (s 3 05 (0) | <EM (35 30 0 (o2 0) | et
zeT?, zE€T3,
where this time the right-hand side depends on the trajectory only through its initial state 7(0).
Fix a small ' > 0. ¢ being a non-decreasing function bounded from below by 1/1 + d, one can write
for any p € [0,1+6/2]

1 1 1-4¢ 1
>7]]_ _ 57 ]]_ _ 5 = ]]_ v S um—
95(0) 255 o1y + Losi-0d 75 = T g o) L0 T 155

We apply this decomposition to the left-hand side of the inequality above, to obtain that

1
B E
(334) ]EHN F ]].{in,H(t)>176,}
zeT?,
(1+6)(6+6") |as [ 1 N,H ANk (146))t 1
<~ " |EY — ¢5(pm’ (0)) N Fhn(+o))t _ _ —

Coming back to the definition (3.26) of p-#, for any smooth non-negative function H with integral equal
to 1, taking the limsup N — oo, we thus obtain from equation (3.34)

1
. B
(3:35) lmsupELY | <5 D Ly vy s

N—o00
z€T%

. 14+6)(6+¢ 1 2 1
< timsup ECED g |05 0 (2 1(0) | P - 15

N—oo
z€T?%,
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Fix a small € > 0, and let us denote for any u,v € T?
1 1

H*(v) = @ﬂ[fsﬁs]z(v) and H(v) = wﬂ[fe,w%?(v - u).
Recalling that p.n(t) is the empirical density in a box of size e N around the origin at time ¢, we can
then write
(2eN)* N ue N,H®
= t)= —————=p." =p,’ 1).
TpEN() (2€N+1)2p'p Py +ON( )
At this point, we want to apply equation (3.35) to H = H¢, which is an indicator function, and thus
need to be smoothed out. For that purpose, consider a sequence (H;);en of functions such that
— VI € N, Vu € T?, Hf(u) > 0 and sup Hf = sup H® = 1/(2¢)? .
T2 T2

— VieN, Hf € CY(T?) and [, Hf (u)du = 1.
— Hi(u) # H*(u) = ¢ — 1/l <|Jul| <e+1/L.
The existence of such a sequence of functions is quite clear and is left to the reader. In particular, the

last condition imposes that
16¢e

I 12/ L (uyz e (uydu < -7
’]1'2
which is the area of the crown on which the two functions may differ. The sequence H} converges for any
fixed  towards H® in L'(T?). Furthermore, notice that for any = € T%;, since both the Hf’s and H* are
bounded by 1/(2¢)2,

N,Hf N,H®
Pz - Py

1 Yy Yy
Smg%WwGVEMM\
yeln

16¢ 8
< (M5 4 ox D) (1l + 1710) = 5 + on(1),
where the last line represents the proportion of sites of the discrete torus in the crown around w = z/N
on which fo/N and H;/N can be different. The last observation yields that for any z € T%;, we can

write
[ pen() = X0 | < 5+ on(),
where the o (1) can be chosen independent of 7 and x. Fix € > 0 and consider Ny and [y such that for
any N > Ny and any [ > [,
’ Tepen(t) — p2 1 (1) ‘ <

For any such pair I, N, we therefore also have

6/
5.
T pen(>1-67/2) < ]l{ N

1> .
o >0 |

For any [, by our assumptions, equation (3.35) holds for H = H} for any positive ¢ and ¢’. For any
[ > ly, we can therefore write

1
. A,
(3.36) hmsup]EuA’? WE L, pon () >1—5/2}

N—oc0

z€T?%,

: (1+5)(5+5/) B 1 N,H} 4AN%t 1
< A S ’ — z, l [
- hjﬂn_s,ouop 1—¢ x| e > (p (0)) € 1+6

z€T%,

Recall that under Piﬁ, the initial configuration 7)(0) is distributed according to a product measure fitting
the initial profile ¢ defined before (2.7). By law of large number, and since ¢; is smooth on [0,1 4 §/2],
we therefore obtain for any v € T?

timsup BN (5 (5] (0))) = 65 (¢ Hf (v),

N —o0
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where | Nv| = (| Nvi], [Nvz2|) € T% and ” * 7 denotes the convolution operator on T?. By dominated
convergence theorem, we thus obtain

B | 52 X 0 (oF70) | 52 [Las e mio) .
€T3,
Since ¢ and satisfies (2.7), it is bounded away from 1 uniformly on T2, ¢ x Hf is also bounded away
from 1 uniformly in &, and therefore
s (¢+ Hj(v)) < C7,
where C* = C* (E) is a constant which does not depend on I, €, v or 4. Letting now § go to 0, we obtain
from (3.36) and the limit above that for any € > 0 and any time ¢,

1 o 2
. A, %
hmsupE#I\é m E ]]'{TzPaN(t)>1*6'/2} S 1—5 (64)\ tC _ 1)’
N—o0 >
z€T%,
which concludes the proof of Proposition 3.14 since we assumed §’ < 1/2. O

With the estimate stated in Proposition 3.14, we are ready to prove Proposition 3.12.

Proof of Proposition 3.12. — First notice that in order to prove (3.20), it is sufficient to prove it both

for Fy, . and F , instead of £, where
Fpo= Z ny = | Bp(z) | and F;/;,a; = Z ny = | Bp(x) | —1
yEB, () yEBp(x)

We focus on the first case, the second is derived in the exact same fashion.

Unlike in [35], the angle blind process’s macroscopic density does not evolve according to the heat
equation because of the weak drift. However, thanks to the bound (3.15) on the entropy of the measure
N w.r.t. the reference measure p?, and on the Dirichlet form of the density f{¥, local equilibrium holds for
the angle-blind process. As a consequence, the replacement Lemma 4.1 holds for functions independent
of the angles (cf. for example [27], p77). One therefore obtains that to prove

T
1
(3.37) lim lim E)7 /0 2 > 1p,,(s)ds | =0,

p—o0 N—o0
zeT%,

one can replace 1, () by its expectation under the product measure with parameter 7, pc ~ (), namely

EszsN(s)(]]'Fp,z) = [wpen(s)]”
where p’ = (2p + 1)? is the number of sites in B,.
To prove equation (3.37), it is therefore sufficient to prove that Vt € [0, T1,

1 /
(3.38) lim limsuplimsupEi}e el Z [rapen (O | = 0.

p'=00  £50 N-—soo €T3,
To prove the latter, since pey(t) is at most 1, one only has to write, as outlined in equation (3.24),

A, ]- / ’ A, 1
Exd | 5 2 epen @1 | <=0 +EW | 55 D Limponiis1-) |

zeT?, zeT%,
which holds for any positive 9.

For any fixed § > 0, the first term on the right-hand side vanishes as p — co, whereas the second does
not depend on p and we can therefore let § — 0 after N — oo, then ¢ — 0, then p’ — oo. Since the
right-hand side of equation (3.25) vanishes as §' = 2§ goes to 0, the left-hand side also does, and (3.38)
holds for any ¢ thanks to Proposition 3.14. This proves equation (3.37), and the equivalent proposition
with F;zlz,m instead of F}, , is proved in the exact same fashion, thus concluding the proof of Proposition
3.12. O
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4. Law of large number for the exclusion process with angles

4.1. Replacement Lemma. — Qur goal in this section is to close the microscopic equations and
to replace in the definition of the martingale M™N introduced in (2.12) any cylinder (in the sense of
Definition 2.1) function g(1) by its spatial average E;_ (g9), where p.n is the empirical angular density
over a small macroscopic box of size eN. We use this Section to introduce new useful notations. The
proof of the main result of this section, the Replacement Lemma /.1, follows closely the usual strategy
(c.f- Lemma 1.10 p.77 of [27]), however it requires several technical adaptations due to the nature of our
canonical and grand-canonical measure. In particular, we will need the topological setup and the various
results obtained in Section 3.

Consider a cylinder function g € C, and [ a positive integer. Recall from (2.19) that (g)} is the average
of the translations of g over a box of side 2/ 4+ 1 centered at the origin. Recall from equation (2.20) and
Definition 3.1 that the empirical angular density ﬁl over the box B of side 2] +1 is the measure on [0, 27|

pl | B Z 7’9569

J:EBl
Define
(4.1) Vi@) = (9o —En(9)  and W) = g() — Ez(9),
and for any smooth function G € C(T?), let
(4.2) xXtN@a,n) = N2 Z (z/N)T, W'
z€T%,

We first state that under the measure of active exclusion process, one can replace the average of g
over a small macroscopic box by its expectation w.r.t. the grand-canonical measure with grand-canonical
parameter p.p.

Lemma 4.1 (Replacement Lemma). — For every § > 0, we have with the notation (4.1)
lim sup lim sup P / ™ | VN@®) | dt > 5| =0.
6~>0p N~>oop N2 Z ¢ |

zeT?,

The proof is postponed to Subsection 4.2, and requires the control of the full clusters stated in Propo-
sition 3.12. For now, we can deduce from this lemma the following result, which will allow us to replace
in (2.18) the currents by their spatial averages.

Corollary 4.2. — For every § > 0, and any continuous function
G : [0,T]xT? — R
(t,u) = Ge(u) '
we get with the notation (4.2)
> 5] —o.

e—0 N—o0

lim sup lim sup P/ ; o H/ XNN(Gy, 7(t))dt

Proof of Corollary 4.2. — Recall that ¢ — 0 after N — oo, which means that the smoothness of G allows
us to replace in the limit G(x/N) by its spatial average on a box of size e, which is denoted by
1
GN(/N) = ———— G(y/N).
yEBgN(x)

More precisely, we can write, using notation (2.19) for the local averaging, and since g is a cylinder, hence
bounded, function,

T
1
limsup/ N2 E Gi(x/N)1zg dt—hmsuphmsup/ N2 E GN(2/N)1,g dt
0

z€T%, N—oo JO zeT?,
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T
. ) 1 c
(4.3) = lim sup lim sup /O ~z > Gily/N)(g);" dt,

—0 N
€ —00 yET?\,

where the average (g)5" is defined in equation (2.19).
As a consequence, 7,¢ can be replaced by its average (g}ZN . Note that

VEN(@) = W @) + ()" — g,

and that the replacement Lemma 4.1 implies in particular that for any bounded function G € C([0, T]xT?)

T
1
lim sup lim sup P / 3 2 Gula/Nym VN @t | > 5| =o0.
0

e=»0 Nooo M

zeT?,
Therefore, thanks to equality (4.3), Corollary 4.2 follows directly from Lemma 4.1. O
4.2. Proof of the replacement Lemma. — In order to prove the replacement Lemma 4.1, we will

need the two lemmas below. The first one states that the average of any cylinder function (g(7))} over

a large microscopic box (a box of size [ which tends to infinity after N) can be replaced by its expected
value w.r.t. the grand-canonical measure whose parameter is the empirical density Ej, (g).

The second states that the empirical angular density does not vary much between a large microscopic
box and a small macroscopic box. We state these two results, namely the one and two-blocks estimates,
in a quite general setup, because they are necessary in several steps of the proof of the hydrodynamic
limit.

Lemma 4.3 (one-block estimate). — Consider a €]0,1[ and a density f w.r.t the translation invari-
ant measure (¥, (cf. Definition 3.4) satisfying

i) There exists a constant Ko such that for any N
H(f) < KoN?*  and  D(f) < K.

i)

. . « 1
(4.4) lim lim EJ fm Z 1gc =0.

p—oo N—o0 P
z€T?%,

Then, for any cylinder function g,

1
lim sup lim sup E, fﬁ Z TmVl =0,

o0 N—oo $ET?\,

where V' was defined in (4.1).
Lemma 4.4 (two-block estimate). — For any a €]0,1] and any density f satisfying conditions 1)

and ii) of Lemma 4.3,

. . . 1 ~ ~
lim sup limsup limsup sup E N2 Z | TotyPt — Twpen |IIf ] =0,

l— 00 e—0 N—oco y€EBen ﬂcET?\,
where T,py is the local empirical angular density in the box of size k centered in z introduced in (2.20).

The proofs of these two lemmas will be presented resp. in Section 4.3 and 4.4. For now, let us show
that they are sufficient to prove the replacement Lemma 4.1.

Proof of Lemma /.1. — Lemma 4.1 follows from applying the two previous lemmas to the density

-~ 1 (7
Fr=g [ £



939

940

941

942

943

944

945

946

947

948

949

950

951

952

953

954

955

956

957

958

959

HYDRODYNAMIC LIMIT FOR AN ACTIVE EXCLUSION PROCESS 35

where fN = du /du,, defined in Section 3.2, is the density of the active exclus10n process at time ¢t

started from 1, and prove that Lemma 4.1 follows. Proposition (3.9) proved that fT satisfies condition
=N . s .

i) of Lemma 4.3. Furthermore, f, also satisfies condition ii)

lim lim E} fT N2 Z lge, | =

p—00 N —oc0
z€T?%,

thanks to Proposition 3.12, thus the one-block and two-blocks estimates apply to f = fﬁ
Now let us recall that we want to prove for any § > 0

hmsuphmsupIP’/\B / e Z T ’V‘SN )‘ dt >8] =0,

e—0 N—o0 6'11‘2

where

V@) = (g@)5" — Ep.n(9)-
Thanks to the Markov inequality, it is sufficient to prove that

T
1
limsuplimsupE;\L}g /0 Nz Z T ’VEN(ﬁ(t)) ‘ dt| =0.

e—0 N—o0 IET?\,

. ... SN . . .
We can now express the expectation above thanks to the mean density f,. Since T is fixed, to obtain
the replacement Lemma it is enough to show that

(4.5) lim sup limsup E, T N2 Z T VeN | —0.

s
e—0 N—oc0 xeTz

For any function ¢(-) on the torus T%, recall that we denoted in (2.19) by (¢(-)), the average of the
function ¢ over a box centered in x of size I, and that 7,p; is the empirical angular density in a box of
size [ centered in y defined in (2.20). Let us add and subtract

eN 1

_ _ E
0 (25N+1)2Z 2z+1 2. 70~ Eeply)

rEBN ly—z |<I

{{9Nb —En(9) )

inside | VN (7)) | . We can then write thanks to the triangular inequality
| VN@) | < (@ + 2 + 257 (@),

where

1 1
Zl,EN: g —
1 (2eN +1)2 2. |9 2+ 1)2 2. ) |

TEB:N |y—a[<l

is the difference between g and its local average,

1
Zl,sN — E. ~
2 (2€N+1)2 Z szl(g) 2l+1 Z Ty9 | >
2E€Ben ly—z |<I
is the difference between the local average of g and its expectation under the product measure with
parameter the local empirical angular density p;, and

= o L | Ben@) —Eaa) |
r€EB.N
is the difference between the expectations of g under the empirical microscopic and macroscopic empirical
angular density p; and p.y.
Let us consider the first term, N2 T$Zi’EN. All the terms in Z{’EN corresponding to the 2’s in
B.n—; vanish, since they appear exactly once in both parts of the sum. The number of remaining terms
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can be crudely bounded by 4eNl, and each term takes the form 7.g/(2e N + 1)2. Hence, we have the
upper bound
« | =N 1 l,eN Kl « | =N 1
E; fTWZszls SEWEQ fTﬁZTqu‘

zeT%, zE€T3,
Since g is a bounded function, this expression can be bounded from above by

}(ngHaD * =N

ET]Ea (ft ) = C(l,e,9)on(1),
which proves that

limsuplimsupE, | — Z TmZi’ENfiv = 0.
e—0 N—o00 N?
z€T%
Now since 1
> (2eN +1)2 . Tg= ) T
zeT?, yEBen () z€T?,

the two following terms can respectively be rewritten as

« | 7N 1 l,eN « | 7N 1
(4.6) Eq me Z ToZy" = E;, me Z Ta ’Eﬁz(g) - <9>f) )
xET% IGT%
and
* =N 1 l * =N 1
(4.7) E. fTﬁ Z Taszg’EN =E, me Z | Er.5(9) — Ep.n (9) |
wET% IET%

The quantity (4.6) vanishes in the limit N — oo then I — oo thanks to the one-block estimate stated in
Lemma 4.3.

Finally, according to Definition 3.2, (4.7) also vanishes thanks to the two-block estimate of Lemma 4.4
and the Lipschitz-continuity of the application

Uy o (ML) — R
a — Eaz(g)’
which was proved in Proposition C.2. The Replacement Lemma 4.1 thus follows from the one and
two-blocks estimates. O

In the next two Sections 4.3 and 4.4, we prove the one-block and two-block estimates. The strategy
for these proofs follows closely these presented in [27], albeit it requires some adjustments due to the
measure-valued nature of the parameter of the product measure pg and the necessity to control the full
clusters.

4.3. Proof of Lemma 4.3 : The one-block estimate. — The usual strategy to prove the one block
estimate is to project the estimated quantity on sets with fixed number of particles, on which the density
of f should be constant thanks to the bound on the Dirichlet form.

To prove the one-block estimate, thanks to the translation invariance of p,, it is sufficient to control
the limit as IV goes to oo, then [ — oo of

1 _
w2 S mV| =EL V),

2
z€T%;

Eo | f

where f = N—2 ZT?V 7. f is the average over the periodic domain of the translations of the density f.
Furthermore, define s, a fixed integer such that g is measurable w.r.t. (7);)zen,,. We introduce for I
larger than s,

V= (g(@)y > — Ep(g) = V' +o1(0),
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where the o;(l) vanishes uniformly in 7 as [ — oo. Proving the one block estimate for V! instead of V! is
therefore sufficient, and Vi depends on the configuration only through the sites in B;.

We first eliminate the configurations in which the box B; is almost full. Notice that the average V! is
bounded because g is a cylinder function. We can therefore write

EL (V') SELOV'LEf) + C(9EL (Le; ),

where E) is the event on which at least two sites are empty in B, defined after equation (3.19), and Ef
is its complementary event. The second term in the right-hand side vanishes by definition of f, because
f verifies (4.4), and it is therefore sufficient to prove that

lim sup lim sup EX (V' g, f) = 0.

=00 N—=oo

Furthermore, the convexity of the Dirichlet form and the entropy yield that condition ) of the one-block
estimate is also satisfied by f. Since ]7l]lEl depends on 7 only through the 7,’s in the cube B; we can
replace the density f in the formula above by its conditional expectation f,, defined, for any configuration
7’ on B, by

Fi@) = EL(f | 1o = T, @ € BY).
For any function f depending only on sites in B; let E7 ; be the expectation with respect to the product
measure p) over B;. With the previous notations, and in order to prove the one-block estimate, it is

sufficient to prove that

lim sup lim sup E7, , (1711];,?1) <0.

l—o0 N—o00

In order to proceed, we need to estimate the Dirichlet form and the entropy of f, thanks to that of f,
and prove the following Lemma

Lemma 4.5. — We have the following bounds

(4.8) Dy (f)) <C()N~? and  H(f) <C().

Proof of Lemma J.5. —
Estimate on the Dirichlet form of f;, - we denote by £, , the symmetric part of the exclusion
generator corresponding to the transfer of a particle between x and y

Loy f@) = (e —my) (fF(177) = F(0),

and by D®Y the part of the Dirichlet form of the exclusion process corresponding to L, 4

wa(f) = _EZ (\/}‘Cw,y\/?) :
With this notation, we have
D(f)= > D),
lz—y|=1
where D is the Dirichlet form introduced in equation (3.6). We denote in a similar fashion the Dirichlet
form restricted to the box of size [ for any function h depending only on the sites in B; by

DP¥(h) = —E%, (\/Eﬁr,y\/ﬁ) .

Since the conditioning f +— f; is an expectation, and since the Dirichlet elements D;¥ are convex, the
inequality

Dp¥(f1) < DPY(f)

follows from Jensen’s inequality. We deduce from the previous inequality, by summing over all edges
(x,9) € By, thanks to the translation invariance of f, that

Dy Y D=y 0o = 2 ),

(z,y)€B, Jj=1
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where D; is the Dirichlet form of the process restricted to the particle transfers with both the start and

end site in B;. Up to this point, we have proved that for any function f such that D(f) < D(f) < Ko,
we have as wanted

(4.9) Dy(f;) < C1(l)N 2.
Estimate on the entropy of f, - recall that we defined the entropy H(f) = EX(flog f) and that
we already established H(f) < KoNZ%. Let us partition T%, in q := |N/(2l + 1)]? square boxes B! :=

Bi(x1),...,B? := Bi(z,), and B?"!, which contains all the site that weren’t part of any of the boxes.

We can thus write
q+1

T = | | B".
i=1
We denote by 7' the configuration restricted to B* and by fi the complementary configuration to 7°. In
other words, for any i € [1,¢+ 1], we split any configuration on the torus 7 into 7 and &'. We define for
any i € [1,q] the densities on the 7'’s

i) = Ex (PG, i)
Let us denote by ¢ the product density w.r.t. u with the same marginals as f, defined by
=l g =2, —q+1
o) = FL @@ FT @),

elementary entropy computations yield that
g+1

H(F) = Ho (/) + 3 H (7).

where H,(f) = H(ful, | pus). Since by construction f is translation invariant, for any i = 1,...,q, we
can write H (7;) =H (?;) =H (?l), therefore in particular, the previous bound also yields, thanks to
the non-negativity of the entropy, that

H(f) > qH (f,) -

Since q is of order N2/I?, this rewrites

(4.10) H(f)) <

and proves equation (4.8). O

Thanks to Lemma (4.5) we now reduced the proof of Lemma 4.3 to

(4.11) lim sup lim sup sup il (WIE; f) =0.
loo  N—oo Dy(f)<Ci(1)N~2
H(f)<Ca(l)

Since the set of measures with density w.r.t. p* such that H(f) < Cs(l) is weakly compact, to prove the
one block estimate of Lemma 4.3, it is sufficient to show that
limsup sup Ef, (]N)l]lEl f) .

l—o00 Dl(f):()
H(£)<C2(1)

Before using the equivalence of ensembles, we need to project the limit above over all sets with fixed
number of particles Ef? defined in equation (3.3). Recall from Definition 3.6 the projection of the grand-
canonical measures on the sets with fixed number of particles. For any density f w.r.t. u), such that
Dy(f) = 0, thanks to Section 3.3 and the presence of the indicator function, f is constant on Elf( for any
K € K,. We therefore denote, for any such f, by f(IA() the value of f on the set Elf(. Shortening ff(eKl
for the sum <o 11)2 Jp,es - Jo, s We can write thanks to the indicator functions 1p,, for any f
satisfying D;(f) =0,

(112) w(Pear) = [ 1R g (P (=F),
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2k

l}l

BP <5‘~_‘13

FIGURE 2. Construction of the B’

where K was defined in (3.2).
Since [z, f(K K)du, (ZK) =land E, (fil) <suwpzcg E 2 (ﬁl), we obtain

lim sup lim sup sup ol (ljl]lEl f) < limsup sup E, (17) .
=00 N—oo D(f)<C2(I)N~2 l—oo  ReK,
H(f)<C2(1)

To conclude the proof of equation (4.11) and the one-block estimate, it is therefore sufficient to prove
that the right-hand side above vanishes.

For any K€ Ky, recall that arp € M1 (8) is the grand-canonical parameter

K
~ 1
(Xj? = Eiii;‘ijﬁ'gég 59k S Jb11(8).

Since the expectation [, » conditions the process to having K particles with angles ©x in B;, by

definition of V;, letting I' = [ — s, we can write

1)l
g (V)] <R 2l’+1 2 ™9~ Ear(9)

€ l’
Let k be an integer that will go to infinity after [, and let us divide B; according to Figure 2 into g boxes

B',...,BY, each of size (2k 4 1)?, with ¢ = L;}cilljz let k' = k — s,, B'* denotes the box of size (2k’ + 1)

centered inside B, and Let B'® = By —UZ_, B, the number of sites in B is bounded for some constant
EO‘K 9) | B | Z Tl

C :=C(g) by CKl.
With these notations, the triangular inequality yields
zEB' )
Eag(g) 2]6/ +1 Z Txg

E Ea_(g9) — 1 Z <‘B/1‘i]E
LK T @y €B =9 =18, - ;"
xT G 1=
(2K + 1)2 (
= IE =
/ 2 IL,K
(20" +1) Z .

oft)

)

o~
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Since the distribution of the quantity inside the expectation does not depend on i, the quantity above
can be rewritten

(2K +1)2 k
’ 2 ~ILK ar / T 7]
Carrnziuk | | Baglo) - Qk ZTQ O3
S——— H?G]?k/
—1

Because g is a cylinder function, and since k goes to oo after [, the quantity inside absolute values is a
local function for any fixed k. Letting [ go to oo, the equivalence of ensembles stated in Proposition C.1
allows us to replace the expectation above, uniformly in K, by

1
Ea.. Ea. — g
Oz ocK(g) (2/€/+1)2 eB Tz9
x k!

Finally, since Uien{ap, K € ]INQ} C M;(S), where M;(9) is the set of angle density profiles introduced
in Definition 3.1,

~ 1
limsup sup E ~V) < sup Ea| |Ealg) — = Txd ,
oo Rek, LR aEM (S) (2K +1)? IEZBM

whose right-hand side vanishes as £ — oo by the law of large numbers, thus concluding the proof of the

one-block estimate.

4.4. Proof of Lemma 4.4 : The two-block estimate. — This Sections follows the usual strategy
for the two-block estimate, with small adaptations to the topological setup on the space of parameters
My (8) introduced in Definition 3.2.

Our goal is to show that for any density f satisfying conditions ¢) and 4¢) in Lemma 4.3,
. . . 1 ~ ~
limsup limsup limsup sup E} N2 Z | Totypr — Twpen ||| f | = 0.
l— o0 e—0 N—oo yEBeN 2CT?
N

The previous expectation can be bounded from above by triangle inequality by

Z (TawtyPl — Tetzpi) |||f | +o(l/eN).

zEB:N

1 1
EX | — —_—
“\ ¥ 2 @r oy
zeT?,
In this way, we reduce the proof to comparing average densities in two boxes of size [ distant of less than

2eN. Let us extract in the sum inside the integral the terms in z’s such that |y — 2’ | < 2, the number
of such terms is at most (41 + 1)2, and this quantity is bounded from above by

1

B | 32 > (2:N 112 Y (Turyhi = Trpi) |||F | +oll/eN).
z€T3, 2€BeN
|y—z|>21

This separation was performed in order to obtain independent empirical measures 7,1,0; and 7,40
Regarding the expectation above, notice that we now only require to bound each term in the sum in z.
In order to prove the two-block estimate, it is thus sufficient to show that

. . . 1 —~ —~
limsuplimsuplimsup sup Ej | — Z || TotyPr — Tepi ||l | = 0.
l—o0 e=>0 N—oo 2i<|y|<2eN N 2eT2
N
As in the proof of the one-block estimate, the expectation above can be rewritten
E% (Il o =2 lllf)

where f = N2 er.ﬂ% Tof is the average of the density f. We can also introduce the cutoff functions
1g, in the expectation above, thanks to f satisfying (4.4) and ||| 7yp; — pi1 ||| being a bounded quantity.
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13l7 7?1?

FIGURE 3

Let B, be the set B; U, B, the quantity under the expectation above is measurable with respect to
the sites in B, ;. Before going further, let us denote, for any configuration 7 € £y, 71 the configuration
restricted to B; and 72 the configuration restricted to y+B; = 7,B;. We also denote by 7 the configuration
(M1,72) on By ;. Let us finally write 4, ; for the projection of the product measure p}, on B, ;, and E,;
the expectation with respect to the latter.

With these notations, the expectation above can be replaced by

E% (Il o = oo ll11E fya) s
where for any density f, f,; is its conditional expectation with respect to the sigma-field generated by
(ﬁx)xeBy,la

fya() =E5 (f [ 7B, = 1),
which is well-defined because the two boxes B; and 7,B; are disjoint, thanks to the condition |y | > 2I.

As in the proof of the one-block estimate, we now need to estimate the Dirichlet form of f, ; in terms

of that of f, on which we have some control. For that purpose, let us introduce with the notations of the
previous Section

Diy(h) = —Eyi(hLoyh) — > Byu(hLezh)— > Eyu(hLa:h)

x,zEB; x,z€y+B;
|z—2|=1 |z—2|=1
P 0 1 2
(4.13) = Dy, + Dy, + Dy,

the Dirichlet form corresponding to particle transfers inside the two boxes, and allowing a particle to
transfer from the center of one box to the center of the other, according to Figure 3. The work of the
previous section allows us to write that

_Ey,l(?y,lﬁx,z?y,l) < D™*(f),
which implies, if D (f) < Cy that

— — (20 + 1)2
by translation invariance of ji5z and f. We now only need to estimate the third term Dﬁy. Let us consider
a path zg = 0,1, ...,z = y of minimal length, such that |z; — ;41| = 1forany i€ {0,...,k—1}.

For any such path, we have k < 4eN, since |y | < 2eN, and we can write

D9,(7F) < ~E:(FLoyh) = 5B [ 1m0 —my | (FG@) ~ F@)Y)

where 7%¥ here is the state where the sites in 0 and y are inverted regardless of the occupation of either
site. Since 1y — 7, vanishes whenever both sites 0 and y are occupied or both are empty, we can for
example assume that 79 = 1 and 1, = 0. For any configuration 7Y =1, we let for any i € {1,...,k}

~i (ﬁ¢_1)$171,m

77:
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Thanks to the elementary inequality
2

and by definition of the sequence (7%);=o...x (which yields in particular 7° = 7 and 7* = %), the previous

equation yields

k—1
B, [ao(1 — ) (FG) — FO)?) < b 3B [ro(t —m) (FG™) ~ T
- ) o
B [ (o) [F@) ) - @] |

Since pf is invariant through any change of variable ij — 7, and since we can easily derive the same kind
of inequalities with 7, (1 — 7o) instead of 79(1 — 7,), we obtain that

(4.15) DYY(F) < kZD”“H’””’ =k2N72D(f) < 162D (f)

thanks to the translation invariance of f. Finally, equations (4.13), (4.14) and (4.15) yield

(21 + 1)2
N2

(4.16) Dlyy(?y,l) < 200 + 16008

which vanishes as N — oo then € — 0. A bound on the entropy analogous to (4.8) is straightforward to
obtain. Finally, to prove the two-block estimate, as in the proof of the one-block estimate, we can get
back to proving that

(4.17) limsuplimsuplimsup  sup sup Ey: (||| 7yp1 — pi ||1g, f) = 0.
l— 00 e—0 N—oo 2i<|y|<2eN Dy, (£)<2C0 (2L+21)2 116Coe2
’ - N

2
Any density satisfying the bound D, (f) < QCO% + 16Cye? is ultimately constant on any set with
fixed number of particles and angles in the set B, ; with at least two empty sites. More precisely, denote

1
~ AN - 5
ozy,é(ﬁ) 2(2l+ 1)2 GBEU B N200,
x 1UTy Dy

the empirical canonical state of the configuration in B; U7, B;, and denote by f() the conditional expec-
tation of f w.r.t. the canonical state of the configuration in B; U 7, B;, defined for any K on B; U 1,5,
by

(K) =E, (f|ay.n) =az)-

We can now write for any |y| > 21

By ([l myor = p1 IHllElf)S/ Eg . (I 780 = 2 ) F(K )dK+EyZ<1El
1

Y,

f=F@e@|)

< swp B (lmdi = ol +Eya (Ve | £ = F@e@) | )

I(EH(yLJ
where we shortened y; = (2 + 1)e;, K, ; denotes the set of canonical parameters on B; U 7,B;, and
Eg . () = ES( [ aye(n) = ag). By compactness of the set of densities w.r.t. u? on By UT,B, the

supremum over all densities satisfying D; ,(f) < 200 QZH + 16Cpe? of the second term above vanishes
uniformly in |y| > 2] as N — oo and then ¢ — 0, Whereas the first term does not depend on y. To prove
(4.17), it is therefore sufficient to prove that

limsup sup Eg ([l 700 — 20 [l]) =

l—o0 KEKyL .

which follows from the equivalence of ensembles.
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5. Preliminaries to the non-gradient method

The main focus of Sections 5 and 6 is the symmetric part of the displacement process, whose contri-
bution to the hydrodynamic limit requires the non-gradient method. Before engaging in the proof of the
non-gradient estimates, however, we regroup several results which will be needed throughout the proof.

5.1. Comparison with an equilibrium measure. — In this section, we prove a result that will
be used several times throughout the proof, and which allows to control the exponential moments of a
functional X by a variational formula involving the equilibrium measure p’,. This control is analogous
to the so called sector condition for asymmetric processes, which ensures that the mixing due to the
symmetric part of the generator is sufficient to balance out the shocks provoked by the antisymmetric
part.

Remark 5.1. — [Non-stationarity of u* for the weakly asymmetric process] It has already been pointed
out that £ is self-adjoint w.r.t any product measure pz, which is not in general the case of L£%#=0.
However, £6#=0 is self-adjoint w.r.t. p’ due to the uniformity in 6 of that measure. Asymmetric
generators are usually "almost" anti-self-adjoint, in the sense that one could expect £L"*" = —£"*, This
identity is for example true for the TASFE P, for which the asymmetry is constant and does not depend
on each particle.

It is not true in our case however, due to the exclusion rule and the dependency of the asymmetry
in the angle of the particle. To clarify this statement, see the adjoint operator as a time-reversal, and
consider a configuration with two columns of particles wanting to cross each other. This configuration
would be stuck under £"*, however, under the time-reversed dynamics £"*", it starts to move. This
illustrates that in our model, the asymmetric generator £™* is not anti-self-adjoint.

Let us denote accordingly to the previous notation (2.15) and recalling the definition of the A.s (2.1),
fori=1,2

37 = Xi(00)mo(1 = 1e,) = i (Be, )1e, (1 = 10)-
Elementary computations yield accordingly that the adjoint in L?(u%) of LY is in fact given by
(5.1) LY = L™ 42 3" N g
z€T?, i=1,2
This identity will be necessary to prove the following result, which compares the measure of the process
with drift to the measure p}.

Lemma 5.2. — Recall the topology on X introduced in Proposition 3.10, and fix a bounded measurable
function
X = Xy x[0,17] — R
For any v > 0, we have
2T \?

T
1 exp (w? / X, (ﬁ(t))dt> .

YN?
where the supremum in the right-hand side is taken on the densities w.r.t. p,.

1 /T . 1
log Eﬁ’f < + g/ dt sup {Ea (prXe () — 2D(<P)} ;
0 ¢

Proof of Lemma 5.2. — Let us denote by P{\’X the modified semi-group
t
PN = exp [ / L0 4 szXsds} .
0

where Lﬁ,zo is the alignment-free generator introduced in (3.16) and let us denote in this section by
< .,. >, the inner product in L?(u%). For any i = 1, 2, and any H, and T > 0, the Feynman-Kac
formula yields

T
(5.2) K [exp (wvz/ Xt(ﬁ(t))dtﬂ = <1,Pp1 >, << Py, PrY1 512
0
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by definition of Pf"X,

d - —0
(5.3) - < PM1, PM L > =< P (L0 4+ L5704 29 N2 X)) PR >y,

where M* stands for the adjoint in L2(u}) of M. By definition of L]BVZO, we have
L7% = N2L* + NLW 4 £6F=0x,

We now work to control the weakly asymmetric contribution in the right-hand side of equation (5.3),
which does not vanish in our case, as a consequence of Remark 5.1. For that purpose, consider a function
€ L2(p), identity (5.1) yields

<@ (LM H LM >=2 > Y E [QDQszf\i] :
wET?, i=1,2
Recall the definition of V, f given in equation (3.4). A change of variable 7 — 7***¢ on the second part
of 7, jf‘ yields that for any x
Ef(97705) = —Ea(Ni(00) Vazre 7)) = —Ef [Nil62) (0(0777) + ) Vawte, o] 5
therefore applying the elementary inequality ab < a?/2 + b?/2, to
Ai(0o)

a = \/j§?‘7$,£-kei99 and b= 4*44;7j§;7 (99(;7r,x—%ei) + 99),

we obtain (since X;(0) is either Acos(f) or Asin(f) and is less than )
<O (L4 LN >as 5 Y Y B [(Veased)] + X 3 [0 + 07,
zeT%, i=1,2 z€T%, i=1,2
Since (p(7%*+e) + )2 is less than 22 (%% +¢) + 2¢? | we finally obtain that,
<o, N(L™ + L) >, < —N°E% [pLy] + 4X*N°EZ [¢*] .
In particular, applying this identity to ¢ = P;"**1, we deduce from equation (5.3) that

d j—
% < Pt>\7X17Pt)\7X1 >, < < Pt>\7X17 [2’7N2Xt + N2£ + 2£G,B—O +4)\2N2] Pt>\7X1 >

< (v (1) +4X2N?) < PMX1, P >, 42 < P £9P70PM R >

where v, (t) is the largest eigenvalue of the self-adjoint operator N 2L 4+ 2yN?X,. It is not hard to see
that the second term above is non-positive. Indeed, for any function ¢ on Xy, by definition of £&5=0
(cf. equation (2.5))

<L 20 = T B () |5 [ a0 - o))

2
zeT?,

—% > E <m [;ﬂ/sw(n“’g)cw— w(ﬁ)F) <0.

z€T%,

To establish the last identity, we only used that under p,, the angles are chosen uniformly, and therefore
EZ (ne(02)) = Ef (1,:)(1/27) [ 0(0")d’. We thus obtain that

d
- < P PMYT >0 < (1 (1) + 402N?) < PMR1L, PR >,

and Gronwall’s inequality therefore yields that
T
< P71, Pp1 > < exp <4T)\2N2 +/ z/v(t)dt> :
0

This, combined with (5.2), allows us to write

1 2,0 o [F
(5.4) logE}y |exp | YN / X, dt
e [ 0

2 T
T[T,
Y 0 2YN?
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The variational formula for the largest eigenvalue of the self-adjoint operator N2(L + 2vX;) yields that

* X 1
() =N sup L (UL + X)) = 2N sup (1B (Xeg) — 3D(6) .
¥, B (¥?)=1 @
where the second supremum is taken over all densities ¢ w.r.t. p%, which together with (5.4) concludes
the proof of Lemma 5.2. To prove the last identity, one only has to note that the supremum must be
achieved by functions v of constant sign, so that we can let ¢ = /1.
O

5.2. Relative compactness of the sequence of measures. — We prove in this section that the
sequence (QN)nen, defined in equation (B.4), is relatively compact for the weak topology. It follows from
two properties stated in Proposition 5.3 below. The first one ensures that the fized-time marginals are
controlled, whereas the second ensures that the time-fluctuations of the process’s measure are not too wide.

Given a function H : T? x $ — R, we already introduced in the outline of Section 2.4 the notation

<m H >= H(u,0)r(du,db).
T2 xS
The following result yields sufficient conditions for the weak relative compactness of the sequence (Q) y.
Recall from equation (2.10) the definition of the set of trajectories MI0T],

Proposition 5.3 (Characterization of the relative compactness on P(MI[07]))
Let PN be a sequence of probability measures on the set of trajectories M%) defined in (2.10), such
that

(1) There exists some Ag > 0 such that for any A > Ao,

limsupPY | sup <7, 1> >A| =0
N—oo s€[0,T

(2) For any H € C*1(T? x §), e > 0,

lim lim sup PV sup | <7y, H>—-<m,H>| > | =0.
6—0 N — 00 \t—t/|§5
o<’ t<T

Then, the sequence (PN )nen is relatively compact for the weak topology.

Since this proposition is, with minor adjustments, found in [3] (cf. Theorem 13.2, page 139), we do
not give its proof, and refer the reader to the latter. For now, our focus is the case of the active exclusion
process, for which both of these conditions are realized. The strategy of the proof follows closely that
of Theorem 6.1, page 180 of [27], but requires two adjustments. First, our system is driven out of
equilibrium by the drift, and we therefore need to use the Lemma 5.2 stated in the previous section to
carry out the proof. The second adaptation comes from the presence of the angles, and since most of the
proof is given for a test function H(u,0) = G(u)w(f), we need to extend it in the general case where H
cannot be decomposed in this fashion.

Proposition 5.4 (Compactness of (Q)yen). — The sequence (QN)yen defined in equation (B.4)
of probabilities on the trajectories of the active exclusion process satisfies conditions (1) and (2) above,
and is therefore relatively compact.

Proof of Proposition 5.4. — The first condition does not require any work since the active exclusion
process only allows one particle per site and we can thus choose Ay = 1. Regarding the second condition,

recall that
t

5.5 <ol H>—-<aN H>= | Ly<aN,H>ds+ M — M,
t t S t

+
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where M ¥ is a martingale with quadratic variation of order N~2. For more details, we refer the reader
to appendix A of [27]. First, Doob’s inequality yields uniformly in § the crude bound

(5.6) B, <Sup | M — M

t,t<§

< 2EM? ( sup | M | ) < C(H)N7!,
B No<t<T
where E)‘}g is the expectation w.r.t the measure ]P’zf,a introduced just after Definition 3.4 of the complete
process 771 started from the initial measure p'V.

Regarding the integral part of (5.5), we first assume like earlier that H takes the form

H(u,0) = G(u)w(0),

where G and w are both C? functions. When this is not the case, an application of the periodic Weierstrass
Theorem will yield the wanted result. Then, following the same justification as in Section 2.4 we can
write

/t In <N H > ds = % /t is 3 7, (Z (N2 + 1] ()0, N Gl(z/N) + mw(s)a(azﬂv)> ,

’ S
-ZET?V =1

where the instantaneous currents j,  and v were introduced in Definition 2.8.
The weakly asymmetric and Glauber contributions are easy to control, since both jump rates r and
~v“ can be bounded by a same constant K, and we can therefore write

t . t 1 2
/ (N£M+£G)<TF£V,H>CZSSK/ dsﬁ | G(z/N) | —I—Z | Ou; . NG(z/N) |
t v

zeT% i=1
2
N oseo K(t—t’)/ G|+ [0,Gw) | du,
T2 i=1
which vanishes as soon as | ¢ —t| <4 in the limit § — 0. Finally,

QN sup | <7y, H>—<m,H>|>¢
[t—t' <8
o<t t<T

t
§}P’2’N’6 sup / NL<aN H>ds| >¢/3
[t—t" <5 v
0<t' t<T
t
+P20 | sup / (NLY™ +£%) <all H >ds| >¢/3
[t—t"|<S t/
Lo<t',t<T

B H H

+P | osup | M — M
| t—t' <8
Lo<t',t<T

>e/3

The second line of the right-hand side vanishes in the limit N — oo then § — 0 thanks to the computation
above, whereas the third line also vanishes thanks to Markov’s inequality and equation (5.6). Finally,
the first term vanishes accordingly to Lemma 5.5 below and the Markov inequality, thus completing the
proof in the case where H(u,0) = G(u)w(6). The general case is derived just after the proof of Lemma
5.5.

Lemma 5.5. — For any function H(u,0) = G(u)w(0) € C*°(T? x $),

t
N*L<7) H>ds| | =0.

t

(5.7) lim lim sup B sup
§—0 N — 00 © ‘t/7t|S6
o<t t<T
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Proof of Lemma 5.5. — The proof of this Lemma follows, with minor adjustments to account for the
drift, the proof given in [27]. First, we get rid of the supremum and come back to the reference measure
with fixed parameter « €]0,1[ thanks to Lemma 5.2 of Section 5.1. Let us denote

t
(5.8) o(t) = / N2L < 7N H > ds.
0

We now compare the measure of the active exclusion process to that of the process started from equi-
librium (uV = u?), and with no alignment (3 = 0), according to Proposition 3.10 with A = RN?
and

X (ﬁ[O,T]> sup N2£ <N H>ds| = sup |g(t)—g(t)]|
—t|<s # |tt%‘S5
0<t A<T 0<t’,t<T

This yields that for some constant Ky > 0, the expectation in equation (5.7) is bounded from above for
any positive R by

1
Y el K0N2+log]E L exp RN? sup |g(t) —g(t") ]|
|t —t|<5

0<t' t<T

(5.9
We therefore reduce the proof of Lemma 5.5 to showing that

5.10 lim limsup ———— log EX exp [ R(O)N?  su t) —g(t =0,
(310) fim lmsup ooy log B exp | RON® sup_ [ g(t) = o(®)]
0<t' ,t<T

where R(5) goes to oo as d goes to 0.
Let p and 4 be two strictly increasing functions such that ¢(0) = p(0) = 0 and ¥ (+00) = 400, with

1 continuous, we denote
_ /
o[ (Y gy,
[0, 7] [0,T] p(|t' —t])

the Garsia-Rodemich-Rumsey inequality [23] yields that

0 41

5.11 —g(t 8 d

G-11) o) —ote) <8 [0t (7 )t
o<t t<T

Given any positive a, we choose p(u) = /u and 1 (u) = exp(u/a) — 1, hence =1 (u) = alog(1 + u). An
integration by parts yields for any 6 < e~2 that

[ (S fon(o D)2

s
I
= aVélog (1441672) +a/ 87\/ﬂdu
0

ud + 4lu
<a\flog(1—|—4l(5 +a/ —du
= aV/§ [log (6% + 41) — 2log  + 4]

<a\f[ Og61 g (6% +4I) —410g(5]

(5.12) < aV'é [~4logdlog (6% +4I) — 4log 4] ,
since by assumption —log(d) > 2. From equations (5.11) and (5.12) we deduce that
A,0 2 / 2,0 2 2
logE, exp | RN? sup |[g(t) —g(t')| | <logE,: exp (—32aRN Vélogd [1+ log (6% + 41 + 1)])

[t —t|<8
o<t t<T
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holds for any a > 0. For § < 1, Let us choose a = —(32RN?v/§log§)~! > 0, we can write for the second
term of (5.9) the upper bound

1
logEX exp | RN? sup |g(t) —g(t)] | < 1+1log (14 6% +4E4 (I))] .
RN2 759 |t’—t\§5| )| RN2 [ ( ( ))}
0<t' t<T

By definition,
‘ft,N2£<7TN H>du‘

I= / exp dt'dt — T2.
[0,7]%[0,T] [t =]

Let us assume, purely for convenience, that 7' > 1/2, for § sufficiently small, we have 472 — 1 — §2 > 0,
and the quantity inside the limit in equation (5.10) can be estimated by

(5.13) logE L Oexp | RN? sup | g(t) —g(t') |

2
RN [+ —t|<6
o<t/ t<T

1 ‘f:,N2£<7T£V,H>ds‘
< —— |1+1og4E}N / exp
RN? * [ Jio11x0,11 ay/[t —t]

If T < 1/2, we simply carry out a constant term in the log above, which does not alter the proof.

Let us take a look at the two constants a and R. Noting the first bound on the entropy mentioned
earlier, in order to keep the first term of (5.9) in check, R = R(§) must simply grow to co. Furthermore, we
previously obtained that a = —(RN?232+/5log §)~!, we can choose a = N~2, thus R = (—1/32v/dlog §) !
which is non-negative, and goes to co as § — 0. Therefore, the second term above can be rewritten

dt'dt

1 2,0 ! /
—log/ 4E7. exp Joate; (8)0u; NG(z/N)ds | dt'dt
RN? o101 v |t — |1/2 Z e

i=

12

In order to estimate the expectation above, we can get rid of the absolute value, since el *| < e® 4 =7,
and since the function G is taken in a symmetric class of functions. Furthermore, Lemma 5.2, applied
with v = 1 yields that the second term in the right-hand side of (5.13) is less than

1 (t—1) r\2n2 /
5.14 —log/ exp[ AN*N* + vy (G, w)|| dtdt’,
(514 RN? [0,T]x[0,T] 2 | (G.)]
where vy (G,w) is the largest eigenvalue in L?(1%) of the self-adjoint operator
2N
2 -
N°L+ |t/—t‘1/2 § jz,m—i—eiauq‘,,NG(z/N)a
xET%
i=1,2

which can be rewritten as the variational formula

(5.15) v (Ghw) = sup W? > OuNG@/NE (Fisre) = N*D(f) ¢

z€T3,
z:1,2

[t —

where the supremum is taken on all densities f w.r.t. p,. In order to prove that the eigenvalue above is
of order N2, we now want to transform

| ‘1/2 XT: 8“1 NG Ql‘/N) Z(fj;),z—i-ei)'
z€T?

~r,r+e;

For any density f, and i = 1,2, since j% .. (7

B (F o) DuN G /N) = =SB [(FT) = )i nse,] Du G/ N)

) = —Txj¥, we can write
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<108 (e (VE@=) - V7))
N %(thG(x/N))QIEZ ((\/f(n”’”ei) + \/?)2) :

Since (j¥,.0,)? < ||wl2 1y, p,... =0, and since [v/F(777F¢) + \/ﬂ2 < 2f ("¢ + 2f, we obtain the
upper bound

N . (piw N w2 N°C 2
e Z O NG(x/N)EL, (i3 ame,) < WDU) + v —t]i2 110w, Gl

2
zeT%,

which holds for any positive C. We now set C = |t' — ¢|~'/?||w||>, /N so that the Dirichlet form
contributions in the variational formula (5.15) cancel out. We finally obtain that for some positive
constant C7 = C1(G,w), independent of N,

C1N?
G,w) <
VN( ?w>—‘t_t/|7

which yields that (5.14) vanishes in the limit N — oo and § — 0, since R = R(J) goes to oo as § goes to
0. Finally, we have proved thanks to equation (5.13) that

lim lim sup log E);;O exp |RN? sup |g(t) —g(t' =0,
s i sup s 108 By \tut|ga| (t) —g(t") |
0<t' t<T
which concludes the proof of Lemma (5.5). O

In order to complete the proof of Proposition 5.4, we still have to consider the case when H does not
take a product form G(u)w(#). In this case, since H is smooth it can be approximated by a trigonometric
polynomial in uj, ug and 0. Each term of the approximation is then of the form G(u)w(f), and the
previous result can therefore be applied. More precisely, consider a smooth function H, and for any
a > 0, there exists a finite family (pf;)o<i,jk<m. of coefficients such that

sup | H(u,0) — Z pruiuldt | < a.
u€T?, g
s i,5,k€[0,M]

Let us now fix an ¢ > 0, and let us take a = ¢/4. Then, considering the corresponding family P;;x(u,§) =
P ufusd we have that

‘<7T751Y,H>—<7T£V,H>’ < |\<w) —aN H - Z P> | + Z ‘<7riY—7riV,Pijk>’ .
4,J,k<Mqo 4,5, <Ma
Since we allow at most 1 particle per site, and since H — Zi,j,kgMu P, ;i is smaller than /4, the first
term of the right-hand side above is less than €/2. From this, we deduce that for the left-hand side to
be greater than ¢, one of the terms | < W{Y, P >—-< w{v, Py, > | must be larger than 5/2M2. This
yields that

QN sup | <mp,H>—<m,H>| >¢
|s—t] <6
o<t t<T

N 6
< g Q sup | <my, Pk > — <m, Pijp > 1 > 3
. |t/—t|<6 2Ma
1,5,k<Mq L=
0<t' t<T

Since « is fixed, we can now take the limit N — oo then § — 0, in which the right-hand side vanishes
since all functions are decorrelated in v and 0. The result thus holds for any smooth function H, thus
completing the proof of Proposition 5.4. O
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We now prove that in the limit, the empirical measure of our process admits at any fixed time a density
w.r.t. the Lebesgue measure on T2.

Lemma 5.6. — Any limit point Q* of the sequence QN is concentrated on measures m € MOT! with
time marginals absolutely continuous w.r.t the Lebesque measure on T2,

Q* (n, w(du,d) = p,(u,df)du, Vte[0,T]) = 1.

Proof of Lemma 5.6. — For any smooth function H € C(T?) configuration 7 in ¥y and any correspond-
ing empirical measure 77, we have
1
| <oV H>| = NQZ (x/N)ng S—QZ\Hx/N

zeT?%, z€T%,

The right-hand side above converges as N goes to oo towards [, | H(u)|du. Since for any fixed function
H, the application

= sup | <my, H > |
0<t<T

is continuous, any limit point Q* of (Q™)x is concentrated on trajectories m such that
sup | < m, H > | S/ | H(u) |du,
0<t<T T2

for any smooth function H on T?, and therefore is absolutely continuous w.r.t. the Lebesgue measure on
T2. O

5.3. Regularity of the density and energy estimate. — In this section we prove that the macro-
scopic particle density is reqular enough for the weak hydrodynamic limit (2.11) to be well defined, i.e.
that criterion 4ii) of Definition 2.5 is satisfied. The proof follows the same strategy as in [27], we give it
for exhaustivity.

Due to the non-constant diffusion coeflicients, the second derivative in equation (2.11) cannot be
applied to the test function, and we need, according to condition 4ii) of Definition 2.5, to prove that
the macroscopic profiles of our particle system are such that Vp is well-defined. We can now state the
following result.

Theorem 5.7. — Any limit point Q* of the measure sequence (QN)n is concentrated on trajectories
with py(u) € Hy = WY2([0,T] x T?) for any p > 1. In other words, Q*-a.s., there exists functions
O, pe(u) in L2([0,T] x T?) such that for any smooth function H € C%1([0,T] x T?)

(5.16) / / (), Hy () dudt — / / O, (0)dudlt
[0,7]x T2 [0,7] ><'J1'2

Furthermore, there exists a constant K = K (T, )\,B,C) such that for any limit point Q* of (QV), and for
any 1,

(5.17) Eg- <//{0 e [auipt(u)]Qdudt> <K.

In particular, any such limit point Q* is concentrated on measures satisfying condition iii) of Definition
2.5.

The proof is postponed to the end of this section. The usual argument to prove this result is Riesz
representation theorem, that yields that if

1/2
/ / pt(0) 0y, Hy(u)dudt < C / H?
[0,T]x T2 [0,T] x T2

for any H, there exists a function 9, p € L?([0,T] x T?) such that (5.16) holds. For that purpose, we need
the estimate given in Lemma 5.8 below. Fix a direction i € {1,2}, for any = € T%;, shorten z) = z + ke;,
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k € {0,...,eN}. Following the strategy of the energy estimate of [27], and recalling that 7,psn is the
empirical particle density in Bsy (x), we let

1
W ,i(e, 0, H,n) N2 Z (z/N) < [TeteNe, PSN — PSN) — (x/N)> -
z€T?,
Note that to emphasize that this quantity does not depend on the angles, we denote its third variable as

7 instead of 7.

Lemma 5.8. — Let {H',l € N} be a dense sequence in the separable algebra C*1(]0,T] x T?) endowed
with the norm ||1T1T||OO—|—X:?:1 0w, H|| - For any i = 1,2, there exists a positive constant K = K(T, A, 3,()
such that for any k > 1 and € > 0,

50 N—oo 1<I<k Jo

T
hmsuphmsupIE“N (max/ Wi .i(e, 6, Hé,n(t))dt) < Kp.

Proof of Lemma 5.8. — By the replacement Lemma 4.1, it is sufficient to show the result above without
the limit in ¢, and with WNﬂ(e, H, 77) instead of Wiy ;, where

Wavsleo o) = 7z 32 HGo/N) (2 v, =il = Hlz/N))

z€T%,
- 3 H(m/miag [N(n = )—H(SE/N)}
N2 zEeT?, eN k=0 o " '

Applying Proposition 3.10 to A = N? and

X (ﬁ[OvT] = max / WN’L € Ht, (t))dt,

1<i<k

the contribution of the Glauber dynamics and the initial measure can be compared to the case 5 = 0
started from p?,

(fi% [ Pt it >>dt>

KolT, 8,0) + — <1ogE 0

T
= .
exp (N 1Igla<xk/ WN,Z(gthan(t))dt>]> :

The max can be taken out of the log in the second term because for any finite family (u;),

N—o0 N—oc0

exp (max ul) Z exp u; and lim sup N2 log (Z U N) < max limsup N 2 log UN,I-
Furthermore, we apply Lemma 5.2 to v = 1, and X; = WN,i(e, H,,n), to obtain that

T/-\_/
exp <N2/0 WN,i(E,Hm??(t))dt>

<2TN? + % /OT dts?pp {QEZ <§DWN,i(€,Ht777)) -D (‘P)} )

1 A0
vz log Bz

where the supremum is taken over all densities w.r.t. pu}. Letting
l<(2n7A7[376> = }(0(1n7ﬁ376> + 21”A27

to prove Lemma 5.8 it is therefore sufficient to show that the second term on the right-hand side of the
inequality above is non-positive in the limit N — co. This will be implied by Lemma 5.9 below, since
the time integral is now only applied to H. O
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Lemma 5.9. — For any H € C'(T?), and £ > 0,

lim sup sup {QEX (WN,i(E, H, n)go) - D(cp)} <0,

N—oco ¢

where the supremum is taken over the densities ¢ w.r.t the product measure p},.

Proof of Lemma 5.9. — The proof of this Lemma follows the exact same steps as the treatment of equa-
tion (7.3), p.106 in [27], we do not detail it: since 7, , — 7., appearing in the expression of WN,i(57 H,n)
can be rewritten 7, ., (1 — 12, ) — N, (1 — 7z, ), the proof of the Lemma is just a matter of performing
changes of variables 77 — 7®%**+1 and using the elementary inequality

ab(c —d) < a*(c+d) + g(ﬁ —Va)?,
which holds for any positive ¢, d, to
a=H(x/N), b=ne, (1= Ney)s Ny (1= Naypy),  c= (@), and  d=/p
in the first term of WNJ(E, H,n). O
Lemma 5.8 allows us to complete the proof of Theorem 5.7.

Proof of Theorem 5.7. — Recall that we defined in Section 2.2 ]P’;)}VB, the measure on the space
D([0,T],%xn) of the active exclusion process 7)(s) started with the measure p®, and QY is the
measure on the corresponding measure space M[®T]. Let us introduce

©s(u) = (20) 71 _s 52 (u).

Since T,psN = % < 7, 05(x/N — ) > for any weak limit point Q* of (QV), Lemma 5.8 yields

Hl
limsup Eg« [ max // M(<m,gp5(u+eei—-)>—<7rt,<p5(u—-)>)—Hé(u)2dudt <K.
§—0 1<i<k JJpo,rixT2 €

Since thanks to Lemma 5.6 any limit point Q* of (Q*V) is concentrated on trajectories absolutely contin-
uous w.r.t. the Lebesgue measure on T?, letting § then € go to 0, by dominated convergence, we obtain

that
1<I<k

Eg- (max // [8uHé(u)pt(u) - Htl(u)z] dudt) <K,
(0,7 xT?

where p;(u) is the density of the measure [ 7 (du,df) w.r.t. the Lebesgue measure on T?. By monotone
convergence, and since the sequence (H;) is dense in C%1([0,T] x T?), we therefore obtain

(5.18) Eg- <Sl;1p //[0 . (00, He(u)pe(u) — Hy(u)?] d“‘”) < K,

where the supremum is taken over all functions H € C%1([0,7] x T?). Given a limit point Q*, let us
denote by & the event on which the quantity inside parenthesis above is finite :

=4§su Hy(w)pe(v) — Hy(u)?] du 00
é"{Hp//[O’T]XTz[aulH()p() Hy(u)?] dudt < }

and denote by & the elements of &. Then, thanks to the L' bound we just obtained, we have that
QR*(&) =1.
Define on C%1([0,T] x T?) the linear operator

s =[] o u)dud,
[0,T] xT2

then equation (5.18) yields that for any £ € &, there exists a constant K(£) such that for any positive
constant r, rf;(H) —r? [[ H*> < K(£), i.e.

1

K&+ r/ H2.



1294

1295

1296

1297

1298

1299

1300

1301

1302

1303

1304

1305

1306

1307

1308

1309

1310

1311

1312

1313

1314

1315

1316

1317

1318

1319

1320

1321

1322

1323

1324

1325

HYDRODYNAMIC LIMIT FOR AN ACTIVE EXCLUSION PROCESS 53

Letting r = /K (€)/ [[ H?, and Cy = 21/K(€), we obtain that for any function H € C%!([0,T] x T?),

1/2
fi(H) < Co(6) ( / /m } H) .

The functional f; can then be extended to a bounded linear functional in L?([0,7] x T?). The conclusion
then follows from Riesz’s representation theorem. O

6. Non-gradient estimates

6.1. Replacement of the symmetric current by a macroscopic gradient. — In this section, we
focus on the complete exclusion process, and replace the current j¥° by a quantity of the form t.,h—h—+Lf,
with f a function of the configuration with infinite support. We then show that the perturbation Lf is
of the same order as the weakly asymmetric contribution, and they both contribute to the drift term of
equation (2.11). To obtain the non gradient estimates, we use the formalism developed in [27] rather than
that of [35]. This changes the proof substantially, with the upside that the orders in N, as well as the
studied quantities, are clearly identified at any given point of the proof.

One of the challenges in proving the non-gradient hydrodynamic limit is to replace the local particle
currents j by the gradient of a function of the empirical measure. Recall that we already defined in
equation (2.20) the empirical angular density p; € M1(3),

~

1
=5 > Mado,,
(20 +1) =

and we denote by p; the empirical density

1 ~
pL= m Z Nz = pu(3).
x€EB;

Let

1
P = s D T
(2l+1) =
be the average of n“ over a box of side 2[ + 1. Finally, for any function ¢ on Xy, recall that §; is the
discrete derivative
dip="Te,p— ¢
(for example, d;n8 = ng. — ).

The usual strategy in the proof of the non-gradient hydrodynamic limit is to show that for some
coefficients 0¥, 9:[0,1] x R — R*,

Ji’ 4 0% (pens PEN) BipEn 0 (pen, pEN) Bipen
vanishes as N — oo. More precisely, the quantity above is in the range of the generator £, which is
usually sufficient when the functions of the form Lf are negligible. In our case, however, due to the
addition of a weak drift, the usual martingale estimate does not yield that L£f is negligible, but that
LPf = (L+N—1L™)f is negligible, therefore this perturbation can be integrated to the drift part, which
is done in Section 6.7.

For this replacement, we will need further notations similar to the ones introduced in Section 4.1. In
our case, the diffusion coeflicient ?“(p, p*) is in fact the self-diffusion coefficient ds(p), therefore we will
from now on simply write ds(p) for the diffusion coefficient relative to p*. Note that it depends on the
configuration only through the empirical density, and not on the particle angles. For any positive integer
[, and any cylinder function f, let us thus denote

VEEN@) = 5+ ds (pon) ipSy +0 (pens p2n) ipen — L,
where D : [0,1] x R — R is the diffusion coefficient given in (1.3).
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We introduce for any smooth function G € C?(T?)

1
fieN ~ f.eN
(6.1) XN (Gn) = N Z G(z/N)1, V.

2
zeT%,

Our goal throughout this section is to prove that under the measure of our process, X Zf ’]f,N(G7 7)) vanishes
for any smooth function G, i.e. that the microscopic currents can be replaced by a macroscopic average
of the gradients up to a perturbation L£f that will be dealt with later on.

The sum contains N? terms, and the normalization is only 1/N, therefore an order N has to be gained,
and this is the major difficulty of the non-gradient dynamics. To prove this statement, we decompose
Xif, ’]f,N(G7 7)) into distinct vanishing parts. We already introduced in equation (3.19) the set

Epa. = j{: ny < |Bpl—2¢,

ly—z|<p
such that at least two sites are empty in a vicinity of = of size p. The cutoff functions 1, , are crucial
in order to control the local variations of the measure of the process with the Dirichlet form.

We set for any integer [

“,P —w,p _ W w,p
6.2)  p} QZHQZ% B, and P =g — g QZHQZm
r€B, r€B,
where E¢ _ is the complementary event of F

D,z
We are now ready to split Xi]j’]f[N

Wi =WH ) = j = G = (27 = eni™)
the difference between j* — L f and their local average, and by
W = Wi () = ds (pen) 8ip2i

the mesoscopic contributions of full clusters, where p237 was defined in equation (6.2) above. Let us also

into 4 vanishing parts. Let us denote by

introduce
Ws = WiV (@) = d (pen) 6:p2 — ds (1) 80" + 0 (pens pEn) ipen — 0 (pu, pf) i,
where [, = —p—1and I’ = [—1, which is the difference between the cutoff microscopic and macroscopic
gradients. Note that the cutoff functions are not needed for the total density p, because the gradients
will vanish on full configurations. Finally, we set
.ol l—s
(6:3) Wi = WP () = ()6 + ds (o) 80" +0 (pr. o) 8ipr = (Lf)g ™

the microscopic difference between currents and gradients, taking into consideration the perturbation Lf.
For any smooth function G € C?(T?), we also introduce

1 . 1
n=YHGD =5 Y Ce/NmW,  Ya=Y3"C0 =5 Y Ga/N)mWe,

zeT zeT%,

1
Ys = Y5 V(G,7) N Y. Ga@/N)ymWs  and Y =Y/[["(G0) =+ D Gla/N)maWi.
zeT%, zeT%,

By construction,
4
EN (= ~
)(ZE' Ugan):: EE:Y%(G%W)
k=1
We can now state the main result of this section.

Theorem 6.1. — Let G be a smooth function in C12([0,T] x T?), T > 0, and i € {1,2}. For any
cylinder function f,
) “0

o0 N—oo

(6.4) limsuplimsupIE)‘B<‘/ Yfl (G, n(t))dt
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>:0.

Furthermore,

P—30 50 N—ooo

T
(6.5) lim limsuplimsupEi’]\é ( ‘ /0 Y7 P(Ge () dt

For any integer p > 1,

T
(6.6) lifnsuplims(t)lpli]{[nsup]Eif < | /0 y;l,éstP(Gt,ﬁ(t))dt ) =0.
—00 e— —00
Finally,
T
(6.7) inf lim lim sup lim sup B} / Yiﬁl’p(Gt,ﬁ(t))dt =0,
f P s Nooo P 0

where the infimum in f is taken over the set C of cylinder functions.

The core of this section is dedicated to proving these four estimates. The proof of equation (6.4) is
immediate and is sketched in Section 6.2.

Equation (6.5) is quite delicate, and requires both the control on full clusters derived in equation (3.20)
and the energy estimate (5.17). It is proved in Section 6.3, in which the main challenge, as in the control
of full clusters, is to carry out the macroscopic estimate (5.17) in a microscopic setup.

The proof of equation (6.6) is given in Section 6.4. This limit is the non-gradient counterpart of the
two-block estimate stated in Lemma 4.4. It follows closely the replacement of local gradients by their
macroscopic counterparts performed in Lemma 3.1, p.156 of [27], but needs some technical adaptation
due to the presence of the cutoff functions.

The last limit (6.7) requires the tools developed by Varadhan and Quastel [48] [35] for the hydrody-
namic limit for non-gradient systems, and therefore requires more work. It is the non-gradient counterpart
of the one-block estimate of Lemma 4.3. However, if the latter was essentially a consequence of the law
of large numbers, (6.7) is analogous to the central limit theorem, where the gradient term plays the role
of —E(j%). The limit (6.7) is the focus of Sections 6.5-6.6.

Finally, Section 6.7, and in particular Lemma 6.21, is dedicated to the integration of the contribution
Lf to the drift part of the scaling limit.

These four estimates are sufficient to allow the replacement of currents by macroscopic averages of
gradients, up to a perturbation Lf.

Corollary 6.2. — Let G be a smooth function in C*2([0,T] x T?), and T >0, and consider XZ}@N
introduced in (6.1). Then for i € {1,2}
] _o.

e—=0 N—o00

T
(6.8) inflimsuplimsupE:}f H/ X{ﬁN(Gt,ﬁ(t))dt
0

Proof of Corollary 6.2. — Since
4
XN G0) =YY@,
k=1

this Corollary follows immediately from the triangular inequality, and Theorem 6.1 above, taking the
limits N — oo, then € — 0 then [ — oo, then p — 00, and finally the infimums over the local functions
I O

6.2. Replacement of the currents and Lf by their local average. — In this paragraph, we prove
equation (6.4), i.e. that for any i = 1,2, any function G € C2([0,7] x T?), and any cylinder function f,

>:0.

/OT Y1(Gy, n(t))dt

o0 N—oo

lim sup lim sup Ef‘t}f (
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We set,

GZ’N((E/N):ﬁ Z G(y/N)v
y€TL, ly—z <1

an integration by parts yields that, shortening I’ =1 —1

1 W
N Z G(x/N) Jz,wte; — 21’4—1 Z ]y y+ei

zeT%, ly—z |<U

’ w C(@)i?
=5 3 (G/N) =~ 6N /N 2, < S
z€T%,
since the difference G(z/N) — GV (x/N) is a discrete Laplacian, and is therefore of order [2/N?, and the
currents jg ... are bounded. By the same reasoning, letting [y =1 — sy, we obtain a similar bound on
the difference

1 1 C'(G, /I
N Z G(z/N) Tazﬁf—m Z LS %,

z€T?, ly—=|<ly

IN

since Lf is a bounded function (this last statement comes from the fact that f is, and depends only on
a finite number of sites). These two bounds finally yield that for some constant K = C(G) + C'(G, f),
K

N )
which immediately yields equation (6.4) for any cylinder function f.

| Yi(G,n) | <

6.3. Estimation of the gradients on full clusters. — We now prove that equation (6.5) holds. Our
goal is to bound Yifév’p(G, 7(s)) thanks to the control of full clusters functions obtained in (3.20), and to
the energy estimate (5.17). For the sake of clarity, we drop the various dependencies, and simply write

Yy = Y0P,
By definition of Y5 and pZ{ (6.2),

Va(G) = o 3 Cla/N)Te (A (pew) 8:75)

1 1 .
- N Z G(x/N)Ta: ds (pEN) (2€N+1)2 Z 77y ILE;;W 26N+ Z 77y )

z€T? yEBn(€;) yeBsN
and we can rewrite it by summation by parts as
(6.9)
1
G, 1) > g > G/N)myds(pen) — Y. Gy/N)myds(pen)
N = (2eN +1)2
z€T%, YyEB:N(T—e;) YyEB:N ()

Most of the terms in the parenthesis above cancel out, since the boxes B.y(z — ¢;) and B.n(z) overlap
except on the two sides (cf. Figure 4).
For any k € [—eN,eN], we let according to Figure 4

Y = _(EN + 1>€i + ke and zr, =eNe; + k:ez-/,

where ¢’ # i is the second direction on the torus, which are defined so that B.y(—e;)\Bey =

{y_EN, e 7y£N} and BEN\BEN(_ei) = {Z_gN, ceay ZEN}'
We thus obtain from (6.9)

(6.10) Y2(G,17(s))

T+ Yk T+ 2
N Z na: Eg 2€N+1 ( Z G( ) (Tw+ykp€N)_G< N )dS(T$+ka5N)>'

z€T?3, k=—eN
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YeN+ Hzon
YeN=1+ +zZena
YeN -2+ Hzeno

Yo |+ + +

Z
0 0
BEN
y2—6N+ + 29N
Yr=eNt +217€N
Y—eNl+ Hzoen
BEN(_Gi)

F1cURE 4. Definition of the yi’s and z’s.

We can now rewrite the quantity inside the parenthesis as the sum over k of

T+ T+ z T+ z
|:G ( Nyk) -G ( N k>:| ds(TerykpsN) -G ( N k) [ds(TahszpaN) - ds(TerykpeN)] .

Since y; and zj are distant of 2e N + 1, the first term in the decomposition above can be bounded in
absolute value uniformly in  and k by (2N + 1) ||0,,G|| /N. Let C(G,w) = ||0u, G| ||w]loo [|ds]] s
the corresponding contribution in (6.10) is

1 Z 1 % a T+ Yk _a T+ 2 dy (7. )
Fre@eN+ 12 | & N N )| &l TetuleNg |
””GTN<HwH = <lldall..

<(2eN+1)||0u, G| /N

and can therefore be bounded by
C(G,w)
=y 2 s,
z€T?,
Furthermore, since dg is C* on [0, 1], it is Lipschitz-continuous on [0, 1] with Lipschitz constant ¢, we
let C'(G,w) = c||G|\Oo [|w||,, /2. We can now write thanks to the previous considerations that
eN

C'(G,w) 1 | oty PeN — Ttz Pen |
Y < ]]_ . ) ]]_ . TTYkIFE TTZkFeE .
Yz Z By, ¥ TN Z (2eN + 1) Z L2 c

z€T% zeT?, k=—eN

For any positive v, we have the elementary bound

2
15 | Ta4yrPeN — Tr4z,PeN ‘ l (Tac—i-yk PeN — Ta+z, psN)

< ,y]lEC + ) ’
Pz c P 7y c
and finally, for any positive v,
eN 2
C + ’YC C/ 1 (Tz—(eN-&-l)evpeN - Tx+sNe~p6N>
Yol< ———— i i
Y2 Z Bpe T N2 Z 26N + 1) Z )
IETQ IE']I‘2 k=—eN
2
C + '_YC Tas (eN+1)e;PeN — Tx+eNe; peN)
R SR : -

zeT?, zeT?,
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hs = Vf‘zs(v ”)
1/4€3
vl e | T
— v | >e+e | / : \
Pel-sv) / \vaE : \
' 1/4€° y " 1 \
/ \ \ :
e | »} .
} \ / : ) g3 c c+ed
‘\ \‘ —(e+¢e®) - — \ : f U;
// \‘\ \ : //
‘ U ‘\ : |
*(€+€3) —€ € 5%53 \ }
(%) \ /
(B)

FIGURE 5. (a) Representations of @, (-,v) depending on the value of v.
(b) Representation of h.(-,v) = V°@.(+,v) depending on the value of v.

Recall that we want to prove (6.5), i.e.

T
lim lim sup limsup EYY (/ | Ya(Gy, 7(t)) | dt) =0.
p—0 =0 Nooo M 0

1400 The contribution of the first term in the bound for | Y5 | in equation (6.11) vanishes for any v as N then
1401 p goes to oo, thanks to Proposition 3.12.

1402 Furthermore, we can replace 7,_(cn41)e, PeN DY To—cNe, pen in (6.11) since the difference between these
1403 two quantities is of order 1/N and vanishes in the limit N — oco. This replacement allows us to work
104 only with quantities that can be expressed in terms of the empirical measure of the process. Equation
105 (6.5) therefore holds according to Lemma 6.3 below, letting v go to co after N — oo then ¢ — 0 then
1406 P — OO. |

Lemma 6.3. — There exists a positive constant K such that

T 2

. . 1 Tz—eNe; t) —, t

hmsuphmsupEi}f / oo § : (Tw—eNe, PN (t) = c+eNe; Pen (1)) i | < K.
e—0 N—o00 0 a:E']I'?\,

107 Proof of Lemma 6.3. — This Lemma states that the difference of macroscopic densities between two
108 points distant from 2¢ is also of order ¢, and is a consequence of the energy estimate (5.17). We are
1400 going to prove this macroscopic estimate in the topological setup of the space of cadlag trajectories of
1a10 measures on T? x § . Recall from Section 5.2 that M(T? x $) is the space of non-negative measures on
1411 the continuous configuration space,

MOT = D ([0,T], M(T? x 3))

112 is the space of right-continuous, left-limit trajectories on the set of measures on T? x $, and that QV
113 is the distribution on M1 of the process’s empirical measure 7. We have proved in Proposition 5.4
114 that the sequence (QV)yey is relatively compact for the weak topology. Let A. = [¢,¢]> C T? be the
115 cube of size ¢, and (¢.).~o be a family of localizing functions on T?

1

ee(-) = (2:)2 Ta,(+),

1416  we then have

2
szsN(t) = ( (2€N)

m <7T£N,Q05(+I'/N) > .
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We define the mesoscopic gradient

Vio() = (p(- — eei) — ol +ee;)),

3

represented in Figure 5b. Note that V¢, is at most of order ¢ ~2 since ¢, is of order e~2. We can rewrite

the left-hand side in Lemma 6.3 as

(6.12) / Z <7, Vip(.+x/N) >2 dt | +on(1).

xE’I[‘2

Furthermore, since for any two sites x, 2’ € T? distant from less than 1/N,
| <7 Vg4 2/N) > = <m, Vigd 42 /N) > | < Cle)y
we can replace the sum above by the integral over the continuous torus.
However, regarding the weak topology on M(T? x $), it will be convenient later on to consider smooth

functions instead of .. We therefore introduce for any ¢ a function @., represented in Figure 5a verifying

— $. = . on A, and on T?\ A, s.

— 1@l = lell

— . is in CY(T?).
Since @. and . coincide everywhere except on A.,.s\A., and since ||@.||, = (2¢)? we can write for
any z € T%

1
72< Trivv ]1AE+53\A5(' + I/N) >

|<7rtN,<p€(.—|—:l:/N) >— <7, 3.(.+z/N) > < 2

<4exe3
< Ce?,
for some positive constant C. This bound immediately yields
| <Y, Vipe(.+2/N)>— <7}, Vige(.+2/N)>| <C¢,

which allows us to replace in equation (6.12), in the limit N — oo then e — 0, ¢, by @.
To prove Lemma 6.3 it is therefore sufficient to prove that

e—0 N —oc0

(6.13) lim sup lim sup Eg~ (// < i he (o4 u) >3 dudt) <K,
(0,T]xT?

where h, = V@, is a continuous bounded function, represented in Figure 5b. Let us denote by II the
subset of M0

II= {WEM[O’T] sup < mg, 1 >< 1}

t€[0,7)
of trajectories with mass less than one at all times, which is compact w.r.t Skorohod’s topology introduced
in Section 5.2.

Consider a weakly convergent subsequence Qy, — Q*, in order to substitute Q* to Q" in the limit
above, we want to prove that for any fixed € > 0, the application

I, :m— / <, he (4 u) >2 dudt
[0,T]xT?

is bounded, and continuous on IT w.r.t. Skorohod’s topology.
Note that this application is bounded on II by construction, we now prove the following Lemma.

Lemma 6.4. — Fiz £ > 0, the application I. is continuous on (I, d), where d is the Skorohod metric
defined in equation (B.3).

Proof of Lemma 6.4. — For any two trajectories w and 7’ in II, and some continuous strictly increasing
function « from [0, T into itself, such that ko = 0 and k7 = T, we can write

I(m) — I.(7") // du < 7y + m he(+u) >< 7 — T, + T, — Tt he (-4 w) > dt.
[0,T]x T2
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The first factor < 7; + m¢, he(. +u) > can be crudely controlled by 2 [|A|| ., which yields
(6.14)

| I.(7) — I.(7") | §2||hs|oo//[OT] . | < — Ty, he(c+u) >+ < e, — e, he (- +u) > | dudt.
T %

Note that by definition of ||«||, one easily gets that for any ¢ € [0,7], |t—r,| < T(ell*ll —1),
therefore, k; — ¢ uniformly on [0,T] as ||k|| — 0. Let us fix 7 € II, and assume that d(mw,7") — 0
for some sequence of trajectories (7™), € IIV, there exists a sequence (K")nen such that [|&"|] — 0
and limy, —; co SUP;epo, 7] d(mf,mrp) = 0. This last statement yields in particular that for any ¢t € [0,T],
§(mp, mep) — 0, therefore for any ¢ € [0, 7], and for any u € T?,

lim <" —men, he(. +u) >=0,

n—oo
since he (. +w) is a continuous bounded function, and J is a metric of the weak convergence. Furthermore,
since k] converges uniformly towards ¢ on [0, 7] and since ¢ — 7, is weakly continuous almost everywhere
on [0, 7] by definition of M!®T] we also have that for almost every (¢,u) € [0,T] x T2,
lim < men — g, he(. +u) >=0.

n—oo
Since 7 and the 7™’s are in II, both of these quantities are crudely bounded in absolute value by 2 ||A.|| .,
which is naturally integrable on [0, 7] x T2. One finally obtains by dominated convergence, from (6.14)
applied to 7’ = 7™ and k = k", that
| I.(m) = I.(7") | — O.
n—oo

Lemma 6.4 is complete. O

We have now proved that the application I, is continuous for any fixed &, therefore the left-hand side
of (6.13) is less than

lim sup sup Eqg- // du < mg, he (- + u) >2dt ],
e—0  Q* [0,7]x T2

where the supremum is taken over all limit points Q* of the sequence Q. Since by definition h. =
V. does not depend on 6, we drop the dependency of m on @ and consider simply for any u € T?,
p(t,u) = [g p,(u,dd), where p,(u,df) is the density of m(-,df) w.r.t. the Lebesgue measure T?, which
exists @)*-a.s. according to Lemma 5.6. We can write

(6.15)

2
Eg- // du < my, he( 4u) >2dt | =Eg- // (/ p(t,v)Vipe (v + u)dv) dudt | .
[0,7] T2 0,T]xT? \JveT?

We can now express V:@. as a gradient, by writing
u;
V5G:(u) = Oy, V5 @e(ve; + uye)dv = 0y, D 4,
~1/2

where 7/ # i still denotes the second direction on the torus.

Furthermore, ®. ;, represented in Figure 6, is in C?(T?) because ¢, is C', and the various integrals
can be freely swapped since all quantities are bounded at any fixed €. Since Q*-a.s. p € W2([0, T] x T?)
according to Theorem 5.7, the right-hand side in equation (6.15) is therefore equal to

2
(6.16) Eg- <// (/ . (v+ u)@uip(t,v)dv) dudt) .
[0,7]xT2 \JveT?

In order to conclude, we adapt the proof of Young’s Inequality, and apply Cauchy-Schwarz inequality to
f=(Pci(v+ u))l/2 and g = (P, (v + u))l/2 Ou; p(t,v), to finally obtain that

]EQ<// du < g, he (. 4 u) >2 dt)
[0,T]xT?
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@Eﬂ(.,v)

— |v] <e /
— |v]| >e+ed o
/ \

—(e+¢%)

FIGURE 6. Representation of ®. ;(-,v) depending on v.

< Eg- (//[O,T]XT2 || ®e i |:/v€'Jl'2 e (v + u)(@uip(t,v))zdv} dudt)
<//[0,T]x11‘2 (auip(t,u))Qdudt> ,

where the last identity was obtained by integrating first w.r.t. u, then w.r.t. v. Since ||®_;||; = 1+o0:(1),
Lemma 6.3 follows from equation (5.17). O

= H‘I)E,i ?

6.4. Replacement of the macroscopic gradients by their local counterparts. — We now prove
equation (6.6), i.e. that the macroscopic average of the gradients can be replaced by a local average. To
simplify the notations, throughout this section, we drop the various dependencies of Y;l’}fN’p and simply
denote it by Ys.

Recall that £57=0 stands for the modified Glauber generator without alignment of the angles, where
each angle is updated uniformly in S,

l:(} ,B= Olf :E:: 771/t/[ 77)) (19,
z€T%,
and
L0 = N2LP 4 L9980,
Recall that IP’;);O is the measure on the trajectories starting from the equilibrium measure p, and driven

by the generator Lﬁ,:o, and that the expectation w.r.t the latter is denoted by Eﬁ’f. We first apply
Proposition 3.10 to the positive functional

X A[OTI |/ Ya(Gy, 7(t))dt

letting A = yN?, and obtain that for some constant Ko = Ko (T, 3, E),

K
Eﬁ}f( ><0+ log B0 )]

=7 N2
Letting v go to oo after IV, to prove (6.6) it is therefore enough to show that for any integer p > 1

B

T
/0 Ya(Gy, 7())dt

exp <’yN

/ Y3(Gy, 7(t))dt

(6.17) lim lim sup lim sup lim sup

TP o es0  Nooo YN

T
_log B} / Ya(Go, (L)) dt
0

exp <'yN 2
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We now get rid of the absolute value by using both of the elementary inequalities
e\m\ < et 4 e
and
lim sup =S log(an + bx) < max (lim sup =S log an, lim sup x log bN) .
Nooo N2 Neooo N2 Nooo N2

Both of these imply that the limit in equation (6.6) is bounded up by the maximum of the limits of

1 r _
Nz log B lexp <7N ? / Y3(Gt777(t))dt>‘|
Y 0

T
- - exp (—w? / mat,mt»dtﬂ .

Since —Y3(G, 7)) = Y3(—G,7), and since the identity above must be true for any function G, to obtain
the wanted result it is sufficient to show that for any v and any G € C%2([0,T] x T?)

exp <7N2 /OT Y3(Gt,ﬁ(t))dt>] <.

We now get back to a variational problem, since Lemma 5.2 yields

1 T _
~z log B lexp <7N : / Yé(Gt?n(t))dt>
Y 0

The first term in the right-hand side above vanishes as v goes to co. Furthermore, the time integral is
now only applied to the function Gy, therefore to obtain equation (6.6), it is sufficient to prove that for
any v and any function G € C?(T?),

(6.19) lim sup lim sup lim sup sup {2vE}, (¢Y3(G, 7)) — D(p)} < 0.

l— o0 e—0 N—oo @

and

log ]Eilo

1
(6.18) lim lim sup lim sup lim sup log Eﬁ’zo

Y7 |50 e—0 N—oo ’YNQ

o 2 1 (7T . PO |
< + f/ sup {Ea (VY3(Gy, 1)) — D(@)} :
v o vde e 2

Since this must be true for any G and any ~y, we can safely assume that v = 1/2, and equation (6.19)
follows from Lemma 6.5 below. Thus this completes the proof of (6.6).

In order to avoid repeating a similar proof twice, we forget for the moment that 3 (p, p*) = ds(p) only
depends on the total particle density, and present the proof of the following Lemma in the most difficult
case where the gradient is on p“*? and where the diffusion coefficient depends on both p and p¥. We
simply assume throughout this proof that the diffusion coefficient 0“ is a uniformly continuous function
of p and p“ on the set

{(@ ) € 0,1] % [~ ]l lwll) such that Jou| <[], o).
Lemma 6.5. — Let us fir 1 <1, j <2, we shorten
Dy, = 0% (pr, pt) and vy = 8;p}".
For any G € C*(T?)

1
(6.20) lim sup lim sup lim sup sup Z {NG(Q«"/N)EZ (gm'x(DENvgN - lep)ﬂ —D(p) p <0,
l—o0 e=+0 N—=oo ¢ 2eT?
N
where as before I, = | —p — 1, and the supremum is taken over all probability densities with respect to
pr- The same result is true for the gradients vi, = §;py, instead of §;p.", 0 instead of 9%, and I’ =1—1
instead of .

Proof of Lemma 6.5. — The difficulty of this Lemma comes from the extra factor N, which prevents us
from using directly the replacement Lemma 4.1. We hence need to get some precise control over each
term to ensure that they are small enough. We start by splitting in two parts the quantity in Lemma 6.5
by noticing that

(6.21) D.nven — Divy, = Den(ven —v1,) + (Den — Di)uy, -
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Uik -1 —P__ —P— A g Ppl
Tz B . E
e <R - Ty
€ ‘T +e;
Te+e; Bp

LN A

F1GUure 7. Change of variable 7 — T7,7.

Both terms are treated in the same fashion due to the continuity of the diffusion coefficients (which follows
directly from their explicit expression). More precisely, we intend to show that the difference between
the average over a microscopic and macroscopic box is of order 1/N, and hence yields the extra factor
N needed to use the replacement Lemma. Let us thus consider the first term appearing in the Lemma,
namely
%EE @ Z G(2/N)7eDen (ven — vi,)
z€eT%,

Recall that we denoted B; = {x € T}, |« | <1}, and | B;| = (21 4+ 1)?. Since both v.x and v;, are merely
spatial averages of the gradients &;(n§'1g, ), a first summation by parts yields that the quantity above is
equal to

1 * 2 w w 1 2
7Eo¢ ¥ (nx-&-ei ]]'Ep,ac+ei — Nz :H'Ep,.'n) G(y/N)TyDEN
N | Ben |

z€T% |y—z |<eN

T 2 G(y/N)ry:DEND.

ly—z|<lp

Now let S,(7) denote the quantity inside braces, i.e

S = —— 3 Gly/N)nDoy —

| Ben | |y—z|<eN

1
| By

P

Y. G(y/N)myDen.

[y—z |<lp

We are now going to prove that

1 1
(6.22) lim sup lim sup lim sup sup NEZ %) Z Se(Myse LBy wve, =Mz lE, ) | — §D(<p) <0.

l—o0 e—0 N—oo ¢
z€T?

In order to transfer the gradient appearing in the expression above on ¢ and S,, we need the specific
change of variable represented in Figure 7. For any direction ¢ € {1,2}, let i’ # i be the second direction
on the torus. Given x in the torus, we denote for any k € [—p, p] (See Figure 4)

yr =« — pe; + ke € By(x) and ze =2+ (p+1)e; + key € Bp(z + €;).

Given these, we denote, for any configuration 7, by

sz,p(ﬁ) — (((,ﬁaj,z+e,;)y_p,z_p)--~)ypvzp
the configuration where the sites « and = + e; have been swapped, as well as the boundary sites y; and
Zk-
By construction, we have
N 1E, (T = 15te, 18, ..., ()
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The first term in the left-hand side of (6.22) can be rewritten as

1 1 ~
N]EZ ¥ Z Sa:(n;+6i ]1Ep,93+ei - n;]lEp,z) :NEZY Z nw]lE )(Tlgfpn) - @Sw)
zeT% zeT%
1 * w €T T
= O EL (s, [$(TE0) (Sa(T5,7) - S2)
meTi
(6.23) + (p(TE,1) = 9) Sa]) -

We are going to show that the contribution of the first term of the right-hand side in (6.23) vanishes
in the limit N — oo, whereas the second term can be controlled with the Dirichlet form D(yp). Recall
that S, is defined as

> G(y/N)Tme—wi > G(y/N)r,Den.

ly—x |<eN Wl e,

Since the only dependency of S, in 7 lies in D.y, which is the diffusion coefficient evaluated in the
macroscopic empirical density p.n, in order to control the first term in the right-hand side of (6.23), we
can write

1 €T o A~
| B | “Zw G(y/N)y [Den (T7,7) — Den ()] -

Z G(y/N)7y [Den(TF,7) — Den ()] -

| By, |, A
|y 1|§lp

Recall that 7, D.n () = 0¥ (1ypen, Typ%y). Since it depends on the configuration through an average over
B.n(y), TyD:n(7) is invariant under any exchange of a pair of sites with both ends in B,y (y). We deduce
from this remark that for any |y — x| < l,, the quantity

Ty [IDEN(n:?pﬁ) — Den (ﬁ)]
vanishes, since all the exchanges happen between sites at a distance at most p of x, and therefore at a
distance at most p + I, of y. This yields that the second term in the right-hand side of (6.24) vanishes.
We now consider the first term in the right-hand side of (6.24). For the same reason as before, for
any y in Boy_p_1(x), all the exchanges in T}, have both ends in Bey(y), and 7, [Den (T},7) — Den ()]
vanishes. We can finally rewrite (6.24) as

62) ST -S=m— S Gly/N) [P (T~ Dan(i)]

1 Ben | e b\ B —per(2)
We now take a closer look at each of the remaining term. By definition, the configuration 7;%,7j can be
obtained from 7] by inverting 2p+ 2 pair of sites in 7. Furthermore, fix a y in the sum above, and consider
any inversion 7**2 with 21 € By (y) and 22 ¢ Ben(y), We wan write by definition of p.y and py

1 o w (e 2|wll o
1’2)_TyPsN(77)| < |BN|
€

| TyPEN(ﬁZhZQ) - TypeN(ﬁ) | < |B and | Typ:N(ﬁ

aNl

By assumption, ?“(«, «,) is uniformly continuous on the set
{(0,00) € 10,1] X [~ lwllo » el ] such that g | < Jlwll,, .

We deduce from this that
Ty (Den(70%*) — Den () = on (1),
therefore
| 7y (Pen (T30 = Den(@) | < on (D),
where this time oy (1) stands for a constant depending on p which vanishes as N — co. We inject the

latter identity in equation (6.25), to obtain that

| Bon (@) |\B€;N|—p—1<x> Lon (1) = won (1),

SZD(Tz:(fp;\]) —5; =
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where the last on (1) depends on p and €, but vanishes as N — oco. This allows us to get back to equation
(6.23), in which the first term in the right-hand side can be rewritten

1 R o~ w N
S B (L, o (T (ST - 52)) | < ke S B (o2, ) on (1) = on (1),

zeT?, z€T%,

since p17, is invariant under the change of variable T}",7, and therefore EZ, (¢(T7,7)) = Ef () = 1.

We now work on the contribution of the second part of (6.23), namely

(6.26) EL | NTY DY ndls,, S.() [o (T50) — ¢l |

T2
zeT?,

that we wish to estimate by the Dirichlet form D(y). The elementary bound

a0 <4 () + s ()
which holds for any positive constant A, applied to
a=¢ (Tfpﬁ) , b=¢, c=n7S,andd=1g,,
yields that the quantity above (6.26) can be bounded from above for any positive A by

620 3B (G 0ES) (VB D) + VB + pple. (VB (T50) - vE)).

z€T%,

Since we already established that S, (T7%,7) = S, + (eN)~'on(1), since 5% can be bounded by C(w) > 0,
and since 1g, , < ]lE 1. the sum above is less than

(6.28) Z EL(0S) + gy 2 Ea (Leern (VB (T57) — vB)) +on(D)

zeT% zeT%,

According to Section 3.3, on the event E, ;1 , on which there are two empty sites in B,,11, there exists
a sequence of allowed jumps permitting to reach Tfpﬁ from 7). However, this sequence is random, which
we avoid by crudely bounding

]lEp+1,z < Z (1 - 7721)(1 - 7722)ﬂ
21,22€Bpt+1

since the right-hand side only vanishes when there are less than one empty site in Byy;. Given two fixed
empty sites z; and zo there exists an integer n,(z1,22) bounded by a constant C,, and a sequence of
edges ((@m,bm))mefo,n,] such that

7=10(0),  THn=7n,),  andij(m+1)=n(m)*"" Ym e [0,n, 1],

where a,, and b, are neighboring sites in By41(z) and n,,, (7(m)) = 1—mn,,, (7(m)) = 1. We can therefore
write

np—1
5 (15, (VP (150 - V@) < X B (anﬂEw (A(m+ 1)) - mmmm?)

21,22€Bp 11

< KpDnp+1(),

since 7j(m + 1) is reached from 7(m) by an allowed particle jump, where Dy ,+1(p) is the contribution
of edges in Bpt1 in D(yp).

The sum in the second term of (6.28) can therefore be bounded by Cy D (), where C; = (2p+1)%K,,.
Finally, (6.26) can be bounded, for any positive A by

Ac2 y o
S EL(S2) + 5 2D (9) +ox ().
z€T%,
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We can now set A = Cj /N, to obtain that

B (NS 1, .0 o (15,0) — 0] | < T8 ST B2 682) + 1D () +on (D)

2
z€T%, z€T%,

The first term in the right-hand side above vanishes as a consequence of the two-block estimate stated
in Lemma 4.3, since the diffusion coefficients are continuous according to their explicit expression. This
concludes the proof of equation (6.22).

The contribution of the second part of equation (6.21) is treated in a similar fashion. Denoting by

SL = Bll| S Gy/N)(7yDex — 7,Dy).

Pl ly—z|<lp

As before, the corresponding contribution in the left-hand side of (6.20) can be written as

1 ~
N > EL (g, ((T50) —¢) St
zeT?,
since this time, S’ is invariant under the action of 177, by definition of [,,, whereas the second term can
be controlled in the limit N — oo as well by D(¢)/2. This completes the proof of Lemma 6.5 in the case
where Dy, = 0% (pi, p) and vy = d;05,7".

In the case where Dy = 0 (p, p/) and vy = d;p, the proof is easier and no longer requires indicator
functions, since unlike §;7%, d;7, vanishes when there is no empty site. We do not give a detailed proof,
which would be an easier version of the previous case. We will instead just give a brief outline and the
equivalent quantities to the previous ones. The same summation by parts allows us to rewrite

1 . |
~ G (@/N)Eq (Wz(DsteN - Dlvlp)) = yEa ¥ > (Se+ 8L Naye, — ) | 5

zeT?,
where ) )
Se = > G/N)rDen — 7~ > G(y/N)myDex,
| B | | B | ,
|y—z |<eN |y—z|<I
and )
S (M) = m Z G(y/N)(ryDen — 7/ Dy).

ly—z|<U

We can now rewrite Ngye;, — Nz = Nate; (1 — Mz) — Nx(1 — Nate, ), to obtain that the quantity above is

3 2 B (1= ) (8o S2)0) () = (5, + SL))

zeT?%,

~r,r+e;

The gradients of S, and S’ still vanish, whereas the average of the gradients ¢(7) ) — ¢ can be
controlled by the sum of a vanishing term and the Dirichlet form of ¢, since this time the jump rates
N (1 — Nyye; ) are already present. This concludes the proof of Lemma 6.5. O

6.5. Projection on non-full sets and reduction to a variance problem. — We now prove the
limit (6.7), which states that in a local average, the current can be replaced by gradients, up to a
perturbation L£f. Following the exact same steps as in Section 6.4, up until the statement of Lemma
6.5, where we reduced the proof of equation (6.6) to (6.19), we reduce the proof of equation (6.7) to the
variational formula

(6.29) inf lim limsuplimsupsup {E}, (¢Ys(G,7)) — D(¢)} <0,

f P20 400 Nooco ¢

where we shortened )
Yi(G0) = YT(GR) = 5 D Gla/NmWii™,

2
€T3,
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and sz ;f’p was introduced in equation (6.3). Since this step is performed in the exact same way as in
the beginning of Section 6.4, we do not detail them here and refer the reader to the latter. To simplify
notations, we shorten

Wi =w/r
for the local average of the difference between gradients and currents in the direction i.

We will now work to get an estimate of the largest eigenvalue of the small perturbation £ + Y, of L.
The strategy is close to the one used in the one-block estimate of Section 4.3. To do so, we break down
the process on finite boxes with a fixed number of particles, where the generator £ has a positive spectral
gap. In order to introduce this restriction, we adopt once again the notations introduced in Section 4.3,
which we briefly recall here. Let B; = [—[,1]? be the box of size [, K= (K,{01,...,0K}) be some particle
number and angles. Recall that K, is the set of K’s such that K < (21 + 1)?, and denote by @ the
grand-canonical parameter

K
N 1
ap = m Z69k S Ml(S)
k=1
Recall that we already defined in (3.3)
o = (e sn| m=ag)
the set of configurations with K particles in B; with angles 0;’s. Also recall that 1,  is the canonical

measure (. | E{? ) conditioned to particle configurations of the form K in B,.
We denote for any site x ¢* = 7_,¢, and by gof;{ the density induced by ¢* on ElK. It can be defined

for any configuration Z on B; by

A Bt i =)

o p(C) = =
h Ex(¢* | £f)
Let us now get back to the quantity of interest,
(6.30) EX (pYa(G, 7)) Z G(z/N)E, (praW)) = Z G(z/N)E;, (W) .
a:E']I'2 a:E'JI‘2

Because W! only depends on the vertices in B, we can replace the expectation under p¥ by the integral
over K; of the expectation under ;1, ». More precisely, let us denote

mo(dR) = B} (9" 1yyr )

the infinitesimal probability of being on the set Zlf{ under the measure with density ¢® w.r.t p}. Thanks
0 (6.30), letting E} , be the conditional expectation of Ej, w.r.t the sites inside of B;, we can write

E; (0Ya(G,7)) N Z (z/N)E; (Wie™)
z€T%,

(6.31) N 3" G(z/N) /e E, ¢ (Wf@jf() me(dE).

zeT%,

Let us now decompose in a similar fashion the Dirichlet form. For ¢ some density with respect to ua,
let D, 7 be the Dirichlet form on X/

Dz,f((‘%’):% > E, |:77a:1_77y (\/—y )}

We have with the same tools as in the proof of Lemma 4.3

(6.32) Z /KK D, () maldR) < (204 1)7D(p).
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From the previous considerations, we can localize the quantity inside braces in equation (6.29), which
is bounded above thanks to (6.31) and (6.32) by

* P 7> 1 z - &
Eg, (pYa(G, 1) — D(p) ZI;TQN /]A(EKL mg(dK) (NG(»’U/N)]ELI? (Wé‘pzﬁ) - @+ 2Dz,f< ((‘Ol,f() >
K2 T T
<K IGZT?V fi:il [NE”? (Wf%’g) -D, % (@l,ffﬂ
(6.33) <ki Y sup sup [%El,g (Wiv) =D & w)] ,

IGT?V Kek; Y
since [z, mg(dK) = 1, where
k1= (204+1)7% and Ky = G(xz/N)(20 + 1),

and the supremum is taken over all densities 1) with respect to ju, -

We now wish to exclude in the supremum over K above the configurations with one or less empty
sites since on the corresponding sets, the exclusion process is not irreducible as investigated in Section
3.3. First note that for any K such that K = | B;|, W} vanishes. Indeed, thanks to our cutoff functions
1g,, and since [ goes to oo before p, in that case, the currents, the gradients as well as the L£f’s in wi
all vanish as well as D,  (¢).

We now consider the case where K = | B;| — 1, i.e. when there is one empty site in B;. We state the
corresponding estimate as a separate lemma for the sake of clarity.

Lemma 6.6. — There ezists a constant C = C(G,w, f) such that for any K such that K = |Bi|—1,

c
N2’

K2

NEI,I? (Wzld’) < Dl,f( () +

Proof of Lemma 6.6. — First note that all the gradients §;7**? vanish in the expression of W! due to the
cutoff functions. We can therefore write, for any configuration with one or less empty site, that
1 1 _
I _ - i _
Wi - (21, + 1)2 Z (Jw,erei +a}(]a:7w+ei) (2lf ¥ 1)2 Elf)
reBy,
where we denoted by 95 the value on Zlf{ of 0 (p1, py’), which does not depend on the configuration, and
f= Do B, Tof- The quantity we want to estimate can therefore be rewritten
;

Ko 1 o Ko R ‘W s K2 ~ —
N]El,f( (Wi’t/)) - N(Ql' + 1)2]EI,K (3 ; (]$7x+€i +aK]xv$+ei) - N(Qlf + 1)2]EI,K (d)ﬁlf)’

x 14
where £; is the generator of the symmetric exclusion process restricted to jumps with both ends in B;.
Since k2, (21" +1)2, and (2ly + 1)? are of order (2] + 1)?, and since the sign of f is arbitrary, to prove
Lemma 6.6 it is sufficient to prove that for any A > 0, we have both

1 - ) Dl,f( () AC(w)
(634) NELI? w EZB (]z,m+ei + 0[?.7:6,:64*61‘) S 2A + N2
xeBy

D,z (¥)  AC(f)
94 TNz

1 _
and <, & (WL f) <

The two inequalities above are proved in the same way. We treat in detail the second, which is the
most delicate, and simply sketch the adaptations to obtain the first. Using the elementary inequality
2 b2

. <17 47
(6.35) ab< S+ 5o
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which holds for any positive v, we first write

]El’f( (d)ﬁl?) = Z EZJA( (wvx,x—i-z?)

z,x+2€D8;
1 J—
=3 2 Eg (Vewrs¥Voussf)
r,x+2€D8;
1
S 3 B (T V) g (Trse D (V0 VBT ))
z,x+2€B)
1 —
= %le( (V) + EELIA{ Z e (1 = 1ag2) (F — F(H5517) f+ \/» Frte)

z,x+2€EB;

One only has now to carefully account for the order of the different quantities in the second term. Since
f is a bounded local function, by definition of f, it is invariant under particle jumps with both ends
outside of its domain. There hence exists a constant C(f) such that for any x and = + 2, f — f(7***) <
C(f). In particular, the constant C(f) does not depend on I. We can also crudely bound 7, by 1 and
(VO + VD ([[%F2))2 by 29 + (%% T#). These bounds and a change of variable 7 — 7%***# finally yield
that for any positive -,

lK (7/’£lf) <

l\D\Q

DigW)+5=E | D @=m—nes)t

z,x+2€EB;
Furthermore, since there is only one empty site in Bj,

So@-my—nmyre)=IBial—= Y. myt+lreBial- Y. m <2

ly|<i-1 yEBI—1 YETe; Bi—1

<1 <1

therefore, since ¢ is a probability density, and setting v = N/A proves the second identity of (6.34).

The second identity is obtained in the same way, since

1 w . 1
NE”? v Z (j’”’x"’e'i F0dearte) | = N Z f( 0y) +02)Vyytet) ,
rEB; S
we also obtain
1 - )
NEIJA( w Z (]x,m+ei +Df(.7:v,r+ei)
-’L‘EBZ/
2
gl ([[w]lo + 112ll50)
=< §Dl,f{ (/w) + 27 El,ff Z (2 — Nz — 77:1:+8i)w

z,x+e; €B)

The last estimate, in turn, yields the first inequality in (6.34), which concludes the proof of Lemma
6.6. O

In the limit N — oo then | — 0o, Lemma 6.6 yields, since x; vanishes as | — oo, and since all
quantities vanish when K = | B;|, that

2
K1 E sup Sup[
R P N
z€T?2 €K,
NK>|B |-

(W ) — D, R W)] — 0.

We can therefore restrict the supremum over K to those satisfying K < | B;| — 2. Recall that we
denoted in equation (3.2) by K; the set of such K, the left-hand side of (6.29) is bounded by

6.36 inf lim lim suplimsup s sup sup[ -~ (W) = D, » (¢ } ,
( ) f P20 oo N—soo 1 EZ:WKEKl " N l,K( i ) z,K( )
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where the supremum is taken over all densities 1 w.r.t. pu, 7. On all the sets E{A{ considered, L is
invertible and the supremum over v is a variational formula for the largest eigenvalue of the operator
L; + keW!/N. Proposition B.7 then allows us to bound the quantity whose limit is taken in (6.36) by

Kjllﬁg

li E, »~ (WH=L)""W!) < ||GI1%, (21 +1)? E, »~ (WH=L)"'WY).
NP S T [ a1 e OV R0 < G (17 S By e (VL0700

To obtain the last inequality, we denoted by -y, the spectral gap of the local generator £;, which is positive,
and used that HWfHOO is finite, and k1x3 = ||G||iO (20 + 1)%. In order to obtain inequality (6.29), and
conclude the proof of equation (6.7), it is therefore sufficient to prove the following result.

Proposition 6.7 (Estimate of the local covariance). — Recall that W} is the local average of the
difference between currents and gradients up to Lf, namely

W= () + da (p1) 839"+ (pr. o) Sipr — (L)

where 0 is given by equation (1.3). Recall that K, only takes into account configurations with two empty
sites in B;. Then,

6.37 inf lim limsup sup (20 + 1)°E, » Wll —L _1Wf = 0.
( ) f p—ooo l—>oop f{e%( ) LK ( — )
6.6. Limiting variance and diffusion coefficients. — In Section 6.5, we reduced the proof of (6.7),

and that of Theorem 6.1, to estimating a local variance. In this section, we introduce the limiting variance
< - >4 and investigate its properties and the structure of a set of functions with mean-0 w.r.t. any
canonical measures, equipped with < - >5. The presence of indicator functions in 8,15 and the necessity
for a uniform estimate in the canonical state K e H~{l makes this section fairly technical, however, most
of the results come from elementary linear algebra. The main results of this section is Proposition 6.1/,
which is the main ingredient to prove Proposition 6.7, and therefore concludes the proof of Theorem 6.1.

To prove Proposition 6.7, we are now going to investigate the limit as | — oo and &g, — @ (cf
Definition 3.2) of

(6.38) ! )QE”@ (=L)"Y mU | = < 1>a,

(2l + 1 .'L'EBlw -'L'EBlw

where 1) is supported by B, and [y, = [ — s, — 1 is chosen such that ZIGB% T, is measurable w.r.t.
sites in B;. There are therefore two important steps to prove (6.37) :
— prove that the limit (6.38) is well-defined for any function ¢ in a convenient class of functions
containing at least the currents, the gradients and £C. This is done in Definitions 6.8, 6.9, and
Theorem 6.11 below.
— Prove that, shortening Eg(w) = E5(w(00)

1o = 1) and letting
(6.39) (@) = Eg(w)(1 — ds(a)),
we have

(6.40) inf lim sup < j¢ 4 ds()d;(n5' 1g,) +0(@)dino — Lf >a= 0.
feCp—oo 5

which is done below in Proposition 6.16.

We introduce a class of local functions with mean 0 w.r.t. any py . When there are less than
one empty site in the domain B, we require these functions to vanish in order to avoid classifying the
irreducible subsets of ¥y when there is only one empty site. Recall that we already introduced in
Definition 3.6 the sets K; and ]INQ. We now define

(6.41) Co = {w ecC ] E,, z®) =0 VK €K,, and Vi =0 VE € K, ~ sz} .
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In particular, any function ¢ € Cy has mean zero w.r.t any canonical measure. Note that i € Cy, and any
a € M;(S), conditioning w.r.t. the canonical state of the configuration in Bs,, we obtain in particular
that Ez(¢) = 0. Further define

)

(6.42) T = {fe c \ F@) =M + D nive(n), ¢ €8, Voe Z2},
TE€Z?
of functions whose only dependency in the 6,’s is a linear combination of the w(f,). Note that since we
only consider local functions, this set is well-defined.
Denote

(6.43) Too=ConNT®.
Note that 7;” and Cy are stable by the symmetric exclusion generator £. Further note that by construction,
0:i(ni'1e,) € Tg°.

Recall that for any function ® on $, 5 = ®(00)no(1 — 1e,) — ®(0e, )ne, (1 — 1o) denotes the symmetric

current associated with ® (we also shortened j; = ji = 19 — 7). We define J* the set of linear
combinations of currents spanning any smooth angular functions,

(6.44) J= {3 for @y, 22 eCY(8) ),

and let

(6.45) J”:J*QT“’:{j“”’ =" @i + biji, a,beRz}.
i=1,2

We now have all the notations needed to introduce the limiting variance < - >>. In order to be able
to estimate concisely the drift term later on, and to solve a technical issue, we need a rather general
result. In particular, we give two distinct constructions for < f > depending on the nature of the
function f. Fix & € My (3).

Definition 6.8 (Definition of < -5 on J* + £C). — For any ®;, ®; € C($) and for any local
function g € C, we define

2
(6.46) <P 43+ Lg>a= ) Ea (770(1 —1e,)[@4(60) + 4 () — 5,)] ) :
i=1,2

where Xy = > ;> 7,9, which is not a priori well-defined, but whose gradient X, (7%¢) — X, is, because
g is a local function. For any function ¢ € 73° + J* + LC, define

(6.47) <Y, Lg+ Tt + 32 >a= —Ea (w [zg + > (zngt + 2and?) D
r€Z?

which once again is well-defined because any ¢ € 75° + J*+ LC is a local function with mean-0 w.r.t. any
la, therefore the expectation above only involves a finite number of non-0 contributions. In particular,
an elementary computation yields that for any g € C, and j € J*

LK Lg+j, Log+]>a=<Lg+]>a

where the left hand-side is given by (6.47) and the right-hand side by (6.46).

Definition 6.9 (Definition of < - >5 on 73’). — For any ¢ € T, define

(6.48) LY >a= Supw{2<<1li,£g+j>>a<<ﬁg+j>>a },
Je
where T%, Ty and J“ were defined in (6.43) and (6.45), and the two terms inside braces are respectively
given by (6.46) and (6.47).
For ¢ € 75 and jfl +j§2 + Lg € J* + LC, we also define

KLY+ L+ T +J3% D =< Lg+ 10 +73% Sa+ <p > +2 <, Lo+ 70 + 437 >a,
where the three terms in the right-hand side are respectively given by (6.46), (6.48) and (6.47).
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These definitions allow us to finally define on 75” + J* + L£C a bilinear form < -,- >4 by letting
L Y, >ag=< P >4 for any ¢ € Ty’ + J* + LC, by polarization identity on 76“2 and (J* + £C)?, and
by (6.47) on T¢ x (J* + LC).

Remark 6.10. — We will see in the proof of Theorem 6.11 below that this definition coincides with
Definition 6.8 for any ¢ € T3° N {J* + LC} C J* + LT, since in this case the supremum in (6.48) is
reached for f = Lg + j*? itself.

For any cylinder function %, recall that s, is the smallest fixed integer such that v is measurable with
respect to Fy,, and let [, = — sy — 1 for any integer [/ large enough. The following result justifies the
definitions above, and states that < ¢ >4 defined for any ¢ € T3’ + J* 4+ LC is the limit of (6.38).

Theorem 6.11. — Fiz & € M1(3), and a sequence (KZ)ZGN such that Kl € Kz and H’ g — a H’ — 0,
where ai; € My (8) is the grand-canonical parameter defined in (3.7).

The bilinear form < -,- >4 introduced in Definition 6.9 is a semi-inner product on Ty’ + J* + LC,
and, for any functions ¢, € T3° + J* + LC,

(6.49) lim ;E (L) Y. . Y e | =<t >s.

l—o0 (2l + 1) +€B, +€B,
: " : -

Furthermore, for any v, p € Tg* + J* + LC, the application @ —< 1, p >z is continuous in &, and the
convergence above is uniform in &. In particular, for any ¢ € T3 + J* + LC,

(6.50) lim sup

1 _ . -
m o R Soomw. Y mp| = sup <¢>a.

zGBzw IGBlw aEMu(S)

The proof of Theorem 6.11 is the purpose of Section 8, and is postponed for now. It requires many
adaptations because of the angles, but follows the global strategy presented in [27]. Let us explicitly write
the dependency in p and f of W} = Wlfpl appearing in Proposition 6.7, and define for any a € M;(3)

(6.51) v/ (@) = j¢ + do(a)ding? +3(@)dm0 + Lf € Ty + J* + LC.

Recall that [ =1 — sy — 1, where sy is also the size of the support of V{p (since we can safely increase
sy, in order to have sy = s,y ) and define
i,p

Q=+ 1PWS - Y Ve ad Q= Y (VL0 - (V)@)].

xEBlf .’L‘GBlf

For h a cylinder function measurable w.r.t. sites in By, define 9, (h) = E; z(h(—L,)h). For ap — a,
the variational formula for the variance yields

walie ) s o))

1 1
SSUP (o 1 R h 2 V@ ) =528 0
xelﬁf
Fupd B (b))~ 39, g () b s ] B (hQ0) — 27 ()
Slillp @I+ 1) E %, 1 LK, S‘ip 2+ 1)2 E, 7, 2 LK,
3

Bz, (£ Y @VL)@ . Y wV)@)

P
=@+ 1)t
wEBH IEB”

1

1 1 1
o {1 090 = 3% )} { s, (40— %0 -



1700

1701

1702

1703

1704

1705

1706

1707

1708

1709

1710

1711

1712

1713

1714

1715

1716

HYDRODYNAMIC LIMIT FOR AN ACTIVE EXCLUSION PROCESS 73
Since the discrepancies in @ = (21 + I)ZW% - erBlf V{p(ﬁl) occur only in By \ By,, letting v =
1/(21 + 1)?, Lemma 8.23 below yields that the second term above is less than

Cr | Bii\ By, | 21+ 1)~ =0(7%).

The last term multiplied by (2 + 1)? vanishes as well thanks to Lemma 8.23 and because the diffusion
coefficients ds and 9 are continuous in @. Furthermore, as in Lemma 8.23, both of these convergences
are uniform in K; and @. We can therefore apply Theorem 6.11 to the first term to obtain that for any
fec,

hm sup (21 + 1)°E (Wfl( L )_1Wif;f) <3 sup < Vf ,(@) >a,
=00 & ’ aeM;:(8)

therefore to prove Proposition 6.7, and thus Equation (6.7), it is sufficient to prove

(6.52) inf lim sup < Vf( ) >a=0.
fECP=o0qe My (S)

This estimate is proved later on in Proposition 6.16, and requires to understand the structure of the space
Ty’ + J* + LC equipped with <« - >5. It is the main result of this section.
For any ® € C*(8) and any @ € M;($), we shorten
Eg(®) :==Ea(®(6o) [m0=1) and  Vz(®):=Vara(®(fo) | no =1),
Covg(w, ®) = E5(w®) — E5(w)Ea(®), and C/I;(@) = ®¢(0) — E5(D).
)

In partlcular we denote by j¥ = j¥ — E5(®)ji = j¥ + Ea(®)d;n the associated current. Note that any

element j' + j* of J* can be written as a linear combination of the j* and j;’s, i = 1,2. For any fixed
@, we finally define the function h? by

W) = du(@) (B + Ea()is) = 8 [du(0)(§ Le, — Ea(w)mo)]
= dy(e)(n2, =) — du() [ 1r, 5 = 7L
where as before E, = {erB,, Ne <|Bp|— 2}.
We can now rewrite (6.51) as
(6.53) v/ (@) =57+ 1+ Lf.

Note that both j? and A% depend on @ as well as w, but to simplify notations, we do not write it explicitly.
Throughout this section, we will not indicate the dependencies in w which is a fixed smooth function.
We now compute the inner product < -,- >4 of h? with elements of J* + LC.

Corollary 6.12. — For any a € My(8), g€ C, ® € C1(S) and i,k = 1,2,
(6.54) < W' Lg>z=0, < j¥>;= Lii—ryay (@) and K K, g >a = Lzpyrp(d),
where we shortened
¢, (@) = —ad;(a)Covg(w, ®)pa(Eylno = 1)
and
rp(@) = dy(0)Ea(@)Eg (noLsg [1 = e, — (20 + 1)%(a = n.,)]).

Furthermore, shortening q,(Q) := g;; (@),

HQ
(6.55) lim sup |gp(@)pa(Eylno =1) + ads(a)Va(w)| =0 and lim sup —2——=0.
p_mAEMl(S)l (@) pa(Ep| ) Wa(w)| Jm, S Al —a)

In particular, g,(@) — —ads(a)Va(w) and rp(@) — 0 as p — oo uniformly in @ € Mq(S).
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Proof of Corollary 6.12. — The three identities in (6.54) are consequences of (6.47). Regarding the first
one,

<Y, Ly >s=—Ea(hiZy) = —ds()Ea (2 [1%, 17,5, — 15 LE, — Ea(w)ne, + Eg(w)m)]) =0
by translation invariance of ug.

For the second, we write

<R >a=— Y wBa(hfn?)
T€Z?

) 37 wkBa (0 — 1§)n2) +du(@) Y wrBa (0 Lr,, g — 1§ 1penT).-

TE€Z? zET2

Since by constructionflg has mean 0 w.r.t. the product measure ug, for any function ¢ which does not
depend on 6,, E5(¢n?) = 0. In particular, in both sums, any term z # 0, e; vanishes. The terms for
x = 0 also vanishes because of the factor xy, and so does the term for x = e; if ¢ # k. This yields

<R jE >a= ~Lgimnds(0) {Ea(nEnf) — Ea(nenl 1. 5;) }
= —1i=pyads(a)Cova(w, @) ua(Ey|no = 1)
as wanted.

We now turn to the third identity, for which we can write, applying the same steps as before
<L B g >a=— Z zEa ( ml 16)12) + dis( Z $kEA<(n91 e, ES =106 1E°)nm)
TEZ2 TEZ?
By definition of @, each term in the first sum vanishes. Regarding the second term, recall that B,(z) =
x + B, for any = € (B, U By(e;))¢ and any = € B, N By(e;) \ {0,¢e;}, the corresponding contribution
vanishes, because g7, 1, B and ng'n, 1 B have the same distribution. The term for z = 0 vanishes once
again because of the factor z;. We can therefore write

< WY, g >a= ]l{i:k}ds(a)Ea((ﬁZ 1., B — 776J]1E;;)77ei)

+ds(a) Z xkEA<( Ao B — 1o ]lEC)na:)

rEB,, xi=—p
or z€By(e;), x;=p+1

If i # k, the sum in the second line vanishes because the contributions for x; = ¢ cancel out the
contributions for x, = —¢. If i = k, all the contributions for ; = —p (i.e. € B, \ Bp(e;)) are identical
and equal to —pd,(a)Ea(w)Ea (aneilniE; - m%h;) = —pds(a)Eq(w)Eq ((Oz - nel)nollE;) and the
contributions for z; = p+1 (i.e. © € B,(e;)\B,) are each equal to —(p+1)ds()Eg(w)Es ((a—nel)no ]lE;?)‘
Since each of those contributions appear 2p + 1 times, we finally obtain as wanted that

< WY gk >a= 1z ds (@) Eg(w) [Ea<(1 - nel)U01E5> —(2p+1)°Ea ((04 - nel)nolE;)} :

According to Proposition B.3, ¢(1 —p) < ds(p) < C(1— p) for some positive constants ¢, C'. Using this
fact, the uniform estimates (6.55) follow from elementary computations : for high densities, the factor
pa(Eg|no) fail to converge uniformly in @, but then ds(a) provides the needed control. Regarding r, the
principle is the same, and the extra factor (2p + 1)? is balanced out as o — 1 by the factor a —n;. We
start with the first estimate. To prove that g,(@)ua(Ep|no = 1) + ads(a)Va(w) vanishes uniformly in @,
by definition of ¢, and since w is bounded, it is enough to prove that |1 — pz(E,|no = 1)*|ads(a) also
does. The probability pa(Ep|no = 1) is explicit, and given by

pa(Eyli = 1) =1 - aF — P(1 - a)a~!
where we shortened P = (2p+1)? — 1 = |B, \ {0}|. In particular, since ds(a) < C(1 — ),
11— pa(Eplno = 1)?|ads(a) < Ca(l — a) [2a” +2P(1 — a)a”™! — [ + P(1 — a)a""1]?].
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Thanks to the prefactor 1 — «, Each of the terms above is bounded by P%(1 — a)**'a? for some
different constants a € {0,1,2} and C; > 0 independent of P. The previous expression is maximal in
ap = C1P/(a+ 1+ C1P), and is therefore, uniformly in & € M;($), less than

pe(—otl Hl,
a+1+C’1P

We now turn to the second estimate. Once again, since ds(a) < C(1 — &), we obtain immediately

which vanishes as wanted as P — oo.

2

7 ()2 —a
a(q(—)a) <ol o Pa (77011155 [1=ne, = 20+ 1)* (= ’761)]) '

The expectation above can be split in two terms, resp. (1 — (2p+1)?)Eg (770(1 - 77@1)]1135> and (1 —
a)(2p+1)*Es (770]113;)- We still shorten P = (2p +1)> — 1 =B, \ {0}|, to obtain the bound

‘ Es (nolE; [1=ne, — (2p+ 1)%(a — nel)}) ‘ < P(1 - a)a® + a(l - a)(P + Dua(En = 1).

the last probability ,ua(E,ﬂﬁo = 1) has already been computed for the previous estimate, and one obtains
straightforwardly that r,(@)?/a(1 — «) is also bounded from above by a (finite) sum of terms of the form
C1P*(1 — a)**1a®?? for a € {2,3,4} and C), C; positive constants. As before, each of those vanishes
uniformly in @ € M($), which concludes the proof. O

We are ready to investigate the structure of 75 with respect to the semi-norm < - >3 on 73"+ J*+LC.
Denote by Nz = Ker < - >4 and define H¥ the completion of (73° + J* + LC)/N5 with respect to
< - >>(13/2. We need to define < - >4 on a rather general space, including in particular J* + £C, in order
to be able later on to estimate the drift contribution to the hydrodynamic limit. However for now, we
focus on the symmetic current, and further define H the closure in HY of (Tg* + J* + LT*)/N;.

Proposition 6.13 (Structure of H¥). — For any & € My(9), (HY, < - >>g2) is a Hilbert space, and
LT
HY = — @ J¥,
Na

where LT /Ny is the closure of LT /N w.r.t. < ->>5 in ’Hg’o.

Proof of Proposition 6.13. — First note that if « = 0 or 1, < - 5= 0 and therefore HY = {0} is
trivial. We now assume that @ is such that o €]0,1[. Since we took the quotient by N3, the fact that

(HY, < - >>g/ 2) is a Hilbert space is immediate. By construction H“ is a closed linear subspace of H¥,
and the inclusion

LT

— +JY C H”

Na

is immediate. Since both sets are closed subspaces of HY, we have
1,H®

LT LT«
< Na * ) @ < Na N ) ’

where the second set on the right-hand side denotes the orthogonal complement of % + J“ in H¥. To
prove the converse inclusion, it is therefore sufficient to prove that this orthogonal comf)lement is reduced
to {0}. This is rather straightforward, although a bit technical because of the different definitions for
& - >5. For that purpose, and to give a proof as clear as possible, let us shorten M = LT% /N5 + J¥,
and denote by m = j%* 4 Lh its elements. Since ML’HW C H%, and since H* is by definition the closure
of 73 + M any of its element can be written either as g + m, where g € 77" and m € M, or as the limit

of elements of this type. In order to avoid taking convergent sequences, fix

—1,H*
go +mg € M )

where gy € T3” and my € M, we want to prove that go + mo = 0. By construction, for any m € M

< go +mo,m >5=0.
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and since go € Ty, we can rewrite by the definition of < - >z on T’ (cf. (6.48))

(6.56) <L go>>a= sup {2 <K go,m >z — K m>5},
meM

therefore there exists a sequence (m*);_, o of elements of M such that < go +m* >5— 0 as k — oo.
We can thus write

< go +mo >a=< go +m", go + mo >z + < my —m", go + my >z .

The second term vanishes because mg — m* € M, whereas the first term in the right-hand side vanishes
as k — oo, therefore < g9 + mo >5= 0 as wanted. The same proof holds if gy + mg is replaced by a
convergent sequence of elements of 73° + M, which proves the reverse inclusion.

Only remains to prove that the sum LNI:“ + J¢ is direct. Assume that for some coefficients a;, b;, and
for some cylinder function g € 75° ’

< D aigf +biji — Lg >5=0.
i=1,2

(We should really write this identity for a sequence g,, instead of g, with the identity above holding only
as n — 0o, but this is purely cosmetic and the proof below holds in this case as well). Thanks to equation
(6.54), we can take the inner product of the identity above w.r.t. h? and since we assumed that 0 < o < 1
let p — oo to obtain that for ¢ = 1,2, a,ds(a)Va(w)a(l — ) = 0, therefore a3 Vz(w) = azVaz(w) = 0. In
both cases, we therefore have < aljf >a=<K agjg >5= 0. This yields

K byj1 + baja — Lg >5=0,

so that we can now take the inner product with ;79 = —j; (which is orthogonal to Lg), to obtain that
bia(l — a) = baa(l — a) = 0, therefore by = by = 0 as wanted. This proves that the sum is direct, and
concludes the proof of Proposition 6.13. O

The next Proposition states that in HY, j¥ can be written as a combination of A and j;, up to a
function which takes the form Lg, and that the coefficients converge as p — oo to those given in (6.53).

Proposition 6.14 (Decomposition of the currents). — For any positive integer p, define
(E ="' ifa<l R —r(@)cy,(a)/a(l—a) if0<a<l
cp(a) — H ( ;D|TIO ) f , and dp(a) — P( ) P( )/ ( ) f ,
1 else 0 else

where r, was defined in Corollary 6.12. Then, for any i € 1,2 and & € M1 (83).
(6.57) inf < i+ ep(@)h + dp(@)i + Lg >a=0.
gET™

Furthermore, any sequence (g, )m ultimately realizing (6.57) can be chosen independently of p, and also
ultimately realizes

(6.58) inf < %+ Lg>s.
geT

Proof of Proposition 6.1/. — We start by clearing out the trivial cases when @ = 0 and @ = 1. In
those, all quantities vanish and (6.57) is trivially true for any coefficients. Another trivial case is when
Va(w) = 0. In this case, j? = 0 in H¥, therefore, the hY and j; being orthogonal (as local gradients) to
LT%, and hY being orthogonal to jj for k # i, as a consequence of Proposition 6.13 we can then write
< hf+a,j; >5= 0 for some constant a,. This constant can be determined using Lemma 6.12 and taking
the inner product of the previous quantity with j;, which yields a, = —7,(Q)/ < j; >a= —rp(Q)/a(l—a).
In this case, < ¢,(a)h + d,(@)j; >z= 0 for any p, as wanted.

We now fix @ € M;(98) satisfying o €]0,1[ and Vz(w) > 0. Fix p € N, and define ¢,, d, as in
Proposition 6.14, we now prove that (6.57) holds. According to Proposition 6.13, there exists coefficients
a; ) and b7 such that,

(6.59) Jjnf < A7+ > algE gk + Lg >a=0.
k=1,2
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In order not to burden the proof, we will assume that the infimum in g is reached, i.e. that there exists
a function ¢g¥ € T* such that
(6.60) <R+ [ A bf,kjk} 4 LGP >a=

k=1,2
This assumption is purely for convenience, and we can substitute at any point to g7 a sequence of functions
(9% ;) men such that the previous identity holds in the limit m — oo.

Using (6.47), one obtains immediately that < j&, j¢ 5= Ty Va(w)a(l—a), < 7%, ik >a= 0 and
< Jis Jk >a= lyi—rya(1 — a). Using these formulas and Corollary 6.12, we take the inner product of the
function in (6.60) with j, j;, Lg', and h}, to obtain the four identities

Lgimygp(@) + a7 Va(w)a(l — o)+ < Lyl ¥ >5=0, Lii=iyrp(@) + 07 ,a(1 — @) = 0,

(6.61)
Z ay ) < G2 LGl >a + < LgP, LgP >a= and < WY h) >a +af1gp(Q) + 07 rp(@) = 0.
k=1,2
Note that since we assumed a €]0,1[, Vz(w) > 0 and p > 0, we have g,(@) < 0. Define A4,, B,, Hp,
Gp and J,, the matrices whose respective elements are given for i,k = 1,2 by af ;, b}, < hi, hj >a,
< LgP, Lgh >a and < LgV, j© >5. Note in particular that H, and G,, are symmetric with non-negative
eigenvalues. Further denote by I the two-dimensional identity matrix. The four identities above then
rewrite in matrix form as

N rp(@
Iy = =@ = Vo) = o)y, By =~
—Ap.]};f =Gy and — qp(@)Ap — p(Q) By = Hp,

where JJ is the transposed matrix of .J,. The second and last identities show that B, and A, are
symmetric, therefore so is JP, and that

1 ~\2
Ap=—— [Hp @) I] .
(@) a(l—a)
In particular, since H), is positive in the matrix sense, it is diagonalizable, and thus so is A,. Finally, the
first and third identities then yields

Aplap(@)] + Va(w)a(l — a)Ay] = Gp.
therefore, since GG, is positive in the matrix sense, any eigenvalue A of A, must satisfy
Agp(@) + Va(w)a(l —a)A] 20,
and therefore A > —g,(@)/Va(w)a(l—a) > 0. Let C}, denote the inverse of A,, which is a positive matrix
with eigenvalues bounded from above by —V(w)a(1 — «)/gp(@). Since A, is invertible, we can therefore
rewrite (6.60) as
(6.62) < j@+ [ > EE+ dﬁkjk] + LGF >a=

1’7

k=1,2

which holds for i = 1,2, where gF = > k—1.2Ci19r, and the ¢}, (resp. df;) are the matrix elements
of Cp (resp. D, := C,B,). For z,y € R? shorten z -y = x1y; + z2y> their usual inner product. Let
§9 = (§%,45), and define the quadratic form Q as

z'Qx = inf <<:c-j°7+£g>>a.
geTw
Then, (6.62) yields for any z € R?

(6.63) 1611Tf <z 4+ [ E xicd B 4 zid g | + Lg >5=0.
geTw ; :
ik=1,2
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Taking the inner product of the expression above with z - j + Lg, and since the terms in the sum are
orthogonal to any Lg, we obtain
o'Qu= inf <z j°+Ly>a=—<ai° Y wmid Y+ wid] ik >a
g ik=1,2
=— Z Ty ), < Wy, ie >a +rigdy] ), < Jks Je >a
ik=1,2

=g (a)z'Cpa,
thanks to Corollary 6.12 and because ji and j,“? are orthogonal. We prove in Appendix B.2, equation
(B.6), that Q = aV(a@)ds(a)I, therefore

aV(a)ds(a)

Cp = q I'=pa(Ep | no = 1)_1I = cp(a)],
p
and D, = [—¢p(a)ry(@)/a(l — a)]I = dy(a)l, where ¢,, d, were defined in Proposition 6.14. We can now
rewrite (6.63) as wanted as
(6.64) inf < 7€+ ¢p(a)h? + dy(@)j; + Lg >a=0.
geTe

Since h¥ and j; are both orthogonal to any Lg, taking the inner product of the identity above with
3

ji@ + Lyg, one obtains that any sequence of functions realizing the infimum above also realizes inf e <

j? + Lg >4, which proves the last statement and concludes the proof of Proposition (6.14). O

Remark 6.15 (Bound on < h] >5). — We already obtained in (6.61) < hi,h] >z +a},q,(Q) +

b} rp(@) = 0. Since we now have an explicit expression for the matrix A, = C,' = ¢, (a)l, and
~\2

By, = —rp(@) /a1l — a)I, we obtain < hf >5= —g,(d)c, ' (o) + (:Z’l(f)a) Equation (6.55) then yields the

uniform bound

(6.65) lim sup |< Al >; —ads(a)Va(w)| =0.
P Fe M, (S)

We now prove equation (6.52), and thus concludes the proof of Theorem 6.1. Up until now, we have
only used < - >4 for functions in 7%, but in (6.52) the function f is a priori no longer in 7% bur rather
in C, we therefore need the extension of < - >4 to LC introduced in Definitions 6.8 and 6.9. Thanks to
(6.53), the result can be stated as follows.

Proposition 6.16 (Uniform bound on < Vi{p >5). — Identity (6.52) holds, in the sense that there
exists a sequence of local functions f, € C such that

(6.66) limsuplimsup sup < jf +hY + Lf, >5=0.

n—00 p—oo  aeMq(S)
Furthermore, for any & € M1 (), lim, 00 < 5& + Lf, >5= infyere < j¥ + Lg >4
Proof of Proposition 6.16. — In order not to burden with technical estimates, we start by cutting off the

extreme densities for which the convergences as p — oo can be problematic. For any &, we can write by
triangular inequality and using (6.65),

KPARF L >a< <@ >a+ <M >5+< Lf >a
<Va(w)a(l —a) + ads(@)Va@)(1+0p(1) + > Ea(no(l —1e,) [ (7>7) — £4]2),
i=1,2
where the 0,(1) does not depend on &. As stated in Proposition B.3, ds(a)) < C(1 — ), w is bounded,

and f is a cylinder function and therefore ¥ (7%%) — X is bounded as well. Fix € > 0, in particular, the
estimate above yields, for some constant C,, , and for any & such that o ¢ [e, 1 — €]

LGP AR+ Lf >5 < Cop(1+0p(1))e.

We now fix @ such that € < a < 1 — ¢, by triangular inequality,

K JE M 4 Lf >5 < <G+ cp(@)h? +dy(@)ji + Lf >5 + < (cp(a) — 1)RY + dy(@)j; >4 -
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Since @ is bounded away from the extreme densities, the second term in the right-hand side is Cco,(1),
and we can therefore write

sup < + b + Lf >a < sup < 7+ cp(@)hf + dyp(@)ji + Lf > +Cu,ge + Cew,rop(1).
«@ (03
We then let p — oo and then € — 0 to obtain that

lim sup sup < J€ 4+ hP + Lf >4 < limsup sup < 7€+ cp(@)h? + dp(Q)jis + Lf >5

pP—o0 a pP—00 a
Proposition (6.16) is therefore a consequence of Lemma (6.17) below. O
Lemma 6.17. — There exists a sequence of local functions f, € C such that
. 5 ~ 3
limsupsup < ji* + ¢p (@) + dp(@)ji + Lfn >a <

p—00 a

and for any & € My(8), lim, oo < 5& + Lfn Sa= infyere < j¥ + Lg >4

Proof of Lemma 6.17. — The proof of this Lemma is analogous to that of Theorem 5.6, p.176 of [27]. We
now write explicitly the dependency of h? in @. According to Theorem 6.11 the application @ —< ¢ >4
is continuous on M;($), and thanks to equation (6.52), for any a&p € M;(3), there exists a function
ga, € T* and a neighborhood Nz, of @y such that for any & € N3,

< G + cp(an)h (@o) + dp(0)ji + Lga, >a < n .

Furthermore, thanks to the last statement in Proposition 6.14, this function is an approximation of the
one realizing inf ere < ji@ + Lg >4, and can be chosen independently of p.

We prove in Proposition C.3 that M, (%) is compact, it therefore admits a finite covering M;($) C
U}”Zl./\/aj. We can build a C? interpolation of the ga,’s, and therefore obtain a function (a,n) — ¥(a,n)
which coincides in @ = @; with gg,, with the two following properties :

— let B be a finite set of edges in Z? containing the support of all the ga;’s, Y(a, .) is a cylinder
function in T% with support included in B for any & € M;(9).

— For any fixed configuration 7, ¥( . ,7) is in C?(M(S)).

— for any @ € My(9)

(6.67) < @+ cp(@)hP (@) + dp(Q)ji + LY(@, ) >5 < 2n7 L

Recall that we introduced in (2.20) p, = | B, |7' Y. c5 7209, the empirical angular density in the box
of side (2r + 1) around the origin. Define

fr(ﬁ) = 1#(@#7%

for any r large enough for the support B of the ¢¥(@,n)’s to be contained in B,. Note that f, is not
necessarily in 7%, but it is a local function for r fixed.
By triangle inequality,

(6.68) sup < ji + ¢p(@)hl (@) + dy(Q)ji + L, >a < 207" +sup < L(f — (@, ) >5 -

The second term in the right-hand side is

2 2
ZEa (vO,eq‘, Z Tx [fr - 1/)(67 )]) = ZEa (Z vm,z+ei [fr - w(a7 )]) ’
i TEZ? 7 TEZ2

by translation invariance of uz. We extend B by 1 in such a way that for any edge a outside of B,
V. (@,.) vanishes. Therefore, the only contributions outside of B in the sums above are at the boundary
of B,, where f, has a variation in its first argument of order (27 + 1)~2. Thanks to the regularity of ¢ in
@, and since the number of corresponding edges is roughly 4(2r + 1), the contribution of all these jumps
is of order 7~! in the whole sum.
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Then, since the number of edges in B depends only on ¢, and since E5 ((Vof)?) < 4Ea(f?), we obtain
by definition of f, that

(6.69) Sup < L(f; ~(@,) >a < s O(W)Es (0o, )~ ¥(@, )] +067),

whose right-hand side vanishes as r goes to infinity by the law of large numbers.

Let us fix r;, such that the right-hand side of (6.69) is less than 1/n, and let f, = f, , (6.68) finally
yields

(6.70) sup < ji + cp(a)hf (@) + dy(@Q)ji + Lfn >a < 307,

as wanted. The last statement of the Lemma is a direct consequence of the construction of f, and of
Proposition 6.14. This concludes the proof of Lemma 6.17. O

6.7. Drift part of the hydrodynamic limit. — Recall that Ly = N2L+NL"™ 4+ L is the complete
generator of our process introduced in (2.2). In the previous section, we proved that the symmetric currents
can be replaced by a gradient, up to a perturbation Lf. In our case, this perturbation is not negligible,
and must be added to the asymmetric currents induced by the asymmetric generator L™ to complete the
drift term in equation (2.11). This is the purpose of this section.

To achieve that goal, we need notations similar to the ones introduced in Section 4.1. For any positive
integer [, and any smooth function G € C([0,T] x T?), let us introduce
R
RI@E) = ¢ + L —Ep (rf + L),
and
J A
VG0 = 1 3 GlmnRL
z€T3,

where ¢ is the asymmetric current introduced in (2.16). According to Theorem 6.1, for any ¢, there
exists a family of cylinder functions (f{,)nen introduced in Proposition 6.16 such that
) ‘| - 07

where X Zf ’If[N was defined in equation (6.1). Furthermore, we also established in Proposition 6.16 that
this sequence satisfies for any a € M (%)

lim lim limsup lim sup logE ’ﬁ

YO N0 e 50 N—oo N2

exp (’yN 2

/ XL (@)t

(6.71) nhféo L JP+ Lf, >a= fieanw LjP+Lf>s.
The replacement Lemma 4.1 applied to g(1) = r¥ + L™ f yields the following result.

Lemma 6.18. — Let G be some smooth function in C*?([0,T] x T?), and T € RY., then for i € {1,2}
we have
] “o

Furthermore, we now prove the following result, which states that any function of the form NLP f
vanishes in the hydrodynamic limit, where £° = £+ N =1L is the generator of whole exclusion process.

lim lim sup limsupE)‘ﬂ H/ ’”’EN G,n)ds
n—=00 ¢ 40  Nooo

Lemma 6.19. — For any function G : [0,T] x T? = R in C12, and any cylinder function f,

T
lim sup E . / L3 Gs,a/N) R LP f(i(3)ds | | =0.

N —o0 xGTQ
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1882 Proof of Lemma 6.19. — For any such smooth function H and cylinder function f, let us denote
Fe(s, (s Y Gl x/N)T f(7(s))-
z€T%,

1885 The process

T T
Mg (t) = Fa(t,1(t)) — Fa(0,7(0)) — ; OsFa(s,7(s))ds */0 LyFa(s,i(s))ds

is a martingale, where Ly is the complete generator of our process, introduced in (2.2). Since f is
bounded, the first three terms are of order 1, it remains to control fOT Ly Fgds. The quadratic variation
of this martingale is given (cf. Appendix 1.5, Lemma 5.1 in [27]) by

[Me (7)) —/ Ly Fa(s,7(s))* — 2Fa(s,1(s)) Ly Fa (s, 11(s))ds

/ N2 ST s [Fals, 94 5)) — Fa(s,(s))]

x€T2
§==+1 16{1 2}

+/0 A5 2 e [ a0, [Fo(s,77(0) = Fols. ()] o

z€T?,

1 g AL, LT2 ~
iz A X s | X Glu) (T () ()

z€TX yeT2,
5=+1,i€{1,2}

1 r+z ol
b 8 e [0 | 3 Gy (60 - o) |
z€T%, eT2
1886 where
Ta/:\,z,i,zi(n) = (1 + ]£7 )) Nz (1 — 77m+2)
1887 is the total displacement jump rate.
Since f is a local function, all but a finite number of terms in the y sums vanish, and the quadratic
variation is hence of order N~2. We deduce from the estimate of the quadratic variation of Mg and the

order of the three first terms in the expression of Mg that

N—o0

T
E,~ (‘/ N LnFg(s,7(s))ds
0

) <N '|E,~ (IMa(t, 7)Y +on1)| — 0.
O(N-1)
The previous martingale estimate shows that E, ~ ( ‘ fOT N=YLNFg(s,7(s))ds ‘ ) vanishes in the limit

N — oco. Furthermore, elementary computations yield a crude bound on the contribution of the Glauber
generator of order N~!. Finally, since Ly = N2LP 4 L%, we obtain

N( > — 0
N —oc0

1888 which completes the proof of Lemma 6.19. O

T
/0 NLPFg(s,n(s))ds

1889 We now use these two Lemmas to prove that the total displacement current can be replaced by the
1800 wanted averages. More precisely, let

1
7Eﬁz (T‘zu + Emf)v

UL ) = G2+ s+ du (o) it +0 (o ) Bipn — o

N (2

1801 we can state the following result.
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Corollary 6.20. — For any G € C*2([0,T) x T?), T € R%, and i € {1,2},

T
1 fe o eN
lim lim sup lim sup ™Y / — E G(x/N)U: ™
nhoo es0l Nesea MY o N (/N ),

2
€Ty,

(G, A)ds | | =o.

Proof of Corollary 6.20. — Adding and subtracting L f{, to Uf’"’EN, we can split it into three parts,

n

I8 A ds (pen) 0ipEn + 0 (pen, PEN) Oipen + L,

1 1
L) = B (8 L), and — £0F2,

The contribution of the first quantity vanishes in the limit of Corollary 6.20, according to Corollary
6.2. The second contribution also does thanks to Lemma 6.18, as well as the third due to Lemma 6.19,

thus completing the proof of the Corollary. O

We now derive an explicit expression for the limit of Ej_ (r¢’ + LY i,

Ben ), appearing in L{if"’l, as n goes

to oo.

Lemma 6.21. — For any & € M4(3),

. w WA rw _ Qw iy, _ _
(6.72) nhﬁn;o Eg (ry + L™ f7,) = 2ds (o), + 2 5 (1—a—ds()),
where for any function ® € C1(3), we defined ag = Eg(®(0o)no)-
Proof of Lemma 6.21. — By definition of ¥ = X;(60)w(00)n0(1 — ne, ) + Ai(Oe; )w(Oe; )1, (1 — 10), we can
write, shortening as before E5(®) = Eg(®(00)|no = 1),
(6.73) Ea(re) = 2Ba(Aiw)a(l — a) = 2 < 5, 3¢ >4 .

For any cylinder function f, by translation invariance of pgz and Definition 6.8, one also obtains by
elementary computations that

(6.74) Ea(L™f) =2 < " + 5% Lf >a .
Recalling Corollary 6.12, we can then write

K P g =< G BPY g +Ba (M) < i, hPY >
= — 1=y ads(a)Cova(w, Ai) (1 — 0,(1)) — Eg(Xi)op(1)]

where as before Ay = Ay — Ez(\,). We can also write by Definition 6.8
<k, 3¢ >a= LgmyEaww)a(l — a).

Once again, in order to avoid taking everywhere limits n — oo, we assume for the convenience of
notations, that there exists a local function f{ realizing the infimum (6.71). Recall then from equation
(6.57) that in H%, we have the identity j© + Lf® = —c,(a)h? — dp(@)j;. Then, using (6.73), (6.74), and
the explicit formulas for the inner products which prove orthogonality of directions i # k,

Ea(ry + L™ f2) =2 < jit + 3%, LFF >a +2 < j,j¢ >
=2 N P LY e —2 < M 302,57 e 12 < N e
= =2 < 5+ 452, cp(a)hDY + dp (@) >a —2 < G, 5E >a +2 < 5L Y e
(6.75) = —2¢,(a) < ), P >5 —2d,(Q) < j), ji >a F2Ea (W) < 5N ji s
We now let p — o0, so that d, vanishes, ¢, goes to 1, to obtain as wanted, by Definition 6.8 and Corollary
6.12,
Eaz(ry + L™ f2) = 2ad,(a)Covg(w, ;) + 2Eg(w)Ez(\i)a(l — a).

Reorganizing the terms yield Lemma 6.21. O
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7. Proof of the hydrodynamic limit

We now have all the pieces to prove Theorem 2.6. The last remaining difficulty is to perform the
second integration by parts, since even the gradients obtained in Section 6 are mot exactly microscopic
gradients due to the non-constant diffusion coefficient. This is not a problem when the variations only
depend on one quantity, the density for example, since we can then simply consider a primitive of the
diffusion coefficient and obtain at the highest order in N a discrete gradient. This is not the case here,
and we need some more work to obtain the wanted gradient.

Let us recall from Section 2.4 that for any smooth function H € C121([0,T] x T? x $), that we denoted
H,N .
by M,"" the martingale

¢
(7.1) MY =< 7N H, > — <7TéV,H0>—/ [< 7N, 0sHy > +Ly < ¥, Hy >] ds,
0

where

1
7T£V =Nz E N ()02 /N6, (s)
zeT%

is the empirical measure of the process on T? x S.

Proof of Theorem 2.6. — The quadratic variation [MH-N], of MY (cf. A1.5. Lemma 5.1 in [27]) is

i
[MHJV}t:/ Ly <N H,>* 2<7N H, > Ly <7) H, > ds
0

:/o NL ST M@z, 2)Ho(w/N)Ho(z+ 2)/N) + Aa (i, 2) Ho(z/N)? | ds

zeT?, | |z]=1
</t LS oH|P, ds < —tC || H|]?
= AT4 0o 48 > 7= 00 ?
0 Nt x€eT? N?
N

where C, A;(7),z,2) and As(7,z) are bounded uniformly in N. The quadratic variation [M*V], is
therefore of order N~2, and vanishes as N goes to infinity. Doob’s inequality hence gives us for any
T>0,6>0

lim Pizf( sup ’MtHN ‘ > 5) =0,

N —o00 0<t<T

and in particular

(7.2) lim P ( ’ M ‘ > 5) —0.

N—o0

We first consider the case of a function H such that
Hi(u,8) = Gi(u)w(6),

the general case will be a simple consequence of a periodic version of the Weierstrass approximation
Theorem. For any such H, we can write

T T 2
(7.3) /O Ly <l Hy > dt = /0 it S 7, [Z[Nj;” - 12)()9u NG /N) + Gilz /Ny ()|

z€T%, =1
where ji, r¢ and v* were introduced in Definition 2.8, and
Ou; NG(z/N) = N(G(z +€;/N) — G(z/N))

is a microscopic approximation of the spatial derivative 9,,G.
Thanks to Sections 4 and 6, we can perform the following replacements, in the expectation of the
expression above, and in the limit N — oo then ¢ — 0:
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— Thanks to Corollary 6.20, we can replace j’ by
(7.4) —[ds(pen)Bipen + 3(pen, pEn)dipen]
where ? is given by equation (6.39),
o(p, p*) = p* (1 = ds(p))/p,
— Thanks to Corollary 6.20 and Lemma 6.21, 7 can be replaced by
. ory 1 Epon 0§)Ez (10"
R () =2 | e B () + 220 0D 4y (o)
€
— Finally, the Replacement Lemma 4.1 yields that 4 can be replaced by E5_, (7*).
In other words, thanks to equation (7.2), for any Hy(u,0) = G4(u)w(6), we can write
. . A3 T7H,N,e > )
(7.5) hrgnjélp ]\}E}noo PN ( ‘ My §) =0,
where
. T
(7.6) MpPNe =<l Hp>— <all,Hy > - / <N, 0,H, > dt
0

+ / dt lNQ Z Tx Z paN zp:N + b(p6N7 p?N)éiPEN) - R:J (ﬁﬁN)] aui,NGt (CL‘/N)
0 zeT% =1

= Gi(z/N)Ep., (v*) | (1),

In order to give a clear scheme, we divide the end of the proof in a series of steps.

Performing the second integration by parts. — Due to the presence of the diffusion coefficients, one
cannot switch directly the last discrete derivatives §;p.n and d;p¢y onto the smooth function G. In one
dimension, one would consider a primitive d(p) of the diffusion coeflicient D(p), and write that

D(pen)dipen = 6;d(pen) + on(0;pen)-

However, our case cannot be solved that way because the differential form

is not

(p, ) = ds(p)dp” +(p, p*)dp,

closed, and therefore not exact either, which means that we cannot express (7.4) as

8:F (pen, %) + on (1/N).

We thus need another argument to obtain the differential equation (2.11).
First, we get rid of the part with §,p*. To do so, notice that

0; [ds(pen)pin] = ds(pen)0ipSy + pEn0ids(pen) +on(1/N)
= ds(pen)0ipey + pEndy(pen)dipen + on(1/N).

We can therefore write

(7.7)

ds(pen)Oipey = 0; [ds(pen)pin] — pEnds(pen)dipen + on(1/N).

2
Let us denote for any = € Ty,

DN =7 (0(pen, pen) — PENds(pen)) -

We perform a second integration by parts in the contribution of the first term in the right-hand side

of (7.7), whereas the left-hand side is added to the existing contribution of §;p.n, with the modified
diffusion coefficient DV defined above. We can now rewrite M, MHNE ag

T T
(78)  <mp,Hr>- <m) Ho> —/ <, 0uHy > dt —/ Ly (t, ) = La(t, ) dt + o (1),

0 0
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where
2
1 ~ w
L7 = 3 30 7o | 20 dpen) 02, N Gola/N) + RS (o) Do G/ N) + Golt/ N5 (+))

xe’]r?v i=1

2
1 )
L) = > 7> NDGN8ipen0u, nGi(x/N)

e

2
1
= ﬁ Z ZNDiN(Tl'-‘reipsN - TwpsN)aui7NGt($/N).
z€T?, i=1

In I;, we regrouped all the terms for which taking the limit N — oo is not a problem, whereas I5 is the
term where the extra factor IV still has to be absorbed in a spatial derivative.

Replacement of the microscopic gradient by a mesoscopic gradient. — Since we cannot switch the deriva-
tive on the smooth function G due to the diffusion coefficient, we need to obtain the gradient of p in
another way. For this purpose, we need to replace the microscopic gradient 7,4, pen — Tzpen by & meso-
scopic gradient, and make the derivative (in a weak sense) of p appear directly. More precisely, let us
define

2
> 1 N TatedNe,PeN — To—e3Ne, PeN
12(@77):@ Z ZDIN e Neirs 26:_33C e auuNGt(‘T/N)

zeT%, i=1

We are going to prove that for any configuration 7,
(7.9) | La(t.7) = (1) | < on(1) +o2(1),

uniformly in 7. To prove the latter, for any k € [—e>N,e3N], let us denote by zx = x + ke;,

k=e3N-1

Tr+e3Ne;PeN — Tp—e3Ne; PeN = E Txp41PeN — TayPeN-
k=—e3N

A summation by parts therefore allows us to rewrite I as

k=e3N-1
L(t,7) N2 > Z 253N Y DY0uNGi(@/N)| N(Turepen = Tapen)-
z€T?, i=1 k=—e3N

Furthermore, we can write for any z € T%,

k=e3N—-1
DNO, NGi(z/N) — 5 3N > DiNou, nGi(ax/N)
k=—e3N
k=e3N-1
< s | DN (D, 8 Gi(2/N) = 0, NGl /N)) | + | By Gl /NYDN = DN) |
k=—e3N

Since the diffusion coefficients are bounded and Gy is C?, and since z and the xj’s are distant of €3V,
we can write

| DS (0, NGi(#/N) = 8y, nGe(a1/N)) | < C(Gr)e?

Since Diff depends on the macroscopic density p.y, and since the diffusion coefficients can be extended
as C' functions due to their explicit expression, we also have

} Ou; NGt mk/N)(DEN DEN) | < CUGY) (| Twpen = Tappen | + | TopEn — TPy |)
e3N

< C//(Gta ) EN
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These two bounds finally yield that

k=e>N-1
(7.10) DNO,, NGi(z/N) — 2€3N Z DN 0y, NGi(zi/N) | < C(Gy)e® + C"(Gy,w)e? = oc(e).
k=—e3N

By definition of I> and fg, the triangular inequality yields

I, — L] <
k=e3N—-1
N2 Z Z DE u,,NGt(x/N €3N Z D uq,NGt(xk/N) N(Tx+eiPsN*TacpeN)-
z€T%, i=1 k=—e3N

The quantity inside the absolute values in the right-hand side above is on(1) + 0c(€), thanks to (7.10),
whereas N (Tyte, peN — Tupen) is of order at most 1/e, whereas the quantity inside absolute values is 0. (¢),
therefore their product vanishes as ¢ — 0, which proves equation (7.9). We therefore have obtained as
wanted that

(7.11) lim sup lim sup Iy (¢, 7) — L1 (£,7) = 0,

e—0 N—oc0
uniformly in 7. We can now replace in equation (7.8) Iy by L.

Embedding in the space of trajectories of measures MT!. — Recall that QN is the distribution of
the empirical measure of our process. We now wish to express the martingale M, MENE introduced after
equation (7.5) as an explicit function of the empirical measure 7V in order to characterize the limit points
Q* of the compact sequence Q. For that purpose, let (¢.) 0 be a family of localizing functions on T?,

908(') = (26)_21[76,6]2 ()7

and recall that we defined the empirical measure as

7Tt = N2 gr:z Nz (t z/N,@m(t)~

Then, for any function ® : $ — R, and any u € T? we denote by @Eu the function

2, : T*x$§ — R

(v,0) = p(v—u)®()
With this notation, we can therefore write

1 Z ® (2eN)?

N &
— = — , > .
(2eN + 1) T = @eN 1)z ST PN

oy _
ETzﬁeN (770 ) -
lly—zlloo <eN

In the particular case where ® = 1, (resp. ® = w), this rewrites

(2eN)?
(26N +1)2

(2eN)?
<m0l N > (resp-TzP?N T @eN+1? <m0l N> )
Since (2eN)?/(2eN + 1)? = 1+ on(1), we can replace in the limit N — oo the quantity E. 5 . (n5)
(resp. Tzpen, Tzp*) by the function of the empirical measure < ﬂN,cpfx/N > (resp. < ﬂN,cp; o/N

<N, 0¥ N >)
We deduce from equations (7.5), (7.8) and (7.11) and what precedes that for any positive ¢,

TePeN =

(7.12) lim sup lim sup QY ( ‘ NTEI’N (W[O’T]) ’ > 6) =0

e—0 N—o0
H,N .
where N~ is defined as

(7.13)

T
NN (n[‘)’T]) =< 7p,Hp > — < 7, Hy > —/ < 7y, O,Hy > dt
0
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z€T?, i=1

[y 2 N
—/ N2 E E dz/N,s(Wt)aii,NGt(x/N) +Rz/N,s,i(Wt)aui,NGt(Qf/N) +F§/N’5 (Wt) Gt(ﬂﬁ/N) dt
0

T 1 2 801 y 5 _ 901 , 5
= e, x/N+e3e; e,x/N—e3e;
+/O ﬁ Z ZDI/N,E(Wt) < T, 923 > 8ui,NGt(l‘/N) dt.

a;e']l‘?v =1

1078 In the identity above, we denoted

doyn e (7) = ds(< T, /8 >) <08 N >
1979

Dx/N7E(7T) = D(< W:@;,x/N >, < 71',(,0(:73:/1\[ >)_ < Tr?(p(:,;c/N > d;(< ﬂ-’(p;,x/N >)

RyyNe,i(T) = ds (< Wﬁ(pé,m/N >> < 7Tv‘:"‘:,;iﬂ\f >

Ai
< W,@:’I/N >< T 0L N >
il
< Wv@a,m/N >

+ [1— < 7r,<pi7w/N > —d, << w,gpi)m/N >>} ,

wso and I'y _ (7) = Eg, . (m (1), where a4, /n (7)) € Mi(8) is the measure on 3

G v (1) (d0) = /T e~ /N )(du, d6).

Limit N — oco. — We have now successfully balanced out all the factors N, and can thus let N go to oo
in (7.12). Since G is a smooth function, one can replace in (7.13) the discrete space derivatives 0,, ny by
the continuous derivative 9,,,, the sums N2 Zzeﬂ"f’v by the integral ng du, and the variables z/N by u.
We proved in Proposition 5.4 that the sequence of distributions (Q% )y is relatively compact. Since the
quantity inside the absolute values is a continuous function (for Skorohod’s topology defined in Appendix
B.1) of 7l%T], the whole event is an open set, we obtain that for any weak limit point Q* of (Q*V), and
any positive 9,

T
limsupQ*< <7TT,HT>—<7TO,H0>—/ < m, Oy Hy > dt
0

e—0

_ /OT /T2 i [Ju}g(m)ai Gi(u) + Rue,i(m)0u, G (u) + Ty (m) Gt(u)} dudt

T 2 [ P
(7.14) —|—/O /Tz Z [Du75(ﬂt) <, e ute ei283 su—ede O, Gi(u) | dudt.| > 5) ~0
1=1
181 Limit ¢ - 0. — In order to consider the limit ¢ — 0, we need to express

wi,u—&-e?’ei - @;,u—ﬁ’ei
2e3

1082 in the third line above as an approximation of the gradient of the density Oy, p:(u). As in the proof of

1983 Lemma 6.3, consider a smooth function A, ;, such that

(7.15) /T 2

1084 Since such a function is very similar to the one already presented in Lemma 6.3, we do not give a detailed
1985 construction here. Then, we can build a smooth anti-derivative H. ,, of h ., and we can write for any
1086 u € T2, and any density p in H',

/11‘2 p(V)he i u(v)dv = /1r2 B, p(0) He oy (v)d.

1087 Regarding the third line of (7.14), this yields

< e, >

1 1
(ps,u+e3ei (pe,ufﬁei h
(v) = hejipu

58 dv = 0.(1).

1 1
905,u+53ei (pe,u—ai"ei
2e3

< T, >= / Ou, p(v)He y(v)dv + 0-(1),
T2
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where H. , is a smooth approximation of a Dirac in u and o.(1) is uniform in w. According to (5.17),
Oy, p is in L*([0,T] x T?) Q*-a.s, therefore

L2([0,T] x T2)

e—0

(7.16) [ o) ety Duspr(1),

Q*-a.s. (see, for example, Theorem 4.22, p.109 in [6]).
By Lemma 5.6 any limit point Q* of (Q") is concentrated on measures absolutely continuous w.r.t.
the Lebesgue measure on T2. For any such measure 7[%7! we denote by p.(u,df) its corresponding

density profile on the torus at time ¢, and let

pi) = [ (O (a9

We also shorten p(u) = p'(u). Thanks to this last remark and using both (7.16) and the dominated
convergence theorem for the second line of (7.14), we can now let € go to 0 in equation (7.14), to obtain
that for any limit point Q* of (QV) and any § > 0,

T
< 7, Hpr > — < my, Hy >—/ < g, Oy Hy > dt
0

(7.17) Q*(

T 2 3]
-] stwt)pfaiict(uwz[ds@t)piiw’[’j<1—pt—ds<pt>>pﬁf} au,iaxu)+Eﬁt<ww>at<u>)dudt
o Jr2 i t

>6>:0.

Conclusion. — As expected, all the quantities above are linear in w, and elementary computations yield
that

* /OT /T i {D(Pt,pf) —d;(pt)pﬂ (D, pt)Ou, Gy (u)dudt

B0 (1) = [ (6) [0(0)B 0 (00,0 — (s )|
Furthermore, since Hy(u, ) = G¢(u)w(f), we can write for k = 1, 2

20k Gy(u) = / (00 Gy (u)py (u, d6) = / Ok H,(u,0)p, (u, db).
N S

analogous identities can be obtained when w is replaced by another function ® € C'($). Using in equation
(7.17) the identities above finally yield, as wanted, that for any ¢ > 0

o
2

T
-] [Z(—authw,a)[ﬁ(pt,ﬁt)—d;m)ﬁt] (1 0)0. 1) + 02, Hulu,0)d 1)y, 40

i=1
> 5> o

As in the proof of Proposition 5.4, this last identity can be extended in the case where H;(u, ) does
not take the form G;(u)w(#) by using a periodic version of the Weierstrass Theorem, thus letting § — 0
completes the proof of Theorem 2.6. O

T
<mp,Hpr > — < mg, Hy >—/ < my, O Hy > dt
0

+ 0, Hi(u,0) | 25801, ) 2(By) + 2&(9)@@»@} (u, d0>) + Hy(u,0)04(p) (. d@] dudt

8. Limiting space-time covariance

This section is entirely dedicated to the proof Theorem 6.11, that was postponed. The strategy of the
proof, follows the same scheme as in Section 7.4 of [27]. One of its core ingredients is a decomposition
theorem (cf. Proposition (8.11)) for translation-invariant closed differential forms. To prove this decom-
position, one requires a sharp estimate on the spectral gap of the symmetric exclusion generator, which is
not uniform w.r.t. the density in our case, and some adaptations w.r.t. the classical scheme are necessary
to account for the angles. The non-uniformity of the spectral gap comes from the slow mizing occurring
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at high densities, and requires some minor adaptation w.r.t. [35] where this issue was not dealt with. It
is solved by cutting off large densities (cf. equation (8.2) and Lemma 8.15).

8.1. Spectral gap for the symmetric exclusion process with angles. — As investigated in Sec-
tion 3.3, the mizing time for the exclusion dynamics on configurations of size n with angles is not of
order n2. We therefore cannot consider a general class of functions as dependent on the 0, ’s as wanted,
and need to restrict to a subclass of functions with low levels of correlations between particle angles, but
large enough for the non-gradient method to apply. In this section, we prove that the spectral gap of the
symmetric exclusion process on this class of functions is of order C(p)n=2 if the density in the box is less
than p < 1. The core estimate was first derived by Quastel in [35]. We present here a modified version
to take into account the continuous angles.

Throughout this section, we consider the square domain
B, = [-n,n]?

with closed boundaries. Recall that S was introduced in Definition 2.1 as the set of angle-blind functions,
and that w is the angular dependency of our test function H (cf. equation (2.13)). We already defined

T = {f ec ‘ F@ =em+ > n%a(n), ¢ €8 Voe ZQ},
TE€ZL?

and now denote by C,, (resp. S,) the set of cylinder functions (resp. angle-blind functions) depending

only on sites in B,,. Finally, we define T)* = C,, N T*.

Remark 8.1. — The purpose of the non-gradient method is to replace the instantaneous current ji°
introduced in equation (2.15) by a gradient quantity D(no — ne,) + d(ng — 1%), and the class T* above
is the simplest set of functions, stable by £,, and containing both the currents and the gradients.

We expect that it is not the biggest class of functions on which a spectral gap estimate of order n™
holds. Indeed, we believe that introducing some finite numbered correlations between angles might not
alter too much the order of the spectral gap. It is not, however, the purpose of this section, and this

2

remark is therefore left as a conjecture at this point.

Recall from Definition 3.6 that we encoded in the canonical state K € K,, the number and angles
of the particles in By, and that we denote by u, z = pa ( e Ef) the canonical measure with K
particles inside B,,. Finally, define

2, &(f) =E, g(fLnf),

where £,, is the symmetric exclusion generator restricted to jumps with both extremities in B,,. We are
now ready to state the main result of this section.

Proposition 8.2 (Estimate on the spectral gap for the SSEP with angles)
For any 0 < « < 1, there exists a constant C(«) such that for any K € K,, such that K < a|B,|, and
any f €Ty such that E o(f) =0,

E, z(f*) < Ca)n*P, ¢(f).

Remark 8.3 (Non-uniformity of the spectral gap). — Note that this estimate is not uniform in
the density. Actually, the constant C(a) behaves as 1/(1 — «), and therefore even on the set 7%, the
spectral gap of the exclusion process when there are only a finite number of empty sites in B,, is or order
n~%. This high density estimate is sharp : define K, by K, = 2n+1)2 -1, and for k = 1,..., K,,
0 = 2kn /K, then for

o) = 3 (6w cos ().

TEB, 2n+1
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one easily checks that there exists a positive constant C' such that

4 ‘@",Rn (fn)

" Var, z (fn) n—

This non-uniformity is not an issue here, however, because when we later on classify the germs of closed
forms for our model, we are able to cutoff the large densities (cf. equation (8.2)).

In order to prove Proposition 8.2, we need the following lemma, which states that the angle-blind
process has a uniform spectral gap of order n=2. For any angle-blind function v € S,,, we will write (1)
instead of ¥ (7)) to emphasize that it does not depend on the angles.

Lemma 8.4 (Spectral gap for the angle-blind exclusion process)
Denote by E,, kg the expectation w.r.t. the angle-blind canonical measure with K particles inside B,,,
defined for any angle-blind function ¢ € S,, by

E, x (%) =Eas (w

Z Nz = K) )
r€B,

which holds for any & with density o € (0,1). There exists a universal constant Cy > 0 such that for any
n>1,any0< K < (2n+1)? and any ¢ € S, satisfying E,, k() =0,

EH,K(wz) < Cln2§n,K(w)a

where .@nx(lb) =En xk(V(=Ln)Y).

This result is fairly classical, its proof can be found for instance in [27], we do not repeat it here. Note in
particular that for the angle-blind process, the constant can be chosen independently of the cap on the
density «. Before proving Proposition 8.2, we need one more definition. Fix o € [0,1), and a canonical
state K ¢ K,, such that K < a|B,,|. We then define for any site x € Z2,

(8.1) G=w-B,zw) and of = [w(0) ~E, )] n,
where E, 7 (w) stands for E z(w(fo) | no = 1). In particular, for any configuration 7, > .5 7o =0
under p,, . This centered occupation variable plays a particular role in the proof of the spectral gap,

and we state in the following Lemma two identities regarding 1, which will be used later on.

Lemma 8.5 (Properties of 1”). — Define V, z(w) = Var, z(w(fo) | no =1). For any z # y € By,
Ke Ky, and any angle-blind function ¢ € S, we have E_ 5 nfw) =0,
1%

7w = .
_ _ - RGN, K>1
£,z (09)%0) =V, g @B k(n0) ond E, g (nsn;w)z{ R ) K

0 else

Proof of Proof of Lemma 8.5. — This Lemma follows from elementary computations. Under pu for

any angle-blind function ¢ € S,, and any function ® on $, we have

n,K?

E, g (0F0) = E, z(®(0) | 10 = DEn i (1:).
For the first (resp. second) identity, we set ® = w —E_ p(w) (resp. ® = (w —E, z(w))?), which by
construction has mean 0 (resp. V, p(w)) w.r.t. p, (- | 7o = 1). Regarding the last identity, we obtain
similarly
5.5 9= an((w)~
En,f( (% Ny w) = [En,f((w(ew)w(ey) | Ne =Ny = 1) - Enji'(w) En,K(nxnyw) = _ﬁEn,K(nxny"/})
if K > 1, and trivially vanishes if K =0, 1. [

We now estimate the spectral gap of the angle process on 7.
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Proof of Proposition 8.2. — Fix a € [0,1), K € K, such that K < a|B,l|, and consider a function
[ =9+ X .ep, 15%:(n) in T, where p,1, € S,, such that E z(f) = 0. Recall the notation
introduced in (8.1), and denote

fi= Z Ufi/fm fb:¢+En,[A((w) Z 77x1/)z€5n
reB, reB,

By construction, f = f1 + fp. Since for any ¢ € S,,, E, » (nfw) = 0, it is straightforward to obtain that

E, % (f) =B,z () +Eux (f2)  and B,z (fLuf) =B, 5 (hLuft) +Enx (folnfo),

(e 2, r(f) =2, z(f1) + @mK(fb)). By assumption E_ (f) = 0, therefore, since by construction
En’f((fl) =0, we also have Enﬁ(fb) = 0. Lemma 8.4 can therefore be applied to f;. To prove Proposition
8.2, it is thus sufficient to prove it for any function of the form f = > 5 779, (n). We can further
assume, without loss of generality, that > 1, = 0 and that each 1, vanishes if n, = 0 since we can
rewrite

F@ =Y niv.(n)

zEB,

~ — — z:wGB nwww E:zEB nz¢w
x = Naxe\Wx — d = = = o= .
P N2 (P Y) an () erBn e K(n)

Note that we only consider K > 0, since if K = 0, Proposition 8.2 is immediate.

where

To prove Proposition 8.2, it is therefore sufficient to prove it for any function
F=> 0,
zeB,

where ¥, = n,1,, and satisfy erBn ¥, = 0. For any such f, if K =1, there is only one particle in B,,
and 7% = 0 for any x, therefore f = 0. We now assume that 1 < K < a|B,|. By Lemma 8.5, since by
assumption ) 1), =0,

- K
(8.2) B,z ()= Y E,g(nfmuny) = —=Voz@ Y E, g ().
z,Yy€ By T€EB,

We now turn our attention to En) #(fLyf). For any site  and any angle-blind function ¢ € S,,, we
can write

‘Cn(nf'l/)m) = ﬂfﬁn% + Z ]]'{ﬂznm+z=0}1l)f(77$’w+z)((nw’w+z)§ - 77(3)

|z|=1
Since we assumed that 1, vanishes when the site = is empty, the quantity above can be rewritten
Lo(n54s) = 15 Lothe + Z 779:@+z(1 — 7)Y ().
|z|=1

It follows that

@nf((f) = Z En,f((nfnyawm(—ﬁn)wy) -E. % 77?1/}:70 Z 77$+Z(1 — 0y) (VY ?)

©,y€B, |z]=1

Using once again that > 5 1, =0, and Lemma 8.5 the identity above rewrites

K

ﬁvﬂj&(W) Z én’K(wI) - Z EWK ((1 - nw-&-z)wzwaﬁ-z (nx,z+z))

z€B, |z|=1

(83) ‘@n,l/(\'(f) =

Let us introduce the Dirichlet form locally cropped in z

(8.4) T k() = 5En > m( =)@V —om)? |

y,y+z€B,\{z}
|z]=1
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which forbids jumps to and from the site . Since 1), vanishes whenever the site x is empty, the quantity

Ne(1 — Nerz) (Ve (N®*T2) — 12 (n))? is also equal to (1 — 1,4.)1w.(n)?, and a similar argument with 1), .
allows us to rewrite equation (8.3)

D2 () = V@) 3| Frsclin) + 5 3 B (= i) [ (7°7%) = galn)]?)

r€By, |z|=1

To obtain Proposition 8.2, thanks to the identity above together with (8.2) it is enough to prove that for
some constant C'(«),

Z ]En,K (7/)923) < C(OZ)TL2 Z (1/133 Z En K ((1 - 77x+z) [1/1324-2 ( - z+z) %} 2)

z€B, z€B, \ |=1

We now state a technical Lemma, which gives a spectral gap estimate when one site remains frozen.

Lemma 8.6 (Spectral gap for the exclusion process with a frozen site)
Fix x € B,,. There exists a universal constant Cy such that for any angle-blind function ¢ € S,

satisfying B, i (4 | 72 = 1) =0,
IEW,K(@/JQ | Ne = 1) < CQTL2§$7K(¢ ‘ Ny = 1)7

where the conditioned Dirichlet form is defined by the conditional expectation ]EnK( | N, = 1) instead of
HEHWI(;

P2 k(W | np =1) = ~Ep g (VL% | 0y = 1).

Proof of Lemma 8.6. — We do not give the detail of this proof. It is quite similar to the proof without
the frozen site for an angle-blind function, the only difference being that whenever a path should go
through the site x, the path is bypassed around it, which results in a larger constant C' but does not
affect the order n2. O

We now take a look at the left-hand side of equation (8.5). Since 1), vanishes whenever n, = 0 we
have En KW | n:=1) = |Br |En k (¢z), the previous lemma applied to 1, — E, 7 Wy | ne = 1) yields

(8.6) S B (02) = 2R, )2 < Con® 3 57 (),
TEB, zEB,
Furthermore,
> Enk (o) —Eax @)= Y Enx®e)? +Eux@y) 1 =2 Y Enx(ta)En k(W)
z,yeB, z,yeB,, z,yeB,
- 27’l2 Z En,K(wx)Qa
zeB,

because the last term of the first line vanishes by the assumption ___ B, ¥z = 0. Furthermore, consider
the family of paths (Vs )z ye B, going from x to y, defined as follows : starting from x, the path v, , starts
straight in the first direction, until reaching the first coordinate of y. then, it goes in the second direction
until reaching y. With this construction, each edge a is used at most a number of times p, < Cn3
the 7y, ,’s, for some universal constant C'. Furthermore, each path v, , has length at most 4n. With this
construction, we therefore write, since

B wy = Z (wal - wa2)7
a=(a1,a2)€Yx,y
and (3 xx)® <p>_h_, xj that

Z []En,K (%) —En Kk wy Z 4n Z [En,K (wm) - En,K(%m)P

z,yEBn z,yEBn (a1,a82)€EYz,y

=4n Z Pa [En,K (wal) - EH,K(waz )]2

(a1,a2)CBn
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§4C'n4 Z [En,K (7/1111) - En,K(7/}az)]2

(a1,a2)CBy
:4C’n4 Z [En,K (¢x+z) - En,K(wx)]z-
:Ir,lerlzeBm
Using the two previous identities, we obtain that
(8.7) Y Eux(®e)?<Cn® Y [Bak (ers) = Enx($2)]
rEB, z€By,|z|=1

so that using equations (8.5), (8.6), and (8.7), to prove Proposition 8.2 it is enough to show that for some
constant C(a),

(88) Z []En,K (wx-‘rZ) - En,K(¢$)]2

zE€B,,|z|=1

< K C(a) Z Nﬁ,K(wI) + Z En,K ((1 — Nr+z) [1/Jm+z (77"”’””“) - ¢m]2>

| Bl z€B, |z]=1

Let us denote by e, the empty site nearest to  + z other than x, chosen arbitrarily if there are
multiple candidates. We want to reach from 7 a configuration with an empty site in x 4+ z, where the
successive jumps will be controlled by the Dirichlet form of the 1/ s, and the resulting difference will be
controlled by the second term above. To do so, we merely have to "move" the empty site from e, , to
x + z, using a path of minimal length. We denote by ai,...,a, the sequence of edges along which the
empty site travels. For any integer r < p let n("=1) = 5@ be the configuration where the empty site
has traveled along r edges. In particular, 7(°) = 7, and ng(ﬂz = 0. Furthermore, for each edge a, in this
sequence, we denote by a,; the position throughout this construction of the displaced particle at the
r — th stage, and a, o the position of the empty site, therefore, a, = (a1, ar2). One easily sees that if
€yx+z 7 ¢, we can perform this construction with the following conditions satisfied.

1) The path followed by the empty site contains at most p(e,y.) <2 | ex4, — | jumps.
2) None of the edges a, connects = and one of its neighbors.

3) The only edge linking  + 2z to one of its neighbor is the last edge a,, and it is of the form
ap = (x+ 2z, + 2z + 2’), with z and 2’ orthogonal. In other words, we assume that the empty site
comes from the direction orthogonal to the direction of the edge (z,z + 2).

With this construction, for any function h, since every successive jump is allowed (each initial site is
occupied, each end site is empty) we have

p
_ P ) = ) = (r=1)) _ (r—1)
(-e(e) e e
+Zn£zjf =) Ve (1),
where Vo f = f(7%2) — f(n). We can rewrite this identity

h(n) = (1 —ng(ffﬁz) ( ) mem” — {3V, b (n(’”’”) :
Note that in the formula above, both p and the path n("~1) depends on the position of e, .

We not let h(n) = Y1 (n®*T*) — 1. This function vanishes if there is an empty site in z, which is
the only case for which the construction above does not hold (because in particular the empty site cannot
avoid the edges surrounding x). Using the construction above, we obtain

IEn,K (werZ) - Enl{&bdt) :En,K (¢m+2(771’$+z)) - EH,K(wm)



94 C.ERIGNOUX

P
=~ Enx <Z n D=0V, [ (0 0) ) w(n(’"”)})
r=1

+ B (1= 0) [ (@@)75) = 0 (0] ).

We now project on the possible positions for e, ., by Cauchy-Schwarz inequality, and since (3>°F_, a;)* <
p> P a?, we obtain

=1 """

Bt (Voss) = Bnic (@) € D0 /(20(€) + Dl (et = €1 = 1)

e€By \{z}

(8.9)

~ 2
x |Bnx <l{em+z—w—1} (1= 7 [t (PD)7742) = gy (P10 )
ple) _ 9
+ Z]En,]( (]]-{ea:+z_€777m_1}17((l:,11)(1 — 77((1:;1)) [var¢z+z((n(ril))z’m+z):| )
r=1
ple) B 5 1/2
+ ZE’H,,K <]l{ez+ze7"711}ng;,_ll)(1 - ngzt,_zl)) [waw(n(?q_l))} ) ‘| :
r=1

2130 We now estimate each of the three terms in the bracket.

The empty site e being fixed, the sequence of edges (a,) and its length p are also fixed. The first term
in the bracket can therefore be rewritten, thanks the one-to-one change of variables n®~—1) <

]En,K (]]'{ez+z=517]z=1}(77/) (1= 7atz) ["/’m—&-z (Tl"”’”ﬁ - %(77)]2)

< Bt (1= o) o (754%) = 0a(m)]*)

where 7 denotes the invert change of variable 5 <+ n®~1). Since none of the edges a, connects 2 to one
of its neighbors, and since each edge is used at most once, one-to-one changes of variable ("~ <« 7 also
allow us to crudely estimate

P _ 2
ZEn,K <]]-{em+z—e,nw—1}n¢(z:,11)(1 - 77((1121)) [var'l/)x(n(Til))] )

r=1

P - 2 ~
= ZEn,K (]1{6’;,:+z—€7"7:c—1}(n/(r))nar,l(1 - 77a7-,2) [Vaﬂ/}:v(n)} > < @rf,K(wm)-
r=1

Finally, for the third contribution, we can write the same estimate, except for the last gradient which
is over an edge (ap1,ap2) = (x + 2,2 + z + 2'), with |2'| = |2| = 1. We therefore write

p . —~ 2
> e (Liewsmeme 00 = 0 [Tt 62

r=1

~ ~ ~ 2
< G (Woss) + B (n{em—e,m-l}néz:”(l =) [Va s (7 0)7545)| )

~ ~ N\ T, T+2 2
< QZ:‘FKZ(wr—&-Z) +En x (771+Z(1 — Nagztzr) {¢z+z ((771+Z’w+z+z ) ) — Ytz (nw’ﬁz)} > :

’ N\ T, 42
One easily obtains that n®®t#+* = ((nz’m+z)z+z’x+z+z )

able n***# <1 7 in the bound above yields

, therefore performing the change of vari-

P . - 2
S B (n{w_e,m_l}n;::”(l = 1050) [V oo (00 7+2)] )

r=1
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73 o Ly T2 Z/ 2 NZI/’ z
< @Z,Jer(warZ) +En k (771(1 - 771+z+2’) [werz (nl’” + ) — Yrgr (77)} ) < 3@7“} (Q/Jerz)a

S2EnwK((vz,x+z,w$+z)2)+2E7’1wk((vz+z/,z+z+z/w1+2)2)

where we used that 2z’ and z are orthogonal by assumption, which means that the gradients in the last
term are not of the form (x + z,z + z + 2”). We now use these three bounds in (8.9), to obtain that for
some universal constant C;

~ ~ 2
(Bnie @ors) =Bac) <Ca | D /420D finrclerss = em = 1)
e€B, \{z}

X

Bnic (1= tos) [ore075) = 0an)]”) + T2 (00) + T wm)] :

Since we assumed K < a|B,|, for a < 1 one straightforwardly obtains by elementary computations that

S SOt 2 n(errs = e = 1) < 4| o= Cla),

e€B,\{z} 1Bl
therefore (8.8) holds as desired. This concludes the proof of Proposition 8.2. O
8.2. Discrete differential forms in the context of particles systems. — We introduce in this

section the concept of discrete differential forms in the context of particle systems. The key point of the
non-gradient method is that any translation-invariant closed form can be decomposed as the sum of a
gradient of a translation-invariant function and the currents. This result is stated in Proposition 8.11,
and directly rewrites as an approxzimation (in the sense of equation (6.37)) of any function in T3 by a
linear combination of the currents up to an element of LC.

Let us denote by Y., the set of configurations on Z?
Soo = { (0 00)aezs € (0,1} x 97" | 0, =0if n, =0}
We consider here the graph G = (£, F) with oriented edge set
(8.10) E={@7)eXl | 7 =7""" for some x € Z*,|z| = 1 and 0, (1 — 1p4.) = 1} .

In other words, there is an edge from 7 to 77’ if and only if the latter can be reached from the former
with exactly one licit particle jump (i.e. the jump of a particle to an empty site). We endow G with the
usual distance d on graphs, i.e. d(7,7) is the minimal number of particle jumps necessary to go from one
configuration to the other. Note that this graph is not connected, since for example the configuration 7
with no particles is not accessible from any configuration 7’ with any number of particles. This is also
the case for two configurations with different angle distributions. In such a case where there is no path
between 7’ and 7, we will adopt the usual convention d(7,7)’) = co. By abuse of notation, we also denote
by pa (cf. Definition 3.4) the grand-canonical measure measure on Z? with parameter @, and write E5(+)
for the expectation w.r.t ug.

We call differential form on (G,d) a collection of L?(ug) variables associated with each edge in E.
More precisely, it is a collection U = (Wz 1 2)zez2,|2|=1, Satisfying

Uy 2tz (M) =n.(1— 77m+2)ﬁx,z+z (m) € L? (Ha)-

This definition arbitrarily attributes to Uy 4 ,(7) the value 0 if 7, (1 —744,) vanishes (i.e. if the jump from
x to x + z cannot be performed in 7)), which is just a notation shortcut to define 1t on all configurations
rather than only on those such that 7,(1 — 7,4,) = 1. Another way to look at these objects is that
with each possible particle jump in a configuration 7 is associated a weight. In this section, we will
only consider closed forms, i.e. differential forms for which the added weight of any finite-length path

(composed only of licit jumps, i.e. jumps from z to = + z with  occupied and x + z empty) between two
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configuration does not depend on the path chosen but only on the two endpoints. Equivalently, closed
forms are those for which the integral over a closed loop of licit jumps vanishes.

We call path a finite sequence of jumps coordinates v = (z;,%; + 2i)o<i<q,, Where the z;’s are in 72,
and |z;| = 1. Given a configuration 7, we denote I'(7)) (resp. I'+(7)) the set of licit paths (resp. licit loops,
i.e. licit closed paths) such that all successive jumps in the path are licit starting from 7, (resp. and such
that the configuration reached at the end of the sequence of jumps is 7))

D7) = {v = (@i, zi + 21)osi<q, | B0V (1-70TL) =1, 0<i < g},
(resp. Te(n) = {v = (x4, i + 2i)o<i<q, € T() | plotly) =5 },) where for any path ~, and any

configuration 7, we denote 7(*7) = 7, and R0+ = (ﬁ“”»thﬁzi for 0 <14 < g,. For any differential
form U = (W o4 2)ez2,|2/=1, and any finite path v, we denote

L@ = Lpermy D Hawits@7),
0<i<q,
the random variable representing the integral of u along the path ~. We assign for convenience the value
0 to the integral if one of the jumps in the path was not licit.
Definition 8.7 (Closed and exact forms on (G,d)). — A differential form Ut = (s 442)zez2 2|1 18
closed if for any finite path ~,
Liyer.mylya(m) =0 pa —a.s.,

i.e. if its integral along any closed loop vanishes a.s..
For any cylinder function f € C, we say that W is an ezact differential form associated with f if

W () = 00 (1 — mos) (F™7F) — f(7))

point-wise. It is easily checked that for any f € C, ' is a closed form, since then

(8.11) L s (0) = Lgyery [ ) = £@)]

which vanishes point-wise if the loop is closed.

We now consider the case of translation invariant closed forms.

Definition 8.8 (Germs of a closed form). — A pair u= (uy,u2) : ¥oo — R? in L?(ug) is a germ of
a closed form if u defined by
(8.12) Up e, (1) = Towi(n)  and  Upie, () = T (T = —Ug zte; (mete)

is a closed form. We endow the set of germs of closed forms with its L?(ug) norm

1/2
(8.13) lullz2 = [Ea(uf +u3)] "

Denote by 72 the closure in L?(ug) of T* (the set of cylinder functions, defined in (6.42), depending on
the angles through a linear combination of the w(f,)), and let T = T denote the closure in L?(ug) of
the set Ty of germs of closed forms with components in 72, namely

(8.14) T = {u = (u1,u2) | wisa L?(pg) germ of a closed form, w; € T3, Vi€ {1,2}}.

Definition 8.9 (Germs of an exact form). — A pair u = (uy,uy) will be called germ of an ezact
form associated to a cylinder function h € C if we can write

(ur,u2) = VEp := (Vo,e, Zh; Vo,es Zn)

point-wise, where Xj is the formal sum X, = ZweZQ T.h. Note that although the formal sum ¥, is
ill-defined a priori, its gradient VX, is not, because h is assumed to be a cylinder function, and therefore
only depends on a finite number of sites.
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One easily verifies that any germ of an exact form is also the germ of a closed form. In particular, for
any function h € T%, (cf. (6.42)), we have VY, € . We denote by ¢“ = &% the closure in L?(ug) of
the set &§ of germs of exact forms associated to functions in 7%,

© (VY heT*}CTL

Definition 8.10 (Germs of a closed form associated with the currents)
Define j', j2, 3*, and j** as

(8.15) irm) = Lgimgyno(1 —me,) and i (@) = Li=iyng (1 —ne,)  for kyi=1,2.

These four functions are germs of closed forms, and can be seen as germs of "almost" exact forms
associated with the formal functions

=" wme and P =" a?,
reZ? r€Z2
which are not well defined, but for which the gradient along any licit jumps is. Of course, since the

functions f*, f*« above are merely formal sums, the j*, j*°

s are not germs of exact forms. In other
words, the closed form ik associated with the germ jk is equal to 1 on any edge representing a particle
jump in the direction +ej, and the closed form jk’w associated with j** is equal to +w(f) on any edge
representing a jump in the direction +ey of a particle with angle . We denote by J“ linear span of the
jk, jk,w
3= {j“’b = a1j’ +agi’ + 01" + 0ei?, a€R%be RQ} C T
We are now ready to state the main result of this section.

Proposition 8.11 (Structure of T). — We have the decomposition
TV =J .

Remark 8.12. — Note that we can safely assume that the total density « is in ]0,1[. If not, the graph
¢ is trivial since its edge set is empty. This assumption will be made throughout the rest of this section.

Before turning to the proof of the last proposition, we investigate the case of a finite domain. We start
by a technical Lemma. Recall that C,, is the set of functions depending only on sites in B,,, and C! with
respect to each 0, for x in B,,, we denote T)Y = T“ NC,, the set of functions depending only on sites in
B,,, and depending on the angles through a linear combination of the w(6,).

Lemma 8.18. — For anyn >0, T% is closed in L?(ug).

Proof of Lemma 8.13. — We need to show that if a sequence of functions (¢x(n)+>,cp 15Uk (n))keN
converges as k — oo in L%(ug) to f, then there exists angle-blind functions ¢*, 9% such that f =
©* (1) + Xven, Ne¥s(n) as.. Here, the g, ¥y 2, ¢* and 9} are angle-blind functions depending only on
sites in B,,. Denote 0,7 the configuration equal to 7 everywhere in B,, except in z where it is distributed
as an independent copy 7, = (1., 6%,) with distribution &. Then, we abuse our notation, and also denote
E4 the expectation taken w.r.t. both 7 and 7.,.

We can now write
Ea [(f(@) = F(021) Lpn =y =] = lim Ea [(@(0) = w(0)202 o)L= =1))] -

Now assume that the variance of w(6,) w.r.t. ua does not vanish (else, the result obviously holds, because
in L?(ug), T is the set of angle blind functions), we can write for some constant C' := C(w, Q)

Jim Eg (07 .(n) | ne = 1] < CEa(f?).

In particular, since the set of angle blind configurations in B,, is finite, and since we can assume without
loss of generality that vy ,(n) vanishes if , = 0, all the 1, , must be bounded, uniformly in z, k, and
7 by some constant M, and therefore remain in a compact set. Up to successive extractions, we can in
particular assume that each sequences (¢ ), converges uniformly in 7 as k — oo to ¢;. In particular, the
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sequence ¢y, also converges to a function ¢*, and we can thus write as wanted f = ¢*(n)+>_,c5 1595 (n)
a.s.. O

We now consider closed differential forms in a finite box. Considering the graph G,, with vertices the
configurations 7 on the box B, and connected, as on the infinite graph, if one can be reached from the
other with one licit jump along an edge of B,,.

Proposition 8.14. — Fiz a parameter &, n > 0, and a L*(ug) closed form W = (Wypi2)zwt2eB, ON
G, satisfying for any v,x + z € B,

i) Uy 5y, identically vanishes when there are 1 or less empty sites in By,

!

i) There exists u,, ., .

in Ty such that Uy pp, =W, . pg-0.5..
Then, there exists a cylinder function h € T such that
ﬁz,m+z = vm,x+zh VI',$ +ze an Ha-a.S.,

i.e. on a finite set, all closed forms are exact forms. Furthermore, one can assume without loss of

generality that for any Ke Ky, E, z(h) = 0.

Proof of Proposition 8.1/. — Since u is a closed form, since each element of w’ is smooth in the angle
variables, and since W = U pz-a.s., we deduce that L{yer. @)1y, vanishes not only a.s. but also point-
wise for any finite path 7. We are going to build a function h in E whose point-wise gradient is w'. Recall
that u, ., and therefore ﬁ;’x 4. vanishes if there is one or less empty site in B,,, we split the set of
configurations on B,, into components (Z,}:{ )% €K, each connected on the graph G, . In particular, for any
two configurations 7, 7 in the same Enf(, we must have by construction d(7,7) < oc.

For any K with at least two empty sites, let us denote ﬁf( the configuration where the particles are
inserted from the bottom left, row by row, and in the order of increasing angles from 0 to 27. In other
words, we insert the particle with the angle closest to 0 at site (—n, —n), the second closest at (—n, —n+1),
and so on until all particles have been placed. The choice of this reference configuration is arbitrary, but
depends continuously in the angles in K € K,,. We then set h(7%) = 0 for each K € ]Kn, and for any

other configuration 7 € X, we fix a path 5 of licit jumps from ﬁf( to 7, and let

(i) = L, w ().
Since w is a pointwise closed form, this expression does not depend on the choice of 77 and pointwise,
we have for any z,z + z, ﬁ;,ﬂz = Vyz+-h. In particular, Wy 54, () = Vg 44.h(7) on E, and therefore
ligz-a.s.. Furthermore, by construction, because both ' and ?]f( depend smoothly on the particle’s angles,
so does h, and therefore h € C,,. We now show that h € T)%.

Since, according to Lemma 8.13, T is a closed linear subspace of L?(j15), we can write on B,, L?(ug) =
T% & (T)". Straightforwardly, one can show that both 7% and ()" are stable under any symmetric
gradient 6$7x+zf = Lnnes. =0y (f(77F2) — f(0)), for 2,z + z € B,,. In particular, since w, ,,, € Ty,
we also have %x,ﬂzh = Uy pp2(N) + Uy pr-(5TT%) € TY for any z,2 + 2z € B,,. Let now write h as
hy 4 hy, where hy € T% and hy € (T¥)*, we must have V. 4 .h = V. .y .hy. All gradients of hy therefore
vanish a.s., we conclude that hs is a.s. constant on each connected component, therefore we can choose it
to be 0 without changing 6m7z+zh. We thus have as wanted ﬁ;7I+Z = Vg a+2h1, we can therefore choose

h=hy €T¥.

Regarding the second claim of the Proposition, given a configuration 7 on B,, let us denote by
K, () := (K(7),Ok ) (7)) the parameter giving the number and angles of particles in 7, i.e.

K(n) = Z M and Ok () = {0z, -- '79wk<ﬁ)}’
z€B,
where z1,...,zx are the positions of the K particles in 7). Since the function K(7) is unchanged under
any gradient inside B,,, we can replace h by hg = h*]Enf(n(ﬁ)(h) (where E, % is the expectation w.r.t. the
canonical measure corresponding to having K particles in B,,) and still satisfy Wy »4.() = Va z12h0(7).
O
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We now turn to the proof of the decomposition of germs of closed forms on the infinite graph.

Proof of Proposition 8.11. — We first prove that the sum is direct : assume that for a,b € R?, there
exists a cylinder function A such that j%° = a1j' + agj® +b1j>* 4+ b2j** = VE,. In particular fix i = 1,2,
one easily obtains that

aiji + i = Vo,e;. 30 — Vo, Za () = Ly, =03 (Zn(n) — Zn (™)),

where the j;’s are the currents defined in (2.8). Multiplying by 7, — 1o (resp. n¢ —ng') and taking the
expectation w.r.t. ug, the identity above rewrites

2(a; +bEa(w))a(l —a) =0 (resp. 2(a;Ea(w)+ b;Ez(w?))a(l —a) = 0),

where, as in Section 8.1, E5(w") stands for Eg(w”(60)|no = 1). In particular, since o € (0, 1) this yields
that a; + b;Eg(w) = 0 and that Eg(w?) = Eg(w)?, therefore w(fy) is constant under pg. In particular,
a;j; + b;j¢ vanishes in L?(ugz) as wanted. The inclusion T D J¥ + ¢* is immediate.

We now prove the reverse inclusion. The set of germs of an exact form being a linear (therefore convex)
subset of L?(ug), its weak and strong closure in L?(ug) coincide. In order to prove Proposition 8.11, it
is therefore sufficient to prove that for any u € T, there exists a sequence of cylinder functions h,, € T%
such that the sequence (VX ),en is weakly relatively compact in L?(ug), and for any of its weak limit
points B, there exists a and b in R? such that

b =u+j".

Fix u € T, and (Wy 442)z,0+- the associated closed form defined by (8.12). For any fixed integer n,
let F,, be the o-algebra generated by the sites inside B,

F7L:U(ﬁx,$€Bn),

n

and let uy .

denote the conditional expectation

U ore = Ba(toots | Fn)-

Note in particular that since u is in T“, u" is a closed form on G,,, and each of its coordinate is in T2,
according to Lemma 8.13.

Fix once and for all a density a < o’ < 1, and define p,, = ﬁ > .cp, e the density in B, according
to Proposition 8.14, there exists a family of F,,-measurable functions ¢,, € T¥ with mean 0 w.r.t. any
canonical measure on B,, such that

]]'{Pngal}ﬁ27$+z =Vaeatzon Vr,x4+2€ B, ug—a.s.

Note that we would need a weaker indicator function to respect the conditions of Proposition 8.14 (namely,
that there are two empty sites in B,,) however in order to estimate the L?(ug)-norm of the ¢, we will
need the indicator function above.

Let us fix n € N, and consider the germ of an exact form ﬁVZ whose coordinates can be

$n
rewritten for ¢ = 1,2
1 1
aneizwn = (27)2 § T 2Vaate; Pn-
r€Z?
Since ¢,, is F,-measurable, V ;... vanishes as soon as neither x nor = + e; is in B,,. Hence, the

previous quantity is equal to

1 1 1
(816) 3 Vo,eiztpn = 2 Z T 2Vaeate,Pn = Rni+ 2 Z T2 Va.ate P
(271) (2”’) —n—1<z;<n (27’1) —n<lz;<n—1
z€B, z€B,

where the boundary term R, ; is

1
R, = W Z T_2Vazzte,Pn + Z T—aVaate; Pn
r;=—n—1 Ti=n
2EB,(—e;) z€Bn
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For any n, the left-hand side in (8.16) the germ of an exact form as introduced in Definition 8.9. We
will see that the second term of the right-hand side converges in L?(ug) as n goes to infinity towards
u;. Hence to prove Proposition 8.11 it will be sufficient to show that the boundary term R,, ; is weakly
relatively compact in L?(ug), and that any of its weak limit points is in . Since ¢,, is supported in
B, the exchanges at the boundary act as reservoirs with creation (first term in R, ;) at the sites z + e;
with ; = —n — 1, and annihilation of particles (second term in R, ;) at the sites « such that z; = n,
and cannot be expressed as such as particle transfers. To prove that the sequence of boundary terms is
weakly relatively compact, we therefore need to smooth out the ¢,,’s, by letting

Not in particular that we still have ¢,, € T%.
Rewrite (8.16) with &,, instead of ¢,

1 1 - ~
(818) WVO,eiEGn - (2n)2 Z T—-'EVI,J;-l—ei(pn + RTL,i7
—n<z;<n—1
r€EB,

where this time

~ 1 _ _

(819) Rn,i - W Z T—va,w—i-ei(ﬁn + Z T—;L'va:,w-&-ei(pn
r;=—n—1 Ti=n
zEB, (—€;) xE€Bn

We are going to show that
— the bulk term converges in L?(ug) to u;,
— the sequence of boundary term is bounded in L?(ug), and any of its weak limit points is an
element of J“.
For the sake of clarity, we state both of these results as separate lemmas, and we will prove them
afterwards.

Lemma 8.15 (Convergence of the bulk term towards u;). — For any i € {1,2},
2

. 1 ~
(8.20) 117Iln_>solip Es W E [T,mvw,m+ei Pn — W4 =0.
—n<z;<n—1
zeB,

Lemma 8.16 (Limit of the boundary term). — For any i € {1,2}, we split the boundary term as

Rmi = E;,z + E+

n,i?

where
- 1 _ . 1 _
(821) Rn,i = (2n)2 Z Tfmvm,aﬂ»ei(pna and Rn,i = (277,)2 Z Tfmvz,m+ei§0na
ri=—n—1 Ti=n
wEBn(—ei) TE€By

which will be referred to respectively as negative and positive boundary terms. With the previous notations,

both sequences (E;J)HQN and (R:,i)neN are bounded in L*(ug). Furthermore, for any weakly convergent

subsequence Ry, — MR, there exists a;,b; € R such that

Ry = aing (1 —1e;) + bino(L —ne,)-

The same is true for the positive boundary term.
Thanks to (8.18), these two lemmas prove Proposition 8.11. O

The proof of Lemma 8.15 is simple, we treat it right now before turning to the proof of Lemma 8.16,
which is the main difficulty of this section.
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Proof of Lemma 8.15. — By construction, for any x,z + ¢; € B,

Vae,ote;Pn = Vm,ereiE&(‘Pfin | Fn)
a vm x+e; P3n | -F )

(
(1{P3n<0/}uw z+te; ]:n)
al

=E;
a ]]-{p3 <(x/}IE (ux zte; fSn) | f )
(822) - Ea( pgnga’}ux,x—i-ei | fn)

By triangular inequality, translation invariance of ug, and using (Z o a;)? <k ZZ 1 a?, we can bound
the expectation in (8.20) by

1 _ _ 2 9
(8'23) W Z <E62 [(E&(um,wﬁ-ei | ]:n) - ux,m+e¢) } +Ea []l{p3n>a/}ua;7z+e,i:| )
—n<z;<n—1
T€EB,
We start by estimating the contribution of the first expectation in the sum. To do so, split it for any
positive € as

o Y Ea|Ealene | F) - Tewre) ]t os Y Ea|(Baleere | F) - Terre)’]

2n n2
IGBnu,E) —n<z;<n—1

T€Bn\Bp(1-¢)
By definition of u, 7,u; = 1y y4,, thus for any € > 0, the expectations in the first term vanish uniformly
in x € By(1—¢) as n — oo by martingale convergence theorem, whereas the second sum can be crudely
estimated by Jensen inequality and is less than

Ce max Es [ Eg(u .
—n<ziin—1 a ( a( T,x+e;
z€Bn\Bn(1-¢)

F) — ﬁz,mi)ﬂ < 4CeE5(12)

which vanishes as ¢ — 0 regardless of n.

We now consider the contributions of the second part in (8.23). That each term vanishes is a direct
consequence of the dominated convergence theorem, however since we need a convergence that is uniform
in z, we give a more detailed and quantitative argument. We can rewrite by translation invariance of pug,
for any =,z +¢; € B, and for any p < 2

Ea [H{P3n>a’}ﬁi,az+ei] = Eg [uZ(T—wﬂ{p3n>a’})]
Ea [ | uf —[wil? | ] +Ea [[wilP (21,5 ar))]
<Es[|w —wl? | ] +Ea ()" g (o3 > o) P2

by Holder inequality. By a standard large deviation estimate, pig (psn > ') = O(e=C""). We then choose
p = p(n) = 2—1/n, to obtain that second term in the right-hand side above is less than C(u;)e~¢™. The
function inside the expectation in the first term is point-wise less than max(2u?, 1) which is integrable
and the first term therefore vanishes by dominated convergence as p(n) — 2. Since the bound above does
not depend on x, we finally obtain

(824) nh—)Héo ﬁ Z Ea [1{P3W,>C¥/}ﬁi,z+ei] =0
—n<z;<n-—1
zEB,
as wanted, which proves Lemma 8.15. O

Proof of Lemma 8.16. — The proof of this Lemma being long, we split it into three steps.
— We first control the L?(ug) norm of the @,’s
— Thanks to this control, we prove that the sequence of boundary terms RjE is bounded in L?(ug).
— Finally, we prove that any weak limit point SRii of the boundary term can only depend on the
configuration through 7y and 7),,, and that they can be written as a combination of the j* and "%
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The scheme follows closely that of Theorem 4.14 in Appendix 3 of [27] however adjustments are needed
in the second and third step to take into account the presence of the angles.

First step : Control on the L? norm of the ¢, ’s.

We proved in Section 8.1 that, even though we do not have a general spectral gap of order n=2, we

could circumvent this difficulty by staying in a convenient class of functions linear in the angles and
by cutting off the large densities. This spectral gap estimate is needed to control the norm of the ¢/ s.
This is the reason for limiting the result to closed forms in T defined in (8.14), and for introducing the
indicator functions 17, <,/}. We state this step as a separate lemma for the sake of clarity.

Lemma 8.17. — There exists a constant K := K(&,a’,u) such that for any n € N,
Eg(¢7) < Kn',
where @, was introduced in (8.2).

Proof of Lemma 8.17. — For any K € K,, we proved in Proposition 8.14 that we could assume
Enf((gon) = 0, and thanks to the indicator function 1y, <q'}, ¢n vanishes when the density in B, is
larger than o, therefore the spectral gap estimate given in Proposition 8.2, since ¢,, € T, yields

Es(pr) = Ea(pilip,<ary) < C(@, o )0* Dy (n),

where 2,,(f) = —Eg(fL,f) is the Dirichlet form relative to the symmetric exclusion process restricted
to By,

-@n(gpn) = %Z Z Z Ea [(Vm,x-l—éei(ﬁn)ﬂ .

i=16e{-1,1} z,x+0e;EB,

By construction (cf. (8.2)), Vi oye,on = Lip,<a'} Wy ore, A0d Vage, o0n = =1, <o} Wy ppe, (T77T5).
Thus, since 1 is in L?(ug), and since pg is invariant under the change of variables 7 — %% ¢ Jensen’s
inequality yields

2 2
(25 T <Y Y Ba[@. )<Y Y Ealw)?] <l
i=1 x,x+e;EB, i=1 x,x+e; EB,
We obtain as wanted, thanks to the spectral gap estimate above,
(8.26) Ea(p2) < Kn,
where K = CC’ depends only on a, o/, and 1. O

Second step : Control on the L? norm of the boundary terms.

We now prove thanks to Lemma 8.17 that the boundary terms are bounded in L?(ug).
Lemma 8.18. — There exists a constant C = C(@, o', u) such that for any n,

)] <c.

(8.27) Es (R,

n,i

The statement remains true if E;’i is replaced by Ejm

Proof of Lemma 8.18. — We will treat in full detail only the case of the negative boundary term
- 1 _
Rn i = (271)2 Z szvm,erei ©n,

r;i=—n—1
T€By (—e;)

analogous arguments yield the bound for EL Using (Zf:l a;))? <k Zle a?, we obtain

~_ 2n+1 - _ ~
Es {(Rn’i)g] < ((gnf“) _Z ) Es [(T—xvx,x—&-ei(ﬂn)ﬂ <Cn 3 _z: ) Ea [(vx,x+ei§0n)2} ,
we By () we B (—er)
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for some universal constant C, by translation invariance of ug. For x in the negative boundary, under
U, We can rewrite

(8'28) vz,z+ei¢n(ﬁ) = 7717(1 - 7796-&-61‘,) (&n(ﬁ+ 5Z+ei) - &n(ﬁ)) >

where 7 + 67 +e, is the configuration equal to 7) everywhere except in z + e;, where the site contains a
particle with angle 6 distributed as @/« independently of 7). Note that in the expectation Eg, we will also
take the expectation w.r.t. 8, but still denote it Ez not to burden the notations. Since ¢, is independent
of 7, for any z in the negative boundary term,

(8.29) Ba [(B,)"] <a0n™® > Bal(l=muse) (Buli+00,e,) - En)?],

ri=—n—1
zEBn(—e;)

where the expectation w.r.t 6 is also taken, under the distribution &/«. Recall that @, = E5(wsn | Fn),
since the number of terms in the sum is O(n), Lemma 8.18 is a consequence of Lemma 8.19 below. O

Lemma 8.19. — There exists a constant C = C(a,a’,u) such that for any v € B,(—e;) such that
Ty =-—-n-—1,

2
Ea [(1 — Nzte;) (Ea(‘z"?m‘ ]:n)(n + 6z+el) - E&(@3n|fn)(n)) } < Cn27
where the expectation above is taken w.r.t. ug on Bs, and w.r.t. 0 distributed under &/a.

Proof of Lemma 8.19. — Let us fix x, such that z; = —m — 1 in the negative boundary. To make the

Dirichlet form appear, we are going to force an occupied site in a neighborhood of x, and transform

the particle creation into a particle transfer. This is the reason for smoothing out ¢, and taking @,

instead. For the sake of clarity, any configuration 7 on Bs, will be considered as the pair of an interior

configuration Eon B,, (which is hence F,-measurable), and an exterior configuration fA on B3, \ By
For any y € Bs, \ B, we rewrite using the identity (1 —a) [l -+ & —a]l =1

Ea(onl F) (C+ 00, ) = 1o (Ba( (1= &)osn | Fa) +Bal (6 — agsn | 7)) (T+60.).

where &, is the occupation variable in y, and is either 1 or 0 depending on whether the site y is empty or
not.

The first part of this decomposition will be controlled by the Dirichlet form, as the existence of an
empty site in y (thanks to 1 —&,) will allow us to reconstruct a particle transfer from y to « + ;. The
second term will be estimated after a spatial averaging over a large microscopic box. This box must be
measurable with respect to the sites in Bs,, \ B, in order to be able to introduce it inside the expectation.
For any x in the negative boundary, consider the set

x
Bn 1,4 _'r_nei+Bn—17

which is the box of radius n — 1 centered in x — ne;. Remark that the cardinal of B is (2n — 1), so

n—1,t
that averaging the previous identity over the y’s in B, ; yields

(8.30) Ea(wsn| Fn) (C + 60, )

1 1-¢
e, o (B (e

yeBE_,

7))+ Bs (G 2em | 7)) (402

Let us consider the first term of the previous equality. For any y in the boundary, thanks to the factor
1—¢, the site y is empty. Performing the change of variable f — § 0y where 5 dy is the configuration

identical to 5 everywhere except in y where the site is now empty, we obtain

Ea( - fy ©3n ) <<+6w+eb)

—Es (f oo (€-8)) | 7.) (C+o2.)
;

=Es <§y (P30 (C+ 80 €=8,) = 0an (CE)] ‘f)HEA(Of

e (C8) | 7).
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We deduce from the last identity and equation (8.30) that we can write Eg(wsn| Frn) (C + 0y +el>

B (£ [on (e €-8) — 00 (€8)] | 7)

1
(2n — 1)2 >

yeBT

n—1,7

+E < @@371 Eag) ’ ]:n> +E& (i ©3n (C+51+ela§) ’ Fn) ]a
and therefore

(8:31) Ea(wanl F) (<+6x+el) Ea(anl Fa)(0)

<2n—1 [ 2 [ (C+ 0010 6= 6,) — s (C.€) ‘]-')

+JE( % o (08) | 7) +Ba (S son(<+6w+et,f)’fn>].

Using (Zz 1a)? <k S a2 as well as Jensen’s inequality yields

i=1"

Ea (1= nove) (Ealpon] Fo) (1 + 0%e,) = Ealpsnl Fa) )

3 y(1 = Nate,) . T
SGn-1)p > Eg <yaf+ [osn (T+ 870 — 8,) — @an (7)]
yeEBY 1
2
1 _
+3Ea | Ba | | 50y B2 oo | Fa
(n_ ) yeBy _ 1
2
(1_7790 ei) Ny — -
(8.32) +3E; | Ea ﬁ 3 Za ) (400 | 7
yeEBL _1;

From now on, the strategy to prove Lemma 8.19 is straightforward. We are going to prove that each of

the three terms in the right-hand side above is of order n?
— The second and third line above are controlled thanks to the spatial averaging by the L? norm
of the ¢, ’s.
— In the first line, the angle of the particle deleted in y is not necessarily the same as the one
of the particle created in x + ¢;, because the angle 6 above is distributed according to &/« and
independent of the configuration. However, since the ¢, are in 7}¥ their dependency in the angles
can be sharply estimated. Once this difficulty is dealt with, the remaining quantity will be controlled
by the Dirichlet form.
We first treat the first step above. Thanks to the Cauchy-Schwarz inequality, we can estimate the second
line

1 Ny —
E;z | Ea —_— E M =
3

2

1
< —Ea @n—1)2 Z My — @ Ea (Sﬁgn) = mEa (@gn) 5

n—1,i
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since under g, the 7,’s are i.i.d. variables. We can now use the bound obtained in Lemma 8.17, which
yields that for some constant C, = C (@, o/, u),

2
Ea Z Ny —« P3n -Fn < Canc

2n— 1 yeBe

(8.33) E

Q)

n—1,i
Similarly, since

E

Q)

~ 2 l1—«
(= Maredpan (74 0240)7) = ——"Ea(osepda) < On,
we also have for some constant Cy = Co(@, o, u)
1 Ny — @ ~ 0 2
(8.34) Ea |Ba | | 55 D, | (1= mre)esn (+604.,) | Fu| | <Can’

(2n —1)2 e 11—«

n—1,i

We now estimate the first line of the right-hand side of (8.32), namely

1 1= Nore, R .
(27’L — 1) Z ]Ea (ny( a; - ) [<103” (77 + 62-‘1—61 - 5?}) — P3n (77)]2> .
yeB?*

n—1,1

(8.35)

We first deal with the fact that the deleted and created particles do not have the same angle. Recall that
7% is the configuration where the angle of the particle at the site y has been set to @, we can thus write

Mo 80, =0y = ()"

)

therefore

(‘pSn (ﬁ+ 6z+ei - 61/) — P3n (ﬁ))Q <2 |:903n ((ﬁy’a)y’x—‘rei) — P3n (7/7\?179)}2 +2 [@Sn (7/7\%9) — P3n (ﬁ)]z .

Since 6 is distributed according to &/«, conditionally to n, = 1, n¥% has the same distribution as 7 under
ta, and we can therefore control (8.35) by

(8.36)
2

2@n 12 > [Ea (0= e [osn (774%) = 30 @)7) +Ea (ny [0 () = 030 @)]°) ]

yEBT

n—1,i
Once again, we are going to prove that the contributions of both terms in the right-hand side above are
of order n?.

We first need to decompose, as in the proof of the two-block estimate of Lemma 4.4, the particle
jumps appearing in the first term into nearest neighbor jumps. More precisely, there exists a finite family
Zo,...,&p such that zo =y, , = = and for any k € [0,p — 1], |z — k41| = 1. Furthermore, we can
safely assume that p = |y — 2 |. With this construction, for any y € B

Ea [ﬁy(l — Nate;) (‘PSn(Ay - ws”(ﬁ))Q]

n—1,i» We can write

ly—a |

Iyl 3 Ba |l =) (pon 7) — a3 |

\y*w\

(837) < |y - 17| Z Ea ([Va:k,ka(P?m] 2) 5

since (D _F_y ar)®> <pY_h_, ai. Asin the proof of Lemma 8.17, one easily checks that, z;, and xj41 being
neighbors,

Ea ([vﬂ?k#ﬂk-u P3n (7/7\)] 2) S C(u)
therefore (8.37) yields

Ba |1 s (pan57) = 000@) | < 1y = 0 PO,



2405

2406

2407

2408

2409

2410

2411

2412

2413

2414

2415

2416

2417

2418

2419

2420

2421

2422

2423

2424

2425

2426

2427

2428

2429

106 C.ERIGNOUX

We now get back to the first term in (8.36). It is not hard to see that >
and we obtain as wanted that for some constant C3 = C3(a, u),
2 _ 12

> Ea (m(1 = nave) [psn (77%) = 030 ()]7) < Cyn?.

29 — 1)2
a?(2n—1) yebe

n—1,i

2 ; 4
yeB,’;,li|y7x| is of order n*,

(8.38)

We now estimate the second contribution in (8.36). The only difference between @3, (7*?) and @3, (7))
is the angle of the particle at site y. Recall that for any n, ¢, € T%, therefore the variation of ,, when
an angle is changed can be precisely estimated. Fix n > 0, and recall that p3,€ T5,,. Then, there exists
angle-blind functions (¢, 4 )zeBs,, and ¥, in S, such that

rEB3y

Since the only difference between 7% and 7 is in the angle present at the site y, we can write

3n (1) = @30 (1) = (w(0) = w(By))0yny (n),

therefore the second contribution in (8.36) can be rewritten

m Z Es (ny(w(ﬂ) — w(ﬂy))2¢i7y) = Oé;(l;/s(ij)l)Q Z Es (T]yl/)fhy) ,

yEBy, yEB®

n—1,i n—1,i

(8.39)

where we shortened Vz(w) = Varg(w(bp) | no = 1), since the angles are independent of the configuration
conditionally to the presence of a particle. Similarly to what we did in Section 8.1 rewrite

Pan = on + ¥h,
where

SO}L = Z (w(az) - E&(w))nan,m and QDI;L = ¢n + E&(W) Z nan,xv

TEBsn z€Bsan
where Ez(w) stands for E5(w(fp) | no = 1). As in Section 8.1,

Ex(©3,) = Ea((¢5)?) + Ea((#5)?),

and

Ea((ph)?) = Valw) Y Eglnt?,).
rE B3y
The two previous identities finally yield that

Va(&)) Z Ea(nzwi,z) < Ea(‘ﬁ%n)
€ Bsn

We now use this bound as well as (8.39) and Lemma 8.17 to obtain that for some constant Cy = Cy (7, o/, u)

2 A
e 2 Ba( [ew () — pon ()]7) < Cun®.
yeBZ®

n—1,i

(8.40)

This is the estimate we wanted for the second line of (8.36).
Letting C = 3(Cy + C2 + C3 + Cy), we now use the four bounds (8.33), (8.34), (8.38) and (8.40) in
equation (8.32), to obtain that

I 2
Ea ((1 - nz+ei)(]E&(‘P3n| Fn)(0+ 5995+ei) — Ea(ps3nl fn)(n)) ) < Cn®
as wanted, which concludes the proof of Lemma 8.19. O

We have now finished the second step, and proved that the sequences of boundary terms (E;i)neN
and (E;i)neN are bounded in L?(uz). To conclude the proof of Lemma 8.16 we now prove that any weak

limit point R, of (E;z) is in the linear span of the currents J“. The main difficulty is to prove that any
limit point only depends on 7y and 7.,, which we state as a separate lemma. We will once again only
consider the negative boundary terms, the positive boundary terms being treated in the same way.
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Third step : Proof that R, only depends on 1) through 7y and 7.,

Let us introduce
7%, = o> 0} N 22\ {es).

We first prove the following intermediate result.

Lemma 8.20. — Any weak limit point R, of the sequence (R:”) 1s measurable w.r.t. the sites in
Z?> N {x; > 0} U{0}. Furthermore, for any edge (y,y + z) with both ends in the set Zi,m the gradient
Vy.u+:R; vanishes in L (uz).

Proof of Lemma 8.20. — In order to avoid taking subsequences, let us also assume that (R;ﬂ-) weakly
converges towards JR; . We first prove the first statement, which is elementary. For any z in the negative
boundary, z; = —n—1, 7_, @, is measurable with respect to the half plane {z; > 0}, therefore V¢ ., 7_,@
is measurable with respect to the sites in {; > 0} U {0}. We deduce from the last remark that for any
n, f{;l is measurable for any n w.r.t. the sites in {z; > 0} U {0}, therefore SR also is.

We now show that for any edge {y,y + 2z} C Zi,i, the gradient V4.9, vanishes in L?(ug). Fix an
edge (y,y + z) with both ends in Z3 ;. By definition,

1
(2n)?

1

= (2n)2 Z V%ZH‘ZVO,%T—&C@"'

Vyy+:R, ;= Z Vyy+:T—2Vaate, Pn

ri=—n—1

Ti=—n—1

Because y,y + z are different from 0 and e;, the two gradients in the formula above commute, therefore
using once again (Y., a;)> <n > . a?, as well as the crude bound E5((V,[)?) < 4E5(f?), yields

B Vi Fol] < g 2 B (Vo Turr-ai)]

Ti=—n—

1
(2n)?

Z Eg [(Vo,einme+y,r+y+Z§5n)2]

x;=—n—1

(8.41) < @y > Ea {(me,ﬁyﬁ%)z}-

ri=—n—1

There are three cases to consider to estimate Ez [(Vx+y,m+y+z§5n)2].

(1) The first one is the case where both = 4+ y and x + y + z are in B¢, the complementary set of B,,. In
this case,

N2
Es [(vx+y,$+y+z80n) } =0,
because @, is F,- measurable.

(2) The second case when both z + y and x + y + z are in B,,. In this case, using (8.22) and Jensen’s
inequality we can write

N2 _ 2
(8~42) Ea ((Vr+y,z+y+2@n) ) <Ea (l{pgnga’}(um+y,m+y+Z) ) < C(u)'
(3) The last case to consider is if z + y and = + y + z link B,, and BS. Then, as in the proof of Lemma
8.18 we obtain
2 ~
Ea [(vx+y,z+y+zs0n) ] < C(a,a'7u)n2.
Fix an edge (y,y + z) with both ends in Zi’i and write z as £e;, we treat separately the two cases

for j. If j = i, for any n large enough (more precisely as soon as 2n + 2 > y;), for any = such that
r1 = —n — 1, either z + y and x + y £ e; are both in B, or both are in its complementary set B.. We
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are therefore either in the first or in the second case above, and since the number of terms in the sum is
O(n), equation (8.41) yields
~ 9 L
Ea {(Vy,eran,i) ] <C'n W 0,
for some constant C' = C’(a, u).

If now j # i, there can be only two terms in the sum over x for which = + y and = + y £+ ¢; link B,
and B¢ (third case above), whereas all the others are either in the first or the second case. In this case,
equation (8.41) yields

~_\2 ~ _ ~ -
Ea {(Vy,eran,i) } < C'@,uwn 2+ C"(@, o/, wn! ||u||§a — 0.

n—oo

This proves that the sequence V,, ;4. R, ; vanishes as n — oo in L?(ug) for any edge (y,y + z) with both
ends in Z3 ;. Since the gradient V. is a (Lipschitz, and therefore) continuous functional in L*(ug),
Vyy+-R; vanishes for any edge (y,y + z) with both ends in Z?H This concludes the proof of Lemma
8.20. 0

Lemma 8.21. — Any weak limit point R, of the sequence (Rn,i)neN only depends on the configuration

through Ny and 7.,. The same is true for the limit points of the positive boundary terms (R:,i)neN-

Proof of Lemma 8.21. — This Lemma is a consequence of Lemma 8.20. Consider the localization R, ,, =
Eg(R; | Fn), then R, is measurable with respect to the sites in {z; > 0} U {0} and for any edge
(y,y + z) with both ends in Zi,i its gradient vanishes in L?(ug). These two properties are immediate
consequences of the properties of 23, and Jensen’s inequality.
Let
+ _ 2

B, =B,NZy ;,

+

i\no

since the gradients of R, vanish for any edge in B, , on the event on which there are at least two empty

sites in B

i,n?

MR, only depends on the 7, x € Bjﬁ ., through the empirical measure on B;fn

- 1
Pt = TBE ] 2 0
inl g+

in

Indeed, for two configurations 77 and 7’ with the same number of particles, and with the same angles in
Bj: ,» we can reach one from the other with a combination of the previous gradients, hence the difference
R;,.(M) — N, (77") vanishes. This is not true whenever there is one or less empty site in B;fn, but since
we are under the product measure, this happens with exponentially small probability and will not be an
issue.

2
i,n )

Let us denote by E the event “there are at least two empty sites in B the previous statement

rewrites as

f){;;l]llgz = HEE; (ig%;:n/],lgz

ﬁOa ﬁei 5 ﬁBi*n> .
For any cylinder function f, we are going to prove that Ez(f.R; ) = Ea [f E(R; | Mo, ﬁe)] Let

ST =E(f | N, x € {x; >0} U{0})

be the conditional expectation with respect to the sites in {z; > 0} U{0}. Since f is a cylinder function,
so is fT, therefore for any sufficiently large integer n, we can write

Ea(f.f)‘i;]lE;«l) = Ea(f.f)‘{;n]lE;)
;ih ﬁéiyz;Bjﬂl> )

Es <Ea (f%;n]lE;
’;7\0; ﬁei 5 ﬁBiJrn> )

=Es (mgnllE;]Ea (f
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:Ea <m;n]].E;‘L]Ea <f+ ﬁ()vﬁeivﬁB:rn))
=Eq (mzn]Ea <fJr 1M0sTess P+ )) +Ea (mgn]lE;clEa (f+
(8.43) =Ea (mf]Ea (f+ ’ ﬁoﬁei» +on(1),

since
Ea (f *

because py+ converges g a.s. as n — oo towards @, and
in

;ﬂ07;76i72513in:> )

~ o~ o~ L?(pa) ~ ~
770,77@793;") —M> ]Ea (f+ ’ 77077767‘,) y

n—oo

n— oo

HE& (sﬂdﬂqllgzcﬂza <}f+

ﬁ07ﬁ6i7ﬁ3jn>> > 0,

because fT is a bounded function, and R;, is in L?(ug). For the same reason, the left-hand side in

(8.43) converges as n goes to co towards Ez(f.9R; ), and therefore for any cylinder function f

Ea (% B (£* | 0.7, ) ) =Ea(£:%)),
so that
R =Ea (R | o, ) -
This concludes the proof of Lemma 8.21. O

To complete the proof of Lemma 8.16, now that we have proved that all limit points of the boundary
terms are function of 7y and 7j,,, we still have to show that such limit points are in J“. First notice that
any limit point of the negative boundary R; verifies

(5.44) BT = (1= )R =0,
Indeed,
R i 1 Z v ~ i 1 Z v _
e; ¥V = I —Z—— e, T—z vV x,x+e; Pn = 11 ——F e, e, T—2Pn,s
77 i 7 n—s 60 (2”)2 w‘_iniln i , T+ 7,<)O n—s00 (2”)2 I._iniln i 0,e; <)0
‘z€B, ‘z€B,

since 7, Vof = V.47 f. Now the latter obviously vanishes since 7.,V ., = 0. The second identity is
proved in the same way.

Since the @,,’s are in 7%, so is R, . Since R; depends only on 7y and 7,,, using (8.44) it can therefore
be expressed as

m;(ﬁ) = 770(1 - nei)m; (7/7\07;7\61') = 770(1 - 77ei) [1/}(770777€i> + 778)1/)0(770?7761‘)} )
for some angle blind functions v, ¥g. In particular, letting ¢; = 1o(1,0), co = ¥(1,0),
Ry () = (cang + c2mo) (1 — ne,).

Finally, any weak limit point of the boundary term is an element of J“, which is what we wanted to
show. The proof of Lemma 8.16 is thus complete. O

8.3. An integration by parts formula. — Considering the symmetric exclusion generator L as a
discrete Laplacian, to prove Theorem 6.11, we are going to need an integration by parts formula in order
to express the expectation of 1.h in terms of the gradient of h and the “integral” VL™ of 9.

We first extend the definition of the canonical measures given in Definition 3.6 to any domain B C T%.
For that purpose, consider an integer K < |B|, and an orderless family {6y, ...,0x} € $X. Recall that
we denote by K the pair (K,{01,...,0k}), and we let /g  be the measure such that the K particles
with fixed angles 64,...,0k are uniformly distributed in the domain B. If B = B; is the ball of radius
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[, this notation is shortened as u, » in accord with Definition 3.6. The expectation w.r.t both of these
measures is respectively denoted E, » and E; . We will, in a similar fashion, write

‘CBf(ﬁ) = Z Nz (1 - 77m+z) (f(n/\Z#H_z) - f(ﬁ)) )

r,x+2€B
|z]=1

for the generator of the symmetric exclusion process restricted to B, shortened as £; if B = Bj.
Recall that we defined

- {¢ ec ‘ E, z(¥) =0 VK €K, and Yz =0 VK € K,, ~ sz},
and that V, is the gradient representing a particle jump along a.

Lemma 8.22 (Integration by parts formula). — Let ¢ € Cy be a cylinder function, and a C B,
an oriented edge in its domain. Then, 1 is in the range of the generator L, and we can define the
"primitive” I1,(v) of 1 with respect to the gradient along the oriented edge a as

1) = 5Va(~La,) "

Furthermore, for any B C T% containing Bs,, any K= (K, (b1,...,0K)) such that K < |B| and h € C

measurable w.r.t. sites in B, we have

(8.45) E, = > Epg(L(®).Vah).
aCB

Sw’

This result is also true if g 5 is replaced by a grand-canonical measure jiz. Note that if K = |B| —1 or
= |B| the result is trivial because 1) vanishes.

Proof of Lemma 8.22. — The proof of the previous result is quite elementary. Fix a function ¢ € Cy, to

sy, by building for any K

, verifying L, op 1/}\2”” This result is well-known for the color-blind exclusion

prove the integration by parts formula, we first show that v is in the range of £

a function ¢z on X2 P

process, but in our case where each particle has an angle, the canonical measures take an unusual form,

and we prove it for the sake of exhaustivity.
For any ¢ : Z? — R such that £,,¢ =0,

1 . I
Ep,, 7(#Ls®) = —5Ep, | 2 m(l=n)@li™) = ¢ | =0,
m,x—‘—zEBSw

therefore ¢ is invariant under the allowed jump of a particle along any edge in Bs,. For any K e ]sz,
the function ¢ is constant on Eig, because Eig is then irreducible w.r.t. the exclusion dynamics in B
according to Section 3.3. In particular Kerg:y Ls, is the set of constant functions, and

K

Sap?

sy
{90:2? —R | EB%,R(SO) :0} = {ﬁsde, QZJZE? —>]R},

For any ¢ € Cp, any K € K, there exists a ¢ : »% — R, such that

Sap 7
Ly = Vst

Since 1) vanishes when By, has one or less empty site, we also let ¢ = 0 for any KeK \]sz. We

now define the local function ¢* € C by <p‘*2% = (), which verifies by construction
I

Sap

P = ‘CS«/) QD* )

therefore ¢ € L, ,C
Proving the 1ntegration by parts formula is now elementary : since ¢ = L, E;Plz/J,

By g (ht) =Ep g (hLy, £510)
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-5 EBJA((V/S 1.V,h)

aCBy

= Y By g (Ta(¥).Vah)

aCBy,
which proves identity (8.45). By conditioning to the canonical state in B, one easily obtains that the

same is true when the canonical measure is replaced by a grand-canonical measure pug. O

We finish this section with a technical Lemma. Recall that for any cylinder function 1, we denote by
s, the size of its support and for any integer I, [, =1 — sy — 1.

Lemma 8.28. — For any ¢ € Cy + J* + LC, there exists a constant C(v) such that for any l, K€ Kl,
h € C only depending on sites in By, v >0, and A C By,

B,z (h > m/}) <ACW)|A] + %@flg(h)7

z€A

where we shortened Ay = {x € B, d(z,A) < sy}, @lAf{(h) = E, g(M(—La)h) and L4 is the SSEP
generator restricted to jumps with both ends in A. 7

Proof of Lemma 8.23. — Since for some constant C(sy), >, -4 @lBIi(’“’( (h) < C(sw)@A”’ (h) to establish
this result, it is sufficient to prove that for any € A and for any positive «/,

(8.46) E, g () €9/C'0) + 552,27 ().

We now establish this last bound for any ¢ € Cy U J* U LC, which proves the Lemma.

Assume first that ¢ = j? for k € {1,2}, and ® € C'(S). Then, E, 5 (het)) = E, z (hjgoie,) >
where as before ji . .. = ®(02)72(1 — Note,) — P(Bote)Nate, (1 — 72). Thanks to changes of variable
7+~ 7% ek in the second term, we obtain, using the elementary bound ab < va?/2 + b? /2y which holds
for any -,

E, g (W) = —E; 5 (2(02)Vazreh) <
which proves (8.46).

We now consider 1 = Lf € LC. Since f is a local function, fix s, such that Lf = L, f. We rewrite

E, & (h7at) = B g (hLp,, 0 (mf)) = Ey & ((Tmf)ﬁBsw (wrh)
_ vC(s )IIfH Bay (@)
= Z ((Tmf) z,x+z ) S — Y + 27-@ (h)

v,y+2€Bs,, (z)

Y

as wanted.

Only remains the case 1 € Cp, for which (8.46) is a consequence of the integration by parts formula
and is proved similarly to the case ¢ = Lf. By definition of I,(1)),

S B e (m)?) = 5B g () (L5 ) (m)) = 3B,z (¥(-L5] 10) < Ow),

Y,y+2€B; , (x)

where C'(¢)) can be chosen independently of K. Using (8.45), and this last bound, we obtain

~yC(3p 1 B, (2)
Elf( (h7s9p) = Z El,}? (Lyy+2(T2).Vy yi2h) < 2( ) + ﬂ@ s

Y,y +2€Bs , (z)

(h),

which proves (8.46) and Lemma 8.23. O
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8.4. Heuristics on < - >5; and Theorem 6.11. — The purpose of this section is to explain the
variational formula for the limiting covariance < 1 >3 introduced in Definition 6.9. Given the generator
L of the SSEP on Z2, for any function f with mean 0 w.r.t. any canonical measure, consider the linear
application

—1
(8.47) T f VLY, = (Vo,elﬁ Zf).

V07ez L1 Ef

A priori, even if f is a local function, £7!f is no longer local, and VL', can therefore involve a
infinite number of non-zero contribution, so that § is not a priori well defined. However, assuming that f
is such that VL3 is well-defined, the definition above indicates thanks to the translation invariance
of ¥y and £, that F(f) is the germ of a closed form as introduced in Section 8.2. To illustrate this last
remark, we describe the effect of this application on £C and J*.

Recall that for ® € C*(8), j* =ng (1 —ne,) — 02 (1 — no). We first investigate the action of F on the
currents j. Consider an infinite configuration 77 with no particles outside of some large compact set K.
For the sake of concision, we will call such a configuration bounded. Then, we can write

L lz xmg’] = Z z Lyt = Z T =Xjs.

x€Z? z€Z? z€Z?
Since the configuration was assumed bounded, both of the sums above are finite, and the identity above
is well posed. Coming back to our application §, the previous identity yields

300 = Yoot ) <Vo,e1 Y ez wmﬁ’)
i v0762£712j? VO762 Z$6Z2 :Ein;b

Since the only positive contribution in the right-hand side above is for z = ¢;, elementary calculations
yield

S0 =3,
where the ji’q)’s are the germs of closed forms introduced in equation (8.15). The application § therefore
maps J* (cf. (6.44)) into

3= {il’q)l +50, @y, Pp € Cl(S)}-
Since one can also write F(f) = VE,-17, we can define § on LC as
FLf)=V > mL'Lf =V,

T€Z2

which is the germ of an exact form associated with f.

Denote by €* the set of germs of exact forms associated with functions in C, the construction above

allow us to define the bijective application

§ J*+LC — I+
R AR R A e A O

Recall that we defined the L?-norm of any closed form u as

1/2
[ullo 5 = [Ea (uf +u3)]
According to Proposition 8.11, we can rewrite for any u € T,
2
(8.48) w2 5 = sup {ma (w- (V2 +i%) = || o= +52|| A} .
geT” a

a,beR?
Define Kerg(§) the kernel of § w.r.t || . ||, 5, we can equip 75/ Kerg(§) with the norm < - >>g/2 induced
by the mapping §, defined as

< F>a=FNIEs= sup {QEa (5 (v, +i™") — || V5, +5 \zﬁ}
geT' “
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By generalizing the integration by parts formula in the previous section, this formula is strictly analogous
to Definition 6.8, and § is therefore an isomorphism

§ (T3 /Kera(®) . < - >a) — (T9=3+ ¢, |l34),
which gives 73’/ Kers(F), as stated in Proposition 6.13, the same structure as J¥ + LT/ Kers(F).
We now briefly carry on with our heuristics and explain why Theorem 6.11 holds, which is rigorously

proved in Section 8.5. The proof is based on the integration by parts obtained in Subsection 8.3. Applying
it to Y ,ep, Tx¥ yields that the quantity in the right-hand side of (6.49) can be rewritten
P

2

, 1 1 »
NGRS A D |Vewrli! 3 ¥

T, x+2€B; IGBLw

Assuming that one is able to replace &, by the translation invariant grand-canonical measure piz, and
all quantities being ultimately translation invariant, this limit should be the same as

2 2
. 1 1 1 . 1
fmereEa 5 2 |Vesrsfo D m¥) | = imEs| D\ Voe ki 3 mau
x,x+2€DB, ZL’EBlw i=1,2 IEBLw
2
= ||3(¢)| 2,4
=Y >z .

The rigorous proof of this result, given in the next section, is technical due to the delicate nature of £71.

8.5. Proof of Theorem 6.11. — In order to prove Theorem 6.11, we need to prove that
. 1 1
(849) ll_l)I{.lo WIEZJ?L (7;61) Z Txi/) . Z e | =<K 'l,[}, Y >a
mEBLw a:EBLy,

in three cases :

(1) p =4 and ¢ € LC + J*,
(2) pe Ty and ¢ € LC + J*,
(3) ¢ = and v € T&.

The first two cases correspond to Definition 6.8, whereas the last one corresponds to Definition 6.9. The
first two cases are easier, we treat them first as a separate Lemma. The uniformity of the convergence
will be proved at the end of the section as in [27].

Lemma 8.24. — Fiz p € T and o = Lg + jT* + j32 € LC + J*. For any sequence ([A(l) such that
af(l — a,

2

1
fim B (G4 X e 3w | = 3 (1 = ) [®1060) + 2 (8) — 24]7)
=1

CEGBlw IGBlw

and

Sgt+ Y (zany +x1nfl)D :

TE€Z?

. 1 —1
(850) ll_If& WElyf?l (_'Cl ) Z 'T;p’(/}~ Z T ® :—Ea (QD

IGB% CEGBl(P

Proof of Lemma 8.2/. — Fix ¢ = Lg +j1b1 +j§’2 € LC + J*, and shorten E; ={z € B,z; <l—1} one

easily obtains the identity
D el =LY
xeéf x€EB;
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Shorten
,@1,® D; -D;
F=F/"v™ = g Tzg + E Tin, and G=- E Todi b
z€By,, i=1,2, i=1,2,
z€B; xer\Bzw

we can then rewrite 7.0 = L1 F 4+ G, and therefore

af€l3lw

®51) Bz | (L") D> mv. Y mtp| =E g (F(-L)F) - 2B,  (FG) +E, ¢ (G(-£)"'G).

ﬂ?EBlw $€Blw
Writing
E % (G(—L)7'G) = SI}JLp{Elf((Gh) =7, g (W)},
and using Lemma 8.23, we obtain that the last term in (8.51) is less than C(®q, <I>2)|§f \ By, | = O(),
and therefore the corresponding contribution vanishes in the limit (8.49). Regarding the second term,
elementary computations yield
E, &, (0 7k *) = C(y=s} — Ly=ster):
where we shortened C' = E, 7, (®;Pr(00)n0(1 — ne, ), which yields after elementary computations that

Eg| D wmd > it | =00)

i=1,2, k=1,2,
Sk
yeB; z€EDB \Blw

Similarly, for any y such that {2,z +ex} N By, (y) = 0, we have E, 7, (Tyngj;fk) =0, so that
E, g, (FG) < C(g, ®1,%2)| B} \ By, | = O(1)
and thus vanishes as well in the limit (8.49).

Finally, the last two contributions in (8.51) vanish in the limit, and we now only need to compute
E, g, (F(=L))F), that we split into three parts. We rewrite the first one
2
1
E g | (£ Z Tag - Z =9 =3 Z E g | [Voy+z Z Tzd
.’I)EBlw :EEBlw y,y+z€B; QfeBlw

Since f only depends on sites in B, , for any y € Bj_2s, 2, we can write V,, ;. EzeB, Teg = Vy yt22g,

¥

where as before ¥, is the formal sum ) __,
2 2

2
Vyy+z Z Tog| = |Vyy+e Z 29| < C(sg) llgll%

z€By, |z—y | <sg+2

» Tg. Furthermore, for any y ¢ B;_2s, 2

Since all the V,, ,,.%, have the same distribution under y,  for y € Bj_2,, 2, we can therefore write
using the two bounds above

(8.52) ﬁEm (L) > g Y Tag

:CEBlw afEBlw

'Blzzi”f'ZEm(VOz s) oo (Parep) - ZEZK(VM J)+CNOa.

Since Vg ¢, 24 is a local function, the equivalence of ensembles (cf. Proposition (C.1)) finally yields for
any sequence K; such that ap — @

2

1
tim B (£ Y me 2w | = Y Ea (Vo)

xeBlw xEBlw i=1
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as wanted.

Similarly, one obtains straightforwardly after elementary computations

B[ e) St Yt | =1 Y g (B,

1=1,2, 1=1,2, y,y+z€DB;
rEB; TEB;

where i, = k iff 2 = +ej. Once again, under y, , all the terms have the same distribution, and we can
rewrite

1 ) )
WEZ,K (L) > wndi- > wnd ZE1K< i(6o)no(1 %)]2) + C(P1, 2)O(1/1),
i=1,2, i=1,2,

rEB; rEB;

therefore using once again the equivalence of ensembles also yields

. 1 D; ®; 2
1 ek | (A0 2wt 3 s ZE (1201 =)
i=1,2, i=1,2,
x€B; zEB;

Using the fact that E, z(fL19) = — >, ,1.en, Bl g ([Vyy+2f1[Vyy+29]), is is straightforward to adapt
the previous estimates to the cross term, and obtain

. 1 >,

Jim W]El,f(l (7&)-21:2 Ting " - EZB: Tz :z;Ea (@:(60)Vo.e,Xg) -
i=1,2, z€By, i=
zEeB;

These three estimates finally yield as wanted
2
. 1 ~0,¢; 2
(8.53) ll_lglo WEM? (F(-=L)F) = ;Ea (no(1 = me,)[®i(60) + Sy (7*) — Z4]7)
which proves the first statement of the Lemma.

The second identity in Lemma 8.24 is proved in a similar way. Using the same notations as for the
first identity, we have > _p 71 = LiF + G, and given f € 7’ we rewrite the left-hand side in (8.50)
P

Eg |(F+(LNG) - Y mf

wEBlf

Using once again the equivalence of ensembles, it is easy to prove that

S+ Y (e +w1n§’1)D :

TEZL?

1
(854) EI{.L(ZT l,I? F Z wa = _E& (f

Ielﬁf

therefore we only need to prove that the contribution of G' vanishes. This is straightforward, since the
contribution of G can be rewritten

R | LG L) X s
xeB,f

1 1 _ _
S Y B | Veur=(-L7 NG Vawro (L) Y 7uf

= 2
@+1p |2 & 5

We now use Holder’s inequality, and that for any positive v, |ab| < va?/2 + b?/27, to obtain that the
absolute value of the left-hand side above is less than
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1
EEn (RIS

Ielﬁf

_ 1 B
< sar R (CELG) + o mBir (G4 3wl 3

xeBlf xeBlf

We already proved that the first term in the right-hand side is O(y/~!), whereas in the limit | — co the
second is bounded by < f >4 /v according to Lemma 8.26 below. We can therefore choose v = Vi, to
obtain that both terms vanish as | — oo, thus concluding the proof of Lemma 8.24. O

We now consider the case i € 73, which is the main result of this section, and conclude by proving
that the convergence is uniform and that (6.50) holds. Thanks to the decomposition of the germs of
closed forms obtained in Proposition 8.11 and Lemma 8.24 above, these two steps follow closely Section
7.4 of [27], we repeat the proof here for the sake of exhaustivity. Recall that we denoted for any ¢ € T

<P>a= sup {2Wg (. [Sg+ Y (wa)ny + (ybn,| | — < Lg+ i >5
geT” 72
a,beR? ye

We split the proof of the third case ¢ € 73’ in two Lemmas, namely an upper and a lower bound. Using
the identities obtained in Lemma 8.23, the lower bound is easy to prove.

Lemma 8.25. — Under the assumption of Theorem 6.11,

. 1 1

IeBlw IGBZTP

Proof of Lemma 8.25. — Denote by C; the set of local functions measurable w.r.t. sites in B;. We start

by writing the variational formula

E, %, DY e Y ne| = = sup )z | b Y. b | =2z (R)
z€By, z€By, z€By,

(8.56) > sup 2E, & | b Z Y | =D g (1) ¢

heT zeBzw

where 77‘” is the subspace of C;
TY = Fgab ZTIQ+Z a.x)n? + (b.r)n,), g€ T abecR?
z€B, r€B;
As stated in (8.54) the contribution of the first term in (8.56) is
1
. N g.ab | _ @
Jim g, esz ) FPY | = —Ea | ¢ %Zj 9+ Z (@) + (b-y)my)
x Ly )

and we proved in (8.53) that
1
: g.a.b ab
ll;m @1 )@lKl(F ) =< Lg+ 7" >5.

These two identities prove (8.56), and concludes the proof of the Lemma. O

We now state and prove the upper bound, which is more difficult.
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Lemma 8.26. — Under the assumptions of Theorem 6.11, for any ¢ € T,

1
8.57 li ——E, ~ | (—£) ! ) | < 5.
.57 e et | AT 2 e o f <o
ZEGBlw ZEGBlw
Proof of Lemma 8.26. — We start by replacing the canonical measure p R by the grand-canonical mea-

sure ug thanks to the equivalence of ensembles stated in Proposition C.1. The main obstacle in doing so
is that the support of the function whose expectation we want to estimate grows with [.
By the variational formula for the variance, we can write for any K €K,

E (—L)~! Z T Z ) | = sup {2E, Z ) h | =9, g (h)

z€By, z€By, heT; T€By,

where as before, T}* = C,NT* and 2, z(h) = E, ¢ (h.(—L;h)). As in the proof of the one-block-estimate,

let k£ be an integer that will go to oo after [, and let us partition B; into disjoint boxes /N\O, ceey 1~\p, where
= L221;€/,:11J27 Aj = Bagyi(zj) for any 1 < j < p and some family of sites z1,...,x,, and where we let

Ao = By, \ (U§:1Aj)- Recall that sy is the smallest integer such that 1) is measurable with respect to the

sites in B, ,, we now define

Sap?
A;j :{xGKj, d(m,]&j) > sy} and Ao =By, \ (U E_1A).

One easily obtains that for some universal constant C, |Ao| < Csy(12/k + k).
Let h be a function in T}, we can split

(8.58) S E gz (rotr b Z E, g, (ot )+ Y By g (12t .h).

a:EBlw yeeesD zE€ANo

Letting v = v/k/2 in Lemma 8.23, for any [ > k?, the second term is less than k~/2[C(¢ )12+_@l =(h)].
Letting ¢, = 1—k~1/2, for some constant C(¢), and for any [ > k?, the left-hand side of (8.57) is therefore
less than

_ z _ 7 ~ %
(20+1)? hseuTI?“’ j:;~pck;El’K (et -h) = 7, g (h) o + vk

IEAj
For any h € T{*, 1 < j < p define h; = E, z(h | iy, y € Kj), by convexity of the Dirichlet form, we have

p
A A

j=1 j=1
where as before QIAR(h) is the contribution to the Dirichlet form of edges in A. Denoting T}’; the set of

functions in T“ measurable w.r.t. sites in Kj, we can therefore finally bound from above the left-hand
side of (8.57) by

2 C(¥)
21+1 Z o1, > o PR, (To¥ -h)—.@lff(l(h) v

TEA;

All the terms in the sum over j are identically distributed, the quantity above is thus less than

Ck 2 B C(y)
%k ZE, o (et h) — 2P (h) b 4 Z2)
(2k +1)? hséuifl“?:“ wg o B (rato ) = 7, (1) vk
Koy,

= R (4 | cw)
_WEL}Q (Ek)27x¢ ZTJL"/) +\/E'

IEBkd) JL’EBkw
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The quantity inside the expectation is now a local function w.r.t. [, we can now let [ — oo and as
a;{l — Q, replace R, by pa by the equivalence of ensembles stated in Proposition C.1. Letting then
k — oo, we finally obtain

(8.59) limsupﬁﬂilﬁl (fﬁl)*l Z T . Z T

l
o0 zeBzw xeBzdj

< limsupﬁﬂla (—Ek)fl Z T . Z T

k—oo CEEBkw IEBkw

By the variational formula for the variance, to prove the Lemma it is enough to show

8.60 lim sup ————= su 25 | h Tr — 95 1(h) y <K Y >3,

e ] (P R EEC) S
P

where we shortened %5 ;(h) = Ez(h(—Lx)h). According to Lemma 8.23, there exists a constant C(1))

such that the first term 2E; (EIGBW T .h) is less than C(¢)(2k + 1)* + P4 x(h)/2. For any h such

that 25 x(h) > 2C(¢)(2k + 1)?, the right-hand side above is therefore negative, and since it vanishes for
h = 0, we can therefore safely assume that the supremum is taken w.r.t. functions h € T}’ satisfying
Da.r(h) < 2C(1)(2k + 1)2. Using the integration by parts formula of Lemma 8.22 yields

s .h) = > Eg(la(ra1)Vah),
rEBy(x)
where I,(¢) = (1/2)Va(—Ls,) *¢. For any edge a, let us denote by BY(a) the set of sites # € Z? such
that a is in By(x), and E;f(a) = BY(a) N By,. Note that for any edge a € By, _s,, these two sets
coincide. The integration by parts formula then yields

> Ea(hmt) =Y > EBalla(rat))Vah)

*€By,, a€Bk z€BY (a)
=3 > Ealla(m$)Veh) = Y. > Ea(lu(mat)Vah)
a€By, z€BY (a) a€Bk ze B¥\BY (a)
=Y Y Eallu(m)Vah)— > Y Ealla(ma))Vah).
aGBkaBw( aGBk\BkwfgpxeBw\ég(@

For any positive 7,
Ba(lu(ret)Vah) < 3-Ba(la(ret)?) + JEa((Vah)?).

since |By \ B, —s,| < C(1)k, and thanks to the bound on Qa’k(h), letting v = 1/\/%, it is then straight-
forward to obtain
Z Z Ea(Ia(Tﬂ/})Vah) < C(d})ks/z

a€BK\Bry, sy, z€BY\BY (a)

therefore its contribution to the left-hand side of (8.60) vanishes in the limit & — oco. Letting I,(¢)) =
> ze B (a) la(T2), the left-hand side of equation (8.60) is therefore less than

(8.61) limsup sup { Z Es YVoh) —.@ak(h)}

2k +
k— o0 ( hETW a€ By,

= lim s 2k+1 {2 > Ea(Ta(¥)Vahi) — %,k(hk)}.

€By

for some sequence of functions hj, € T}’ ultimately realizing the limit & — oo of the left-hand side.
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Thanks to the translation invariance of ug, and since 7,1, (1)) = TTya(zZJ), letting y = a; be the first
site of the edge a = (a1, az), we have

Ea(ja(w)vahk) = E& (T(O,ag—al)(1/))V(O,a2—a1)7_—a1 hk) .

A seen before, a simple change of variable yields that Eg (V,f.Vag) = Ez (V_of.-V_ag), from which we
deduce

2 Z Es V)Vohg) =4 Z Es| T I ei)(’(/J).V(O’ei) Z T_zhy
a€Bk =12 :Ir,ergiEBk
Define

1

k _

u; = (2k+ I)QV(Oyei) E T_gh €T,
x:1‘+gieBk

The elementary bound (3", a;)*> <n) ., a? yields

2 k(2k 2
LN L ()

=12 r,x+e;€By

1
Sm-@a,k(hk)

Thanks to this bound, equation (8.61) yields

ﬁﬂﬂa (—Lp)~! Z TP - Z Ty | < lm 4.2 ]Ea(f(o’ei)(w).uf)—'z Ea((uh)?) §

and since we already assumed that for some constant C(v)), 4 x(hi) < C(¢)(2k + 1)?, the sequence of
differential forms (u*)xey is bounded in L2(ug). It is straightforward to check that any of its limit point
u = (u,uy) is the germ of a closed form in T“ in the sense of Definition 8.8).

Indeed, given a limit point w and a finite path v defined by jumps z;, x; + 2;, 0 < ¢ < ¢y — 1, we can
write for the closed form w associated to u

Ea(Lyer.@lha(]) = lim Ea(Lyer, @)Ly m 0)]),

where 1" is the (non closed) differential form

1
—k
ur,z+z = v(a:,x-i—z) T—yhk
IR
y,y+2z€Bx ()
Since + is a finite path, it depends on edges in a finite box B,,, with n fixed. In particular, for any
Y € By_n, when computing I, 7;@( 1), the contribution of 7_,h) vanishes since it involves the complete
path. We can therefore write forsome constant C, and any k > n,
~ 4~ q~ 1/2
Es(1 N < —1 Ez (|Voe 7—yhi]) < ————= (Cr,x Y51 (h ,
( 'yEFc(n)| 'y,uk(n)|) = (2/€+1)2 Z (| 0,e;T—y k|) = (2k+1)2( ok ,k( k))
Y, y+e,EBg
yoryte;gBr_n
where C), ; < cnk is the cardinal of the y’s such that y and y + e; are in By and either y or y + e; are
not in By_p. Since Z5 x(hi) < C(¥)(2k + 1)?, the right-hand side above vanishes as k — oo for any
path ~. This proves that Ez(1,cr (7 |l,,a(®)|) = 0 for any path v, and any limit point u of (u*);, and
in particular 1.er, (7)|ly,u(7)| vanishes jz-a.s. for any finite path .
We can therefore write

ﬁﬁla (o)™ > mb. > mt | < sup {4 Ea(Tgen(¥)w) — > Ea(u) o,

€By,, 2€By,, ueTV | o i=1,2

where T is the set of germs of closed forms introduced in Definition 8.8.
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According to Proposition 8.11, the estimate above becomes

1 1
(2]@—1—1)2Ea<(_£k)_ Z Tz . Z Tz¢>

d?GBkw CEGBkw

< sup 04 ) Ea(T(0,e,)(1).G8" + VioenZg) — > Eal(((*" + VE,)?)

9ET™ | i=1,2 i=1,2
a,beR
= sup < 2E; [ ¢. | %, + Z (y-a)ny, + (y-b)ny | | — < Lyg 4§90 >4
geT™ c7.2
a,beR? Y
The last identity is derived as in the proof of Lemma 8.24. The right-hand-side above is < - >4 as
defined in Definition 6.9, which concludes the proof of the upper bound. O

In order to complete the proof of Theorem 6.11, we still need to prove that the convergence is uniform
in @, to prove (6.50). Let us denote

Vig.e(@g,) = ﬁﬂﬂz,kl LN Y my. Y me |,

mGBlw mGBhP
and let us extend smoothly the domain of definition of V; 4, to M1($). The three previous Lemmas
yield that VLWD(IAQ@Z +1)72)) converges as | goes to co to < 1, ¢ >4 as soon as K, converges towards
the profile @, hence in particular, Vj 4 (@) converges as | goes to oo towards < 9, ¢ >z as soon as
&y goes to a. For that reason, < - >4 is continuous, and V4 (&) converges uniformly in & towards
<L P, >4 as | goes to co. This, combined with the three lemmas 8.24, 8.26 and 8.25, completes the
proof of Theorem 6.11.

Appendix A

Possible application : Coarsening and global order in active Matter

We give some context on the modeling of collective dynamics and the rich phenomenology of active
matter.

A.1. Collective motion among biological organisms. — Collective motion is a widespread phe-
nomenon in nature, and has motivated in the last decades a fruitful and interdisciplinary field of study
[34]. Such behavior can be observed among many animal species, across many scales of the living spec-
trum, and in a broad range of environments. Animal swarming usually needs to balance out the benefits of
collective behavior (defense against predation, protection of the young ones, increased vigilance) against
the drawback of large groups (food hardships, predator multiplication, etc.).

Despite the numerous forms of interaction between individuals, all of these self-organization phe-
nomenons present spontaneous emergence of density fluctuations and long range correlations. This sim-
ilarity suggests some universality of collective dynamics models [25], [51]. Even though the biological
reasons for collective behavior are now well known, the underlying microscopic and macroscopic mecha-
nisms are not yet fully understood. To unveil these mechanisms, numerous aggregation models have been
put forward.

These models can be built on two distinct principles. The first approach specifies the macroscopic
partial differential equation which rules the evolution of the local density of individuals. The main upside
is that one can use the numerous tools developed for solving PDE’s. Several examples of such models
are presented in Okubo and Levin’s book, [33]. Since it represents an average behavior, this approach to
collective dynamics is, however, mainly fitted to describe systems with large number of individuals, and
does not take into account the fluctuations to which smaller systems are subject.



2693

2694

2695

2696

2697

2698

2699

2700

2701

2702

2703

2704

2705

2706

2707

2708

2709

2710

2711

2712

2713

2714

2715

2716

2717

2718

2719

2720

2721

2722

2723

2724

2725

2726

2727

2728

2729

2730

2731

2732

2733

2734

2735

2736

2737

2738

2739

2740

2741

HYDRODYNAMIC LIMIT FOR AN ACTIVE EXCLUSION PROCESS 121

The second approach, called Individual-Based Models (IBM), specifies the motion of each individual
organism. If the motion of each individual was described realistically (from a biological standpoint), the
theoretical study of these models with large number of degrees of freedom would be extremely difficult.
For this reason, it is usually preferred to simplify the rules for the motion of each individual, as well
as its interaction with the group. A classical simplification is to consider that the interaction of each
individual with the group is averaged out over a large number of its neighbors. This so-called local field
simplification often allows to obtain explicit results, at the expense however of their biological accuracy
(cf. below).

A.2. Microscopic active matter models. — In order to represent the direction of the motion of
each individual, as well as spatial constraints (e.g. volume of each organism), collective dynamics are
often modeled by individual-based active matter models. Active matter is characterized by an energy
dissipation taking place at the level of each individual particle, which allows it to self-propel, thus yielding
an extra degree of freedom representing the direction of its motion. One can therefore obtain a phase
transition towards collective motion when these directions align on lengths large with respect to the size
of the particles. Active matter models exhibit various behaviors, and in the context of collective motion,
two phenomena are particularly important :
— when each particle tends to align the direction of its motion to that of its neighbors, one can
observe a phase transition between order and disorder depending on the strength of the alignment.
This alignment phase transition was first observed in an influential model for collective dynamics
introduced by Vicsek et al. [50]
— When the particle’s velocity decreases with the local density, congestion effects appear : particles
spend more time where their speed is lower, and therefore tend to accumulate there. This phe-
nomenon, called Motility-Induced Phase Separation (MIPS), was extensively studied in the recent

years [9], [21], [11].

Vicsek model and phase transition in alignment models. — Interest for self-organization phenomenons
have grown significantly in statistical physics, where the diversity of such behaviors opens numerous
modeling perspectives, and raises new questions regarding out-of-equilibrium systems. Many stochastic
models have been introduced to represent specific biological behavior using statistical physics methods
and have revealed a phase transition between high density collective motion, and disordered behavior
with short range correlations at low densities.

A pioneering model was proposed in 1995 by Vicsek et al. They introduce in [50] a general IBM
(cf. previous paragraph) to model collective dynamics. In the latter, a large number of particles move
in discrete time, and update the direction of their motion to the average direction of the particles in a
small neighborhood. The direction of their motion is also submitted to a small noise, which makes the
dynamics stochastic.

Despite its relative simplicity, the original model described in [50] is extremely rich, and has given rise
to a considerable literature (cf. the review by Viczek and Zafeiris, [51]). The first article on this model
unveiled a phase transition between a high-noise, low-density disordered phase and a low-noise high-
density ordered phase. Initially thought to be critical, this transition was later shown to be discontinuous
[12], with an intermediate region in which an ordered band cruises in a disordered background. It was
recently shown that this transition can be understood as a liquid-gas phase separation in which the
coexistence phase is organized in a smectic arrangement of finite-width bands traveling collectively [42].
Numerous extensions and variations on Vicsek’s model have been put forward, usually by considering a
continuous time dynamics, more pertinent to represent biological organisms.

Phase transitions are central to the study of collective dynamics, where coherent behavior arise when
the alignment becomes strong enough. This notion of phase transition for alignment dynamics is remi-
niscent, of the Ising and XY models, two classical statistical physics models. The Ising model is known
to have a symmetry breaking phase transition leading to the emergence of a spontaneous magnetization.
Unlike the Ising model, the XY model (for which the spins are two-dimensional unit vectors parametrized
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F1cURE 8. Schematic representation of the phase transition in Vicsek’s model.
(A) low density and high noise intensity,
(B) high density and low noise intensity.

by angles 6 € [0, 27[) does not present in two dimensions this type of symmetry breaking phase transition,
according to the Mermin-Wagner Theorem. This is one of the reasons for the popularity of the Vicsek
model [50], whose alignment dynamics is reminiscent of the XY model, but unlike the latter presents a
phase transition of the magnetization due to the particle motility [47]. Both the Ising and XY models are
now well understood. These are equilibrium models and they fall within the formalism of Gibbs measures,
which relates to the thermodynamical parameters of the system.

Active matter models like Vicsek’s are out of equilibrium, and in the case of Vicsek’s model, the phase
transition is a dynamical phenomenon. The concepts developed for equilibrium models, namely Gibbs
measures and free energy, can therefore no longer be used, and despite ample numerical evidence of
spontaneous magnetization, (cf. [41]) mathematically proving a phase transition becomes significantly
harder.

Despite these issues, several exact results have been obtained for systems closely related to Vicsek’s
model. In 2007, Degond and Motsch notably introduced a continuous time version of Vicsek’s model,
and derived the macroscopic scaling limit of the system [18], as well as its microscopic corrections [19].
Their model, which was directly inspired by that of Vicsek et al., is a locally mean-field model, where par-
ticles interact with all other particles present in a small macroscopic neighborhood. This approximation
simplifies a number of difficulties of out-of-equilibrium systems. In their initial article [18], Degond and
Motsch assume that a law of large number holds for the microscopic system. This was later rigorously
proved in [5]. The phase transition as a function of the noise level, between disordered system and global
alignment, was shown in [16] for this model. Similar results have since been extended to more general
forms of alignment, (e.g. [4], [7], [L7]) and to density dependent parameters [22]. The evolution of the
macroscopic density was also obtained in the particular case where the interaction between individuals is
driven by a Morse potential, [8], where previously the shape of animal aggregates (e.g. fish schools mills)
was only known empirically.

The Active Ising Model (AIM) is another alignment model, phenomenologically close to Vicsek’s model
[41], put forward to better understand collective dynamics. It is less demanding from a computational
standpoint, and is extensively studied both numerically and theoretically by Solon and Tailleur in [43].
This model does not rely on the mean-field approximation of the Vicsek’s model. The particles (with
either ”+” or -’ spins) move independently in a discrete space domain, performing an asymmetric random
walk with drift directed according to the particle’s spin. In addition to the displacement dynamics, the
particles align their spins with the other particles on the same site as in a fully connected Ising model.

It was numerically shown in [43] that the AIM presents, as does Vicsek’s, a phase transition depending
both on the temperature and the particle density. At low temperature and density, one observes a



2775

2776

2777

2778

2779

2780

2781

2782

2783

2784

2785

2786

2787

2788

2789

2790

2791

2792

2793

2794

2795

2796

2797

2798

2799

2800

2801

2802

2803

2804

2805

2806

2807

2808

2809

HYDRODYNAMIC LIMIT FOR AN ACTIVE EXCLUSION PROCESS 123

magnetically neutral gas, whereas at strong temperature and densities, one obtains a strongly polarized
liquid. In an intermediary domain, these two phases coexist. The AIM being an out-of-equilibrium
model as well, its mathematical study is difficult, mainly because of the lack of mean-field approximation
present in Vicsek’s model. To our knowledge, there exists to this day no mathematical proof of the phase
transition of the AIM. The model considered in this paper is closely related to both the Vicsek and the
active Ising models.

Motility-Induced Phase Transition (MIPS). — As previously emphasized, a second interesting phe-
nomenon can occur in active matter : when the motility of the particles decreases as the local particle
density increases, one can observe a phase separation between a low density gaseous phase, and condensed
clusters. This separation is a direct consequence of particles slowing down in dense areas : since they
spend more time there, they tend to accumulate. This creates the congestion phenomenon called Motility
Induced Phase Transition, or MIPS, which was thoroughly studied in recent years (cf. the review by
Cates and Tailleur, [11]).

This congestion phenomenon can be observed across several types of dynamics, under the condition
that the particle’s velocities and diffusion constants depend on the local density. One of the most studied
is the run-and-tumble dynamics [2], which models the behavior of bacteria : each individual goes in a
straight line for a while, and then reorients in another random direction. However, MIPS is not specific
to run and tumble dynamics : it is shown numerically in [10], [40] that MIPS also occurs for active
Brownian particles, for which each particles motion’s direction diffuses, instead of updating at discrete
times like in the run-and-tumble dynamics. MIPS can also be observed in lattice models [46], or in
models with repulsive forces [21], for which the kinetic slowdown is a consequence of repulsive forces.

As already pointed out, one can expect that the active exclusion process investigated in this article
may exhibit both MIPS and alignment phase transition. However, mathematically proving this statement
is a difficult task, and this claim is left as a conjecture at this point.

Appendix B

General tools

This appendix regroups a general definitions and results that have been used throughout the proof.

B.1. Topological setup. — This paragraph defines the topological setup we endow the trajectories
space for our process with. Denoting by M(T? x $) the space of non-negative measures on the continuous
configuration space, and

MOT = D ([0, 7], M(T? x 3))
the space of right-continuous and left-limited trajectories of measures on T2 x §. Each trajectory 707!
of our process admits a natural image in M%7} through its empirical measure

R 1
(B.1) m (U[O’T]) =Nz Z Mo (t)02/N,0. (1)
zeT?,

Let (fx)ren be a dense family of functions in C*°(T? x $), and assume that f; = 1. The weak topology
on M(T? x $) is metrizable, by letting

(B.2) 5 ”')Zii | <m0, fu > — <7y, fx > |
' 0: 70 W14 | <moyfo>— <7 fu>]|

Given this metric, M[%7] is endowed with Skorohod’s metric, defined as

(B.3) d(m,7") = inf max ¢ [|&[|, sup &(m¢, 7)., ¢,
KEF [0,T]
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where F is the set of strictly increasing continuous functions from [0, 7] into itself, such that ko = 0 and

kr =T, equipped with the norm
Rs — K¢
Il = m>@%[ }}
5,t€[0,T s—t

Now, (MI®T] @) is a metric space, and we endow the set P(MI%T]) of probability measures on M
with the weak topology.

0,7]

Given the empirical measure 7" of the process at time ¢, defined in equation (B.1), define the appli-
cation

N E[I?,’T] — MIOT]
poTh e (mY (ﬁ[O’T]))tE[o,T] ,
we define
(B.4) QY =P o (z¥) " e PMOT)

the pushforward of IF’;\LJ? by .

B.2. Self-diffusion coefficient. — We regroup in this paragraph some useful results regarding the
self-diffusion coefficient. Consider on Z?2, an initial configuration where each site is initially occupied w.p.
p € [0,1], and with a tagged particle at the origin. Each particle then follows a symmetric exclusion
process with finite range transition matrix p(-), verifying )", 2p(z) = 0, and p(z) = 0 outside of a finite
set of vertices B.

Definition B.1 (Self-Diffusion Coefficient). — Given X; = (X},..., X?) the position at time ¢ of
the tagged particle, the d-dimensional self-diffusion matriz Ds = Ds(p) is defined as

(B.5) ' Doz = lim M
t t

— 00

Yy € R4,
where z is the transposed vector of = and (. ) is the usual inner product in R%.

This result follows from [28]. The following Lemma gives a variational formula for D and was obtained
in Spohn [44].

Proposition B.2 (Variational formula for the self-diffusion coefficient)
The self-diffusion matriz Dy = Ds(p) is characterized by the variational formula

' Dz = }Ielg{ > |Eas ((1 —1e,) [wi + 7, f (™) — f}z) + > Ea ([vo,eiTyf]Q) }

1=1,2 y#0,e;

Our system being invariant through coordinates inversions, it is shown in [32] that the matrix D; is
diagonal, and can therefore be written

Ds(p) = ds(p)1.

Finally, the regularity of the self-diffusion coefficient follows from [31], and a lower and upper bound was
derived by Varadhan in all dimensions by Varadhan in [49].

Proposition B.3 (Regularity of the self-diffusion coefficient). — In any dimension d > 1, the
self-diffusion coefficient ds is C*°([0,1]), and for some constant C > 0, we can write

S0P () <))

Finally, we prove a result that we postponed in during the proof of Proposition 6.14.
Proposition B.j (Conductivity matrix). — Fiz @ € My(8), let j* = (j%,35), where as before
§¢ = [w(00) — Ea(@)lno(1 = ne,) — [w(be,) = Ea(w)]ne, (1 = 10).
Recall that we defined the conductivity matriz Q = Q% as
'Qr= inf <u -j“A’ + Lg >35,
geT®
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then, we have the identity
(B.6) Q = aVz(w)Ds(a) = aVz(w)ds(a)l.

Proof of Proposition B.J. — The proof is analogous to that of Theorem 3.2 in [35]. We first consider the
trivial case @ = 0, 1. Since ds(1) = 0, if & = 0,1, Proposition B.4 is trivially true, because both sides of
the identity vanish. Furthermore, assuming that Vz(w) = 0, we then have 4% =0, therefore both sides
vanish as well. We now assume that « €]0, 1[ and Vz(w) > 0. By definition 6.8,

<z P+ Lyg>a=Fa| D |wmi(1—ne)+ Voe, > 749
i=1,2 yEZ2

Since g € T%, it can be rewritten g = ¢(n) + Zy 7751% (n) for some angle-blind functions ¢, ¢, € S. As
we saw in the proof of the spectral gap, any angle-blind function is orthogonal to any function 775 »(n),
therefore

~ ~ N 2 2
Lz jY 4+ Lg>a= Z Ea ( [33@’77(0;(1 - nei) + Vo, Z Ty [772’%]} ) +Ea ( [VO,ei Z (P} )
i=1,2 y,y' €72 yEeL2

To minimize the left-hand side, we can choose ¢ = 0, so that g must take the form g = Zy nyawy. Since
g is a local function, ¢' =} 7,9, is well defined, and satisfies > /72 7y [ng“zﬁy] = yez2 77‘57111/1',

therefore
2

Lz j° 4 Lg>a= Z Es xmoa(l —Ne;) + Vo, Z 7757'@,7,&'
i=1,2 yez?

Elementary computations yield Vo,emgl// = —770@(1 — Ne )W, Vo,eingTeiw’ = ng(l — Ne; )Te, V' (no’ei),
and for any y # 0, e;, n;}vo,e;yw', therefore

Lz- ]63 + £g >5= Z Ea nOa(l - 7761‘) [‘T’L + Teﬂ// (7707%) - 1//] + Z nng,eiTyl//
i=1,2 y#0,e;

For any angle-blind function ¢ € S, we have already established in Section 8.1 that

Ea(myny v (n) = Liy=y'}Va (@)Eas (nye(n)) -

The previous quantity now rewrites
<Lz -+ Lg>a
e; 2 2
= Va@) 3 |Ea (mo(1 = 1)) [+ et (1) = 01*) + 3 Ea (ny [Vo.emye']?)
i=1,2 y#0,e;
Denote by f =Egz(¢'|no = 1)= a 'Ea(n0¢’), we have
Ea(Teﬂ/’/ (770’61) Ino =1) = Te, f (ﬁo’ei) and E&(vo,eﬂyd},my =1)= Vo,e; 7y f,
so that
<o Ly >a=aVaw) D |Ba ((1=ne) [mi+ e f (%) = 117) + Y Ea (Vo fT)
i=1,2 y#0,¢i
Taking the infimum over g € T%, f spans S which yields as wanted, according to Proposition B.2
Qr =<z ja + Lg >5= aVa(w)xTDsac,

thus concluding the proof. O
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B.3. Entropy. — Given two measures on a space F, let us denote
du du
H =E, | — log —
1) = (Lo )

the relative entropy of p w.r.t v.

Proposition B.5 (Entropy inequality). — Let 7 be a reference measure on some probability space
E. Let f be a function E — R, and v € RT. Then, for any non-negative measure j on E, we have

/fdu < % [log (/ e”’fdﬁ) +H(;ur)} ;

where H(p|m) is the relative entropy of p with respect to .
Proof of Proposition B.5. — The proof is omitted, it can be found in Appendix 1.8 of [27]. O

Remark B.6 (Utilization throughout the proof). — This inequality is used throughout this proof
with 1 the marginal at time s of the measure of the process started from an initial profile x4, and with
T = pg the equilibrium measure of a symmetric simple exclusion process with grand-canonical parameter
a. Then, for any fixed time s and for any function f and any positive v

E,x(f) < % log Bs (¢77) + H (1 ua)]

This inequality will be our main tool to bound expectation w.r.t the measure of our process of vanishing
quantities .

B.4. Bound on the largest eigenvalue of a perturbed Markov generator. —

Proposition B.7 (Largest eigenvalue for a small perturbation of a Markov generator)

Let us consider a Markov Generator L with positive spectral gap v and a bounded function V' with
mean 0 with respect to the equilibrium measure pug of the Markov process. Then, for any small e > 0, the
Largest eigenvalue of the operator L 4+ €V can be bounded from above by

62

— = Es(V(-L)"'V),
A2, e VCHTY)

sup {eEa(V f?) + Ea(fLf)} <
f
where the supremum in the variational formula is taken among the probability densities f w.r.t pg.

The proof of this result is omitted, it is given in Theorem A3.1.1, p.375 in [27].

Appendix C

Space of grand-canonical parameters

In this appendix, we prove some useful results regarding the space of parameters (Mq($),]| - |||
introduced in Section 3.1.

C.1. Equivalence of ensembles. —

Proposition C.1 (Equivalence of ensembles). — Let f be a cylinder function (in the sense of Def-
inition 2.1), we have

limsup sup | E, (f) —Ea_(f)| =0,
l—o0 i%eﬁ(l ’

where the first measure is the projection along sets with K particles in By, whereas the second is the
grand-canonical measure with parameter & = ap introduced in Definition 3.7.
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2874 Proof of Proposition C.1. — The proof of this result is quite elementary, and is a matter of carefully
2875 writing expectations for a random sampling with (grand-canonical measures) and without (canonical
2876 measures) replacement.

2877 The proof of this problem can be reduced to the following : Consider two samplings of M occupation
2878 variables, chosen among L fixed possible values

.0ty e st ={(5,0) € {0,1} x $, 6 = 0 if § = 0}

2879 The first sampling is made without replacement to represent the canonical measure y, 7, and the sampled

2880 items will be denoted Xi,..., Xy, where each X; is of the form (6,0). The second sampling is made
2ss1  with replacement to represent the grand-canonical measure p5 ., and will be denoted Y1, ..., Y. let us
2882 denote by ¢F the set

€L = {ﬁ17' A 7AL}7
2883 and denote by E¢z the expectation w.r.t. the two samplings (X;) and (Y;) given ¢, Further denote by
2884 Ip = {1,...,L}™, i=(i1,...,ipn) the elements of I}, ys, and Dy, pr and Cy, p its two subsets

Dy ={(ir, - yiv) €I | in # -+ #in},  and  Coa=Ipm \ Doy

2885 Then, for any function
g: E{VI — R,

we have

| Eer (9(X1, -, X)) = Ber (9(Ya, -, Yir)) |
B L ) R e

i€l m

=gl D [P [(Xiso Xan) = @) = P [V, Yan) = G )] |

iceDr v

+Hg||oo Z ]P)gL [(Yla,YM) = (ﬁil,“_,ﬁ’iM)]

ieCr, v
2886 The sum on the last line is the probability that at least two indexes among the M we chosen uniformly
2887 in {1,..., L} are equal. This probability is

Z ]P),gL {(Yl,..,7YNI):(ﬁil’_..’ﬁiM)} —q_ L(L_l)”L.Z(\f_MJ'_l)’

ieCr v

which for M fixed vanishes uniformly in ¢ as L — co. We now take a look at the other term, for which
we write

[ = 1] e 0= ]
-2 |y oMy v
IGDLJ\,[

L(L—1)-(L—M+1)
LM ’

2.

icDrp v

=1-

2888 which also vanishes uniformly in ¢* as L — co. We can therefore write for any bounded function g
2880 depending on M sites

sup | Eer(g(X1,..., X)) — Eer(9(Y1,..., Yr)) ‘ < |9l C(M)or(1),
glext

2800 thus proving Proposition C.1. O
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C.2. Regularity of the grand-canonical measures in their parameter. —

Proposition C.2. — Consider the set of local profiles M1(S) equipped with the norm ||| - ||| defined in
Definition 3.2. Then, given a function g € C, the application
Uy o ML) — R
@ —  Ea(g)

is Lipschitz-continuous with Lipschitz constant depending on the function g.

Proof of Proposition C.2. — Let us consider a cylinder function g depending only on vertices x1, ..., s,
and let us start by assuming that g vanishes as soon as one of the sites x1, ...,z is empty. We can then

rewrite g(7) as Nz, « - Napy 9(Onyy - -y d

Iﬂl , an
/ / Ousr. . 00, )dA(0,,) ... dA(0,,,).
01 Om

We can now proceed by recurrence on M. Given a function g depending only on a site xy, and for any
two grand-canonical parameters @ and &’ we can write

Ea(g) - Ear(g ||||/

Assuming now that the proposition is true for any function depending on M — 1 sites, and considering a

— &) (0a,) < lgll" 1@ =&l

function g depending on M vertices, we can write

(C.1) Ea(9) —Bar(9) = Es (Ea(g | Mags -+ 7ans)) — B (Bar (9 Doy -+ n)) -

Fix any angle 0, and let g% be the function ¢?(7)) = (0, 0., ¢
hypothesis that

., )» We can write thanks to the recurrence

| Ea(9”) —Ear(¢”) | < Collla—a" |,
which, integrated in 6 against &', yields
| Ea/ (Ea/(g | ﬁizv' .- 7;7\IM)> — Ea (Ea(g | 7/7\9027 s ’ﬁCUM)) | < CllH a—a H')
On the other hand, we can also write
| Ea (Ea(g | Moss - - Manr)) — Ear (Ba(g [ fags - 7ang)) | < Cofll@—a" ],
therefore (C.1) yields that
|Ea(g) —Ea(9) | <(C'+C?)a—-a ||,

which is what we wanted to show.
To complete the proof of Proposition C.2, we now only need to extend the result to functions g which
do not necessarily vanish when one site in their domain is empty. This case is easily derived, since any

function g depending on vertices x1,...,, ) can be rewritten
(CQ) g(ﬁml""7ﬁmM): Z gB(gfbiviEB)a
Bc{1,...,M}

where gp(0,,,7 € B) is defined in the following fashion : recall that 7, = (9, 6,), with 6, = 0 if n, = 0,
and let us assume that B is the set of increasing indexes 41, ...,4%,, then gp is defined as

gB(aicila' . 'aaﬂcip) = T]33711 . -773%,79((070)7 R (an)a (17030711)’ (070)7 ctty (070)5 (179337:,,)’ (070)7 ot (070))

These functions all vanish whenever one of their depending sites is empty, therefore according to the
beginning of the proof, there exists a family of constants C'z such that for any B C {1,..., M} we have

| Ea(gs) —Ea(9p) | < Cplla—a'|l.
We now only need to let C'=3 5y ,p Cp to obtain thanks to the decomposition (C.2) that
| Ea(g) —Ear(g) | <Cllla—a[l
as intended. This completes the proof of Proposition C.2. O
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C.3. Compactness of the set of grand-canonical parameters. —

Proposition C.3 (Compactness of (M1(3),[]| - |l])). — The metric space (M1(8),[|| - |||) introduced
in Definition 3.2 is totally bounded and Cauchy complete, and is therefore compact.

Proof of Proposition C.3. — The proof of the Cauchy-completeness is almost immediate, we treat it first.
Consider a Cauchy sequence (ay)ren € M1 (8)Y, then by definition of ||| - |||, for any g € B*, the sequence
fS 0)a(df))y is a real Cauchy sequence and therefore converges, and we can let

/S g(0)a*(do) = lim [ g(0)ar(do).

k—oc0 g

This definition can be extended to any C'($) function g by letting

a* = max ! im 9(0) a
Lo @8) = max(lal 1110) Jim [ O (a9)

This defines a measure a* on 3, whose total mass is given by

/ G*(d0) = tim | () € [0,1],
’]1‘2

k—o0 Jr2

which proves the Cauchy completeness of (M1 (S), || - |||)-
We now prove that (M1(8), || - |||) is totally bounded. For any integer n, we are going to construct a
finite set M1, C M1(5) such that

~ ~/ 1
sup inf J|la—-a' || <~
QEM, (8) ¥ EM1n n
For any n € N and any j € [0,n — 1], we shorten 6, ,, = 27j/n, and 6,, ,, = 0y, = 0. We can now define

n—1
k.
My, = an;%n k; € [0,n7], Zk < n?
7=0
The inclusion M , C M;(9) is trivial thanks to the condition Zj kj <n? and M, , is finite since the
k;’s can each take only a finite number of values. we now prove that any & € M;(9) is at distance at
most 1/n of an element &, € My ,,.
Fix & € M($), and let
kj = [n*a([0j,n,0j11.n[)]-
Since @ € M;(8), its total mass is in [0,1], and the conditions k; € [0,n*] and )_, k; < n? are trivially

verified. We now let
n—1

k;
-~  __ J
Qp = E 7’),250]"7

j=0
and prove that ||| @ — @, ||| < 2/n. Fix a function g € C*($) such that max(||g|| . ||¢'||) < 1, we can
write

~ - N k.
/ 2(O)(@ - @,)(d8) =3 / 9(0)a(d0) — 2 9(0;.,)
$ 0. [ n
7=0 ] nVji+1l,n
n—1
=S (050 0511.nD9(05.0) — L g(6;,0) + Z / — 4(6,.))a(d6)
7=0 7ﬂ 7+1 n[
n—1 )
<3 loll | @050 B51.00) ~ 25 +Z||g|| 5410 = J+1n|/
- <1/n? stn e
!
oo+l Ny,
n

Finally, we have proved that
Il @ —an [l <2/n,
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which proves that M;(S) is totally bounded. This, together with the Cauchy completeness, immediately
yields the compactness, and concludes the proof of Proposition C.3.
O
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