
SUPPLEMENTARY MATERIALS: paper ”Template shape estimation”∗

Nina Miolane† , Susan Holmes‡ , and Xavier Pennec†

These are the supplementary materials for the paper ”Template shape estimation: cor-
recting an asymptotic bias”. We present the detailed proofs of the theorems. The precise
statements of the theorems are given again in each section of this supplementary materials.

SM1. Notations. We denote Y the template shape and Ŷ its estimate. X is a point in
the manifold M . We consider that X belongs to a principal orbit and we recall that the set of
principal orbits is dense in M . We write Z = π(X) the projection of X in the shape space Q.
We denote m the dimension of M , p the dimension of the principal orbits and q the dimension
of the quotient space. Figure SM1 shows the elements Y , X, OZ = OX , Z = π(X).

OZ = OX

OY

Y

X

Z = π(X)

Figure SM1. Summary of the notations used in the proofs. Y is the template shape, X is a point in M ,
belonging to a principal orbit OX . Z = π(X) is the projection of X in the shape space.

Normal Coordinate Systems. We often use Normal Coordinate Systems (NCS) to express
the coordinates of tangent vectors. We refer to [SM2] for theoretical developments about the
NCS and to [SM1] for Taylor expansions of differential geometric tensors in a NCS.

For example, we may consider a NCS centered at the point Y , with respect to the Rie-
mannian metric of M . This NCS is valid on an open neighborhood of Y , that is start-shaped
domain around Y . Moreover, we assume that M is geodesically complete : thus, this domain
is equal to the whole manifold M , with the exception of the cut locus which is of null measure

[SM2]. The Riemannian logarithm of a point X in the NCS at Y is denoted:
−−→
Y X.
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Asymptotic behavior for σ → 0. We denote: (i) Θ(σk) a function that is proportional
to σk, (ii) O(σk) a function equivalent to σk for σ → 0 and (iii) ε(σ) a function that is
exponentially decreasing for σ → 0.

SM2. Preliminaries.

SM2.1. A first computation. First, we show a technical result that will be used through-
out the proofs. We show that the following integral on TYM , the tangent space of M at
Y : ∫

CBr
dM (Y,X)k exp

(
−
d2M (Y,X)

2σ2

)
d
−−→
Y X

is a function σ → ε(σ), i.e. decreases exponentially when σ → 0. In the integral above, the
notation CBr denotes the complement in M of the geodesic ball Br of center Y and of radius
r.

We split the coordinates in TYM into (ρ, u) (polar coordinates):

||
∫
CBr

dM (Y,X)k exp

(
−
d2M (Y,X)

2σ2

)
dX|| ≤ K

∫
u∈Sm

∫ ρ(u)

r
ρk exp

(
− ρ2

2σ2

)
ρm−1dρdSm

≤ K
∫
u∈Sm

∫ ρ(u)

r
ρm+k−1 exp

(
− ρ2

2σ2

)
dρdSm

where ρ(u) is the distance to the cutlocus in the direction u.
The positive integral is upper bounded by the same integral defined on the larger domain:

||
∫
CBr

dM (Y,X)k exp

(
−
d2M (Y,X)

2σ2

)
dX|| ≤ K

∫
u∈Sm

∫ +∞

r
ρm+k−1 exp

(
− ρ2

2σ2

)
dρdSm

Integrating the volume of the unit hypersphere:

||
∫
CBr

dM (Y,X)k exp

(
−
d2M (Y,X)

2σ2

)
dX|| ≤ K

∫ +∞

r
ρm+k−1 exp

(
− ρ2

2σ2

)
dρ

where the right-hand-side is dominated by exp(− r2

2σ2 ) by the dominated convergence theorem.
Therefore:

(SM1)

∫
CBr

dM (Y,X)k exp

(
−
d2M (Y,X)

2σ2

)
dX = ε(σ)

i.e. decreases exponentially when σ → 0.

SM2.2. Truncated Gaussian moments in a Euclidean space. We give preliminary com-
putations of Gaussian moments in a m-dimensional vector space Rm, using the curved nota-
tion M. We refer to the (unnormalized) moment of order k of the m-dimensional Gaussian
of covariance σ2A as:

Mi1...ik(σ2A) =

∫
Rm

Xi1 ...Xik exp

(
−X

TA−1X

2σ2

)
dX
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and to the truncated (unnormalized) moment at radius r of the m-dimensional Gaussian of
covariance σ2A as:

Mi1...ik
r (σ2A) =

∫
Br

Xi1 ...Xik exp

(
−X

TA−1X

2σ2

)
dX

where the integration domain is now the m-dimensional ball Br.

SM2.2.1. First, we recall the expressions of some unnormalized Gaussian moments..
The order 0, 2 and 4 are:

(SM2)

M0(σ2.A) = σm
√

(2π)m
√

det (A)

Mab(σ2.A) = σm+2
√

(2π)m
√

det (A).Aab

Mabcd(σ2.A) = σm+4
√

(2π)m
√

det (A).
(
AabAcd +AacAbd +AadAbc

)
Mi1...ik(σ2.A) = Θ

(
σm+k

)i1...ik
if k even

= 0 if k odd

where we recall that Θ(σm+k) denotes the proportionality to σm+k.

SM2.2.2. Second, we turn to the (unnormalized) truncated moments.. They write,
with respect to the total moments:

Mi1...ik
r (σ2A) =Mi1...ik(σ2A)−

∫
CBr

Xi1 ...Xik exp

(
−X

TA−1X

2σ2

)
dX

The second term of the sum is negligible when σ → 0. To see this, we put an upper bound
on its norm through triangular inequality:

||
∫
CBr

Xi1 ...Xik exp

(
−X

TA−1X

2σ2

)
dX|| ≤

∫
CBr
||Xi1 ||...||Xik || exp

(
−X

TA−1X

2σ2

)
dX,

using triangular inequality on their coordinates:

||
∫
CBr

Xi1 ...Xik exp

(
−X

TA−1X

2σ2

)
dX|| ≤

∫
CBr
||X||k exp

(
−X

TA−1X

2σ2

)
dX,

and performing the change of variables X ′ = A−1/2X, i.e. taking the matrix square root of
the positive definite matrix A−1:

||
∫
CBr

Xi1 ...Xik exp

(
−X

TA−1X

2σ2

)
dX|| ≤

∫
CB
|||A1/2|||r

|||A|||k/2||X ′||k exp

(
−X

′TX ′

2σ2

)
det
(
A1/2

)
dX,

= |||A|||k/2 det
(
A1/2

)∫
CB
|||A1/2|||r

||X ′||k exp

(
−||X

′||2

2σ2

)
dX.
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By the computations in Subsection SM2.1, we have:

||
∫
CBr

Xi1 ...Xik exp

(
−X

TA−1X

2σ2

)
dX|| = ε(σ)

Therefore, the truncated moments are equivalent to the (full) moments for σ → 0:

(SM3) Mi1...ik
r (σ2A) =Mi1...ik(σ2A) + ε(σ)

SM2.3. Isotropic Gaussian Moments on a Riemannian manifolds . We turn to compu-
tations of Gaussian moments in a m-dimensinoal Riemannian manifold M , using the notation
M. We refer to the (unnormalized) moment of order k of the m-dimensional isotropic Gaus-
sian of covariance σ2I as:

Mi1...ik
(
σ2I
)

=

∫
M

−−→
Y Xi1 ...

−−→
Y Xik exp

(
−
d2M (X,Y )

2σ2

)
dM(X)

and to the truncated (unnormalized) moment at radius r of the m-dimensional isotropic Gaus-
sian of covariance σ2I as:

Mi1...ik
r

(
σ2I
)

=

∫
Br

−−→
Y Xi1 ...

−−→
Y Xik exp

(
−
d2M (X,Y )

2σ2

)
d
−−→
Y X

where the integration domain is now the m-dimensional geodesic ball Br of radius r and
centered at Y .

SM2.3.1. First, we consider the truncated moments:.

Mi1...ik
r

(
σ2I
)

=

∫
Br

−−→
Y Xi1 ...

−−→
Y Xik exp

(
−
d2M (X,Y )

2σ2

)
dM(X)

In a NCS at Y : d2M (X,Y ) =
−−→
Y XT−−→Y X:

Mi1...ik
r

(
σ2I
)

=

∫
Br

−−→
Y Xi1 ...

−−→
Y Xik exp

(
−
−−→
Y XT−−→Y X

2σ2

)
dM(X)

On the small ball Br, dM(X) = d
−−→
Y X + 1

6Rab(Y )
−−→
Y Xa−−→Y Xbd

−−→
Y X +O(||

−−→
Y X||3)d

−−→
Y X:

Mi1...ik
r

(
σ2I
)

=

∫
Br

−−→
Y Xi1 ...

−−→
Y Xik exp

(
−
−−→
Y XT−−→Y X

2σ2

)
d
−−→
Y X

+
1

6

∑
ab

Rab(Y )

∫
Br

−−→
Y Xa−−→Y Xb.

−−→
Y Xi1 ...

−−→
Y Xik exp

(
−
−−→
Y XT−−→Y X

2σ2

)
d
−−→
Y X

+

∫
Br

O(||
−−→
Y X||3)

−−→
Y Xi1 ...

−−→
Y Xik exp

(
−
−−→
Y XT−−→Y X

2σ2

)
d
−−→
Y X
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Now we recognize the (un-normalized) moments of a truncated isotropic Gaussian a Br
in the vector space TYM ' Rm. We replace them by the expressions given in the previous
subsection:

Mi1...ik
r

(
σ2I
)

=
(
Mi1...ik(σ2I) + ε(σ)

)
+

1

6

∑
ab

Rab(Y )
(
Mabi1...ik(σ2I) + ε(σ)

)
+O(σm+k+4)

The sum of two functions that decrease exponentially for σ → 0 is a function that decreases
exponentially for σ → 0. So that:

Mi1...ik
r

(
σ2I
)

=Mi1...ik(σ2I) +
1

6

∑
ab

Rab(Y )Mabi1...ik(σ2I) +O(σm+k+4) + ε(σ)

We take the σ’s out:
(SM4)

Mi1...ik
r

(
σ2I
)

= σk+mMi1...ik(I) +
σk+m+2

6

∑
ab

Rab(Y )Mabi1...ik(I) +O(σm+k+4) + ε(σ)

SM2.3.2. Second, we consider the (full) moments.. They write, with respect to the
non-truncated moments:

Mi1...ik
(
σ2I
)

= Mi1...ik
r

(
σ2I
)

+

∫
CBr

Xi1 ...Xik exp

(
−
d2M (Y,X)

2σ2

)
dM(X)

The second term of the sum is negligible when σ → 0. To see this, we put an upper bound
on its norm through triangular inequality:

||
∫
CBr

Xi1 ...Xik exp

(
−
d2M (Y,X)

2σ2

)
dM(X)|| ≤

∫
CBr
||Xi1 ||...||Xik || exp

(
−
d2M (Y,X)

2σ2

)
dM(X)

then using triangular inequality on the coordinates:

||
∫
CBr

Xi1 ...Xik exp

(
−
d2M (Y,X)

2σ2

)
dM(X)|| ≤

∫
CBr

dM (Y,X)k exp

(
−
d2M (Y,X)

2σ2

)
dM(X).

We assume that the Ricci curvature of M is bounded from below. Therefore, the measure
dM has an upper bound with respect to the Lebesgue measure on the tangent space, which
we write K: dM(X) ≤ KdX:

||
∫
CBr

Xi1 ...Xik exp

(
−
d2M (Y,X)

2σ2

)
dM(X)|| ≤ K

∫
CBr

dM (Y,X)k exp

(
−
d2M (Y,X)

2σ2

)
dX

By the computations in Subsection SM2.1, this inequality together with σ → 0 shows that:

(SM5)

∫
CBr

Xi1 ...Xik exp

(
−
d2M (Y,X)

2σ2

)
dM(X) = ε(σ)
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i.e. is a function that decreases exponentially when σ → 0.
Therefore, the (unnormalized) moment of order k of the m-dimensional isotropic Gaussian

of covariance σ2I writes:
(SM6)

Mi1...ik
(
σ2I
)

= σk+mMi1...ik(I) +
σk+m+2

6

∑
ab

Rab(Y )Mabi1...ik(I) +O(σm+k+4) + ε(σ).

SM3. Proof of Theorem SM1: Induced probability density on shapes. In this section
we prove the Theorem 1 of our paper. We recall Theorem 1 below.

Theorem SM1. The data Xi’s are generated in the finite-dimensional Riemannian manifold
M following the model: Xi = Exp(gi · Y, εi), i = 1...n, described in the paper. In this model:
(i) the action of the finite dimensional Lie group G on M , denoted ·, is isometric, (ii) the
parameter Y is the template shape in the shape space Q, (iii) εi is the noise and follows a
(generalization to manifolds of a) Gaussian of variance σ2, see Section 1 of the paper.

Then, the probability distribution function f on the shapes of the Xi’s, i = 1...n, in the
asymptotic regime on an infinite number of data n→ +∞, has the following Taylor expansion
around the noise level σ = 0:

f(Z) =
1

(
√

2πσ)q
exp

(
−
d2M (Y,Z)

2σ2

)(
F0(Z) + σ2F2(Z) +O(σ4) + ε(σ)

)
where (i) Z denotes a point in the shape space Q, (ii) F0 and F2 are functions of Z involving
the derivatives of the Riemannian tensor at Z and the derivatives of the graph G describing
the orbit OZ at Z, and (iii) ε is a function of σ that decreases exponentially for σ → 0.

We consider Z ∈ Br i.e. in the geodesic ball of center Y and radius Y . We use a NCS at
Z. The notations are summarized on Figure SM2. The reader can refer to this Figure along
the proof.

The generative model implies the following Riemannian Gaussian distribution on the ob-
jects:

(SM7) f(Z) =
1

CM (σ)
exp

(
−
d2M (X,Y )

2σ2

)
,

where CM (σ) is the integration constant:

(SM8) CM (σ) =

∫
M

exp

(
−
d2M (X,Y )

2σ2

)
dM(X)

We compute the induced probability distribution f on shapes by integrating the distribu-
tion on the orbit of X out of f(Z):

f(Z) =
1

CM (σ)

∫
OZ

exp

(
−
d2M (Y,X)

2σ2

)
dOZ(X).
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Y

X

Z u

xu

y

G(u)

Figure SM2. Summary of the notations used in the proof of Theorem 1. The vectors of the tangent space
TZM are in red.

We start by dividing the integral:

f(Z) =
1

CM (σ)
.

(∫
OZ∩Br

exp

(
−
d2M (Y,X)

2σ2

)
dOZ(X) +

∫
OZ∩CBr

exp

(
−
d2M (Y,X)

2σ2

)
dOZ(X)

)

In the parenthesis, we call the first integral IZ(σ) and the second term is an η(σ):

f(Z) = CM (σ)−1. (IZ(σ) + η(σ))

We compute the Taylor expansions of CM (σ)−1 and IZ(σ) for σ → 0 and show that
η(σ) = ε(σ).

SM3.1. Taylor expansion of CM (σ)−1. The integration constant CM (σ) is the moment of
order 0 of the m-dimensional isotropic Gaussian of variance σ2I in the m-dimensional manifold
M . From Subsection SM2.3:

CM (σ) = (
√

2πσ)m +
σm+2

6

∑
ab

Rab(Y )(
√

2π)mδab +O(σm+3) + ε(σ)

= (
√

2πσ)m +
σm+2

6
R(Y )(

√
2π)m +O(σm+3) + ε(σ)



SM8 NINA MIOLANE, SUSAN HOLMES, XAVIER PENNEC

where ε(σ) is exponentially decreasing wrt σ and R(Y ) is the scalar curvature of M at Y . Its
inverse:

CM (σ)−1 =

(
(
√

2πσ)m +
(
√

2π)m

6
R(Y )σm+2 +O(σm+3) + ε(σ)

)−1

= (
√

2πσ)−m.

(
1 +

σ2

6
R(Y ) +O(σ3) + ε(σ)

)−1
= (
√

2πσ)−m.

(
1− σ2

6
R(Y ) +O(σ3) + ε(σ)

)
SM3.2. Taylor expansion of IZ(σ). Now we compute the integral IZ(σ) involved in the

formula of f(Z):

IZ(σ) =

∫
OZ∩Br

exp

(
−
d2M (Y,X)

2σ2

)
dO(X)

We denote: BrZ = BrZ . We first perform the computations for any σ. We recall that r is
fixed, and small enough in a sense made precise later.

SM3.2.1. Computing d2M (Y,X). The first component of IZ(σ) is d2M (Y,X). We express
the Taylor expansion of d2M for X ∈ OZ close to Z.

First, we parameterize the point X. The points X, Z = π(X) and the orbit OZ ⊂M are
illustrated on Figure SM1: the orbit OZ = OX is the blue circle in M = R2 going through
X and Z. The orbit OZ can be seen in the tangent space TZM through the Logarithm map
at Z. For r small enough, i.e. for X close enough to Z, we can locally represent OZ in TZM
as the graph of a smooth function G from TZO to NZO, using the vector u ∈ TZOZ around
u = 0:

I : TZOZ 7→ TZM = TZOZ ⊕NZOZ

u 7→ xu = (u,G(u))

The local graph u→ G(u) is illustrated on Figure SM1 and has the following Taylor expansion
around u = 0 in the NCS at Z:

G(u)a =
1

2
habc(Z)ubuc +G3(Z)abcdu

bucud +G4(Z)abcdeu
bucudue +O(||u||5)

The 0-th and 1-th order derivatives of u→ G(u) are zero because the graph goes through Z and
is tangent at TZOZ . The second order derivative is by definition the second fundamental form
h(Z) introduced in Section 2 of the paper: h(Z) represents the best quadratic approximation
of the graph G. The third and fourth orders G3(Z) and G4(Z) are further refinements on the
shape of the graph G around Z.

Second, we compute the Taylor expansion of d2M (Y,X) with respect to u:

d2M (Y,X) = d2M (Y,Z) + uaLa(Z) + uaubMab(Z) + uaubucPabc(Z) + uaubucudSabcd(Z) +O(||u||5)
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and our goal is to compute the different tensors.
Y andX are represented by their Riemannian Logarithms at Z: y = LogZY , and xu = LogZX.
We also recall: uT y = 0. Using these, we express the squared distance d2M (Y,X) in the NCS
at Z. We use the formula p.23 in [SM1] with the notations ∆x← y − xu and x← xu:

d2M = d2M (ExpZ(x(u)),ExpZy)

= δab(y − xu)a(y − xu)b

− 60

180
Rcadbx

c
ux

d
u(y − xu)a(y − xu)b

− 15

180
xdux

e
u∇aRdbec(y − xu)a(y − xu)b(y − xu)c

− 3

540
xeux

f
u(44RgaebRgcfd + 3∇abRecfd)(y − xu)a(y − xu)b(y − xu)c(y − xu)d

+
1

54
xfux

g
uRhafb∇cRhdge(y − xu)a(y − xu)b(y − xu)c(y − xu)d(y − xu)e

− 30

180
xcux

d
ux

e
u∇cRdaeb

+
1

180
xdux

e
ux

f
u(8RgdeaRgbfc − 9∇daRebfc)(y − xu)a(y − xu)b(y − xu)c

− 5

540
xeux

f
ux

g
u(8Rhaeb∇cRhfgd + 9Rhaeb∇hRfcgd

+ 20Rhaeb∇fRhcgd − 6Rhefa∇bRhcgd)(y − xu)a(y − xu)b(y − xu)c(y − xu)d

+
1

180
xcux

d
ux

e
ux

f
u(8RgcdaRgefb − 9∇cdReafb)(y − xu)a(y − xu)b

+
1

180
xdux

e
ux

f
ux

g
u(4Rhadb∇eRhfgc + 4Rhdea∇bRhfgc + 4Rhdea∇fRhbgc

+ 3∇deaRfbgc)(y − xu)a(y − xu)b(y − xu)c

+O(||xu||5)
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We express this in orders of xu:

d2M = δaby
ayb

− 2δaby
axbu

− 1

3
Rcadbx

c
ux

d
uy

ayd

+
1

12
xdux

e
u∇aRdbecyaybyc

− 1

180
xeux

f
u(44RgaebRgcfd + 3∇abRecfd)yaybycyd

− 1

54
xfux

g
uRhafb∇cRhdgeyaybycydye

+
2

3
xcux

d
uRcadbx

a
uy

b

− 1

12
xdux

e
u∇aRdbec(xauybyc + 2yaybxcu)

− 1

180
xeux

f
u(44RgaebRgcfd + 3∇abRecfd)(2xauybycyd + 2yaybxcuy

d)

+
1

54
xfux

g
uRhafb∇cRhdge(4xauybycydye + yaybxcuy

dye)

− 1

3
xcux

d
ux

e
u∇cRdaebyayb

1

180
xdux

e
ux

f
u(8RgdeaRgbfc − 9∇daRebfc)yaybyc

− 1

180
xeux

f
ux

g
u(8Rhaeb∇cRhfgd + 9Rhaeb∇hRfcgd + 20Rhaeb∇fRhcgd − 6Rhefa∇bRhcgd)yaybycyd

− 1

3
Rcadbx

c
ux

d
ux

a
ux

b
u

− 1

12
xdux

e
u∇aRdbec(2xauxbuyc + yaxbux

c
u)

− 1

180
xeux

f
u(44RgaebRgcfd + 3∇abRecfd)(2xauxbuycyd + 2yaxbux

c
uy

d + 2yaybxcux
d
u + 4xauy

bxcuy
d)

+
1

54
xfux

g
uRhafb∇cRhdge(4xauxbuycydye + 4yaxbux

c
uy

dye)

+
1

180
xdux

f
ux

g
u(8RgdeaRgbfc − 9∇daRebfc)(xauybyc + 2yaxbux

c
u)

− 1

180
xeux

f
ux

g
u(8Rhaeb∇cRhfgd + 9Rhaeb∇hRfcgd + 20Rhaeb∇fRhcgd − 6Rhefa∇bRhcgd)(xauybycyd + yaybxcuy

d)

+
1

180
xcux

d
ux

e
ux

f
u(8RgdeaRgbfc − 9∇daRebfc)yayb

+
1

180
(4Rhadb∇eRhfgc + 4Rhdea∇bRhfgc + 4Rhdea∇fRhbgc − 3∇deaRfbgc)yaybyc

+O(||xu||5)
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We replace xau by xau = ua +G(u)a where the expression of G(u) is a O(||u||2), so that:

d2M = d2M (Y,Z)− 2δaby
aub

− 2δaby
aG(u)b − 1

3
Rcadbu

cudyayd +
1

12
udue∇aRdbecyaybyc −

1

180
ueuf (44RgaebRgcfd + 3∇abRecfd)yaybycyd

− 1

54
ufugRhafb∇cRhdgeyaybycydye

− 2

3
Rcadbu

cG(u)dyayd +
2

12
udG(u)e∇aRdbecyaybyc −

2

180
ueG(u)f (44RgaebRgcfd + 3∇abRecfd)yaybycyd

− 2

54
ufG(u)gRhafb∇cRhdgeyaybycydye +

2

3
ucudRcadbu

ayb − 1

12
udue∇aRdbec(uaybyc + 2yaybuc)

− 1

180
ueuf (44RgaebRgcfd + 3∇abRecfd)(2uaybycyd + 2yaybucyd)

+
1

54
ufugRhafb∇cRhdge(4uaybycydye + yaybucydye)

− 1

3
ucudue∇cRdaebyayb +

1

180
udueuf (8RgdeaRgbfc − 9∇daRebfc)yaybyc

− 1

180
ueufug(8Rhaeb∇cRhfgd + 9Rhaeb∇hRfcgd + 20Rhaeb∇fRhcgd − 6Rhefa∇bRhcgd)yaybycyd

− 1

3
RcadbG(u)cG(u)dyayd +

1

12
G(u)dG(u)e∇aRdbecyaybyc

− 1

180
G(u)eG(u)f (44RgaebRgcfd + 3∇abRecfd)yaybycyd

− 1

54
G(u)fG(u)gRhafb∇cRhdgeyaybycydye +

2

3
ucudRcadbG(u)ayb

− 1

12
udue∇aRdbec(G(u)aybyc + 2yaybG(u)c)

− 1

180
ueuf (44RgaebRgcfd + 3∇abRecfd)(2G(u)aybycyd + 2yaybG(u)cyd)

+
1

54
ufugRhafb∇cRhdge(4G(u)aybycydye + yaybG(u)cydye)

− 1

3
ucudG(u)e∇cRdaebyayb +

1

180
udueG(u)f (8RgdeaRgbfc − 9∇daRebfc)yaybyc

− 1

180
ueufG(u)g(8Rhaeb∇cRhfgd + 9Rhaeb∇hRfcgd + 20Rhaeb∇fRhcgd − 6Rhefa∇bRhcgd)yaybycyd

− 1

3
Rcadbu

cuduaub

− 1

12
udue∇aRdbec(2uaubyc + yaubuc)

− 1

180
ueuf (44RgaebRgcfd + 3∇abRecfd)(2uaubycyd + 2yaubucyd + 2yaybucud + 4uaybucyd)

+
1

54
ufugRhafb∇cRhdge(4uaubycydye + 4yaubucydye)

+
1

180
udufug(8RgdeaRgbfc − 9∇daRebfc)(uaybyc + 2yaubuc)

− 1

180
ueufug(8Rhaeb∇cRhfgd + 9Rhaeb∇hRfcgd + 20Rhaeb∇fRhcgd − 6Rhefa∇bRhcgd)(uaybycyd + yaybucyd)

+
1

180
ucudueuf (8RgdeaRgbfc − 9∇daRebfc)yayb

+
1

180
(4Rhadb∇eRhfgc + 4Rhdea∇bRhfgc + 4Rhdea∇fRhbgc − 3∇deaRfbgc)yaybyc

+O(||u||5)
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We replace G(u) by its Taylor expansion. Identifying the tensors gives:

(SM9)

La(Z) = 0

Mab(Z) = −ychab(Z)c − 1

3
Racbd(Z)ycyd +

1

12
∇dRaebc(Z)ydyeyc

− 1

180
(44Rgeaf (Z)Rgcbd(Z) + 3∇efRacbd(Z))yeyfycyd

− 1

54
Rhfag(Z)∇cRhdbe(Z)yfygycydye

and Pabc(Z) and Sabcd(Z) are tensors mixing the derivatives of the graph G and the derivatives
of the Riemannian curvature R of M at Z.

SM3.2.2. Computing dOZ(X). The second component of IZ(σ) is the measure of the
orbit dOZ(X). We seek the Taylor expansion of the measure:

(SM10) dOZ(X) =
(

1 + Tc(Z)uc −Ncb(Z)ubuc +O(||u||3)
)
du

and our goal is, again, to express the tensors Tc(Z) and Ncb(Z).
The measure dOZ(X) is the restriction of the measure dM(X):

dOZ(X) = dM(X)|TXOZ

and we know that for X close enough to Z: dM(X) = dxu − 1
6Ricab(Z)xaux

b
udxu. Thus:

dOZ(X) =

(
1− 1

6
Ricab(Z)xaux

b
u +O(||xu||3)

)
dxu

We replace xau by xau = ua + 1
2h

a
bc(Z)ubuc +O(||u||4)

dOZ(X) =

(
1− 1

6
Ricab(Z)uaub +O(||u||3)

)
dxu

We express dxu with respect to du:

dxu = det

(
dxau
dub

)
du

= det

(
d
(
ua + 1

2h
a
bc(Z)ubuc +O(||u||4)

)
dub

)
du

= det

(
δab +

1

2
hacb(Z)uc +

1

2
habc(Z)uc +O(||u||3)

)
du

= det
(
δab + hacb(Z)uc +O(||u||3)

)
du

Developing the determinant:

dxu =

(
1 + haca(Z)uc +

1

2

(
(haca(Z)uc)2 − hacb(Z)uchbda(Z)ud

)
+O(||u||3)

)
du
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Plugging in dOZ(X):

dOZ(X) =

(
1− 1

6
Ricab(Z)uaub +O(||u||3)

)
(1 + haca(Z)uc)

+

(
1− 1

6
Ricab(Z)uaub +O(||u||3)

)(
1

2

(
(haca(Z)uc)2 − hacb(Z)uchbda(Z)ud

))
+

(
1− 1

6
Ricab(Z)uaub +O(||u||3)

)(
O(||u||3)

)
du

We develop by keeping up to the quadratic terms only:

dOZ(X) =

(
1− 1

6
Ricab(Z)uaub + haca(Z)uc +

1

2

(
(haca(Z)uc)2 − hacb(Z)uchbda(Z)ud

)
+O(||u||3)

)
du

We reorganize the terms, relabeling the mute labels:

dOZ(X) =

(
1 + haca(Z)uc − 1

6
Riccb(Z)ucub +

1

2

(
haca(Z)uc.haca(Z)ub − hacd(Z)uchdba(Z)ub

)
+O(||u||3)

)
du

Now we can factorize the quadratic terms:

dOZ(X) =

(
1 + haca(Z)uc − ubuc

(
1

6
Riccb(Z) +

1

2
haca(Z)haca(Z)− 1

2
hacd(Z)hdba(Z)

)
+O(||u||3)

)
du

So that we find the expressions of the tensors:

(SM11)
Tc(Z) = haca(Z)

Ncb(Z) =
1

6
Riccb(Z) +

1

2
haca(Z)haca(Z)− 1

2
hacd(Z)hdba(Z)

SM3.2.3. Gathering to compute IZ(σ). We plug the expressions of d2M (Y,X) and dOZ(X),
computed in the preivous subsections, in the expression of IZ(σ):

IZ(σ) =

∫
BrZ

exp

(
−
d2M (Y,X)

2σ2

)
dOZ(X)

Plugging the squared distance d2M (Y,X) first:

IZ(σ) =

∫
BrZ

exp

(
−
d2M (Y,Z) + uaubMab(Z) + uaubucPabc(Z) + uaubucudSabcd(Z) +O(||u||5)

2σ2

)
dOZ(X)

We split the exponential and extract the part of the exponential that does not depend on u:

IZ(σ) = exp

(
−
d2M (Y,Z)

2σ2

)∫
BrZ

exp

(
−u

aubMab(Z)

2σ2

)
exp

(
−u

aubucPabc(Z) + uaubucudSabcd(Z) +O(||u||5)
2σ2

)
dOZ(X)
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We perform the Taylor expansion of the term with O(||u||4), recalling that at this point, σ
can still be anything.

IZ(σ) = exp

(
−
d2M (Y,Z)

2σ2

)∫
BrZ

exp

(
−u

aubMab(Z)

2σ2

)(
1− uaubucPabc(Z) + uaubucudSabcd(Z) +O(||u||5)

2σ2

)
dOZ(X)

Now we plug the dOZ(X):

IZ(σ) = exp

(
−
d2M (Y,Z)

2σ2

)∫
BrZ

exp

(
−u

aubMab(Z)

2σ2

)(
1− uaubucPabc(Z) + uaubucudSabcd(Z)

2σ2
+
O(||u||5)

2σ2

)
.

.
(

1 + Tcu
c(Z)−Ncb(Z)ubuc +O(||u||3)

)
du

We develop the product of the parenthesis on the right:

IZ(σ) = exp

(
−
d2M (Y,Z)

2σ2

)∫
BrZ

exp

(
−u

aubMab(Z)

2σ2

)(
1 + Tcu

c(Z)−Ncb(Z)ubuc +
uaubucPabc(Z)

2σ2

)
du

+ exp

(
−
d2M (Y,Z)

2σ2

)∫
BrZ

exp

(
−u

aubMab(Z)

2σ2

)(
O(||u||4)− uaubucudSabcd(Z)

2σ2
+
O(||u||5)

2σ2

)
du

By skew symmetry, the terms in Tcu
c(Z) and uaubucPabc(Z) integrate to 0. Moreover,

O(||u||3), O(||u||5) become O(||u||4), O(||u||6):

IZ(σ) = exp

(
−
d2M (Y,Z)

2σ2

)∫
BrZ

exp

(
−u

aubMab(Z)

2σ2

)
(

1−Ncb(Z)ubuc +O(||u||4)− uaubucudSabcd(Z)

2σ2
+
O(||u||6)

2σ2

)
du

We recognize the unnormalized truncated Gaussian moments of in Rp, where p is the dimension
of the orbit OZ , see Subsection SM2.2:

IZ(σ) = exp

(
−
d2M (Y,Z)

2σ2

)
.

(
MrZ (σ2M−1)−Ncb(Z)Mbc

rZ
(σ2M−1) +O(σp+4)− Sabcd(Z)

2σ2
Mabcd

rZ
(σ2M−1) +

O(σp+6)

2σ2

)
We express them in terms of the unnormalized Gaussian moments in Rp, see Subsection SM2.2:

IZ(σ) = exp

(
−
d2M (Y,Z)

2σ2

)
.

.

(
σpM(M−1) +Ncb(Z)σp+2M(M−1)bc − Sabcd

2σ2
σp+4M(M−1)abcd +O(σp+4) +

O(σp+6)

σ2
+ ε(σ)

)
We simplify the σ’s:

IZ(σ) = exp

(
−
d2M (Y,Z)

2σ2

)
.

.

(
σpM(M−1)0 + σp+2

(
NcbM(M−1)bc − Sabcd(Z)

2
M(M−1)abcd

)
+O(σp+4) + ε(σ)

)
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For convenience in the later computation, we define the notations:

IZ(σ) = exp

(
−
d2M (Y,Z)

2σ2

)(
σpm0(Z) + σp+2m2(Z) +O(σ4) + ε(σ)

)
where:

(SM12)
m0(Z) =M(M)0 =

√
(2π)p

√
det ((Mab(Z)−1)

m2(Z) = Ncb(Z)M(M−1(Z))bc − 1

2
Sabcd(Z)M(M−1(Z))abcd

where Mab and Sabcd are given in the previous subsections.

SM3.3. Upper bound on η(σ). We proceed with an adaptation of the method in Sub-
section SM2.1:

η(σ) =

∫
OZ∩CBr

exp

(
−
d2M (Y,X)

2σ2

)
dO(X)

Assuming that the Ricci curvature of the orbit is bounded by below, the measure of the orbit
is bounded by above, by a constant that we write KO:

||η(σ)|| ≤ KO

∫
OZ∩CBr

exp

(
−
d2M (Y,X)

2σ2

)
du

We integrate on the orbit by filiating it with hyperspheres of radii ρ:

||η(σ)|| ≤ KO

∫ +∞

r

∫
Sρ∩OZ

exp

(
− ρ2

2σ2

)
d(Sρ ∩OZ)dρ

= KO

∫ +∞

r
exp

(
− ρ2

2σ2

)
Vol(Sρ ∩OZ)dρ

Now the volume of Sρ ∩OZ is polynomial in ρ. We denote P this polynom:

||η(σ)|| ≤ KO

∫ +∞

r
exp

(
− ρ2

2σ2

)
P (ρ)dρ

By dominated convergence theorem, the right-hand-side is dominated by exp(− r2

2σ2 ). Thus:

(SM13) η(σ) = ε(σ)

i.e. σ → η(σ) is exponentially decreasing when σ → 0.

SM3.4. Final result: Taylor expansion of f(Z). Replacing the terms:

f(Z) =

(
1− σ2

6 R(Y ) +O(σ3) + ε(σ)
)

(
√

2πσ)m

(
exp

(
−
d2M (Y,Z)

2σ2

)(
σpm0(Z) + σp+2m2(Z) +O(σp+4) + ε(σ)

)
+ ε(σ)

)
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We put the ε inside the main parenthesis:

f(Z) =

(
1− σ2

6 R(Y ) +O(σ3) + ε(σ)
)

(
√

2πσ)m
.

. exp

(
−
d2M (Y, Z)

2σ2

)(
σpm0(Z) + σp+2m2(Z) +O(σp+4) + ε(σ) + exp

(
+
d2M (Y,Z)

2σ2

)
ε(σ)

)
We recall that Z ∈ Br so that:

f(Z) =

(
1− σ2

6 R(Y ) +O(σ3)
)

(
√

2πσ)m
. exp

(
−
d2M (Y,Z)

2σ2

)(
σpm0(Z) + σp+2m2(Z) +O(σp+4) + ε(σ)

)
We define:

fQ(Z) =
exp

(
−d2M (Y,Z)

2σ2

)
(
√

2πσ)q

and put it in the front, remembering that m = p+ q:

f(Z) = fQ(Z)

(
1− σ2

6 R(Y ) +O(σ3)
)

(
√

2πσ)p
.
(
σpm0(Z) + σp+2m2(Z) +O(σp+4) + ε(σ)

)
We divide by σp:

f(Z) = fQ(Z)

(
1− σ2

6
R(Y ) +O(σ3)

)
.

(
m0(Z)

(
√

2π)p
+ σ2

m2(Z)

(
√

2π)p
+O(σ4) + ε(σ)

)
We develop everything except the Gaussian in front:

f(Z) = fQ(Z)

(
m0(Z)

(
√

2π)p
− σ2

6

m0(Z)

(
√

2π)p
R(Z) + σ2

m2(Z)

(
√

2π)p
+O(σ4) + ε(σ)

)
We write this:

f(Z) = fQ(Z)
(
F0(Z) + σ2F2(Z) +O(σ4) + ε(σ)

)
where:

F0(Z) =
m0(Z)

(
√

2π)p

=

√
(2π)p

√
det ((Mab(Z)−1)

(
√

2π)p

=
√

det ((Mab(Z)−1)
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And:

F2(Z) = −1

6

m0(Z)

(
√

2π)p
R(Z) +

m2(Z)

(
√

2π)p

= −1

6

√
det ((Mab(Z)−1)R(Z) +

m2(Z)

(
√

2π)p

So that:

(SM14)

F0(Z) =
√

det ((Mab(Z)−1)

F2(Z) = −1

6

√
det ((Mab(Z)−1)R(Z) +

m2(Z)

(
√

2π)p

and we refer to the previous subsections for the formula of Mab(Z) and m2(Z).

SM4. Proof of Theorem SM2: Bias on the template shape. Now we prove the second
theorem given in the paper ”Template shape estimation”.

Theorem SM2. The data Xi’s are generated with the model described in the paper ”Tem-
plate shape estimation”, where the template shape Y is a parameter and under the assumptions
of Theorem 1. The template shape Y is estimated with Ŷ , which is computed by the usual
procedure described the paper.

In the regime of an infinite number of data n→ +∞, the asymptotic bias of the template’s
shape estimator Ŷ , with respect to the parameter Y , has the following Taylor expansion around
the noise level σ = 0:

(SM15) Bias(Ŷ , Y ) = −σ
2

2
H(Y ) +O(σ4) + ε(σ)

where (i) H is the mean curvature vector of the template shape’s orbit which represents the
external curvature of the orbit in M , and (ii) ε is a function of σ that decreases exponentially
for σ → 0.

We compute the bias Bias(Y, Ŷ ) of Ŷ as an estimator of Y . In the following, we take a

NCS at Y . In particular, the vector
−−→
Y Z = LogY Z has coordinates written z.

The expectation of the distribution f of shapes in Q is Ŷ by definition. The point Ŷ ,
expressed in a NCS at the template Y , gives Bias(Y, Ŷ ), a tangent vector at TYM that
indicates how much one has to shoot to reach the estimator Ŷ :

(SM16) Bias(Y, Ŷ ) = LogY Ŷ =

∫
Q

−−→
Y Zf(Z)dQ(Z).

First, we take a ball of small radius r in Q and fix r. We split the integral:

Bias(Y, Ŷ ) =

∫
BQr

−−→
Y Zf(Z)dQ(Z) +

∫
C
B
Q
r

−−→
Y Zf(Z)dQ(Z)

By the result of the preliminaries, adapted to Q, the right part is a function σ → ε(σ) that is
exponentially decreasing for σ → 0.

Bias(Y, Ŷ ) =

∫
BQr

−−→
Y Zf(Z)dQ(Z) + ε(σ)
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SM4.1. Using the result of Theorem SM1. We plug the expression of the density f
using Theorem SM1:

Bias(Y, Ŷ ) =

∫
BQr

−−→
Y ZfQ(Z)

(
F0(Z) + σ2F2(Z) +O(σ4) + ε(σ)

)
dQ(Z) + ε(σ)

=

∫
BQr

−−→
Y ZfQ(Z)

(
F0(Z) + σ2F2(Z) +O(σ4) + ε(σ)

)
dQ(Z) + ε(σ)

Computing the a-coordinate of the bias:

Bias(Y, Ŷ )a =

∫
BQr

zafQ(Z)
(
F0(Z) + σ2F2(Z) +O(σ4) + ε(σ)

)
dQ(Z) + ε(σ)

We are on a ball of small radius r around Y . We write the Taylor expansions of the F ’s terms
around z = 0:

F0(Z) = F00(Y ) + F01d(Y )zd +O(||z||2)
F2(Z) = F20(Y ) + F21d(Y )zd +O(||z||2)

We replace these Taylor expansions in the expression of the bias:

Bias(Y, Ŷ )a =

∫
BQr

zafQ(Z)
(
F00(Y ) + F01d(Y )zd +O(||z||2)

)
dQ(Z)

+

∫
BQr

zafQ(Z)
(
σ2F20(Y ) + σ2F21d(Y )zd + σ2O(||z||2) +O(σ4) + ε(σ)

)
dQ(Z) + ε(σ)

Reorganizing:

Bias(Y, Ŷ ) =

∫
BQr

zafQ(Z)
(
F00(Y ) + F01d(Y )zd + σ2F20(Y ) + σ2F21d(Y )zd

)
dQ(Z)

+

∫
BQr

−−→
Y ZfQ(Z)

(
O(||z||2) + σ2O(||z||2) +O(σ4) + ε(σ)

)
dQ(Z)

+ ε(σ)

By the dominated convergence theorem, we can put the inside ε(σ) outside the parenthesis.

Bias(Y, Ŷ ) =

∫
BQr

zafQ(Z)
(
F00(Y ) + F01d(Y )zd + σ2F20(Y ) + σ2F21d(Y )zd

)
dQ(Z)

+

∫
BQr

−−→
Y ZfQ(Z)

(
O(||z||2) + σ2O(||z||2) +O(σ4)

)
dQ(Z)

+ ε(σ)
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We develop the measure on dQ: dQ(Z) = (1− 1
6Ric(Y )bcz

bzc +O(||z||3))dz:

Bias(Y, Ŷ )a =

∫
BQr

fQ(Z)
(
F00(Y )za + F01d(Y )zazd

)
(1− 1

6
Ric(Y )bcz

bzc +O(||z||3))dz

+

∫
BQr

fQ(Z)
(
σ2F20(Y )za + σ2F21d(Y ).zazd

)
(1− 1

6
Ric(Y )bcz

bzc +O(||z||3))dz

+

∫
BQr

fQ(Z)za
(
O(||z||2) + σ2O(||z||2) +O(σ4)

)
(1− 1

6
Ric(Y )bcz

bzc +O(||z||3))dz

+ ε(σ)

We develop:

Bias(Y, Ŷ )a =

∫
BQr

fQ(Z)
(
F00(Y )za + F01d(Y )zazd + σ2F20(Y )za + σ2F21d(Y ).zazd

)
dz

+

∫
BQr

fQ(Z)
(
F00(Y )za + F01d(Y )zazd

)
(−1

6
Ric(Y )bcz

bzc)dz

+

∫
BQr

fQ(Z)
(
σ2F20(Y )za + σ2F21d(Y ).zazd

)
(−1

6
Ric(Y )bcz

bzc)dz

+

∫
BQr

fQ(Z)
(
F00(Y )za + F01d(Y )zazd + σ2F20(Y )za + σ2F21d(Y ).zazd

)
O(||z||3)dz

+

∫
BQr

fQ(Z)za
(
O(||z||2) + σ2O(||z||2) +O(σ4)

)
dz

+

∫
BQr

fQ(Z)za
(
O(||z||2) + σ2O(||z||2) +O(σ4)

)
(−1

6
Ric(Y )bcz

bzc)dz

+

∫
BQr

fQ(Z)za
(
O(||z||2) + σ2O(||z||2) +O(σ4)

)
O(||z||3)dz

+ ε(σ)

We eliminate the odd terms that give 0 by skewsymmetry:

Bias(Y, Ŷ )a =

∫
BQr

fQ(Z)
(

+F01d(Y )zazd + σ2F21d(Y ).zazd
)
dz

+

∫
BQr

fQ(Z)
(
F01d(Y )zazd + σ2F21d(Y ).zazd

)
(−1

6
Ric(Y )bcz

bzc)dz

+

∫
BQr

fQ(Z)
(
F00(Y )za + σ2F20(Y )za

)
O(||z||3)dz

+

∫
BQr

fQ(Z)za
(
O(σ4)

)
dz

+

∫
BQr

fQ(Z)za
(
O(σ4)

)
(−1

6
Ric(Y )bcz

bzc)dz

+

∫
BQr

fQ(Z)za
(
O(||z||2) + σ2O(||z||2) +O(σ4)

)
O(||z||3)dz

+ ε(σ)
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We delete the terms that will give more than O(σ2) by integration (these are normalized
moments) and put them in O(σ4) which is the next order since there is noO(σ3):

Bias(Y, Ŷ )a =

∫
BQr

fQ(Z)F01d(Y )zazddz +

∫
BQr

fQ(Z)za
(
O(σ4)

)
dz +O(σ4) + ε(σ)

We gather the terms in O(σ4):

Bias(Y, Ŷ )a =

∫
BQr

fQ(Z)F01d(Y )zazddz +O(σ4) + ε(σ)

We recognize the normalized truncated moment of order 2 in the q-dimensional Riemannian
manifold Q, see Subsection SM2.3:

Bias(Y, Ŷ )a = F01d(Y )MQ
r
ad

(σ2I) +O(σ4) + ε(σ)

We express it with respect to the non-truncated normalized moment in Rq, see Subsec-
tion SM2.3:

Bias(Y, Ŷ )a = F01d(Y )
(
σ2MQad(I) +O(σ4)− ε(σ)

)
+O(σ4) + ε(σ)

We gather the ε’s and the O(σ4):

Bias(Y, Ŷ )a = F01d(Y )σ2MQ
r
ad

(I) +O(σ4) + ε(σ)

We replace the normalized 2nd order moment by its expression which is simply δad, see
Subsection SM2.2:

Bias(Y, Ŷ )a = F01d(Y )σ2δad +O(σ4) + ε′(σ)

= F a01(Y )σ2 +O(σ4) + ε(σ)

SM4.2. Computation of F a01(Y ): Taylor expansion of F0(Z) in the coordinate z. The
term F a01(Y ) is the first order coefficient in the Taylor expansion of F0(Z) around Y in the
coordinate z. Thus, we compute this Taylor expansion.

We first compute the Taylor expression of F0(Z) using the coordinate y =
−−→
ZY = LogZY

in the NCS at Z. The expression of F0(Z) in Section ?? gives:

F0(Z) = ΘZ,0(1) =
√

(2π)p
√

det ((Mab(Z)−1)

The previous subsections give:

Mab(Z) = −ychcab(Z) + dab(Z)

and we replace dab(Z) by the formula p.23 in [SM1] but keeping only the first order:

Mab(Z) = δab − ychcab(Y ) +O(||y||2)
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So that:

Mab(Z)−1 = δab + ych
c
ab(Y ) +O(||y||2)

We plug this in F0(Z):

F0(Z) =
√

det
(
δab + ychcab(Y ) +O(||y||2)

)
=
√

1 + ycTrace(hcab(Y )) +O(||y||2)

=
√

1 + ycHc(Y ) +O(||y||2)

=

(
1 +

1

2
ycH

c(Y ) +O(||y||2)
)

where the trace of the second fundamental form is the external curvature vector H(Y ) by
definition.

We convert this Taylor expansion in y, the coordinate of Y in a NCS at Z, into a Taylor
expansion in z, the coordinate of Z in a NCS at Y . To express y with respect to z, we consider
the geodesic γZY (t) from Z to Y and the geodesic γY Z(t) from Y to Z. When parameterized
by the arclength s, they are related as follows:

γZY (s) = ExpZ

(
s
−−→
ZY
)

= γY Z(1− s)

= ExpY

(
(1− s)

−−→
Y Z
)

Differentiating this relation gives:

DExpZ |s−→ZY .
−−→
ZY = −DExpY |(1−s)−→Y Z .

−−→
Y Z

Taking the relation at s = 0:

DExpZ |0.
−−→
ZY = −DExpY |−→Y Z .

−−→
Y Z

where DExpZ |0 = Id, so that:

y = −DExpY |z.z

We use the definition of the NCS at Y . When ExpY (u) = U , then U has coordinates u in the
NCS at Y . So that: DExpY |u.u = u. This gives, with u = z:

y = −z

and we get the Taylor expansion of F0(Z) expressed in the coordinate z:

F0(Z) =

(
1− 1

2
zcH

c(Y ) +O(||z||2)
)

And we identify the term F a01(Y ) needed:

F a01(Y ) = −1

2
Ha(Y )
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SM4.3. Final result: Taylor expansion of Bias(Ŷ , Y ). Replacing F a01(Y ) by its value
computed above:

Bias(Y, Ŷ )a = −1

2
.Ha(Y )σ2 +O(σ4) + ε(σ)
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