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Abstract

We consider the minimization of theta functions () = >° e=™IPI” amongst lattices
A C R?, by reducing the dimension of the problem, following as a motivation the case d = 3,
where minimizers are supposed to be either the BCC or the FCC lattices. A first way to reduce
dimension is by considering layered lattices, and minimize either among competitors presenting
different sequences of repetitions of the layers, or among competitors presenting different shifts
of the layers with respect to each other. The second case presents the problem of minimizing
theta functions also on translated lattices, namely minimizing (L,u) — 60p4+4(c). Another
way to reduce dimension is by considering lattices with a product structure or by successively
minimizing over concentric layers. The first direction leads to the question of minimization
amongst orthorhombic lattices, whereas the second is relevant for asymptotics questions, which
we study in detail in two dimensions.
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1 Introduction

In the present work we study the problem of minimizing energies defined as theta functions, i.e.
Gaussian sums of the form

Oa(a) =Y el (1.1)

peEA

amongst lattices A C RY, constrained to have density 1. We recall that a lattice is the span over
Z of a basis of R?, and its density is the average number of points of A per unit volume. This
type of problems creates an interesting link between the metric structure of R? and the geometry
and arithmetics of the varying lattices A. Our specific focus on this paper is to find criteria
based on which the multi-dimensional summation in (1.1) can be reduced to summation on lower-
dimensional sets. We thus select situations in which some geometric insight can be obtained on our
minimizations, while at the same time we simplify the problem.

Our basic motivation is the study of the minimization among density one lattices in R?, which is
relevant for many physical problems (see the recent survey by Blanc-Lewin [10]). Note that general
completely monotone functions can be represented as superpositions of theta functions with positive
weights [6, 7]. Therefore our results are relevant for problems regarding the minimization of Epstein
zeta functions as well, and for even more general interaction energies.

Theta functions are important in higher dimensions, with applications to Mathematical Physics
and Cryptography. For applications to Cryptography see for instance [37] and more generally [17].
Regarding the applications to Physics, important examples are the study of the Gaussian core
system [46] and of the Flory-Krighaum potential as an interacting potential between polymers [26].
Recently an interesting decorrelation effect as the dimension goes to infinity has been predicted by
Torquato and Stillinger in [51, 50]. Links with string theory have been highlighted in [2].

The main references for the minimization problems for lattice energies are the works of Rankin
[41], Cassels [12], Ennola [23, 24|, Diananda [21], for the Epstein zeta function in 2 and 3 dimensions,
Montgomery [33] for the two-dimensional theta functions (see also the recent developments by the
first named author [9, 7]) and Nonnenmacher-Voros [36] for a short proof in the o« = 1 case. See
Aftalion-Blanc-Nier [1] or Nier [35] for the relation with Mathematical Physics, Osgood-Phillips-
Sarnak [39], [45] for the related study of the height of the flat torii, which later entered (see [8] for
the connection) in the study of the renormalized minimum energy for power-law interactions, via
the W-functional of Sandier-Serfaty [44], later extended in the periodic case too in work by the
second named author and Serfaty [40, Sec. 3] to more general dimensions and powers. See also the
recent related work [28] by Hardin-Saff-Simanek-Su. For the related models of diblock copolymers
we also note the important work of Chen-Oshita [13]. These works except [33] mainly focus on
energies with a power law behaviour. Regarding the minimization of lattice energies and energies
of periodic configurations we also mention the works by Coulangeon, Schiirmann and Lazzarini



[20, 19, 18] who characterize configurations which are minimizing for the asymptotic values of the
relevant parameters in terms of the symmetries of concentric spherical layers of the given lattices
(so-called spherical designs, for which see also the less recent monographs [4, 52]).

As mentioned above, there are two main candidates for the minimization of theta functions
on 3-dimensional lattices. They are the so-called body-centered cubic (BCC) and face-centered
cubic lattices (FCC), and we describe these two lattices in detail in Section 2.2. It is known that
as a ranges over (0,+00), in some regimes the FCC is known to be the minimizing unit density
lattice, while in others the BCC is the optimizing lattice, and none of them is the optimum for
all @ > 0. See Stillinger [47] and the plots [10, Figures 6 and 8] of Blanc and Lewin. Regarding
this minimization problem, the critical exponent « is uniquely individuated as o = 1 by duality
considerations (as the dual of a BCC lattice is a FCC one and vice versa, and theta functions
of dual lattices are linked by monotone dependence relations). A complete proof of the fact that
below exponent o = 1 the minimizer is the BCC and above it it is the FCC seems to be elusive.
A proof was claimed in Orlovskaya [38] but on the one hand most of the heaviest computations
are not explicited, while on the other hand providing a compelling geometric understanding of the
minimization seems to not be within the goals of that paper (see Sarnak-Strémbergsson [45, Prop.
2], and their conjecture [45, Eq. (43)], equivalent to the claimed result [38]).

Our goal with the present work was first of all to place the BCC and the FCC within geometric
families of competitors which span large regions of the 5-dimensional space of all unit volume 3-
dimensional lattices (see Terras [48, Sec. 4.4]). To do this, we focus on finding possible methods
by which theta functions on higher dimensional lattices can be reduced to questions on lower
dimensional lattices.

A first way to decompose the FCC (or BCC) is into parallel 2-dimensional lattices, which in
this case are either copies of a square lattice Z2 or of a triangular lattice generated by (1,0), (%, @)
(see Section 2.3). We can perturb such families by moving odd layers with respect to even ones,
and try to find methods for checking that the minimum energy configuration is the one giving FCC
and BCC. This question reduces to the minimization of the Gaussian sums over A + v for A ¢ R¢
a lattice and u € R? a translation vector (we study this question in high generality in Section 3).
Otherwise we can change the period of the repetition of the layers (this and related questions are
discussed in a generalized setting in Section 2).

Returning to the 3-dimensional model problem, a second possibility is, while viewing the FCC
(or BCC) as a periodic stacking of square lattices, to perturb such lattices by dilations along the
axes which preserve the unit-volume constraint. Again the goal is to check that the minimizer is
then given by the case of the square lattice. This question leads to the study of mixed formulas
regarding products of theta functions (see Section 4).

We now pass to discuss in more detail our results.

1.1 Layer decomposition with symmetry

Our first reduction method concerns the study of layered decompositions (see Section 2).

We consider the family (A)s C RY, defined by (2.10), of lattices constructed layer-by-layer,
with a distance ¢ between this layers, with translated copies of a lattice Ag € R%!, where the
translation vector belongs to the set V., defined by (2.12) and the order of these copies is given by
s. Then we prove in Section 2 the following results concerning the minimization of s — 65 («):

Theorem 1.1 (See Thm. 2.6 and Prop. 2.8 below). Let b : Z/dZ — V, be a bijection. Define
sy Z — V, as the d-periodic lifting of b from Z/dZ to Z. Then the layered lattices corresponding
to such sy are minimizing for the theta functions s — 0, («) amongst all periodic s, for all

S 1
o> —.
= 27t



Moreover if the above inequality is strict then such s, exhaust all minimizers among periodic lay-
erings.
Furthermore, for all o > 0 the lattices corresponding to s = s, minimize s — Op, () in the class

{s:3d' <d, 3 :2/d7 — V,,s(k) =b(k mod d')},
namely amongst all layered configurations of period at most d.

A particular case of the above is claimed, for the comparison of FCC to HCP in [14, p. 1,
par. 5]. Our result seems to be the first formalization/proof of this phenomenon in a more general
setting. In particular, the above theorem shows that the FCC lattice is a minimizer, for « large
enough, on the classe (As)s where Ag is a equilateral triangular lattice and that its Gaussian energy,
given by the theta function, is lower than the energy of the hexagonal close packed lattice (HCP)
for any a > 0. Our proof partly relies on a (somewhat surprising) reduction to the study of optimal
point configurations on riemannian circles by Brauchart-Hardin-Saff [11].

Theorem 1.1 provides large families amongst which some special lattices can be proved to be
optimizers, including an infinite number of non-lattice configurations. In particular we generalize
several of the results of [14] and of [16]. We present this link in Section 2.5, together with further
open questions of more algebraic nature, and some natural rigidity questions of lattices under
isometries (see also Proposition 2.5), which may be related to isospectrality results as in [15].

1.2 Minimization of theta functions amongst translates of a lattice

Since a way to reduce the dimension that we consider is to look at lattices formed as translated
copies of a given lattice, a related interesting question is to study the minimization, for fixed o > 0,

of
(Lyu) = Op () = Z e~ molptul®
peL

among lattices L € R? and vectors u € R?. This is the goal of the Section 3. Translated lattice
theta functions appear in several works, as explained in [42]. Recently, they are used in the context
of Gaussian wiretap channel, and more precisely to quantify the secrecy gain (see [37, Sec. IV]).
Furthermore, this sum can be viewed as the interaction energy between a point u and a Bravais
lattice L. A direct consequence of Poisson summation formula and Montgomery theorem [33, Thm.
1] about the optimality of the triangular lattice for L +— 0 (), for any o > 0, is the following
result:

Proposition 1.2 (See Prop. 3.3 and Cor. 3.7 below). For any a > 0, any Bravais lattice L C R?
of density one and any vector u € R, we have

Oru(a) < 0L(c),

with equality if and only if u € L.
In particular, if d = 2, let A1 be the triangular lattice of density 1, it holds

9A1+u(a) < GL(O‘)a
with equality if and only if u € Ay and L = Ay up to rotation.

This proposition seems to show for the first time that, for any a > 0 and any given L C R¢,
the set of maxima of u +— 01,1, () is L.

A particular case of u is the center of the unit cell of the lattice L. The following result shows
that this center c is the minimizer of u +— 67,1, («) for any o > 0, if L is an orthorhombic lattice, i.e.



if the matrix associated to its quadratic form is diagonal. It can be viewed as the generalization of
Montgomery result [33, Lem. 1], which actually proves the minimality for § = 1/2 of 8 — 0z3(«)
for any o > 0. Furthermore, the following theorem shows that, for any o > 0, there is no minimizer
of L Op4c().

Proposition 1.3 (See Thm. 3.10 and Cor. 3.12 below). For any Bravais lattice L = M7 with
M € SL(d) decomposed as M = QDT, with Q € SO(d), D = diag(cy,...,cq), ¢ >0, Hle ¢ =1,
T is lower triangular, and for any u € R% and any a > 0 there holds

Or+u(@) = Opzi1/2)i(a).

Furthermore, there exists a sequence Ay = diag(1,...,1,k,1/k), k > 1, of d x d matrices such that,
for any o > 0,

04, @r1y2e(@) =0.

This result shows the special role of the orthorhombic lattices. The second part justifies why
the minimization of energies of type L — 0 (a) + 0611, (c) is interesting, because it is the sum
of two theta functions with a different behaviour with respect to the minimization over Bravais
lattices, if u € L. Indeed, for d = 2, on one hand L + 01 («) is minimized by the triangular lattice
among Bravais lattices of fixed density, and on the other hand L — 6r4,(«) does not admit any
minimizer on this class of lattices. Therefore, the competition between these two terms will create
new minimizers with respect to the parameter 0 (see Section 4, and in particular Proposition 4.6
in the § = 1 case).

Thus, studying the maximization problem of theta functions among some families of lattices
constructed from orthorhombic lattices with translations to the center of their unit cell, we get the
following result which can be viewed as a generalization of [25, Thm. 2.2] in higher dimensions in
the spirit of [33, Thm. 2].

Theorem 1.4 (See Thm. 3.15 and Cor. 3.16 below). Let d > 1 and a > 0. Assume that
{citi<i<a € ]Ri are such that H?Zl c¢; = 1 and that not all the ¢; are equal to 1. For real t, we
define

d d

o Uy(t) =[] a(cia), o Pyu(t) = Us(t)Us(t) = [ [ 03(cler)0s(clav),
=1 i=1
d d

o Up(t) = 04,2119 (c) = [[ 62(cf), o Py3(t) = Us(t)Us(t) = [ [ 02(cler)O5(clav),
=1 =1

o Qt) = On@sijme(@) _ ﬁ falci0).
HAtZd(O‘) il 93(0504)
where Ay = diag(c,, ...,c) and the classical Jacobi theta functions 0;, i € {2,3,4} are defined by
(3.3). Then for any f € {Us,Us,Q, P34, P> 3}, we have

1. f'(0) =0,
2. f'(t) >0 fort <0,
3. f'(t) <0 fort>0.
In particular, t =0 is the only strict maximum of f.

The particular case f = Q gives the maximality of the simple cubic lattice among orthorhombic
lattices for the periodic Gaussian function (see [42]) with translation ¢ and fixed parameter.



1.3 Asymptotic results

If L is not a orthorhombic lattice, then we don’t have a product structure for the theta function and
the minimization of v — 6074, («) is more challenging. It seems that the deep holes of the lattice
L play an important role. For instance, in dimension d = 2, numerical investigations, for some
a > 0, show that the minimizer is the center of the unit cell if L is rhombic and the barycentre of
the primitive triangle if L is a triangular lattice. The shapes of naturally occurring crystals may
be considered good indicators for that. Also note the numerical study of Ho and Mueller [34, Fig.
1] detailed in [30, Fig. 16]. In the following theorem, we present an asymptotic study, as o — 400,
of this problem:

Theorem 1.5 (See Thm. 3.17 below). Let A be a Bravais lattice in R and let ¢ be a deep hole of
A, i.e. a solution to the following optimization problem.:

in|c — pl. 1.2
max min |¢” — p| (1.2)

For any x € R? there exists o, such that for any o > ay,

Orrea) < Ortala). (13)

This result links our study to the one of best packing for lattices and to Theorem 1.1, as we
expect the above minima to be playing the role of V,; from Theorem 1.1. The systems corresponding
to o — 400 are called “dilute systems” (see [53, 14]) and they correspond to the low density limit
of the configuration.

Furthermore, an analogue of this result is proved in dimension d = 2, as o« — 0, proved by using
Poisson summation formula and analysing concentric layers of the lattices:

Theorem 1.6 (See Thm. 3.18 below). Let A be a Bravais lattice in R?. Then the asymptotic
minimizers' C of x + Opy.(a) as a — 0 are as follows:

1. If A is the triangular lattice then C contains only the center of mass of the fundamental
triangle.

2. If A is thombic® then C contains only the center of the fundamental rhombus.
8. If A is not rhombic then consider the second layer Co of A*:

(a) If Co has cardinality 2 or 6 then C' contains only the center of the fundamental unit cell.

(b) Else, if A is the matriz which transforms the unit cell of Z* to the unit cell of A, then

This theorem is, so far as we know, the only general-framework analogue of the special case
considerations done in [14]. A similar classification in dimension 3 seems to be an interesting future
direction of research.

1.4 Orthorhombic-centered perturbations of BCC and FCC

Because our first motivation was to study the minimality of BCC and FCC lattices, we prove
the following theorem in Section 4 about optimality and non-optimality among body-centred-
orthorhombic (BCO, see [49, Fig. 2.8]) lattices® for L ~ 61 (c). These lattices correspond, e.g., to
deformations, by separate dilations along the three coordinate directions, of the BCC.

!See Definition 3.2.

2Recall that a two-dimensional lattice is called rhombic if up to rotation it is generated by vectors of the form
(a,b),(0,2a), and the fundamental rhombus is then the convex polygon of vertices (0, 0), (a, b), (2a,0), (a, —b).

3Recall that the body centred cubic lattices BCC belongs to the class of BCO lattices.



Theorem 1.7 (See Thm. 4.2 below). For any y > 1 and any t > 0, let L, be the anisotropic
dilation* of the BCC lattice (based on the unit cube) along the coordinate awis by \/y,1/,/y and t.
We have the following results:

1. For any t >0 and any o > 0, a minimizer of y — 0L, ,(c) belongs to [1; V3];

2. For any o > 0, there exists to(a) > 0 such that for any t < to(a), y = 1 is not a minimizer
Ofy = HL%t (Oé),

3. For any t < /2, there exists oy such that for any o > a4, y = 1 is not a minimizer of
y 01, . (). In particular, for t =1, there exists o such that®

(a) for a > ay, the BCC lattice is not a local minimizer of L — 0r(a) among Bravais
lattices of unit density,

(b) for a < 1/aq, the FCC lattice is not a local minimizer of L — 0r(a) among Bravais
lattices of unit density.

4. For a =1 and any t > 0.9, y = 1 is the only minimizer of y — 0, (). In particular, for
t =1, the BCC lattice is the only minimizer of L — 61,(1) among Bravais lattices (Ly 1)y>1.

This result is one of the first complete proofs of the existence of nonlocal regions on which
FCC and BCC are minimal, for small and large values of . This result supports the Sarnak-
Strombergsson conjecture [45, Eq. (43)] and gives a first step of the geometric understanding of it.
It can be also viewed as a generalization of [25].

In particular, we prove that the FCC and the BCC lattices are not local minimizers for any
a > 0, unlike the case of Epstein zeta function (see Ennola [24]). The proof consists of a careful
discussion of a sum of two products of theta functions which express the theta function of our
competitors. We provide an algorithm for implementing a numerical test to check cases where our
theoretical study stops being informative.

The statement of point 4. should be compared to [34, Fig. 1] (see also [30, Fig. 16]) in the rectan-
gular lattice case. Indeed, our energy can be rewritten 0z, , (o) = 05(t*a) (01, (@) + pr.abr, +c, ()
where L, is the anisotropic dilation of 72 along the coordinate axis by Vy and 1/\/y, ¢, is the
center of the unit cell of L, and pto = 02(t?a)/05(t*a). Thus, our result shows that, for a = 1
(which is the Ho-Mueller case [34]), Ly = Z? is the unique minimizer of L, — 6y, ,(1) if ¢ is large
enough (i.e. p o small enough), whereas for ¢ small enough (i.e. p; o close to 1), the minimum is a
rectangle, as in [34, Fig. 1 d and e].

2 Layering of lower dimensional lattices

2.1 Preliminaries

If A C R? is a subset, we denote by (A the dilation by ¢ of A. The density (also called average
density) d(A) of a discrete point configuration is defined (See [27, Defn. 2.1]) as
ANU
d(A) := lim M,
R—o00 |U R|
where (Ur)g is a Folner sequence, namely an increasing sequence of open sets such that for all
translation vectors v € R? we have |Ug \ (Ug + v)|/|Ur| — 0 as R — oco. By abuse of notation,
we denote by |- | both the cardinality of discrete sets and the Lebesgue measure, depending on the
context. Note that the above limit may not exist or may be different for different Fglner sequences.

“See Definition 4.1.
®We numerically compute a; = 2.38 and we have o] ' ~ 0.42.



Such pathological A will however not appear in this work, as our A all have some type of periodicity.
We can thus consider just Ur = Bp, the ball of radius R centered at the origin.

We will call here (by an abuse of terminology) a lattice in R? any periodic configuration of
points. Its dimension is the dimension of its convex hull (which is a vector subspace of RY).

We then call a Bravais lattice a subset A C R% such that there exist independent vy, ..., v, € R?
such that A = Spany{vi,..., v}

If A € R? is a Bravais lattice, then its dual lattice is defined by
A" :={v € SpanA : Yw € A,v-w € Z}.

If A has full dimension d then it can be written as A = AZ? with A € GL(d), in which case
A* = (AT)flzd.

2.1.1 Energies of general sets and of lattices

For countable A C R? and a real number o > 0 we may define the possibly infinite series

Or(a) = e el (2.1)

peEA

This coincides with the usual theta function on Bravais lattices. For general functions f : [0, +00) —
[0,4+00) one may also define the analogue interaction energy (generalized in (2.8) and in the rest
of section 2.4)

Efa(0) =) f(lp]*) € [0, +o0]. (2.2)

peEA

The formulas (2.1) and (2.2) will be interpreted as the interaction of a point at the origin with the
points from the set A corresponding to, respectively, the interaction potentials fo(|z|?) = e~malzl?
and f(|z|?), respectively. We note that if A is instead a Bravais lattice, then 0 € A and the
interaction of the origin with A equals the average self-interaction energy per point.

The special relevance of minimization questions about theta functions (2.1) is due to the well-
known result by Bernstein [6] which allows to treat Ef A (0) for any completely monotone f once
we know the behavior of all 05 («),a > 0. Recall that a C* function f : [0,+00) — [0,400) is
called completely monotone if

for all n € N, r € (0,400) there holds (—1)"f(")(r) > 0.

Bernstein’s theorem states that any completely monotone function can be expressed as

+o0 5
f(z) :/0 e~ ol dus(a), (2.3)

where fiy is a finite positive Borel measure on [0, 4-00). This representation shows directly that if A
is a minimum of A + () for all & > 0 within a class C of subsets of R? then A is also a minimum
on C of E¢(0) for all completely monotone f (see [7] for some examples in dimension d = 2).

2.1.2 Some notable lattices

We denote by Ay the lattice in R? generated by the vectors (1,0),(1/2,v/3/2). Then the scaled
lattice 21/2371/4 A, has average density one. The dual lattice A3 is isomorphic to Ay and is in fact



the 7 /6-rotation of 3/2271 A,.
The lattices A,,n € N, are usually defined as A,, := {(zo,...,7,) € Z""t: Y x; = 0}.

The lattices D,,n € N, are usually defined as D,, :== {(x1,...,z,) € Z" : > x; = 0(mod2)}.
Then D} is formed as D} = Z" U (Z"™ +(1/2,...,1/2)). This is again a Bravais lattice, with gener-
ators ey, ...,en_1,(1/2,...,1/2) where {e; : 1 <i < n} is the canonical basis of R%. The lattices
2-1/7 D, and 2Y/"D* have density one.

Special cases of interest are the following rescaled copy of D3 and D3, respectively. In the
crystallography community these are the called face-centered cubic and body-centered cubic lattices.
They are formed by adding translated copies of Z3:

Apcc =\ J{Z*+7: 7€{(0,0,0),(1/2,1/2,0),(1/2,0,1/2),(0,1/2,1/2)} } ,

Apcc = (Z3 + (0,0,0)) U (Z3 + (1/2,1/2,1/2)),

and thus we have Apcc = 27'D3 and Apcc = Ds3.

2.2 FCC and BCC as pilings of triangular lattices, and the HCP

Define the vectors

a = (0,0,0), b:(%,Q—;g,()), c:<0,%,0>, 7 =(0,0,1). (2.4)

Then for any bi-infinite sequence s : Z — {a,b,c} and ¢,¢ > 0, we define the three-dimensional
lattice Ag ¢, as follows:

Aspe= | (kT + £s(k) + LAy). (2.5)
kEZ

It is straightforward to check that the volume of a unit cell of Ay, is

V3
p(Asre) = —t0

Then define
a if k=0mod3

si(k)=¢< b if k=1mod3 . (2.6)
if k=2mod3

Lemma 2.1. The BCC lattices are up to rotation the family of lattices A, ¢ with £/t = 2v6. The

FCC lattices are up to rotation the family of lattices Ag, 4o with £/t = %
Proof. Since £/t is dilatation-invariant and the two families in the lemma are 1-dimensional, we
restrict to proving that the BCC and FCC lattices belong to the corresponding families in the
coordinates up to the rotation which sends the canonical basis to a suitable orthonormal reference
frame (eq, eq,e3).
To do so in both cases let e3 = %(1, 1,1). Then choose Tpocc = %(1, 1,1),7rcc = %(1, 1,1).

We first claim that, with the notation A+ B:={a+b: a € A, b€ B},

ABCCC{x—i-y—i-z:O}—i—ZTBCC, AF00C{x+y+Z=O}+ZTFCC.

Indeed, (3,0,0) = (2,—1,—1)+(1,1, 1) therefore (1,0,0) € {x+y+2z = 0}+Z7rcc and by invariance
under permutations of coordinates and closure under addition we get Z* C {x+y+2z = 0} +Z71rcc.



By multiplication by 1/2 we also get %Zg C {z+y+2z = 0}+Zrpcc, which directly implies Apcc C
{z+y+2z=0}+Z7rcc. Toestablish Apcc C {x+y+2 = 0} +Z71pcc we note that (1,0,0), (0,1,0)
together with %(17 1,1) = 31pcc generate Apcoc and are all in {x+y+2z = 0}+Z7pcc, and conclude
again by closure under addition.

Next, we note that Apcc is 3rpcc-periodic and Apce is 3tpcc-periodic. We see that {z 4y +
z = 0} N Apcc is an intersection of subgroups and thus a lattice, and similarly for {x +y + 2z =
0} NApcc.

The former contains the equilateral triangle Ty := {(0,0,0), (—=1,1,0), (—1,0,1)} and no interior
point of it, therefore is a triangular lattice with £ = v/2. The triangles T, := {(1,0,0), (0,1,0), (0,0, 1)}
and Ty := {(1,1,0),(1,0,1),(0,1,1)} are congruent to T and contained respectively in

({z +y+2=0}+ krpoc) N Apce

for k = 2,4. By periodicity 71 = Ty — 37pcc is contained in the similar slice with £ = 1. We see
that

1 1
(1,0,0) = 5(2,~1,~1) + 2rpcc and (1,1,0) = 2(1,1,-2) + drpcc

and that %(2, —1,-1) is a m/3-rotation of %(17 1,—2) clockwise about 7pcc, therefore we may let
e9 parallel to (1,1,—2) and e; such that (ej,es,e3) is an positive rotation of the canonical basis,
and we find that up to such rotation Agcc =A, 1 4.

5172\/57

For FCC analogously to above, we check that the slices ({z +y+ 2 =0} + kTpcc) N Arco
for k = 0,1,2 contain respectively the triangles T} := 1{(0,0,0), (0, -1, -1),(-1,0,—-1)}, T} :=
%{(1, 1,0),(1,0,1),(0,1,1)} and T4 := (1,1,1) —T7; then by similar computations we find a positive
rotation that brings Apcc to A, 1 1 . O
17\/§7\/§

If to fix scales we require |FCC| = |BCC| = 1 then we obtain

tpoc = 27233712 tpoe = 25/°
troc = 2433712 Upoe = 2Y/6.

We also recall that, by definition, the hexagonal closed packing (HCP) configuration is the non-
lattice configuration obtained from the FCC by using the different shift sequence. It is defined as

Ay iz, for £/t = Y3 and

a if k=0mod?2

s2(k) = { b if k=1mod2. 27)

2.3 FCC and BCC as layerings of square lattices

We note here that we may also consider the FCC and BCC to be simpler layerings of square lattices
72. Let
a=(0,0,0),b=1(1/2,1/2,0),7 = (0,0,t), s:Z — {a,b}.

Then define here
Agy = (k7 + s(k) + Z).
keZ

We then easily find that with sy defined as in (2.7) the following holds:

Lemma 2.2. The BCC lattices are the family of lattices Ag, + with t =1/2 and up to rotation the
FCC lattices are the family As, ; with t = V2.

10



2.4 Comparison of general E’/ for periodically piled configurations

Let f: R, — R, be a fixed function. We define for a lattice Ag C R%~!

Efpo(@) =Y flp+a). (2.8)

pEAg

In the particular case f(r) = fo(r) = e ™", we define

- 2
Ono () 1= Bpo po(a) = 3 e malpsal (29)
pEA

Consider now a periodic function s : Z — R% 1 c R? and a vector 7 € (R4, Define s'(k) =
s(k) + k7 and the configuration

Ay = (s'(k) + Ao) - (2.10)
k€EZ

We define the following average f-energy per point, where P is any period of s:

P
B (M) o= 5 3 3" Bpals'(h) — 5'(k). (2.11)

h=1keZ

It is easy to verify that the value of above sum does not depend on the period P that we chose: if
P’, P" are distinct periods of s and mcf(P’, P”) = P then P is also a period, and we may use the
fact that s'(h + aP) — §'(k+ aP) = s'(h) — §'(k) for a = 1,..., P'/P to rewrite the sums in (2.11)
for P’ and obtain that they equal those for P.

Example 2.3. Consider the triangular Bravais lattice As. Then the FCC lattice is Ag, and the
HCP lattice is Ag, for s1,s2 as in (2.6) and (2.7) with vectors a,b,c, 7 as in (2.4).

Note that in the above examples s : Z/dZ — R~! had values into a finite set V, € R4~! which
was a simplex with a vertex at the origin. Moreover, in the above examples, the lattice Ag has the
same symmetries as V,, by which we mean that

For any z,y,w,z € V,, with z # y,w # 2
there exists a bijection ¢ : Ag — Ag such that (2.12)
lp+x —y[=|o(p) + w — 2| for all p € Ag.

Note that a case when V, has the same symmetries as Ag is when for each x # y,w # z € V;,
there exists an affine isometry of Ag sending = to w and y to z. The following rigidity question,
concerning the distinction between affine isometries of R?~! and isometries of a given lattice of
dimension d — 1, are open as far as we are concerned (recall that distinct lattices may be isometric,
as in [15]).

Question 2.4. If Ay is a homogeneous discrete set and Vy is as in definition (2.12), then does it

follow that we can find bijections ¢ in (2.12) which are actually restrictions of isometries of R4~
to A(] ?

Recall that a set A C R™ is called homogeneous if it is the orbit of a point by a subgroup of the
isometries of R™. Note the following related positive result, whose proof is however nontrivial:

Proposition 2.5. For any lattice A C R? a length-preserving bijection ¢ : A — A is automatically
the restriction of an affine isometry of RY.

11



Proof. In fact our proof will show that any lenght-decreasing bijection of a lattice is the restriction
of an affine isometry. We consider first the set V; of shortest vectors of A and we find that for
all e € A, the restriction ¢|c11; must be a bijection from this set to ¢(e) + V1, thus it is uniquely
determined by a permutation, which a priori could depend on e.

Step 1. We will show that this permutation does not depend on e. To start with, we note that
for each e € A and v € V] the restriction of ¢ to (e + Rv) N A is an isometry. Indeed we have

k—1
(kv +e) —dle)] < D |8((K + Do +e) — (kv +e)| = ko],
k=0

with equality if and only if all vectors ¢((k' + 1)v + ) — ¢(k’'v + ) are positive multiples of each
other. As ¢ : e+ V1 — ¢(e) + V7 is a permutation, the above vectors all belong to V;, which does
not contain vectors of different length. This implies that all these vectors are equal, and thus ¢
restricts to an isometry on e 4+ Zv as desired.

Step 2. Next, for independent v; # vy € V3 we claim that ¢ restricts to an isometry on
e + Zvy + Zve. We start by noticing that due to the previous step, ¢|ct7., is an isometry and thus
it has the form ¢(e+ kv1) = ¢(e) + kwy and similarly ¢(e + hvy + kve) = ¢(e) + hwy + kwa(h) with
wy € V7 is a fixed vector and wsy : Z — V; is a function which we desire to prove is constant. By a
slight abuse of notation we define ws(0) := w9 and we desire to prove that for all h € Z there holds
wa(h) = wy. Indeed assume that h is a value such that wa(h) # we. Then we must still have for
all h € Z, using the 1-Lipschitz property of ¢,

]hwl + k(wg(h) — wg)‘ = ’¢(€ + hvi + kvg) — gb(e + kvg)‘ < h’vg‘.

As k — oo we find that this proves wa(h) = wg, which proves our claim.

Step 3. Similarly to the previous step we find that ¢[(c4spanvi)na coincides with an affine
isometry for all e € A. Assuming that SpanV; N A # A, let V4 be the set of shortest vectors of
A\ SpanV;. Then at each e € A the function Vi U Vs 3 v — ¢(e + v) — ¢(v) is a permutation
of V1 NV,. We saw that V7 is sent to itself and thus this function induces a permutation of V5.
Steps 1 repeats for vectors in V5 to show that ¢ restricts to an isometry on each e + Zv,v € V3,
and then the reasoning of Step 1 allows to show that ¢ restricts to an affine isometry on each
(e + SpanVj + SpanVs) N A for each e € A.

Step 4. For each k£ > 1 we can then repeat Step 3, and apply it to the sets Vi1 of shortest
vectors of A\ Span(V}) defined iteratively after V;. This allows to prove, after finitely many steps,
that ¢ restricts to an affine isometry on the whole A. O

In the above setting, we have the following result concerning the optimality of a special type of
function s:

Theorem 2.6. Let s,Ag, Ay, 7 be as above. Let V, C R be a finite set satisfying (2.12) and
b:Z/dZ — V, be a bijection. Define s : Z — V, as the d-periodic lifting of b from Z/dZ to Z. Then
the layered lattices corresponding to such s, are minimizing for the theta functions s — Efo(Ay)

amongst all periodic s, for all
1

o> —=.
— 2mt?
Moreover if the above inequality is strict then such s, exhaust all minimizers among periodic lay-
erings.

Proof. Step 1: Reduction to a 1-dimensional problem
Let f:[0,400) — [0,400). Let P be a period of s which is also a multiple of d. Keeping in mind
(2.10) we find that explicitly:

P
BT (A,) = %Z SOSTF (= )2+ |s(h) — s(k) + p[?) -

h=1k€eZ pcho
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For a constant sequence s(k) = a € V,, we have

B (M) = 3 f (k7 +9).

kEZ pely

therefore

P
B(A) - B (M) = DD (=R +1pP) = f ((h = k)t + [s(h) — s(k) +p])] -

h=1keZpelo

We will use the hypothesis that V, has the same symmetries as Ag: denote | = a — b for any
a # b € V, and note that the following expression does not depend on the choice of such a,b due
to (2.12):

F(h):= > [ (WP +pP) = F (B + 11+ p)] . (2.13)

PEAo

With this notation we obtain, indicating A(v,w) = 0 if v = w and A(v,w) = 1 otherwise, (using
also the fact that we may omit terms with ¢ € PZ below because they are zero by the choice of A
and by periodicity)

B (ha) ~ B (M) = & D77 Als(h), s(R)F(k — )

h=1 /(€7
P o~
= 530 (AGs(h), s+ 0) + Als(h), s(h — 0)) F(0).
h=1 /=1
Now define -
F():=Y FnP+h) for I =1,.. P (2.14)
n=0

We may define finally, with the change of variable f = nP + h/,n € N,h' =1,..., P and using the
fact that P is a period of s:

P P-1
ET(Ay) — Ef(A,) = % D> (A(s(h), s(h+ b)) + A(s(h), s(h — b)) F(h').  (2.15)

h=1h'=1

>

Step 2: Computations and convezity in the case of theta functions.
Note that the formula defining F(h’) works also for arbitrary A’ € [0, P). We now check that for
f(|z[?) = e™* and large enough o the function F is decreasing convex on [1, P — 1]. Indeed in
this case we get

F(z) = <Z e”at2<”P”>2> (02, (@) — Oaoi(a)),
n=0

F'(z) = —2mat’ <Z<np+x>e—m2<"”$>2> (00 (@) = Oro1(@)),
n=0
F'(z) = <Z<4w2a2t4<np+w>2—2mt2>emﬁ("”ﬂ?) (00 (@) — Oxgsa()),
n=0
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and we note that by Proposition 3.3 below, Oj,4i(a) < 0p,(c) for all @« > 0,1 ¢ Ag and so F is
decreasing in x for x > 1. It is also convex on this range in case

a> (2nte?) T > (2m?)

We may also assume that F is convex on the whole range (0, P] up to modifying it on (0, P]\
[1, P — 1]. Indeed the estimates that we obtain below are needed only to compare energies of
integer-distance sets of points, thus they concern F’s values restricted only to the unmodified part.

Step 3: Relation to the minimization on the circle and conclusion of the proof.

We know that F' depends on P only, so in order to compare finitely many different sequences s we
may take P to be one of their common periods, and the minimizer of (2.15) will coincide with the
minimum of £ among lattices for which P is a period. We relate (2.15) to the energy minimization
for convex interaction functions on a curve, studied in [11].

We will consider a circle I' of length P, which we also assume to be a multiple of 2d, and
on which the equidistant distance 1 points are labelled by V, in the order defined by s(k) with
1 <k < P. For p € V, we define A, to be the sets of points with label p. Let 7 := {A, : p € V,}.
Moreover d(x,y) denotes the arclength distance along the circle I'. Then (2.15) gives the same
value as

EF(m,) ::%Z S Fd(y)). (2.16)

PEVy x#YyEAp

Therefore the minimum of (2.15) corresponds to the minimum of Ef(7,) for s as above. We
compare each of the sums over A4, in (2.16) with the minimum F-energy of a set of points on I" of
cardinality |A,|. The latter minimum is realized by points at equal distances along I', by [11, Prop.
1.1(A)]. Denoting the minimum F-energy of N points on I' by E¥' (), we have then

P(E" () = F(0)) > Y EF(|4,)).
PEVS

Note that up to doubling P we may assume that the numbers |A,| with p € V, are all even and
add up to P, since they correspond to instances of s(k) = p along a period P. We then claim that

1o <§) — dEF é S 4,0 < 3 EF(4,). (2.17)

peVo pEVU
To see this first observe (cf. [11, Eq. (2.1)]) that for even N

N/2
Fy) = PN
E (N)_N;F<N > NF(P).

Therefore

d EF(P/d) < Y EF(|4)
PEVS
=
P/d X/2

dY F(dn) < Z%ZF(%d n)
n=1 X n=1

where in the last sum X is summed over {|4,|,p € V,}. Now recalling the definition (2.14) of F'
we see that the above last line can be rewritten in the following form

S Fdn) < Y Y 4 F (%) : (2.18)

neN peVs neEN
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where t, equal d|A,|/P and satisfy > ¢, = 1. Note that in Step 2 in particular we proved that F
is convex, which in turn implies that for all ¢ > 0 the function t — tF(c/t) is also convex and by
additivity so is t — > tEF(dn/t). Therefore (2.18) is true and (2.17) holds. In particular (2.16) is
minimized for the partition w5 where each of the A, consists of P/d equally spaced points each,
which corresponds to the choice s = s; for some bijection b : Z/dZ — V,. Therefore any such s
minimizes s — FEf(A,) amongst P-periodic s where P is a period of s multiple of d. Since any
periodic s has one such period and Ef (As) is independent on the chosen period, the thesis follows.

Final remark. If for some choice of f the F, F of Step 1 are decreasing and strictly convex,
then in this case the cited result of [11] as well as the inequalities (2.18) and (2.17) become strict
outside the configurations corresponding to s = s1, implying that s; is the unique minimizer for
any fixed P. This gives the uniqueness part of the theorem’s statement. U

Remark 2.7. The same optimality of the lattices A;, among all periodically layered lattices holds
also for more general energies Ef, as soon as we can ensure that the function F present in (2.14)
via F from (2.13) is strictly decreasing and convex on [1, P — 1]. Indeed in this case the Step 2 of
the proof can be replaced and the rest of the proof goes though verbatim.

We also find the following result, which shows the optimality of s; as in Theorem 2.6 in a smaller
class, but for all o > 0.

Proposition 2.8. Under the notation of Theorem 2.6, for all a > 0 the lattices corresponding to
s = sp minimize s — Op_(a) in the class

{s:3d' <d, 3 :Z2/dZ — V,,s(k) =b(k mod d')},
namely amongst all layered configurations of period at most d.

Proof. Step 0. To a layer translation map s : Z — V, and to a layer index k we associate the
function Az :Z — {0,1} defined as follows:

Then define as usual f(|z|?) = e*m"m_'2 and note that like in the proof of Theorem 2.6 the difference
Ef (M) — Ef(Ay) is the average for k € {0,..., P — 1} of the sums on k € Z,p € Ag

F((R =PI + 1) = f((k = B2+ o+ ul?) i Ay (k) =1, (2.19)
0 ifA =0 '
We note again that by Proposition 3.3 below, there holds
D (e PIIPE) — ommalBp ) = ommel 1 (G () — Oag4ul@) > 0. (220)

pENo

The rest of the proof is divided into two steps.

Step 1. Assume that d’ = d. We then prove that the choice of s for which ¥ = b is injective is
minimizing with respect to all other d’-periodic choices of . Indeed, in this case we see that for each
k the function A, j; takes values 0,1,...,1 within one period, whereas if b is not injective then the
function Ay j takes for at least one value of k values 0 for both k = k and for another choice k < d.
It thus suffices that the d-tuple of values 0,1,...,1 is the one for which the contributions (2.19)
corresponding to one single period take the smallest possible value. This is a direct consequence of
Step 0.

Step 2. Assume that b, " are both bijections and d > d’. We then show that HASb’ (@) > b, (@)

for all v > 0. Indeed in that case we have that A, z(k + k), Ay z(k + k) both are independent of k.
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Thus we compare them over a period of dd’ starting at k = 0 and with & = 0. We see that since
d > d then to each k € {1,...,dd — 1} where Ay (k) = 0 and Ay (k) = 1 we can injectively
associate a value k' € {1,...,k — 1} at which Ayo(k’) = 1, Ay o(k’) = 0. As the contributions to
O, (ar) = 04, (@) of the form (2.20) corresponding to these two values k, k' are

(7B — ek (9 () = Oagu(a)) > 0,

. e _ 2 . . .
because the first term is positive because r — e ™" is decreasing, whereas the second term is

positive by Proposition 3.3. O

Example 2.9 (Comparison between FCC and HCP). As a consequence of the above, for any
a > 0,80 0a, ,,(a) < 0Oa,,, (). In particular, 0pcc(a) < Oucp(e) when [FCC| = [HCP|.

This implies that HCP has higher energy than the FCC for all completely monotone interaction
functions f.

2.5 Link to the theory of fibered packings

In this section we consider our Theorem 2.6 within the theory of fibered packings, as introduced
by Conway and Sloane [16] and extended by Cohn and Kumar [14]. The basic definition is the
following;:

Definition 2.1 (fibering configurations, cf. [16]). Let A C R™", Ag C R™, m < n be discrete
configurations of points. We say that A fibers over Ay if A can be written as a disjoint union of
layers belonging to parallel m-planes each of which is isometric to Ag.

In fact the configurations considered in [16] and [14] are of a more special type, as described
below.

Definition 2.2 (lattice-periodic fibered configurations). Let A; C {0} x R"™™ Ay C R™ x {0} be
Bravais lattices. Let V, C R™ x {0} be a set of cardinality d < m having the same symmetries as
Ao in the sense of (2.12). Given a periodic map s : Ay — V, we define the configuration

Ay := Upen, (Ao + 5(p)) % {p}. (2.21)

Recall that s : Ay — R™ is said to be Ag-periodic if Ag is a sublattice of A; and s(a) = s(b)
whenever a — b € As.
Note that the definition (2.10) is a special case of the above definition for Ay = 7Z.

All configurations considered in [16] and [14] are of the above form, with V,, consisting precisely
of the origin and the so-called deep holes of Ay, and Ag is always either equal to the 2-dimensional
triangular lattice Ao or to the 4-dimensional lattice D4 or to the 8-dimensional lattice Eg. Recall
(see [32, Defn. 1.8.4]) that p € R™ is a deep hole of Ay C R™ if it realizes the maximum of
p — mingep, [p — q|- The set of deep holes verifies (2.12) in the cases Ag € {Az, Dy.Eg}: for
the triangular lattice the deep holes are the centers of the fundamental triangles, and thus the
isometries of the lattice are transitive on the deep holes; for Eg the deep holes are 1/2Fg and the
statement is again clear; for the rescaled version Dy = {(z1,...,24) € Z* : 3, 2; = 0(mod2)}
the deep holes within the fundamental cell are (1,0,0,0),(1/2,1/2,1/2,1/2),(1/2,1/2,1/2,—1/2),
which again are equivalent under symmetries of D4. The following questions are worth mentioning
at this point:

Question 2.10. Is it true that for any Bravais lattice Ay the set of deep holes, i.e. the set of
mazimizers of p — mingea, |p — q|, have the same symmetries as Ay in the sense of (2.12)7 Is this
the case for deep holes of homogeneous discrete A C R4™12
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If s : Ay = V, and A are like in Definition 2.2, E'¢ 5 (x) is defined like in (2.8) and s is As-periodic
and 7(A1/A2) is a set of representatives in A; of A;/As (i.e. the discrete version of a fundamental
domain), then in case |A; : As] < oo we define the energy per point with the following formula
generalizing (2.11):

AL A Yo D Erag(s(k) = s(h) +h = k). (2.22)

2l ker(A1/As) heA,
For the case f(r) = fo(r) = e7™" we have the following definition:

Definition 2.3 (asymptotic minimizers). Let V, and Ao, Ay be fized and like in Definition 2.2. We
say that a periodic s : Ay — V,, is asymptotically minimizing as o — «q € [0, +00]| if for any € > 0
and any periodic s’ : Ay — V, with s’ # s there exists a neighborhood N of ag such that for « € N
we have

Efa(A,) < e+ Elo(Ay).

We now can state in a new unified form the underlying reasoning subsuming the papers [16]
and [14]:

Theorem 2.11 (asymptotics of periodic minimizers [16, 14]). With the notations of Definition 2.3,
for p € Ay let Ci(p) be the k-th layer of A1 centered at p, defined for k >0 as

Co(p) :==A{p}, Ck+1(p) :=argmin{lg —p[: q € A\ U;j<kCj} -
Let Cy, = Cy(0) and

1

m(s) == RNl {(p,q) € r(A1/A2) x Ay = g € Cr(p),s(q) # s(p)}] -

Then the Ag-periodic configuration s is asymptotically minimizing as o — +oo if and only if the
following infinite series of conditions A(k) hold for all k > 1:

A(1): s realizes my :=max {my(s") : s': Ay =V, periodic}, (2.23)
and for k>1
A(k+1): s realizes M1 := max {my11(s") : s’ : Ay = V,, periodic, and realizes my} . (2.24)

The proof of this result is presented in [14] and consists in noticing that without loss of general-
ity two separate s, s’ have the same period Ay, and then that for large « the contribution of Cy(p)
to Efo(Ay) becomes arbitrarily large compared to the combined one of all the Cj,(p) such that h > k.

The discussion of A(1) in some special cases is the main topic of [16].

We note that if A; ~ Z like in the previous subsection, we find the following rigidity result:

Lemma 2.12. If Ay = 77Z and |V,| = d then the set of s wverifying all the A(k) coincides with
the ones which have period d and which realize a bijection to V, over each period. In particular
conditions A (k) with k < d/2 completely determine the optimal s, and these s are uniquely defined
up to composing with a permutation of V.

The same type of rigidity (with a different bound on k) was discovered, with case-specific and
often enumerative proofs, for the following couples of (A, d) in [16] and [14]: (Ag,d), (D3, d) and
(HCP,d) with d < 5. By similar case-by-case computations we are able to prove the same results
for As for d < 8 and for general two-dimensional lattices for d < 6, as well as for D3 for d < 6. This
leaves the following questions wide open, while giving strong evidence that the answer is positive:
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Question 2.13 (rigidity of the constraints A(k)). Is it true that for every choice of A1 and of |Vy|
there exists h > 1 such that the conditions A(k) with k > h are redundant?

Question 2.14 (uniqueness of the optimal s). Is it true that the s verifying all the A(k) is always
unique up to composition with permutations of V,?

3 Minimization of (u, L) — 01,(a)

3.1 Minimization in both L and u
3.1.1 Upper bound for Regev-Stephens-Davidowitz function and consequences

Definition 3.1. For any Bravais lattice L C R%, any u € R and any o > 0, we define

prla) = %Z—(fg‘)

where the theta functions are defined by (2.1) and (2.9).

Remark 3.1. We remark that, in the terminology of Regev and Stephens-Davidowitz [42], pr, ,(a) =
JL.a—2(u) where f1, s is the periodic Gaussian function over L with parameter s.

We restate [42, Prop. 4.1] in terms of py, ,,.

Lemma 3.2. (Regev and Stephens-Davidowitz [42]) For any Bravais lattice L C R and any
u€RNL, a ppu(a) is a non-increasing function.

The above lemma is then complemented by the following independent result:
Proposition 3.3. For any Bravais lattice L C R?, any v € R and any o > 0, we have:

1. ifu g L, then lim pr (o) =0;
a—+00

2. it holds 0 < pr.(o) < 1, d.e. Opyy(a) < Op(a). Furthermore, pr.(a) = 1 if and only if
u € L, i.e. for fixzed L and c, the set of maximizers of uw — pr(a) (or u — Opy(a)) is
exactly L.

Proof. If u &€ L, then we obtain

_ Oppu(a) O +u()
PL,u(OZ)— HL(Oé) o 1+ Z e—na\PR
peL\{0}

which goes to 0 as @ — +00 because p+u # 0 for any p € L and any u & L.
By Poisson summation formula (see for instance [29, Thm. A]), noting |L| the volume of L, we
have, for any v € L and any « > 0,

a_d/Z 2mws-u fﬁ
9L+u(04):wz€ e o
seL*
Hence we get
Z eQiﬂs-ue—ﬂ‘z‘Q
Or4u(a) eL*
pra() = lpra(e)| = | S = | ——| <1
’ e
seL*

18



Furthermore, we have, for any fixed L, a:

pru() =1 <= 0r(a) = br4u(a)

> e
seL*
Vs € L* 2ns.u =0 (modn)
Vse L*,s2u €Z

2ue L

u € L.

Tr\s\Q
o (1 —cos(2ws.u)) =0

J

1o

Remark 3.4. In particular, for any L and a > 0, if u ¢ L, then py, ,(a) < 1.

Note that the above point 2. may be sharp in the sense that superpositions of theta functions are
the largest class where it keeps holding true in full generality. Indeed, consider, with the notation
n (2.8), the quotient

pralf) = % (3.1)

where f : [0,4+00) — [0,+00) is a function more general than f(r) = e™™*" used to define pr, ()
and let F(z) := f(]z|?). Then we have by the same reasoning as in the proposition, for each u € R?,

D F(s)e™ < | Y F(s)|.

seL* seL*

yeis

(3.2)

pL,u(f) <l& <

Requiring that the right side of (3.2) holds for all u € R? imposes on the F(s), s € L* the sharp
condition, and is implied by the fact that F > 0 on all rescalings of L* \ {0} or that the same
holds for —F. This property is equivalent to requiring that £+F' is positive definite, or that +f is
completely monotone. Determining the class of interactions F' (or f) which is individuated by this
condition seems to be an interesting open question:

Question 3.5. What is the class of all F' for which, for all u € R? the condition on the right in
(3.2) holds?

We now give an alternative proof of Lemma 3.2 in the particular case L = Z and u = 1/2
because it will be useful in the last part of this paper. We note that pz /2(a)2 is also called the
modulus of the elliptic functions (see [31, Ch. 2]). To start with, the classical Jacobi theta functions
02,035,064 are defined (see [17, Sec. 4.1]), for =z > 0, by

Oa(z) =D e ™EHDEgia) = ™ and O4(x) = > (-D)Fe™T (3.3)

kEZ kEZ kEZ

We have the identity (see [17, p. 103]): for any = > 0,
1
V1l (z) = 04 (E) . (3.4)

f2()
03(c)

1. for any a >0, 0 < pg1/9(a) < 1;

Proposition 3.6. Let pz1/2(a) = , then
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2. the function pg, 1/ is decreasing on (0,+00).

Proof. The first point is just a direct application of Proposition 3.3, because 1/2 ¢ Z. For the
second point, we remark that (see [31, Eq. (2.1.8)])

pz1/o(e) = (1— K24

yes

0 2
where k' := 04Ea;2 < 1 is the complementary modulus of the elliptic functions. For ¢ = e~
3l

have, by the Jacobi’s triple product formula [22, Ch. 10, Thm. 1.3],

oo g q2n—1 8
2 B
k _H<1+q2n—1> :

n=1

we

All the factors are increasing in «, we see that a — k2 is an increasing function, and it follows
that pz /9 is decreasing. O

Corollary 3.7. Let A; be the triangular lattice of density 1, then for any o > 0, any vector u € R?
and any Bravais lattice L of density 1, it holds

9A1+U(a) < GL(O‘)a
with equality if and only if u € Ay and L = Ay up to rotation.

Proof. Let uw € R%, o > 0 and L be a Bravais lattice of R%. By the previous proposition and
Montgomery’s Theorem [33, Thm. 1], we get

O, (@) < O, () < 0.

The equality holds only if Op,44() = 0, () and O, () = 0 («), i.e. respectively u € Ay and
L = Ay up to rotation. O

We now fix the decomposition R¢ = R?~! x R and in these coordinates we consider the case
where we are given two functions ¢ : Z — {0} x R and a bounded s : Z — R%! x {0} and the
lattices obtained as translations of L defined in the beginning of the section

As,t,L = U (tk + s + L) , AO,t,L = U (tk + L) .
kEZL kEZ

Then we see that as for p € L by the orthogonality of t to p, s3 there |ty +sx+p|? = |[ti|> + |5k +p|?
so we can factorize:

—d/2 2 2
o 2 m|s| ; s
—Talt - 2078 Sp, ,————
aAo,t,L(a) - aAs,t,L(O‘) = |L| Ze [t (Z e o — Z e ke Ta ) ,
keZ seL* seL*

and using again the positivity and monotonicity of each of the terms in parentheses we deduce

Corollary 3.8. For any a > 0, any s,t as above and any Bravais lattice L in R¥™1 x {0}, it holds

HAs,t,L (a) < 9A0,t,L (a)
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3.1.2 The degeneracy of exponential energy

We now show that the formula
lim LLHL(O[)

@) L (3:5)

holds more in general, even when the perturbation u depends on the point. We note that in higher
generality the monotonicity in a > 0 of the above ratio is unknown, therefore we cannot extend
the results of the previous section.

Proposition 3.9. Let Ay C R? be a lattice of determinant one and let u : Ag — R? be a bounded
function and Ay, = {u(p) +p: p € Ao}. Then there holds

On, (@) _

an0 O, () (36)
Proof. We may write
O, () Zper e—alu(p)+pl?
Oro(@) X ,en, e PP
Since u is bounded, we have, for some constant C > 0,
e~malpl=0)? < g=malu(p)+pl® < o—mallpl+C)? (3.7)

Since Ay is a lattice of determinant one we have

Ze—walpP _ (1_{_0(1)0[%0)/ e—walxlzdx,

pEN R
YSUTURRRNGY S,
pEAo R
Yo el = (14 0(1)as0) / e el a,
pEAo R

Thus we have to show that the ratio of the last two integrals on the left hand side tends to 1 as
o — 0. Note that the numerator of this ratio has limit +o00 as o — 0. If Cy = 27"/2/T'(n/2) is the
area of the unit sphere in R?, after a change of variable we find

C 00
/ efwa(|$|*0)2d1. — Cd/ efwa(rfC)Qrdfldr + Cd/ efwmg (74 + C)dfldr
R4 0 0

and the first term is an O(1),—0, and therefore this term will thus disappear in the limit. For the
second term we note that for any 0 < a < b there holds

o0 2 o0 2
/ e T rldr & / e T rbdr as o — 0,
0 0

therefore upon expanding the polynomial (r+C )d*1 the term in 7%~ ! is the leading order term. By
an analogous reasoning for the case of e~ P+ e deduce that the ratio of sums of the leftmost
and rightmost terms in (3.7) have limits which agree and equal 1, and the claim follows. U
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3.1.3 Iwasawa decomposition and reduction to diagonal matrices

We recall that Bravais lattices of density one in R¢ are precisely the lattices L = MZ¢ for M €
SL(d). By Iwasawa decomposition of SL(d) any such M can be expressed in the form
Q € SO(d),
M =QDT, with { D =diag(cy,...,cq), ¢ >0, [[%,¢i =1, (3.8)

T lower triangular.

Theorem 3.10. For any Bravais lattice L = MZ% with M € SL(d) decomposed as M = QDT
with notations like in (3.8) and for any u € R? and any o > 0 there holds

Or+u(@) > Opz41/2)a ().
Proof. First of all we note that for any @ € SO(d) there holds

Og-1(a) =01 (a).
Thus we may as well assume that in (3.8) we have Q = id. As M is invertible, we may express
u = Mwv, thus
O01+u(a) = Opr(zigw ().
Next, we use the parametrization similar to [33, p. 76] of Montgomery in order to re-express for
p=(ni,...,ng) € 7% and writing v = (vi,...,vq), T = T;; with T;; = 0 for j > i and Tj; = 1,

. 2
i—1

d
IDT(p + v)|? Z i(ni+v) + ¢ Y Toy(ng +v5)
7=1

d
Z cng + F 711, - ,77,2‘_1)‘2,

where F; depends only on 7', D, v and F1 = 0. Thus, we have that 0ppza,) (@) equals

2 2 2 -1 2 2 -1 2
E e~ mact |n E e~ Tacynatey Fa(n)F L E e~ Tacgnatey Fa(ni,ona—1)* | .. . (3.9)

ni1€z no€Z ng€Z
Now, we know that (see [33, Lem. 1]), for any 5 > 0,s € R,

Z e —mB(m+s)? > Z e B(m+1/2)?

meZ meZ

Applying this for m = ng, 8 = ozc?l and s = cgle(nl, ...,Ng—1) we obtain that the innermost sum
n (3.9) satisfies

—ract|ng+cs L Fy(n e d—1)|? —mac?(ng+1/2)2 _
Z e 2ng+cy  Fa(ni d—1)| > E e 2(ng+1/2) _Hcd(Z+1/2)(a)a

ng€Z ng€Z
and therefore the latter sum can be brought outside of the nested parentheses in (3.9) and we
obtain that

O pr(zdt0) (@) > Ocyz41/2) ()0 prpr (za-140) (@),
where the (d — 1) x (d — 1)-matrices 7", D" are obtained from T', D by forgetting the last row and
column, and v' = (vy,...,v4_1). Using this we can easily prove by induction on d that
d
O pr(zdqv) (@) 2> Heci(Z—l—l/Q) (@),
=1

and by the defining property e™? = e%? and by distributivity (which can be applied here due to
the fact that our sums defining 6 functions are all absolutely convergent), the left hand side above
is just Opz41/9)4 (), as desired. O
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3.1.4 Discussion about u — 0 471/ («) for diagonal A

The outcome is a description of the minimization which complements the result of Theorem 3.10.
We have the following:

Proposition 3.11. There exists a sequence (Zz = kZ x %Z)k of rectangular lattices with density
1 such that

kll)ff 022+ (kj2,1/28) (@) = 0.
Proof. Keeping the parametrization from [33] for lattices with area 1/2, for any o > 0, let
1/2)2
faly) == 62;2 (% 1 Ze Bl Z e Sy 2 )

nez meZ

where Z2 \\?Z X TZ is the rectangular lattice of area 1/2 parametrized by y > 1. Therefore,
using notations (3.3) and by (3.4), we get, for any a > 0,

Foal0) = Bao)a(afs) =\ Los(u/ o)
1 (o) S
ne”L
Hence, by growth comparison, we get, for any o > 0, lir}_l fa(y) =0, and there exists a sequence
y——+o0

(Z3 := kZ x }Z), of rectangular lattices such that

G072 4 /2,120 () = 0-

O

Corollary 3.12. For any d > 2, there ezists a sequence Ay = diag(1,...,1,k,1/k), k> 1, of d x d
matrices such that, for any o > 0,

Jm Oa,(z+1/2)2 () = 0.
Proof. For any k > 0, let Zg =792 x Zi, where

1
72 := k7 x 7.

The center of its primitive cell is given by C := (1/2,...,1/2,k/2,1/2k) and
HAk(Z+1/2)d(O‘) = QZngck(a) = 92(04)617292@% (@),
where ¢, = (k/2,1/2k). Now, by previous Proposition 3.11, as

kll)r_’l_l HZQJrc (o) =0,

we get our result. O

We recall the following result [33, Thm. 2] due to Montgomery about minimization of theta
functions among orthorhombic lattices:
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Theorem 3.13. (Montgomery [33]) Let d > 1 and a > 0. Assume that {c;}1<i<a € (R1)? are
such that H?Zl c¢; = 1 and that not all the ¢; are equal to 1. For real t, we define

d

Ug(t) = H 93(050&).

i=1

Then U3(0) =0, Us(t) <0 fort <0 and Us(t) > 0 for t > 0. In particular, t = 0 is the only strict
minimum of Us.

Remark 3.14. For d = 2, a particular case, also proved in [25, Thm. 2.2], is the fact that y = 1
is the only minimizer of y — 03(ay)f8(ay™1).

In the following theorem, we generalize [25, Thm. 2.4] in any dimensions, in the spirit of the
previous result.

Theorem 3.15. Let d > 1 and a > 0. Assume that {¢;}1<i<q € (Ry)? are such that T[, ¢; = 1
and that not all the ¢; are equal to 1. For real t, we define

d
o Uy(t) = H94(c§a),
i=1

d
o Us(t) = 04, (z41/2)2 (@) = Hﬁg(cﬁa),
=1
d
o Pya(t) = Us(t)Us(t) = [ [ 0a(cier)bu(ciar),
=1
d
o Py3(t) = Us(t)Us(t) = [ [ O2(cler)bs(clav),
=1

where Ay = diag(cl,...,c4). Then for any f € {Us,Us, P34, Po3}, we have f'(0) =0, f'(t) > 0 for
t <0 and f'(t) <0 fort > 0. In particular, t = 0 is the only strict mazimum of f.

Proof. As in [33, Sec. 6], we remark that

U, 0, Uy d
010 =Y gl loges and <a> (=37 og
where T is defined on (0,+00) by
o’ o’ !
T(x) =5 () +2° ( 4] (2)
04 04
Hence, we have by [25, Thm. 2.2], for any = > 0,
0’ 0704 — (0,)? 0’ 0 (x)04(2)
T(r) = 24 2Y4 4 Ya, N 2V —0.
(x) = wgh(a) + 2 T (@) < agh(n) - 2220 =0
AN U’
Therefore, we get (f) (t) < 0 for any ¢, and it follows that T is strictly decreasing. Thus, as
4
U4 (@)
=0,
U4 (@)
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we get the result for f = Uy, because Uy(t) > 0 for any t.

The case f = Us is a direct application of the previous point, thanks to identity (3.4). Indeed,

d 01 (7 d
vio-IE —e o (i)

i=1

because HZ 1 \/7 \/T1_; ¢t = 1. Now, writing, for any i, b; = —, which are not all equal to 1,

1
and 8 = oo e get Hi:l b; =1 and

d
t) = /B[] 04(6}8),
i=1
which is exactly v/BU, as in the previous point, therefore its variation is the same.

For f = P34, by \/05(5)04(s) = 64(2s) (see [17, Sec. 4.1]) for any s > 0, we get

2
P34 H@g COé 9400& <H94 2ac ) =U4(t)2

=1

with a = 2¢/. Furthermore, for f = P, 3, by

02(2s) = \/w,ﬁg@s) = \/w and  03(s)? = Oa(s)* + 04(s)?,

(see [17, Sec. 4.1]) we obtain

d
P273(t):H62(ca)93 cka) 2dH\/930a — O4(cta’)t

i=1

1 cka/ 2

T HHQ ( 2 )

i=1

1 2

= 5a02(1)7

O/
with o = 5 Hence, the two last points follow from the two first points. O

By using Theorem 3.13 and Theorem 3.15, we directly get:

Corollary 3.16. (Mazimality of the simple cubic lattice for Gaussian interaction func-
tions among orthorhombic lattices) For {c;} as above, let

su-

_ Ua(t) _ Oay Z+1/2
Q) = Us(t)  O4,24(cx H

sﬁ-

We have Q'(0) =0, Q'(t) > 0 fort <0 and Q'(t) < 0 fort > 0. In particular, t = 0 is the only
0
strict mazimizer of t = pa,za () = Aff%/?zj)(a), where cq is the center of the fundamental cell
’ A

Of AtZd.
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3.2 Minimization in v at fixed L

The main motivation for the study in this subsection is the negative result of the first part of
Theorem 3.11, which shows that if we minimize 07, («) for varying L, in general no minimizer

exists.

3.2.1 Convergence to a local problem in the limit o — 400

The following result expresses the fact that the minimization of u +— 614, («) has as & — 400 the

same result as the maximization of u — dist(u, L).

Theorem 3.17. Let A be a Bravais lattice in R and let ¢ be a solution to the following optimization

problem:
max min |’ — p|.
c/cRd peA
For any x € R? there exists o such that for any o > ay,
Oate(@) < Orta().
Proof. Writing A% := \/aA we have
Onsela) = 3 e-reval’

pEA”

= Z e~ lpteval® 4 Z e TIpteval®

PEA® |pteval<Vdy PEA?, [pteval>Vdy
By [5, Lem. 18.2], we have that for v > 1/2m,
Z e~ mIpeval® < (2%7)%67d7r7+d/29/x0 ().
PEAY Iptey/al>/dy
Moreover, for any = € R?, we have (see [5, Pb. 18.4])
Or(a) < e g, ().
Thus, for any = € R?, we get
Basela) < Yoo el (2 220, (a)

PEA, [ptc|<y/dy/a

< Z efw|p+c\/a\2 + (27T,y)%efdﬂﬂ/+d/2e7ra\:v\29/\+$(a).

Ipt-c|<+/dry/ o
|ul?

2
Taking « so large that % > % and v := aT we have

eh: prd<yTy=n

Furthermore we have that the factor in (3.12) rewrites as

d
2 2
(2my) B dmrtd/2gmalel? — ol <_Za> e/2]clf,

(3.10)

(3.11)

(3.12)

Therefore if |z| < |¢| then there exists o, such that for any a > ag, the inequality (3.11) holds.

Now notice that unless z also solves (3.10) there exist p,q € A such that [p —z| < |¢—¢|. In

this case, we note that 054, = 0r4p4. and thus we reduce to the case |z| < |c|, as desired.
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Note that in the case of 2-dimensional Bravais lattices for which a fundamental domain is the
union of two triangles with angles < 7 /2 the points ¢ solving (3.10) are the circumcentres of the
two triangles. For a rectangular lattice we find that ¢ is the center of the rectangle, while for the
equilateral triangular lattice Ay we have that ¢ = (1/2,1/24/3) is a minimizer for a — +o00.

3.2.2 Asymptotics of @ — 0 by Poisson summation for d = 2

Let A be a Bravais lattice in 2 dimensions and € R?, then we have, for any a > 0, by the Poisson
summation formula:

2
9A+a: n Z T1e*+-2im (e m)
| | LeA*
Thus we get
1 )
OAta (E) = alA|7! Z el g2im(b) alA| Z el cos(m(l,2x)). (3.13)
Le* teA*

Now, up to a rotation and reflections we may suppose that the matrix basis B of A is in the form

a b
pu— > > .
B (0 a1>’ fora>1,6>0

Then the matrix of the basis of A* is (BT)~!. Therefore,
AN =Z(a"', ~b) +Z(0,a).

Let 4y, 5 := m(a,—b) +n (07 ) be a point of A*, z = s(a,0) + ¢ (b, ail) then we have, for any
(m,n) € Z* and any (s,t) €[0,1/2)?,

(b 2z) = 25m + 2tn.

For the first layer Cy of A*, that is to say for any £ € A* such that |¢|> = , I[{ll{l{ , 1012, we get
"eA*\{0

Z e~ ol bm.nl® cos(m (U n, 22)) = Z e mellm,nl? cos(2m(ms + nt)). (3.14)
(m,n)eCi (m,n)eCi

We now aim at proving a result about the asymptotics of best translation vectors x, as a« — 0. We
use the following definition:

Definition 3.2. We say that C is a set of asymptotic strict minimizers of z — Or4.() as
a — ap € [0,00] if there exists ¢ € C' such that for each x ¢ C + A there exists a neighborhood of
g, denoted Uy, such that for all o € U, there holds

9A+C(Oz) < Orsq (a)

Note that the above is very similar in spirit to Definition 2.3, however here we minimize over
the translation vectors z while in Definition 2.3 we were minimizing over translation patterns s.

Theorem 3.18. Let A be a Bravais lattice in R?. Then the asymptotic minimizers C of x
Or+2(a) as a — 0 are as follows:

1. If A is the triangular lattice then C contains only the center of mass of the fundamental
triangle.
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2. If A is thombic® then C contains only the center of the fundamental rhombus.
8. If A is not rhombic then consider the second layer Co of A*:

(a) If Cy has cardinality 2 or 6 then C' contains only the center of the fundamental unit cell.

(b) Else, if A is the matriz which transforms the unit cell of Z* to the unit cell of A, then

Proof. We have three options, corresponding to C of cardinality either 6 or 4 or 2, and to lattices
A of decreasing symmetry:

1. For the case |C1]| = 6 we have that A is a triangular lattice and C; corresponds to £y, ,, for
(m,n) € {£(1,0),£(0,1),£(1,1)}. In this case |¢|> = 4/3 on the first layer and we compute

(3.14) = 25 (cos(2ms) + cos(27t) 4 cos(2m(t + s)))
= 2e 5 (2cos(m(t + s)) cos(m(t — s)) + 2cos*(m(t +5)) — 1)

4n ar

=4de 3 %cos(m(t + s)) (cos(m(t + s)) + cos(m(t — s))) — 2¢e~ 3

4an s

—8e 5 cos(m(t + s)) cos(mt) cos(ms) —2e~ 3% > —3e” 3%,

with equality if and only if s € 1/3+Z or t € 1/3 + Z.

2. The case |C1| = 4 corresponds to rhombic lattices different from the triangular one, in which
up to change of basis of A and A*, C; has (m,n) € {£(1,0),+(0, 1)} and similarly to above, we
consider the sums like (3.14) and to find optimal (s, t) we have to minimize cos(27s)+cos(2mt)
and thus we find that s,t € Z + 1/2.

3. For |Cy| = 2 we find precisely the non-rhombic lattices A and up to changes of base of A we
find Cy to have (m,n) € {£(1,0)}. Here we have to minimize a formula like (3.14) giving
just cos(2ms) and thus we find s € Z 4+ 1/2 but ¢ remains undetermined. To determine ¢ we
have to look at the second layer, which again, can have either 6, 4 or 2 lattice points:

(a) If |C2] = 2 then up to a change of basis that keeps C; fixed we have Cy = {{,,, :
(m,n) € {£(0,1)}} and via the discussion of the sum like (3.14) over the layer Co we
directly find ¢ € Z + 1/2 precisely as above.

(b) If |C5| = 6 then up to a change of basis keeping C fixed we find Cy has coefficients
(m,n) € {£(0,1),£(1,1),4(2,0)}, and we find that the minimization corresponding to
(3.14) for the second layer and with s € Z + 1/2 gives cos(2nt) 4 cos(2n(t +1/2)) = 0,
thus we have to discuss the third layer. Up to rotation and dilation A*’s generators are
(1,0),(—1/2,4/15/2). In this case we find that C3 has coefficients {4(1,—1),4(2,1)},
Cy has coefficients {£(2,0)}, giving no constraint on ¢, but Cs has only coefficients
{£(2,—1)} which gives an expression uniquely minimized at ¢ € Z + 1/2.

(¢) If |Co] = 4 then up to a change of basis keeping Cy fixed we find C corresponds to
(m,n) € {£(0,1),4(1,1)}, which again gives no constraint on ¢. Up to rotation and
dilation A*’s generators are (1,0),(—1/2,z) with = €]v/3/2,4/15/2[. We find several

possibilities:
i. If v/3/2 < 2 < 1, then C3 = {#£(1,—1),£(2,1)}, gives no constraint on ¢ and Cy
has coefficients {£(1,2)} gives the minimization of cos(4nt + m) = — cos(4nt) and

so we have t € %Z + %. It seems that the remaining layers (we calculated them in

SRecall that a two-dimensional lattice is called rhombic if up to rotation it is generated by vectors of the form
(a,b),(0,2a), and the fundamental rhombus is then the convex polygon of vertices (0, 0), (a,b), (2a,0), (a, —b).
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some special cases till Cyg give no contribution allowing to decide whether there is
a unique minimizer among t € Z + % and t € Z + %, so we conjecture that they are
both asymptotic minimizers.

ii. If x = 1, then Cj is as before and Cy has coefficients {£(1,2),+(2,0)} and again
telz+1

2 1

iii. If 1 < o < v/7/2, then Cj3 is as before, Cy has coefficients {#(2,0)} and Cs has
coefficients {£(1,2)} is the deciding layer and we obtain again t € %Z + i.

iv. If z = v/7/2 then C3 has coefficients {#(1,—1),+(2,1),£(2,0)} and again the de-
ciding layer is Cy, which this time has coefficients {(£(1,2)} and the minimizers are
tesZ+ 1.

v. If V7/2 < 2 < 5/(2v/3) then C3 has coefficients {#(2,0)},Cy = {£(1, 1), £(2,1)}
and the decisive layer is C5 has coefficients {+(1,2)} and the minimizers are t €
17+ 1.

vi. If 2 = 5/(2v/3) then the first 4 layers are as above, but Cj has coefficients
{£(1,2), £(2, —1),£(3,1)}, which again leads to the minimizers t € 3Z + 1.

vii. If 5/(2v/3) < @ < 3/2 then the first four layers are as before, C5 has coefficients
{£(3,1),£(2,—1)} gives zero contribution and Cg has coefficients {£(1,2)} gives
minimizers ¢ € %Z + %.

viii. If x = 3/2 then the first 5 layers are as in the previous case but now Cg has
coefficients {#£(1,2),£(3,0)}, still leading to ¢t € Z + 1.

ix. If 3/2 < x < v/11/2 then the first 5 layers are as in the previous case but now Cg has
coefficients {£(3,0)} and C7 has coefficients {£(1,2)}, still leading to t € 1Z + .

x. If x = +/11/2 then the first 4 layers are as in the previous case and C5 has coefficients
{£(2,-1),£(3,0),£(3,1)} however the decisive layer is Cg, which has coefficients
{£(1,2)} and which gives t € 1Z + 1.

xi. If V/11/2 < 2 < v/15/2 then the first 4 layers are as in the previous case but C has
coefficients {£(3,0)},Cs has coefficients {£(2,—1),%(3,1)} and the decisive layer
is C7 which has coefficients {£(1,2)}, giving ¢t € 1Z + 1.

Now, if the quantity corresponding to the sum of the layers below or in the decisive layer is strictly
larger than the minimum, then for a large enough the difference with the minimum will give a
contribution which surpasses the contributions from all layers different than Cy, therefore by the
above subdivision in cases we obtain the result. O

Conjecture: For the Bravais lattices which are very asymmetric as in the last point above,
both points in C are separately realizing the minimum of x — Op4x(a) as a — 0.

This is not provable via examination of layers, but in several cases we explicitly observed all the
layers of A* up to Cyp and we never found a contradiction to the conjecture. We thus have strong
motivation to think that it is true. Perhaps it can be proved by symmetry considerations on the
layers of A*.

4 Optimality and non optimality of BCC and FCC among body-

centred-orthorhombic lattices

The goal of the present section is to study the minimization of L — 67 («) among a class of three-
dimensional Bravais lattices L composed by stacking at equal distances a sequence of translated
rectangular lattices with alternating translations (corresponding to a sequence of periodicity 2 in
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Section 2). This kind of systems was numerically studied by Ho and Mueller in [34]. Indeed, in the
context of two different Bose-Einstein condensates in interaction, in the periodic case, they proved
that a good approximation of the energy of the system is given by

E(;(L,u) = (9[,(1) + 50L+u(1)7 (41)

where L C R? is a Bravais lattice, u € R? is the translation between the two copies of L and
—1 < § <1 is a parameter which quantifies the interaction between these two copies of L. While
the case 0 < 0 gives (A1,0) as a minimizer of Es (i.e. the condensates are juxtaposed), varying
0 from 0 to 1 gives a collection of minimizers composed by a triangular lattice that is deformed
almost continuously to a rectangular lattice and where the translations correspond to the deep hole
of each lattice (see [34, Fig. 1] or the review [30, Fig. 16 and description]). It is interesting to note
that numerical simulations give strong support to the conjecture that also Wigner bilayers show
the same behavior as Bose-Einstein condensates, as presented in [43, 3].

In the present section, we focus on the minimization in which L is allowed to vary only in the
class of rectangular lattices, but where 01 («) is allowed to vary beyond the case a = 1, and for
0 which is allowed to depend on « and on the distance ¢ between the layers of L (compare the
expression of the energy E;(y,«) below to (4.1)). Also note that, by a special case of Theorem
3.10, in the case of a rectangular lattice L = L, (see precise notations below), the minimizing u
in (4.1) equals the center ¢, of the fundamental cell of L,, thus we are justified to fix this choice
throughout this section.

Definition 4.1. For any y > 1 and any t > 0, we define the body-centred-orthorhombic lattice of
lengths \/y, 1/\/y and t by
Lys = | (kr + s(k) + Ly),
keZ
where L, = \/yZ @ %Z is a rectangular lattice of lengths \/y and 1/\/y, 7 = (0,0,t/2) and
s(k) =cy = (\/y/2,1/(2\/y)) if k is an odd integer and s(k) = 0 if k is an even integer.
Define also the lattice
vo=J kT + ' (k) + L),
keZ
where L is the dual of L, which is generated by (1/\/y,£yy), 7 = (0,0,t7) and §'(k) =
(1/(2y/y),+/¥/2) if k is an odd integer and s'(k) = 0 if k is an even integer.

Note that Ly is the anisotropic dilation of the BCC lattice (based on the unit cube) along the
coordinate azes by \/y,1/\/y,t respectively, whereas Ly, is the dilation of the FCC' lattice (again
based on the unit cube) by respectively 1/./y,/y,1/t.

Lemma 4.1. For anyy > 1 and t > 0, the dual lattice of Ly is Ly ;.

Proof. Let us consider the generator matrix of L, ; given by

Therefore, the generator matrix of Ly , is B* = (BT)=1 ie.

y—1/2 0 0
B* = 0 y/2 0
_1 _1 2

t Tt
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Then we observe that the coordinates of a generic point of L , are (c1, c2,¢3) = (y=Y2h, y*/ %k, 1/t(2n—
h —k)),h,k,n € N, which can be expressed as

{(e1,¢2,¢3) : Jycr + ca/\/y + tez = 0(mod2)},

which shows that this lattice corresponds to L ; as in the above definition. O
The energy of L, ; is given by

Ey(y,a) :=0r,,(a) = 03(t°a)0r, () + b2(t)0L, 1., ()
= 03(t*)03(ya)03(cv/y) + 2 (t>cx) B2 () B2 (r/y)
= 63(t2a) {f&oz(y) + Pt,afla(y)}

where the classical Jacobi theta function 6; are defined by (3.3), fia(y) == 0i(ay)b; <2> for any
)

i€{2,3} and
0> (%)
- 2 _ 2
Pta = pz,1/2(t a) = 65(20) <1,

by Proposition 3.6. The goal of this part is to minimize the previous energy among y € [1,+00),
for fixed o, t. We summarize our result in the following theorem.

Theorem 4.2. We have the following results:
1. For any t > 0 and any o > 0, a minimizer of y — 0r, ,(a) belongs to [1; V3];

2. For any o > 0, there exists to(a) > 0 such that for any t < to(e), y =1 is not a minimizer
of y =0, (a);

3. For any t < /2, there exists oy such that for any o > a4, y = 1 is not a minimizer of
y+— 0p, (). In particular, for t =1, there exists oy such that

(a) for a > ay, the BCC lattice is not a local minimizer of L — 0r(a) among Bravais
lattices of unit density,

(b) for a < 1/aq, the FCC lattice is not a local minimizer of L — 0r(a) among Bravais
lattices of unit density.

4. For ao=1 and any t > 0.9, y = 1 is the only minimizer of y — 0, (). In particular, for
t =1, the BCC lattice is the only minimizer of L — 61,(1) among Bravais lattices (Ly 1)y>1.

Remark 4.3. The third point shows that the minimization of L +— 601 («) is quite different from
the minimization of L — (1(s) for which FCC and BCC lattices are local minimizers for any s > 0
(see Ennola [24]). We will present below an algorithm allowing to rigorously check the minimality
of y =1 for any chosen a > 0 and any ¢ > ty(«) (not only for v = 1).

Remark 4.4 (fixing the unit density constraint). We note that for a > 0 the volume of the unit
cell of the lattice aL, is a* and the distance between layers in the direction orthogonal to L,
after replacing ¢ by at becomes a|t|/2. This means that the unit cell of the rescaled layers is of
volume a?[t|/2. The constraint of our scaled layered lattice having average density 1 becomes the
requirement that
21/3
a = m

The analogue of Fy(y, a) for the rescaled lattice aL,; and imposing the unit density requirement
above, is
2

2/3
HLy’t(a2a) =0,,(8), for B:= (;) a.

31



If we represent the BCC in our framework we have to use t = 1,y = 1 to start with, and then we

have

Beoc = 2*a.

For the FCC, after a rotation of 7/4 in the zy-plane followed by a dilation (of all three coordinates)
of 21/2 we see that it corresponds to y = 1,¢ = v/2, and we have

Broo = 2"%a.
Lemma 4.5. For any a > 0, we have:
1. the function f34 is increasing on (1,400), minimum at y =1 and féia(l) > 0y
2. the function f2 o is decreasing on (1;+00), mazimum aty =1 and fé’,a(l) < 0.

Proof. The monotonicity of both functions is a direct consequence of [25, Thm. 2.2]. Furthermore,
we have for any i € {2, 3},

(1) = af (a)bi(a) — afi(a)? + bi(a)0i(a),

and our statement about the sign of both second derivatives follows from [25, Thms. 2.3 and
2.4]. O

Proposition 4.6. Let g4 (y) := f3.4(y) + f2.a(y), then, for any a > 0,
1. g is decreasing on (1;4/3) and increasing on (v/3;400);
2. we have g (1) < 0.

In particular y = \/3 is the only minimizer of g, on [1;+00).

Proof. For any a > 0, we have, by Poisson summation formula and writing g = =

9a(y) = f3.0(y) + f2,0(y)

_ Z e—ﬂoz(me—f—’TTQ) + Z e—7r

2
a(y(m+1/2)2+7(n+11/2) )

m,ne” m,ne”
2
_ l Z o Ta~ yn +m + 1 Z o %)eiw(ern)
«
m,ne’ mneZ
1 ra—t (yn2em2
=— Z e <yn v >(1—i—cos(7r(m—i—n))
(6%
m,ne”
2 1 2, m2
L2 s )
«
m,ne’
m4+ne€227Z
2 —Tra (yn +(2k—"))
== ¢
«
k,n€eZ
2 4m n\2
= —_ e—;yn e ya(k )
(6%
k,neZ
_2 S et g
«
k,neZ
2

Q

-20(8-3.9)
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where for the definition of 8(3; X,Y") we use the notations of Montgomery [33, Eq. (4)]. We recall
(see [33]) that for any 5 > 0 the function (X,Y’) — 6(5; X,Y) admits only two critical points: the
1 V3

3 T>’ in the half modular domain

saddle point (0,1) and the minimizer
D:={(z,y) ER*0<z<1/2,2° +y* > 1}.
Thus we get:

1. y = /3 is the only minimizer of y — 6 (8;—3,%), because (—1/2,v/3/2) and (1/2,/3/2)

both correspond to the same (triangular) lattice, by modular invariance z — z + 1;

2. y = 1 is the second critical point, because (—1/2,1/2) and (0, 1) both correspond to the same
(square) lattice, by modular invariance z — _lerl + 1.

Actually, as explained in [1, Prop. 4.5], by applying the transformation z + ——= + 1, the line

z+1
{(a,b) € R%a = —1/2,y > 1/2} is sent to the quarter of the unit of circle centred at 0 with
extremes (0, 1), (1,0), which in particular passes through (%, @) Now for any ¢ € [0,7/2], we
have

g(9) := 0(B; cos ¢, sin @)
'(¢) = — sin ¢9,,0 + cos $0,,0
"(9) = — cos 60,0 + sin® 37,0 — sin ¢ cos 37,0 — sin $9,0 — cos @ sin ¢y 0 + cos” ¢}, 0.

Q @

Since 8,0(8;0,1) = 0, it follows that §”(w/2) = 92,0(3;0,1). Let us prove that 92,0(3;0,1) < 0.
By Poisson summation formula, we get

0(3; X, Y)= Y e A mmBlminX)tY

m,n€z
= ey i [
e keEZ 0
_ % Z o~ TBY N2 —mk?Y/B (2mknX) .
nk

Hence, we obtain

2
g'(m/2) = 0%x0(5;1,0) = —% 267”5”267”’?2/5142712 < 0.

n,k
It follows that ¢/ (1) < 0. O
Remark 4.7. In Proposition 4.6 we show that the energy (L,u) — 6r(c) + 014 (a) is minimized
among rectangular lattices. This energy seems to be minimized by L = #Z x 3147 and u =

2%x31/47 2
numerically by Mueller and Ho).

< L %), among all Bravais lattices of density one (see the diagram [34, Fig 1.e] obtained

Thanks to this result, we can prove the first point of Theorem 4.2.

Lemma 4.8. For any a > 0 and any t >0, y — Ey(y;a) is an increasing function on [V3, +00).
Consequently, for any t > 0 and any o > 0, a minimizer of y — Ei(y;a) belongs to [1;/3)].
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Proof. Let a,t > 0. On [V3,+00), gh(y) = f4,(y) + f5.4(y) > 0, therefore
OBy ) = fia) + prafba) = fiaW)(1 = pra) >0
because f3 ,(y) >0 and pt o < 1. O

Lemma 4.9. For any y > 1, we have E(y; o) > Ey(1;a) if and only if

— f3704(y) - f3,oz(1)
. fZ,a(l) = f2.2(y)

Proof. For any y > 1, f34(y) — f3.o(1) > 0 and f34(1) — f2,o(y) > 0, thanks to the minimality of
y =1 for f3, and its maximality for fs,. O

ha(y)

= Pt

Lemma 4.10. For any o > 0, we have

oty = L) adl(a)sa) — ath(a) +d@thic) _
A1) —atg(@)fa(a) + ady(a)? — f2(a)bs()
Proof. Use a Taylor expansion and the fact that gp (1) = f3,(1) + f3,(1) <0. O

0.9
0.8
0.7+
0.6
0.5—-
0.4
0.3
0.2—-

0.1

Figure 1: Values of a — hq(1)

Proposition 4.11. For any a > 0, there exists to(a) such that for any t < to(a), ha(l) < pra
and for any t > to(a), ha(1) > pro. In particular, for t < to(a), y = 1 is not a minimizer of
y = E(y; ).

Proof. By Proposition 3.6, we know that ¢t — p;, is a decreasing function and lim; 0 pt.o = 1.
Hence the existence of ¢g(a) is proved. Furthermore, if t < ¢g(c), then ho(1) < pto and by Lemma
4.9, y = 1 cannot be a minimizer of Ey(.; ). O

Remark 4.12. In Figure 2, we have numerically computed the explicit values of ¢y(«), 0.1 < a <
10.
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Figure 2: Graph of a + to(a), s.t. ha(1) = py(a),as on [0.1,10]

Proposition 4.13. For any t < /2, there exists o such that for any o > ay, ha(1) < Pty G-€.
y = 1 is not a minimizer of Ey(.;a). Furthermore, for any t > /2, there exists oy such that for
any o > ay, ho(1) > pro.

Proof. We have

ha(1) = pra = ad(a)f3(a) — abdy(a)? + 03(a)0s () _92(t2a)
¢ P —afll (@) (a) + abh(a)? — Oa(a)fh(a)  03(t2a)
_ abi(a)f3(a)b3(t*a) — abi(a)®fs(t%a) + O3(c)05(e)05(t>)
93(t2 ) (a3 (a)b2(a) + aby(a)? — O2(c)05(cv))
L at3(a)f 2(@)fa2 () — ah(@)?02(t*ax )+9( )03 ()0 (£ cx)
93('52 ) (a3 (a)bz(a) + aby(a)? — Oa()05(cv))
2mlae ™ — 2m2qe 2T — e T — o e—me((t2+2)/4)

as o — +oo.

O3(t2a) (—afy ()0 () + aby(@)? — Oa(a)f5(a))

L2 ,
Thus, if < 1,ie. t <2, then, as a — +00,

_zema((#*+2)/4)
oll) = Pre ™ 0] (ol (a)ale) T o) — (@)

Furthermore, if ¢t > \/5, then

2m2qe
ell) = Pt ™ G 20) (ot e o) + (@) — Ba()dy(a)

O

Remark 4.14. We give two numerical illustrations of this result in Figure 3 (for ¢ = 1) and Figure
4 (for t = 2).
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Figure 3: Graph of a +— hq(1) — p1,o on [0.1, 5]

0.9
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0.7
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0.3

0.2

0.1+

Figure 4: Graph of a — hq(1) — p2,o on [0.1, 5]

Corollary 4.15. (BCC and FCC are not local minimizers for some o) There exists oy
such that for any o > aq, y = 1 is not a minimizer of y — E1(y; ), i.e. the BCC lattice is not a

local minimizer of L — 01 («) among Bravais lattices of fized density one.

By duality, the FCC lattice is not a local minimizer of L — 0r(a) for a < 041_1.
Proof. Tt is clear by Proposition 4.13 because |[BCC| = |Li | =1 <= t=1< /2.

Remark 4.16. As FCC and BCC lattices are local minimizers, at fixed density, of L — (1.(s) for
any s > (0, we notice that the situation for the theta function is more complex and depends on the
density of the lattice (i.e. on «). Numerically, we find that «; ~ 2.38, and then al_l ~ 0.42.

Lemma 4.17. For any a > 0, we have aijt(l; a) > 0 if and only if t > to(a).
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Proof. As 8§yEt(1; @) = f5 o (1) + prafs (1), we get

5.0(1)

———~ < pra = ha(l) < pra = t>to(a).
- 2704(1)

02, Ey(l;0) >0 <

Numerical investigations justify the following conjecture:

Conjecture 4.18. For any a > 0 and for any t > to(a), y — Ei(y; ) is a increasing function on
(1,4/3]. And then, y = 1 is the only minimizer of Ey(.; ).

In order to prove the conjecture for some values of (a,t), we need the following result:
Lemma 4.19. Let yo < y2 and f € C3([yo, ya]) be such that
1. f'(yo) = 0;

2. f”(y(]) > 0;

3 "Moo == max |f"(y)| < K.
y€[yo,y2]

Let y1 := o) \/fl/(ly{o)z i 2Kf/(y0), then for any y € (yo,yo + ], f'(y) > 0.

Proof. By Taylor expansion, we know that, for any y > o,

oo
2

F' ) = (o) + " (o) (v — o) (y—y0)*.

For any X >0, let P(X) := —AX? + BX + C, where A = %, B = f"(yo) and C = f'(yo). It
is clear, by definition of f, that P admits two roots of opposite signs. The positive one is

_ ") + V" (o)* + 2F (o) 1" [l
1" lloo ’

X1:

and P(X) > 0 on (0,X;). Now we notice that x +» tvatbr V;'H’x is a decreasing function of x for
any a,b > 0. Thus, since ||f"| < K, we get X7 > yj. Therefore, for any y € (yo,yo + y1],

f'(y) > 0. O

Lemma 4.20. For any t > 0 and any o > 0,

IE oo := sup |E{(y;0)| < Kq
ye(1,v3]

where
3
Ko:=>_ a®0(a)|0i(a/V3) + a0;(c) 6" (/ V'3)| + 306} () |6;(cr/ V/3)]
i=2

+ 50216; ()|} (/ V3)| + 302|6;(c)|6] (0/V/3) + Gabi()0; (o) V/3)
+20216;(0)10:(/ V3) + 20%6;(a) 0]/ V/3)| + 40?0:()0] 0/ V/3).

Proof. We get easily the result by using the fact that [pq| < 1 and the decreasing of ¢ +— [0()(t)]
on (0,4o00) for any k € N. O
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Algorithm allowing for checking the conjecture for fixed a,t: We start by defining

Yo =1,
ag = Ellﬁ(lﬂa) = Oa
bo = E{’(l;a) > 0.

Now, by recursion and using both previous lemmas, if a; > 0 and b; > 0, while y; < v/3, we compute

E! (yis ) + 1/ B (yi; )2 + 2K El(yi; )
K, )

Yirl = Yi +
aij11 = Ezlt(yiJrl; 04),
bitrj = E} (yiy1; ).

We have just a finite number of first and second derivatives of Et(.; a) to compute, which we do
numerically. Thus, it is possible to rigorously check that y — E}(y; «) is increasing for every desired
a and every t > to(a).

Lemma 4.21. If y — Ey(y; ) is increasing on [1,v/3) for some o > 0 and t' > to(a), then it is
always true for any t > t'.

Proof. Note that ¢ +— Eé(y, @) is increasing for any y, a since t — py o is decreasing and fia(y) <0
for any y > 1. O

Proposition 4.22. For a =1 and any t > 0.9, y = 1 is the unique minimizer of y — Et(y; a). In
particular, fort =1, the BCC lattice LT* is the only minimizer of Ly~ 0, ,(1).

Proof. We use the previous algorithm for « = 1 and ¢t = 0.9. We get, after 13 steps:

y a b

1 0 5.7185
1.1182 | 0.0009 | 4.2545
1.2063 | 0.0024 | 3.4958
1.2792 | 0.0043 | 3.0105
1.3428 | 0.0064 | 2.6649
1.4002 | 0.0086 | 2.4017
1.4532 | 0.0108 | 2.1918
1.5029 | 0.0131 | 2.0188
1.5504 | 0.0154 | 1.8724
1.5960 | 0.0177 | 1.7461
1.6403 | 0.0199 | 1.6354
1.6836 | 0.0223 | 1.5372
1.7262 | 0.0246 | 1.4492

with y13 = 1.7683 > /3. Thus, y — FEo9(y;1) is increasing on [1,+/3) and it follows that y = 1 is
the unique minimizer of y — Fy(y; 1) for any ¢ > 0.9. O

Remark 4.23. Clue for the minimality of BCC and FCC lattices. By Proposition 4.13
with |[FCC| =1 <= t = /2, we can reasonably think that there is as such that for any o > as,
y = 1 is the only minimizer of y — Eﬁ(y, a), i.e. the FCC lattice is the only minimizer of the
theta function among lattices L, ; with t = V2. Our algorithm allows us to prove this result for «
as large as we wish.

By duality, the BCC lattice is then expected to be a minimizer for any o < a5 ! among dual
lattices Ly , with ¢ = 1, of the theta function. Our algorithm is also efficient here to prove this for
« as small as we wish.
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