N

N

Lp Estimates For Degenerate Non-Local Kolmogorov
Operators
L. Huang, S. Menozzi, E. Priola

» To cite this version:

L. Huang, S. Menozzi, E. Priola. Lp Estimates For Degenerate Non-Local Kolmogorov Operators.
Journal de Mathématiques Pures et Appliquées, 2017. hal-01349567v2

HAL Id: hal-01349567
https://hal.science/hal-01349567v2
Submitted on 16 May 2017

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01349567v2
https://hal.archives-ouvertes.fr

L? ESTIMATES FOR DEGENERATE NON-LOCAL KOLMOGOROV OPERATORS

L. HUANG, S. MENOZZI, AND E. PRIOLA

ABSTRACT. Let z = (z,y) € R? x RN=4 with 1 < d < N. We prove a priori estimates of the following type :

N N
||AEU||LP(RN) < cpHva—i— Z aijziﬁzjv‘ 1<p<oo,

i,j=1

LP(RN)Y’

for v € C§° (]RN)7 where L, is a non-local operator comparable with the R?-fractional Laplacian Ax% in terms
of symbols, a € (0,2). We require that when L is replaced by the classical Ré-Laplacian Az, i.e., in the limit
local case o = 2, the operator A, + sz‘\szl agj ziazj satisfy a weak type Hormander condition with invariance
by suitable dilations. Such estimates were only known for e« = 2. This is one of the first results on LP estimates
for degenerate non-local operators under Hérmander type conditions. We complete our result on LP-regularity
for L, + Zf\szl a;j ziazj by proving estimates like

oy N
1Ay vllLe@ny < cpHsz—l- Z a;52i0z;v
4,j=1

Lp(RN)’

involving fractional Laplacians in the degenerate directions y; (here a; € (0,1 A «) depends on « and on the
numbers of commutators needed to obtain the y;-direction). The last estimates are new even in the local limit
case a = 2 which is also considered.

1. INTRODUCTION AND SETTING OF THE PROBLEM

We prove global LP-estimates of Calderén-Zygmund type for degenerate non-local Kolmogorov operators
(see (L) below) acting on regular functions defined on RY. This is one of the first results on L? estimates
for degenerate non-local operators under Hérmander type conditions. To prove the result we combine analytic
and probabilistic techniques. Our estimates allow to address corresponding martingale problems or to study
related parabolic Cauchy problems with LP source terms.

In particular, we consider operators which are sums of a fractional like Laplacian acting only on some
(non-degenerate) variables plus a first order linear term acting on all N variables which satisfies a weak type
Hormander condition with invariance by suitable dilations (see, for instance examples (7)), (L8]), (T9) below).
We obtain maximal LP-regularity with respect to the Lebesgue measure both in the non-degenerate variables
and in the remaining degenerate variables. In the degenerate variables our estimates are new even in the well-
studied limit local case when the fractional like Laplacian is replaced by the Laplacian. They are also related
to well-known estimates by Bouchut [Bou02] on transport kinetic equations involving only one commutator;
our estimates depend on the number of commutators one needs to obtain the degenerate directions.

We stress that LP estimates for non-local non-degenerate Lévy type operators have been investigated for a
long time also motivated by applications to martingale problems. Significant works in that direction are for
instance [Str75], [Koc89], [MP92], [Hoh94], [BK0T7], [DKI12], [Zhal3|], [[KI6]. Such operators also naturally
appear in Physical applications for the study of anomalous diffusions (see e.g. [BBMOI]). However, the
corresponding degenerate problems have been rarely addressed and our current work can be seen as a first step
towards the understanding of regularizing properties, of hypoellipticity type, for degenerate non-local operators
satisfying a weak type Hormander condition.

To introduce our setting let 1 < d < N and consider first the following non-local operator on R%:

(11) LU¢(£) = /]Rd (¢($ + Uy) - ¢($) - V(b(,T) 'Uy]l\y\gl)y(dy)v T € Rdu
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2 L. HUANG, S. MENOZZI, AND E. PRIOLA

where |, <; is the indicator function of the unit ball, the function ¢ € C§°(R?) (i.e., ¢ : R — R is infinitely
differentiable with compact support) and the matrix o € R? @ R satisfies the non-degeneracy assumption:

(UE) There exists £ > 1 s.t. for all z € RY,
r ol < (o0t s, 7) < Alal?,
where | - | denotes the Euclidean norm, (-, ) or - is the inner product and * stands for the transpose; v is a non-

degenerate symmetric stable Lévy measure of order o € (0,2). Precisely, writing y = ps, (p,s) € Ry x S471,
where S9! stands for the unit sphere of R?, the measure v decomposes as:

(12) v(ay) = LG

3

where fi is a Borel finite measure on S?~! which is the spherical part of v. If ¢ = I;x4 (identity matrix of R?)
and fi is proportional to the surface measure then Ly, , coincides with the fractional Laplacian on R? with
symbol —|A|*. The Lévy symbol associated with L, is given by the Lévy-Khintchine formula

) = [ (M) <1 (oA ) By (), A€ R
R4
(see, for instance, [Sat05], [Jac05] and [App09]). From Theorem 14.10 in [Sat05], we know that
W) == [ 1o Al uds),
gd—1

where p = Cy qft for a positive constant C, 4. The spherical measure p is called the spectral measure associated
with v. We suppose that p is non-degenerate in the sense of [Wat07]:

(ND) There exists n > 1 s.t. for all A € R?,
(1.3 < [ Ius) < ala

We now introduce our (complete) Kolmogorov operator in the following way. Let x = (x1,---,%,) € RV,
n > 1, where each x; € R%, with d; = d,

di>dy>....>2d, >0, N=dy+do+.. +d,.
We define for a non-degenerate matrix o € R? @ R? satisfying (UE) and ¢ € C§°(RY) the following operator:

(1.4) Lop(x) = (A, Vxp(x)) + Lop(x), xRN,
where
(15) Lop(x) = / (ot Boy) = () = V() - oyl 1 ) v(dy) = vop. / (et Boy) = p(x) ) vdy).
14, x4
0dyxd
and B = . is the embedding matrix from R? into RV. Also, the matrix A € RY @ RY has the
04, xd
following structure (cf. examples (1), (L8) and (T3)):
Osd Odxd,
A1 Odyxds Odsxd,,
(1.6) A= Ogyxa Asp2 e Odyxd,
0 ' ' :
Od, xda - Od, xdp_» Anmn-1 0d,xd,

The only non-zero entries are the matrices (Am-,l)ieH2 n]]El. We require that A;,_1 € R4 @ R%-1. Moreover

we assume that A satisfies the following non-degeneracy condition of Hérmander type:

(H) The (Am-_l) are non-degenerate (i.e., each A;;_1 has rank d;).

i€[2,n]

IWe use from now on the notation [-, ] for integer intervals.
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According to [LP94] (see also [BCM96] and [DMI0]) the previous conditions (UE) and (H) imply in the limit
case o = 2, i.e., when L, is a second order differential operator like %Tr(aa*Dil), the well-known Hormander’s
hypoellipticity condition for £, involving n — 1 commutators starting from oDy, and (Ax, Vy-) (cf. [Hor67]).
Precisely, our conditions on the matrix A are the same as in [BCM96]. Note that in the case o = 2 operators
L, are also considered from the control theory point of view (see [BZ09], [RM16] and the references therein).

In our non-local framework, assuming additionally (ND), even though no general Hérmander theorem seems
to hold (cf. [KT01]) the Markov semi-group associated with £, admits a smooth density, see e.g. [PZ09].

We say that assumption (A) holds when (UE), (ND) and (H) are in force. In the following, we denote by
C:=C((A)) > 1orc:=c((A)) > 1 ageneric constant that might change from line to line and that depends on
the parameters of assumption (A), namely on « € (0, 2), the non degeneracy constants x,n in (UE), (ND) as
well as those of (H) and the dimensions (d;);ec[1,n]. Other specific dependences are explicitly specified. Let us
shortly present some examples of operators satisfying the previous assumptions (A) with o equal to identity:

A basic example is given by the following:
(1.7) L= A% +%1- Ve,

where x = (x1,%2) € R2?¢, d > 1; this is the extension to the non-local fractional setting of the celebrated
Kolmogorov example, see [Kol34], that inspired Hormander’s hypoellipticity theory [Hor67] in the diffusive
case (in this case we have N = 2d, n = 2 and d; = d2 = d). From the probabilistic viewpoint, £ corresponds to
the generator of the couple formed by an isotropic stable process and its integral. Such processes might appear
in kinetics/Hamiltonian dynamics when considering the joint distribution of the velocity-position of stable
driven particles (see e.g. [Tal02] in the diffusive case or [CPKMO5|] for the non-local one in connection with
the Richardson scaling law in turbulence). Non-local degenerate kinetic diffusion equations appear as well as
diffusion limits of linearized Boltzmann equations when the equilibrium distribution function is a heavy-tailed

distribution (see [MMMOS], [Mel16] and [Rad12]).

Consider now for d* € N:
(1.8) L= Ai +Af§ X1V, + X+ Vi,

for x; = (x1,x3) € R?*"  x = (x1,X0,x3) € R [ ie., N =4d*, n =3, d; = 2d* and dy = d3 = d*. If d* =1,
the non-degenerate part of the above operator corresponds to the so-called cylindrical fractional Laplacian (in
this case the Lévy measure v is concentrated on {z} = 0} U {22 = 0}, cf. e.g. [BCOG]).

A natural generalization of the previous example consists in considering:

2
dz
(19) L=Ls+ Xi ’ sz + X Vxe,a La¢(x) = Zv'p- /Rd* ((]5((E + Uiz> - (b(x)) W’
i=1

¢ € CPRM™), z € R 5, € R2* @ R™ and 0 = (07 02) verifies (UE). The non-degenerate part L,
of £ corresponds to the generator of the R?¥-valued process X} = x1 + 371 0:Z}, where the (Z%)icq1 o
are two independent isotropic stable processes of dimension R%*. The full operator £ is the generator of
(X}, X7, X3) = (X}, [y Xds, [y [o XL duds) where for u > 0, XL denotes the first d* entries of X}. Such
dynamics could arise in finance, if we for instance assume that X! models the evolution of a 2d*-dimensional
asset, for which each component feels both noises Z! and Z2 in R¢" through the matrices o1, o, but for which
one would be interested in the distribution of the (iterated) averages of some marginals, in the framework of
the associated Asian options, here (X2, X?). We refer to [BPV0I] in the diffusive setting for details.

In the case N = nd, n > 2, oscillator chains also naturally appear for the diffusive case in heat conduction
models (see e.g. and [DMI0] for some related heat kernel estimates). The operators we consider
here could also appear naturally in order to study anomalous diffusion phenomena within this framework.

To state our LP estimates, for all i € [1,n], we introduce the orthogonal projection 7; : RN — R%,
7i(x) = x;, x € RY. Then we introduce the adjoint B; = 7} : R% — R¥ (note that B; = B) and define

a
1.10 o; ;= ————: clearly we have a1 =, «; € (0,1 A«), i€ [2,n].
Theorem 1.1. Assume that (A) holds. Then, for v € C5°(RYN) and p € (1,+00) there exists ¢, := ¢, ((A))
s.t. for alli € [1,n]:

(1.11) A2 vl Lr@yy < ¢p 1Lo0]| Lo @Nys
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where in the above equation AXT; denotes the R% -fractional Laplacian w.r.t. to the x;-variable, i.e.,

A%v(X) = v.p. /Rdi (v(x + B;z) — U(X))VL

The above result still holds in the diffusive limit case, i.e. when a =2 and L, = £ Tr(00* D2 ) is a second
order non-degenerate differential operator in x;. This limit case is specifically addressed in Appendix [B] below.
The theorem is obtained as a consequence of an LP-parabolic regulanty result of independent interest (see

Theorem [Z4]). Let us comment separately the case i =1 (i.e., AX1 = Axl) and i = 2,.

The case? = 2,...,n is new even if we consider the local case of o = 2. In that case, ﬂm considers similar
estimates for p = 2 in non-isotropic fractional Sobolev spaces with respect to an invariant Gaussian measure
assuming that the hypoelliptic Ornstein-Uhlenbeck operator £, admits such invariant measure. Also, in the

special kinetic case (L), the LP-estimate for Ax;” v, a € (0,2] can be derived from Bouchut [Bou02]. In this
work general estimates on the degenerate variable are derived from the transport equation (0; +x1 - Vi, )u = f
assuming a priori regularity of w in the non-degenerate variable (i.e. in the current setting an integrability
condition on A,%lu or more generally on L,u with L, as in (II])) and integrability conditions on f.

The approach we develop here, naturally based on the theory of singular integrals on homogeneous spaces
(since we have dilation properties for the operator) allows to derive directly the estimates on all the variables
exploiting somehow the regularizing properties of the underlying singular kernels. On the other hand, in light
of our theorems, it seems a natural open problem to extend Bouchut’s estimates to the more general transport
equation

O+ Ax -Vx)u=f

with A as in (L), when more than one commutator is needed to span the space, assuming AZ u € LP.
Our estimate (IIT)) in the case ¢ = 1 can be viewed as a non-local extension of the results by [BCLPI0].
Indeed, the quoted work concerns with estimates similar to (LII]) with ¢ = 1 for a diffusion operator, i.e. the

limit case o« = 2 when A %, corresponds to A, and L, to a second order differential operator like Tr(co* D3 ).
In this framework, the authors obtained estimates of the following type:

(1.12) ||D>2clU||LP(RN) < CP(”‘CUU”LP(RN) + ||U||LP(RN))7

(here Dilv is the Hessian matrix of v with respect to the x;-variable). Note that by the classical Calderén-
Zygmund theory: ||D3 vllp»@ryy < Cpl|Ax,v|lrry). Hence (LII) for i = 1 and a = 2 can be reformulated
as

103, vll Lo vy < ¢ 1£60]| Lo (e)-
Note that (LI2) has an extra term ||v[| »r~y on the right-hand side. This is due to the fact that our structure
of the matrix A is more restrictive than in [BCLP10] and [FLOG] (cf Remark 24]). On the other hand, by our
assumptions on A we can use the theory of homogeneous spaces with the doubling property as in [CWT1].

In contrast with previous works (see in particular [BCM96] and [BCLP10]), we do not use here an underlying
Lie group structure. Another difference is that we are able to prove directly the important L?-estimates (see
Lemma[LT]). This is why in contrast with [BCM96] we can entirely rely on the Coifmann-Weiss setting [CWT1].

Let us mention that results similar to Theorem [II] have been obtained in [CZ16] in the special kinetic
case of ([LT). Their strategy is totally different and relies on the Fefferman and Stein approach [EST2] for the
non-degenerate variable. The estimate for the degenerate one is then derived from Bouchut’s estimates [Bou02].

We avoid here diagonal terms and time dependence in A in (L6) for simplicity (see the extensions discussed
in Appendix A of the preliminary preprint version [HMPI6]). With zero diagonal, considering non-degenerate
time dependent coefficients in ([6) would not change the analysis but make the notations in Section 2] below
more awkward. Adding diagonal terms, even time-homogeneous, would lead to time dependent constants in
our parabolic estimates of Theorem 2.4 Anyhow, introducing additional strictly super-diagonal elements in
A breaks the homogeneity (see Section 2] and Appendix A of [HMPI6] for details). This seemingly small
modification actually induces to consider estimates from harmonic analysis in non-doubling spaces developed
in a rather abstract setting by [BralO]. This is precisely the approach developed in [BCLPI0]. Handling a
general matrix A in the current framework will concern further research. We finally point out that our approach
also permits to recover the estimates of the non-degenerate case, i.e. when n =1, N =d and A = 0.

The article is organized as follows. We first discuss in Section 2] the appropriate homogeneous framework,
depending on the index « € (0, 2], needed for our analysis. Importantly, we manage to express the fundamental
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solution of 0y — Lo, in terms of the density at time ¢ > 0 of a non-degenerate stable process (S¢)i>0 on RN
rescaled according to the homogeneous scales (see Proposition 2.3)) B we eventually state our second main
result Theorem [2.4] which is the parabolic version of Theorem [[L1] and actually permits to prove Theorem [Tl

We then describe in Section [3] the strategy of the proof of Theorem 2.4 relying on the theory of Coifman and
Weiss (see Appendix [C)). Section Hlis dedicated to the key estimates (L? bound and controls of the singular
kernels) needed for the proof of our main results. This is the technical core of this paper. Rewriting the
fundamental solution of 9; — L, in terms of the density of the rescaled stable process (S;)¢>o allows to analyse

the terms (HAX7 || Lr(&))ie[1,n], through singular integral analysis techniques that exploit the integrability
properties of any non-degenerate stable density, no matter how singular the spectral measure is (see Lemma
[3). We use in Section Bl the estimates of Section llin order to fit our specific framework following the strategy
of SectionBl Some technical points are proved for the sake of completeness in Appendix[Al The specific features
associated with the limit local case o = 2 are discussed in Appendix [Bl Finally, as indicated at the beginning
of the introduction, we mention that possible applications of our estimates to well-posedness of martingale
problems for operators like

Lo(x)p(X) = (A%, V(X)) + Lo (x)p(x)
will be a subject of a future work (cf. Appendix A in [HMP16] for preliminary results in this direction).

2. HOMOGENEITY PROPERTIES

The key point to establish the estimates in Theorem [[.] consists in first considering the parabolic setting.
To this end, we consider the evolution operator defined for ¢ € C§°(R** ) by:

(2.1) Lop(t,x) = (O + Lo)Y(t %), (%) € RV
The following proposition is fundamental and follows from the structure of A and L, under (A).

Proposition 2.1 (Invariance by dilation). Let (A) be in force and u € C§(RY™N) solve the equation
ZLou(t,x) =0, (t,x) € RN, Then, for anyd > 0, the function us(t,x) = u(6“t, 6x1,6 %y, - -, §1H = Dex )
also solves Z,us(t,x) =0, (t,x) € RIFN,
Proof. 1t is actually easily checked that:

Lrus(t,x) = 6 (Lrul(zs)) ‘z

5= (508,8%1 51y, §1Hn—Dax, )"

Since for all z € R'™N | Z,u(z) = 0, the result follows. O
The previous proposition leads us to define the following homogeneous norm (cf. [BCM96] or [BCLPI0]):

Definition 2.2 (Homogeneous Pseudo-Norm). Let o € (0,2]. We define for all (t,x) € R1™N the pseudo-norm:

(22) pltx) = [t + D [xi| FoT
=1

Remark 2.1. Let us observe that p is not a norm because the homogeneity property fails, i.e. for 6 >
0, p(dt,0x) # dp(t,x). Actually, the homogeneity appears through the dilation operator of Proposition 211
Namely, for z = (t,x) € R*N and z; = (6%t, 01,5 %y, -, 81+~ Dex ) we indeed have: p(zs) = dp(z).

The dilation operator can also be rewritten using the scale matrix M in (26). Namely, z5 = (5%, OMa x).
Remark 2.2 (Regularity of L,v). If v € C§°(RY) it is not difficult to prove that L,v € C*°(RY). Moreover,
L,v and all its partial derivatives belong to Myep, 00 LF (RY).

We only check that, when p € [1,+00), L,v € LP(RY). Since (Ax, Vxv) € LP(RY) we concentrate on L,v
(see (LA). We can write

ly*v(dy),

Lov=uv4+v2, vi(x)= /I - (v(x+ Boy) Uéji — Vi, 0(x) - 0y)

va(x) = / (v(x + Boy) — v(x))v(dy), xRN,
ly|>1

2The stable process S is non-degenerate in the sense that its spectral measure pug satisfies (IL3]) on RN . However, we point out
that g can be very singular w.r.t. to the surface measure of SV =1,
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We easily obtain that v; € C§°(RY). Moreover, from the Hélder inequality and the Fubini theorem, we get
/ |va(x)|Pdx < c/ u(dy)/ [v(x + Boy) — v(x)|Pdx < cc.
RN ly|>1 RN
We now study the homogeneous framework of the Ornstein-Uhlenbeck process (A;);>¢ satisfying the sto-
chastic differential equation (SDE):
(2.3) dA; = ANdt + BodZ;, Ao =x € RY,

where B again stands for the embedding matrix from R (the space where the noise lives) into RY. Here
(Zt) />0 18 a stable R?dimensional process with Lévy measure v defined on some complete probability space

(92, F,P). For a given starting point x € RY | the above dynamics explicit integrates and gives:
t
(2.4) AF =exp (tA)x + / exp ((t — s)A) BodZ,.
0
It is readily derived from [PZ09] that, for ¢ > 0 the random variable A; has a density pa(f,x,-) w.r.t. the

Lebsegue measure of RY. Additionally, we derive in ([Z8) of Proposition 23] below (similarly to Proposition
5.3 of [HMI6] which is stated in a more general time-dependent coefficients framework) that

1
2.5 t = ——pg(t, (M)~ L(etx — t>0
( ) pA( 7X7y) det(Mt)pS( 7( t) (e X y))7 )
where the diagonal matrix
Ioxa  Odxds - Odxd,
(2.6) M, — Odoxd tiyxds O ,
Odpxd -+ 0 " g, xa,

gives the multi-scale characteristics of the density of A; and (S;):>¢ is a stable process in RY whose Lévy
measure vg though having a very singular spherical part, satisfies the non-degeneracy assumption (ND) in
RY. From a more analytical viewpoint the entries of ta M, which correspond to the typical scales of a stable
process and its iterated integrals, provide the underlying homogeneous structure.

To prove our results we will often use the following rescaling identity

(2.7) e =M, e M, r >0,
and its adjoint form e = M 'eA M. To get [@.7) we first check directly that M, AM-' = rA, r > 0; then

we have the assertion writing

2
1
e =T +rA+ %AQ o= T MAM + SMEAME M AM
The next result is crucial for our main estimates.

Proposition 2.3 (Density and Fundamental Solution). Under (A), the process (A¥)i>o defined in 23) has
for all t > 0 and starting point x € RN a C°(RYN)-density pa(t,x,-) that writes for all'y € RV :

(28) pa(t,x, y) =

de(%lv)%vl) /RN exp ( —i(M; Ny — exp(tA)x), p)) exp ( - t/SAP1 |<p,€>|0‘,u5(d§))dp,

where My is defined in (Z0) and ps is a symmetric spherical measure on SN~ satisfying the non-degeneracy
condition (ND) on RY instead of RY.

The analytical counterpart of this expression is that the operator 0 — Ly has a fundamental solution given
by pa € CF(R% x R2N). Also, for every u € C§°(RYN), the following representation formula holds:

(29) ’U,(t,X) = _/ dS/ pA(S - t,x,y)fgu(s,y)dy, (f,X) € ]RlJrN'
t RN
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Remark 2.3 (A useful identity in law). Let (S;);>0 be a (unique in law) R"-valued symmetric a-stable process
with spectral measure pg defined on (2, F,P), i.e.,

E[e!(P50)] = exp (- t/SN,l (P, &)|*ns(d€)), t >0, peRY.

By the previous result we know that S; has a C°°-density pg(t,-) for ¢ > 0. Note that S, (aw) t=S; which is
equivalent to ps(t,x) =t~ % ps(1,t7vx), t > 0, x € RY. Moreover, ([Z5) holds and is equivalent to (ZX). In
a more probabilistic way, this means that for any fixed ¢ > 0 the following identity in law holds:

law
(2.10) Ax U2 (¢ A)x + MLS,.

Proof of Proposition[2Z.3. Let t > 0 be fixed. Observe first that for a given m € N considering the associated
uniform partition II"™ := {(t; := £t);c[o,m]} of [0,¢] yields for all p € R:

E[QXP (i<Pa nil exXp ((t - ti)A)BU(ZtHl - th)>)}

= exp ( — % mz_l /Sdi1 [(c*B*exp ((t — t;)A*)p, s>|°‘,u(ds)).
=0

Thus, by the dominated convergence theorem, one gets from (24) that the characteristic function or Fourier
transform of A¥ writes for all p € RV:

oar(p) = E(®AD) — exp (z'<p,exp ()% - | t [, exowayp. Bas>|au<ds>du>
= exp (i(p,exp (tA)x) — t/ol /Sdi1 l{p, exp(vtA)Bas>|°‘,u(ds)dv)
(2.11) = exp (i(p,exp (tA)x) — t/ol /Sdil [(M;p, exp(vA)Mt_lBasHO‘u(ds)dv)

= exp (i(p,exp (tA)x) — t/ol /Sdil [(M;p, exp(vA)Bas>|°‘,u(ds)dv) ,

where we have used (7)) and the fact that M, ' By = By, for any y € R%. Introduce now the function
f: [0,1]xs1 — SN-1

exp(vA)Bos
(v,8) = Toxp(vA)Bos]’

and on [0, 1] x S%~! the measure: m(dv,ds) = |exp(vA)Bos|®u(ds)dv. The Fourier transform in (ZI)) thus
rewrites:

¢ax(p) = exp (i<p7eXp (tA)x) — lt/SNf1 |<Mtp,£>lau(dé)> ,

where [1 is the image of m, by f. Introduce now the symmetrized version of i, defining for all A € B(SV—1)
(Borel o-field of S¥~1): ug(A) = w. We get that

(2.12) oax(p) = exp (i(p,exp (tA)x) — t/

SN—-1

|<Mtp,£>|aus(d£)> ,

which indeed involves the exponent of a symmetric stable process (S;)¢>0 with spectral measure pg at point
M;p. Up to now we have just proved ([ZI0). On the other hand, it follows from (2II)) and (ND) that there
exists ¢ := ¢((A)) > 0 s.t.:

1
(2.13) / / [(M;p, exp(vA)Bos)|“u(ds)dv > c¢|M;pl|®.
0 S§d—1

The above result is algebraic. We refer to Lemma [AT] or to [HMI6] for a complete proof. Thus, the mapping
p € RY — pax(p) is in L*(RY) so that (ZR) follows by inversion and a direct change of variable. The
smoothness of pa readily follows from (Z8) and (2I3). It is then well known (see e.g. [Dyn65]), and it can
as well be easily derived by direct computations, that py is a fundamental solution of 9; — £, (note that
(0 — L,)p(+,-y) =0 on (0,+00) x RY for all y € RY and p(t,x,-) — dx(-) as t — 07F).
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Equation ([29) can be easily obtained by using the Fourier transform taking into account that the symbol of
Ly is U(A) (cf. Section 3.3.2 in [App09]). It can also be derived by Itd’s formula applied to (u(r + t,AX))

r>0
(cf. Section 4.4 in [App09]). We have
Efu(r +t, A%)] = u(t, z) + E/ (D0 + Lo )u(s + £, A¥)ds
0
Letting » — 400 and changing variable we get (2Z.9]). O

Let T > 0 be fixed and recall that .£, = 0+ L,. Theorem [Tl will actually be a consequence of the following
estimates on the strip

S:=[-T,T] x R".

Theorem 2.4 (Parabolic L” estimates on the strip S). For p € (1,400), there exists Cp, := Cp((A)) > 1
independent of T > 0 s.t. for allu € C((=T,T) x RN ), i € [1,n], we have:

(2.14) 1AL ull1r(s) < Cpll-LoullLes)-

Proof of Theorem [L1l To show that Theorem 24 implies Theorem [[.T] we introduce ¥ € C§° (R) with support
n (—1,1) and such that ¢(s) =1 for s € [-1/2,1/2]. If v € C(RY) we consider

(2.15) u(t,x) := v(x)@[}(%), (t,x) € (-T,T) x RV,

Since Zyu (t,x) = h(t/T)Lov(x) + xov(x)y)’ (t/T) we find from Theorem 24 applied to u:

. T - 1 o
18 sy = [ et [ 1adoeorax=1 [ juspds / A v(x)Pdx

<C,,/ / W(t/T)Lov(x) + ( Y (4 TP dxdt = C”T/ /RN —i—%v(x)w’(sﬂpdxds.

It follows that

[ wtorras [ sdeapaxse [ [ o +%v<x>¢’<s>|”dxds;

passing to the limit as 7' — oo by the Lebesgue convergence theorem we get the assertion since f P(s)[Pds > 0.

Remark 2.4. The fact that in the previous theorem the constant C), is independent on 7" agrees with the
singular integral estimates given in Section 3 of [BCM96]| for £, when « = 2. On the other hand, the parabolic
estimates of Theorem 3 in [BCLP10] when considered on the strip S := [T, T] x RY have a constant depending
on T since a more general matrix A is considered in that paper (indeed the exponential matrix e!4 can growth
exponentially in [BCLP10]). This is why the elliptic estimate in Theorem 1 of [BCLP10] (see (I12))) contains
an extra term [|v||pre~y Which is not present in the right-hand side of our estimates (LIII).

3. STRATEGY OF THE PROOF OF THEOREM [2.4]

To prove Theorem 2:4] thanks to the formula ([2.9]), we restrict to consider functions of the form

T
(3.1) u(t,x) = Gf(t,x) = / ds/ pa(s —t,x,y)f(s,y)dy, (t,x) € S.
t RN
We study ([B.1]) when f belongs to the space of test functions
T (RN = {f € C®R"™™):3R > 0,Vt ¢ [-R,R], f(t,-) =0, Vt€[-R,R],

(3.2) f and all spatial derivatives OLf € ﬂ LP(RY), for all multi-indices i}.
pE[l,+o0]

Note that, for any u € C§°(R*V),
(3.3) (0 + Lo)u € TR
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0d, xd;

(cf. Remark 22)). With the notations preceding (LI0), we write for all i € [1,n], Bi = | Ii;xa; |. Recalling
Od,, xd;

the definition of My in (26]), we then get from (Z3]), for all ¢ € [1,n] and «; = m

g 1 _ s— _ s—
A pa(s —t,x,y) = det(M,_7) /Rdi (ps (s —t, M, (e D4 (x + Biz) — y)) —ps(s—t, M1, (e 4x — y))
_ o dz
—Vx, (PS (8 - taMs—lt(e( DAx — Y))> ) Z]I\z\gl) W

1

= det(M. ) /Rd» (ps (s = t. ML (e % —y) + (s = )"V e Biz) — ps(s — £, M1y (e" " x — y))

d
~Vps(s — t, M2, (e“ % — y)) - (M 2,e D) B, 2 H|z|<1)> W%?
<) )7 [diran
X,y € RV, s > t, where we have used that M ',e*~Y4 B,z = eAM_ !, B,z (see (Z1)) and the fact that
(3.4) M Biz=(s—t)"0"YBz, ,r>0, zeR%

In the sequel we set
(eA)i = €ABi
Introduce now for ¢ € C5°(RY) and for all i € [1,n], s >t the operator:
% Ais— —(i— —(i— dz
3.5) AF A0 i [ (e (=700 N)2) = o) = (5= )7 Vpl) - ()T )

We insist here on the fact that, in ([3.5]), V stands for the full gradient on RY. We thus get the correspondence:

1
_¢ - - — . N(ML (es—DAx
pA(S 7Xay) det(MS_t)pS(S 9 ))( s—t(e X y))v
(3.6) ea 1 S Ais—t -1 t)A
szi pA(S —1, x)Y) = det(M—,t) (AT’ ST pS(S —1t, '))(Ms—t(e(57 ) X — y)) .

Equation (3.6)) reflects in particular how the effect of a stable operator on the i*"-variable propagates to the next
variables. This correspondence allows to develop specific computations related to the stable process (S;) having
a singular spectral measure. Formula (3.6]) is meaningful since, for any s > t, ps(s —t,-) € C°(RY )N LY(RY)
(this is a consequence of ([ZI3)). Moreover all the partial derivatives of ps(s —t,-) € LY(RY). Arguing as in
Remark 22 one can prove that A2 4is~tpg(s — ¢ .) € LY(RN) N C°°(RN). This gives in particular that for

f € T(R™N) the function A Gf(t %) is pointwise defined for all (£,x) € S.
Additionally, by using Itd’s formula (cf. the proof of Proposition 23] or Fourier analysis techniques it can
be easily derived that for f € 7 (R*Y), G f solves the equation:

(37) (8t + ‘Ca)w(tvx) - —f(t,X), (t,X) € Sa
w(T,x) = 0.
By Z3) we know that u = —G(Z,u) if u € C°((=T,T) x RY). Hence estimates (ZI4) follows if we prove
(3:8) DAL G o) < Gollflios), [ € TRY),
i=1

To prove estimate ([B.8]), we introduce for i € [1,n], the kernel ki((t, x), (s, y)) = A,?Zp,\(s —t,x,y) so that:

oy T
(39) Kif(tv'r) = Asz(tv I) = l ds \/RN ki((tvx)v (Svy))f(sv)’)d)’-

The goal is to show Y7 | | Kif|lzeo(s) < CpllfllLr(s)- But the kernels (k;);ei,n] are singular (see e.g. Lemma
below) and do not satisfy some a priori integrability conditions. We will establish (B8] through uniform
estimates on a truncated kernel in time and space. We need to introduce the following quasi-distance on S.
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Definition 3.1 (Quasi-distance on S). For ((t,x), (s,y)) € 8%, we introduce the quasi-distance:

(3.10) A((4%),(5,9) = 5 (plt — 5, x((s ~ )A)x — y) + plt — 5,x — exp((t — 5)A)y) ).

where the homogeneous pseudo-norm p has been defined in ([2.2)).

The above definition takes into account the transport of the first spatial point x by the matrix e(s=H)4

(forward transport of the initial point) and the one of the second spatial point y by elt=9)A (backward transport
of the final point). By transport we actually intend here the action of the first order term in (L)) (corresponding
to the deterministic differential system 8.,(z) = A6,(z),0(z) = z € RN) w.r.t. the considered associated
times and points. Observe that the fact that d is actually a quasi-distance, i.e. that it satisfies the quasi-
triangle inequality, is not obvious a priori. From the invariance by dilation of the operator .Z, established in
Proposition 2.3 and the underlying group structure on R!*¥ endowed with the composition law (¢,x)o (7,&) =
(t + 7,€ + e17x), the quasi-triangle inequality can be derived similarly to [FP06] in the diffusive setting, see
also [BCLPI0]. In order to be self-contained, and to show that the quasi-distance property still holds without
any underlying group structure, we anyhow provide a proof of this fact in Proposition below.

Let us now introduce a non-singular Green kernel. We choose to truncate w.r.t. time. For ¢ > 0 and a
given ¢y > 0, we define for all ¢ € [1,n]:

ki,&((tux)a (Say)) = ]I\sft\ZEAXT:pA(S —t,x, y)
= ]I\s—t\Zaﬂd((t,x),(s,y))gcoAxT:pA(S —t,%,y) + H|s—t|Za]ld((t,x),(s,y))>coAxT:pA(5 —t,%x,y)
(3.11) =: kfa((t,x),(s,y)) —i—kfa((t,x),(s,y)).
We then define
T
(3.12) Kicf(ta)i= [ ds [ k(6. (.9) (5. 5)dy, ] € TR
t R

Accordingly, the operators K. f(t,z) and Kf_f(t,x) are obtained replacing k; . by k_. and kf, in BI2).
Observe that Kgg (resp. KlF ) is concerned with the integrating points that are close (resp. far) from the
initial point with respect to the underlying quasi-distance in [BI0). Similarly, we denote by G.f(t,x) the
quantity obtained replacing ¢ by t 4+ ¢ in (BI]). Since

18 Geflleos) = 1Kicfllris) < NESfllieis) + 1K o s):
the result (B8] will follow from weak convergence arguments, provided that the following lemma holds.

Lemma 3.2 (Key Lemma). There exists a constant Cp, > 0 independent of € > 0 and T > 0 such that for all
f c ﬂ(RH‘N);
| K afHLP (s) + HK fllrees)y < Cullfllecs)

We prove this estimate separately for K. f and K/_f in Section [ below. For the latter, a direct argument
can be used whereas for K¢ _f, some controls from s1ngular integral theory are required. Precisely, we aim to
use Theorem 2.4, Chapter 11l in [CWTT] (see Theorem [CT)). The choice to split the kernel k; . into k. +kf is
then motivated by the fact that even though for all € > 0, k. € L'(S) when integrating w.r.t. dtdx or dsdy we
do not have that k; . € L?(S?) which is the assumption required in the quoted reference. This is what induces
us to introduce a spatial truncation to get the joint integrability in all the variables.

4. TECHNICAL LEMMAS

We now give two global results that will serve several times for the truncated kernel as well. These 1emmas

are the current technical core of the paper. Lemma [ I]is a global L? bound on the singular kernel A2 G f
which is based on Fourier arguments and the representation formula in (Z8]). LemmalL2lis a key tool to control
singular kernels (see Appendix [C]in the framework of homogeneous spaces).

Lemma 4.1 (Global L? estimate). There exists a positive constant Cy := C2((A)) such that, for all e > 0,
i € [1,n], and for all f € L2(R*Y),

A2 G fllr2s) < Coll fllz2s)-
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The constant Cy does not depend on T' > 0 considered in the strip S. Also, this estimate would hold under
weaker assumptions than (ND). No symmetry would a priori be needed, a control similar to (I3) for the real-
part should be enough. It would also hold for a wider class of initial operators L, including those associated
with tempered or truncated stable processes. The result seems to be new even in the limit local case a = 2.

Lemma 4.2 (Deviation Controls). There exist constants K = K((A)), C := C((A)) > 1 s.t. for all
(0,€),(t,x) € S the following control holds, for all i € [1,n]:
(4.1) / A pals — . x,y) = A pals — 0, &.y)ldyds < C.

s>tVo, p> K~y

where we have denoted p := p(s —t, e DAx —y), v := p(o —t,e(7"DAx — £).
4.1. Proof of Lemma [4.1] We start from the representation of the density obtained in Proposition 2.3}
det M_l . — a
paltxy) = ) [ oo (=itn v =) exp (<t [ b9l ns(dg) )dp
(27T) RN SN-1
1 . —tA —tA* @
= W /RN exp ( —i{g,x—e Y>) exp ( - t/SNil [(Mze q,§)| Ms(di))d%
recalling that the specific form of A yields det(et”) = det(e*) = 1. Let us fix j € [1,n] and prove the estimate

for Aj G.f. We can compute, for f € /(R ) (Schwartz class of R!*#), the Fourier transform:

CeRN o F(AZ Gf)(t,¢) = / GCNANZ G f(t,x)dx, t € [-T,T.
]RN

Indeed, from the comments after (3.6) and by the Young inequality we have that Aé G.f(t,-) € L'RN)n
L2(RN), t € [-T,T). For all (t,¢) € S with t + ¢ < T we get from the definition of G. f following (B.12):

aj T

FO G (6.0 = G FG (6.0 = 6 [ expl=itco)( [ [ pals = tixy)(s.y)dyas) ix
T

=il [ ewitcn( [ qapmrsts = 6 M 3 oy i,

using equation ([2.5) for the last identity. Rewrite now

A G)(t.0) = 16,17 [ expl=iflpe™ 0% ¢ M el 04x)

T
1 _ o
(/ / Fer (e~ B M = ) o y)dyds
t+e S—

Using the Fubini theorem yields:

aj T )
FOL G0 =16 [ ] (il 00 ¢y

1

exp(—i(M,_re~ DA ¢ ML, (e DA% — _—
([, evitea &M ( ) gt

ps(s —t, M2, (e V4% — y))dx) dyds

T
=167 ([ [ (it ey ) ([ (i s (s — 150 dyds,

setting X = M; !, (e®*~Y4x — y) and recalling that det(e*~94) = 1 for the last identity. We finally get

o T . .
F(AL G f)(t.€) = [¢;|™ F(f)(s,e” YO Flps) (s — t, My_pe” =947 ¢)ds
t+e

T
=16 [ F O e (<50 [ 1008 G g ustag) ) as

t+e
where (F(f)(s,), F(ps)(s —t,-) denote the Fourier transforms of f(s,-),ps(s —t,-).
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s

Let us now compute ||}'(Aj G- f)llz2(s)- From the non degeneracy of g, we have:
i} T e . r
(4.2) |[F(AZ Gf)(8,¢)] < CI¢,) /t F() (s, eI exp (=C s = DIM—re ™I ) ds
For the L? norm of F (Aé Gf), using the Cauchy-Schwarz inequality, we obtain:
o
|F(AZ Ge)ll7as)
T T . .
< cof af <|cj|“j [ 1F@ e P exp (=0 s = e O ¢l) ds>
-T RN ’ t

T
) ("’3'%’ [ e (-7 - o) d8> i

Now formula (Z7) yields that: e~ (04" = M !,e=4"M,_,, where e~ is non-degenerate. Thus, there exists
c=c(A)>0st. foral T >s>t>-T, ¢ € RV:

(5 = D)[Ms—pe™ CTIL* > e(s — 1)[Mo—e¢|* > e(s — )TV |¢)|%, and

IF (AL Gl 28

T T
<c[af <|cj|af [ s OO exp (<0 s - s ds> 0, (t,T,¢,)dC,
-7 JRN t
T .
(4.3) 0,(1,T,¢,) = <|cj|%/ exp (~07 (s — 1) FUD e 1) ds> .
t
Let us prove that ©;(t, T, ¢;) is bounded. Write for |(;| # 0, changing variable, recalling that a; =

(3 .
1+a(j—1)"

0,(t,T, Cj) < |Cj|aj/ exp (—C’l [U|CJ| HJ?TU]HQ(J'*D) du
0

/ exp (—C_l vl+o‘(j_1)) dv = Cjy < o0.

¢;l™
e
We eventually get from (@3] by the Fubini theorem
||JT(A Gf)||L2(s
T T i i
SC/ dt/ <|C | / |F(f)(s,e” D47 2 exp (—C_l(s—t)|MS_te_(S_t)A C|°‘) ds)d(
RN
/ s / [ 161 EF s ON O exp (<€ s = Ol d

Setting q = e~(*"Y47¢ in the space integral now yields:

IF(A Gef)llfas) < / dS/ dt/RN (e q); |9 |F(f)(s,a)|* exp (~C 7 (s — t)|M,—.q|*) dq
< / ds/ dq/ (B4 q) ;1% exp (—C~ (s — t)|M,—_q|*) dt
-7
< /ds/ H(s,)*0,(s,T,q)dq.
]RN
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with ©;(s,T,q) = [*,|(e®*=94"q);|* exp (—C~!(s — t)|M,_;q|*) dt. Now indicating with g* the row vector

we have (see (2.1))

l(e" @), = [Bje™ [(a")*]| = [(q" e B;)*| = |q* e B;|
(4.4) = |q*MreAMT_1Bj| = T_(j_1)|q*MreABj| = r_(j_1)| [a1,7rq2,. - - ,r"_lqn]* eABj|

< e UV g+ gyl 4 ) = e ) al, >0,

k=j
0y, Odl.xdj
since B; = Idj:xdj ,edB; = (e?); = (}?“1&;1)] for some K, j(A) € R @ R% h=j,...,n. We get
Ouors e
6,6 Ta) < O [l =00 exp(- 07 s ) gy
k=57~
<

O3 [ ut D e exp(—C ! fu faul D,
k=j "0
for |qx| # 0, recalling ay, = TragioTy: Setting u - |dx|** = v in each integral we find
0;(s,T,q) < CZ |qpe| @7 —on = (k=dag o / v k=D exp(—C~ [w]P ety < nCy < oo,

k=j 0

since a; — oy, — (k — j)ajag =0, for any j <k <n. We eventually get:

oy T
17O Gl <C [ [ 17 (s Pdads = CIF( sy

The assertion now follows for f € .7 (R'™¥) from Plancherel’s lemma. The result for f € L2(R'*¥) is derived
by density. 0

4.2. Proof of Lemma To establish Lemma 2] we will thoroughly exploit the important relation (23]
for the marginals between the degenerate Ornstein-Uhlenbeck process A* and the non degenerate R™-valued
stable process S introduced in Remark 23 Setting

(s—t)A

(4.5) pi=p(s—tye x—y), v:=ploc—t,e"Dx —¢),

we focus for 7 € [1,n] on the quantities:
I = / [A pa(s = 1,%,y) = A pals — 0,€,y)|dyds
s>tVo, p> Ky

oy 1
= A2 ———ps(s—t, M} (e D% —y
/s>tVU, p>Kry ‘ det(MS*t) ( t( ))

& 1 — s—o
(4.6) - A s T o M (A — ) dyds
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(cf. Proposition and equation (Z3)) for the last identity). Recalling the important correspondence (3.6,
the quantity I; in (A6) then rewrites:

- \A?’A”’s‘%@ LML (T ) AT A (s = o ML (TN )
’ s>tVo, p> K~y det(MS—t) det(MS—U)

_ / ’A?’Am_tp s(s =t M (e D% —y)) AT Abopg(s — o, ML, (¢4 x —y)) dyds
p> Ky det(MS_t) det(Ms_a—)

AT Abs=pg(s — o, ML, (e % —y)) AT A opg(s — oM, (G~ — y))

n ‘ - dyds
s>tVo, p>Kry det(M,_) det(M;_)

(47) =: (Ii,T + Ii.,S)-

Hence, to prove that I; is bounded we need to investigate the time and space sensitivities of A%=A=i7'p5. This
is the purpose of the next subsection.

4.2.1. Preliminary Estimates. We begin with the following result.

Lemma 4.3 (Bounds and Sensitivities of the Stable Singular Kernel). Let (S;);>0 be a symmetric a-stable
process in RN with non degenerate Lévy measure vg, i.e. its spectral measure us satisfies that there exists
n>1s.t. foralpeRN:

el < [ Il us(ds) < nlpl”
-

a € (0,2). This condition amounts to say that (Si)i>0 satisfies assumption (ND) in dimension N. In partic-
ular, this implies that for all t > 0, Sy has a smooth density that we denote by ps(t,-) (c¢f. Remark[Z3).

There exists a family of probability densities (q(t, -))t>0 on RN such that q(t,x) =t~ N/ q(l,t‘éx), t>0,
x € RN, for all § € [0,a), there exists a constant Cs := Cs((A)) > 0 s.t.

(4.8) / q(t, x)|x|%dx < Cst&, >0,
RN

and the following controls hold:
(i) There exists C := C((A)) s.t. for alli € [1,n] andt >0, x € RV :

ay . C
(4.9) |AZ A0 g (t,x)| < ?fJ(faX)-
(i) For all B € (0,1], there exists C := C(B,(A)) s.t. for alli € [1,n] and t > 0, (x,x') € R2N:
B
X —X
) a0+ (e,

(iii) There exists C := C((A)) s.t. for alli € [1,n] andt >0, x € RV:

i

(4.10) AT Apg(t x) — AT Abpg(t X)) < % (

a; . C
(4.11) 0,8 A ps (£, %)] < Zq(tx).

Remark 4.1. From now on, for the family of stable densities (g(t, -))t>0, we also use the notation ¢(-) := ¢(1, ),
i.e. without any specified argument ¢(-) stands for the density ¢ at time 1.

Proof. It is enough to find a suitable ¢ for each estimate (£9)), (£I0) and (£II); summing up such densities
one gets the required final q.
Let us first write for all ¢ € [1,n] (cf. BH)):

o, . i dZ
A st %) :/ (ps(t=x+t (=D (e);z) —ps(t,x))ﬁ
]Rdi |Z i 7

; dz

= t t*(lfl) A i _ t )]I

/Rdi (ps( S X+ (e”)iz) — ps(t,x) o<t oo
+/ (ps(t x + =D (eA),2) — ps(t x))u g9
R 7 ' |z|>t 00 |z|dite

(4.12) = AT ALt x) + AT At x),

oy .
Ait,s

where Az (resp. A%’A’i’t’l) corresponds to the small jumps (resp. to the large jumps) part of AT AL,
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Let us recall that, for a given fixed ¢ > 0, we can use an [t6-Lévy decomposition at the associated charac-
teristic stable time scale (i.e. the truncation is performed at the threshold ti) to write S; := M; + N; where
M; and N; are independent random variables (we are considering a probability space (2, F,P) on which the
process S = (Ss)s>0 is defined; E denotes the associated expectation). More precisely,

413 N, = P(du,dz), M, =S8, —N,, s3>0,
1
\z\>t3

where P is the Poisson random measure associated with the process S; for the considered fixed t > 0, M; and
N, correspond to the small jumps part and large jumps part respectively. A similar decomposition has been

already used in [Wat07], [Szt10] and [HMI6]. It is useful to note that the cutting threshold in ([EI3) precisely
yields for the considered ¢ > 0 that:

(12}\/) 1 (law)

(4.14) N, "E 4w Ny and M, =7 tw My,

To check the assertion about N we start with
Bl —exp (¢ [ [ (conltp.re)) 1) Sis(@®)). p R
SN—-1 Jto

. . 1
(see (L2) and [Sat05]). Changing variable ?T_— = s we get that E[e!(P-N0)] = E[e!Pt> N1)] for any p € RY and

this shows the assertion (similarly we get the statement for M). The density of Sy then writes

(4.15) psttx) = [ putix— )Py, de),

where pps(t,-) corresponds to the density of M; and Py, stands for the law of N;. From Lemma (see as
well Lemma B.1 in [HMI6]), pas(t,-) belongs to the Schwartz class . (RY) and satisfies that for all m > 1

and all multi-index i = (it,--- ,iV) € NV |i] := Zjvzl i; < 3, there exists Cyy, 5 s.t. for all (¢,x) € R} x RY:
i Om i O
(4.16) kst < o 6.0, where pg (e = 2 (10 B
ta o o

where the above modification of the constant is performed in order that py;(¢,-) be a probability density. Note
that the asymptotic decay of py; here depends on on the integer m considered. For our analysis, recalling from
Remark and equation (Z3) that we are disintegrating the density of a non degenerate stable process in
dimension IV, and that we are led to investigate sensitivities, which involve for the small jumps derivatives up
to order 2 or 3 (depending on « € (0,1) or « € [1,2)), see e.g. [@27) below, we can fix

m:= N + 4.

Let us emphasize that, to establish the indicated results, as opposed to [HMI6], we only focus on integrability
properties and not on pointwise density estimates. Our global approach therefore consists in exploiting [@I3]),
(#I3) and (@IG). The various sensitivities will be expressed through derivatives of pas(t, ), which also gives the
corresponding time singularities. However, as for general stable processes, the integrability restrictions come
from the large jumps (here N;) and only depend on its index . A crucial point then consists in observing that
the convolution fR ~ Piz(t,x — &) Py, (d€) actually corresponds to the density of the random variable

(417) gt = Mt + Ny, t>0

(where M, has density p,;(t,.) and is independent of Ny; to have such decomposition one can define each S; on
a product probability space). Then, the integrability properties of M; + Ny, and more generally of all random
variables appearing below, come from those of M; and N;.

One can easily check that py;(t,x) =t~ & py (1,67 x), t > 0, x € RV, Hence

(law) (law)

M, ts My, N, =Ny,

By independence of M; and Ny, using the Fourier transform, one can easily prove that

(4.18) S, =45,
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Moreover, E[|S|°] = E[|M; + N;|°] < Cst (E[|M;[°] + E[|[N|%]) < Cste, & € (0,c). This shows that the
density of S; verifies ([A.8]). We now give the details of the computations in case (). This case contains the
main difficulties, the other ones can be derived similarly. Write for all ¢ > 0, (x,x) € R2YN (cf. {@I2)):

AT ARt x) = AT A g (¢, )

) ) d
:/‘ ps 70D (eA) ) st + 70 e)2))
‘Z‘Zt?i z|%i i

dz
~(pstt—pstex)) [ =
( s|ztar [2] %o

AT Aty (%) = AT A (X))

—(i— —(i— dz
< </>tal_ Ips(t,x + 0V (e)iz) — ps(t,x' + 17 1)(€A)iz)|W>

i

(4.19) + (%’ps(t,x) —ps(t,x')’) =: (L1 + L)(t,x,x).

Assume for a while that the following control holds. For all 8 € (0, 1] there exists a constant C' := Cj s.t. for
allt >0, (x,x') € RV,

x — x|

B
(4.20) s.3) = ps(t. 0] = ¢ (B22) e+ pste.0),

where pg(t, ) stands for the density of S; which verifies (@8). From ([@IJ) and [@20) we readily derive:

x —x\"?
|<90 Q(%ww+%wﬂ»

(4.21) |I>(t,x,x)
Also, still from (@I9) and (20),
dz

Ix — x| ’ —(i—=1)( A ’ —(i—=1)( A
C - | L (pg(t,x—i—t (e™)iz) +pg(t,x' +1t (e )ZZ))W

to z|2t0‘_11

— ¢ to

|Il'71 (t, X, X/)|

IN

N\ B
- g <|X _lx |> / (pg(tvx+t_(i_l)(eA)iZ) +p5‘(tvxl +t_(i_l)(eA)iZ))fFi(taZ)(dz)v
t ta R:

setting fri(t, 2) = tcq, 4,1 with ca,q, > 0 s.t. [pa, fri(t, 2)dz = 1. Hence, fri(t,-) is the density

1
Cla e FTT
of an R%-valued random variable I':. The above integrals can thus be seen as the densities, at point x and x’
respectively, of the random variable
(4.22) Sili= 8, 4t~ ()T,
where S; is as in (@I7) and I} is independent of S; and has density fr:(t,-). Note that
z| \~dimed _di _di z
fpi(t,Z) :Cai7di]1 Iz >1(%) t v =t o fpi (17T)

a; e tei

t+ X

If we set T := (t~0~)I' and denote by fr(t,-) its density, we find

ﬁ%t@ZtM“”ﬁ%aﬁFU=t“F”fszﬂwﬂ*ﬁé):tw_£@+;ghchfwz+é)
z € R% . Since a; = TratTy» We have
frolt.9) = = fru(1, ).
It follows that (e?);T (aw) 4 (e?);T%. Hence arguing as for (I8) we find
(4.23) R I Ul (2 W o (law) tég;‘,l

and, moreover, for any ¢ € (0, «),

(4.24) EISi'°) < Co(EIS,I] + Cat™E[TY) < Coat®.
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as required in ([@L8). We finally obtain,

x — x|

B
(425) |Il'_’1(t,X,X/)| < % ( t% ) (pgm(t,x) —I—pgi,1(t,x/)).

The control for |A%7A7i=tvlp5(t,x) — A%=A=ivt=lp5(t,x’)| follows plugging ([@25) and [@ZI) into [@I9) defining
a(t,) == 7 (i, pgin +03)(1, ).

It remains to control the difference associated with the small jumps part. We first recall that for any
a = a1 € (0,2), we have that for i € [2,n],a; € (0,1). Also, we consider first for simplicity the case
a1 =« € (0,1). Write then, using also (@15,

AT AU (1,3) — A% A (1, )
dz

= / . [(ps(t x+ 707D (eh);2) — pst, X))—(ps(tvx/+t7(i71)(8A)iZ)—ps(taxl))}w

|<tei

/ / / dp( Vpar(t,x + pt ™ (e4)iz = €) = Vpar(t, X+ pt~ O (e);z — E)) 70 ()2
2j<tar JrN

x Py, (d€) —ae—

2|4

In the sequel we will use ([@.I6]) with |i] = 2 and the following inequality
(4.26) pir(ty +€) < Coupiy(t.y), if [¢] <203, £>0,y, ¢ €RY,

for some Cp, > 0. This can be easily proved considering separately the cases |y| < 4t and |y| > 4t (if

ly| > 4t5 one can use ¥F¢l > IZl¢l > M S if ly| < 4t= one can use 1 > 4|y‘ ).
ta tcx ta ta

We derive if [x — x| < ta:

|A%,A,i,t,sps(t7 X) _ A%,A,i,t,sps(t, X/)|

— / R
o X'/ / / du/ (t,x + pt= (e )z—i-/\(x—x’)—5)]d)\PNt(d£)|z|t’(“1)%
z|<tar JrN [2|dite

x—x’|

x — x|

[ [Pt = P L i < G s e0)

Cn [|x—x A
< () e

The second inequality follows from [@20) taking y = x' —€, ¢ = ut~ =1 (e?);24+\(x—x'), using the fact that on
1 .
the considered set, i.e. [x—x/| < ta,|z| <t since a; = we have that £~ (1| (e4); 2]+ |[x—x'| < 2ta.

(4.27) <Cp

1+oz((li—1) ’
We have exploited as well that:

—(i— z —(i—1),—1+L 141
=G 1>/ N #dz<ca_,it (=D~ — ¢, s,
|z| <t

If now |x —x'| > t=, we derive from ([@IB) (using again [@28) as before):

|A%,A,i,t,sps(t7 X) _ A%’A’i"t’sps(t, X/)|

(x4 put= Y (e )z—{)+pM(t,x’+ut7(i71)(e’4)iz—{))duPNt(dg)
|z |<t°‘1 RN
1
*<H>ziz <_m/ // 7 (tx — &)+ py(t, X' — &))duPy, (dg)t= 0D
| ||Z|di+ai < o (o tx =% bt = ©))duu ) Vsl =
Chm Cp [|x—x A
(4.28) < (psttx0 + ps(tx)) < G (P2X) (e 4 nste.0)

Equations [@27) and @28) give the stated control for |A 2 A4tspg(t, x) — A2 Aitsy e (¢ x')|. This gives (ii)
for @ € (0,1). The control (i) can be obtained following the same lines, without handling differences of starting
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points. To handle the small jumps in the remaining case i = 1,y = « € [1,2), a second order Taylor expansion
is needed in the previous computations. Write, in short:

AT AT g (k%) = AT AT (¢ x)

[ s (st €912) = ps0%) = ps(t:6) - (4102

—(ps(t; X' + (eM)12) — ps(t,x') — Vps(t,x) - (eA)yZ)} |z|d%

/z<t% /]RN /01 du(1 — p)
dz

(429)  ((DPparltx+ )iz — €) = D2pur(t,x + )12 — €)) ()12, ()12 x Py, (d€) P

Now, if |x — x'| < t=, similarly to @27):
AT ALy (1) — AT AL (1, )|

x—x’ dz Cm [|x—x g
(4.30) [ Lt PR < S (B st
\<t0¢ R o

If now |x — x'| > t=, we derive from [{29), [@I6) (using again [E20) as before):
|A%’A’1’t’sps(t,x) _ A%’A’l’t’sps(t,xlﬂ

Cm/q% /RN /01(1_M)(pM(tvx‘f'M(eA)lZ_{)+pM(taxl+N(€A)1Z—E))duPNt(dS)

e

dz C

Cm [ |x—%|
. 2 < Zm _ _ ! < Zm
(4 31) X |Z| |Z|d+°‘ = ¢ (ps(t,X)+p5(t,X)) = ¢ (

ts

)ﬂ (pg(fa x) + ps(t, X’)) :

Equations [@30) and (@3] complete the proof of (i), (i) for a € [1,2).
Let us now deal with (%i). We consider for simplicity a € (0,1). The case a € [1,2) could be handled as
above considering an additional first order term in the integral (see ([@29)). Write, for i € [1,n], ¢ > 0,x € RY:

. ) dz
DATFAbps(t x) = at<7t(i—l)ai /Rdi (ps(t x+ (e?);2) — ps(t, x))iIg - )
(aili — 1)) Ay = dz
DL (pstt.x +():2) _pS(t’XDW

1 dz
W/Rdi (6,5]?5(15 x+ (e ) Z) — Owps(t, X))W =: (Ei,l +Ei72) (t,x).

(4.32) 0

Since, Ej1(t,x) = @ Jras (pS(ﬁX + 70 (e);2) —ps(t,X)) I Ijiai = al(l DAT Aty (t, x), point (i)
readily gives:

(4.33) [Eia(t,x)] <

To investigate E; »(t,x) note that 9;ps(t,2) = Lsps(t, 2), t >0, z € RV (see, for instance, [Kol00]), where Lg
is the generator of S, namely, for ¢ € C$*(RY),

oo gy

(4.34)  Lgsp(x) = /RN (go(x +1z)— cp(x))us(dz) = /0 TTa /SN?1 (cp(x +r€) — go(x))ﬁs(dg), x € RV,
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where fig = C’;SN w,N. We then rewrite from the definition in ([@32) (see also the
comments on pg after (30))):

1

Biatx) = e [ (Bspsttoxt (e)iz) = Lops () o

|2
= 1 dz _ % At
_ Ls(t(ifl)ai /R (ps(tx—i-( )iz) — ps(t, x)) |Z|di+m)_LSA2 ps(t, x)

- /N (A%’A’i’tps(tax +z) - A%’A’i’tps(t,x)) vs(dz),
R

using ([£34) for the last equality. The idea is now as above to introduce a cutting threshold at the characteristic
time-scale ¢= for the variable z. Write:

Eialt,x) = / (AT Atps(tx +2) — AT AV (t,x) ) vs (d)
o<t

(435) —+ \[ ‘ . (A%’A’i’tps(t7 X + Z) — A%"A"i’tps(t, X))Vs(dz) = (Ei,Ql —+ Ei722) (t, X).
z|>to
Hence we get from point (i) (see also (£34)):

|Bioa(t, x)| < % /z|>té (4t % + 2) + g(t, %)) vs(dz)

C [T d C [T d 1
=T o A L s s arisae) = 5 [ [ atxsrte) a0 s (ag)

C [t ds C
=/ Sm/wl alt,x + st E)fis(d€) + ya(t,x), £> 0, x € BV,

Define the density g(¢,-):

oo g 1
atx) = [ g [ altx stEs@e). 10, xR,
1 Sl+a SN*l
We derive:
C
12

(4.36) |Ei 22(t,x)| < = (q(t, x) + q(t, x)).

1

By the properties of ¢ we deduce §(t,x) =t~ « q(l t~« x). Moreover, by using the Fubini theorem, we can check
(A8)) when q is replaced by . For E; 21(t,x) we use point (i) in the diagonal regime, for x’ = x + z, so that
|x' — x| < t#, taking 8 = 1. We get, arguing as before (recall that a € (0,1)), writing vs(dz) = 2 fis(d€):

|Ei,21<t,x>|sc/zl<m((tx+z>+q<t x)) sz

t
- t% da q(t,x + st= &) + q(t, x)) fus (d€),
o S S§N—1

changing also variable s = rt== to get the last integral. Defining the density (¢, -):
= /0 / q(t,x + ste €)fig(d€), t>0,x € RV,
we note that ¢(¢t,x) = t*EQ(l, t—a x); we have (L8] when ¢ is replaced by ¢. Finally
i) < 5 (alt ) +(t,%) + (6, ).

Plugging this last control and (33) into ([@32) gives the statement up to a modification of q.

Proof of estimate (£20)). By independence, see equation ([LI5), we can write:

ps(t,x) —ps(t,x") = /RN (PM(EX —&) —pu(t,x' — €)) Py, (d§).
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Now, since pys is smooth, we can use Taylor formula to expand:

/RN (pM(t, x — £) — pur(t,x' — 5))PNt (d€) = /RN /01 Vaprr(tAx 4 (1 — Nx' — €) - (x — x')d\Py, (d€).

Equation [@I6) now yields that, for a given m € N, there exists a constant C,, s.t. for all t > 0, (x,x') € R?V:

Vs (.2 (1= A = )] < Gy (14 PELEAEZEN T G e - - ).

1
@ o

We thus derive:
(4.37)

—x/ 1
L Gutex =€) = putex = @) Prctag) < [ B2 [y (1= - ganry, ae).
RN RN ta 0

Rewrite: Ax 4+ (1 = A\)x' — &€ =A(x— &) + (1 — \)(x' — &). Observe as well from ([@IG) that p;(¢,-) is convex.
Consequently, we can bound:

par(tAGE— €) + (1= N — €)) < Apar(t.x — &) + (1~ Npyy (£, %' — €).
Plugging the above control in ({31), we obtain:

|x

Ch|lx—x
st 3) = pst ) < P2 (st 4 pse.x)),

2
recalling that we defined pg(t,-) as the convolution between p;;(t,-) and the law of Ny (see (I7)). The above

’ ’ ﬂ
control readily gives [{@20) if |x — x/| < t#. Indeed, in that case X1 < (Lf‘) for all 8 € (0,1]. On the
t o

t o

other hand, if |x — x’| > t=, we can again derive from {I8) with i=0

B
[ps(t%) = ps(t, )| < ps(t, %) +ps(t,x') < C(ps(t. %) +ps(t:x)) < C(Z22) (ps(t %) + ps(tx)),
for all 5 € (0,1]. This completes the proof of ([@20). O
We now state a crucial result to deal with the estimation of the singularities in (1) (see also Remark [T]).

Lemma 4.4 (Integration of the singularities). For all § > 0,k > 0 sufficiently small, there exists C :=
C((A),6,k) > 0 such that for all v > 0 and given (t,o) € [=T,T)?, with |t — o| < %, defining for s >tV o:

n
pa(e) = |s — 1% + 3 |zl T u(s)]
i=1

where u(s) = ux(s) = A(s—t) + (1 = X\)(s — o) for any fized X € [0,1], we have for K large enough:

1
Sa .
o ! /s>m pe(2)> K~ (s A" a(z)dzds < C.
Proof. Let us define:

1
e I=y Lk duds,
. ! /5>Wo-,ps(z)>Kv |U(S)|1+5|Z| q(z)dzds

We introduce the following partition for a fixed ¢g > 0:

For I; we readily derive, integrating the function |z|"q(z) in space, that:

1
Whﬁq(z)dzds. =1 + I.
1 . . 1
|1+5|Z| q(z)dzds < 075 {_7"—5

I = ,_Y&l/
$21V0, 040 (2) K, {[u(s)]>e0r2 }U{ u(s) [ <eor=} [4(5)
—+o0
L < 750‘/ RN } <C.
ps(2)> K, |u(s)|>cove |U(S) coy™
We now turn to Io. Observe that with the definition ps(z), when |u(s)] < cogy* and ps(z) > Kr, since
[t — o] <%, we have |s — ]| < |u(s)| + |t — o] < (co + 1)v* (consider the cases t > o and ¢ < o) and

(4.40)

Dl T u(s) [+ > (K~ (14 co) )y = K,
i=1



L? ESTIMATES FOR DEGENERATE NON-LOCAL KOLMOGOROV OPERATORS 21

where K > 0 when K is large enough. Hence,

{po) > K u(s)| < cor* } € {Dzmw Tlu(s)[* = K, Ju(s)| < cor” }.
We then get:

(4.41) "q(z)dzds.

1
I < 75“/ 7512l
Szl 1+0<(1i*1) \u(s)\é >Kry, |u(s)|<coy® |’U’(S)|1+(s

Thus, for all s, z, there exists ¢g such that:

| K alio—1)+1 ~1taio=1)
Zio| > | — _
=\ ()

Consequently for n; € (0, ), we derive:

I < C‘;“/ S zn: 2 [u(s) = jll“()dd
2 = Y p z|"q(z)dazas
" L | TFED Ju(s)| & 2 Koy, Ju(s) | <core |48 |1+6 i=1 yHree=y
" . 1
< C ,Yéoz*nj(lJrOé(J*l))/ — ds/ || T q(z)dz.
jgl fus) <eor [ufs)] 1 FOTmUTIRR) T

Choosing for all j € [1,n], n; + £ < a, we can integrate in space, i.e. [ |z|"%¢(z)dz < C. Thus,

I, <C 5a—nj(1+a(J—1))/ . ds < C,
o ;7 Ju(s) <eore |u(s)[FHmm U= T
where for the last inequality, we choose for all j € [1,n], n; = n such that:
ad 1
o> ————=60—n;(j—1+— 0.
n= a_oz(j—l)—i-l (7 +oe)<

We point out that the constraints on &, § and  summarize in kK + 7 < « and @) < 7, and can be fulfilled for s
and ¢ small enough. O

Remark 4.2. Importantly, it can be derived from the previous proof that the term I < C even if § = 0.
Indeed, in this case, we handle:

" , 1
(4.42) I < CZW*MHO‘(J*U)/ —____ds < C.

= fu(s)|<core [u(s)[t I 1F)

4.2.2. Proof of the deviation Lemmal[.2: Boundedness of the terms in (L1). We are now in position to complete
the proof of Lemma It suffices to establish that the terms I; 7 and I; ¢ in (1), which respectively
correspond to the time and space sensitivities, are bounded.

The purpose of the computations is then to derive that the initial integration domain {p > K~} can be
expressed as or is included in a domain of the form {p;(z) > K~}, for a possibly different K, using the notations
introduced in Lemma [£4l This latter lemma is here the crucial tool to handle the singularities.

o Control of (I s)icp1,n) i D). From Lemma 3] and the notations introduced in (E.3):

B
1 M1 (e—0Ax — e(5=9)¢)] 1 1 A
Lis = s ::C/ — q(s — o, M1, (e % —y)

>ovt, p> K~y (8= 0) (s — 0)5 det(M;_,) ( ( )

(4.43) +q(s — o.M, ("4 — y)) ) dyds.

We can rewrite, using also (Z1),

S—Oo

|M;10(e(s—t)AX -~ e(s—U)A€)| _ ‘(Mige(s—a)AMsﬁ)Mfl (e(a—t)AX -~ é)‘

ML, (7% — €)| < OIMZ, (e x — €)],
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so that recalling from @), p := p(s —t,e* D% —y) and v := p(o — t,el" V4% — £):

n (0—Ay _ &\ P
Is < C/ Z<|(e X €l)z|) 1
s>ovi, p>Kvy i3 (s —o)—tta (s —o0)

A

1 - S— - S§—0O
X L) (q(s — o, M2, (e % —y)) + q(s — o, M2, (e8¢ — y)))dyds
- , 1
< (a(z—l)+l),8 / /
< C ;7 sovt (5 — 0)BETHHT Jou Ip> K~y
1 — s— — s—o
(444) Xm(q(S—U,MSEU(e( t)AX—y)) —|—q(S—0',MS_10_(e( )Aé'_y)))dyds = Ié—i—[g
Let us first deal with [ é and set for a fixed s,
(4.45) z1 = (s— U)fiMs__la(e(sft)Ax -y).

Observe that, in the variable z;, we have for all i € [1,n]:

. a(i—1) 1
(e % —y); = z1,i(s — g)wtl-1 = z1,i(s — U)% = (et % — )4 S = |21, e (s —0)e.
In other words, the component (s — U)é factorizes by homogeneity for all components (see also Remark 2.7).
From the definition of p in (@3] we thus obtain:

n n
1 _ 1 1 1 1
p=(s=1)% + D | Mx —y)| T = (s = )7 + Y |z1,,| T (s —0)F = py(z),
i=1 i=1

introduced in Lemma 4] taking u(s) = (s — o). Recalling the scaling property ¢(t,x) = q(l, i) and using

1
t o

o~
oH-

the previous change of variable in the spatial integral, we get

It < OZ V(Of(i*l)“)ﬁ / L (2z1)dz,ds.

- T q
i=1 s>oVt, ps(z1)>Ky (S — O')B(Z I+5)+1

Each term in the above summation can thus be controlled thanks to Lemma 4 taking for the i*" term,
§=pB(i—14 1),k =0. Let us now control I in {{Z4).

2 _ (a(i=1)+1)8 1
Is = C_Z;'Y( )/S (5 — 0)PG- 1T )41

>ovt {|s—o|>y}U{|s—a]<y*}

1 — s—o
X (/RN Hp>Kvm‘J(5 — o, M1, (e — Y))d}’)ds = I3 + I3

For Igl we readily get the bound writing I,~ x, < 1 and integrating in y over RY and in s over {|s —o| > v*}.
To analyze 122, we first set 2o = (s — o)~ a M, (e*~4¢ —y). Recall as well from (H) that

n

THaG=D I
p < |t - S|é + Z (‘ (y — e(sig)Aé)i Tteti-1) + ’(e(S*U)A(g _ e(a'ft)AX))i 1+a(1—1))
=1
- S
(4.46) < ps(z2) + Z ‘(e(S—U)A(S _ e(a_t)Ax))i TFa(i—1) ,
=1

using again the notations of Lemma 4] with u(s) = (s — o) for the last inequality. Observe now that arguing
as in (@4) we have, for any g € RY, r > 0, € [1,n],

(")l = [Bfe™[(a") "] = |(a"e"™ By)*| = |a"e"™ By| = |a* M, e M, Bi|
(4.47) = D" M e By = v Y| [qu, r e, ..., Vg, ] e B = CZ R qu).
k=1
By [41), we get for all i € [1,n]:

‘(6(570)14(5 _ e(oft)Ax)) .

K2

< Y s — oI - el7x);| < €3 40T < iDL
j=1

Jj=1
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recalling that |s — o < v for 12 and v = p(|t — 0|, & — e""Y4x), with p(-,-) defined in (), for the last
inequality. We thus get from (L40):

p < ps(z2) + Cr.
Hence, {p > K~,|s — 0| <~*} C {ps(z2) > (K — C)v}, so that

no 1
20y 4l 1>+1)5/ —(2)dzads

P 520Vt pa(22)>(K—C)y (s — o) P07 1HG)H

which is again controlled by Lemma 4l taking the same arguments as for I} for K large enough. The statement
for Ig follows from (@44l and the previous controls.

o Control of (Ii )i n D). For the analysis, we need to exploit the relative position of ¢,0 < s. We can
assume w.l.o.g. that ¢ < o < s. Note that, if t = o, then for all i € [1,n], I; » = 0 (no time sensitivity). Set
for a fixed s,

(4.48) 2 = M1, (e~ 04x — y).

Recall as well from (@3] that:

(4.49) p=(s—1t)= 5 4 Z| (s=Ax )i|a<i*11>+1 =(s—1) v+ Z| s —t)" 1(Z3) |aG=DF1 T — ps((zi‘o’t)l),
i=1 §—U)e

with the notation of Lemmalﬂlvvlth u(s) = s —t. We now split for ¢ € [1,n] the terms in the following way:

I

- / ’A%,A,i,s—tps(s —t, M}, (e¢" D% — y)) A%’A’ivs_aps(s — o, M, (e Ax — ’dyds
>oVt, p>Kry

B det(M,_;) a det(M,_,)

oy P g— det(M —t) Q4 ig— —
— AT AT o (5t mg) — — AT AT o (s — o M M, y23) | dzsds
/>th ps( . )>K7 ‘ ps( 3) det(M, ) ps( +23) |dz3

(s—t)

’A%VAJ’S%I)S(S —t,23) = AT AT pg (s — 0, 23) | dzsds

S \/
s>oVt, ps (%—) >Kry
(sft)E
+/
s>oVt, ps(

+/ ‘ (1 — det Ms_ﬂt)A%”Aﬂ.’SigpS(S — 0, M o z3)|dzgds =: I} g + I + 2.
>oVt, p ( Z3 )>K'y e e ’ ’ ’

1
(s—t) o

OC,L A . OL,L A .
}AT’ 5T pg(s —oy23) — A2 NI g (s — U,Ms%tm) dzsds

3 T >>K'y
(s—t) &

- Control of I?,T'

Let us first handle the contribution IE:T which is the most unusual and which specifically appears in the
degenerate framework. From equation (£9) in Lemma 3] we have for all i € [1,n]:

1 — t r
B.<cC / —
’ szt pa —0

3 )>K'y (S - U)
where 7 := 3", (j — 1)d; = N — d;. Observe now that:

dzzds =: Iy,

q(S—U,MSstZg)‘l—(

(s—t)

o=t fys—o Mo =) A _ (o= t)(s -

(s —o) - (s=o)

recalling that for all A € [0,1], s — o + Ao — t) < s — ¢ for the last inequality. Set now from (Z4S),
Z3:= (s — 0')_éMsT—tZ3 =(s—o) =M_', (e(s_t)Ax -y).

‘1_(S—t)r

S —0

Recalling (£49), we obtain with the notation of Lemma L4 and u(s) = s — o:

n

p=(s—t)= +Z|(e(sft)Ax_y)i|7a<ijl>+1 =(s—t)a +Z |35 5G 0T (5 — o) & =: py(23).
1=1
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. N (s—o\" s
Hence, since dzz = (s — o)« (SS,(Z) dzs,

1 L s—ov(c—=t)(s—t)"!
Bosof olan) (=) =]
s>oVt, ps(z3)>Kry (S - U) s—1
1 o

—t
< C’/ q(z3) dZ3ds
s>oVt, ps(z3)>Kry (S - 0) $—

Our previous choice t < o < s then yields (o —t) < (s —t), s — o < (s — t) and therefore for some § € (0, @):

3 5 1 Ly 5 1
BECON [ iy TmGmmptato SO0
Hence, Lemma 4] applied with the current 4, x = 0 yields I3 < C.

- Control of IZT.
Using Lemma [£3] we bound:

(4.50) Iy = /
s>oVt, ps(

1
< c/ v — Mt [Pl (0l — 0,75) + (s — 0, MLzs 73) ) dsds =: T3,
>oVt, ps )>KV (S — 0’)1+E ST ST

where |[Inxny — M st || indicates the operator norm of Iyxy — M st . For the first term in the second line of

@EEQ), we set z3 = (s — o) w23 for z3 as in (@AR). In this vamable we have from (£49) that

digds

23)dads.

% Ajis—o _ _ S As—o —
A= ps(s —o,23) — A7 ps(s — o, M- z3)

ngdS

3 T )>K'y
(s—t)

l
(s—t)

(451) ps(%) S—t —|—Z|Z3Z S—o’ é( —t)i71|1+o¢(1i—1) = 55(23)

s—t)a

Changing variable in the second term of the second line of (LE0) to 23 = (s — U)_éMs%t z3, as in Ip g, we

a(i—1)+

recall from ([£49) that (note that (s — o)== DI = (s —o)%)
n
Z 1 P pr— — 1 .
po(—2r) = (s = )% + Y |20, TR (5 = 0)% = py(2),

(S - t) o i=1

with the notations of Lemma [ with u(s) = (s — o). Recalling now that s —t > s — o, so that det(M;-. ) <1
s—1t
and HM;UH < ¢, we derive:
s—t

1 _ o
Iz < C(/ ——— | Inxn — Mz ||°|25]° ¢(25)dz3ds
>oVt, ps(73)> K~y (s—o0) s

1 . . .
+/ —— [ INxN —M§_4||ﬁ|Z3|ﬁq(Z3)dZ3ds>.
>oVt, ps(23)>Ky (S - U) e

Observe now that

s—o

M = Mo | <c'1_( _t)"_l

We thus get

1 t—olls—t2\" .
I%SC(/ (' I n7|1 ) |z3|° ¢(23)dz3ds
s>oVt, ps(23)> K~y (s—o0) |s — o]

1 t—olls —t|"2 A . oy
—|—/ <| I n_|1 ) |Z3|ﬁq(Z3)dZ3dS) = I%l + 1%2.
s>oVt, ps(23)>K~y (S - U) |S - 0|

Let us first deal with 72? which already has the good form to apply Lemma 4 since it involves ps(2z3) and not
ps(z3). Precisely,

7 <

1 t—olls —t|"2 A . . .
¢ (B0 ) aalataa)izads
>oVit, ps(23)>Ky, {s—o<i(s—t)}U{s—o>3(s—1)} (S - U) |S - 0|

I221 I222
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n—2
For the second contribution, since s — o > %(s —t) we can bound the ratio: % < Cﬁ so that:

22 < it —olf 73)dzsds

1
————123]7q(
~/s>a'\/t, ps(23)>Kvy,s—o>3%(s—t) (S - U)ﬁJrl

1
aﬁ/ s B s\ 1n
v —————7 231" q(23)dz3ds.
s>oVt, pa(23)>Ky (s —0)ptt

We conclude I#*? < C using Lemma B4 with § = £ = 3 (choosing 3 small enough and K large enough). We
now turn to I2?'. We can bound

(4.52) [t —olls — 4" B< [t —al\7 |s —t[- 8 P
. |S_0'|"—1 - |s—t| (S_O—)(n—l)ﬂ - (S_O,)(n_l)ﬂv

IN

recalling that since s — o < (s —t) then s —t < 2(c —t) < 29 (moreover, |t — | < [s —t|). Thus, we obtain:
o | o
s>0Vt, ps(23)>Kry,s—0<3(s—t) (S - 0—)1+(n71)6

1
< v (n—l)B/ —|23|ﬂQ(i3)digd8,
s>0Vt, ps(23)>Ky (S - 0—)1-‘1—(77,—1)6

where we are once again in position to apply Lemma B4 with 6 = (n — 1)3, k = 3. The control [2* < C
follows. Let us now turn to IZ! and write:

2 < |23]° q(23)dz3ds

2 o< 1 (|t—0||s—t|”‘2

|s —o|r1

B
c/ ) 1218 9(23) dzads
s>oVt, ps(23)> Ky, {s—0<3(s—t)}U{s—o>3(s—t)} (S - U)

= I

For I212 it is easily seen from the definition of ps in (@EI) that on the considered integration set: ps(z3) <
2ps(z3) with u(s) = s — o in the notation of Lemma 4l Thus,

1 (|t—a||s—t|"2

1212 < C/
r s>oVt, ps(z3)>5y (S - U) |S - U|n71

This term can then, up to choosing K large enough, be treated as I??. For 12! we again use [£52) to get:

_ 1 _ L
B o< Cren 1),8/ )ﬁ|Z3|'8q(Z3)dZ3dS.

1 —1
s>0Vt, ps(zs)>Ky, s—o<5(s—t) (S - U) +n

B
) |Z3|5q(23)di3d8.

& -1\ TFatD
On the considered set, since s—t < s—o+o0—t < 29, we have Y ", (|231|(5_$1)++jf))> treteD > K -2/
now for K large enough s.t. K*TW > 1, we find

o 1 " (s—o)s(s—t)iTt K —2l/e 1 o
{pS(ZQ,) > Ky, s—0< 5(5 - t)} C {Zl |Z3,i] e > 50 < 5(5 - t)} =: A(z3).

¥ n
have v < C'|73|(s — o) =. Choosing 8 € (0,1, > 0s.t. (n—1)8— 2 <0 and 8+ 6 < a we get:

1
4.53 2 < a<"—1>ﬂ—9/ / 73| T0¢(z3)dzsds < C.
( ) T — /y {OSS_US’YQ} (S _ O—)H‘("—l):@—g RN | 3| Q( 3) 3 —

. o 1
Also, again from s — t < 2¢%, A(z3) C {Z?:l |Z3,:|2¢7 1 (=) > K220 s < fy"‘} = B(z3). On B(zZ3) we

- Control of I} 7.
Finally, let us deal with (I} )icp1,n)- Write

z 1
(s—t)a

1 i Ai,s—t i Ajis—o
I’i,T = ‘sz ) ps(S—t,Zg)—A2’ 5Ty ps(S—U,Zg)dZ3dS
SZUVt;Ps( A )>K’Y

XA t i A
A2 hbs— ps(s — t,Z3) — Az ’Z’S_Ups(s — o, Z3) dzsds

< /
sZth,pS( Z3 )>K%{U§STH}U{U>%}

1
(s—t)

. 11 12
= Ii,T +Ii,T'
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From equation (@I1) in Lemmad3] introducing for all A € [0,1], ux(s) := A(s —t) 4+ (1 — A)(s — o), we derive:

1 _
Ly = /
s>oVt, ps

1
t—
C/ | U||2q ux(s), z3) d\dzzds =: I}}
>oVt, p

>K'y <7<j |U)\

1 -
/ ‘BtATZ’A’““A(S)pS(u,\(s), z3)||t — o| d\dzsds

A )>K'VVU§STH
(s—t) @

IN

(s t)oc

Changing variable: zs = [ux(s)]” =23 and using as before ¢(t,x) =t~ ¢(1,t~=x), we find

1
t— N -
<c / I / =0l Gy drdzads.
SZUVt,pS(M)>Kv,U§% 0 |U)\(S)|

(s—t) o

_ 1
Since ux(s) < s —t, A € [0,1], we have that ps(%> < ps(z3) and we get

1
t_
I < c/ / |7U|2q(23)d)\d23d5.
sZUVt,pS(i3)>K'y,a’§S;t 0 |’U,)\(S)|

Observe now that on {o < =}, we have (s — 1) = A(s —t) + (1 — A)(s — t) < 2ux(s). Hence
[t —o| [t — o]
[ux(8)] |A(s =) + (1 = A)(s — o)

<2, Ael0,1].
Hence, for all 5 € (0, 1],

11
IT

IN

[t — o] o
C/ / (—) 4(Z3) d\dz3ds
>oVt, ps (z‘o,)>K'y,a'<j |’U,)\ S |U)\( )|

C'yo‘ﬁ/ d)\/ 7q(z ) dzsds.
>oVt, ps(73)>Kxy lux(s)|1+5 ’ ’

We again conclude from Lemma E4 taking 6 = 3,k = 0. This gives I} < C.

For I}’?T, let us emphasize that on {o > STH} we have s — 0 < 0 —t < ~4%. Thus, on the considered set we
also have s — ¢t < 29“. In this case, the Taylor expansion is not useful, we directly use the estimate ([£9) of
Lemma B3 on A7 A4 pg. We write, for all i € [1, n]:

1
Iz < C / q(s — 0,23)dz3ds
sZUVt,pS( Z3 T )>K’y,a’>% §—0

(s—t) e

IN

—|—/ q(s — t,z3)dzzds | =: IF*' + I3,
s>oVt, ps (%—) >K’y,a’>ST+t s—1

(s—t) o

For 11?2, we change variable to Z3 := —23—; recalling Lemma 4 with u(s) = s — t we have {ps(z3) > K~}

(s—t)«

= {(s - B + > |23, Tt (s—t)s > K~}; hence

< | O (s dsds

s>0Vt, pe(23)> K, [s—t|<cye S T 1

< / —C
— P e 1 —
S0 |23, @G DFT [s—t|a > (K —cl/@)y, [s—t|<cy® |S t|

which is exactly equation @41 with k = § = 0. From Remark (Z2)), this yields I:?? < C.
For [3?!, we again change variable to z3 := —22—+ as in [2!. This yields from @ZJ) that

T
(s—o)«

{Ps(ﬁ) > Ky} ={(s-1)* +le$z s =)t (s — )T > Ky b= {p, () > Kb,

q(z3)dz3ds,

with ps(z3) as in ([LEI]). Since {ps(ﬁ) > Kv,20 > s+ t} C {ps(z3) > K7, |s—o| < $(s—1)}. Proceeding
as for I2!, we arrive at [I53) with 8 = 0. We eventually get I}. < C which completes the proof. O
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5. PROOF OF THE KEY LEMMA

We split the analysis for the two terms involved in Lemma B2l Roughly speaking, for the (K7 f )ic[1,n] there

are no singularity and we derive the required boundedness rather directly. On the other hand, the (Kws ienn]
need to be analysed much more carefully.

5.1. Proof of the estimate on (Kfaf)ieﬂl,n]]- In this section, we prove the following estimate. For a given
p € (1,00), we have that there exists a constant C), such that for all i € [1,n] and all f € 7 (R**V):

(5.1) VK125 < CollF s

We first write that for i € [1,n]:

p
dxdt

Q4

H|57t|>sA3pA(8 —t,%,y)f(s,y)dyds

IKES Ve = [ LA 0P atax = |

]RN t X) (S,y)

/(/ /RN a((130.(5.3)) >Cos_tdet( sot) ! (s—tM Ly e(st)Ax))|f(s,y)|dyds>pdxdt,

where to get the last inequality, we discarded the time indicator and apphed equation ([{IT]) from Lemma [L3]to

LA s— tpS(S_

estimate the fractional derivative (recalling the correspondence between Axl pA(s t,x,y) and A7
£, M1, (et~ Ax —y)); see [.6)). Now, let us introduce r > 1 such that + + 5 = 1. Write

det(Mg_;) ! _ o
Rty (5 — 1,124y = e9%) ) (5,
det(M,_,)~? _ o Frdet(M,_;)~! _ . 3
SO (et P[0 s enag) )
To proceed we recall the following important equivalence result: There exists k := k((A)) > 1 s.t. for all
((t,x). (s,5)) € §*
(5.2) k(s —t, e % —y) <d((t,x), (5,5)) < kp(s —t, e x —y).

This equivalence can be deduced from (CI6]) established in the proof of Proposition below. Setting
p(s —t, els—NAx y) := p the Holder inequality yields:

Hﬂmw—/QAN _m<)%%wmﬂwmwﬂ

—1 s—t)A
X (/t /]RN R det( )" 1q(s—t,MS_t(y—e( t) x))|f(s,y)|pdyds> dxdt,

M:—lr (yfe(sft)Ax
|s—t|1/

Shs

for C := C((A)) > 1. Now, set z =
o == %, we get

1
/ / p>C0 — det( )" 1q(s — t,Ms__lt (y — e(sft)Ax))dyds < / —th(z)dzds <C,
p

S(Z)>Eo |S -

/ / S det(M )~ 1q(s —t, M.} (y - e(s_t)Ax)>dxdt < / % (z)dzdt < C,

pe(z)>co |S

; as in (£49) p = ps(z). By the Fubini theorem, setting

with the notations of Lemma 4] taking u(s) = s — ¢ for the first integral and u(t) = s — ¢ for the second (see
also the next remark).

Remark 5.1. Note that in (B3]), ¢ is a fixed constant. This allows to get rid of the singularity. Indeed, as in
~ 1

Lemma[d4] either |s—t| > 2 and there is no singularity, or there exists i € [1, n] such that |z;|>G-D7T (s—t)= >

26_%' By the arguments of the proof of Lemma [I4] see also Remark [12] we get the estimates of (&3)).
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5.2. Proof of the estimate on the (ngf)ie[u,n]]- In this section, we prove the following estimate for all
ie€[l,n], pe(1,00):

(5.4) 1K fllzecs) < Cpllfllres)-

The idea is to rely first on Theorem to derive the estimate for p € (1,2]. To this purpose we use that
(S,d, p), where p is the Lebesgue measure and d is defined in (BI0), can be viewed as a homogeneous space

(cf. Proposition [C.2)).
Then, to extend the estimate for all p > 2 we use a duality argument. Let us recall that by definition of

Kfaf, the kernel:
ki ((t, x), (s, Y)) = H|57t|Zsld((t,x),(syy))SCoAgpA(S —t,x,y),
is in L?(S x 8§), thanks to the truncations. The crucial points are an L? estimate and a deviation lemma.
Lemma 5.1 (L? estimate for the truncated kernel). There exists Cor > 0 such that for all i € [1,n]:
1K fllzzs) < Callfllzas), f € TR
Proof. We have:

IKEf12a0s) = /S KC.f(t,2) Pdxdt < /S Koo () Pt + /S KEf(t,2)|2dxdt.

We now use Lemma [LT] to control the first contribution and (51I) for the second. O
>

Lemma 5.2 (Deviation Controls for the truncated kernel). There ezist constants K := K((A)),C := C((A)
1 s.t. foralli€ [1,n], € >0 and (t,x),(0,€) € S, the following control holds:

(5.5) k{fs((t,x), (s,y)) - kfs((a,é), (s,y)) ] dyds < C.

/Sﬁ{d((t,x),(s,y))ZKd((t,x),(a,ﬁ))}

Proof. We will rely on the global deviation Lemma [£21 We write:

K (630, (5,3)) = KL ((0.8). (5,y) ) | dyds

/sn{d(@,xx(s,w)>Kd(<t,x>,<a,s>)}

<

/ kfs ((t, x), (s, y)) — kfs ((0, &), (s, y)) } dyds
pZK'Y)d((t)x))(Svy))SCO) d((st))(Svy))SCO

+f K (030, (5,9) — kS ((0,€), (s.9) )| dyds
p>Kr, d((t7x)7(5)y))§c()7 d((o-)s)!(s7y))>00

(5.6) +/ kgg((t,x), (s,y)) — kfa ((J,é), (s,y)) ’ dyds =: Ty + T + T3,
p= Ky, d((t,x),(s,y))>co, d((c,€),(s,y))<co

where we used the equivalence (5.2) implicitly modifying K; here p = p(s — t,e*"Y4x —y) and v := p(o —

t,el@ 4% — €) as in [@H). The second and third integrals T, T3 are dealt similarly. For T, the difference
with Lemma is the time indicator and the spatial localization.
Control of Ty in ([56]). For this term, we split according to the relative position of s —t and s — 0. We write:

K (620, (5,9)) = K ((0.8). (5,3)) | dyds

/p>K’w d((t,x),(s,y))<co, d((0,€),(s,y))<co

a

< AipA(S—ux,y)—Aﬁp/\(s—oaﬁ,y)‘dyds

/<st>A<sg>>5, =Ky

+/ Hs—tZE,S—o’<€|AEpA(S —t,X, Y)|dyd8 + / ]Is—t<a,s—aZa|AEpA(5 — 0, 57 y)ldyds
p> Ky p> Ky

Since {(s —t) A (s — o) > e} C {s >tV o}, the first contribution above is dealt directly with Lemma[£2 The
following two are dealt similarly, and we focus on the first one. By ) and (£9) of Lemma 3] we get:

/ HS*iZE,S*U<E|AEpA(S - ta X, Y)|dyds
p> Ky

C 1
< Tst>esoce————r— (s —t, M, (y — e D4x )d ds.
/psz 2ews—o<e T Gor M) ! (Y ) )dy
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We now discuss according to the position of « relatively to .

- Assume first that ¢ < ~®. In this case, we can write

(5.7) |s —t] <l|s—o|+|o—t] <e+% <297
[e3 B
Consequently, we write for all 5 > 0: (%) > 1, and changing variables to z = (s — )« M, (y — e(s"94x)

in the last integral leads to:
P

HS*t> ,5—0< |A::T:p1\($ - t,X,y)|dde S C/ 7Q(Z)dZdS,
/p>Kw st pe(z)> K~ (8 = 1)1TP

and we conclude with Lemma 4] taking u(s) = s — t.
- Assume now that € > v®. In this case we write directly
/ I 1 1
ok s—t>e,s—0<e s —1det M, , q
1

1
< - Ist>es-0ce 77—
E/pzm TIZETOSE ot M,

Also, since € > ~*, using (0.7) we actually have |s — t| < 2¢, so that:

(s —t, MY (y - e(sft)Ax))dyds

q(s —t, M, (y — e(s_t)Ax))dyds.

5} C
/ ]Is—tZa‘,s—o'<ale2i pA(S -1, X, Y)ldyds < —
p> Ky

€ [s—t|<2 WQ(S - t,M;}t(y - e(s_t)AX)>dde < C.
s—t|<2e Ss—

Control of Ts, T5 in ([&8]). We focus on Ty for which d((t,x), (s,y)) < co,d((0,€),(s,¥)) > co. The term T3
could be handled similarly. We have:

= / kic,:e ((tu x), (s, y)) ‘ dyds.
p>Kry, d((t,x),(s,y))<co, d((c,€),(s,¥))>co

Using the quasi triangle inequality (C.I2) below, we have:

o > di(t.9.(s.y)) > LEEEID .6 (1.5) = 2~y

exploiting as well (52) for the last inequality. We now split according to the relative position of v and ¢y.

- Assume first that v < 52-. In this case, we get T — K > 5%, and we are left with the integral:

2AkK
k(4.0 (5,y)) | dyds

/P>K’Ywd((th)1(57)'))<coﬁd((Uvﬁ)v(SwY))>CD
11 1

< C —7( —t, M, (y — 04 )dd <C/ dads,

< /p>;_0 rae sty = e7Vx) Jdyds < S T 4(z)dzds

z =M., (e 4% —y)(s —t)~'/*, bounding the fractional derivative with estimate [@3). We are thus exactly
in the same position as in Remark [5.1] that allows to control the above integral.

- Suppose now that v > 5%. In this case, we readily get: p > Kvy > I;X” and the corresponding integral can be
bounded similarly.

|
Recalling that by construction, for alli € [1,n], k. € L?(SxS), estimate (54) now follows from Lemmas[5.1],

i,e
and Theorem [C.Tlbelow for p € (1, 2] since from Proposition[C.2] (S, d, ) can be viewed as a homogeneous
space. Estimate (5.4) for p € (2,+00) can then be derived by duality as follows. Let p € (2,4+00) be given and
consider g € L"(S) with r > 1, 1 4 % = 1. Then, for all ¢ € [1,n] and f € L?(S),

/SKgsf(t,x)g(t,x)dxdt = /_:; /RN (/tT /RN kgs((t,x), (s,y))f(s,y)dyds)g(t,x)dxdt

= [ LR, st asar) sy asas
=: /T /N K{ g(s.y)f(s,y)dyds,
=T JR
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where Kfs is the adjoint of Kfs. Recall that kfs ((£,%x),(s,y)) := Afjp[\(s =1, %, Y) s> lagce,x), (s,3)) <o S€€
BII). From (3.4), using that
M;lt(e(s_t)Ax -y) = M;EtMs—teAM;Et(x - 6_(S_t)AY)=
see the scaling property (2.1, we find

1 1
¢ _ ¢ M—l (s—t)Ay, -
pA(S 7XaY) det(MS,t)pS (S ) s—t(e X y)) det(M57t)

with S, = e~ 4S,,r > 0, where the symmetric RN-valued, a-stable process S is defined in Remark 231 We get:

o4 oy 1
AZ X y) = A ——
7 pA(S X y) 2 det(MS_t)

v.p. /d (pg(s —t, M;}t (e—(s—t)Ay —x+ B;2)) — pg(s —t, M;}t (e—(s—t)Ay _ X)))
R4

Ps (s —t, Ms__lt(ef(sft)Ay — x)),

ps(s — t, M1, (e” 7Dy —x))

1
a det(MS,t)

dz

|Z di+oy

- a(s — —1 (o= (s—t)Ay _ (-1,
" det(M,_) ¥ /R (Ps(s t, M, (e y — %)+ (s — )"0V B;z))

dz 1
|z|ditei " det(M,_)
where for ¢ € C$°(RY) and for all i € [1,n], s >t the operator:

G8) AT = |

R4

Aty (s — 1, ML, (e” (79 1y — x)),

~pg(s — £, ML (e~ 704y — x))

dz

(<P(X + (s =)V Biz) — p(x) — (s — )T Vp(x) - Bz'Z]I\z\g) Tajiter

where V again stands for the full gradient on R"V. We thus conclude that

7% ° 1 A Sis— — —(s5—
Kiegls:y) = /T/]RN FET A R "pg(s —t, M1y (e ™y — 3)) o g5 clugr ), (s.9) <09 (E X)dxdt

=: /S/ IEZ-C:E((S,y),(t,x))g(t,x)dxdt.
—_7 JRN

We derive similarly to the previous computations that for all r € (1,2], there exists C,., s.t. for all g € L"(S),
IKSgllLrs) < Crllgllprs)- The control [|KC fllprs)y < CpllfllLr(s) follows now by duality. Lemma
eventually readily derives for such p from (BI) and (&A4)). O

APPENDIX A. AUXILIARY TECHNICAL RESULTS
Here we give the proof of some technical results for the sake of completeness. We first prove estimate (213]).

Lemma A.1. There exists a constant ¢ := c¢((A)) > 0, such that for allt € [-T,T), and all p € RV :

1
| [ eap exptva)Bos) u(ds)io = clttipl*
0 Sd—1

Proof. Thanks to (ND), we have:

1 1
[ [0 exp(wA) Bos) P tds)do = lttipl® [ [fexp(wA) By 22 .
0 Jsa 0 IM;pl|

Defining C := infgegny 1 fol |(exp(vA)Bo)*0|*dv, it thus actually suffices to prove that C' > 0. By continuity
of the involved functions and compactness of SV !, the infimum is actually a minimum. We need to show that
this quantity is not zero. Arguing as in [PZ09] page 49, we can use the fact that assumptions (UE) and (H)
imply the rank condition

(A1) Rank [Bo, ABo, ..., AN"'Bo] = N.
Here [Bo, ABo, ..., AN"1Bo] denotes the N x Nd matrix, formed by the matrices Bo, ..., AN "1 Bo.
Set M = sup{|(Bo)*e*4 0| : v €[0,1], |8] € SN~} + 1. since ’W’ <1, se|0,1], we get

1 . 1 Bo)* vA*O a 1 Bo)* 'UA*O 2
/ (Bo)*etd 0|adv:M“/ ‘% dv > M“/ ‘% dv.
0 0 M 0 M
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Let us recall that the rank condition (A.J]) implies (actually the two conditions are equivalent) the existence of
Cy > 0 such that, for any u € RY, fol |(Bo) e’ u|>dv > Cy|ul? (see e.g. [PZ09); an alternative proof of this
fact can be done following [HM16] (see page 33 in [HMP16]). This completes the proof. O

We now turn to the estimate (AI6) for the derivative of the density pas.

Lemma A.2 (Derivative of the density of the small jumps part.). For all m > 1 and all multi-indices i =
(i1, ,in) € NV [i] = Zjvzl lij| <3, there exists Cy, 5 s.t. for all (t,x) € R% x RV:

: Coi x|\ ™™
ka0 < S5 (1+' ') |

te

Proof. Below, similarly to (I2)), we decompose the Lévy measure vg of S as
. e dr
vs(D) = [ s(a) [ Io(r&)r. D e BEY)
SN-—1 0 T

According to ([EI3), expressing pys(t,x) as an inverse Fourier transform, for all multi-indices i = (i%,--- ,i%) €
NV |i] = Zjvzl li;| <3, we have by the Lévy-Khintchine formula (recall that vg is symmetric):

ohons(tx) = iy [ e iptonn (¢ [T (cosllpar) < 1)1, s irsiis(ag) ) d,

(recall that we have the term cos({p,r€)) — 1 since vg is symmetric). Changing variables in tép = q yields:
_ NA]i]

i —i{a, %
P (t,%x) = @mN /RNe < tH>

. (—iq)iexp (t /stl /0 (cos (<q, :_§>) — 1>H{T§t;}%ﬂs(d§)> dq.

Observe that changing variables to p = rtfi, we have:

q'exp <t /SAP1 /000 (cos (<q, :—§>) — 1)H{rgté}%ﬂs(d£>>
= q'exp (— /SN*1 /Ooo (1 — cos(q, p£>)l{p<1}%ﬂs(dﬁ)> =: f(a)-

It is not difficult to differentiate under the integral sign and get that f is infinitely differentiable as a function
of q (cf. Theorem 3.7.13 in [Jac05]). Besides, we can bound the truncated measure by the complete one, up to
a multiplicative constant. Since Ij,<1; =1 —I,~1}, we obtain

Fal < e (Zase™ ) ew (< [ 7 (1 costase)) i istae)
Clal'lexp (= [ l{a.&)lns(d) < Clalile 1o
SN—1

using that the spectral measure pg satisfies the non-degeneracy condition (ND) for the last inequality. Thus,
f belongs the Schwartz space .7 (R”). Denoting by f its Fourier transform, we have:
Vm >0,3C,, > 1,Vz € RY | |f(2)| < Con(1 + |2])~™.

Now since [0ips(t, x)| = =

A

IN

f (t%) |, the announced bound follows. O

APPENDIX B. LP ESTIMATES FOR THE LOCAL CASE o = 2

We focus here on the case a = 2, i.e. L, = %Tr(aa*chl). In this simpler case our main results of Theorems
[Tl and 214 continue to hold. Let us consider parabolic estimates in Theorem 2141 We only show how to
prove the result following our previous arguments.

We first note that the case a; = a = 2 follows by [BCM96] and [BCLPI(]. On the other hand we concentrate
on the new case when i € [2,n]. We start as in Section [2] for ¢ > 0:

t
A¥ = et x + / ')A BadW,
0
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where W = (W}) is a d-dimensional Wiener process. Here we use an alternative approach to obtain an analogous
of (ZI0) (this more probabilistic approach could be also used in stable case of Section ).
By the independence of increments of the Wiener process, the Fourier transform shows that

t
(B.2) Ax ) geay / e*ABodW,.
0

Using that e"4 = Me™ M, * (see (7)) and the fact that M, ' Bo = Bo we obtain
¢ (law) 1 1
Jp = / A BadW, "= t1/? / e"ABodW, = tY/2M, / e"ABodW, = M;S;,
0 0 0

1
with S, = ¢1/2 / A Bodw, ") KWy, t>0,
0

where K is an N x N square root of the non degenerate matrix I' = fol e**Boo*B*e? #ds (the non degeneracy
follows by our assumptions on o and A), i.e. I' = KK*, and (Wy) is a standard N-dimensional Wiener process.

The structure of (2.8)) in Proposition[23]still holds in the limit case, replacing exp (—t Jon—1 (P, )| ,us(dé)>
with exp ( — %(I‘p, p)) Observe as well that we can enter the previous framework constructing a symmetric
measure pug on SV st [y, p*00 pus(dO) = [ov 1 [(P,0)P1s(dO) = @. Denoting by K; the itt

column of K, one can take g = % Zf\il |K;|(6 x;, +0_ x; ), where &, stands for the Dirac mass at point u.
K] 1K1

The Fourier argument of Lemma 1] still apply and the L? control stated therein remains valid. Observe
that, to investigate the LP case for p # 2, we clearly need to consider the quasi-distance in BI0) with o = 2.
For Lemma the case ¢ = 1 involves the local operator Ay,. Such deviations results have been proved
in this framework by Bramanti et al. [BCM96] (see Proposition 3.4 therein). We thus focus on the new

1
contributions associated with i € [2,n], which involve the operators (Ax; """ );c[2,,)- For those contributions,
the proof of Lemma remains the same provided we prove the key controls of Lemmas and 4 We
present below a proof of Lemma [£.3] for o = 2. With this result, Lemma [£.4] still holds for o = 2 with the same
proof. The final derivation of the main results of Theorems [[LT] and 2.4 is then the same as in Section 2] and
Sections respectively.

Proof of Lemma[{-3 for « =2 and i € [2,n]. Observe indeed that for such indexes the correspondence (3.6)
still holds. The main difference with the case o € (0,2) that we considered before is that we do not use the
previous decomposition (EIH)), which splits for « € (0,2) the small and large jumps, but directly exploit the
Gaussian character of pg(t,-).

Let us prove point (i7). With the notations of (£12), i.e. A,?:’i’A’t’lpS(t, ), Af:’i’A’t’Sps(t, -) corresponding
respectively to the large and small jumps part in the operator, we rewrite for all t > 0, (x,x’) € R?V:

Zi i At Zi g, ALt
Axi ’ pS(t7x) - Axi ’ pS(taX/)
— (AXTZM,A;ths(t,X) _ AXT:;%A7t;lpS(t,X/)) + (AXT:)LAi)SpS(t,X) _ A,?;7Z)A’t7sp5(t,xl)).

Similarly to (Z19),

‘A%,A,i,t,lps(tjx) _ A%,A,i,t,lps(t7x/)

) ) d
< ( / L Ips(tx 410D (eh)2) — ps(t, X + t-<z-l><e“‘>iz>|ﬁ>
|z| >t i o

: |z

(B.3) + (%‘ps(t,x) —ps(t,x')D =: (L1 + L)(t,x,x).

In the current Gaussian case, a control similar to the previous (£20) also holds. Precisely, for all ¢t > 0, (x,x’) €
R2V 3 € (0,1]:

B
- If |X _X/| > tév then |p5(t7x) _pS(taxI” < (%) (ps(t,X) +ps(t7x1))'
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- If |x — x| < t2, then usual computations yield (using also (a — b)2 > “—; —b?):

1 /
X—X c,1
ps(t,x) —ps(t,x)] < / Vs (£.x + Ax — X)) |Jx — x/|dX < C% exp (= 5 (512 = Ix —x'?))
0 2
< Clx—-x° =5 ge(t,x'),
where C' > 1,0 < ¢ < 1, and the Gaussian density
e |z|?
ge(t,z) := exp(—c—)zp t,z), t>0,zeRY,
verifies: |0ips(t,x)| < Cyt— 2 ge(t,x), for all i = (it,--- i) e NV |i| ;= Zjvzl i; <2,t>0,xeRN

Hence, by symmetry we derive:

B I\ B
x —x' X —X
B4) stt 0 = ps(tx)] <€ (B2 (ault0 4 aulex)) =€ (BZE) (e 4 0st0.0)
From (B4) and (BX3) we get:
C(x-x]\"
(B5) (xS (B (e + psex).
/ x — x| ’ —(i—1)/ A r o —(i—1)/ A dz
|I; 1 (t,x,x")| < C I . o (pg(t,x—i-t (e™)iz) +pg(t,x' +1t (e )m))W
z| >t i
W\ _ _
- g (|thx |> / (ps(t,x + 10"V (e)iz) +pg(t. %'+ 0D (e)i2)) fri (¢, 2) (d2),
2 R4
setting fri(t, z) := tca,di]l‘zpta%_ sz‘”;*‘” with ¢a,q, > 0 s.t. [pa, fri(t,2)dz = 1. Hence, fri(t,-) is the density

of an R%-valued random variable I',. The above integrals can thus be seen as the densities, at point x and x’
respectively, of the random variable

(B6) 5’?1 = gt + t_(i_l)(eA)iFi,

where S; = ¢; Wy has density pg(t,-) (the process (S;);>0 is proportional to a standard N-dimensional Wiener

process W) and I'! is independent of S; and has density fr:(t,-). We finally obtain,

x — x|

C B
(B.7) |1 (¢, x,x")| < " ( " ) (pgin (t,x) + pgia (t,x)).

law)

From the definition of a;; = % and (B6), one can check that S} (fav t2 541 and similarly to E24) that

the density pg..(t,-) of the random variable S;"' satisfies (8). Here, the integrability constraint is still given
by I'4, there are no constraints on S; which is Gaussian. The controls for |A=Z - A5blpg (¢, x) — A2 Abblps(t x')|

follows plugging (B1) and (BA) into (B.3) defining ¢(¢,-) := %H(E?:lpgm +pg)(t,-).
It remains to control the difference associated with the small jumps part. Write

(B.8) A%,A,i,t,sps(t, X) _ A%,A,i,t,sps(t, X/)

, . d
= /I1Ummx+fW”wm@—mwwywmmf+fW”wm@—mwfﬂgﬁgg
z| <t >i
! ; ; - dz
- L/ ‘lj/ (Vo x4 pt= 0D (e4)i2) = Vs x4+t (eA)i2)) 10D i
|z|<t®i Jo 2T

Usual Gaussian calculations then give that, if [x — x/| < t2:

(B.9) AP b (13) = AF A1)
/ 1 1

_ _ _ d
< C|X x| / N / d,u/ dXge(t, x' + pt= D (eA) ;2 + M (x — x')) |z|t7(zfl)ﬁ
t |z|<t®i Jo 0 |z dites

B
|x — x/| , / (i1 dz C|x—x'| C (|x—x/|

<C t =00 < 5(t,x) < — 5(t,x).
= t gC( ,X) ‘Z‘Sto%i |Z||z|di+0¢i - ¢ t% pS( 5X) — t t% pS( 5X)



34 L. HUANG, S. MENOZZI, AND E. PRIOLA

We recall here that the second inequality follows from the fact that on the considered set, i.e. |x — x'| < tz,
1 .
|z| < toi, since a; = we have that ¢~ (~1|(e?);z| + |x — x'| < Ctz. Hence, there exists C' > 0 s.t. for

all (\, ) € [0,1]%,

2
T+(i—1)2°

gt x" + put= D (e) iz + Mx — x') — &) < Cge(t,x' — &)
up to a modification of ¢ (cf. (@286 for a similar estimate). We have exploited as well that:

. z ; — 1
¢~y /| | N |z|‘|i%‘|"0% dz < Ca,iti(lil)t e = Oaﬁitipr%.
z| <t i

If now |x — x'| > t=, we derive from (B3):
|A%,A,i,t,sps(t7 X) _ A%,A,i,t,sps(t, X/)|

C ! (i i
< t_l/ L/ du(pg(t,x—i—ut (i 1)(eA)iz)+p5(t,x'+ut ( 1)(eA)iz))
2 Jjzi<tei Jo

i dz c i dz
xt ™ 1)|Z|W < t—%(gc(t,X)+gc(t,x’))/ N 1)|Z|W

2|<t®i
C C (|1x-x]\"
(B.10) < Lpsten+ps(ex)) < S (B2D) (pste0 +pste.x)).
Equations (B3) and (BI0) give the stated control for A2 4-it5pg (¢, x) — A Aitsp 6 (¢ x')]. This completes
the proof of (ii) for @ = 2. The controls (i) and (4) are obtained following the lines of the proof of Lemma
with the above modifications.

APPENDIX C. SINGULAR INTEGRALS IN HOMOGENEOUS SPACES

C.1. The main result. We recall here the basic Coifmann-Weiss theorem on singular integrals (see [CWTI]).
Let X be a set. A function d: X x X — R is called a quasi-distance if it satisfies :

1) d(z,y) > 0 if and only if @ # y;

2) d(z,y) = d(y,z), for x,y € X;

3) there exists C' > 0 such that d(z,z) < C(d(z,y) + d(y, 2)), for z,y,z € X.
We also introduce related balls B(z,r) = {y € X : d(y,z) <r}, x € X, r > 0, which form a complete system
of neighbourhoods of X, so that X is a Hausdorff space. We require that balls are open sets in this topology.

A homogeneous space is a triple (X, d, 1) where d is a quasi-distance and p is a Borel measure such that
there exists A > 0 for which

(C.11) 0 < u(B(x,2r)) < Au(B(z,r)) <oo, z€X, r>0.
Theorem C.1. [Coifman-Weiss] Let (X,d, ) be a homogeneous space. Let k(z,y) € L*(X x X,y ® u) and
consider the operator K : L*(X, ) — L*(X, ), K f(z) = [ k(z,y)f(y)u(dy), f € L*(X, ). Assume that

H1) There exists C; > 0 such that | K f||z2 < Ci||fllz2, for any f € L*(X, u).
H2) There exists Co, Cs > 0 such that, for any y,yo € X,

/ k(e y) — k(e yo)l(dz) < Cs.

d(w,y0)>C2d(y,yo)

Then, for any p € (1,2] there exists A, (depending on p, C;, i = 1,2,3) such that for f € L> N LP one has:
K fllee < Apll fllLe-

Moreover, there exists Ay > 0, such that p(x € X @ |Kf(2)| > a) < 24|11, a >0, f € L' N L2

C.2. The Strip S viewed as a Homogeneous space. We eventually need the following topological result.

Similar results can be found in [BCM96] and [FP0G].

Proposition C.2. Let d be as in BI0) with o € (0,2]. Then d is a quasi-distance on S, i.e. d(t,x),(s,y)) =
0 if and only if (t,x) = (s,y), d is symmetric and moreover there exists C = C((A)) > 0, s.t. for all
(t,%),(0,€),(s,y) € S

(C.12) A((t,%),(5,y) < C (d((t:%),(0,€)) +d((0,€), (5,y) ).

Also, (S,d, ) where p is the Lebesgue measure is a homogeneous space.
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Proof. Let us first deal with the quasi-triangle inequality. Introduce for z € RY:

polz Z 2 =

which corresponds to the spatial contribution in the definition of p in @Z). For (¢,%), (0,€), (s,y) € S? write:

1
d((t,x),(s,y)) < 5 (2It — s+ psp (D% — 5D AE) 4 pg (DAL —y)

(C.13) +psp (X — e(t—a)Ag) + psp (e(t_U)AS _ e(t—s)Ay))'
In the sequel consider r,u € R, x,£& € RY. There exists C = C(A) > 0 such that
(C.14) psp (€A% — e74€) < Clpsp(e"x — &) + |r[7) = Cp(r, e"*x — €).

Indeed, observe that (using the structure of the matrix e*4, as established in ([EZ1)):

n

psp (A% — " AE) = psp (e (e x — €)) = Z [(e (% - €)),| i
i=1

n [

A 1 n o
<O (I le x—g)]) T < @30 3T T e A - ) et
j=1 i=1 j:l

i=1
" 1
SO (Coe SO w+§j|r|l+a~ 7 (e - ), T ),

with the convention that Z j—1 = 0. For each entry in the sum over j we now use the Young inequality with

T+a(i—1 ta(-1))
exponents, q; = % >1,pj= (1 - 11?(?—13)

I+a(i—1)

— ] -1_1 .
- (al-l-oz(i—l)) - a i—j . Hence:

n uAy 3 _OLl',
psp(e(r-i-u)Ax_ TA£ S Z(| Ax — &) |1+D<('L ) +Z [lrl |(e"x S)]|1+ v 1)})

i=1 pj qj

< O( 15 T %) = Cloy(e™x =€)+ ),

By (CI4) we derive pg, (e(sft)Ax— e S*U)Aé) < Olpsp(el? DA% — &)+ |s — 0 %), withr =s—cand u = o —t.
Similarly, one get: pg, (e~ (€ — el7=9)4y)) < C(|t — oo + psp(€ — e("_S)Ay)). We obtain in (CI3):

d((t,x), (s,y)) < C’(|t - U|é +|s— U|é + psp(e("*t)Ax - E) + psp(e(S*”)Aé — y)
+psp (X - e(t_U)AS) + psp (5 - e(U_S)AY)) < C(d((tv X), (Uu E)) + d((Uu E)v (Sv y)))
This proves (C.12]).

Let us now define the d-balls and check the doubling property. Namely, for a point (¢,x) € S and a given
8, we introduce: B((t,x),6) := {(s,y) € S : d((t,x),(s,y)) < 0}. From the above definition, I0) and the
invariance of the Lebesgue measure | - | by translation, recalling as well that for all » € R, det(e™) = 1, we
obtain that there exists ¢ := ¢((A)) > 0 s.t. for all § > 0, (¢,x) € S,

(C.15) |B((t,x),8)| < oty di(1+(-1)a) _ ot N+3T0, dii—1)a
Assume now that the following control holds: there exists x := £((A)) > 1 s.t. for all ((¢,x),(s,y)) € S?
(C.16) A_lp(s —t,x — e(t_S)Ay) < p(s — et DA% y) < kp (s —t,x — e(t_S)Ay).

Equation (C.I16) means that we have equivalence of the contributions associated with the forward and backward
flows for the homogeneous pseudo-norm p. Then, introducing

_ 26
B((t,x),0) := {(s,y) €S:p(s —t,e(sft)Ax—y) < T +:‘$}7
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we have that B((t,x), 5) C B((t,x), 6). Indeed, for all (s,y) € B((t,x), 5),

1
d((t,X),(S,y)) = §(p(t_576(57t)AX_y) +p(t_svx_e(tis)Ay))
1
< S +r)p(s =t % —y) <4,

using (C.I6) for the penultimate inequality. Since we also have, up to a modification of ¢ in (C.IH), that for
all (t,x) €S, 6 >0, |B((t,x),0)| > ¢ tgotN+iimidili=Da we finally get:

C—léa-ﬁ-N—i—E?:l di(i—1)a < |B((t, X), 6)| < c&a-{-N-{-Z?:l d;(i—1)a

)

which gives the doubling property of the d-balls in S.
It only remains to prove (C.I6). It is enough to prove that there exists C' > 0 s.t., for any r € R, x, & € RV,

(C.17)

p(r, X — eTAE) <Cp (T, e A% — €)

This follows easily from (C.I4) with u = —r. O

ACKNOWLEDGEMENTS

For the first two authors, the article was prepared within the framework of a subsidy granted to the HSE
by the Government of the Russian Federation for the implementation of the Global Competitiveness Program.

The last author would like to thank the Université d’Evry Val d’Essonne and the Laboratoire de Modélisation
Mathématique d’Evry (LaMME) for an invitation during which this work began.

[App09]
[BBMO1]

[BCO6]
[BCLP10)]
[BCMY6]
[BKO07]
[Bou02]
[BPVO01]
[Bral0]
[BZ09]
[CPKMO5)
[CWT1]

[CZ16]

[DK12]
[DM10]

[Dyn65]
[EPRB99)

[FLO6]
[FPO6)

[FS72)
[HM16]

[HMP16]

REFERENCES

D. Applebaum. Lévy Processes and Stochastic Calculus, Il Edition. Cambridge University Press, 2009.

D. Benson, B. Baecumer, and M. Meerschaert. Operator Lévy motion and multiscaling anomalous diffusion. Phys. Rev
E, 63, 021112:1-6, 2001.

R.F. Bass and Z.Q. Chen. Systems of equations driven by stable processes. Probab. Theory Related Fields, 134(2):175—
214, 2006.

M. Bramanti, G. Cupini, E. Lanconelli, and E. Priola. Global L? estimates for degenerate Ornstein-Uhlenbeck opera-
tors. Math. Z., 266(4):789-816, 2010.

M. Bramanti, M. C. Cerutti, and M. Manfredini. LP-estimates for some ultraparabolic operators with discontinuous
coefficients. J. Math. Anal. Appl, 200— 2:332-354, 1996.

R. Banuelos and K. Bogdan K. Lévy processes and Fourier multipliers. J. Funct. Anal., 250:197-213, 2007.

F. Bouchut. Hypoelliptic regularity in kinetic equations. J. Math Pures Appl., 81:1135—-1159, 2002.

E. Barucci, S. Polidoro, and V. Vespri. Some results on partial differential equations and Asian options. Math. Models
Methods Appl. Sci, 3:475-497, 2001.

M. Bramanti. Singular integrals in nonhomogeneous spaces: L2 and LP continuity from Hélder estimates. Revista
Matematica Iberoamericana, 26—1:347366, 2010.

K. Beauchard and E. Zuazua. Some Controllability Results for the 2D Kolmogorov Equation . Annales de I’I.H.P.
Analyse non linéaire, 26:1793-1815, 2009.

J. H. Cushman, M. Park, N. Kleinfelter, and M. Moroni. Super-diffusion via Lévy lagrangian velocity processes.
Geophysical Research Letters, 32—19, 2005.

R. Coifman and G. Weiss. Analyse Harmonique mnon-commutative sur certains espaces homogénes, volume 242.
Springer, Lecture Notes in Math., 1971.

Z. Qi. Chen and X. Zhang. LP-maximal hypoelliptic regularity of nonlocal kinetic Fokker-Planck operators. ArXiV,
http://arziv.org/abs/1608.05502, 2016.

H. Dong and D. Kim. On LP-estimates for a class of non-local elliptic equations. J. Funct. Anal., 262:1166-1199, 2012.
F. Delarue and S. Menozzi. Density estimates for a random noise propagating through a chain of differential equations.
Journal of Functional Analysis, 259(6):1577-1630, 2010.

E. B Dynkin. Markov Processes. Springer Verlag, 1965.

J.-P. Eckmann, C.-A. Pillet, and L. Rey-Bellet. Non-equilibrium statistical mechanics of anharmonic chains coupled
to two heat baths at different temperatures. Comm. Math. Phys., 201-3:657-697, 1999.

B. Farkas and A. Lunardi. Maximal regularity for Kolmogorov operators in L2 spaces with respect to invariant measures.
J. Math. Pures Appl., 86:310-321, 2006.

M. Di Francesco and S. Polidoro. Schauder estimates, Harnack inequality and Gaussian lower bound for Kolmogorov-
type operators in non-divergence form. Adv. Differential Equations, 11:1261-1320, 2006.

C. Fefferman and E. M. Stein. HP spaces of several variables. Acta Mathematica, 129:137193, 1972.

L. Huang and S. Menozzi. A Parametrix Approach for some Degenerate Stable Driven SDEs. Annales Instit. H.
Poincaré, 52:1925-1975, 2016.

L. Huang, S. Menozzi, and E. Priola. LP Estimates For Degenerate Non-Local Kolmogorov Operators. ArXiV,
hitp://arziv.org/abs/1607.08718v1, 2016.



[Hoh94]

[Hor67]
[IK16]

[Jac05]
[Koc89]

[Kol34]
[Kol0O]

[KTO1]
[LP94]
[Mel16]
[MMMOS]
[MP92]
[PZ09)]

[Rad12]
[RM16]

[Sat05]
[Str75)

[Szt10]
[Tal02]

[Wat07]

[Zhal3]

L? ESTIMATES FOR DEGENERATE NON-LOCAL KOLMOGOROV OPERATORS 37

W. Hoh. The martingale problem for a class of pseudo differential operators. Mathematische Annalen, 300:121147,
1994.

L. Hérmander. Hypoelliptic second order differential operators. Acta. Math., 119:147-171, 1967.

S. Lim I. Kim and K. Kim. An Ly(Lp)-Theory for Parabolic Pseudo-Differential Equations: Calderén-Zygmund Ap-
proach. Potential Analysis, doi:10.1007/s11118-016-9552-3:1-21, 2016.

N. Jacob. Pseudo differential operators and Markov processes, volume 1. Imperial College Press, 2005.

A. N. Kochubei. Parabolic pseudodifferential equations, hypersingular integrals and Markov processes. Math. USSR-
Izv, 33:233-259, 1989.

A. N. Kolmogorov. Zuféllige Bewegungen (zur Theorie der Brownschen Bewegung). Ann. of Math., 2-35:116-117, 1934.
V. Kolokoltsov. Symmetric stable laws and stable-like diffusion. Proceedings of the London Mathematical Society,
80(03):725-768, 2000.

T. Komatsu and A. Takeuchi. On the smoothness of PDF of solutions to SDE of jump type. Int. J. Differ. Equ. Appl.,
2:141-197, 2001.

E. Lanconelli and S. Polidoro. On a class of hypoelliptic evolution operators. Rend. Sem. Mat. Univ. Politec. Torino,
52-1:29-63, 1994.

A. Mellet. Anomalous diffusion phenomena: a kinetic approach . Séminaire Laurent Schwartz—E:’quations auz dérivées
partielles et applications. Année 2014-2015, (Exp. No. XII, 16 pp., Ed. Ec. Polytech., Palaiseau, 2016.), 2016.

A. Mellet, S. Mischler, and C. Mouhot. Fractional diffusion limit for collisional kinetic equations. Archive for Rational
Mechanics and Analysis 199, 2 (2011) 493-525, 2008.

R. Mikulevicius and G. Pragarauskas. On the martingale problem associated with nondegenerate Lévy operators. Liet.
Mat. Journal, 32:297-311, 1992.

E. Priola and J. Zabczyk. Densities for Ornstein—Uhlenbeck processes with jumps. Bulletin of the London Mathematical
Society, 41(1):41-50, 2009.

A. Radjesvarane. Fractional order kinetic equations and hypoellipticity. Anal. Appl., 10:237-247, 2012.

J. Le Rousseau and I. Moyanob. Null-controllability of the Kolmogorov equation in the whole phase space . Journal
of Differential Equations, 260:3193-3233, 2016.

K. Sato. Lévy processes and Infinitely divisible Distributions. Cambridge University Press, 2005.

D. W. Stroock. Diffusion processes associated with Lévy generators. Probability Theory and Related Fields, 32(3):209—
244, 1975.

P. Sztonyk. Estimates of tempered stable densities. J. Theoret. Probab., 23(1):127-147, 2010.

D. Talay. Stochastic Hamiltonian dissipative systems: exponential convergence to the invariant measure, and discretiza-
tion by the implicit Euler scheme. Markov Processes and Related Fields, 8-2:163—198, 2002.

T. Watanabe. Asymptotic estimates of multi-dimensional stable densities and their applications. Transactions of the
American Mathematical Society, 359(6):2851-2879, 2007.

X. Zhang. LP-maximal regularity of nonlocal parabolic equations and applications. Ann. I. H. Poincaré AN, 30:573614,
2013.

MICHIGAN STATE UNIVERSITY, EAST LANSING (MI). UNITED STATES
E-mail address: huanglor@stt.msu.edu

UNIVERSITE D’EVRY VAL-D’ESSONNE, 23 BOULEVARD DE FRANCE, 91037 EVRY AND HIGHER SCHOOL OF ECONOMICS, NATIONAL
RESEARCH UNIVERSITY, SHABOLOVKA 31, Moscow, RUSSIAN FEDERATION
E-mail address: stephane.menozzi@univ-evry.fr

UNIVERSITA DI TORINO, DIPARTIMENTO DI MATEMATICA “GIUSEPPE PEANO”, ViIA CARLO ALBERTO 10, TORINO, ITALY
E-mail address: enrico.priola@unito.it



	1. Introduction and Setting of the problem 
	2. Homogeneity Properties
	3. Strategy of the proof of Theorem 2.4
	4. Technical Lemmas
	4.1. Proof of Lemma 4.1
	4.2. Proof of Lemma 4.2

	5. Proof of the Key Lemma 3.2 
	5.1. Proof of the estimate on (Ki,Ff)i[[1,n]]
	5.2. Proof of the estimate on the (Ki,Cf)i[[1,n]]

	Appendix A. Auxiliary Technical Results
	Appendix B. Lp estimates for the local case =2
	Appendix C. Singular integrals in homogeneous spaces 
	C.1. The main result 
	C.2. The Strip S viewed as a Homogeneous space

	Acknowledgements
	References

