N
N

N

HAL

open science

Numerical approaches for some Nonlinear Eigenvalue
Problems
Fatima Aboud, Francois Jauberteau, Guy Moebs, Didier Robert

» To cite this version:

Fatima Aboud, Frangois Jauberteau, Guy Moebs, Didier Robert. Numerical approaches for some
Nonlinear Eigenvalue Problems. 2016. hal-01349083

HAL Id: hal-01349083
https://hal.science/hal-01349083

Preprint submitted on 29 Jul 2016

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01349083
https://hal.archives-ouvertes.fr

Numerical approaches for some Nonlinear Eigenvalue
Problems

Fatima Aboud
Mathematics Department, College of Science, University of Diyala, Iraq
Fatima. Aboud@sciences.uodiyala.edu.iq
Frangois Jauberteau, Guy Moebs & Didier Robert
Laboratoire de Mathématiques Jean Leray, CNRS-UMR 6629,
Université de Nantes, France

francois.jauberteau@Quniv-nantes.fr, guy.moebs@Quniv-nantes.fr, didier.robert@univ-nantes.fr

Abstract

In this article we are interested for the numerical study of nonlinear eigenvalue problems.
We begin with a review of theoretical results obtained by functional analysis methods, es-
pecially for the Schrédinger pencils. Some recall are given for the pseudospectra. Then we
present the numerical methods and results obtained for eigenvalues computation with spectral
methods and finite difference discretization, in infinite or bounded domains. Comparison with
theoretical results is done. The main difficulty here is that we have to compute eigenvalues of
strongly non-self-adjoint operators which are very unstable.

Keywords : nonlinear eigenvalue problems, spectra, pseudospectra, finite difference methods,
Galerkin spectral method, Hermite functions.

1 Introduction

We are interested here in equations like L(A)u = 0 where L()) is a linear operator on some linear
space &, depending on a complex parameter A\. When L(\) = Lo — AL this is the usual eigenvalue
problem : find A € C and u € &, u # 0 such that L(A\)u = 0.
In many applications, in particular for dissipative problems in mechanics, it is necessary to consider
more general dependance in the complex parameter A\. A particular interesting case is a quadratic
dependence : L(\) = A?Ly + AL; + Lo. We shall say that L()\) is a quadratic pencil.
Let us consider the second order differential equation

d?u du

Ly +

Equation (1.1) is a model in mechanics for small oscillations of a continuum system in the presence
of an impedance force [15].

Now looking for stationary solutions of (1.1), u(t) = uge*

, we have the following equation
()\2L2 + AL+ Lo)upg =0 (1.2)

So equation (1.2) is a non linear eigenvalue problem in the spectral parameter A € C.
The operator L; represent a damping term as we see in the following simple example.
Let us consider the perturbed wave equation
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where t € R and z € T := R/27Z. The damping term a < 0 is here constant. So we have to solve
(1.3) with periodical boundary conditions.
The stationary problem is reduced to the equation

N4k2—2u\=0, keZ

Then we have for k? > a? the damped solutions of (1.3) :

ug(t, ) = exp <(a +ivkZ—a?)t+ zkw)

When «a is a function of z we have no explicit formula so we need numerical approximations
to compute the damping modes. It is the main goal of this work, in particular concerning the
Schrodinger pencil Ly, ().

We say that A is a non linear eigenvalue if there exists ug # 0 satisfying (1.2).
Such generalized eigenvalue problems have appeared in a completely different way. The question
was to decide if a class of P.D.E with analytic coefficients preserves or not the analyticity property.
To be more explicit, let us consider a P.D.E : Pu = f. Assume that f is analytic in some open set
Q, is-it true that u is analytic in © 7 This is true for elliptic operators.
For some example, this question can be reduce to the following (see [12] for more details):
Does there exist A € C,0 # u € S(R) such that

d2 2 2
(—M‘F(Z‘ —/\) u=0 7 (14)

Existence of non null solutions for (1.2) and (1.4) is a non trivial problem. For (1.4) it was
solved in [19] where it is proved that the generalized eigenfunctions span the Hilbert space L?(R).
On the other side we can prove that the equation

(—j;-k(;v—)\)Q)u:O

has only the trivial solution v = 0 in L?(R), VA € C.

Our aim in this work is to present several numerical approaches concerning this kind of non
linear eigenvalue problems.
For simplicity we only consider quadratic pencil such that Ly = I. We can reduce to this case if
Lo or Ls are invertible in the linear space &.
To every quadratic pencil L(\) we can associate a linear operator Ay, in £ x & such that X is a non
linear eigenvalue for L if and only if A is a usual eigenvalue for Ay .
Ay is called a linearization of L(X). It is easy to see that we can choose

0 I
()

So non-linear eigenvalue problems (for polynomial operator pencils) can be reduced to usual eigen-
value problems but it is useful to take care of their particular structure. There exist infinitely
many linearizations.

We are mainly interested here in the multidimensional case called Schrodinger pencils:

Lyva(\) = —A+V —2a\ + \?

in the Hilbert space L?(R%). V and a are smooth real functions on R? such that lim V(z) = +oo

|| —=+o0
and |a| < VV.
The main questions we want to discuss is the location in the complex plane C of the eigenvalues



of Ly,. In the first part of this work we shall recall some known theoretical results and in the
second part we shall discuss several numerical approaches for the computation of the eigenvalues
of Ly ,. We shall see that accurate theoretical results on the location of the eigenvalues have been
obtained for 1D pencils Ly, but in the multidimensional case very few results are known on the
eigenvalues of Ly, when a is of the same order of VV.

In Section 2, we present a review of theoretical results obtained by functional analysis methods.
In Section 3, we give more results for Schrédinger pencils. In Section 4 we recall some results on
pseudospectra. In Section 5 we present the numerical methods and results obtained for eigenvalues
computation with spectral methods and finite difference discretization, in infinite and bounded
domain. Comparison with theoretical results is done. Then in Section 6 we give conclusions and
open problems.

2 A review of theoretical results obtained by functional
analysis methods

Most of these results was obtained by the Russian school between 1917 and 1970. For more details
we refer to the book [18].

Let us consider the quadratic family of operators L(A) = Lo + ALy + A% where Lo, L; are
operators in an Hilbert space H.
If H if of dimension N < 400 the eigenvalues are the solutions of the polynomial equation
det(L(N\)) = 0. When N is large this could be a difficult problem at least for numerical com-
putations.
In applications involving PDE, # is a L? space or a Sobolev space, which is infinite dimensional
and there is no explicit equation for the generalized eigenvalues. Moreover, as we shall see later,
the non linear eigenvalue problem is equivalent to a linear eigenvalue problem which, in general, is
non self-adjoint hence unstable.

Ly is assumed to be self-adjoint, positive, with a domain D(Lg) and L; is v/Lo-bounded.

Moreover Lal/z is in a Schatten class CP(H)*, for some real p > 0.
The following results are well known.

Theorem 2.1 L(\) is a family of closed operators in H.
A+ L7Y(\) is meromorphic in the complex plane.
The poles \j of L™ ()\), with multiplicity m;, coincide with the eigenvalues with the same mul-

tiplicities, of the matrixz operator Ar in the Hilbert space H x D(Léﬂ), with domain D(AyL) =
D(Lg) x D(L(l)/z) where
0 I
()

Assuming that V(z) > Clz|*™ and |a(z)| < C/V(z), C > 0, then the Schrodinger pencil Ly, ,(\)

satisfies the above theorem for p > d(gni;:l).

If Ly is positive and non degenerate we have the symmetric linearization

e (I V)

Let us denote Sp[L] the eigenvalues of Az, (which coincide with the poles of L=1(2)).

*Recall that a compact operator A in an Hilbert space is in the Schatten class CP if the series s;(A) of the
eigenvalues of vV A* A satisfies > s;(A)P < +o0



Remark 2.2 It may happens that Sp[L]is empty (example : L(\) = —dd—; +(x —N)2).

Let us remark that if L; = 0 then \ € Sp[L] if and only if —)\? is in the spectrum of Ly. So if Ly
has a point spectrum then Sp[L] is a subset of the imaginary axis.

We shall see now that when L, is strictly smaller than /L then the eigenvalues are asymp-
totically close to the imaginary axis and the generalized eigenvectors is a dense set in the Hilbert
space. When L; has the same power of v/Lg it may happens that there is no eigenvector at all for
L(N).

If Ao € Sp[L] we denote by E1(\g) the linear space of the solutions {ug,u1,- - ,ug, -} of the
equations

1
L(Mo)ug =0, L(Nuy + L (Mo)u =0, L(Xo)urr2 + L'(Mo)ugs1 + 5[4”(/\0)1% =0,k>0

The dimension of £1(Ao) is the multiplicity of Ao (for details see [19]).

Assume that Lo, L, are self-adjoint, Lg is positive non degenerate and that there exist x > 0 and
6 > 0 such that L1L8_1/2 is a bounded operator on H and

Lo~ < s
Assume that LO_1 is in the Schatten class CP, p > 1.
Theorem 2.3 If 0 < § < 1/2 then the spectra of L is the domain

Qs = DrU{X € C, R\ < KA}

and ®respi1€L(N) is dense in H.

If 6 = 0 and if
|E — arccos k| < T
2 ~ 2p

then @xespr)€L(N) is also dense in H.

For § > 0 we get that the eigenvalues are localized in a vertical parabolic domain in the imaginary
direction. For 6 = 0 end x small the eigenvalues are localized in a small sector around the imag-
inary axis. Notice that for x of order 1 the above theorem does not give any information on the
location of Sp[L]; we only know that it is a discrete and infinite subset of C.

A sketch of proof of Theorem (2.3)
The idea is to consider L(\) as a perturbation of Ly + A2. We know that Lo + A2 has a spectrum
in iR because L is self-adjoint.
We have
L(A) = (T+ ML) (Lo + X*)71) (Lo + A%)
So if A ¢ iR then L()) is invertible if and only (I + ALy)(Lo + A%)~! is invertible. To check this
property it is enough to choose A such that ||[ALi (Lo + A?)71|| < 1. O
Moreover If L1 has a sign we have easily

Proposition 2.4 If Ly > 0 then Sp[L] C {X € C, R\ < 0}.

If If Ly <0 then Sp[L] C {\ € C, R\ > 0}.

Proof. If L(A)u = 0 then (u, L(A)u) = 0. Taking the imaginary part of this equality we get the
proposition. [

The above result applies for example to

2

d
L) =—o5 + 2% + aa® )+ N\

For this example we have § = % hence the spectra is localized inside the parabolic region
{AEC, [IA] > CIRAP/2}.
For Schrédinger pencils Ly, we can say more.



3 More results for Schrodinger pencils

Let us recall our definition of Schrédinger pencils: Ly 4(A) = —A 4+ V — 2a) + A%

In all this article we assume that the pair of functions(V,a) satisfies the following technical
conditions. We do not try here to discuss the optimality of this conditions.
[cond(V; a)]. V,a are smooth C*> functions on R%. There exists k& > 0 such that

|05V ()] < Co(x)*711, |05 a(x)] < Cola)?710, (3.5)
la(z)| < /V(z), V(z)>0, V(z)> c(m)k, for |z| > 1
with C, > 0 and ¢ > 0. Under these conditions we know that Lo = —A + V is an unbounded

self-adjoint operator in L?(R%) and for every A € C Ly, 4()) is a closed and Fredholm operator with
domain the following weighted Sobolev space: Hy = {u € L?(R?), Au € L*(R?%),Vu € L?(R9)}.
Moreover the set Sp[L] of eigenvalues of Ly, is a discrete set (empty or not), each eigenvalue
having a finite multiplicity and the only possible accumulation point in the complex plane is co.
Notice that A is an eigenvalue then its complex conjugate X is also an eigenvalue.

Proposition 3.1 Assume that (V,a) satisfies [cond(V,a)] and that a < 0, a(z®) < 0 for some
20 € R, Then Sp[L] is in the open sector {\ € C; I(\) >0, R(\) # 0}.

Proof Let u € L*(R%), u # 0 such that Ly,,(A\)u = 0. Set A\ = r + is. We know that r > 0.
Assume that » = 0. Reasoning by contradiction we first prove that s = 0. If s # 0 that we get that
fRd a(x)|u|?(x)dr = hence u vanishes in an non empty ope set of R? and applying the uniqueness
Calderon theorem for second order elliptic equation we get « = 0 on R? and a contradiction.
If s =0 we get

(=A+V —2ra+7r*)u=0

and [, (V(x) — 2ra(z) +r?))|u(z)|*dz = 0. Using that V' < a® we have [o,(r — a)?|u(z)[*dz = 0.
So again we get that u vanishes on a non empty open set and a contradiction like above. [J

Let us remark that the general results given in Theorem 2.3 apply if there exists § > 0 such
that |a|(z) < CV(2)/?7% or |a(x)| < KV (x)'/? with k small enough.

For 1D Schédinger pencils accurate results were obtained by M. Christ [6, 7] et by [5]. Let us
recall here some of their results. They consider the pencils

d2

L) =-5p

+ (zF — N)?

with & € N. Here we shall only consider k£ even. The above assumptions are satisfied.

Proposition 3.2 (M. Christ [8]) For every k > 2, k even, the set Sp[Ly] is included in the two
sectors {\ € C, |arg(\)| > %}

The second result say that the eigenvalues of large modulus are close to the lines {\ € C, |arg(\)| >
km

2(k+1)

Theorem 3.3 (Y. Ching-Chau, [5], Theorem 1) Let {\,},cn be the set Sp[L] such that |A1| <

Az < < |An| < [Angr] <---.

Then we have for n — 400,

M — (:I:(n + %);;z — log(2)> o L0 <1) (3.7)

k+1




This result was proved using ODE methods in the complex plane.
By an elementary computation of the argument for the complex number in the r.h.s of (3.7) we
can see that | arg(\,)| is close to % when n — +o00. We also have the following result

Theorem 3.4 ([19, 1]) The linear space span by the generalized eigenfunctions associated with
the eigenvalues {\,} is dense in L*(R).

In [19] the proof was given for Lo(A) and for Ly (A, k > 2, even in [1], [2].
In the following result we shall see that the spectral set Sp(Ly) is very unstable under pertur-
bations. M. Christ [7] has consider the following model:

LEN) = (P A+ ) (P— A= 1)

We also have Lﬁ()\) = —d% + (P — A)? + P’; where P is a polynomial. Assume that the degree k
of Pis even, P(x) = 2% + ap_12* "1 + - + ayx + ao.

Proposition 3.5 We have Sp[Lﬁ] = (. In other words for every A € C, the equation Lﬁ()\)u =0
has only the trivial solution w =0 T in the Schwartz space S(R).

A sketch of proof of Proposition (3.5)

We have p p
LEN) =P -2+ —)P—-A——
) = (P—a+ ) =)
So, we have to solve the two equations
(P—)\—i—i)v =0 (3.8)
dx N ’
d
(P—X— %)u = (3.9)

Set Q(z) = foz(P(s) — A)ds and using standard ODE methods we get that

—+o0
u(z) = C1eQ@) 4 CzeQ(ﬂ/ @) s (3.10)

x

where C, Cs are constants. If w is in the Schwartz space then w is in particular bounded but (3.10)
shows that this is possible only if C; = Cy = 0.0

4 Pseudospectra for linear pencils

As we have seen above the eigenvalues of Schrodinger pencils are very unstable. As propose some
times ago by Thefthen [22] it is useful to replace the spectra of non-self adjoint operators by
something more stable which is called the pseudospectra.

4.1 A short review

Let A be closed operator in the Hilbert space H with domain D(A) dense in H. Recall that D(A)
is an Hilbert space for the graph norm |[ul|pay = v/||ull3, + || Aull3,.

Definition 4.1 The complex number z is in resolvent set p(A) of A if and only if A — 21 is
invertible from D(A) into H and (A — 2I)~t € L(H) where L(H is the Banach space of linear and
continuous maps in H.

The spectrum o(A) is defined as o(A) = C\p(A)

tit is known that every solution in L?(R) of Lﬁ()x)u = 0 is in the Schwartz space S(R) (see [19])



Definition 4.2 Fiz ¢ > 0. The e-spectrum c.(A) of A is defined as follows. A complex number
z € 0:(A) if and only if z € o(A) or if [[(A—zD) " gy >t
It is convenient to write ||(A — zI) ™| z3) = o0 if z € 0(A) and denote A — z = A — zIL.

There are several equivalent definitions of o.(A) for details see the introduction of the book [23].
The following characterization is useful for numerical computations.

Assume that dim?H < 4o00. Recall that the singular values for A € L(H) are the eigenvalues of the
non negative matrix v A*A := | A|. Denote s(A) = o(|A]).

Proposition 4.3 For any matriz A we have z € o-(A) if and only if smin(A — 2)] < €, where we
have denoted $yin(A) := min[s(A)].

Proof It is known that ||A|| = Smax(A) for every A € L(H). But AA* and A*A have the same
non zero eigenvalues, so if A is invertible we have we have ||A~!|| = %(A) and the proposition
follows. 0.

4.2 Pseudospectra for quadratic pencils

Our numerical computations (see hereafter Section 5) show that the spectra of quadratic pencils
is much more unstable than the spectra of linear pencils (rotated harmonic oscillator, see [9]).
Let us recall the basic definitions and properties concerning pseudospectra for quadratic pencils.
A more general setting is explained in [13, 14] for pencils of matrices.

The following result gives an idea about the pseudospectra of the Schrédinger pencil L(\) =

(22— N2

Theorem 4.4 [8] Assume that € R, 0 < |[0] < I and denote \g = pe'®. Then there exists

C < 400, § >0 and for every p > 1 a Schwartz function g, ||g|| = 1 such that :

3

IL(X0)gllc2(r) < Ce™F? (4.11)

ie. for p large enough the complex number )\ is, in some sense, an almost eigenvalue or a
pseudospectral point of L(A). On the line of direction 6 €]0, 7/2] we have for |\| large enough,

1 3872
L) = Fel

In order to capture more details for the localization in the complex plane of large modulus pseu-
dospectral points of L(A) we can consider the following tentative definition of pseudospectra.
Let us consider a quadratic pencil L()\) satisfying the assumptions of Theorem 2.1.

Definition 4.5 Let e >0, 6 > 0, u > 3/2. Define the pseudospectra of order (€,d, 1) as follows

SPesulll ={X € C, L) = e~ exp(d]A[")} (4.12)

For 6 = 0 we recover the definition given by Threfeten.
It is clear that A € Sp, 45 ,[L] if and only if there exists u € D(Lg), u # 0, such that

IL(A)ul| < & exp(=0|A*)|uf

Remark 4.6 Later we shall compute pseudospectra with this definition and see how it behaves
according the parameter 0 < p < co.



5 Eigenvalues computation with spectral methods and finite
difference discretization

The aim of this section is to present the numerical computation of the spectrum of linear operator
with quadratic dependence (quadratic pencil), see (1.2) :

L(\) = Lo + ALy + \?

where Ly and L are operators on some Hilbert space H. So we are interested to solve the following
nonlinear eigenvalue problem :

LANu=0, NeC, ueH.
In a first step, in order to validate the numerical approaches proposed, we consider the rotated
harmonic oscillator in L?(R)(see Davies [9]) :
h i + cx? (5.13)
—h—5 +cx .
dz?
where h is a real positive parameter and ¢ is a complex number with positive real and imaginary

parts, ¢ = exp(ia), for 0 < a < /2.

Here after, for each operator considered, we compute spectra and pseudospectra and we discuss
the numerical results obtained.

5.1 The rotated harmonic oscillator
5.1.1 Eigenvalue computations with Hermite spectral method (unbounded domain)
We look for an approximation of A € C solution of the following linear eigenvalue problem (h = 1) :

d*u
7ﬁ(l’) +cz?u(z) = du(z) , r€R (5.14)

Here the computational domain is unbounded (2 = IR). So we use a spectral Galerkin method
using Hermite functions (see Appendix A) i.e. we look for an approximation :

N
un (@) = irpr(x) (5.15)
k=0

of u such that : P2

unN 2
(— e + cx
where (,) is the scalar product in L?(R) (method of weighted residuals, MWR, see for example,
[11], [4]). Using the orthogonality properties (A.53) of the Hermite functions in L?*(R) and the
relations (A.57) we obtain the following eigenvalue problem :

un — Anun, ;) =0 , 1=0,...,N

ANUN =AnUy (5.16)

with Ay the square tridiagonal symmetric matrix of order N + 1 such that Ayx(k,k — 2) =
(c—1D\/k(k—1), An(k, k) = (c+ 1)(2k + 1) and Uy is the vector containing the coefficients u,
k:O,N ofuN.

For the numerical computation of the spectrum of Ax we use the function ZGEEV of the
library LAPack.



We recall that for the continuous operator (5.14) the eigenvalues are (see [24]) :
exp(ia/2)(2n+1) , n=0,1,... (5.17)

inducing that the eigenvalues, in the complex plane, are aligned on a straight with a slope

% = tan(a/2), where A, (resp. ;) is the real (resp. imaginary) part of the eigenvalues \.

Here we have chosen oo = /4 so % = tan(7/8) = 0.4.

Now we present the numerical results obtained with the Hermite spectral method. On Figure
1 we can see the spectrum of the matrix Ay associated with the eigenvalue problem (5.16) for
N =50, ¢ = exp(ia) with a = m/4. We can see that the slope Ay /Ay, = tan(ce/2) is obtained
for [An,»| < 100. Then a bifurcation appears in the spectrum, which is in agreement with [9], [24].
If we choose a larger value of N, for example N = 100, the slope of tan(a/2) appears for larger
value of [Ay.| < 200 (see Figure 1) which is in agreement with the fact that uy converges to u
when N increases (see (A.58), (A.59)).

5.1.2 Eigenvalue computations with finite difference method (bounded domain)

The rotated harmonic oscillator is defined for functions u € H?(R) such that z?u(z) € La(IR).
So u(z) decreases when x? increases and we want to consider the problem (5.14) on a bounded
domain, with homogeneous Dirichlet boundary conditions :

dx? (5.18)

{ _M + cx?u(z) = u(z) , 2€Q
u(£L) =0

where Q = (—L,+L), L being chosen sufficiently large. More precisely, if we retain N modes in
the Hermite development (5.15), the Hermite function of highest degree is ¢ and the zeroes h,,

of pn verify (see [3]) :
hp <V2N—-2 , n=1,...N
So the size of the containment area is 2L = 2v/2N — 2 and we retain as value for the bounded

domain € :
L=+v2N -2 (5.19)

To obtain a numerical approximation Ay of the eigenvalues of problem (5.18) we discretize the
second order spatial derivative using a standard second order centered finite difference scheme :
d2u(§j) _ ul@i) — 2u(932j) +u(j-1) +o(Ax?)
dz Az
where Az = 2L /N is the spatial step of the meshgrid ; = —L + jAz, j =0,... N, on the domain
Q. So we obtain the following linear eigenvalue problem to solve :

ANUN = AnUn (5.20)

where Ay is a tridiagonal symmetric matrix of order N —1 such that Ay (k,k—1) = Ay (k, k+1) =
_ALJZ?7 An(k, k) = %—I—cxﬁ and Uy is the vector containing the approximations uy (x;) of u(z;),
j = 1, ...N—-1 (uN(xo) = UN(,TN) = 0)

As previously for the Hermite spectral method, we use the function ZGEEV of the library
LAPack for the numerical computation of the spectrum.

Now we present the numerical results obtained with the method based on finite difference dis-
cretization. As for the Hermite spectral method, we have chosen N = 50 and N = 100. On Figure
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2 we present the spectrum of the matrix Ay of the eigenvalue problem (5.20) obtained for N = 50,
L = 10 in accordance with (5.19) and ¢ = exp(ia) with o = w/4. We can see that the slope
AN,i/ AN = tan(o/2) is obtained for |An,| < 25. Then, as for the Hermite spectral method, a
bifurcation appears in the spectrum. If we choose a larger value of IV, for example N = 100 and
L = 15 following (5.19), the slope of 1/2 appears in the spectrum for larger value of Ay .| < 75
(see Figure 2) which is in agreement with the fact that accuracy of the difference scheme increases
with V.

Now if we compare, for a same value of N (N = 50) the numerical results obtained with Her-
mite spectral method and with finite difference scheme, we can see on Figure 3 that the slope
AN
)\N,r
larger values of Ay, with the spectral method than with the finite difference method. This is

coherent with the fact that the Hermite spectral method is more accurate than the finite differ-
ence method for a same value of the parameter N (spectral accuracy due to the fast decrease, in
modulus, of the coefficients 4 when k increases, see Proposition (A.1)).

= tan(a/2), which is in agreement with the continuous operator (see (5.17)), appears for

Now we try to analyze the bifurcation phenomenon appearing on the spectrum for eigenvalues
with large real part Ay .. When we discretize with a finite difference scheme, we consider that z is

constant over one spatial step Ax = % So, in a first step, we consider an operator deduced from

the rotated harmonic oscillator in which 22 is chosen constant equal to % over all the domain €.
So we obtain the following problem deduced from (5.18) :

d*u

—&?+w%:Au,er (5.21)

If we consider periodic boundary conditions u(—L) = u(+L), we look for eigenfunctions of (5.21)
such as :
u(z) =y, exp(ik’x) (5.22)

with the wavenumber k&’ = l%, k=0,...N — 1. Substituting (5.22) in (5.21) we obtain :
A=k?+cb?

So, since ¢ = exp(ic) we have :
A = k'? + cos(a)b?
i = sin(a)b?

We can see that \; is constant and that A, depends of the wavenumber k’.

Now we consider that = is constant over IV, spatial steps Az, so in the rotated harmonic
oscillator we replace z? with b(x)? where b(z) = b; = —L + jN,Ax for x € [-L + jNyAz, —L +
(j+ 1)NyAz[, 5=0,...N/N, — 1. We obtain :

Ar = k"> 4 cos(a)b?
{ Ai = sin(a)b? (5.23)

with the wavenumber &’ = kf, k=0,...N, — 1. So the spectrum is constituted of different steps,
each step corresponding to IV, eigenvalues A, with A; constant while ), is wavenumber dependent.
We can observe on (5.23) that for &’ = 0 the corresponding eigenvalues A\, j =0,..., N/N, — 1 are
aligned on a straight with a slope A;/A, = tan(«). This can be seen on Figure 4, corresponding to
N =100, L =20, « = w/4 and N, = 5. On Figure 5, corresponding to N =100, L = 15, a« = 7 /4
and N = 5 (Az is decreased in comparison with Figure 4), we can see that some numerical
artefacts appear on the computation of the eigenvalues A having small modulus. In order to avoid
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this, we try to impose in the spectrum that two consecutive steps, corresponding to two different
values of b;, are not recovered for the real part .. So we must have :

N
(57)° < cos(@)NE(Aw)?
So, since Az = % we deduce the following inequality :
N
(f)2 < 4Np+/cos(a) (5.24)

which is a constraint on Az~!.

As it has been said previously for the finite difference scheme we have N, = 1. So, in agreement
with (5.23) we expect that the eigenvalues computed with the finite difference scheme (5.20) are
aligned on a straight with a slope A\;/A, = tan(a) = 1 for @« = 7 /4. This is what we obtain if we
choose N = 50 and L = 50 (see Figure 6). We can note that with this choice of the parameters, the
inequality (5.24) is satisfied. Now, in order to test the convergence of the finite difference scheme
we reduce the spatial step Az. So we choose N = 500 and L = 50 (see Figure 7). With this choice
of the parameters, the inequality (5.24) is not satisfied. We can see that some numerical artefacts
appear near the origin, where we can observe a slope :\\TN; = tan(«/2), which is in agreement with

)

5.17). This can be interpreted as an intermediate slope between the slope A = tan(«) and the
AN
T

N,i

slope /)\\ = tan(0) = 0 of each step.

,T

2
Remark 5.1 Let H(bj) the operator deduced from the rotated harmonic oscillator, H(b;) = —%—i—
cb? and \;j;, u;; the eigenvalues and eigenvectors associated : H(bj)uj; = Ajuj;. We denote u =
N/Ny—1 N/Np—1
Z Ujll[z; 2,4 and b= Z bjl(g; 2,4, Withx; = —L+ jNyAx and 1, ) the charac-
Jj=0 j=0
teristic function associated with the interval [x;,x;41]. We consider the operator H(b) = ®H (b;).
If X is an eigenvalue of H(b), so there exists (j,i) such that A = X, ;.

Now, in order to study the numerical instability of the finite difference scheme in function of the
meshgrid z;, j = 0,... N, we consider a small perturbation on each point of the grid, z; + ¢,
j = 0,...N, where ¢ is a small parameter. The matrix Ay (see (5.20)) is replaced with the
matrix :

.AN’E =An +e€n

where Ey is the diagonal matrix of order N —1 such that En(k, k) = 2 exp(ia)xy (we have neglected
the terms in 62). If we compare the eigenvalues Ay of the matrix Ay with the eigenvalues Ay o of
AN . we have :

AN,EUN.,E = (AN + 5<€N)UN,E = AN,EUN,E

where Up . is a right eigenvector of Ayx .. So we deduce (see [21]) :

dUn ¢
de

dUn. . dAye

de (2) de (5)UN,5(5)+)\N,5(5)%

= ©

An (E)+5NUN75(€)+€€N

For ¢ = 0 we obtain :

dUN,e
de

dAN ¢ dUn ¢
(0) + ENUN,e(0) = =25 (0)Un 2(0) + Awc(0)=2(0)

An
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If we multiply on the left the previous equality with Vi a left eigenvector of A we obtain :
dAN e (0) = ViENUN
de - VU

(5.25)

where V5 = VNt and Uy is a right eigenvector of Ay. The equality (5.25) measures the sensivity
of the eigenvalue Ay of the matrix Ay in function of a perturbation ¢ on the meshgrid (condition
number of the eigenvalue A\y). On Figure 8 we have represented the condition number of the
eigenvalues Ay in function of the modulus of the eigenvalues, for N = 100 and L = 15. We can see
that the condition number is small for eigenvalues with small modulus and then it increases with
the modulus. However, the values are small in comparison with the results obtain for a nonlinear
eigenvalue problem (see Section 5.2.2, Figure 15), which implies that the numerical computation
is stable if we consider a perturbation on the meshgrid points.

5.1.3 Pseudospectra

In this subsection we present numerical pseudospectra computations for the rotated harmonic os-
cillator. Notice that a theoretical analysis of this problem has been performed in [20]. In a first
step we consider the matrix from the Hermite spectral method (5.16) and in a second step the
matrix from the finite difference scheme (5.20). It is known that the numerical computation of the
pseudospectra is more stable than for the spectra (see Section 4).

To obtain the pseudospectra, following Definition 4.2 we look for z € C such that |[(Ax —

2IN)7Y| = sl (An — 2Iy) is large, i.e. the distance of z to the spectrum of Ay is small :
Smin(AN - Z]IN) S € (526)
where || —|| is the matricial norm associated with the Euclidean norm, ¢ is a small parameter, Iy is

the identity matrix and spyin (An — 2Ix) is the smallest singular value of the matrix Ay — zIy. So
we consider a mesh on the complex plane. For each point z of the mesh we compute the singular
value of Ay — 2y, using the function ZGESVD of the LAPack Library.

For the computation of the pseudospectra (5.26), we have retained complex values z lying on
the meshgrid in the area of the complex plane corresponding to [0,140] x [0,80]. The step re-
tained is dz = 1 and dy = 1 in the real and imaginary directions. On Figure 9 (resp. Figure
10) we can see the computation corresponding to the matrix Ay — 2Iy, with Ay corresponding
to the Hermite spectral method (resp. finite difference scheme). The choice of the parameters
are « = w/4, N = 100 for unbounded and bounded domains, L = 15 for the bounded domain.
We can see on these two figures that the spectrum of the continuous operator (slope equal to
Ai/Ar = tan(a/2) = 0.4 (see (5.17)) is contained in the area of the pseudospectra corresponding to
the smallest values of the parameter ¢, i.e. in the area where the distance of z to the eigenvalues
of matrix Ay is the smallest. This is especially true for the Hermite spectral method.

Now we consider here the computation of the pseudospectra based on Definition 4.5 (see (4.12))
instead of Definition 4.2 as previously. So we look for z € C such that :

I[(Ay — 2I8) 71| = st (An — 2Iy) > e P exp(d]z|*) (5.27)

min

where €, § and p are real parameters. For § = 0 we retrieve (5.26). The majoration in (5.27)
depends on |z|, in opposition with (5.26) : the constraint appearing in (5.27) is stronger when |z|
is increased. On Figure 11 we present the pseudospectra corresponding to the matrix Ay — zly,
where Ay is the matrix obtained with the finite difference scheme, for 6 = 0.5, p = 0.5 and for
different values of the parameter . As before we have retained complex values z lying on the
meshgrid in the area of the complex plane corresponding to [0, 140] x [0,80]. The step retained is
dx =1 and dy = 1 in the real and imaginary directions. The numerical results obtained are in
agreement with the results presented on Figure 10.
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5.2 Nonlinear eigenvalue problems

In this section we consider the following operator :

d2
Lo(V) = =75 + zt — 2a\x? + \? (5.28)

where a is a real parameter. We want to solve the following problem :
Lo MNu=0, zeR (5.29)

For a = 1 we recover the problem (1.4).

The problem (5.29) car be reformulated as an eigenvalue problem. Indeed, if we set v = \u we

can rewrite (5.29) as :
AG<Z>:A<Z> (5.30)

0 I
A= (2 on)
d2

with the operators Lo = —az T ¥ and Ly, = —2a2?.

where :

5.2.1 Eigenvalue computations with Hermite spectral method (unbounded domain)

N
We look for an approximation uy of u such that L,(A)uy = 0, with uy = Z&kgok, with g
k=0
Hermite functions (spectral Galerkin approximation, see Appendix A). Then, in order to obtain
upn, we use a method of weighted residuals (MWR, see for example, [11], [4]) :

(La(Mun, 1) =0 , 1=0,...,N

where (.,.) is the scalar product in L?(R). Setting vx = Auy, using the orthogonality properties
of the Hermite function in L?(R) and the relations (A.57), we obtain the following eigenvalue

problem :
Un \ _ Un
Ao ()= (W)

which is an approximation of the eigenvalue problem (5.30). Uy (resp. V) is the vector containing

the coefficients 4y, (resp. ) of u (resp. v), k =0,...,N. The matrix A, y is the square matrix
of order (2N +2) :
0 In
Ao N = 5.31
w=(_p ) (531
2
where Loyun = (Loun, @) and Ly, yon = (L1, vn, 1), 1 =0,..., N, with Louy = —dd%—&—x‘lu]v

and Ly, vy = —2ax2vy.

Ly, is a pentadiagonal symmetric matrix such that Lo, (j,j) = (zi;—l) + lefcj, Loy (j,7—2) =
~ 300G = D+bj s and Loy (j,j—4) = faj_sforj =0,..., N, wherea; = \/j(j — 1)(j — 2)(j — 3),
bj = (45 —2)\/j(j — 1) and ¢; = (6% 4 2j + 3).

Ly,  is a tridiagonal symmetric matrix such that Ly, (j,7) = —(2j +1) and Ly, (4,7 —2) =

—ViG—1).
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For the numerical computation of the spectrum of A, xy we use the function DGEEV of the
LAPack library.

For a = 1, in order to analyze the spectrum of the continuous operator (1.4), we consider a
simplified operator, deduced from the operator (5.28) for a = 1, where z is replaced with a real
constant b. We obtain the following problem :

2 d*u 2 4
i

We look for a solution u(z) of the problem (5.32) of the form u = @y py. Substituting in (5.32)
and using the relations (A.57), we obtain :

2k+1 1
Nen = \/ k= Dpra + (55— )ok = 5V + Dk +2)prr2 = 26 Anvpp + bl =0 (5.33)

Using the scalar product in L?(R) of (5.33) with ¢ we obtain :
2k +1
2

A2+ —22AN + 01 =0 5.34
N

We deduce from (5.34) that Ay = b* +i\/k +1/2, so

{ Ay =7 (5.35)

A =tk + 1/2

The imaginary part Ay,; of Ay is wavenumber independent. From (5.35) it comes that the spec-
trum is contained in the part of the complex plane defined by An, = b? and —vVN < Ay; < VN
since k =0,...,N.

Now, on Figure 12 we present the spectrum of the matrix (5.31) for N = 50 and a = 1. Firstly
we can note that, as for the rotated harmonic oscillator (see Figure 1), a bifurcation appears in the
spectrum when the modulus of the eigenvalues is increased (see also Figure 16). Then theoretical
results give that the eigenvalues of the continuous operator (5.28), for a = 1, are included in the
two sectors {A € C, |arg(\)| > %} (see Section 3). We can see on Figure 12 that computed
eigenvalues are not all included in these two sectors. This reflects numerical instabilities leading to
spurious eigenvalues (spectral pollution, see [10]). We can note that we have —vN < Ax; < VN,
in agreement with the previous analyze when z = b is constant (see (5.35)). Moreover, in the
previous analyze we have Ay, = b?. Here, for N = 50 following (5.19) we deduce that the size of
the containment domain is 2L with L ~ 10 and, on Figure 12, we can see that 0 < Ay, < L2,

5.2.2 Eigenvalue computations with finite difference method (bounded domain)

The operator Lq(A) (see (5.28)) is defined on the domain D(A) = {u € H*(R),z%u € L*(IR)}.
So u is decreasing when z? is increasing and the decrease is faster than for the rotated harmonic
oscillator (5.13). So we want to consider the following nonlinear eigenvalue problem in bounded
domain with Dirichlet homogeneous boundary conditions : find A € C such that :

LoNu=0, z€Q
{u(:I:L)O

where Q = (—L,+L) with L sufficiently large. More precisely we retain L = v/2N — 2 (see (5.19)).

(5.36)

As before, the problem (5.36) car be reformulated as an eigenvalue problem :

A;(Z):A(z) (5.37)
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where :

0 I
Aa = ( —Ly —Li, )

2
with v = Au and the operators Ly = —% +at, Ly, = —2az?.

We consider on the domain © a meshgrid with a mesh Az = 2L/N on 2 and we note z; =
—L+ jAz, j=0,...N the points of the grid. We have retained homogeneous Dirichlet boundary
conditions for x = +£L, so u(xg) = u(zy) = 0. We look for an approximation uy, vy of u and

v = A\u such that :
Un \ _ Un
Ao ()= (W)

with Uy and Vi two vectors containing respectively the approximations uy(z;), vy (x;) of u(z;),
v(z;) and A, n is the square matrix of order 2N — 2 :

0 TN
= 5.38
A N ( _LON _Lla,N ) ( )

_(UN(xj+1) - 2UN(9203') +un(zj-1)

where Loyun(z;) = + zjun(z;) is the discretization of the

operator Lo with a centered finite difference scheme and L1, yun(z;) = —2ax?vN(xj).
Lo, is a tridiagonal symmetric matrix such that Lo, (j,7) = ﬁ +xf and Loy (j,j — 1) =
_ 1
Az?
Ly,  is a diagonal matrix such that L1, ,(j,j) = anxi.

For the numerical computation of the spectrum of the matrix A, y we use the function DGEEV
of the LAPack library.

Now, we are interested to analyze the dependence of the spectrum of the operator (5.28) in
function of the real parameter a. For this, we consider an approximation of the infinite dimen-

sional domain as a bounded domain with periodic boundary conditions. We look for eigenfunction

ug(z) =ty exp(ik’z), with k&' = I%T, of the continuous operator (5.28). Computing Lq(\)u(z) we

obtain the following equation :
N =20\ + 2t + K2 =0

The discriminant A = 4(a? — 1)z* — 4k'? is negative for 0 < a < 1 and the solutions are :

\E 2az% £iv/—A
2
When « is increased from 0 to 1 the ratio of the imaginary part over the real part of A, R’ || =
™
k2 — (a® — 1)at . e e . .
5 is decreased and it is infinite for a = 0. We can observed this on the numerical

ax
simulations corresponding to a = 0, a = 0.5, a = 0.9 and a = 1.0 obtained with the finite difference

scheme for N =50 and L = 10 (see Figure 13 ).

We are now interested with the operator L,(\) for a = 1. We look for the spectrum of the
discretized operator, using finite difference method, where z is replaced with a real constant b (see
(5.32)). We have :

w(zjp1) — 2u(x;) + u(z;—1)

— 20 Ayu(x;) + bru(z;) =0 (5.39)
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If we consider periodic boundary conditions, we look for a solution of (5.39) of the form wu(z) =
tg exp(ik’x), with k' = ]%T Substituting in (5.39) and supposing that @ # 0 we obtain :

A Az? — 202 Ay Ax? + b Az? — 2cos(K'Ax) +2 =0

Finally we have Ay = Ay, + AN, with Ay, = b2 is wavenumber independent and AN =
2 — 2cos(k’ . . . .
+ Acgs(k‘ 0z) is wavenumber dependent. So the spectrum of the discretized operator is lo-

/
max

cated in the part of the plan complex such that Ay, = b* and —|k
2 A2
cos(k’Azx) ~1— k/# for Az sufficiently small.

| < AN < |kjpax| since

Here since Q = (—L,+L) and N is the number of grid points retained, the highest wavenumber
k/

max

we can take into account with this meshgrid is &/, = % = Az~'. Since L ~ 2N —2

max
(see (5.19)) we have k!, = O(v/N), which is in agreement with the Hermite spectral method for

unbounded domain (see (5.35)).

On Figure 14 we present the spectrum of the matrix (5.38) for N = 50, L = 10 and a = 1.
Comparison with Figure 12 shows that the results obtained for Hermite spectral method (un-
bounded domain) and for finite difference method (bounded domain) are quite similar. We have
chosen L = 10 for the size of the bounded domain, in agreement with (5.19). As it has been said
previously, theoretical results give that the eigenvalues of the continuous operator (5.28), for a = 1,
are included in the two sectors {A € C, |arg(\)| > %} (see Section 3). But we can see on Figure
14 (as on Figure 12) that computed eigenvalues are not all included in these two sectors, which

can be imputed to numerical instabilities leading to spurious eigenvalues (spectral pollution, see
[10]).

In order to analyze these numerical instabilities, we study the stability of the eigenvalues in
function of a perturbation on the points of the mesh grid retained for the discretization. The
equality (5.25) measures the sensivity of the eigenvalue Ay of the matrix Ay in function of a
perturbation € on the meshgrid (condition number of the eigenvalue \y). Here the matrix Ey is

the matrix of order 2V — 2 :
En — e 0 0
N SN SN )

where & v (resp. &1 n) is the diagonal matrix with the elements —423 (resp. 4ax;) on the diago-
nal, j =1,..., N — 1 (we have neglected in £y the terms in ", with n > 1).

On Figure 15 we have represented the condition number of the eigenvalues Ay in function of
the modulus |Ay| for N =50, L = 10 and a = 1. We can see that eigenvalues are ill conditioned,
excepted for the eigenvalues with small modulus. This can explain the convergence problem when N
is increased. In comparison with the rotated harmonic oscillator (see Figure 8) we can see that the
condition numbers of the eigenvalues are much greater for the operator (5.28) than for the rotated
harmonic oscillator (5.13). A small perturbation on the grid points induces large perturbations
on the eigenvalue computations. However the eigenvalues are independent of x. So, in order to
decrease this dependence of the eigenvalues in function of a perturbation on the points of the mesh
grid, we have considered several grids for the finite difference discretization, with a shift on the
mesh points, but with the same step Az for the mesh grid : y; = z; + <. Then we compute an
average on the eigenvalues obtained with these staggered grids. The results obtained are presented
on Figure 16, which corresponds to a = 1, N = 1000 and L = 10. The number of staggered grids
retained is 11. We can see that spurious eigenvalues have disappeared. The computed eigenvalues
after averaging are now essentially contained in the area {A € C, |arg(\)| > %} in agreement with
theoretical results (see Section 3). We can note on Figure 16 that on the imaginary axis we have
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limited the imaginary part of Ay to [An ;| < EL = 50. Indeed, as its has been said previously,
An,; is function of the wavenumber and the hig?hest wavenumber we can take into account on the
grids is N
For the use of staggered meshes to avoid spectral pollution, we may mentioned the following ref-
erence [17].

Now we consider the pseudospectra (5.26) since it is known that the numerical computation of
the pseudospectra is more stable than for the spectra (see Section 4). For the computation of the
pseudospectra, we have retained complex values z in (5.26) lying on the meshgrid in the part of
the complex plane corresponding to [0, 100] x [0,100]. The step retained is de = dy = 1 in the real
and imaginary directions. On Figure 17 we can see the computation for the matrix A, y — zlx
with A, v corresponding to the matrix (5.38), for N = 1000, L = 10 and a = 1. We can note that,
in agreement with the theoretical results (see Section 3), the two sectors {\ € C, |arg()\)| > %}
of the spectrum of the continuous operator (5.28) are essentially contained in the area of the
pseudospectra corresponding to the smallest values of the parameter €, i.e. in the area where the
distance of z to the eigenvalues of the matrix (5.38) is the smallest.

The pseudospectra computation is very expensive. So we use parallel computation in order
to accelerate the computation. The numerical solution is done thanks to the linear algebra li-
brary LAPack which contains specialized algorithms for singular values problems, especially the
one called ZGESVD for complex matrices in double precision. As the matrix (5.38) is quite huge,
and computing time a bit long, a parallelization by MPI (Message Passing Interface) is imple-
mented with the client/server model. One process (the server) distributes values of the complex
parameter z (see (5.26)) to the other processes (the clients) which sample the domain. The server
renews their data as the work progresses. Each client builds the matrix to be study and sends to
the server, at the end of the computation, the smallest value. This system has the advantage of
being dynamically balanced. As there is no communication (in MPI sense) between the clients,
the efficiency of the parallelization is complete. As an example, the simulation corresponding to
the parameters N = 5000, L = 1000, a = 1 and to an area of the complex plane [0,150] x [0, 150]
with a mesh step dz = 1 and dy = 1 in the real and imaginary directions has needed 40 cores (Intel
Xeon E5-2670 at 2.5GHz) during quite 40 days.

Now, as for the rotated harmonic oscillator, we consider here the computation of the pseu-
dospectra based on Definition 4.5 (see (4.12)) instead of Definition 4.2 as previously. So we look
for z € C such that :

1AL NI = s (Aan (2)) = 7 exp(d]2]*) (5.40)

min

where A, n(z) is the matrix obtained with the finite difference discretization of the operator L,(z)
(see (5.28)); €, 6 and p are real parameters. The majoration in (5.40) depends on |z|, in opposition
with (5.26), i.e. the constraint appearing in (5.40) is stronger when |z| is increased. As before we
have retained N = 1000, L = 10, ¢ = 1 and complex values z lying on the meshgrid in the area of
the complex plane corresponding to [0, 100] x [0, 100]. The step retained is dz = 1 and dy = 1 in the
real and imaginary directions. In order to look for the influence of the parameters ¢ and p on the
pseudospectra (5.40), we have presented on Figure 18 the pseudospectra computed with different
values of the parameters § and . We can see that when the parameter p is increased, eigenvalues
with large modulus are eliminated in the pseudospectra computed with (5.40). Moreover, the CPU
time required to compute pseudospectra with Definition 4.5 (see (5.40)) is much lower than if we
use Definition 4.2 (see (5.26)). Indeed, the matrix A, n(z) is of order N + 1 instead of 2N 4 2 for
the matrix A, n.
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5.2.3 Eigenvalue computations with Legendre spectral Galerkin method (bounded
domain)

In order to obtain a higher accurate numerical scheme in bounded domain, we propose a spectral
numerical scheme using Legendre Galerkin basis.

We consider the problem (5.36). This problem is reformulated as an eigenvalue problem (5.37).
But instead of using a finite difference scheme to obtain an approximation upy, vy of u and
v = Au, we use a spectral method with Legendre Galerkin basis ®;. Such basis is obtained as a
linear combination of Legendre polynomials :

Q)(z) = a(Li(w) — Liy2(z))

with L; the Legendre polynomial of degree | and ¢; = (see [16]). Such a basis verify

1
4 +6
homogeneous Dirichlet boundary conditions ®;(+£1) = 0. In particular, with the scalar product in
L2(9) we have :

2 2 .
acilgyT1+o5gs) » k=i

0 , otherwise
and
/ AN 1 s k :j

Moreover, we need the expressions of 22®; and z%®; as linear combination of the Legendre poly-
nomials. We have :

PLyr) = (l“<<l+2>Ll+2<x>+<Z+1>Lz<x>>+l(lLl<x>+(Z—1>Lz_2<x>>)

T a+1\20+3 20— 1
(5.43)
and
.’E4Ll($) = Li_4(z) + BiLi—o(x) + viLi(z) + 01 Lisa(x) + mLira(x) (5.44)
with 1 [ -D-2)-3)
RS TE | ((2z )20 - 3)(20 — 5))
1 (141)? 12 I(1-1) 1(1—1)3 1(1—1)(1 —2)?
T <((2z +3)(20+1) (20— 1)(2 + 1))( 1" 2122 —3) @ =1)@-3)2— 5))
1 (I +1)%(1 +2)? (14 1)? 12 (14 1) 12 2(1-1)?
R TR <((21 +3)2(20 + 5) * ((2z +1)(20+3) (20— 1)(21 + 1)) * ((21 +3) (20— 1)) + (20 — 1)%(21 — 3))
5= 2 (( (1+1)° 2 D0+, AN ()43 )
Pt M@+ 3) 20+ 1) (20— 1)(20+ 1) 20+3 (20+3)2(2L+5) ' (20+3)(2l+5)(20 +7)

m

1 ((l+1)(l+2)(l+3)(l+4))
C204+1 0\ (204 3)(2L+5)(20+T7)

In order to adapt the previous basis ®; to the Dirichlet boundary conditions ®;(+L) = 0, we
multiply the previous polynomials by a scale factor. As for the Hermite spectral method (see
Section 5.2.1), we use a method of weighted residuals (MWR, see for example, [11], [4]) and
relations (5.41), (5.42), (5.43), (5.44) to obtain the following generalized eigenvalue problem :

UN _ UN
Ao, N ( Vi ) = ANBn ( Vi ) (5.45)
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where Uy and Vi are the vectors containing respectively the coefficients u; and v;, | = 0,..., N,
of uy = Z;\;o 4 ®; and vy = E;\io 0 ®;. Ay n is the square matrix of order (2N + 2) :

0 Iy
Aa. =
N ( 7L6N 7L/1a,N )

and By is the square matrix of order (2N + 2) :
_( Boy O
By = ( 0 Boy )

2
Here Ly un = (Loun, @) and Lj, oy = (Li,on.®), I' = 0,..., N, with Louy = —ddggv +

rtuy and Ly uy = —2az?un. As for Byyun = (un, ®p).

Ly, is a symmetric matrix with seven diagonal and L) is a pentadiagonal symmetric matrix.
As for By, = (®;,®p) for l and I’ =0,... N (see (5.41)).

To obtain the eigenvalues of the generalized eigenvalue problem (5.45) we use the function
DGGEYV of the LAPack library.

On Figure 19 we present the solutions Ay of (5.45), computed with N =50, L = 10 and a = 1.
Comparison with the spectral Hermite method (Figure 12) and the finite difference method (Figure
14) is done. We can see that the numerical results are quite similar.

5.3 Another discretized nonlinear eigenvalue problem

In this section we consider the following operator :
—— () + (2" — N)2u(z) (5.46)
For k = 2 we retrieve the operator (1.4) studied in the previous section.

We discretize the problem Lu = 0 using some techniques similar to finite difference methods,
with a spatial step equal to one. For simplicity reasons we need to add either periodic boundary
conditions or homogeneous boundary conditions. Also we replace Au(n) by §6* where:

du(n) =u(n+1) —u(n), neN
0*u(n) =u(n) —un—1), neN

ie.
(66" u(n) =uln —1) — 2u(n) + u(n + 1)
So we have :
Lu(n) = —(66")u(n) + (n* = N)2u(n), neN (5.47)
5.3.1 Finite difference method with periodic boundary conditions

In this section we are interested to study the problem (5.47) with periodic boundary conditions.
So for some N € N, we study the following problem :

—(66%)u(n) + (n* = N\)?u(n) =0, n=1,---,N
u(j) =u(@+N), j=0,1
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Forn=1,---,N we have :
n=1 —u(0) + 2u(1) — u(2) + 1%*u(1) — 2X(1)Fu(1) + N2u(l) = 0
n=2 —u(1) + 2u(2) — u(3) + 2% u(2) — 2X(2)Fu(2) + N2u(2) = 0
n=j —u(j — 1) + 2u(j) —u(j + 1) + 72u(g) — 2X(5)*u(f) + Nu(j) = 0
n=N-1: —u(N —2) 4+ 2u(N — 1) —u(N) + (N —1)%u(N - 1)
—2A(N — DFu(N - 1)+ N2u(N—-1) = 0
n=N —u(N = 1) 4+ 2u(N) — u(N + 1) + (N)?*u(N) — 2X\(N ) u(N)+ A%u(N) = 0
Using the periodic conditions «(0) = w(N) and (N + 1) = u(1), we obtain the system :
n=1 —u(N) +2u(1) — u(2) + 1**u(1) — 22(D*u(1) + Nu(1) = 0
n=2 —u(l) + 2u(2) — u(3) + 2%u(2) — 2X(2)Fu(2) + N2u(2) = 0
n=j —u(j—1)+ U()—U(J‘Fl)‘HkU()—?)\( Nu(i) +Nu(j) = 0
n=N-1: —u(N —2) 4+ 2u(N — 1) —u(N) + (N —1)%u(N - 1)
—2)\(N 1)* ( )+ /\2u( -1) =0
n=N —u(N — 1) 4+ 2u(N) — u(1) + (N)?*u(N) — (N) u(N) + N) = 0
This gives the following system :
Ag+ A + X1 =0
where [ is the N x N identity matrix and Ay, Ag are given as follows :
1 0 0
0 2 0 0
A =-2 : (5.48)
0 0 (N-1DF o0
0 0 NF
Ao =Ap,q+ Ao,41+ Ao,—1 (5.49)
with
241 0 0o - 0
0 2+2%% 0 0 0
Aga = 0 0 0 2+44%* 0 0 0
0 e 0 0 2+4(N-1) 0
0 0 e 0 2+ N2k
0 1 1 0 © 0
0 0 -1 0 -1 0 0 0
0 -1 0 0
Appr=| : : : N : : :
8 0 8 Bl 0 0 0 0
-1 -1 0

We start computing the eigenvalues for different values of N and for the operator £. Then, we

compute the eigenvalues for some perturbations of the operator L, i.e.

operator :

Lou(n) = Agu(n) + cAAyu(n) + N Tu(n),

n:l,

we study the discrete

N
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for 0 < ¢ < 1 with the same previous periodic boundary conditions. For this we consider the
linearization system problem in place of the non-linear problem, so we study the spectrum of the
linear system A.U = AU with :

0 I
AC_(—AO —cA1>’ 0<c<1

where U = (u1,u2, -+ ,UN_1,UN, V1,02, + ,UN_1,UN)}, With v; = Aug, i = 1,--+ | N. Ag and A;
are given in (5.49) and (5.48) respectively. For the computation of the eigenvalues, we use Matlab
(or Scilab).

The results obtained for N = 100 k£ = 2 and ¢ = 1 are presented on Figure 20. The associated
domain is [0, N]. This figure represents a zoom for the case ¢ = 1. We note that the imaginary
part of the eigenvalues \; lies between 1.38 and 1.42 in the positive part and between —1.42 and
—1.38 in the negative part. Starting from a real part A\, = 576 all the eigenvalues are aligned on
a straight parallel to the x — axis with A; = 1.4141 and \; = —1.4141. The results obtained for
N =1000 k = 2 and ¢ = 1 are similar.

On Figure 21 we present the numerical results obtained for N = 1000, k =4 and 0 < ¢ < 1.
For the case ¢ = 0 we have pure imaginary eigenvalues (since in this case we have just a selfadjoint
matrix). The positions of eigenvalues for the cases ¢ = 0.2, 0.4 confirm the theoretical results.
For the cases ¢ = 0.6, 0.8, 1, eigenvalues are localized in a sector delimited by an angle with the
x — axis smaller than 27 /6. This is not coherent with the theoretical results.

5.3.2 Finite difference method with homogeneous boundary conditions

In the following we consider the problem (5.47) with homogeneous boundary conditions. So we
study the following problem :

—(80%)u(n) + (n* = A)*u(n )

= O n=1,...,N
A 5.50
u(0) = u(N +1) = (550)
So we obtain the following system :
Ag+ A4 + XTI =0
where I is the N x N identity matrix and A, Ag are given as follows :
1 0 --- . 0
0 2k o --- . 0
Ap=-21| : : : (5.51)
0 0 (N—-1F 0
0 0 Nk
AO = AO,d + A07+1 + Ao’,l (552)
where
2+1 0 0o - e 0 0
0 2+2* 0 0 - e 0
Apg = 0 0 0 24+4%* 0 0 0
0 0 0 2+(N-1)%* 0
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0 0 1 0 -1 0 0 0

0 -1 0 0

Ag 1= : : ol Aea= : : :
0 0 0 -1 ' ' ' ;

0 0 0 0 - .- 0 0 0

0o .- . —1 0

We start by computing the eigenvalues for different values of N and for the operator £. Then we
compute the eigenvalues for some perturbations of the operator L, i.e. we consider the discrete
operator :

Lou(n) = Agu(n) + cAAju(n) + N2Tu(n), n=1,--- N

with 0 < ¢ < 1 and the same previous homogeneous boundary conditions. We do this considering
the linearization system problem in place of the non-linear problem. So we study the spectrum of
the linear system A.U = AU with :

0 I
AC<_AO —cA1>’ 0<ec<1

where U = (uy, Uz, + ,UN_1,UN,V1,V2, * ,UN_1,VUN)}, With v; = du;, i = 1,--- | N. Ag and Ay
are given in (5.52) and (5.51) respectively. We compute the eigenvalues using Matlab.

For the numerical simulations we have considered a domain [—L,+L] and a spatial step Az =

%. For the case k = 4, the results obtained for L = 10, N = 2000 (resp. L = 20, N = 10000) and
c = 1 are presented on Figures 22 and 23 respectively. For the case k£ = 6, the numerical results
obtained for the example (5.50) with N = 10000, ¢ = 1 and L = 20 (resp. L = 10) are presented
on Figure 24 and 25 respectively.

Remark 5.2 We can note that when the parameter k is increased, the numerical results obtained
are in better agreement with the theoretical results given in Section 3, i.e the eigenvalues of the
continuous operator (5.46) are included in the two sectors {A € C, |arg(\)| > %} This can
be explained by the fact that the eigenvalues are better conditionned when k is increased.

6 Conclusions and open problems

In this work we have presented a review of some theoretical results obtained for quadratic family

of operators :
L(\) = Lo + ALy + \?

where Lo and L; are operators in an Hilbert space.

Then we have presented numerical methods to compute the spectrum of such operators. We
reduce it to a non self-adjoint linear eigenvalue problem. The numerical methods proposed are spec-
tral methods and finite difference methods, for bounded and unbounded domains. For bounded
domain we consider homogeneous Dirichlet boundary conditions and periodic boundary condi-
tions. Comparison with the results obtained in unbounded and bounded domains are done. They
are based on the size of the containment domain, deduces from the zeroes of the Hermite functions.

The numerical results obtained are presented. In particular the numerical instabilities are high-
lighted. Comparisons of the numerical results obtained, with the theoretical results presented in
the first part of this work, are done. These comparisons show the difficulties for the numerical
computation of such problem. Elimination of the spectral pollution, using staggered grids, and
the computation of pseudospectra allow to obtain numerical results in agreement with theoretical
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results.

A future step in this work is the extension to the two dimensional case. This work is in progress
and will be presented elsewhere.
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Appendix A Hermite spectral method
A.1 The 1-D case

The basis {¢k}ren of Hermite functions is obtained as an orthonormal basis of L?(R) of the
eigenfunctions of the harmonic oscillator :

d2
Hosc: dr 2+£L’

We recall briefly its construction (see the basic books of quantum mechanics).
Define the creation operator a* and the annihilation operator a

* L
F=rx——, a=z+ —
' dz

We satisfy
1
[a,a*] =21, Hyse =a*a+1= i(aa* +a*a)

where [a,a*] = aa* — a*a.
Starting by the normalized Gaussian :

pola) = iem /2

verified a¢y = 0 and then H,s.00 = ¢o one define by induction for integer k the sequence {pk }ren:
ori1 = (2(k+ 1)) 2a* gy,

O = 2_k/2(k:!)_1/2(a*)k<po

We verify the following relation by using an algebraic calculation

a1 = (2k+1)1/2 (A.53)
Ao = (2k+1)Y204 (A.54)
Hosepr = (2k+ 1)gn (A.55)
(Pr>00) = Ok (A.56)

where (,) denoted the scalar product in the (complex) Hilbert space L?(R).
We then show that {¢y }ren is a Hilbertian basis of L?(R).
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To do the projection of the differential operators in this basis we need to calculate the multi-

plication by x and the derivation % of wy.

We use the relations x = % and % = “}“*. By the relations (A.53) we obtain :

zor = 27Y2kpp1 +VE+ Lpga

ok = 27 Vkp1 = VEF Lo

2op = 3 VEE = 1)pr_o+ 2k + Dpr +/(k + 1) (k + 2)s0k+2)

alop = 3 (VEGE =D& =2)(k = 3)pr—a+ (4k = 2)/k(k — Dpp2 (A.57)
+(6k2 + 2k 4 3)pp, + (4k + 6)/(k + 1) (k + 2)pp 1o
+/E+ D)k +2)(k+3)(k+ 4)¢k+4)

o = 3 (VR =Dpros = @+ on+ v/ + D+ Do)

We have used the following convention : when any integer become < 0 we replace it by 0.

Estimation of error

The suitable spaces are Sobolev spaces with weight are naturally associated to the harmonic
oscillator H,s. because the usual spaces of Sobolev are associated with the Laplacian. For each
integer m > 0 we define the space B,, of function u € L?(R) such that for any pair of integers k, !

such that k + ¢ < m we have xkj—;u € L*(R).
B, is a Hilbert space with the scalar product

(0 = 3 /}R (xkj;u> (mkj;v> dz

k+0<m

B,, is equal to the domain of Hg:éQ and the scalar product is equivalent to

(u,0)*, = (H™ 20, H20) = (HT u, )

osc osc osc

We deduce a characterization of B, with the Hermite coeflicient of u, ay(u) := (g, u).

Proposition A.1 u € B, if and only if Z(Qk + )™ || < +oo.
keN
In addition, the scalar product is expressed as the following :

(w,0)5 = > (2K + 1) g (u)eg (v)
keN
The proposition can be summarized by saying that B, is identical to the domain of the operator

Hg;éQ By complex interpolation we deduce the intermediate spaces Bs for all s positive reals
hence by the duality for s negative reals. The arguments are identical to the case of usual Sobolev
spaces. For s < 0 the B, are the spaces of temperate distribution.

Then we set uy = Z ag(u)pg, let uy = Iyu, Hx be the projections on the vector space
0<k<N
VN generated by {po, 1, ,¢on}. So we clearly have :
1
lu—un|?= > low|* < o D2k + 1) o |?
2 ol < G 2

Hence if u € B,,, we have
[u—un|? < 2N + 1) [[u}2 (A.58)
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More generally we can estimate the error in the spaces B

lu—un s < 2N +1)* 7" [lul|};? (A.59)

It may be useful to have such Sobolev inequalities explaining the regularity and decay at infinity
of u € By as soon as s is large enough. We do not search to obtain an optimal estimation.

Proposition A.2 Let m € N. There exists constants Cp, > 0, Cs (m < 2s — 2) such that

k

|xe%g0j($)| <2+ 1) ™2 Y e R, k4+0<m (A.60)
k

|xZ%u(3§)\ < Csmllulls, Yz eR, k+£<m,u e SR) (A.61)

In particular if m is known and if s > m + 2 then all u in By are of class C™ on R and verify the
inequality (A.61).

Proof. Tt is sufficient to consider the case k = 0.
For (A.60) starting from the usual Sobolev inequality (in one dimension the critical index 1/2).
Then

" p;(2)| < Cllz’pjllar < Cligjllms
Since [|¢;|lm is of order (2 4+ 1)™/2, hence (A.60).
For (A.61) by expanding u on the basis and by applying the Cauchy-Schwarz inequality

1/2 1/2
(@) < | Y lay P25+ 1)° D @2+ 1))

J J

then one use (A.60) by choosing s > m + 2
|z u(@)] < Csmlulls

The last assertion follows from the density of S(R) in B, for all s € R.
The definition of derivatives does not cause a problem.
Thus we see that the functions u € B, are both regular and decreasing to 0 at the infinity more
rapidly when m is big (positive).
O

A.2 The multidimensional case

The results are similar up to complication of notations.
Let d > 2, we denote © = (21,9, ,24) € RY, k = (ki, kg, -+ ,kq) € N? and

or(x) = o, (T1)p2(22) - Pa(Ta)

Then {¢}rena is an orthonormal basis of the Hilbert space L?(R?).
Then we have d annihilation operators a = (a1, as, - - - , aq) and d creation operators a* = (a}, a3, -, a})
with

ap = Tk — a =+ —

0
dry’ Oz,
To define the spaces B, one replace k, ¢ by multi-indices. The harmonic oscillator can be written
as
Hpse = —A+|z)*=a"a+d= %(a*-a—&—a-a*)
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where a* - a = Z ajar and |z|? = 23 + -+ - 22
1<k<d
Then we have
HoscSDk :2(k1+kd)+]—a k= (kla"'vkd)

The space Vi is generated by {pr, k1 + - -kq < N}. We denote for all multiindex k, |k| =
kl +.--k d-

The Hermite coefficients oy (u) are indexed on N?. The estimation of error is then formally un-
changed.

Sobolev inequalities with weight depend naturally on the dimension d. For all m,s such that
s> 1/2 4 m + d there exists Cs ,,, > 0 such that

|27 u(x)] < Comlulls

For |j| <m and u € B,. Here 2/ = ' --- 27 when j = (j1,--- , ja)-

As for the case d = 1 we have a similar inequality for the partial derivatives.

Appendix B Figures

In this section we give the figures referenced in this article.
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Figure 1: Spectrum of the matrix Ay associated with the eigenvalue problem (5.16) (Hermite
spectral method) for N = 50 and N = 100, ¢ = exp(ia) with o = 7/4.
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Figure 2: Spectrum of the matrix Ay of the eigenvalue problem (5.20) (finite difference scheme)
obtained for N =50 (L = 10), N =100 (L = 15) and ¢ = exp(ia) with o = 7/4.
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Figure 3: For N = 50, comparison of the numerical results obtained with the Hermite spectral

method and with the finite difference scheme.
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Figure 4: Eigenvalues computed with the finite difference scheme, corresponding to N = 100,
L =20, =7/4 and N, = 5.
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Figure 5: Eigenvalues computed with the finite difference scheme, corresponding to N = 100,
L=15 a=7/4 and N, = 5.
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Figure 6: Eigenvalues computed with the finite difference scheme (5.20) for « = /4, N = 50 and
L = 50.
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Figure 7: Eigenvalues computed with the finite difference scheme (5.20) for « = w/4, N = 500 and
L = 50.
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Figure 8: Condition number of the eigenvalues Ay in function of the modulus of the eigenvalues,
for N =100 and L = 15.
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Figure 9: Computation of the pseudospectra (5.26) of the matrix Ay corresponding to the Hermite
spectral method for o = 7/4, N = 100.



32

80 JLLLLL
| |+ eps=01
x eps=0.01
O eps=0.001
60— | <& eps=0.0001
-
Q.
Pl
g0
e
£
20—
T
0 + | \
0 50 100

real part

Figure 10: Computation of the pseudospectra (5.26) of the matrix Ay corresponding to the finite
difference scheme for a = 7/4, N =100 and L = 15.
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Figure 11: Computation of the pseudospectra (5.27) of the matrix Ay corresponding to the finite
difference scheme for oo = w/4, N = 100 and L = 15.
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Figure 12: Spectrum of the matrix A, y (5.31) (Hermite spectral method) for N =50 and a = 1.
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Figure 13: Spectrum obtained with the finite difference scheme for a =0, a = 0.5, a = 0.9, a = 1.0,

N =50 and L = 10.
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Figure 14: Spectrum of the matrix A, n (5.38) (finite difference scheme) for N = 50, L = 10 and
a=1.

4e+08
I (0]
3e+08| o
o (@]
g L
£
2
c
S 2e+08[-
% 7 o}
(@]
1e+08 — O o O °
(@]
8 o o 8o o)
L (@] o 8 (@] o o o
o ©O 1)
0 \
00 50

eigenvalue modulus

Figure 15: Condition number of the eigenvalues Ay in function of the modulus |Ay| for N = 50,
L =10and a = 1.
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Figure 16: Average on the eigenvalues computed with the finite difference scheme using 11 staggered

grids for ¢ = 1, N = 1000 and L = 10.
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Figure 17: Computation of the pseudospectra (5.26) of the matrix A, x (5.38) (finite difference

scheme), for N = 1000, L = 10 and a = 1.
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Figure 18: Computation of the pseudospectra (5.40) (finite difference scheme), for N = 1000,
L=10and a =1.
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Figure 19: Computation of the eigenvalues for N = 50, L = 10 and ¢ = 1 with the Legendre
spectral method. Comparison with the spectral Hermite method and the finite difference method
is done.
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Figure 20: Eigenvalues of the matrix A, for N = 100, ¢ = 1 and k = 2. This figure represents a
zoom for the case ¢ = 1.
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Figure 21: Eigenvalues of the matrix A, for N = 1000, k = 4 and ¢ = 0, 0.2, 0.4, 0.6, 0.8, 1. In
the first three figures we can see the cases ¢ = 0, 0.2, 0.4. In the last three figures we can see the

cases ¢ = 0.6, 0.8, 1.

Figure 22:
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Eigenvalues of the matrix A. for N = 2000, k =4, L =10, c=1.
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Figure 23: Eigenvalues of the matrix A. for N = 10000, k =4, L =20, c=1.
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Figure 24: Eigenvalues of the matrix A, for N = 10000, £ = 6, L = 20, ¢ = 1. The figure on
the left corresponds to 0 < RA < 10000 and —10000 < S\ < 10000. The two figures on the
right correspond, up to 0 < A < 10000 and 0 < A < 10000, down to 0 < RA < 10000 and

—10000 < SA < 0.
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Figure 25: Eigenvalues of the matrix A, for N = 10000, £ = 6, L = 10, ¢ = 1. The figure on the left
corresponds to 0 < RA < 1500 and —1500 < S < 1500. The two figures on the right correspond,
up to 0 < kA <1500 and 0 < S < 1500, down to 0 < RA < 1500 and —1500 < SA < 0.
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