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An exact non-trivial relation between spatial mean enstrophy and dissipation in closed
incompressible flows is derived analytically, which also applies to unbounded fluid domains when
the velocity decays to zero sufficiently rapidly at infinity. The quantity’— o®) is shown to
depend only on the boundary conditions, and it is pointed out that in many confined flows, the
equality(w?)=(o?) is not satisfied. ©1996 American Institute of Physics.
[S1070-663(96)01308-9

It is now well knowrt that in a constant density, constant _
viscosity fluid, by taking the divergence of the Navier-Stokes ~ (®“—0%)= _Zﬁ/(?i(vjajvi)dT: _ZJE(Uj(?jUi)nidza
equations, one finds ) @)

V2p=(p/2)(w?— a?), (1)  wheren is the unit normal to the element of surface, and
oriented outward the fluid, as shown in Fig.A=3.,U3,

where wzz(V/\J)2=2wi2j is the square of the vorticity designates both the surface of the solid, and that of the
modulus, also called enstrophy, ana=2cri2]- is the square container,2, which is eventually at infinity. In this latter
of the rate of strain tensor, with;; and o;; defined as case, we suppose that decays to zero likeR™* when
R—oo. A straightforward calculation shows that the surface
integral tends to zero at infinity #>1/2, which seems to be
generally the case in flows produced by a finite moving
body. Note again that this result would not hold in open
flows like for example pipe flows, since the stress boundary

Tij :E(aivj_l'(?jvi)- 3 conditions up- and downstreafoorresponding to inlet and

exit) are not knowra priori.

Equation(1) is analogous to Poisson’s law in electrostatics, ~DUe to viscosity, the velocity in the fluid at the boundary
on the electrical potential, so tha€ ando? behave, respec- 1S €qual to the velocity of the solid. However, a problem
tively, like negative and positive charges. This simple re-2riSes concerning the c_or_1t|nU|ty_ of_ the derivatives of the ve-
mark has had a renewal of interest those last years in the fiel@City, which is not satisfied priori. We can nevertheless
of turbulence, with the direct and numerical observation ofProve the continuity of ¢;d;u;)n; across the solid boundary
vorticity filament€-8 which create intermittency. These fila- > . . _
ments have also been characterized by low-pressure events, First of all, we note that this quantity may be written:
both experimentally and numericaffy* it has been empha- (0050 =0;d;(0iM) —vi0;9;N; (5)
sized that the fluid is a “neutral” medium, i.e{w?) _ _ _ _
—(o?), where(X) denotes the volume integrfl, Xdr. We The first term on the right hand-side of the above equation

prove in this paper that the hypothesis of neutrality is notnvolves the derivatives of the normal velocity, while the

1
wij =5 (dvj=djvi), 2

verified for many boundary conditions. second term is related to the curvature of the boundary. The
We suppose that the fluid domai# is either infinite, ~Ccontinuity of the velocity field is written as
with a velocity field decaying to zero sufficiently rapidly at 0i(M)=0p(M,1), ©6)

infinity (see latex, or finite with solid boundaries, in such a

case we denote by; the volume of fluid. The flow might be WhereM is any point on the solid surfacg, and the sub-
produced by a solid bodys moving in the fluid, for in-  scriptsf or b are used, respectively, to denote a quantity
stance a body in translation, or a rotating disk. We denote bgalculated in the fluid domain or in the boundary. Equation
V the solid volume. If the domain is finite, the total volume (6) immediately implies that at the boundary

inside the container i¥,=V +V;. A — (.

Since the velocity field is generally not known exactly (Wit = (v diMo. )
(especially in turbulent flows we have to calculate the In order to evaluate the first term in the right hand-side of
quantity( w?— o) indirectly. First of all, we turn the volume Equation(5), we consider a poiril on the boundary and we
integral into a surface integral, keeping in mind that in andenote byﬁzéZ the unit normal at poinM. The local el-
incompressible flow, the velocity field satisfies the continuityementary surface satisfies an equatios §(X,y), with
equationd;v;=0. We get £(0,0)=0 at pointM. Equation(6) locally is written as:
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FIG. 1. Orientation of the unit normal.

(%Y, E(GY), ) =0h(X,Y, E(X,Y),1). ®

J (vjﬁjvi)bnidz
3

:J;(ﬁymﬁg.ﬁd2+J;(ﬁgmﬁg-ﬁdz, (16)

=Jﬂ V-@LA&JdT—f V- (O A\vgdr, (17
IUTg T

where the sign- is used because is oriented inward the
solid onX (see Fig. L Noting that in a solid

V- (QAD)=0-(VAQ)—Q-(VAr)=—-202, (18
we get

L(vjajvi)bnidﬁ=2(VSQ§—VCQ§), (19)
and finally, from Equation$4), (14), and(19):

(07— 0?)=4(VQZ-V02). (20)

However, due to the smoothness of the boundary, the partidlhe case of an unbounded domain with velocity decaying to

derivatives of¢ verify 9,£| 0= dyél(00=0 (the surface is

1/2

zero more rapidly thafR™ < at infinity is recovered by let-

locally tangent to a planeand a Taylor development gives ting (3,=0. Equality (20) proves that »?)#(a?) in con-

at first order
9
(10

IV = IxUp

(?yl)f:(?yl)b,

fined flows produced by rotating solids. Moreover, the quan-
tity (w?— o?) does not depend on the dynamics of the flow
(laminar or turbulent but is fixed by the boundary condi-
tions. If Q.=0(t) or Qs=0(t), thus(w?—c?) also de-
pends on time. We can introduce the local dissipation rate

at point M. Now, because of the continuity equation per mass unite=va?, wherev is the kinematic viscosity of

d,v;=0, we can write that

(V}9jv)1= (VI V Iy, — VA dvyt dyvy))s. (1)
Then, with Equationg8), (9), and(10)
(V9jv ) 1= (VxIx0 VI, — VA Ivyt dyvy))p.  (12)

the fluid. Thus equatiof20) implies
<w%—<§>=4vaﬁ—VJ&» (21)

We can discuss some particular cases
(1) Os=0 and.=0: When the flow is produced by a

Note thatv;n;=v, is not necessarily null in the general point pody having a movement of translatiohﬁs=5 and
of view chosen. Now, we use the fact that the incompressg(M D =0v()VM e &, thus neutrality is rigorously veri-

ibility hypothesisd,v;=0 is also valid in the solid, and
(Vj9jv) 1= (VjdjV ), (13

which holds for any poinM on the boundary. Together with
Equations(5) and(7), we obtain
JE(UjajUi)fnidE:JE(Ujajvi)bnidEI (14

In the solid boundaryg;;=0, andV A v=20Q, where

Q=0(t) is the instantaneous rotation rate vector of the

solid. We denote) =, for the container and)= () for
the solid body. We drop the subscrlpin those calculations.
Thus we have

1 -
3jUi:wji:§8jik(V/\U)k:8jika, (15

and we finally obtairv,-(?,-vi:(ﬁ AN J)i . We can now turn
back the surface integral into a volume integral:
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fied, i.e.(w?)=(o?). This is the case for example in the
experiment by Villermauset al.® where the flow is produced
by an oscillating grid.

(2) Q,#0 and Q.=0: when a solid is rotated in the
fluid, then(a?)>(w?), which corresponds in the analogy to
a “positive total charge.” This is the case for the example
for the flow driven by two counter-rotating cylinders$!*
Note however that for a givefe), although(w)=0 [see
Equation(28) below, this flow produces leskw?) than that
studied by Villermauxet al® When the rotation rate of the
disks is constant, Equatiai21) may be rewritten:

<w%:<§>+ci

However, it was shown experimentally for this very flow in
air that (€) is a highly time-fluctuating quantity; Hence,
because of Equatiof22), (»?) fluctuates correspondingly.
These fluctuations of the dissipation could thus be related to
the appearance of the vorticity filaments.

(22
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(3) O.=0 and Q.+ 0: in that case, the flow is submitted continuity of w*— o and of its derivatives at the boundaries
to a solid body rotation, which creates an additiof@f)  [Equation(13)], so that the Green-Ostrogradski theorem can

compared td o?); in terms of the electrostatic analogy, the be applied directly in,, for this quantity!
domain is “charged negatively.” In conclusion, in this paper, we have related the mean

We are now going to prove in the general cdbg~0 enstrophy and dissipation by the formula
and Q.#0 that, in the frameZ’ of the container, rotating
with angular velocityQ., fyc(w’z—Z(r’Z)dr:O. In this

frame,o0®=o'? is unchanged, and =’ +2€Q.. Thus whereV, and V, are, respectively, the volume of the con-

, " ) -, , tainer and the volume of the solid, a@, and O their
f{,/ wdr= L ®'“d7+40,- f{/ ®'d7+4VQc. (23 instantaneous rotation rates; the case of unbounded flows
¢ ¢ ) ¢ with velocity decaying to zero more rapidly tha 2 is
First of all, we calculatd ,_o'd7. Noting that, for any fixed  recovered by letting).=0. We assume that this exact result

<a)2— %> = 4(V 02—V 02), 32)

vectore: will be of interest for further experiments.
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