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Fujita Kato solution for compressible Navier-Stokes equation
with axisymmetric initial data and zero Mach number limit

Boris Haspot *

Abstract

In this paper we investigate the question of the existence of global strong solution
for the compressible Navier Stokes equations for small initial data such that the
rotational part of the velocity Pug belongs to H %-1. We show then an equivalence
of the so called Fujita Kato theorem to the case of the compressible Navier-Stokes
equation when we consider axisymmetric initial data in dimension N = 2,3. The
main difficulty is relied to the fact that in this case the velocity is not Lipschitz,
in consequence we have to study carefully the coupling between the rotational and
irrotational part of the velocity. In a second part, following the arguments developed
in [13] we adress the question of convergence to the incompressible model (for ili-
prepared initial data) when the Mach number goes to zero.

1 Introduction

The motion of a slighty compressible barotropic fluid is described by the following system:

Op® + div(p°u®) =0,

VP(p*
O (p°u®) + div(p*u® @ u¥) — pAu® — (A + p)Vdivu® + Eg’” =0, (1.1)
(ps,us) —1=0= (p87u(8))

Here p¢ = p(t,x) € R and u¢ = uf(t,z) € RY stand for the dimensionless density and
velocity field, and the pressure P is a suitably smooth function of p¢. Unless otherwise
specified, it will always be assumed that z belongs to the whole space RV (N > 2).
We denote by A and p the two Lamé coefficients of the fluid, which are constant and
satisfy p > 0 and v = A 4 2 > 0. Such a condition ensures ellipticity for the operator
uA + (A4 p)Vdiv and is satisfied in the physical cases (where A + ZW" > 0). The initial
conditions (p§, uf) are given.

The parameter € corresponds to the so called Mach number which is given by ¢ =
LT~'¢71 where L and T are the typical values of the length and time (before rescaling)
and ¢ stands for the sound speed. We refer to [20, 25] or in the introduction of [30] for
more explanations on the derivation of the above model.

In this paper our purpose is double, indeed in a first time we are interested in proving the
global existence of strong solution for small initial data for suitable initial data such that
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the rotational part of the velocity verifies the same assumption as the so called Fujita
Kato theorem and in fact the more general theorem due to Cannone-Meyer-Planchon (see
[4]) . In a second time we will study the limit of such solution when the Mach number ¢
goes to zero, and we will recover as a limit a solution of the incompressible Navier Stokes
equations.

When we study equations derived from the fluids mechanics, a first interesting question
is to find the largest functional space X in local or global well-posedness may be proved
and after to compare this space X with the energy space. It is then natural to understand
in which sense a space is critical for the existence of strong solution. That it is why it
is important to study the scaling of the equations and the notion of self similar solution.
In view of the celebrated works by H. Fujita and T. Kato for the incompressible model
(NSI) (see [18]), one can guess that the critical space for the velocity is H 2. By critical,
we mean that we can solve the system (/NSI) in functional spaces with norm invariant
by the changes of scales which leave (N.SI) invariant. Indeed we can check that for a
solution v we can associate via the following transformation:

(vo(z), f(t,z)) — (lug(lz), I3 f (1%, 1)), v(t,z) — lv(l%t, 1)

a family of solution to (NSI) and that the norm in H 2L is invariant by the trans-
formation vo(x) — lvg(lxz).In the case of barotropic fluids, we can observe that the
transformations:

(pO(x)a uO(x)a f(t> x)) - (,Oo(llt), ZUQ(ZZE), l3f(lzt7 Z.CI})),

2
(p(t,z),u(t,x)) = (p(I*t,1z), lu(l?t, ,lz)). (1-2)

have that property, provided that the pressure term has been changed accordingly.
Roughly speaking we expect that such spaces are optimal in term of regularity on the
initial data in order to prove the well-posedness of the system (1.1).

It seems then natural to consider initial data (bg,ug) in H 7 x (H %_I)N . However H?>
is not a subalgebra of L, in particular it does not allow to control the nonlinear term
involving the density as the pressure since we can not use classical composition theorem.
Furthermore if we wish to propagate any regularity on the density along the time, we
have to observe that the density is governed by a transport equation. It requires then that
the velocity should be Lipschitz if we want to apply classical theorem on the transport
equation. Thesjs two rgstrictions led to consider slightly smaller space, the homogeneous
Besov space By’ x (Bfl_l)N (see the definition in section 2) which is also critical accord-
N

ing (1.2). Indeed we can verify that the only critical Besov space Bfr which is embedded

N
in L is By;.

Danchin in [8] shows for the first time a result of existence of global strong solution
with small initial data in critical space for the scaling of the system. More precisely the

N N N
initial data are chosen as follows (qo,u0) € (By; N Bfl_l) X Bfl_l. The main difficulty
consists in obtaining suitable estimates on the linearized system with convection terms.
The crucial point is the proof of damping effect on the density which enables to control
the pressure term. This last result has been generalized to the case of Besov space con-
structed on LP space by Charve and Danchin in [5], Danchin in [12], Chen et al in [7] and



the author in [21] by using two different methods. We refer also to [24] for the existence
of global strong solution for the shallow water system with a smallness condition which
is supercritical. In [6] we weaken the previous results in the case of the shallow water
system by assuming that the initial velocity verifies only:

N 4 LA | _
Pug € BQ?Q , Qug € B2271 and ugy € Boo%l.

Here we can observe that the choice of ug in BO_o{1 is absolutely crucial since it allows
to control the Lipschitz norm of the velocity u. This last result has been extended by
Danchin and He in [13] to the case of the system (1.1) with constant viscosity coefficients

N 1
and with the rotational part of the velocity Puo which belongs only to By, = with r
suitably chosen and such that r > 2.

We can mention that all these previous results require a Lipschitz control on the ve-
locity and in particular that wg belongs at least to B;ol,l. We would like to avoid this
restriction and to consider only the so called Fujita Kato initial data which corresponds
to Pug € H 71 To do this, we are going to consider initial data with geometrical as-
sumption in order to weaken the coupling in the mass equation between the density and
the rotational part of the velocity Pu. More precisely we are going to consider axisym-
metric initial data in dimension N = 2,3. Let us give now more details on the form of
the solution that we are going to consider. If we set p¢ = 1 + €b°, we are to study:

divu®
8¢ + U~ div(beus),
€
Auf + (A + p)Vdivu® | P'(1 + eb) Vb
&gue—i—uE-VuE—M u® + (A 4 p)Vdivu N (1 +€b9) _0, (1.3)
1+ ebe 1+ebe ¢
(b, u) =0 = (b, up)-
In dimension N = 2 we are interested in looking at solutions of the form:
£ (S € T e xj_ € le 2,e
po(t, ) = p=(L, |]), ue(t,z) = mm(ta |z]) + m%(t |z]) = u =t x) + w5 (t x). (1.4)
We observe that the system (1.3) can be rewritten as follows:
di l,e
8th 4 vu _ —diV(bEuLe),
pule 4+ b vyl — pAube 4+ (A + p)Vdiva'© T P (1+ €b°) Vb© = u?c . Vu?e,
1+ ebe 14¢ebe ¢
atu2,e + ul,s . vu2,e + u2,€ . vul,e o MAUZ& _
14 ebe

(bﬁ)ue) t=0 — ( (E),UB)

(1.5)
We will also consider the case of axisymmetric solution when N = 3 which corresponds
to rewrite (p,u) as follows:

us(t,x) = u"(t,r, 2)e, + ue’s(t, r,z)eg +uc(t,r,2)e; = Upe +upe +ure and p(t,x) = p°(t, 7, 2),
(1

6)



with: . N
T €p T and e. = (0,0,1).

r= “lea ‘T/ - (1’1,(1}'2,0)7 €r = ma = |SU/|

As previously the system (1.3) can be rewritten as follows:

div(ure + uz )

8,:[)6 + = —diV(be(u'r,g + uz,&‘))

pAuy o + (A + p)[0pdivu, . + Opdivu, e,
14 ebe

atur,s + (UT,E + Uz,s) : vur,s -

Pl(l + €b°) O, b,
1+ ebe

+uge - Vuge =0

1.7
MAUQ,E ( )
at“&,e + (ur,a + Uz,a) : vu@,s - 1+ cbe + Ug e vur,a =0,
A A 0.di 0.di
atUz e+ (’LLrs + U, 6) Ve — E— * ( T M)[ Ve O IVUz,g]é’z
” ) ” ) 1 +5b6
P'(1+eb) 0.b%,
\ 1+ ebe e
Setting ug . = U, + u, . We can rewrite the previous system as follows:
di
0" + ke _ —div(bupc)
€
Aug e + (A4 p)Vdivu

O e +Upe - Vg e — K he ( M) he

El El kil 1 + gbe (1 8)
P'(1 4+ ebf) 8,b%, o Tur — 0 ‘
1+ ebe 0, 0, — Y.
Au
atUQ5+uk5-VUQ€—M 07E+u05'vur,€:0~
kil kil ) 1 _|_€be 9

We can observe that in the system (1.3) and (1.7) the coupling between the density b°
and the velocity u® is weaken since only the irrotationnal part of the velocity governes
the behavior of the density in the mass equation (except in the 3D case where Pu, .

. . - LN
plays also a role). This remark will be crucial in order to choose u% or ugo in H?2 L

It will be however mandatory to choose u(l], uro and u, o in 32%71—1 in order to ensure a
Lipschitz control on the irrotational part which allows us to estimate the density via the
mass equation. An another difficulty will consists in dealing with the coupling between
the rotational and the irrotational part of the velocity which appears via the terms
u?f - Vu?® and uge - Vuge. We will show some regularizing effects induced on these

N_1
bilinear convection terms which enables us to propagate the regularity By*, = on the
irrotationnal part of the velocity.

Let us focus now on the zero Mach number limit when € goes to 0. A large amount of
literature has been devoted to this main feature.Roughly speaking, two different heuristics
have been developed. The case of well-prepared data which corresponds to the assumption
that p§ = 1 + O(e?) and divug = O(e) has been investigated in [27, 28] and [25].



In this paper, we will consider the case of ill-prepared data, where it is only assumed that
py = 1+ ebj with (b, uf, f¢) uniformly bounded (in a convenient functional space), Puf
tending to some vy and Pf€ tending to some g when ¢ goes to 0. One expects that the
limit v of u¢ solves the the so called incompressible Navier-Stokes equations:

v +v-Vu— pAv+ VII =0,
(NSI) dive = 0,
v/t:O = 9.
Let us recall now some results of global strong solution for the system (/N.SI) which are

due to Fujita and Kato in [18] and Cannone, Meyer and Planchon in [4] (see also [13]).

N

N_q
Theorem 1.1 Let N = 2,3 and vy € By,  with divyg =0, p < +o0 and r € [1,+0o0].
There exists €y such that if:

[voll v, < eop,
p,”’

then (NSI) has a unique global solution w in the space:
~ N_q ~ QUS|
L*®R*, Bfy )NI'R*, By ).
Furthermore we have:

N _4 +/’LHUH %4,_1 SMHUOH %_17

v
| ||E°°(R+,Bp€’r ) LY (R+,BP ) B

for M a constant depending only on N and p.

We can observe that under the condition (1.4) in dimension N = 2 and (1.6) in dimension
N = 3 the previous system can be respectively rewritten as follows:

ou® — pAu? =0
u? - Vu? = —VII (1.9)
divu? =0,

and:
Opur + (Ur + uz) -Vu, — ,UfAur +ug - Vug + 0,1l e, =0

(1.10)
Oy + (up +uz) - Vu, — pAu, + 0.11e, =0,

div(u, + u;) = 0.

\

The main difficulty in order to justify rigorously the convergence is that one has to face
the propagation of acoustic waves with the speed €~!, a phenomenon which does not
occur in the case of “well-prepared” data.

Nevertheless, several remarkable results have been obtained recently. First of all, for
initial data with minimal regularity assumptions, P-L Lions stated in [31] the existence
of global law considered is of type P(p) = ap” with certain restrictions on v depending on
the space dimension N. Since then, convergence results to the incompressible model have



been proved by B. Desjardins, E. Grenier, P.-L. Lions and N. Masmoudi. The case of
periodic boundary conditions has been investigated in [32], the case of bounded domains
with Dirichlet conditions in [16] and the case of the whole space in [15]. Some local weak
convergence results are also available in a more general context (see [33]). Roughly, the
main difference between the whole space and the periodic case is that in the former case
one can utilize the dispersion of sound waves to get strong convergence results whereas in
the latter case, the sound waves will oscillate forever, leading only to weak convergence.
In the framework of strong periodic solutions, several recent works have to be mentioned.
For smooth initial data and no external force, it has been stated in [20] that slightly com-
pressible two-dimensional periodic incompressible Navier-Stokes equations and is unlikely
to extend in higher dimension.

More recently Danchin was the first to justify rigorously the zero Mach limit in the frame-
work of critical Besov space for the scaling of the equations (see [9, 10]). More precisely

N

s : . . mE-1.% N_
he deals with initial data such that (b§, ug) is uniformly bounded in By, _ 2 x B 31 (see

the definition 2.4 for the hybrid Besov spaces). Danchin and He (see [13]) have recently
generalized this result to the case of Besov spaces constructed on LP Lebesgue spaces
with a Lipschitz control on the velocity. To finish we would like to mention a very inter-
esting and original result due to Danchin and Mucha [14] who propose a new approach to
pass from the compressible Navier-Stokes equation to the incompressible Navier-Stokes
equation by considering the limit of the solution when A the second coefficient of viscosity
goes to +oo0.

In this paper we would like to extend the previous result [13] for initial data of the type
Cannone-Meyer-Planchon see [4] for axisymmetric initial data. From now for the sake
of simplicity, we shall also assume that the data (bf, uf;) do not depend on ¢ and will be
merely denoted by (bo, ug, f) (therefore vy = Pug ). Our first main results concern the
existence of global strong solution for small initial data when the Mach number is fixed
e = 1. We refer to the section 2 for the definition of the hybrid Besov space.

Theorem 1.2 Lete =1. Let N = 2. Let P be a suitably smooth function of the density.
~0,2
Assume that po(z) = pg(|z]) and ug(z) = ﬁ(ul)o(\:d) + (u2)o(|z]). Let by € By,
2 3 ~0,2-1
ug € By, and u(l] € By, with2 <p<4withl <r< 1%2 then there exists g such
that if:
1 2
ool _y - + lluall_ysx o+ lluoll g1y <20 (1.11)

2,p,1 2,p,1 2,p,2

there exists a global solution (b,u',u?) of the system (1.5) with:

be LB N INBYT)
2,p,1 2,p,10

~  ~0,2-1 ~ ~2241
u' € L®(B, ) )NLY (B ), (1.12)
2 - Too %71 T1 %+1

u? € L®(Br, )NLY(BL, ).

If p = 2 the solution is unique.

Remark 1 To the best of our knowledge, it is the first result of global strong solution for
the compressible Navier-Stokes equation with a velocity u which is not necessary Lipchitz.



In addition it allows to choose initial data only a the level of the energy concerning the
rotational part.

Let us mention that in [23] we prove the existence of global strong solution with large
initial data for the system (1.1) in the case of viscosity coefficients of the type shallow

water (1(p) = pp and Mp) = 0).
Theorem 1.3 Let ¢ =1 and N = 3. Let P be a suitably smooth function of the den—
sity. Assume that po(x) = pi(|x|) and ug = (ur)o + (up)o + (uz)o. Let by 6 sz17

33

1 -1
Q(ur)o, Quz)o € By . P(uy)o, P(uz)o € B 5 U € B 1 and (ug)o € B;Q with
2<p<4andl<r <3 5 then there exists o such that if:

1Bl 3.3 +1(QCur)o, Q ( =)o) 5

2,p,1

L HI(P (ur)o,P(uz)o)!\B§;1+H(Ue))oHBE;JrHukHB;O{I =< €0
(1.13)

3
p

there exists a global solution (b, u,,ug,u;) of the system (1.7) with:
~ 13 ~N i N
be L™(By, ) NLY(By,, "),
T 00 1 21
ug € L (B;Q YnIiBz, ),
~ ~13_1 ~, ~3341
Qu’m@uz c LOO(B22pp1 )OL1<B22pp1 ) (114)

BRI A

Pu,, Pu, € EOO(B'” S

2.p,r
ug € LOO(B 1) ﬂLOO(B 1)-
If p < 3 the solution is unique.

Remark 2 This result is a equivalent to the so-called Fujita-Kato theorem and Cannone-
Meyer-Planchon theorem (see [18, 4]) for the compressible Navier-Stokes system in the
case of axisymmetric initial data.

Definition 1.1 We refer to (2.21) for the definition of low and high frequencies for
Besov space. We denote by EY,, the space of functions (b,u) such that :

BF,ev BFev Sips Iy A Tl patl ~in2 1 patl
o (VP QuPt) e (C(B2), )N LY By ))X(C(BZ,l )ﬂL(B )

N

~ N ~ N ~ N_q ~ N q
o (VIFE Quittery e (C(BS)NLY(BYY)) x (C(BY, )NLY B ),

N

e PucG(B2 ) nIB, ).
oukGC( )ﬂLl( 1) (only if N =3) .

We endow that space with the following norm:

b.u _ bBFeZ/ + UBF,EV
100z, = 77 s FIQUEE
€||bHF,51/”~ N . +e 1HbHFsVH~ N 4 HQUHFEVH N_ N
oty SCEAS o)y nEB,

+ HPUH5 ﬂ_l)mf (B%H + HUkH’CV'(B;I,I)HZI(B;J)(SN;;’



with 53"3 =0 Zf];é?) and5j73 =1 Zf] = 3.
We can now consider the global convergence of the solutions of (1.1) to (NSI) in the

critical functional setting described above.

Theorem 1.4 Assume now that the initial data (bj,uf) verify the reqularity conditions
of theorem 1.2 and 1.8. Let € = ev. There exists a constant n independent of € and v
such that if

o When N = 2:
v BFg HF¢E HFg
C5" = 1185, (up)® )II S+ NGNS A+ [ (ug) ]S, A+ 1 (ug)e| 2 <, (1.15)
pl pl Bp,2
e When N =3
C5" = 1155, (Qur, Qua)3)I P + 105 757 + 1|(Quy, Qua)§ |75,
21 Bya Bya (1.16)
+ [|(Pup, Pu. )5l s 1+HukHB 3 +H(u0>0H , <,
Bp2 p,2

then the following results hold:

1. FExistence: For all 0 < e < g, system (1.1) has a unique solution (b,u¢) in EE,
such that for some constant M > 0:
1,6, < MCE.
Furthermore ul, uS, uS converge weakly to 0 and u2, ug converges in the sense of
distribution to v solution of (NSI).

2. Convergence:

o If N =3 then choosing r = 2 we have:

Pl Pes =l sy A IPu—o a4
Ll(B£+2) L>(B?,

M (| Pug — vol|

4
P
Bp72

1 1
v (0. sy HNQul sy ) < MCEYE2 .
£2(B?

4
1) L2(Byy 7)

o If N =2 then we have:

2 2
”ug ’UH—vl :7?2_%4_1 +Hu6 UHEOO(B:}EQ_%_I
1 1
< M) = voll sz, +C5rET),
p,2
B o 4l e, < MCEEGTD),
2 BP,II) Q) L2(Bp7117 ?)

with ¢ verifying 0 < ¢ < % and ¢ < 8})—227”

!We refer to the next section and in particular (2.21), (2.22) for the notations.



Remark 3 It would be easy to generalize the previous result when N = 3 to the case

N_y
(Pvy)o, (Pvs)o € By, with 1 <rq < 17%2. For simplicity we just take r = 2.

It would be also possible to deal with different Lebesgue index on u,,u, and ug.

Our paper is organized as follows. In the first section 2, we introduce the homogeneous
hybrid Besov spaces (see also [2]) and recall the basis of Littlewood-Paley theory and
the papraproduct. In section 3, we prove the theorem 1.2 and 1.3. In the last section,
following the arguments of [13] we study the zero Mach limit of the solution when &
goes to 0 using Strichartz estimates in order to deal with the irrotationnal part which is
governed roughly speaking by a wave equation.

2 Homogeneous and hybrid Besov spaces

2.1 Homogeneous Besov space and paraproduct

As usual, the Fourier transform of u with respect to the space variable will be denoted by
F(u) or u. To build the Littlewood-Paley decomposition, we need to fix a smooth radial
function x supported in (for example) the ball B(0, %), equal to 1 in a neighborhood
of B(0,3) and such that r — x(r.e,) is nonincreasing over Ry. So that if we define
(&) = x(£/2)—x(&), then ¢ is compactly supported in the annulus {¢ € R?, % <€ < %}
and we have that,

VEeRIN\{0}, D e =1 (2.17)

leZ

Then we can define the dyadic blocks (A)iez by A := ¢(27'D) (that is A = (2761 (¢))

so that, formally, we have

u=>Y Au (2.18)
l

As (2.17) is satisfied for £ # 0, the previous formal equality holds true for tempered
distributions modulo polynomials. A way to avoid working modulo polynomials is to
consider the set S; of tempered distributions u such that

lim HSluHLoo =0,
l——00

where S; stands for the low frequency cut-off defined by S; := x(27'D). If u € S}, (2.18)

is true and we can write that Sju = Z Aqu. We can now define the homogeneous
q<i—1
Besov spaces used in this article:

Definition 2.2 For s e R and 1 < p,r < oo, we set

1
H“HB;,,T = (ZQNSHAZUHEP> if T<oo and HUHBZ,oo = SLle 213 || Ay -
l

We then define the space By, as the subset of distributions u € S such that ||ull g, s
’ b,
finite.



Once more, we refer to [2] (chapter 2) for properties of the inhomogeneous and homoge-
neous Besov spaces.

In this paper, we shall mainly work with functions or distributions depending on
both the time variable ¢ and the space variable . We shall denote by C(I; X) the set of
continuous functions on I with values in X. For p € [1, oo], the notation LP(I; X) stands
for the set of measurable functions on I with values in X such that ¢ — || f(¢)||x belongs
to LP(I).

The Littlewood-Paley decomposition enables us to work with spectrally localized
(hence smooth) functions rather than with rough objects. We naturally obtain bounds for
each dyadic block in spaces of type L4.LP. Going from those type of bounds to estimates
in Lf B;T requires to perform a summation in ¢"(Z). When doing so however, we do
not bound the L, B? 5 norm for the time integration has been performed before the £
summation. This leads to the following notation:

Definition 2.3 ForT >0, s€R and 1 < 7,0 < 0o, we set

HUHZ%B;T = H2jsHAlluHL%LP r(z)"

One can then define the space Z%B;J as the set of tempered distributions u over (0,7 x

R? such that lim, , o Syu = 0 in L7([0, T]; L>°(R%)) and |ull75 55 < 0o. The letter T
TPp,r

is omitted for functions defined over RT. All the properties of continuity for the product

and composition which are true in Besov spaces remain true in the above spaces. The

time exponent just behaves according to Holder’s inequality.

Let us now recall a few nonlinear estimates in Besov spaces. Formally, any product
of two distributions u and v may be decomposed into

w = Tyv + Tyu + R(u,v), where (2.19)

T,v ::ZSl,lqu, Tyu —ZSZ 1A and R(u,v) Z Z A Ap.
l Ior-i<1

The above operator T' is called “paraproduct” whereas R is called “remainder”. The
decomposition (2.19) has been introduced by Bony in [3].

In this article we will frequently use the following estimates (we refer to [2] section
2.6, [10], for general statements, more properties of continuity for the paraproduct and
remainder operators, sometimes adapted to L7, Bs , spaces): under the same assumptions
there exists a constant C' > 0 such that if 1/p1 + 1/p2 =1/p,and 1/r1 +1/ro =1/1:

Iuells, < Cllullz<lollz;

Tl e < Cllullgy Molls, — (£<0)

1RG0 yeny oy < Cllullgor, Tollgs, (514 5> 0). (2.20)

51+5277
BPJ”

Let us now turn to the composition estimates. We refer for example to [2] (Theorem
2.59, corollary 2.63)):

10



Proposition 2.1 1. Let s > 0, u € Bil NL>® and F € W'l[osiw’oo(Rd) such that

F(0) = 0. Then F(u) € 3311 and there exists a function of one variable Cy only
depending on s, d and F' such that

I1E(w)llBs, < Colllullre)lull B, -

2. Ifu and v € By 1and1fv—u6321fors€] u 2]andGEI/VZ[S]JF?’Oo(]Rd) then

G(v) — G(u) belongs to 3271 and there exists a function of two variables C' only
depending on s, d and G such that

1G(v) — G(u)l| s, < Cllullpe, [[vllLe=) (IG’( )+ [ 55 +oll, )HU_UHB;l-
21 ’

Let us end this section by recalling the following estimates for the heat equation:
Proposition 2.2 Let s € R, (p,r) € [1,+00]? and 1 < py < p; < 400. Assume that
up € B3, and f € L2 (B, 2+2/’)2) Let u be a solution of:

8tu —Au = f

Ujt=0 = U0,

with A = pA + (mu + \)Vdiv. Then there exists C > 0 depending only on N, u, p1 and
pa such that:

HUHLM Bt/ < C(HUOHBQT + ”f”sz2(B;;2+2/ﬂ2)) :

If in addition r is finite then u belongs to C([0,T], B;T).

2.2 Hybrid Besov spaces

As explained, in the compressible Navier-Stokes system, the density fluctuation has two
distinct behaviours in some low and high frequencies, separated by a frequency threshold.
This leads to the definition of the hybrid Besov spaces. Let us begin with the spaces that
are introduced by R. Danchin in [8, 10] or [2]:

Definition 2.4 For a > 0, r € [0,00] and s € R we denote

d A _2 A
lllgee S0 2 Al 0l F 3T 2 A,
sPy L,

I<-pe 1>-ne
We will note in the sequel:
B — Z Az and ZBFe = Z Az, (2.21)
<y -
and:
l=lp; = 112"5%ls;, and |zlz;" = 2275, (2.22)
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Remark 1 As stated in [2] we have the equivalence

1
_ Ss— s < ~s.00 < S — D5 .
> (lll sy + allull 55 ) < Nl <l s + el
Let us start now by recalling some estimates in Besov space for the following system:

Oh+u-Vh+divu = F
Ay — pAu — pVdivu + aVh = G, (2.23)
(h,u) /=0 = (ho, uo),

with (F’, G") external forces. More precisely in [21, 10, 7] it has been proved the following

proposition by some different methods. In particular in [21], we introduce the notion of
effective velocity which enables us to diagonalize the system (2.23).

Proposition 2.3 Let 2 < p < 4.Let (h?,u?) the solution of (2.23). There exists a
constant C depending only on p, N, s and s such that the following estimate holds:

IOy

T 2,p,

yoaN + ||(h, u)H N NN
><822 1, N 7L 2?;11 > 22p+11 p+1)

1
S V (H(ho,u() H %—1,% N1, N I H(F/ G/)H B —1,%

2,p,1 *Bapa 2,p,1

/IIVU ) 4}%
2,p,1

2,p,1 )

with:

2.3 Dispersive estimate

Following B. Desjardins and E. Grenier in [15], we shall use some dispersive inequalities
for the wave equation: the so-called Strichartz estimates (see [34, 19, 26] and the refer-
ences therein). Here is the statement that we need. The reader may refer to [10] for a
proof.

Proposition 2.4 Let (b,d) be a solution of the following system:

(W)

ob+e'Ad=F,
Od — e TAb=G.

Then for any s € R and positive T' (possibly infinite), the following estimate holds:

1
6, onggret, S (160 do)lsg, + 1B Dlys,)

L;(Bp 1

with p > 2, 2 <min(1, (N — 1)(3 — %)) and (r,p, N) # (2,00, 3).

Now, we can expect proposition 2.4 combined with estimates for the heat equation to
provide us with uniform estimates for (b°,u%), thus uniform bounds for the right-hand
side of (WW¢). According to proposition 2.4, this should give us some convergence result.
No further arguments are needed to get global convergence in the small in critical
spaces,or local convergence in the large for more regular data. In the next two sections,
we shall develop these ideas and give complete statements of our convergence results.
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3 Proof of the theorem 1.2 and 1.3

Let us start with the proof of the theorem 1.2, the proof of theorem 1.3 will follow the
same lines. We fix now the cute off frequency in (2.4) which is equal now to .

3.1 Proof of the existence

Our goal now consists in proving the existence of global strong solution for the system
(1.5) with e = 1 under the smallness condition (1.11). Let us briefly explain the main
arguments of the proof.

1. We smooth out the data and get a sequence of local solutions (b, ul, u2),en on
[0,T},] to (1.5) by using the result of [24].

. . 1 2
2. We prove uniform estimates on (b, u,, u;,

)on [0,T;,] in EY , by using the proposition
2.3 and by studying the behavior of v} in low and high frequencies. We deduce

then that T, = +o00 .

3. We use compactness arguments to prove that the sequence (b, ul,u2) converges,

ny Wpy Wp
up to extraction, to a solution of (1.5).

Construction of approximate solutions

We smooth out the data as follows:
(bo)n = Snbo (ud)n = Spuy and (ul), = S,ul

We observe that (u), and (u3), are alway invariant by rotation since the Fourier trans-
form conserves the property of radial functions and since we work with ¢ a radial function
in section 2.

T u? . zt ud .
Spub(z) = |96|sn(1(’yy)| Y)(x) and Spud(z) = mS”(Q(yZ)| Y)(@).

Note that we have:

VI eZ, [|Aibn)ollee < [|Atbollr and [[(bn)oll (5 15 <lboll _y 1,

2,p,1 BZ,pJ

and similar properties for (u$)n, (u3)n, a fact which will be used repeatedly during the
next steps. Now, according [24], one can solve (1.5) with the smooth data ((bo)n, (ud)n, (ud)n).

We get a solution (by,, u., u2) on anon trivial time interval [0, T;,] which verifies by unique-

ness the condition (1.4) such that:

= ~5-1L8 A e N ~T+1,5+41
bn € C([0, ), Byyy ") up € C(0,T), By, 1 7 )NLM0, T, By * ), 5.2
D1 ’

~ N_q ~
up € C([0,T0), By ) NLY([0, ), By ).

13



By uniqueness we can observe that the solution (b, u.,u2) remains rotationnally invari-

ant, and we have:
Otby, + divu), +ul - Vb, = —b,divau),
Aul ivul  P'(1+b,
1+ by, 140y, (3.25)
pAuZ + (A + p)Vdivu 0
1+ b, -

1 1 1
Oy, + uy, - Vu, —

2 1 2, 2 1
owuy, + uy, - Vur +u; - Vu, —

(bn,ul U2) t=0 — (Snb07 Snu(lh Snu(z))

n’ -'n

Uniform bounds

In this part, we aim at getting uniform estimates on (by,u},u2) in the following space

Fr with the norm || - || g,

N N N N N N N N
~¥ N NN NN o SN N

~ -1 ~ ~ ,
FT = (L’%O(B;,p,l ) N L%(BQZ,p,l )) X (L%O(B;,p,l ! ) N LCIZ”(B22,p,1 ))

bUleFZb N_| N EM‘FUI N_{N_ N, | N
bl = Vonll_ oo ooy AL g s
2
+ |lu N_ Noq -
I "HZOTO(Bpg TS
Let us start by estimating the incompressible part uy, in L3 (B, )N L%F(Bp’j2 ). We

observe that u2 verify the following equation:

by,
Otui — uAu% —(A+ M)Vdivui = —u,lI . Vu?1 — u% . VurlL — (,uAu?1 +(\+ ,u)Vdivui) o

According to proposition 2.2, we have:

%71 +||uivu}LH~ %71

9 <02 1. 2
||UnH~ %,1 ~ %4»1 N||UOH %71 + Hun vun”~1 ) L%"(Bp’Q )

LE¥ (B, INLy(By, ) .2 7(Bpa

b
Ay? —"
+ || ungnH

~ N_q -
Lh(BFy )

(3.26)
From (2.20) and (2.1) we get:

lun - Vgl wy S (bay g, up) 1,
Ly(B )

2,1 < 1242
Hun VunH~1T 1?2—1 N||(bn’un7un)HFT (3.27)

bn
S o
ol o Sl

P2

2
N fupll o o~y
%o szjl " %"( plj;r

|Au?,
Let us consider now the behavior of (b, u)) which verify: the system (3.25):
Oib,, + divu}L + “717, - Vb, = Fﬁ’
Opu) — uAu,ll — (A + u)Vdivu}L + P'(1)Vb, = F,%, (3.28)
(b, ub) 1=0 = (Snbo, Snuj).
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F! = —b,divul,
b
F2 = 02 - Vu? —ul - Vul — (pAul + (N + p)Vdival) 1 _:b
n
P'(1+b,)
P'(1) - ———=2)Vb
HPW -,
(3.29)
Using proposition 2.3 and 2.2, we have the following estimate on (b, ul,u?):
bn N_| N N x4 NN
I H~T GE ¥ e | n)llz?(éill A At
< Ce'r T)(llboll yoax+ H%lLN v L oy + ||F2||~ ¥ N )
2p1 2pl T 2,p,1 (2,;0,1
(3.30)
with:
c/ IVl (3.31)
2,p,1

Therefore, it is only a matter of proving appropriate estimates for F} and F? by using
proposition 2.20. Let us start with F!, we have according to the proposition 2.20:

Fl N N < b N _, N divul N N . 3.32
Iy e Sl vy vl s (3:32)

Similarly concerning F2, we have from proposition 2.20 and 2.1:

(A, + (A + p) Vdiva,)

N _q

|
N,
14+ b, L%(prl P

< Ol ball. o Al s
Lo D LT 2,p,1
, (3.33)
P (1+b,)
IP) = 50Vl g Sl v ol
n Lz B2,p,1 B 1 T B2,p,1 )
1
[y, - VU}L\LI NN S < [l NN HV%H~2 NN
T 2,p,1 ) T 2,p,1 ) T 2,p,1 )
As in [13] we set p* = 5 such that 1 + = . Since 2 < p < 4 we deduce that p < p*,
we can now sea with the convectlon term u Vu ‘We have then:
(up, - Vuz)i = Truzy, 05 (up)i + To, ), (un)j + O5R((uf), (uh)i)- (3.34)

Next we have since % + 1% = % and % + % = 1, using classical paraproduct law (see [2],
N N
N_ 7,1

Chap 2) and interpolation since szjz — B’ 2

1 T(uz),;05(u )IL - S lluall -, IVupll. . (3.35)

By ) Loo(Bp 5 LY(B}

[V
~
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Similarly we have:

Ty 2y, (U2l vy VU2 N, |V N - 3.36
1, (u2): )JHLI(BQ?I 1)H ”zoo(B;’; Q)H IIZI 25 (3.36)

For the remainder term we have:

10; R((u7)j: (u7)i) (3.37)

51, ~

HZl(Bfl )

yoo Slhail? '
L2(B},)

We proceed similarly in high frequencies, and using (3.35), (3.36) and (3.37) we get:

|u2 - Vu

S lluz
n N N_; S Ul N1, N1
p o] p

al
nliley =7-h 52 )
T\P2,p,1 T 2,p,2

Finally combining (3.32), (3.33) and (3.38) we obtain that:

HUZH~1 ~%+1,%+1 .
T( 2,p,2 )

(3.38)

1,2
by g i)y < CelCmter (i Bo)all_y a0+ 1 ugdnll sy aav s+ @)l _y v

2 Ly
2,p,1 2,p,1 2,p,2
1 ,2y)2
+ H (bn7 U s un) HFT) .
(3.39)
By a basic bootstrap argument we deduce that the sequence (by, ul, u2),en is uniformly

N N N N

bounded in n in Fr, . Since (Vau.!, Vu?) is uniformly bounded in E%Fn (Ezzpf )X E%ﬂ (E;pg)
we deduce by using classical continuation criterion (see [11, 24]) that for any n, T;, = +oc.

It is now classical to prove that the sequence (by,, ul, u?),cn converges in the sense of the

distributions to a solution (b, u!,u?) of (1.5) (see for more details [2]). The uniqueness
of the solution is also classical (see [2]).

The proof of the theorem 1.3 follows exactly the same lines.

4 Low Mach limit, Proof of the theorem 1.4

We are now going to prove the theorem 1.4 by following essentially the arguments of the
proof of Danchin and He in [13].
4.1 Global uniform estimates in ¢
Let us make the following change of functions

c(t,z) = eb?(e*t,ex) and v(t,z) = eu(t, ex). (4.40)
Then (¢, v) must verify:

e + dive = —div(ev),
pAv + (X4 p)Vdive  P'(1+¢)

0 Vo —
tv v VY 1+c 1+c

(4.41)

(¢, v)1=0 = (co,v0).

Using the theorem 1.2, 1.3 and by scaling invariance, we know that there exists n > 0
such that if:
C5" <n
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then there exists a global strong solution (c,v) for the system (4.41). In addition we
have:
1% )l gz, S (e, 0)llpr, S G5 (4.42)

4.2 The incompressible limit, weak convergence

Using the uniform estimates (4.42), we can show that the limit of (b°, Qu®) when ¢ goes
to 0 converges to 0 in the sense of the distribution. Similarly Pu® converges to v in the
sense of the distribution. The proof follows the same line than [13] (see also [33]).

4.3 Convergence of b°* and Qu® to zero

The case N = 3: The starting point is the dispersive inequality given in proposition 2.4
for (W¢). Indeed denoting ug, = uf + u we have:

Oyb° + e~ 'divQuf, = F*,
{ t e divQuy, (4.43)

0, Quy, + e VH = GF,

with F° = —div(bu®) and G° = vAQuE — Q(uf, - Vug) — Q(25Aus ) + KEIVE _ q(us -
Vug).
Let us assume that ¢ = v = 1 for the moment. Proposition 2.4 gives for all p; € [2, +00):

16,1, 2y 100 QP+ IEQ s,

LPl*?(BpL1 2,1 21 )

We have seen in the previous section that:

IE Py, <Co
g2t
LY(Byy ) (4.44)
LY By, )
Using interpolation result with:
5 2py 2 _1 -~ 4_1 2
1 A P12 2P 2\ i+
[L'(Bg1), L7 2(Bp1171 o =L (BJ;’,1 ) with p= 5
Similarly we have for o < 0 small enough:
5  2p 2 _1 - 4_1_ _a 2(2+a)(p1+2)
LY(B3,),Ln=> (B!, * o =L*(Br,® ) with p= :
[L7( 2,1)7 172 p1,1 )] (p21122()1(-g+)a) ( p1 ) with p 8+ 6a — ap,

We deduce from (4.44) that:

va[|(b, Qu)l|P" 4, < Co forall p € [2,+00)
L2(B)1 ")
202+ a)(p1 +2)

b, BE o < Cp forall pel2,+ ith p=
I Qu)”LHa(BEl% 2z, S Co forall p [2, +00) with p —
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Coming back to the original variables in (4.40) we get:

~ 1
V|65, Qu)||PFE, , SErecy
L*(B!, )
1 1
(b, Qu)|1BF 4, . S Cgerw.

We have by using (1.16) and the definition of the cut-off in (2.21):

p S5, Qua)P0e L, +(I0F, Que) |,
) L2(BF, %) L(BY,

105, @) s

L (B %)

1 1 1 1 ~
—1/225—5 v | =55 ||(}E e\ || HF.E
SyTPET O & R|| (6, Qu) |y
L2(B,%)
—1/224 -1 e
SU £2 pCO .
Similarly we have:

1 1
< EV .5 =
”<b7@u)”Z2+a(B§1 b-afs) N Coez v
p,

The case N = 2:

As previously we have:

(4.45)

0% + e divul = F?,
dul + 71V = GF,

with F¢ = —div(bul) and G° = vAu!l — (ul - Vul) — (f_fzb/lu;) + w —u? - Vu?l.

Taking ¢ = v = 1 for the moment and using again proposition (2.4) to (1.3) we have:

2 1 1
1B, uIZE 2y S 10, ug)IPT + I(FG)EE y, for =< 3 oo
i, B2, B2 r P

We take now 7 such that % = c(% — p%) We have seen in the previous section that:

I(FONPF x| <Co
LB ) (4.46)
(6, u")[1PF N, < Co. ‘
LY(B2 )
Using interpolation as in the previous case, we deduce that for o < O:
4 4—2
H(b,ul)HBF i . 5 Cy with p = b1 +( pl)c
ZQ(BP,I; %) p1—|—2+(2—p1)c
[a)IBF e, S Co with - = BE2EAR ) 2—p .
Lera(p,r 2 78 p o Api+c(d—2p1) 2(2+ a)(2p1 — c(p1 — 2))
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We recall that since ¢ € [0, 3] and p; € [2, +00] we can deal with p € [2,4). Coming back
to the original variables as in (4.40) it yields:

B,; Y v
11
(b, )PP e . SEGTYC
E2+a(3pp S22y

Proceeding as previously we get for o < 0 small enough:

1

1_
0w, e Sy
p,1
1 1
Gt e o SEETHCR

2732
L2+a (Bpﬁ’ ta )

4.4 Convergence of the incompressible part

Let us give now the proof of the convergence of Pu to v. Setting 2 w® = Pu® — v we
observe that in dimension N = 2 and N = 3, w® verifies:

bE
€ _ AW = — le | 2, _ ,2¢ . le e A 2,5‘ 4.4
Ow® — pAw u® - Vu u™ - Vu T o 2 (4.47)
and:
b
Ow® — pAw® = —P(w®-Vv) —P(Pu’ - Vw®) —P(Qu° - VPu®) = P(u - VQu®) — P( . j_ 8bAuE).
(4.48)

The case N = 3:

Let us apply now the proposition 2.2 to the system (4.48), we get:

Y. = wa 4_3 + U)€ 4,1

e = [lwf 14 | ||~1( 5’;2)
S llwgll 23 +||G* _ 4_3
~ H OH :22 H || 1( ;’22))

with G° = —P(w* - Vv) — P(Pu - Vof) — P(Quf - VPuf) — P(uf - VQuF) — P(1%5Auf).

%)
Next it remains essentially to estimate ||G®|| . According to (2.20) and the fact
Lt

P
(Bp,2

2Tt implies that w® = u*° —u? when N = 2 and w® = Pug,e + ug,e — ur — ug when N = 3, we refer to

(1.9) and (1.10) for the definition of u?, uj and wue.
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that%—%S%and%—%+%>0wehave:
Pu® - Vw® a_3 S ||Puf 3, |[Vw® 41 Pufl| s V|| o als
H sty PPN s 191, oy IR IV
lw® - Vo| 3-4) SIVell | ae lefll, aey HIVOL s et sy
v, ) By Ly(BP, LY(B?,) Le(BP, ?)
€ . € < IVOu €
[u® - VQu HLI(B;%;g) S IVQu szm(Bf;%*ﬁ)Hu ”Z%(Bp%’:ﬁ)
u® - VPu® a3 S|Qut||. a1 ||VPu®|| . s, .
Qe VR g 1R IR
Similarly we have:
|IP( & Au)[ - as S+ leb’]] s )HEbEII~ PR [T I
L+eb LY(B}, *) L=(B})) <(BP, 7)) LY(BEy)

Furthermore using the cut-off (2.22), we have:

e
L(B

-1 X

1 L>(Bs,) LOO(BP1)

121 e
Sver » Oy

1 1 ~
S o - e B

SESTIS

Combining all the above estimates gives with a > 0 small:

Y. <

~

~t-1 — v v —
lwgll 55 + v @ 1+ ONCE ol s, ol s )Y
52, I=(B], ) INBL, )

Using the theorem 1.1 and the smallness assumption, we deduce that:
1 1
Yo S llwoll a3 +€2 75"
BP_ 2
p,2
which concludes the proof of the case N = 3.
The case N = 2:

As previously applying proposition 2.2 to the system (4.47), we obtain:

Vo= ol e I, g
p,2 p,2
< e
HwOH ; §-1 + HG Hfl Bé;%_l),

with G¢ = —ul€ . Vu?e —y?€. Yyl — 1’ffb€ Au®e. According to (2.20) and the fact that
ﬁ—%—l+%>0wehave:

p
2, l,e l,e 2,
e Dl g SUV g e 3t
l,e 2, l,e 2.
u - Vu™ 2 o U Vu“®|| 2, .
|| s SN, s IV, 5
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Similarly we have:

o

Au275||~ 42 ¢
I 2

0 S (bt
(B ) Lo

eb® c+2 ¢ u2’6 _ 2 .
Metl s WU a

1+¢b

[ShS]

(Bp.1)

3

P,

3

Furthermore using the cut-off (2.22), we have:

1_1 ~ 11 _
l|leb®|| et2 ¢ §y—1§C(2 p)HbeHlZ?i,(EBO )+§C(2 p)”eba”IjF,s .
L=(B, Y 2,1 Te(BY,)
S V*Igc(%*%)cgy.

We conclude by using the same arguements than for the case N = 3.
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