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LOCAL NULL-CONTROLLABILITY OF THE 2-D
VLASOV-NAVIER-STOKES SYSTEM

IVAN MOYANO

ABSTRACT. We prove a null controllability result for the Vlasov-Navier-Stokes
system, which describes the interaction of a large cloud of particles immersed
in a fluid. We show that one can modify both the distribution of particles and
the velocity field of the fluid from any initial state to the zero steady state, by
means of an internal control. Indeed, we can modify the non-linear dynamics
of the system in order to absorb the particles and let the fluid at rest. The
proof is achieved thanks to the return method and a Leray-Schauder fixed-
point argument.

KEYWORDS: Vlasov-Navier-Stokes system; kinetic theory ; kinetic-fluid model;
controllability; return method.
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1. INTRODUCTION

The Vlasov-Navier-Stokes system describes the behaviour of a large cloud of
particles immersed in a viscous incompressible fluid. The interaction of the particles
with the surrounding fluid is taken into account through a coupling between a
Vlasov equation, modelling the transport of the particles, and the Navier-Stokes
system, governing the evolution of the fluid (see Section 1.2.2 for more details).
In this article, we are interested in the controllability of the dynamics of both the
particles and the fluid by means of a control located in a subset of the phase space.

More precisely, we consider the Vlasov-Navier-Stokes system in the 2-dimensional
torus T? := R?/Z?, which writes, for T' > 0 and w C T?,

(1.1)

Of +v-Vuf +divy [(u—0)f] = 1,(2)G, (t,z,v) € (0,T) x T? x R?
Oru+ (u-Vi)u— Agu+ Vep = jr —ppu, (t,z)€ (0,T) x T?,

divg u(t,z) = 0, (t,z) € (0,T) x T?,

fi=0 = fo(z,v), (x,v) € T? x R?,

Up—o = uo (), x € T?,

where
(1.2) Jr(t,x) ::/ vf(t,z,v)do,  pr(t,x) = f(t, z,v) dv.
R2 R2

We shall suppose throughout the article that the Lebesgue measure of the torus is
normalised, i.e., [, dz =1

1.1. Main results. Before stating our main results, we give the notion of solution
that we use in this work and we explain the controllability problem that we want
to solve.

1.1.1. Strong solutions.

DEFINITION 1.1. Let T > 0. Let fo € €1 (T? x R?) and ug € H'(T?;R?) with
divyug = 0. Let G € €°([0,T] x T? x R?). We say that (f,u) is a strong solution
of system (1.1) if the following conditions are satisfied:

(1.3)  fe€H0,T] x T? x R?),
(1.4) the Vlasov equation is satisfied for every (t,xz,v) € (0,T) x T? x R?,
(1.5) sup / / (14 |v] + [vf*) f(t, 2,v) dz dv < oo,
tef0,7] /12 JR2
(1.6)  weF°(0,T); H(T?*R?)) N L?(0, T; H*(T?* R?)),
(1.7) divy u(t,z) =0, Vtel[0,T],

and for any ¢ € €1([0, T]; H*(T?;R?)) with div, (¢,

xz) =0 andt € (0,T], one has

/Wu(t)z/’(t)dx—i—/t W(Vu:vw—u@)u.vw_uatw) ds da
:/Tzu(ﬂ/) dx+// (r(s

Vu: Vi := Z dur o ",

J.k=1

(s)u(s)) ¥(s) ds dz,

u®@u- Vi = Zuj ’fajw’“

7,k=1
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Let us recall that, under the incompressibility condition, the convection term satis-
fies that (u - V)u = div(u ® u), with the previous notation.

1.1.2. The controllability problem. We are interested in the controllability proper-
ties of system (1.1), by means of an internal control, in the following sense. Given
fo and f; in a suitable function space and given 7" > 0, is it possible to find a
control G steering the solution of (1.1) from fy to f1, in time 77 In other words,
we want to find G such that

f(T,x,v) = fi(x,v), V(z,v) € T? xR

Another interesting point is to find G in such a away it could modify not only the
dynamics of the distribution function G but also the evolution of the field u from
up to a given u; in time 7T'.

In this article, we shall give a positive answer to this question for f; = 0 and
u; = 0. We need a geometric assumption on the region w, stated in [22] and used
n [25, Definition 1.2, p.699].

DEFINITION 1.2 (Strip assumption). An open set w C T? satisfies the strip
assumption if it there exists a straight line of R? whose image H by the canonical
surjection s : R — T2 is closed and included in w. We shall call ny o unit vector
orthogonal to H, in such a way H = {:v ER%z-ny = 0}. For any I > 0, we
denote

H;:=H+ [-1,l|ng.
Let us observe that, as H is closed in T?, there exists § > 0 such that
(1.9) Hos Cw

and such that 46 is smaller than the distance between two successive lines in s(H).

Under this geometric assumption and suitable hypothesis on the data ug, fo and
f1, we obtain the following local null-controllability result in large time.

THEOREM 1.3. Let v > 2, and let w C T? satisfy the strip assumption of
Definition 1.2. There exists € > 0, M > 0 and Ty > 0 such that for every T > Ty,
fo € €H(T? x R?) N WH>°(T? x R?) and ug satisfying that

(1.10)  ug € €' (T*R?) N H*(T* R?), div, ug = 0, ol 3 gy < M,
and that
(1.11) [l foll &t (r2xrzy + |(1+ [0])72 follgor2xrey <€,
(1.12) k>0, sup (14 [v]) (|Vafol +[Vefol) (z,0) <k,
T2 xR2

there exists a control G € €°([0,T] x T? x R?) such that a strong solution of (1.1)
with fli=o = fo and u|i—o = ug ewists, is unique and satisfies

(1.13) fli=r =0, uli=r = 0.

The techniques developed in this article allow to obtain, in absence of the control
term 1, (z)G, that the strong solutions of the homogeneous Vlasov-Navier-Stokes
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(1.14)
Of+v-Vuf+div, [(u—v)f] =0, (t,z,v) € (0,T) x T? x R?
Ou+ (u-Vy)u—Dgu+ Vep=jr—ppu, (t,z) € (0,T) x T?,
divg u(t,z) = 0, (t,z) € (0,T) x T?,
fie=0 = fo(x,v), (z,v) € T? x R?,
Up—o = uo (), x € T?,

are unique within a certain class. The result is the following.

THEOREM 1.4. Let v > 2 and T > 0. Then, for any M > 0, there exists ¢ > 0
such that for every fo € €1 (T? x R2) N WL (T? x R?) and ug satisfying that

uy € €4(T?;R?) N H?(T?; R?), div, ug = 0, HUOHH%(W) <M,
and that

(1.15) [l follwr(rxrz)y + 111+ [0) 72 follgo(raxmey < e,
(1.16) x>0,  sup (1+v])7 ([Vafol + |Vufo]) (z,0) < 5,

T2 xRR2

there exists a unique strong solution of (1.14) with f|i=o = fo and u|t=o = uo.

REMARK 1.5. Theorem 1.3 is a local null-controllibility result in the sense that
the smallness conditions (1.11) and (1.10) are essential to prove the controllability.
On the other hand, condition (1.12) is useful to obtain certain stability estimates
(see Section 5), that are key to prove the controllability of the system and the unique-
ness of the corresponding solution.

Theorem 1.4 shows the existence of strong solutions of (1.14) with small-data in
any time. Condition (1.16) in this case ensures that this strong solution is unique.

1.2. Previous work.

1.2.1. The controllability of non-linear kinetic equations. The controllability of non-
linear equations, typically described by the coupling of a Vlasov equation and a
system for a vector field, originated from the work by O. Glass on the Vlasov-
Poisson system in [22]. In this work, the idea of combining the return method (see
Section 1.2.4 for details) with a Leray-Schauder fixed-point argument involving an
absorption procedure was successfully employed for the first time.

This strategy was later extended in [24] by O. Glass and D. Han-Kwan to the
Vlasov-Poisson system under external and Lorentz forces. The authors obtain both
local and global exact controllability results in the case of bounded external forces,
which requires some new ideas to construct the reference trajectories. Precisely, the
authors exploit the fact that the free dynamics and the dynamics under the external
force are similar in small time. In the case of Lorentz forces, a precise knowledge
of the magnetic field and a geometric control condition in the spirit of [2] allow to
obtain a local exact controllability result. The functional framework of [22, 21] is
the one given by the classical solution of the Vlasov-Poisson system, that is, some
appropriate Holder spaces, according to [27]. To end up, let us mention that the
systems considered in these results present a coupling with a Poisson equation,
which is stationary, allowing the use of techniques from Harmonic approximation
to construct the reference trajectories.

In the case in which the Vlasov equation is coupled with a non-stationary equa-
tion, the construction of a reference trajectory has to be achieved in a different
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way. In this direction, a new strategy has been developed by O. Glass and D. Han-
Kwan in [25] in the context of the Vlasov-Maxwell system. In this case, the authors
use some controllability results for the Maxwell system, under the geometric con-
trol condition of [2], which allows to construct suitable reference trajectories. In
a second step, the Leray-Schauder fixed-point procedure must be reformulated in
order to respect some conservation laws. This gives a local controllability result for
the distribution function. This results holds in some appropriate Sobolev spaces,
according to the functional framework of [1, 28].

Furthermore, their strategy allows to obtain a local controllability result for the
distribution function under the assumption that w contains a hyperplane, using the
convergence towards the Vlasov-Poisson system under a certain regime.

Finally, the methods of [22] and [24] have been applied by the author to a kinetic-
fluid system in [20], the Vlasov-Stokes system, where a Vlasov equation is coupled
with a stationary Stokes system, which can be seen as a simplified version of (1.1).

1.2.2. A short review on the Vlasov-Navier-Stokes system. This system is a model
to describe the behaviour of a large cloud of particles interacting with a viscous
incompressible fluid. Typically, the coupling is made through two mechanisms. The
action of the fluid on the particles is taken into account in the Vlasov equation,
where the field appears multiplying the gradient in velocity of the distribution
function. Secondly, the action of the particles on the fluid gives rise to a drag force
appearing in the Navier-Stokes system as a source term. For more details on the
model, we refer to [1].

The field equation in system (1.1), under the influence of the drag force j — pu,
has been rigorously derived as a mean-field limit of a large cloud of particles by L.
Desvillettes, F. Golse and V. Ricci in [16], using homogeneisation techniques and
under a strong non-collision hypothesis.

The well-posedness of a simplified system has been done in [21]. The existence
of weak solutions to (1.1) in the three-dimensional torus has been achieved by L.
Boudin, L. Desvillettes, C. Grandmont and A. Moussa in [3]. Other related systems,
considering variable density or compressible fluids have been studied by Y.-P. Choi
and B. Kwon in [9, 10], along with its asymptotic behaviour.

Finally, the question of hydrodynamical limits under certain regimes has been
treated by T. Goudon, P. E. Jabin and A. Vasseur in [19, 20], considering also the
effects of collisions between particles.

1.2.3. Obstructions to controllability. Since Theorem 1.3 is a result of local nature
around the steady state (f,u) = (0,0), a first step to achieve its proof could be the
use of the linear test (see [12]). Following the classical scheme, the controllability of
the linearised system around the trivial trajectory and the classical inverse mapping
theorem between proper functional spaces would imply the controllability of the
nonlinear system (1.1).

Indeed, the formal linearised equation around the trajectory (f,«) = (0,0) is

(1.17) { OF +v -V, F—v-V,F—2F = 1,(z2)G,

F(O,LL‘,’U) — fo(l’,’l)),



6 I. MOYANO

which is a transport equation with friction. By the method of characteristics, we
can give an explicit solution of (1.17), which writes
(1.18)

t
F(t,z,v) = e* fo(x + (1 —e')v, e'v) +/ 2= (1,G) (s, x4 (1 — e ), e v) ds.
0

As pointed out in [22], there exist two obstructions for controllability, which are:

Small velocities: a certain (z,v) € T? xR? can have a ”good direction” with
respect to the control region w, in the sense that z + (1 — e~*)v meets w
at some time. However, if |v| is not sufficiently large, the trajectory of the
characteristic beginning at this point would possibly not reach w before a
fixed time. In our case, the effects of friction could enhance this difficulty.

Large velocities: the obstruction concerning large velocities is of geometri-
cal nature. There exist some ”"bad directions” with respect to w, in the
sense that a characteristic curve beginning at (z,v) € T? x R? would never
reach w, no matter how large |v| is.

As a result of this, and considering again equation (1.18), we deduce that the
linearised system is not controllable in general.

1.2.4. The return method. In order to circumvent these difficulties, we use the re-
turn method, due to J.-M. Coron.

The idea of this method, in the case under study, is to construct a reference
trajectory (f, ) starting from (0,0) and coming back to (0,0) at some fixed time
in such a way the linearised system around it is controllable. This method, which
makes a crucial use of the nonlinearity of the system, allows to avoid the obstruc-
tions discussed in the previous section.

We refer to [12, 23] for presentations and examples on the return method.

1.2.5. Strategy of the proof of Theorem 1.3. The strategy of this work follows the
scheme of [25]. More precisely, it relies on two ingredients, combined with a final
step needed to reach the zero state.

Step 1: We build a reference solution (f,7) of system (1.1) with a control
G, located in w, starting from (0,0) and arriving at (0,0) at a sufficiently
large time 7" > 0 and such that the characteristics associated to the field
—v + @ meet w before T' > 0. In doing this, the non-linear coupling will be
essential, thanks to the use of controllability results for the Navier-Stokes
system.

Step 2: We build a solution (f,u) close to (f,u) starting from (fo,u) and
such that

flt=r = 0 outside w,
that is, all the particles are confined in w at time 7" > 0. This can be done
by means of a fixed-point argument involving an absorption operator in the
control region w.

Step 3: We modify the distribution function inside w in order to get the zero
distribution at some time T + 7, i.e, flt=74+r, = 0. We then modify the
velocity field thanks to the coupling term and a controllability result for
the Navier-Stokes system, which yields

(f7 U)|t:T+7—1+7—2 = (07 0)7
for some 75 > 0.
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Let us note that the article centres mainly in the proof of Theorem 1.3,
as the proof of Theorem 1.4 follows from some minor modifications. This
will be clear from the proofs.

1.2.6. Outline of the paper. In Section 2, we recall some results on the characteristic
equations that will be important in the sequel. In Section 3, we construct a suitable
reference trajectory of system (1.1). In Section 4, we construct a strong solution of
this system, thanks to a fixed-point argument. In Section 5 we prove some stability
estimates for the Navier-Stokes system. In Section 6, we show that this strong
solution satisfies the controllability property. In Section 7, we prove that this strong
solution is unique within a certain class, which concludes the proof of Theorem 1.3.
In Section 8 we gather some comments and perspectives. In Appendices A and B
we recall some results on the Stokes and Navier-Stokes systems.

1.2.7. Notation and functional framework. Let T > 0 and set Q7 := [0, T] x T? x R?
and Q7 := [0, T]x T2. If o € [0,1], €7 (Q) denotes the space of bounded o—Holder
functions in @7, equipped with the norm

|f(t7 xz, U) — f(t/7 :I;/u Ul)|
(1.19) [fll07 () = IlflLoee) + sup ;
6 @) (t,x,0)#(t z" v") |(t,$,1)) - (tlv'r/av/)|g
for any f € ‘to”bo "7(Qr). We shall also consider the spaces ‘Kbo "7(Qr), with analogous
definitions.
We will also use the Sobolev spaces WP with m € N* and p € [1,00]. In the
particular case of the flat torus T2, the Fourier series allow to write

(1.20) f=> fre®, in L*(T?), Vfe LX(T?),
kez?
with
(1.21) i ::/ fx)e**dx, VkeZ2
T2

Thus, for any s > 0, we may write

H*(T?) = {f €L f=> fue®™ =" on > (L+[EP)|fil® < oo} 7

keZ? kez?
my(r) = { e ey [ jwae—of,

which allows to equip these spaces, respectively, with the norms

(1.22) Ifllms == (Z (1+ |k|2)s|fk|2> o NSl = <Z |/€|2S|fk|2> ,

keZ? kez?
with equivalence of norms in the case of H{ as a subspace of H*.
In the case of vector fields, we shall use (W™P(T?))2, with the product norm.
Let us introduce, as usual, the space of solenoidal vector fields in L2, i.e.,
H = {F € L*(T?)% div, F = 0 in R*},
where the operator div, is taken in the distributional sense. Analogously, let us
use the following notations, following [3],

Vy :={F € H'(T?)? div, F = 0 in R?},
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V, :={F e H '(T*)? div, F = 0 in R*},
V= {FeH (T?)?}.
We shall also denote by .#(R?) the space of Schwartz functions in R2.
Finally, if X is a Banach space and p > 1, we will sometimes use, for simplicity,
the notations LY X, or € X, to refer to LP(0,T; X) or €°([0,T]; X).
To simplify some computations, we shall use the symbol < to denote that a
multiplicative constant is omitted.

2. SOME REMARKS ON THE CHARACTERISTIC EQUATIONS

Let be given a fixed u(t,z). Let s,t € [0,T], (z,v) € T? x R%2. We denote by
(X (t,s,2,v),V(t,s,x,v)) the characteristics associated with the field —v + u(t, z),
i.e., the solution of the system

5 ()= (vt i)

0.0

We observe that if u € €°([0, T]; €1 (T?; R?)), system (2.23) has a unique solution,
thanks to the Cauchy-Lipschitz theorem. Moreover, one has the explicit formulae

(2.24) X(t,s,z,0)=x+(1—e T+ fst fst/ emtu(r, X (7,5, 2,0))dr dt/,
' V(t,s,z,v) = ety + fst e tu(r, X (1,8, z,v))dr.

REMARK 2.1. The same result is still valid if one considers vector field in the
class uw € LY(0,T; €% (T?;R?)). This will be important in Section j. For details,
see [15, Remark 1.2.3]. In that case, the associated characteristics are still given by
(2.24), well-defined for every t € [0,T] and differentiable also in time.

Using the method of characteristics, given an initial datum fo € €°(T? x R?),
the solution of the transport equation with friction

9 95 Of +v-Vuf +divy [(u—0v)f] =0, (t,z,v)€ (0,T)x T? x R
( ' ) f(0,$,v):f0($,v), (:’E,’U) €T2XR2,

has the explicit solution

(2.26) ft,z,v) = e fo((X,V)(0,t,z,v)),

where (X, V) are given by (2.24).
The proof of the following result, under the hypothesis that the field belongs to
€ %], can be found in [26, Lemma 1, Section 3]. The adaptation to the case in

x

which the field belongs to L; ¢! is straightforward.

LEMMA 2.2. Let u € L*(0,T;¢%(T?;R?)) Then, the characteristics associated
to the field —v + u satisfy that for some C'= C(T, ||u| 140.1) > 0,

(X, V)(t,s,2,v) — (X, V)(t', s 2 v
< C+ )|t s,z,0) = (', s, 2", 0],

whenever (t,s,x,v),(t', s 2',v") € [0,T] x T? x R?, with |[v —'| < 1.
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3. CONSTRUCTION OF A REFERENCE TRAJECTORY

The aim of this section is to construct a reference solution (f, %) of system (1.1),
according to the return method, in such a way the characteristics associated to u,
say (X, V), verify the following property

T 11T
2 2
V(z,v) € T x R*, It € [—12,—12 } such that
(3.27) X (t,0,2,v) € H, with |V (¢,0,2,v) - ng| > 5.

PROPOSITION 3.1. Let w C T? satisfy the strip assumption of Definition 1.2.
There exists Ty > 0 such that for any T > Ty, there exists a reference solution

(f, @) of system (1.1) such that

(3.28) fe&>(0,T] x T?;.7(R?)),

(3.29) € €([0,T) x T?; R?),

(3.30) (f,@t=0 = (0,0), (f,@)|e=r = (0,0),
(3.31) supp(f) € (0,T) x w x R?,

and such that the characteristics associated to T satisfy (3.27).

3.1. Global exact controllability of the Navier-Stokes system. We recall a
result due to Jean-Michel Coron and Andrei Fursikov, that guarantees the global
exact controllability of the Navier-Stokes system on a surface without boundary

(see [11]).

More precisely let (M, g) be a connected, two-dimensional, orientable, compact,
smooth Riemannian manifold without boundary. Let us denote by T, M, as usual,
the tangent space to M at x € M and let TM = J ., T» M. For the definition of
the differential operators div, A and V- on the manifold M used below, we refer to
[11, Section 2].

Let us choose and fix a particular solution of the Navier-Stokes system in M,
ie, let g € €°°([0,00) x M;TM) be such that
(3.32) g(t,x) € T,M, V(t,x) € [0,00) x M,

(3.33) divy g(t,x) =0, V(¢ z) € [0,00) x M,
and such that 3p € €°°(]0, 00) x M;R) for which

Oy —AYy+Vy-g+Vp=0, in (0,00) x M.
Then, we have the following controllability result.

THEOREM 3.2 (Coron-Fursikov [11]). Let 7 > 0, let My C M be an arbitrary
open set and let yo € €°(M;TM) satisfying yo(x) € T, M, for all x € M, and
that divy yo = 0. Then, there exists a control w € € (M x [0,00); T M) verifying
(3.34) suppw C (0,7) x My
and such that the solution of the system

3ty—Ay+Vyy+Vp:wv (t,I)e(0,00)XM,

div, y(t, ) = 0, (t,x) € (0,00) x M,

Yit=0 = yo(x)a HAS Mu
satisfies

Yjt=r = g\t:r'



10 I. MOYANO

This result guarantees that, given a fixed trajectory of the Navier-Stokes system,
namely g, given a time 7, given an arbitrary initial state yy and given any open
set My C M, we can find a suitable force w, acting on My, allowing to pass from
the initial state yo to the solution g in time 7. We shall exploit Theorem 3.2 to
construct a reference trajectory in the case of the torus.

3.2. Proof of Proposition 3.1. Let us consider some 17,15, T35, Ty with T3 large
enough, to be chosen later on, and

(335) 0:=To<Ty <Tr < T3 <Ty.

We shall work separately on each interval (T;,T;41), for i = 0,...,3. Let us fix
from now on the values 0 < T < T5.

Step 1. The reference solution in [0, T1].
We set (f1,u1) = (0,0), which trivially solves (1.1).

Step 2. The reference solution in [T, T5].

At this step we use Theorem 3.2 to modify the reference trajectory in a convenient
way.

Indeed, since w C T? satisfies the strip assumption, let us consider the constant
vector field §(t, z) = ny, where ny is given by Definition 1.2. Thus, § is a stationary
solution of the Navier-Stokes system in T2. Let us apply Theorem 3.2 with

g:nHv M:T2a M():wv T::TQ_Tlv yOEO
This yields a control

(3.36) wy € F([0, Ty — T1] x T?; R?)
with
(3.37) suppws C (0,75 —T1) X w

and such that the corresponding solution to the Navier-Stokes system under this
force, say uso, satisfies

Usli=r, -1y =N
To construct the associated distribution function, let us consider Z;, Z» € .%(R?)
such that

(338) / 1)121 dv = 1, / 1)221 dv = 0, / Zl dv = O,
R2 R2 R2

(339) / 1)122 dv = O, / UQZQ dv = 1, / ZQ dv = 0.
R2 R2 R2

Then, define

(3.40)  folt,x,v) == (21, 22)(v) -wa(t,x), Y(t,2,v) € (0,Ty —T1) x T? x R?
which gives
(3.41) f2 €60, T» — T1] x T .7 (R?)),
Jp(t,x) =ws(t,x), pp(t,x)=0.
Consequently,

(3.42)  OQyua + (uz - V) ug — Aug + Vps = ji, — pptie,  in (0,Ty — Ty) x T2,
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and using (3.37),
(343) Oifo+v-Vafo+divy [(uz —v)fa] =0, in (0,75 —T1) x (T? \w) x R%

Step 3. The reference solution in [Ty, T5].

Let us choose T3 > T5 large enough, to be chosen later on. During the interval
[T2, T3], we use the stationary solution ngy to accelerate all the particles in the
direction of ny, as explained in detail in Step 5.

Step 4. The reference solution in [T, Ty].
Working as in Step 2, we use again Theorem 3.2 to steer the Navier-Stokes system
from ny to 0 in time Ty — T3. This provides a control

wy € €([0, Ty — T3] x T?; R?)
and
suppwy C (0,Ty — T3) X w,

such that the corresponding solution of the Navier-Stokes system under the force
wy, say ug, satisfies

uy € €°°([0, Ty — T5] x T* R?),
(3.44) Usli=0 = nm, uali=1,—m = 0.
Thus, choosing Z; and Z; as in (3.38) and (3.39), we define
(3.45)  falt,x,v) == (21, 22)(v) -walt,x), Y(t,x,0) € (0,Ty — T3) x T? x R?,
By the same arguments as before, this yields
(3.46) Oyug + (ua - V) ug — Auyg + Vpg = jr, — proua, in (0,Ty — T3) x T2,
(347) Oy fs+v - Vafs+divy [(ua —v)fs] =0, in (0,74 — T3) x (T?\w) x R

Step 5. Conclusion.
Let us introduce the following parameters

d
(3.48) Ap := max {1707"1’ 5€T1} , do:i= maXd(ya H)v
—e 3

y€eT?

where dy is finite thanks to the compactness of T? and the fact that H is closed.
Let us choose next 75 > T, large enough so that

1
(3.49) g(TB — 3T2)% — Ts|luz| L1 0,11y 1 (12)) = Ao + do,
(3.50) T3> 3T+ 2 (AO + Huz||L1(01T2,T1;Loo(‘]1‘2))) + 10,

where us is defined as in Step 2.
Next, according to (3.35), let us define the vector field

O7 t e [O, Tl],
_ o Ug(t—Tl), t e [Tl,TQ],
(351) u(t) T N, te [Tg,Tg],
[

U4(t—T3), te T3,T4],
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and the distribution function

O, t e [O,Tl],
Fr fot =Th), te[Ty,Ty],
T0=y0" """ temy
fa(t = T3), te[Ts,Ty.

Thanks to the previous definitions and using (3.42), (3.43), (3.46) and (3.47), we
have, for T = Ty,

O + (- V)T — Au+ Vp = j7 — pzu, in (0,T)x T?,
Of+v-Vof+div, [@—0)f] =0, in (0,T)x (T*\w) x R?.

Let us now prove (3.27).
Let (z,v) € T? x R?. We shall distinguish two cases.

Case 1. (High velocities): Let us assume that |v - ng| > Ao.
Thus, for any s € (%,Tl), we have

| (X(s,0,2,v) =) -ng| = |1 —e *)v-ngy|
>(1- 67%”’0 ~np| > do,

thanks to the choice (3.48). Thus, thanks to the intermediate value theo-
rem, there exists ¢ € (0,7}) such that X (¢,0,z,v) € H. Moreover,

V(t,0,2,0) - np| = [e”"v - np| > e T Ao,

which shows (3.27) in this case.
Case 2. (Low velocities): Let us assume that |v-ng| < Ao.
Taking s € (1%, T3), we can write, thanks to (2.24) and (3.51),

T27T1 S
(3.52) V(s,0,2,v) = e *v+ / ua (7, X (7)) dr + / drng,
0 T

which, combined with (3.49) entails

’(7(8,0,1‘,’0) —xz)- nH‘

= s

T2—T1 S g
(1—e_s)v-nH+s/ us (o X(o))-an0+/ / drdo
0 0 JTp

To—T1 o (S _ T2)2
= (l—e_s)v-nH—l—s/ uz(a,X(U))~ana+T
0
S — TQ 2
> o nir| — Tyllusl e+ O 2
> d,
whenever s > % Consequently, by the intermediate value theorem,

there exists t € (T, T3) such that X (¢,0,2,v) € H. Moreover, the choice
(3.50) gives, through (3.52), that [V (¢,0,z,v)-ng| > 5, which entails (3.27).
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4. FIXED-POINT ARGUMENT

Let € € (0, ¢g) be fixed, with €y to be chosen later on. We shall define an operator
V. acting on a domain .%, C ¢°([0,7] x T? x R?) to be defined below. The goal of
this section is to show that V. has a fixed point.

Throughout all this section, we fix fo and ug as given in the statement of Theorem
1.3.

4.1. Definition of the operator. In order to describe the set .7, let € € (0, ¢),
to be precised later on, and v > 2. Then, set

v T+2
4.53 01 1= ——, 021 = ——.
(4.53) YTy +3) P 443

According to the notation of Section 1.2.7, we define
e =19 € €"*(Qr);
(&) Iogllgon @y < cse
(4.54) (b) 1L+ [)"*2(F = 9)llz~(@r)
< e (I follr r2xmrzy + 11+ [0)7F2 follgo(r2 xr2))
(©) I(f = 9)llgos2(@r)
< aa (I foller o) + 110+ )+ follwoma cx) |,

where c¢1,¢a,c3 are constants depending only on T,w,v,d; and d2 (see (4.111),

(4.114) and (4.115) for details) and f is given by Proposition 3.1. We observe that,

for c1, ca, c3 large enough and fy € €1 (T? x R?), with high moments in v, satisfying
S C3€,

‘ €001 (Qr)

we trivially have that f + fo € ... Thus, .7, # ().
We define the operator V. in three steps:

fo(z,v)dv
R2

(1) First, we associate to each g € .7, the solution of a suitable Navier-Stokes
system, namely u9.

(2) Secondly, we solve a Vlasov equation thanks to the field w9, forcing the
absorption of particles in w, which produces Ve[g].

(3) Thirdly, we perform a regular extension of V,[g], which gives V.[g].

We shall describe next these three steps in detail.
4.2. Navier-Stokes system with a drag force interaction term. Let g € ...
The aim of this section is to give a sense to the associated Navier-Stokes system

Owud + (w9 - V)ud — Agud(t) + Vupd(t) = jg(t) — pg(t)u?, in Qp,
(4.55) div, uI(t, z) =0, in Qr,
“]qtzo = U, in T2,

where
Jg(t, ) ::/ vg(t,z,v)dv, pg(t,x) ::/ g(t, z,v) dv,
R2 R2

and ug satisfies (1.10). Let us observe that the interaction between the fluid and
the distribution function is taken into account through the term j, — pgu.
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DEFINITION 4.1. A time-dependent vector field u is a weak solution of (4.55)
whenever

(4.56) u € ([0, T); VL) N L0, T;H) N L*(0,T;V,),
and for any ¢ € €*([0,T);V,) and t € (0,T], one has

t
/u(t)1/1(t)d:1:—|—// (Vu: Vi —u@u- Vi) —udp) dsde
T2 o Jr2

(4.57) = [ uv@ar+ [ Gs) = pyteputs)) wis) asda,

PROPOSITION 4.2. There exists g > 0 small enough such that for any € < €,
g € Y. and initial data fo and ug satisfying (1.11) and (1.10), there exists a unique
weak solution of system (4.55) in the sense of Definition 4.1, Moreover, this solution
satisfies, for any t € [0,T],

t
(4.58) Ju? ()12 sy + / IV () 122, s

< 2¢7 (M? + (1 + |73 o,riz2cren))
where M > 0 is given by (1.10).

Let us show a property of j, that will be important in the proof of the result
above.

LEMMA 4.3. Lete > 0. For any g € %, we have

(4.59) sup ||Jg( )||2L2(1r2) <2 (IQCI62 + |U7||2Loo(o,T;L2(1r2))) )
tel0,T
where
|v| dv
4.60 1= — < 0.
(4.60) Lo <=

Proof. We write, by the triangular inequality,
2
/ / vg(t,z,v)dv| dzx
/ / — [+ f)(tz,v)dv| dz
_ 2
/ (/ v(g — f)dv| + / vfdv) dx
R2
j— 2 j—
2/ (/ |U||g—f|dv) d:v+2/ / vfdv
T2 \JR? T2 |JR2
2

Let us note that, from (3.28), we have
dz < o0,

174 (t ||L2('J1‘2 2

2

IN

2

(4.61) dz.

IN

(4.62) 7770 0,7 22(r2) 1= sup /
te[o0,7] JT2

/R ) vf(t)dv

which is a positive constant, independent from g.
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We have to treat the first part of (4.61). Indeed,

/Tz (/R2 Ivll(g—f)(t,:c,v)|dv>2 du

v| dv 2
: (/R GHW) I+ )72 foll 7

(4.63) < T,
where we have used (1.11), point (b) and (4.60). Finally, putting together (4.63),
(4.62) and (4.61), we obtain (4.59). O

Proof of Proposition 4.2. Firstly, we construct a solution, which proves the exis-
tence part. Secondly, we show that this solution must be unique.

1. Euxistence. Let us consider the following iterative scheme, for every n € N,

Bpumtl 4 (un . V)t — Ayt 4 Upntt = o — poun, (0,7 x T2,
divu™t!t =0, t e (0,7),
u" = = uo, x € T2

We observe that, since g € .7, we have j, € L?(0,7;V"). In addition, since ug € V,
by (1.10), Theorem B.2 yields

u' € L0, T;H) N L*0,T;V,).
Thus, by induction,
u™ € L0, T;H)NL*(0,T;V,), VneN.

Furthermore, according to Definition B.1, we deduce that for any ¢ € €*(R*;V,),
and any ¢t € (0,7] and n € N,

t
/ ’U/n«+1(t),¢)(t) dx _|_/ / (vun+1 . V?/) _ un+1 ® un+1 . vw _ Un+1at’¢)) dsdzx
T2 0 JT2

(4.64)
- /uw dz + / / (ig(5) — py(s)u™(5)) ¥(s) ds da.

Moreover, the energy estimate (B.164) gives, for any n € N,
1@l + [ 19w )l as
0

(4.65) < (lluoH%z + /0 (g ()12 + llpgu™(s)132) dS) '

Our aim is to obtain uniform estimates with respect to n € N.
Indeed, choosing

1 M
(4.66) € <min {1, —,
Zer e3VT 03\/2T6T[M2 +T(1+ ||J?H%g°L,2 )]

where M > 0 is given by (1.10) and Z is given by (4.60), one has

t
(4.67) " (@)]2 + / IVun(s)]12 ds
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< 2¢T [MQ + T+ fl3ep2)], VREN.

To prove this claim, let us proceed by induction. Indeed, for n = 0, (4.65) yields,
thanks to point (a), (1.10), (1.11) and Lemma 4.3,

t
luh ()] + / IVul (5)]122 ds

t
<" (nuon%z + [l ds+T||pg||%m||uo||%z)
<l (M2 +2T(1 + |57l 2) + Tc§e2M2)
<2¢" M2+ T(1+ 73 2)]

using the choice (4.66).
Let now be any N € N* and suppose that (4.67) holds for any n € N up to N —1.
Thus, in the same fashion as before, (4.65) yields

t
™ ()25 + / V™ (3)]25 ds

t
<l (nuon%z + [ ol ds +T||pg||%m||uN-l||%gOLg)
< e (M2 4 2T (U + gl 1) + T e 2
<27 M2+ T(1+ |3 1))

This shows (4.67).
Consequently, (u"),en is uniformly bounded in L?(0,T;V,), which implies that
Ju € L*(0,T;V,) such that

(4.68) u" — uin L*(0,T;V,),
(4.69) u™ — u in L2(0,T;H),

thanks to Banach-Alaoglu’s theorem and Rellich’s theorem. Thus, a compactness
argument allows to pass to the limit in (4.64), which gives (4.57). This can be done
in detail following [8, Section 2.2.4].

Moreover, (4.68) and (4.69), combined with (4.67), gives (4.58).

2. Uniqueness. Let us prove next that the solution constructed above is unique.
Consider another solution of (4.55), namely v. Thus, by Theorem B.3, u—v satisfies
the estimate

= 0) (012 + /0 IV (= 0)(s) 32 ds

< eap (T + cE(1)?) / gt — 0)(8) 25 ds.

for some constant ¢ > 0 and

T T
(1.70) E() :=eT||uo||%z+eTmin{ | = pyullpzas, [ ||jg—pgv||%zds}-
0 0
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We shall prove that E(t) can be bounded independently from u or v. Indeed, since
v is a solution of (4.55), the estimate (B.164) gives

t t
oI < " (ol + [ W)= ds + Il [ Io(o)3aas)
Thus, (1.11), Lemma 4.3 and point (a) combined with Gronwall’s lemma give

(4.71) sup Hv(t)||2L2 < C'(T,%T),
t€[0,T]

for some constant C' > 0. This, using (4.58), yields

(4.72) sup E(t) <C,
te[0,7)

for some constant C' > 0. Then, we find, by point (a),

t t
=)0l + [ 19— )@ ds < [ = o)) s
for any ¢ € [0, T, which, thanks to Gronwall’s lemma allows to write

sup [|(u —v)(#)|| 2 < 0.
t€[0,T]

Henceforth, u = v. O

We now provide further regularity properties of u9 that will be important to
define the characteristics associated to —v + u9, used in the sequel.

PROPOSITION 4.4. Let € < €y, where €y is given by Proposition 4.2. Then,
there exists a constant K1 = K1(T,M, f) > 0, such that for any g € 7., the
solution of (4.55) satisfies

(4.73) 1wl L2(0,7;L5 (T2)) < Ki-
Moreover,
(4.74) u? € L*(0,T;%*(T%R?)) n€°([0,T); V,) N L*(0, T; H*(T?)).

Proof. We shall prove first (4.73), by using a regularity result for the Navier-Stokes
system (Theorem B.4). Secondly, we prove (4.74) thanks to the regularising prop-
erties of the Stokes system (Theorem A.1).

1. Estimate L?L°. Let us consider, for any fixed g € .., the solution of (4.55)
given by Proposition 4.2, that we note u. We observe that Theorem B.4 is stated
under the mean-free assumption, which requires to take care of the mean of u in
our case. Let us set

(4.75) a(t, ) == u(t,x) — my(t), (t,x) €[0,T] x T?,
with
(4.76) My (1) ::/ u(t, x) dx.
T2
We deduce from (4.56) that, according to (1.21),
(4.77) G e L0, T;HNLA) N L*0,T;V, N Hy).
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Moreover, @ satisfies the system

Oyt + (it V)i — A+ Vp = Fhom(t,2), (t,x) € (0,T) x T2,
(t,xz) € (0,T

leﬁ—O ,;17) , )XT2,
W it a)de =0 te(0,7),

u‘t—O =Uup — f’ﬂ‘2 Uo de, x € Tz,
with
(4.79) From(t,z) == jg — /p jrdx + pgu — /p poudr + (my(t) - V)u.

Our goal is to apply Theorem B.4 to system (4.78). In what follows, we shall use
(1.22) systematically.
Firstly, let us observe that

< [Juolf? < M2,

2
gl e

1
2(']1‘

according to (1.10).
In order to treat the source term, we write

(480) Fhom ::7-1 +7-2 +757
with

Ti =7, —/ Jedz, Tz:= pgu—/ poudr, Ts:= (my(t) - V)u.
T2 T2

For the first term, Lemma 4.3 allows to write

1.
(4.81) 721 ;= sup > m|]g,k(t)|2

L=(O.T:Hy *)  €l0T] ,chmvioy

= gl =iz < 2 (14 732 -

Analogously, using (1.11), point (a) and (4.58), we obtain

(4.82) 72|, jo= sup Y ||I( gu)y, (D)

< (0.T:Hy 2)  4¢[0,T) kez2v(0)

< ||pg||L°°(QT) sup Z |u (8)* < 03€2||“||L°° (0,T;L2)
tel0,7) i 7>
< e2e” (M2 + T(1+ |l 1)) -

Finally, we show that 73 € L?(0,T'; L3) which, a fortiori, implies T3 € L?(0,T} HO_%).
Indeed, for any t € [0, 7],

Imalt) -Vl = [ 30 | 30 moad ()] s

7=1,2 |i=1,2

< s / sty

te[0,T] =12
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On the other hand, by Jensen’s inequality and (4.58), we get, for any ¢ € [0, T],
(4.83) Ime ()2 §/ lu(t, z)|? dz
'JTZ

= () 32y < 267 (M2 + T+ |5l e12)) -

Thus, we obtain
T
(4.84) /O () - Va2 sy dt

T
27 (M + T+ gl esz) [ 190y

2
S 4™ (M2 4+ T+ il ess))
thanks again to (4.58).

1
Hence, from (4.80), we deduce that Fyon € L?(0,T; Hy ?) and then, Theorem
B.4 entails

(4.85) i e €00, T]; H2) N L*(0, T H,
and gives that, for every t € [0, 7],

Al , + / IVits)2 5
0
t
(4.86) < eap (c/ ||va||§2 ds) (||ﬁ0||2 . +/ From () ds) .
0 HS 0 H, ?

In addition, combining (4.80), (4.81) and (4.82) and (4.84), yields

t
/ | From(s)[2_, ds
0 H, 2

<T (1T + Tl g g /n () - V) ulZa e,
< O(T, M, [).

O lw

)

Consequently, injecting this in (4.86) and using (4.58), we find
(4.87) 017y + [ 1917y as < e )

Finally, using the inject1on H3(T?) — L°°(']T ), we deduce

J 1) eyt < s [t ||§,2(T2
3

< [T ene ueras

keZ?

/|mu |2ds+/ Z k|3 (s))? ds

kez2\{0}

< Tl + [ VIO,
0

1
Hg (T2)
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5 O(T, M’ 7),

thanks to (4.83) and (4.87). This gives (4.73) with K; > C(T, M, f).

2. L?%} regularity. Let us show next (4.74), thanks to the regularity properties
of the Stokes system. Indeed, we may rewrite (4.55) as

8tu — Au + VP = Fsource(t7 .I), (ta I) € QT?

(4.88) divu(t,z) =0, (t,x) € Qp,
ult=0 = uo, x € T?,

with

(489) Foource := jg — Pgl — (U . V) U.

According to the previous discussion, j, — pyu € L*(0,T; L*(T?)). Consequently,
we have to estimate the convection term u - Vu. In order to to do so, we use the
following argument.

Let r € N with » > 2. Then, by Holder’s inequality, and the Cauchy-Schwarz’s
inequality, we have

I (u(t)'v)u(t)HZT(T?)S/EQ > W ()oad ()] de

i,j=1,2
1 1
2 2
(4.90) 5/ > i@ Yool @) | de
T \ ;=12 ij=1,2

1
2

< / S ) d / S ol () de
T2 T2

i=1,2 i,j=1,2
S w7z 2r 2y V() | 2r (12,

for any ¢t € [0,7]. Then, choosing r = 2 in the estimate above, the injection
Hz(T2) < L*(T?) (see [3, p.81]), allows to deduce

T
| 1) 9y u) g at

T
< 2 2
N/O IIU(t)IIH%(TQ)HVU(t)IIH%(W)dt

T
< sup |lu(®)|? / Vu(t)|? dt < oo,
SRy R\ TOT

thanks to (4.87). Thus, Fspurce € L?(0,T; L*(T?)).
Consequently, as ug is regular enough by (1.10), Theorem A.l with the choice
5 =gq =2, yields

ue L*0,T; H*(T?)NV,) and du € L*(0,T;H).
This allows to deduce ([7, Theorem I1.5.13, p.101]) that
(4.91) u € 6°(0,T); Vs).
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Let us perform next a bootstrap argument. Let us choose r = 3 in (4.90), which
allows to deduce

T T
/0 - () [ 3y e S / ) o, | V()|

7o(r2) dt

T
< ulld e o / V() oy dt

as HY(T?) — LP(T?) for any p > 2 ([17, Th. 5.6.6, p. 270]). Thus, we deduce that
w-Vu € L*(0,T; L3(T?)).
In addition, using points (¢) and (a), we have

Jo € L*(0, T L(T%)),  Vp =2,

Pg € L (QT),
which entails that

Jg = Pgu € L*(0,T; L(T?)),
as u € L?(0,T; L3(T?)), thanks to (4.91) and the Sobolev embedding. Then, ap-
plying Theorem A.l to system (4.88) with s = 2,¢ = 3, as ug is regular enough,
thanks to (1.10), we deduce that
u € L*(0,T; W*3(T?)) and  dyu € L*(0,T; L3(T?)).

Finally, the injection W?2:3(T?) — €*(T?) ([17, Th. 5.6.6, p. 270]) gives (4.74). O
4.3. Absorption. In order to describe the absorption procedure, we have to intro-

duce some definitions (see [22, p. 369]). According to Definition 1.2, there exists
do > 0 such that Has, C w. Let us choose

1 1
(4.92) § = min{ao,?e% _1’4—.!{12}’
where K is given by (4.73). The choice of this parameter will be useful in Section
6. According to this choice of §, we set

7" = {(z,v) € 0Hs x R* v-nff' < 1},

3
7= {(x,v) € 0Hs x R%; v -n%t < —5},
(4.93) 3= {(x,v) € 0Hs x R*; v-n%t < —2},

vt = {(z,v) € 9H; x R* v -nfft > 0},
ext

where n$f* is £ny, taken in the outward direction with respect to 0Has. It can be
shown that

(4.94) dist ([0Hs x R*]\ v*7;9%7) > 0.
Consequently, we may choose an absorption function A € €°° N W1 (0H;s x
R?; R*) such that
(4.95) 0 < A(z,v) <1, Y(z,v) € 0Hs x R?,
A(z,v) =1, Y(z,v) € [0Hs x R?]\ v,
A(z,v) =0, Y(z,v) € y3.
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We also choose a truncation function Y € ¢°°(RT;R") satisfying
T 47T
t) = t — —, T
=0 welo.glu| ],
T 23T
t)=1 t — — -
Yy =1, Ve [2 o 4}

To give a sense to the procedure of absorption we need first the following result,
which asserts that the number of times the characteristics associated to the Navier-
Stokes velocity field of the previous part meet v— is finite.

LEMMA 4.5. Let g € %, and let u9 be given by (4.55) accordingly. Let (X9,V9)
be the characteristics associated to the field —v+u9. Then, for any (z,v) € T? xR?,
there exists n(xz,v) € N such that there exist 0 < tq < --- < bn(zw) < T such that

(4.96)  {(X7,VO)(t,0,z,0); t € [0, T} Ny~ = {t:}11"),
(4.97)  Fs>0st (ti—s,ti+s)N(tj—s,t;+s)=0,Vi,j=1,...,n(z,v),
with the convention, that n(z,v) = 0 and {t;}1%"") = 0 if {(X9,V9)}n~y~ = 0.

For more details on this result, see [22, p.348] and [24, p.5468]. In the friction
case, this holds true without further modification.
The previous lemma allows to define the following quantities. Let fo € €1(T? x

R?) and let (z,v) € T? x R2. Then, for every t;, with i = 1,--- ,n(z,v), we have
(z,0) = (X9,V9)(t;,0,2,v) € v~. Moreover, let
(4.98) f7,2,0) = lim fo((X7,V9)(0,,2,v)),
t—t;
(4.99) ftT,3,0) = lim fo((X9,V9)(0,t,2,v)).
t—tt

We define f := V,[g] to be the solution of

(4.100)
Of+v-Vof+u? -V, f—divy(vf) =0, (t,z,v) € [0,T] x [T? x R?]\ *~,
f(O,.I,’U):fo(I,U), (.I,’U) €T2 XRQ,

JT z,0) =0 =Y@)f(t,z,0) + V(E)A(z,v)f(t,z,v), (t,z,0v)€0,T]xy .

Let us explain how the absorption procedure works. From (4.74), the characteristics
associated to the field —v+u9 are regular. Thus, outside w, the system above defines
a function V[g] of class €'. Moreover, the exact value of V.[g] is given by these
characteristics through (2.26) and (2.24). When the characteristics (X9, V9) meet
v~ at time ¢, f(t1,-,-) is fixed according to the last equation in (4.100). We can
see the function Y(t).A(z,v) as an opacity factor depending on time and on the
incidence of the characteristics on dHs. Indeed, f(t,-,-) can take values varying
from f(t~,-, ), in the case of no absorption, to 0, according to the angle of incidence,
the modulus of the velocity and time.

4.4. Extension. The function V[g] is not necessarily continuous around [0, 7] x
v~ C [0,T] x Hs. To avoid this problem we shall use some extension operators
preserving regularity.

Let us first consider a linear extension operator

7 €T\ H;) — €°(T?),
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such that for any o € (0,1), a %7 function is mapped onto a €% function. This
allows to define another linear extension operator by

T GO(0,T) x [T2\ Hs] x R?) —  %°(0,T] x T2 x R?)
/ = Wf(t,.%‘,U)Zﬁ[f(t,-,’U)] (‘T)

Thus, 7 is an extension satisfying the following properties: for every f € ¢°([0,T] x
(T? \ Hs) x R?), we have

(4.101)  3C; > 0 such that

[+ ()27 ()l L@y < Crll(X + [0)7F2 fll Lo o,11x (T2\ 115) xB2)
(4.102) Vo €(0,1), 3Cx, > 0 such that

7 ()00 (@r) < Crall(L+ [))7H2 Fllg0.0 (0,11 % (12\ Hs) x B2)-
We introduce another truncation in time. Let J € €>°(R*;[0,1]) such that

(t)=0, te0,5].
=1

» 100
(t)

y
4.103 4
( ) y te L. T].

Finally, we set

m: €9([0,T) x (T2\ H5) xR?) —  %°([0,T] x T? x R?),

(4.104) ; o T = (1-D()f + Y(t)rf.

This allows to define the fixed point operator by

(4.105) Velg] == f+1I (f)e[f]\([o,T]x(rz\Hé)sz)u([O,%]xT?xR?)) ;

for every (t,z,v) € [0,T] x T? x R?,

4.5. Existence of a fixed point. The goal of this section is to prove the following
result.

PROPOSITION 4.6. Let T > Ty, where Ty > 0 is given by Proposition 3.1
and let c1,co,c3 be large enough positive constants. Then, there exists eg > 0 such
that, for any € < €q, the operator defined by (4.105) in the domain .7, defined by
(4.54) has a fized point g* € /.. Furthermore, if w9 denotes the solution of (4.55)
associated to g*, the pair (g*,u9 ) is a strong solution of (1.1), with initial data fo
and ug, for a certain source term G € €°([0,T] x T? x R?).

We shall carry out the proof of this result in several steps. The main idea is to
apply the Leray-Schauder fixed-point theorem. To do this, we have to verify that

(1) The set .7, is convex and compact in €°(Qr),
(2) Ve : S C€°(Qr) = €°(Qr) is continuous,
(3) V() C S

The first point is straightforward, since the convexity of .# is clear and the
compactness is a consequence of Ascoli’s theorem. The second point is similar to
[22, Section 3.3] and holds without further modification, thanks to Lemma 4.5 and
Lemma 2.2.

We need to show that point (3) holds. In other words, we have to prove that,
for any g € 7, Ve[g] € 7, i.e, points (a)—(c).
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4.5.1. Proof of point (b). At this stage, we shall need the following property for the
backwards characteristics associated to —v + u9.

LEMMA 4.7. Let g € %, and let (X9,V9) be the characteristics associated to
the field —v + w9, according to (4.55) and Proposition 4.2. Then, there exists a
constant Ko = Ko(T,7) > 0, independent of g, such that

(4.106) le' o] = [V9(0,t, 2,v)|| < K,
for any (t,z,v) € [0,T] x T? x R%.
Proof. By (2.24), we have
‘et|v| — |Vg(0,t,3:,v)|’
< ‘Vg((),t,x,v) — etv’

¢
/ e u (s, X9(0, 5, x,v)) ds
0

t
<CT) [ (9o ds
0
< C(D)w?|| 220,755 (12)) < C(T) K1,
using (4.73). This allows to conclude, choosing Ko > C(T)K (T, M, f). 0

By construction of V., we have

1+ )2 (Velf1 = F) NIz @n)
(4.107) = H(l + |U|)V+21_I (1}6[9]|([0,T]><('JI‘2\H5)><]R2U[O,%]><'JI‘2><R2)) H

(1+ o) 2]

L= (Qr)
< Cx

L=(Qr)’
where we have used (4.101). Moreover, by (4.100) and (4.95),
|f(tF,2,0) < [f(E,2,0)],
which implies, through (2.26),
Velg)(t, 2, 0)| < [€* fo (X9, V9)(0, ¢, 2,v))| .
On the other hand,
|f0 ((ng Vg)(ov t,, U))l
1+|V9(0,¢t,z,v)| T+2
X9, V90,
<1+|Vg(0,t,$,’l))| |f0(( ) )( ) ,I,U))|
1A+ D2 follL=(@r)
(1+|V9(0,t,2,0)))" "
_ (1 +[v)7*2 foll L= (@)
(1 + [etfo] = (etfo] = [VI(0,t,2,v)])])) "
+2
(el - V90, 8,2, 0)[) A+ )+ foll L (@r)
- (1 +etfof)r+2
o U+ Ko (Ty) 2+ )2 foll L= @)
- (1+etfv])r+? ’

(4.108) <
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where we have used (4.106) and the inequality (see [22, Eq. (3.33), p. 347].
1 oLt |2/

4.109
( ) T+ —a/| = 14|z’

Vz,z' e R2.

Furthermore, since
(L+ [ 2 Velg)(t, 2, 0)] < (1+ e o) T2 Ve[g](t, 2, 0)],
for every (t,z,v) € [0,T] x T? x R?, we have
(4.110) |1+ [o)"**Velg]l L=(or)
< (14 Ka(T,0)" (I foller + 11+ )2 fol ) -
This gives that V.[g] satisfies point (b), thanks to (4.107) and choosing
(4.111) 1> Cre®™ (1+ Ko(T, 7)) 2.

4.5.2. Proof of point (¢). We need the following technical result, which can be
adapted from [22, Lemma 2, p. 347], thanks to Lemma 2.2 and (4.74).

LEMMA 4.8. For any g € .7, one has Ve|g] € €' (Qr \ Xr), with Sr = [0,T] ¥
~~. Moreover, there exists a constant Ks = K3(y,w) > 0 such that

Velgl(t,,v) = Vgl (27, v') 42
<K 1(T2 wR2 1 v -
At [oDGzo) =@, 0)] = sl foller e xrey + 11X+ )2 foll Lo (@)

for any (t,x,v), (', 2',v") € [0,T] x (T? \ w) x R? with |[v —v'| < 1. Furthermore,
if fo satisfies (1.12), we also have

1L+ [0]) Va0 Velg]l| o
(4.112) < Ky (10 + 1) Vo foll Lo ry + 10+ )2 follzee)
for some constant Ky = K4(k,g) > 0.

Let 02 be given by (4.53). Again, by construction of V. and (4.102), we deduce
(4.113) Velg] = Fllgos(@ry < CrrsallVelglllwo.sa (jo,77x 72\ 5) xR2)-
Then, interpolating (4.110) and Lemma 4.8, we have

Vgl (t, z,v) — Ve[g](t', 2, v")|
|(t, x,v) — (t,2,0")|%

a+2

:<MM@%“—ﬂmwmmwym

(1 + |’U|)|(t,$,’U) - (t/,I/,’U/)|

1—2+2

x (1 [l 2 Vgl (t 2, 0) = Vgl a )] ) T
a2 g a42
< K37 Ky 77 ([ follorrexrey + 1L+ [0) 2 folleor)) -
with
Ks = e*T (14 Ko(T,~)) 2.
Whence, by (4.113), this gives that V,[g] satisfies point (c), choosing

1— y+2

(4.114) c2 > Cr 5, Ka(y,w) 750 K5(T, ) 7355,
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4.5.3. Proof of point (a). We show first the L> estimate. Using the fact that p7 = 0
and point (b), we find

| i3

/ VLot z,v)) dv
RQ

L>(Qr) ‘ Lo (Q7)

< sup [Velgl(t, 2, v)| dv
t,xeQr JR2

Es(llfoller + (L + [v]) 2 foll <),

IN

with

dov
K¢ := —_
6T / (1 + o772

To show the Hélder estimate, we interpolate (4.110) and (c). Indeed, if §; is given
by (4.53) and 7 := 2 + 7, we have

5 |Ve[9](t,$,v) — Velg(t', 2", v)]|
(1+[ol) [(t,z,0) — (¢, 2, v)|%

= ((1 + )2V g](t, z,v) — Ve[g](t',:v’,v)D
x <|Ve[g](t,x,v) —Ve[g](t’,a:/,vn)%—ﬁ

|(t,ZE,’U) - (t/v'r/vv”éz

1 1
3t55z

1

1.1 1 1

<ci e 77 ([ follerrzxrzy + (1[0 foll o)) -
Consequently, choosing

1_ 1

(4.115) es > Ko+ 2 722

and thanks to (1.11), we have that V,[g] satisfies point (a).

)

Proof of Proposition 4.6. Let us choose ¢1, ca, ¢3 large enough so that (4.111), (4.114)
and (4.115) are satisfied. Let us choose ey sufficiently small, given by (4.66). Then,

the smallness assumption (1.11) and the properties of V. and II allow to conclude

that if € < ¢g, then

V() C S
Thus, thanks to the Leray-Schauder theorem, there exists g € .7, such that V.[g] =

g. This ends the proof of Proposition 4.6.
O

We can furthermore obtain a regularity result for the fixed point found above.

COROLLARY 4.9. let e < ¢y and g = Ve[g). If fo € €1 (T? xR?) satisfies (1.12),

then

(4.116) g€ ¢ (Qr),

(4.117) K50, sup (14 o) (] + [Vargl) (h2,0) < .
(t,I,U)GQT

Proof. This is a consequence of the construction and Lemma 4.8, which gives
(4.112). By the construction of f and V., and since II preserves regularity, we
deduce (4.116) and (4.117). O
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5. STABILITY ESTIMATES FOR THE VLASOV-NAVIER-STOKES SYSTEM

The goal of this section is to prove the following stability estimate for the strong
solutions of (1.1), that will be crucial in the proof of Theorem 1.3, both for the
controllability as well as for uniqueness.

PROPOSITION 5.1. Let T >0, v > 2 and let (g,u9) and (f,u’) be two strong
solutions of system (1.1), according to Definition 1.1, for initial data

U‘q|t:0 = Ug, g|t:0 = 4o,
Uf|t:0 = ug, flt:O = fo-

Assume further that there exists k > 0 such that

(5.118) sup (L4 [) "™ (If] + |9l + [Vaf| + [Vag]) < &
(t,z,0)EQT

Then, there exists a constant C' > 0 such that for any t € (0,T],

g _ 2 _ 2
E119) 160 —u Oy 0+ [ V08 =D, ds
0 (1 =y g+ [ it = e e ).

t
Ct) = [ (14 loslmces + los ey .

where

Proof. We observe that the difference w := u9 — u/ satisfies the system
(5.120)
Ow — Aw + V= —u? - Vud +ul - Vul + 45 — pgud + ppuf, in Qr,
div, w =0, in Qr,
wli—o = uf — uf, in T2.

Thanks to (1.6), the difference u9 — u/ belongs at least to €°([0,T];V,), which
allows, up to a regularisation in time argument, to use it as a test function. Indeed,
multiplying the equation in (5.120) by u9 — u/ and taking the H 2 scalar product,
we find

d g g
2@ =D,y + 1V =)D,

= ‘(—ug VU 4 ul - Vul + o — pgu? + ppuf u? — uf)H% (t)‘

(5.121)
< Zi(t) + Z(t),
with
(5.122) Ti(t) = ‘(—ug Vul +ul vl u? —ul) ()],
(5.123) Do(t) = ’(yq ;= pgu? + pru’ ug—uf)H% (t)‘

We then have to estimate the two terms of the right-hand side.
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First Term. For the term .77, according to (1.22), one has
(5.124)

) =| D (u? -Vl +ul - ud)u (14 nf) 2 (s =),

nez?

= > (—u v +uf Yl (1 + |nf?)2 (s —uf),

nez2\{0}
S Z [(—u? - Vu? + o - Vul),| |n||(w —uf),|
neZ?\{0}
1 1
2 2
< Z |(—u? -Vug—l—uf-Vuf)n’z Z In|* | (u? —uf)n‘2
nez?\{0} nez?\{0}

= - VI ol VT |y | Y I — )]
n€Z2\{0}

thanks to the Cauchy-Schwarz’s inequality.
For the second term in the above inequality, we have, for every n € Z2\ {0}, and
for any n > 0,

. 1 .
(! —ul)nl? S S nll(w? = ul)n? + 0P nf?|(u? — ul),)?

1, 1 3 °
S <5|”|2 (W = ul)n] +nln|? |(u? — uf)"|>

This gives, thanks to Minkowski’s inequality,
(5.125)

[N

Yo Pl — )

n€Z2\{0}
1
2

1 1 3 2
<| > (;lnlzuug —uf)u| + nln| | (u? —uf>nl)

neZ\{0}
2 2
1 )
= [ S WEN RSN B N I LA W
T\ nezevqoy nez2\{0}

2

1
_ g f g f
=l =l IV )]

On the other hand, in the same fashion as in (4.90) with r = 2, we can estimate
the convection term as follows.

[(—u? Vud +uf - Vul) (t)HL?(T?) = |[(w? —ul) - Vud +ul - V(w9 —ul)|| 22
< [(u? —uf) - V|| g2 + [lu? - V(u? —ul)| 12
S Nl =l || Lol Ve || + u? || 14|V (u? = ul)| s
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(5.126)
< (19Ol + 1w @)l1z2) (10 = )O3 + 19 = )O3 )

thanks to the Sobolev embedding H 2 (T?) — L*(T?). In order to estimate the last
inequality, we shall prove that

(5.127) sup (V6 (1) |z + [0f Ol acee)) < €.

for some constant C' > 0.
Indeed, since uf,u9 € € H} N L?H2, according to (1.6), and thanks to the
hypothesis (5.118), we have that

Gg — pgud € L*(0,T; HY(T?)), j; — prul € L?(0,T; H(T?)).

Thus, from classical parabolic regularity result for the Navier-Stokes system (see
[7, Theorem V.2.10 and Corollary V.2.11, p.384]), we have

(5.128) u?,uf € €°([0, T]; H*(T?)) N L?(0, T; H3(T?)).

Thus, thanks to the Sobolev embedding H2 (T2) < L*(T2), this entails, for any
t € (0,7, that

1908 (Ol sy + 1 sy S IVUIE) ]y gy + 107 1)

H3 (T2 ”H%(W)
< max {[|u? (t) | g2 (r2), [[w! (8)]| 2 (r2) }
< max {0 egpa ooy 10! legppragrey }
which is finite thanks to (5.128). This proves (5.127).
Thus, combining (5.127) with (5.126), we obtain, for any ¢t € (0, T,
t
[ 50 4 ) 9y
0

< [ (16 - uOIEy + 196 - a2, ) ds.

Consequently, injecting this in (5.124) and taking (5.125) into account, one has

T

/z(t)dt
0

r N
S/ [(u? - Vud —ul - Vul)(1)] 2 (Z I [(u? — ul ) (t)] ) dt

0 nez?

g f f 2 : g 2 f 2 :

< </O [(u? - Vu? —ul - Vu )(t)||L2dt> (/O n%Z:QInI (w9 — ul)n(t)] dt)

1

2

T
< (/ 1w = "))z + IV (u? = ul)(#)]72 dt)
0

. !

1 s P 3
X(/o [(u? —u YD) y + 0]V (u —uf)(t)llH%dt> :
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Hence, choosing 7 < 1 small enough, this yields
T 1 (T T '
Ga29) [ A [ —uh@ly der v [ 1902, d
0 nJo H? 0 H?2

Second term. Let us treat next the other term in the right-hand side of (5.121).
We proceed as follows. For any ¢ € [0, 7], we have

(5.130)

To(t) < ’(jgff = pg-sud,u? —ul) 1|+ }(Pf(ug —ul),u? —uf)

1
H?2

S o = Py st a1+ In2) 3T = u)o | + [ (s =), u? =)

- H?
nez?

. 1= .
< 3 |Usmr = pou)a AT = )] + |G s = pgu)olw? = uf)o|
neZ?\{0}

+ (s =) ut =)

. 2 p 2
S Y MGemr =l + D0 I [ — )|
nez2\{0} nez2\{0}

| (s = uh)ut =)

= Bi(t) + Ba(t) + Bs(t),

with
Bi(t) == Z |(Jg—r — pgug)n|2 + '/ (Jg— = pgu?) d:C/ (u? = uf) dz|,
nez2\{0} T2 T2
2
By(t):= Y [nf | —u)al|",
n€ez2\{0}
Bs(t) == |(pf(u? —ul),uf — uf)H% .

For the first term, we write

(5.131) Bi < ldg—5 = pg—sull72
1 1 )
—|——/ |jg,f—pg,fug|2dx—|——/ |u9—uf|2d:17
2 T2 2 T2
3. . .
< 5ldg=s = pa—rufllZs + [lu? — ul|? 1.

For the second term, using the Cauchy-Schwarz’s inequality, one finds

(5132)  Bo= Y o7t |(uf —uf),?

neZ?\{0}
1 1
2 2
S| Wl —uh)p Y. Pl —ul)af?
neZ?\{0} neZ2\{0}
1
St Xl P en 3l - )

nez\{0} nez?\{0}
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1
<l = w2y +all V@ —uh)E

3

for some 7 € (0,1) to be chosen later on. For the third term, we have, thanks to
(5.118),

(5.133)
Bss > (prwf —u)), (1+[n)2 (ws —ul),
neZ2\{0}
—|—‘/ pf(ug—uf)dx/ (w9 —ul)dx
T2 T2
1 2
Soo 2 st =), Pen 30 Infiw — )P

nez2\{0} nez2\{0}

2
ol ( [ 10—l o)
'JI2

o5l poe (2 .
< (% + 1) lpgll ey lu? — wf 132 poy + 0l V(0 — 1)) |30,

thanks to Jensen’s inequality.
We finally have, for any t € (0,T],

(5.134)
J(t) < (1 + [lpg ()l L2 =) + %(1 + ||pf(t)||2L2(11‘2))> [(w? =) (D)2

H2 (T2)
+l V@ =),

3 (r2) + 1 (Gg—r — pg—ru?)(t )HL?(T?)'

Conclusion. Integrating (5.121) with respect to time yields

s — )OI, /nv —uN) ), ds

Thus, from (5.129) and (5.134), and choosmg n € (0,1) small enough7 this gives

1

@ = )OI, + 5 / IV = a )&, ds

t
~ %o — Yo 2 lg—f — Pg—f ’ %2
Slug —u || ; 1Gg—1(8) = pg—s(s)u?(s)[[72 ds

[ (1 1ol + 20+ I 9E) )l = IR,y ds

By Gronwall’s inequality, we obtain (5.119).

6. PROOF OF THEOREM 1.3. CONTROLLABILITY.

Let us denote by g the fixed point of the operator V., found in Proposition 4.6,
for € < ¢g. The purpose of the following result is to establish that, choosing € < ¢;
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possibly smaller, the characteristics associated to —v 4+ u¥ meet Hs with sufficient
speed.

PROPOSITION 6.1. There exists € > 0 and My > 0 such that for any € <
€1 and M < M, the characteristics associated to —v + u9, where u9 is given by
Proposition 4.2, namely (X9,V9), satisfy the following property

T 47T]

- g g9 3—
487 48 s.1. (X aV )(t,O,I,U)E"Y )

(6.135)  V(z,v) € T2 x R? 3t e {

where v3~ is defined in (4.93).
Proof. In order to prove (6.135), we proceed in two steps.

Step 1. Stability argument. We shall show that the characteristics (X9,V9) are
uniformly close to (X, V) whenever ¢ and M are chosen sufficiently small.
Indeed, from (2.24), we have, for every (t,z,v) € Qr,

(6.136)  X(t,0,7,v) — X9(¢,0,z,0)

/ / (u(r, X(7,0,2,v)) —u?(7, X9(7,0,2,v))) drds
—j1+j27
with

t s
T = / e’ * (u(r, X(7,0,z,v) — u(r, X9(7,0,z,v)) drds,
0o Jo

Jo = Ot /05 e (u(r, X9(7,0,z,v) — v (1, X9(7,0,z,v)) dr ds.
For the first term above, using (3.29), we find
(6.137) || < C(T, @) /Ot |X(7,0,2,v) — X9(7,0,2,v)| dr.
For the second term above, we have

(6.138) |Jo| < C(D)|[@ — w9l g2 oo

Consequently, we have to obtain a precise estimate of the difference u9—wu in L?L°.

In order to do this, we shall use Proposition 5.1 with the solutions u9 and u. Let
us observe that, thanks to (1.12), (4.117) and (3.28), hypothesis (5.118) is staisfied
in this case. Thus, (5.119) yields

(6.139) (! =)@ 4 + / IV(u? =m)(s)]7 4 ds

t
Sl + [ 17,7 = oo ads,

thanks to (3.30) and the fact that p7 = 0.
Firstly, we observe that, thanks to (4.63),

liy7l= [ | oo =T

de < €
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Secondly, using point (a) and (4.58),
U (19 (1) ea) 149 () 32 gy < 2636267 (M2 + T+ e 1)
te[0,7)
< €

~

Then, for any ¢ € (0,77,

¢
[ Wgeg =gl s <
Thus,
1 t
= _ 9 2 - — g 2 < 2 2
@ w1y + 5 [ 9@ w2, s S fual?; +e
< M? 4 €

thanks to (1.10). To conclude, using the injection H 2 (T2) — L>(T2), we deduce

T
/0 1@ = ) ()2 g2

T
< [ IE—uniy asar+ e,

which gives the LZLS° estimate.
We have, from (6.136), (6.137), (6.138) and the previous inequalities,

‘Y(t, 0,2z,v) — X9(t,0,x, v)|
<|A|+ |T2|

t
S [ [R5.0.2.0) = X9(s,0,2,0)] ds+ [ 7131
0

t
S/ ’7(5,0,96,1)) —Xg(s,O,x,v)‘ ds + VM2 + €2,
0

Whence, thanks to Gronwall’s lemma,

(6.140) sup [(X — X9)(t,0,2,v)] < VM2 + 2.
Qr

Using (2.24), we also deduce

(6.141) sup |(V — VI)(t,0,2,v)] <V M2+ €2
Qr

Step 2. Conclusion. Let us choose € > 0 and M > 0 small enough so that
— — )
sup [[(X — X9)(t, z,v)|| +sup [[(V = VI)(t, z,0)| < 5,
Qr Qr 2

with the choice (4.92). Thus, combining (3.27) with (6.140) and (6.141), we obtain
the following property.

T 47T
F T? x R?, th ists ¢ — — h that
or every (z,v) € x R*, there exists t(, ,) € [48’ 13 } suc a
(6.142) X9(t(z 0,0, 2,0) € Hg,
7
(6.143) [VI(t(z0),0,2,0) - ng| > <.

2
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We shall show that this entails (6.135).
Indeed, let us set
s0 := log(1 + 9).
Let (z,v) € T?> x R? and let ¢, . be given by (6.142). Then, we have the following
|(Xg(t(m7v), 0,z,v) 4+ (1 — eSO)Vg(t(m)U), O,x,v)) . nH|
> _|Xg(t(m,'u)7 0,, ’U) ! 7’LH| + (650 - 1)|Vg(t(m,'u)7 0,, ’U) : nH|
5 7

> 24 Leso 1
> -5l )

> 20,

using (6.142), (6.143) and the choice (4.92). Thus, thanks to the previous inequality
and (2.24), and denoting X9(t) := X (¢,0,2,v) and VI(t) := VI(¢t,0,2,v) for (x,v)
fixed, we get
[(X () + (1= )Wt () = X (t(a0) — 0)) - nH|
= |(Xq(t(m,v)) + (1 - eso)vg(t(m,v)) - Xg(t(:c,v) — S0, t(z,v)a (Xgu Vq)(t(z,v)))) : nH‘

tw,0)—S0 N
/ / e* I (z, X9(z))dzdn

t t

(z,v) (z,v)

< s el penz
< 4,
thanks to Cauchy-Schwarz’s inequality and (4.92). Let us observe that this entails
that

Xg(t(wﬂ,) — S0, 0, Z, ’U) € H(s.
Combining this with (6.142) and thanks to the intermediate value theorem, we
deduce that there exists o(,, ) € (t(2,0) — 50, t(z,0)) Such that

(6.144) X9(0(z,0),0,7,v) € OHs.
Let us observe that, thanks to (4.92),

T 47T 5 5
(6145) O (z,v) S |:4—8, 4—8:| s V(JI,’U) e T“ x R-.

Finally, thanks to (2.24) and (6.143), we deduce
V(0 (z0),0,2,0) - np
= V90 (0 taw)s (X9, V) (a0, 0,2, 0)) - 1 |
> el T VIt 0, 0,2,0)] — v/Sollu? | 2 o
> 3,

where we have used the Cauchy-Schwarz’s inequality and (4.92). Thus, combining
last inequality with (6.144) and (6.145), we find (6.135).
O

Proof of Theorem 1.3. Controllability part. Let us choose € < min{eg, €1}, where
€0 is given by Proposition 4.6, and ¢; is given by Proposition 6.1. Let us consider
T > Ty, according to Proposition 3.1, and 71,72 > 0. Thus, define

Ty =T+ 1 + 7.
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We shall prove that (1.13) holds in a large enough time Ty > 0, which will be done
in three steps.

Step 1. From the initial configuration to a confinement in w.

By the choice of ¢, we apply Proposition 4.6 in time 7" > 0 large enough, which
provides a fixed point of V., that we denote g* and a strong solution (g*,u? ) of
(1.1) for some G € €°([0,T] x T? x R?). We observe that from the construction of
V. and (3.30), we have

(6.146)  Velg"|(T,z,v) =11 (]}E[g*h({O,T]><(11‘2\H5)><R2)u([0,£]><'ﬂ‘2><]R2)) (T, z,v).
In particular, it comes from the definition of IT that
(6.147) Velg* (T, z,0) = Ve[g*)(T, z,v), V(z,v) € (T?\w) x R?,
(6.148) Velg (0, 2,v) = fo(x,v), Y(z,v) € T? x R2
Moreover, by (4.100) and (2.26),

Velg"[(T,z,0) = T fo((X97,VI7)(0, T, z,v)).

Hence, since € < €1, Proposition 6.1 applies, which implies, thanks to the absorption
procedure described by (4.100) and (4.95) that V[g](T,x,v) = 0 in (T? \ w) x R2.
Thus, by (6.147), we get

(6.149) g (T, z,v) =0, V(z,v)e (T?\w)x R

Step 2. From the confinement in w to the zero distribution.
Let ¢ € €°°(R) such that 0 < { <1 and

(6.150) ¢(t) =
(6.151) ¢(t)
Then, let us define

L,
0, Vt>1.

flt,z,0) = (i> G (Toz,v), V(ta,v) € (0,m) x T2 x R
1

Thus,
fb|t:0 = g*|t:T, and fb|.,_1 =0,

We associate to f, the velocity field u, obtained by solving the associated system
(4.55), which is possible thanks to Proposition 4.2, as f, has the same regularity in
(z,v) as g* at any time 7;. We observe that u,(0) = w9 (T') by construction.

Step 8. From the zero distribution to the stationary fluid.

According to Step 2, after a time 7, the field evolves from u9 (T) to wuy(m).
Then, Theorem 3.2 allows to modify the field in order to reach zero in time 5.
Meanwhile, the distribution function can be modified accordingly, keeping the par-
ticles confined in w. Let us apply Theorem 3.2 with

T = T2, M:Tzu Mozwa QEO7 yOZUb(Tl)'
This provides a control wy € €°°([0, 2] x T?) such that

(6.152) suppwy C (0,72) X w
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and such that the solution of

Opuy + uy - Vug — Aug + Vpy = wy, (L) € (0,72) x T2,
(6.153) divg ug = 0, (t,7) € (0,72) x T2,
ugli—o0 = up(T1), z € T?
satisfies
(6.154) lt—r, = 0.

We thus define the associated distribution function as
fit,z,v) == (21, Z2)(v) - wy(t,2), V(t,z,v) € (0,72) x T? x R?,
where Z; and Z5 are given by (3.38) and (3.39). As a consequence of (6.152) and
Step 2,
fele=o = foli=r, =0, filt=r, =0.

Conclusion. We put together these steps to construct a suitable solution. Let
us define

g*(t), le [O,T),
(6.155) f@) =< fit=1), te T, T+m),
fit =T —m1), te[T+7m,T+m+7,
and
ud” (t), te0,T),
(6.156) u(t) == w(t—T), te [T, T+mn),

Uﬁ(t—T—Tﬂ, te [T—FTl,T"'Tl"'TQ]-

According to the previous arguments, (f, u) is a strong solution of (1.1) and satisfies
(1.13). O

7. PROOF OF THEOREM 1.3. UNIQUENESS.

The goal of this section is to show that the strong solution of (1.1) obtained in
Section 4 is unique within a certain class.

In Corollary 4.9 it is proved that the solution of system (1.1) obtained by the
fixed-point procedure of Section 4, (see Proposition 4.6) enjoys some regularity
properties. Next result, inspired from [27, Section 8], shows that the solution in
this class is unique.

PROPOSITION 7.1. Let fy € €*(T? x R?) satisfying (1.12) and let G €
€°(Qr). Then, the strong solution of system (1.1), according to Definition 1.1,
satisfying conditions (4.116) and (4.117) is unique.

Proof. Let fi = V[f1], for € < ¢y. Let us suppose that (f2,us) is a strong solution
of system (1.1) with initial datum fy and control G and such that (4.116) and
(4.117) are satisfied.

Let w := u; — ug, ¢ := f' — f2. We shall use Proposition 5.1 on the difference
w. Observe that, thanks to (1.12) and (4.117), we have

sup (14 [o]) 7" (| 4[]+ Vo fH + Ve f?]) < .
(t,z,v)EQT

Thus, (5.119) yields in this case

ol 3 S (ol sz + ool ezl ez )
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Moreover, the Sobolev embedding theorem gives,

(7.157) lwlzee S (allewrs + ooz luslons ) -
On the other hand, we observe that condition (4.117) gives
(L + WD) Ve f2(t, (X1, V(0,8 2,0))]

(1A Jv)
~ (14 VY0, t,z,v)|)7 !
< O
— (o))
proceeding in the same fashion as in (4.108). As a result,
(7.158) sup / (L+ [o]) [Vo f2(t, (X, V0,8, 2,0)| dv < C(x',7),
(t,z)eQr JR2

for some constant C'(x/,7) > 0.
Next, we observe that the difference of the distribution functions, g, satisfies the
following Vlasov equation

0rg 4+ v - Vaug +div, [(u1 —v)g] = —w - Vo f?, V(t,z,v) € Qr.

Consequently, by the method of characteristics, we have

t
lg(t,z,v)| < e2T/w(s,Xl(O,s,x,v))-va2(s,(Xl,Vl)(O,s,x,v)ds

0

A

/Ot lw(s, )| Lo ‘va2(s, (X1, v1(o, S,I,’U)’ ds.
Thus,
(L+ [oD)lg(t,z,v)| < /O l[w(s, )| zee (1 + [0]) [ Vo £2(s, (X, V)0, 5,2,0)| ds,

which implies, thanks to (7.158) and (7.157),

t
sup (8] + lpo(t,2)) 5 [ s,z ds
z€T? 0

t

< / o ()l 2 + 1oo(s)]122) ds
< / sup (1 )]+ py(s)) ds, ¥ € 0.7],

which, by Gronwall’s lemma entails, since p,(0) = j,(0) = 0, that
pg(t,z) =0, jg(t,z) =0, V(¢ z)€ Qr.
Moreover, we deduce from this that the difference w(t) = (u1 — us2)(t) satisfies, for
every t € (0,77,
Oyw — Agw(t) + Ver(t) = —(ur - V)ur + (uz - V)ug + ppr (H)w(t), Qr,
div, w(t) = 0, Qr,

which, according to Theorem B.3 must imply that u; = ug in Q7. In particular,
the characteristics associated to —v + u1 and to —v + ug coincide. Then, f! = f2
in QT- (I
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8. PERSPECTIVES AND COMMENTS

We have proved in Theorem 1.3 a null-controllability result for the Vlasov-Navier-
Stokes system in dimension 2. Let us make some comments about the possible
limitations of this result.

First of all, we observe that a natural limitation concerning dimension comes
from the difficulties presented by the three-dimensional Navier-Stokes system. In
particular, since the uniqueness of weak solutions for this system is still unknown,
there is no hope, a priori, to obtain better results when considering the coupling
with a Vlasov equation.

On the other hand, the Navier-Stokes in dimension 2 allows the use of fine
stability estimates and a certain regularising effect, which permits the definition
of classical characteristics associated with the velocity field. This is essential to
describe the absorption procedure of Section 4.

Let us emphasise that the controllability result of Theorem 1.3 allows to control
at the same time the distribution function of particles and the motion of the fluid
in which they are immersed. This can be done thanks to the return method, by
exploiting in a crucial manner the two coupling terms of the system: the coupling
term in the Vlasov equation and the drag force term present in the Navier-Stokes
system. Furthermore, we can achieve the control of all the components with a scalar
control acting only on the Vlasov equation. This kind of feature is already well
understood in the case of the Navier-Stokes system [13, 14], where the controlled
component is arbitrary. In the Vlasov-Navier-Stokes case, our methods work only
if the controlled component is the distribution function.

The result of Theorem 1.3 can be seen as a kinetic version of the result obtained
for a fluid-structure system in [5] (see [6] for a three-dimensional result). Indeed,
whereas the fluid-structure problems aims at controlling the trajectory of a macro-
scopic body immersed in a fluid, the kinetic approach allows to treat the dynamics
of a cloud of microscopic particles in a fluid, replacing the individual effects of
particles by a mesoscopic description.

APPENDIX A. REVIEW OF THE STOKES SYSTEM

Let us recall a well-posedness result for the non-stationary Stokes system, i.e.,
Ou— Agu+Vaep=f, (t,x) € (0,T) x T?,
(A.159) divy u =0, (t,x) € (0,T) x T2,
ult=0 = uo, r e T?,
due to Y. Giga and H. Sohr (see [18, Theorem 2.8, p.82]). This result gives a very
general framework for the L L2 well-posedness, under suitable assumptions on the

data. Particularly, in the case of initial data, we are lead to the following spaces
(see [18, p.77]). Let

1
> dt\®
Dy = {u € LYT?); [Jul| e + (/ [t1=> Ae™ )| Lq T) < 00}7
0

where o € (0,1), s € [1,00), and A is the Stokes operator A = P(—A), P being
the Leray projector. In this context, the result is as follows.

THEOREM A.1 ([18]). Let 1 < s < o0 and 1 < ¢ < oo. For any f €
1
L#(0,T; L9(T?)?) and ug € D1147q5’ , there exists a unique solution of system (A.159),
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satisfying uw € L*(0,T; W24(T?)?) and dyu € L*(0,T;L9(T?)?). Moreover, there
exists a constant Cy > 0 such that

T T T
(a160) [ ooz, de+ | ||D2u|zthsc(/ ||f||zth+||uo|D1;,s>-
0 0 0

A,q

APPENDIX B. REVIEW OF THE NAVIER-STOKES SYSTEM ON THE
2-DIMENSIONAL TORUS

We shall need to use some classical results on the Navier-Stokes, that we gather
here for reference.
Let us consider F' € L?(0,T;V’) and ug € H and the Navier-Stokes system

Ou+ (u-V)u—Au+Vp=F, (t,z)€ (0,T)xT?,
(B.161) divu(t,z) = 0, t e (0,7),
Ujp—o = Uo, xeT?

Following [8, p.42], we shall use the following notion of solution.

DEFINITION B.1. A time-dependent vector field u is a solution of (B.161)
whenever

(B.162) ue €00, T); VL) N L>®(0,T;H) N L*(0,T;Vy)
and for any ¢ € €*([0,T);V,) and t € (0,T], one has

t
/ u(t)z/J(t)dx—i—/ Vu: Vi —u®u- Vi) —udpp dsde
T2 0 Jr2

(B.163) = /ﬂ-z o (0) dz +/0 (F(s),¥(s))yr <y ds.

We have the following classical result, due to J. Leray (see [8, Theorem 2.3]).

THEOREM B.2. Let F € L*(0,T; V') and ug € H. There exists a unique global
solution of (B.161), i.e., for any T > 0, in the sense of Definition B.1. Moreover,
this solution satisfies the energy estimate

t t
B16) )+ [ V)]s ds < (|uo|%z+ / |F<s>|%,ds).

In the 2-dimensional case, we also have some stability estimates (see [8, Theorem
3.2, p.56)).

THEOREM B.3. Let u and v be two solutions of system (B.161) associated to
(ug, F) and (vo, G) respectively. Then,

t
e — ) (B)25 + / 1V — ) (s)]22 ds
t
(B.165) < CE*() (||u0 — ol|%2 +/ 1(F = G)(s)|v, ds> ,
0
with

t t
B(t) = etmm{|u0|§2+ / VF ()13 ds, vollZ + / IG)E ds}.
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Moreover, in the specific case of the 2-dimensional torus, we have the following

result of propagation of regularity (see [3, Theorem 3.7, p. 80].

THEOREM B.4. Let ug € HZ (T?) \H and F € L2(0,T; Hy *(T?)). Then the
unique solution of (B.161) satisfies

(B.

an

(B.

il

[2

3

[4

5

(7

[9
[10

[11

[12

[13

[14

[15
[16

(17

166) weE(0,T); HE
d

t
167) it )l + [ 1712y ds

<exp(/||Vu ||L2ds><|uo||2 /IIF s )
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