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Metastability in reversible diffusion processes invariant under
a symmetry group

Sébastien Dutercq

Abstract

We extend the analysis of the problem of metastability of Markovian jump processes
with symmetries, initiated in a previous work, to reversible diffusion processes. Using
representation theory of finite groups, we prove an Eyring-Kramers law for the low-lying
spectrum of the generator of the diffusion, thereby generalizing results by A. Bovier, V.
Gayrard, and M. Klein.

Date. July 18, 2016.

2010 Mathematical Subject Classification. 60J60 (primary), 20C35 (secondary)

Keywords and phrases. Metastability, Kramers’ law, stochastic exit problem, spectral gap, diffusion
processes, spectral theory, potential theory, capacity, symmetry group, representation theory, first-
passage time .

1 Introduction

In this present work, we extend the analysis of the problem of metastability for Markovian
jump processes with symmetries, initiated in [1], to diffusion processes. We consider the
stochastic differential equation

dX.(t) = —VV(X.(t))dt + V2edW (1), (1.1)

where V : R — R is a confining potential, and W} is a d-dimensional standard Brownian
motion. Recall that if V' has just two quadratic local minima x* and y*, separated by
a quadratic saddle z*, the Eyring—Kramers law, which characterises the mean transition
times between local minima of a diffusion in a potential landscape, states that the expected
first-passage time 7 from z* to a small ball around y* is given by

e 7] = 27 |det(V2V (2%))]
TEDIEN der(VEV ()

VEVENE L O loge)] . (12)

where V2V (x) denote the Hessian matrices of V at x, and A_(z*) is the unique negative
eigenvalue of V2V (2*).

We will consider a potential V' with N > 2 local minima, and in this case the character-
isation of metastable timescales becomes more involved. It has been known for a long time
that the diffusion’s generator admits N exponentially small eigenvalues, and that they are
connected to metastable timescales [13, 15, 11, 10]. The generator of the diffusion process
(1.1) is the linear operator L. of the form:

L. =—ce"0/eveVO/Ey = —cA 4+ (VV (1), V). (1.3)



(1) (2)

FIGURE 1. Examples of potentials : in (1) we get all eigenvalues, in (2) our theory doesn’t
work but [12] work.

Remark that the sign of the generator was reversed intentionally because this will make
all the eigenvalues positive.

Results in [5] show that one can order the local minima z1,...,2x of V in such a way
that the mean transition time from each zj to the set {x1,...,x5_1} of its predecessors is
close to the inverse of the kth small eigenvalue. But these results have a limitation, they
require that all relevant saddle heights have to be different (see subsection 2.1 for a precise
formulation).

In our case, this condition fails because we will suppose that the potential V' is invariant
under a symmetry group G. Since we can’t apply some parts of the results in [5], we will
use the representation theory of finite groups to avoid the condition that all relevant saddle
heights have to be different.

Results obtained in this work allow us to say that the stochastic system behaves for
small noise intensity ¢ like a Markovian jump process, which in particular proves the results
announced in Corollary 4.5 and Theorem 5.1 in [2].

Our approach is similar to [12] in the sense that we make packages of local minima
by group orbits which allows us to compute all N small eigenvalues of the generator (for
example the potential (1) in Figure 1) instead of only part of them as in [12]. But on the
other hand, our hypothesis does not allow us to deal with, for example, the potential (2) in
Figure 1 while the approach in [12] can deal with this situation.

The remainder of the article is organised as follows. In subsection 2.1, we define the
main setting and recall some elements of representation theory of finite groups. Subsections
2.2, 2.3 and 2.4 contain the results on eigenvalues and transition times for the processes.
These results are illustrated in Subsection 2.5 on an example. In Section 3 we explain the
main strategy that we will follow and recall elements of potential theory. In Section 4 we
define the capacity matrix and make the connection between this matrix and the eigenvalues
of the generator. The last section contains the proofs of the main results.

Notations: If i < j are integers, [i, j] denotes the set {i,i +1,...,;j}. The cardinality
of a finite set A is denoted by |A|. The spectrum of a matrix is denoted by Sp.

2 Results

2.1 Setting

In this subsection we will start by giving the necessary definitions and assumptions, from
potential theory and representation theory of finite groups, which will allow us to state the
main results. Let us start by some smoothness on the potential V.

Assumption 2.1. We suppose that V € C3(R%) and
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(1)

(3) G*(A,B) = {21} or {22}

1. xh_{r;OHVV(:C)H = 00,
2. ILm |VV (2)||* = 2AV (z) = co.

In all this paper, |-|| denotes the classic scalar product on R? and ||-||2 denotes the norm
on L2(R%, e~V @)/ dz).

Remark 2.2. Assumption 2.1 ensures that the resolvent of the generator L. is compact
for € sufficiently small. Indeed using the relation

1 1
/ IVu()|? eV @/ d = / IVg(@) [P+ 5 2 VV ()P4 (Vg (), VV () der, (2.1)
BR BR 46 25

where Bp is the ball of radius R and centred on 0, v € H'(R?, e Vi)/e dr) and g = u e V/2
we get
/ HVu(ac)H2e*V(””)/8 de > C u(z)? e V@)/e qg, (2.2)
R4 R4
for e sufficiently small, which leads to the coercivity of L. and yields compactness using the
Lax-Milgram theorem. Moreover, it implies that V' has exponentially tight level in sense
that for all ac R

/ s e VW gy < CemF, (2.3)
y:V(y)=a

where C' = C(a) < oo is uniform in € < 1.

The set of saddle points is intuitively the subset of the level set G(A,B) = {2 €
R? | V(2) = V(A,B)} that cannot be avoided by any paths w that try to stay as low
as possible. We define this set as follows:

Definition 2.3. Let A, B C R? be two disjoint sets.
1. We define V(A, B), the height of the saddle between A and B, by

~

V(A,B) = inf sup V(w(t)), (2.4)
w:[0,1] =R 4e(0,1]
w(0)eEA,w(1)eB

where w is a continuous path. By abuse of notation we write V(:U,B) instead of
V({z}, B).

2. We define the communication height from x € R? to B by

H(x,B)=V(x,B) — V(x) (2.5)
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FiGUrE 3. Example of a graph associated to a potential.

3. We define P(A, B), the set of minimal paths from A to B, by

PIAB) = € C0ALRY [w(0) € A, w() € B sup V() = V(A B}
tel0,1
(2.6)

4. A gate G*(A, B) is a minimal subset of G(A, B) with the property that all minimal
paths intersect G(A, B). Note that G*(A, B) is in general not unique (see Figure 2).
Then the set S(A, B) of saddle points is the union of all gates G*(A, B).

To avoid some complications, we will make the assumption that all saddle points are
non-degenerate in the following sense :

Assumption 2.4.

1. The set M, of local minima of V, is finite. For any two local minima x,y of V, any
set G*(x,y) consists of a finite set of isolated points 2 (x,y).

2. The Hessian matrix of V' at all local minima z; € M and all saddle points z; is
non-degenerate (i.e. has only non-zero eigenvalues).

Note that the definition of saddle point using paths is equivalent to the definition of
saddle points from an analytical point of view, based on the Morse lemma (see [14] for
Morse lemma and [3] for a proof of the equivalence).

Remark that under Assumption 2.4, all eigenvalues of a local minimum are strictly
positive and all eigenvalues of a saddle point are strictly positive except one which is strictly
negative.

As in [1], it will be convenient to consider the undirected graph associated to the po-
tential V.

Definition 2.5. Let G = (M, E) be the undirected graph associated to the potential V where
the edges are defined as follows : for all x € M let D,, the basin of attraction of z, be the
set of points y € RY such that the solution of the differential equation %y(t) =-VV(y(t)),
with initial condition y(0) =y, converges to x. Then

E = {(z1,22) € M? | Jw € P({m1},{x2}) , Yy € M\ {z1,20} , ImwN D, =0} (2.7)



In words, this means that there is a minimal path from x1 to xo which does not pass
through any other basin of attraction than Dy, and D.,. We will say that x1 and xo are

neighbours, denoted 1 M xa, if (r1,12) € E. Moreover, to each edge (x1,x2) € E we will
associate the communication height H(x1,x2) (see Figure 3 for an example).

Recall the algorithm of removing vertices in [1] subsection 2.3. If we remove a set
of vertices {yi1,...,yr} and recompute the edges, then we get a new graph G = (M \

{y1,...,yk}, E'). We will say that z1 and x2 are neighbours with respect to M\{y1, ..., yx},

denoted z M\y--ve} x9, if (z1,22) € E’'. For example, in Figure 3 we have 1 02 2.

Remark that we can see this definition as follows : for all a € M we have
M

x rga}y@x%aanda%y. (2.8)

Unlike in [4, 5] we do not make the assumptions on the fact that communication heights

are all different since we want to make a generalisation to the symmetric case. Finally we

give some elements of representation theory of finite groups. Let G be a finite group of

isometries g : R — R? such that the potential V is invariant under the group G in the
following sense

Vge G, Vog=V. (2.9)
We denote by 7(g) € RMIXIMI the permutation matrix
1 ifg(a) =0,

7(9)ap = 2.10

(9)as {O otherwise . (2:10)

Let us recall a few definitions from basic group theory.

Definition 2.6.
1. Forae M, O, ={g(a): g € G} C M is called the orbit of a.

2. Forae M, G, ={g9 € G: g(a) = a} C G is called the stabiliser of a.
3. Forge G, M9 ={a € M: g(a) =a} C M is called the fixed-point set of g.

The following facts are well known:

e The orbits form a partition of M, denoted M /G.

e For any a € M, the stabiliser G, is a subgroup of G.

e For any a € M, the map ¢ : gG, — g(a) provides a bijection from the set G/G, of left
cosets to the orbit O, of a, and thus |G|/|G4| = |Oql-

e For any g € G and any a € M, one has Gy(,) = gGag~ ', i.e. stabilisers of a given orbit
are conjugated.

 Burnside’s lemma: Y | MY| = |G||IM/G]|.

We will denote the orbits of G by Ay, ..., A,,. The value of the communication height
H(a, Aj) is the same for all a € A;, and we will denote it H(A;, A;). Similarly, we write
Va4, for the common value of all V(a), a € A;. We shall make the following non-degeneracy
assumption:

Assumption 2.7 (Metastable order of orbits). Let My = A; U---U Ag. One can order
the orbits in such a way that

H(Ag, Mg_1) <miII€1H(Ai7Mk\Ai)_9, k=2,....,ng (2.11)
1<

for some § > 0. We indicate this by writing 41 < A < --- < A4,,,.



In Figure 3 we have @ < @ < @ See [7, 6, section 4.3] for an algorithm determining
the metastable hierarchy.

In [1] we made an assumption of absence of accidental degeneracy to simplify the ex-
pression of eigenvalues. Now we do the same for diffusion processes.

Assumption 2.8 (Absence of accidental degeneracy). Whenever there are elements
Tiy X Tiy, Ty X xj, € M such that V(z,,z5,) — V(xi,) = V(2iy, xj,) — V(24,), there exist
g € G such that g(z;,) = 4, and g(zj,) = zj,.

Remark 2.9. Assumption 2.8 implies that all communication height between orbits are
different and also that we can only have at most two saddles in series.

Assumptions 2.1, 2.4, 2.7 and 2.8 will be assumed to hold throughout this paper.

The map 7 defined by (2.10) is a morphism from G to GL(|M|,C), and thus defines a
representation of G (of dimension dim7 = n). In what follows, we will draw on some facts
from representation theory of finite groups (see for instance [16]):

e A representation of G is called irreducible if there is no proper subspace of C” which is
invariant under all 7(g).

e Two representations m and 7’ of dimension d of G are called equivalent if there exists a
matrix S € GL(d, C) such that S7(g)S~! = n'(g) for all g € G.

e Any finite group G has only finitely many inequivalent irreducible representations
7@, .., 7=, Here 7(0) denotes the trivial representation, 79 (g) =1 Vg € G.

e Any representation 7 of G can be decomposed into irreducible representations:

r—1 r—1
T = @O[(p)ﬂ’(p) , a® >0, Z o) dim(7P)) = dim(n) = n . (2.12)
p=0 p=0

This means that we can find a matrix S € GL( ,C) such that all matrices Sm(g)S~!
are block diagonal, with o?) blocks given by =(®) (g9). This decomposition is unique up
to equivalence and the order of factors.

e For any irreducible representation 7() contained in =, let x® (g) = Tr7?)(g) denote
its characters. Then

im(7(®
P(p) — d|(G| ) Z X(P)(g)ﬂ'(g) (213)
geG

is the projector on the invariant subspace of C" associated with 7(). In particular,

a® dim(r®) = Ty PO — dlm me (2.14)
geG

where x(g) = Trm(g). Note that for the representation defined by (2.10), we have
x(g) = [M9].

Example 2.10 (Irreducible representations of the permutation group Sy, [8]). The permu-
tation group Sy can be seen as the group of orientation-preserving symmetries of a cube
and octahedron. It is generated by the transpositions (1,2), (2,3) and (3,4). Sy has :

e 2 irreducible representations of dimension 1, the trivial one (7(?)(g) =1 for all g € G)
and the signature (7 (g) = o(g) = sign(g) for all g € G),



e 1 irreducible representation 7(2) = 0 of dimension 2, equivalent to

_ (1 0 B cos(%ﬂ) sin(%ﬂ)
s == (5 %) o= (Gl i) en)
e 2 irreducible representations of dimension 3, 7(3) = (1 equivalent to
1 0 0 0 10
v1((1,2)) =10 0 —1],¢i((2,3)=1(1 0 0],
0 -1 0 0 01

(2.16)

and 74 = @, equivalent to @a(g) = o(g)e1(g) for all g € G.

The associated characters are given by

id | (ab) | (abc) | (ab)(cd) | (abed)
X1 1 1 1 1
X'l 1| -1 1 1 -1
2| 2 -1 2 0
>3] 1 0 -1 -1
P 3] -1 0 -1 1

for any a, b, ¢,d such that {a,b,c,d} = {1,2,3,4}.
There are no irreducible representations of dimension larger than 3.

We use representation theory of finite groups because, each irreducible representation
of G will give us a subset of the eigenvalues and eigenfunctions more easily. Indeed each
irreducible representations of G will provide us a subspace invariant under L. which will lead
to find eigenvalues and eigenfunctions. At the end, we will see that this procedure indeed
gives as many eigenvalues as there are local minima, having that all exponentially small
eigenvalues have been found. In the next three subsections we will denote by B; = B.(z;)

k
the ball of radius € centred on local minima z; € M and Sj, = U U B; for k € [1,ng].
Jj=li:x;€A;

2.2 The trivial representation

Let us start by the trivial representation 7(?).

Theorem 2.11. For € small enough, the spectrum of L. contains A’fm =0 and

L0 A (s)| [ det(V2V(a))  piagme_y)/e 3/2
A= det(V2V (5))] (14 O(Velne™?)) (2.17)

where k € [2,n¢], V2V (z) denotes the Hessian matriz of V at x, a is any element of
A, ng is the number of optimal saddles between a and My_1, s any of these saddles and
A\_(s) is the unique negative eigenvalue of V2V (s). Moreover the normalized eigenfunction



1 (0)

. 0) . 0 . . . .
associated to )\’f( ' s qb’lr( "= L 4nd the normalized eigenfunction associated to AT,
VI Aglllhill2

for k € [2,n¢g] is given by

= \/m %4:;@ hyi(y)(1+O(e™%)) + jE%;_l ﬁéﬁi O(e%%), (2.18)

where § > 0, hi(y) = PV [1p, < Tsk\Bi] and T4 is the first hitting time of a set A C R,
Furthermore, for k € [2,nq]

)

E%[rs, ,] = L [1+0(e™%)] (2.19)

7(0)
)‘k

holds for all x € Sy, \ Sk—1.

Remark 2.12. the integer ny is the main difference with the results of [4]. Another way
to define ny, is that ny = |G*(Ag, Mg—_1)| or as in [1] if we take a € Ay, a minimal path ~
from a to My_1 in G and let the unique 4, j € M such that ¢ and j are in the minimal path
~ and the highest saddle point of v is between ¢ and j, then

|Gl

= —. 2.2
‘GiﬂGj‘ ( O)

ng

2.3 Other irreducible representations of dimension 1

Theorem 2.11 only accounts for a small subset of ng eigenvalues of the generator, associated
with distributions that are uniform on each orbit A;. All other eigenvalues of L will be
associated to the rate at which non-uniform initial distributions approach the uniform one.
We first determine eigenvalues associated with nontrivial representations of dimension 1,
which are easier to obtain. The following lemma shows that given such a representation,
only part of the orbits may be present in the image of the associated projector.

Lemma 2.13 ([1], Lemma 3.3). Let ) be an irreducible representation of dimension 1 of
G, let A; be an orbit of G and fix any a € A;. Denote by m;(g) the permutation induced by

g € G on A; and let Pi(p) be the associated projector, cf. (2.13). Then one of two following
cases holds:

o cither 7®)(h) =1 for all h € G,, and then Tr Pi(p) —1;
¢ or ZheGa 7T(p)(h) =0, and then Tr Pi(p) =0.

Let us call active (with respect to the representation 7)) the orbits A; such that

TrPi(p ) = 1, and inactive the other orbits. We denote n_¢,) the number of active orbits with
respect to the representation 7®). From the representation 7(?) we can deduce a number
of eigenvalues and eigenfunctions equal to the number of active orbits. We need to define
one additional object before getting the result

Definition 2.14. For any a € M let
Ca = {g(a) | 7P (g) = 1}. (2.21)

For representations other than the trivial, we will always have two possible cases. The
first one (I =1 in the Theorem) with correspond to optimal paths between C, and My, \ C,



are paths between x € C, and y € My_1, that is to say there is no optimal path inner
the orbit Ax. And the first one (I = 2 in the Theorem) with correspond to optimal paths
between C, and My \ C, are paths between x € C, and y € Ay \ C,, that is to say there is
optimal path inner the orbit Ax. Now we can give the result, which reads as follows

Theorem 2.15. Let 7P) be an irreducible representation of dimension 1 of G. For e small
enough, the spectrum of L. contains n_,) eigenvalues of geometric multiplicity 1 given by

g A (), [ det(V2V(a) g,
2 " det(V2V ()]

AT = (14 O(vEIne*?)) (2.22)

where

_ {1 if H(Cas M\ Co) = H(Ar, M), {H(Ak,Mk_n ifr=1,

2 if H(Ca, M \ Ca) < H(Ap, My_1), T HCo M\ C) ifl=2, (2.23)

1=

k € [1,ng] such that Ay is active, V2V (x) denotes the Hessian matriz of V at z, a is an
element of Ag, n,l~C (respectively n%) 1s the number of optimal saddles between a and My_4
(respectively My \Cy,), s* (respectively s%) any of these saddles, A_(s) is the unique negative
eigenvalue of V2V (s), D1 =1 and

ﬁk > (1—=m(g)) if there is an unique choice of gate G*(Cq, Sk \ Ca),
geG/Gq

My
Dy s S ‘ (2.24)
w, > (1—m(g)) otherwise.
geG/Ga

o(a) Ha
Here ™
Nie=|{g € G/Ga | w(g) #1 and a "~ g(a)}], (2.25)

. . . . ® .
moreover the associated normalized eigenfunction to A}, s

@ N m(g) hg(@)(®) o0/ hi(y) o—0/e
ERO= 2 AT T O 2 0 @20

where § > 0 and h;(y) = PY [TBZ» < Tsk\Bi]-

Remark 2.16. n,}/, and n% can be also defined as in Remark 2.12. Because of Assumption
2.7 it is easy to see that we always have H(Cq, My \ Co) < H(Ag, Mg_1).

2.4 Irreducible representations of dimension larger than 1

We dealt with all irreducible representations of dimension 1 now it remains irreducible
representations of dimension larger than 1. As for irreducible representations of dimension
1, let us start with a lemma shows that given such a representation, only part of the orbits
may be present in the image of the associated projector.

Lemma 2.17 ([1], Lemma 3.6). Let 7P) be an irreducible representation of G of dimension
d > 2, and let A; be an orbit of G. Denote by m; the permutation induced by G on A;, and

let Pi(p) be the associated projector, cf. (2.13). Then for arbitrary a € A;,

1
N > xP(h) € {o,1,...,d} . (2.27)
W hea,

Tr(P.(p)) _ dal(p) : az(p) _

)



Here x®)(h) = Trn(®)(h) denotes the characters of the irreducible representation.

Let us again call active (with respect to the irreducible representation 7)) those orbits

for which Tr(PZ-(p )) > 0. We denote again n_(,) the number of active orbits with respect to
the representation 7 .

Definition 2.18. For any a € M let

cn(a) = Y xW(gh), (2.28)

g€l

Co = {h(a) | cp(a) = cala)}. (2.29)

Choose doy; elements afe[[l do] of A; such that if we define

T(al) = {h(a}) | h € G/G,y and cnlaf) £ 0}, (2:30)
A C(ai)
o) = eyl (231
keG/Gaf

1i

then the [ vectors ¢* are linearly independent.

Remark 2.19. This new definition of C, in (2.29) is a generalisation of (2.21). Indeed for
an irreducible representation of dimension 1 of G we have

cn(a) = cala) & > xP(gh)= > xP(g) e > wlgr(h)= > w(g) ©n(h) =1

g€Gq geGg geG, geGq
With this definition we can give the remaining eigenvalues of L.

Theorem 2.20. Let 7P) be an irreducible representation of dimension larger than 1 of G.
For € small enough, the spectrum of L. contains n_q) eigenvalues of geometric multiplicity
day, given by
LIA_ (st det(V2V
)\Z(P) — nk| (S )‘Dl € ( (a)) e—Hl/E

2 det(V2V (s1))] (1+ O(Velne®?)) (2.32)

where

(2.33)

= | =

L if H(Cay My \ Co) = H(Ag, My_1), - H(Ag, Mg—1)  ifl=1,
2 Zf H(CaaMk \Ca) < H(Ak7Mk’—1)7 H(Caka \Ca) Zfl = 2,

k € [1,n¢] such that Ay, is active, V2V (x) denotes the Hessian matriz of V at x, a is an
element of Ay, n,lg (respectively ni) s the number of optimal saddles between a and Mj_q
(respectively My \ C,), s' (respectively s*) any of these saddle, A_(s) is the unique negative
eigenvalue of V2V (s), Dy =1 and

1 Z 1— cq(a) if g*(cm Sk \Ca) 18 unique,
quG/Ga ( Cid(a))
a(@)"Fa (2.34)
Dy = ’
Loy (1- cq(a) otherwise.
kaqeG/Ga( Cid(“))
ata) o

\

10



Here
N ={q € G/Gy | ¢4(a) # cia(a) and a M q(a)}l, (2.35)

. . . . (p)
moreover the associated normalized eigenfunctions to A are

g .
A= Y etV o Mo, o

h.
9EG/G JEM\T(ak) 17212

where 6 > 0 and h;(y) = PY [TBi < TSk\Bi]-

Remark 2.21. The new definition of NV} in (2.35) is also a generalisation of (2.25).

2.5 Example

To illustrate these results, as in [1], we will consider the following potential

Viz)=)_

i=1

z? (2.37)

7

N

4
T; —

e e

restricted to the space {z € R?: Y z; = 0}. We have seen in [2] that the set of local minima
consists of elements with two coordinates equal to 1 and two coordinates equal to —1, and
the set of saddle points consists of elements with two coordinates equal to 0, one coordinate
equal to 1 and one coordinate equal to —1. The graph associated to this potential is

(1-1,1-1)= ()

(1,1-1,-1)= 3
(-1-1,1,1)= @

7'171): @

-1,1-1,1)= (6)

We can take G = Sy X Z/27 = ((ab), (bc), (cd)) x (f) which can be seen as the group of
symmetries of an octahedron where

e a represents the line passing through the two barycentres of {1,4,5} and of {2, 3,6},
e b represents the line passing through the two barycentres of {3,4,5} and of {1,2,6},
e c represents the line passing through the two barycentres of {2,3,5} and of {1,4,6},
e d represents the line passing through the two barycentres of {1,2,5} and of {3,4,6},

f is a point reflection in the barycentre of the octahedron.

11



We use the notation (ab) for permutation of the lines a and b, and similarly for (bc) and
(cd). We have

Ve e M, V(z)=—1,
1 (2.38)

VseS, V(s)= 3.

We have only one orbit A = M = {1,2,3,4,5,6}. The elements of G can be seen as
permutations of local minima and are given by this table :

(ab) | (26)(45)(13)
(ab)f | (25)(46)
(be) | (35)(16)(24)
(be)f | (15)(36)
(cd) | (25)(46)(13)
(cd)f | (26)(45)

Then the stabiliser of 1 is

G1 = {id, (ab) f, (cd) f, (ab)(cd), (ac)(bd) f, (ac)(bd) f, (acbd), (adbc)}. (2.39)

Using example 2.10, the irreducible representations of G are
Vi€ [0,4] , Vg € Sy, ' E(gf7) = (£1)777(g) (2.40)

By applying Theorem 2.11 we get the eigenvalue Ay = 0. The orbit A is inactive for all
other irreducible representations of dimension 1. The orbit A is active only for the following
two representations :

e for 72* | Theorem 2.20 gives | = 2, Hy = £, n3 = 4, Nb = 4, Dy = 2 and the
eigenvalue \y = 67\/5 e (14+0(y/€ Ine3/2)) of geometric multiplicity 2 with associated
eigenfunctions :

2t [ V3 hily) V3 hi(y) o0/
= ( NP YR PP hjz)““?( )

(2.41)

2+ \/g hz‘ y) \/g h(y) _
A R S L R L e Caa)
2Tl 62 Tl
1 5 36{1737576}
e for 7%~ | Theorem 2.20 gives | = 2, Hy = %, n} = 4, N7 = 4, D, = 1 and the
eigenvalue \; = Y2 e_i(l—i—(’)(\@ln £3/2)) of geometric multiplicity 3 with associated

™

eigenfunctions :
o V2 (ha(y)  hs(y) o0/ hi(Y) o o—o/e
o =5 (Jl i) 0+ LRSI
St V2 (haly)  ha(y) o—0/e hi(Y) o o—o/e
70 =5 (s ~ ) 4+ ¢ IANPIIL Tt
e V2 (hs(y)  he(y) o0/ hi(Y) o o=o/e
=7 (s~ ) 0+ 0 2 L)
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3 Strategy

3.1 Boundary value problem

Let us explain the main strategy that we will follow to get the main results. Consider balls
B; = B.(x;) of radius ¢ centred on local minima for i € [1,|M]|]. Let Ax be the principal
eigenvalue of the Dirichlet problem

(Le = N f(x) =0, x &R\ S,

f(z) =0, x € dSk, (3:1)

k
where Sy, = U U B; and k € [1,ng]. Note that the definition of S is slightly different
Jj=lix;€A;
from that in [4], since because of the symmetry we need to work with unions by orbits
instead of elements.
Consider, for A < Ay, the solution of the Dirichlet problem

(Le = N fA(x)
()

The idea is to construct an eigenfunction of the operator on all R? as a solution of the
problem (3.2) for a well chosen function ¢. In fact we can see that, if A an eigenvalue of L.
and if we choose ¢ as the eigenfunction associated to the eigenvalue \, then f* = ¢ on R
To see this, remark that if we have the equality on dSk, then for all z € R?\ Sj we have

0, x € Rd \ 8Sk,
o(z), x € 9Sk.

(3.2)

(Le = N (f* = ¢)(z) = 0. (3.3)

But if ) is not in the spectrum of (3.1), then (L. — )) is invertible so we obtain f* = ¢ on
R?\ Si. The same argument works on the interior of Sy so we have the equality on all RY,

Thus A < A is an eigenvalue of L. if and only if we can find a function on 9.5, such
that the solution of the Dirichlet problem (3.2) is an eigenfunction of L. associated to the
eigenvalue \. So any eigenfunction associated to an eigenvalue A < \; can be represented
as a solution of the Dirichlet problem (3.2).

The problem of finding eigenvalues boils down to finding for what value A for a well
chosen function ¢ on the boundary dB; we have (L. — A)f* = 0 on all R% One can
interpret (L. — A)f as a measure concentrated on 9Sy. That means, for any test function
g € C*(RY)

L O =2 Py = [ VO )L = oy
R4 Re

- / VO A (Le — Ng(y)dy + / VW A y)(Le — Ng(y)dy
R\ S, Sk

= / e VO (g(1)0() 1 (W) = S )0y 9(y))dos, (v) (3.4)
95,
+ g/ e V= (g0 F W) — FA®)0_ni9(y))dos, (y)
95,

e / VO (g(1) D) S ) + (1)) S (9))dos, (),
0S},
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where d,,,) denotes the derivative in the direction of the exterior normal vector to the
surface 0Sg.Requesting that the measure (L. — \)f* vanishes is equivalent to requesting
that the measure

€ e_v(y)/a(an(y)f)‘ (y) + 8_n(y)f)\(y))d(7$k (v), (3.5)

vanishes. Remark that the problem would be easier if the function ¢ were constant on the
boundary dB;. Although this is not true, we will see that either the function ¢ does not
change sign around a minimum, and therefore we will be able to use Harnack and Holder
inequalities. Or the function ¢ changes sign and in this case it is exponentially small.
Now it will be easier than in [4]. Indeed, we will easily find the eigenfunctions because
the values around the minima can be deduced from the capacity matrix (defined in section
4) which is invariant under the symmetry group G. So using the irreducible representation
of G (see [1]), we already have a good candidate for the eigenfunctions, so all we have to do
is to prove that indeed they are the eigenfunctions and at the same time get the eigenvalues.

3.2 Potential theory

Let us recall some important facts from potential theory which come from [5].

Proposition 3.1. By construction the operator L. given in (1.3) is symmetric on
L2(RY, e~ V@/edy), ie.

(Lef.g) =< [ Vi@)Vala)e V@V do = (£, Lg) (36)

for any function f,g € H' (R e=V@/2dz) in weak sense.

We want to find eigenvalues and eigenfunctions of the operator L., so we introduce a
useful tool, the Green’s function.

Definition 3.2 (Green’s function). Consider for A\ € C the Dirichlet problem:

(Le =N f(z) = g(z), =€,

f(z) =0, x € Q°, (37)

where Q C RY. We call Green function Gé(m,y) associated to the inverse of the operator
L. — A, the function which satisfies :
(Le = NGH(a,y) = d(z — ). (3.8)

Proposition 3.3. The solution f, of the Dirichlet problem (3.7), can be written

fla) = /Q G (x,9)g(y)dy. (3.9)
Moreover the Green function is symmetric with respect to the measure e~V (®)/e e
GS)-‘Z(U’C’ y) = e_v(y)/5 G?Z(yﬂ .CE) eV(m)/E (310)

A tool often used in differential geometry is given by the Green identities, which here
take the form

14



Proposition 3.4. First Green identity

[ eV Vi) - v )@ =e [ e O @0, 0ol
0 o (3.11)

and Second Green identity

/Q eV (G(@)(Le — M) — (@) (Le — N(x))da =
e / VOV (@)D () d(@) — D(@) D2yt (2))doa(w), (3.12)
o0

where ¢, € C%(Q).
We introduce another useful tool, the Poisson kernel.

Definition-Proposition 3.5 (Poisson kernel). Consider for A\ € C the boundary value
problem:

(L: — N f(x) =0, x €,
f@) = d(x), = eQr

We denote by Hé, the Poisson kernel, the solution operator associated to (3.13) which can
be represented in the form

(3.13)

f(2) = (HAG) () = —¢ /8 WOV G)0,) Gy )doaly). (314)

where dog(y) denotes the surface measure on OS2 and Oy, denotes the derivative in the
direction of the exterior normal vector to the surface OS) at y acting on the first argument
of the function G (y, ).

The last object we need to introduce to get the results are the following
Definition 3.6. Let A, B C R? be two disjoints sets.

1. The equilibrium potential hj}l,B is defined as the solution of the Dirichlet problem:

(L. = WA g(x) =0, =€ (AUBY,
hi‘l’B(az) =1, z €A, (3.15)
h;\l’B(:c) =0, z€B.

2. The equilibrium measure ei‘l? p s defined as the unique measure on OA such that :

Wy p(z) = 5 Goae(z, y)ex p(dy), (3.16)

where G\, is the Green function (recall in Definition 3.2)

3. The capacity, for A,B C R? and X\ € R, is defined by :

caph(B) = [ VO p(ay). (3.17)

15



Remark 3.7. If A = 0 the equilibrium potential has the following probabilistic interpreta-
tion:

hap(x) = h) p(z) = Py [ra < 78] (3.18)

Remark 3.8. The relation (3.14) comes from the two Green identities 3.11 and 3.12. The
relation (3.16) comes from the representation of the Poisson kernel (3.14) with = A°.

Remark that we can express the capacity in another way. Indeed, if we consider L. as
a map from H"(R?) to H"2(R%) we can write the relation (3.16) as :

(Le = M) p(z) = (Le — ) 5 Ghe(z,y)el p(dy) = /8 (L= N)Ghe (2, y)en p(dy)

= / o(x — y)eﬁ,B(dy) = GQ,B(dJ«")
A
(3.19)

Using the second Green identity (3.12) and the representation of Poisson kernel (3.14)
we have :
(Le — Nh) g(2) = €0y hh p(x)doaup(z) — A adw (3.20)

Using the second Green identity (3.12) we deduce that:

cap)(B) = [ 4

(AUB)- ~ (M p(@)*| do = Oy p)(hap), (3:21)

-F A 2
e VR (o) 1 -
where QD(A AUB)e is called the Dirichlet form associated to the operator L. — .

A fundamental consequence of the previous relation is the variational representation of
the capacity if A € R_:

cap) (B) = hei%ll/f;,g ®aumye (h), (3.22)
where H 4 p denotes the following set of functions
Hap={hc WHRY) | h(x) =0 for x € B, h(z) =1 for = € A}. (3.23)
Moreover, for all A and all z € (AU B)¢, we have :
hap(x) =EpeAl,, orp, (3.24)
That implies
%hﬁfg(:p) = EoTals,<ry. (3.25)

From this derivative we deduce that the function

Extals,<rp, € (AU B)¢,
wap(a) =4 AT E ( ) (3.26)
0, x € (AU B),
is solution of the Dirichlet problem
LewA’B(x) = hA,B($)7 x € (AU B)¢, (3.27)

wa p(z) =0, x € (AU B).

Remark that in the particular case where B = () we obtain the Dirichlet problem with
the representation

Lowa(z) =1, z € A°

0, z€A,

wa(a) (3.28)
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4 Capacity matrix

4.1 Definition and generalities

Before defining the capacity matrix we have to establish some estimates on the behaviour of
eigenfunctions near local minima of the potential V. For the analysis of harmonic functions
that are not necessarily positive, we need an estimate for sub-harmonic functions that allows
us to compare the oscillation to the L? norm (a local maximum principle).

Lemma 4.1 ([4], Lemma 4.1). Let ¢ be a strong solution of (Le—A)¢ = 0 on a ball B, /().
Then there exists a constant C independent of € such that

1/2
sw o)- it o) <0 [ oy (4.1)

YEB, /z(x) yEB, /z(%) By gz (@)
PROOF: See [9], Theorem 9.20 . O

Our goal is to show that, in the balls of radius /¢ centered on the local minima of the
potential V', the eigenfunctions associated to the exponentially small eigenvalues of L. are
either of constant sign or exponentially small. This is suggested by the following result we
have taken in [10](Chapter 8, Proposition 2.2):

Proposition 4.2 ([4], Proposition 4.2). Let ¢ be a normalized eigenfunction of L. associated
to one of the |[M| eigenvalues. Let v < 4 = ming yem (V(x,y) — V(y)). Let D;, basin of

attraction of x;, be the set of points y € R? such that the solution of the differential equation
%y(t) = —VV (y(t)), with initial condition y(0) =y, converges to x; € M. Then there exist
a constant C' < oo dependent of v and constants c; such that

lp = cilp,[la < Ce e (4.2)

PROOF: See [10]. O

This estimate does not allow to conclude that the normalized eigenfunction ¢ does not
change sign in the neighbourhood of the local minima. We will show, for a given local
minimum, that ¢ does not change sign if the contribution of ¢ is important. For D c R¢

define
1/2
1o = ( / eWy)/Ef(y)?dy) , (4.3)
D

and for a given eigenfunction ¢ define

J={j € M|||¢ll2,p; > e 7>}, (4.4)

Lemma 4.3 ([4], Lemma 4.3). Let ¢ be an eigenfunction like in Proposition 4.2. If j € J
then there exist a constant cj, a positive constant C' < oo independent of € and a constant
a such that
sup  |p(x) —¢j| < C’eo‘/2|cj|. (4.5)
z€B /z(25)

PROOF: Same proof as in [4] with the change |c;| instead of ¢; because in the symmetric
case eigenfunctions are not always positive. O
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Remark 4.4. The Corollary 9.4 in [9] we used for the proof of the Lemma 4.3, is a conse-
quence of Theorem 8.22 of [9], and by analysing the proof we see that « €]0, 1].

Lemma 4.5 ([4], Lemma 4.4). Let ¢ be an eigenfunction like in Proposition 4.2. If j & J
then there exists a positive constant C' < oo independent of € such that

sup |¢(:E)| < C’g_d/4 6—7/28 ev(l’j)/26 ) (4.6)
z€B /z(z5)

PROOF: See [4]. O

The analysis of the eigenvalues, in subsection 3.1, shows that the necessary and sufficient
condition for such \ to exist is the existence of a nontrivial function ¢* on 0S5, such that
the surface measure

o WE(Le = N y)dy = eV (0 + 0 £ () dos, (y) (4.7)
vanishes. An obvious necessary condition for this to be verified is

/6 N e V(0 + 0y F(y)dos, (y) = 0 (4.8)

for all B; C S}.
Because of Lemmas 4.3 and 4.5, by defining ¢; = inf ¢*(y) one has the alternative :

yeB;
1. Either A
sup oW 1‘ < Ce®/?, (4.9)
yeB; C;
2. Or
sup |¢M ()| < Ce™ ¥4 /28 V(@i)/22 (4.10)

yeEB;

We will now consider all possible cases. Let J C M be the set of indices where (4.9)
holds and J¢ the set of indices where (4.10) holds. With this partition let

A=Y ci(hy, som, +U7) + D ¥5, (4.11)

jeJ jeJe

where h%j Si\B, A€ the equilibrium potentials defined in (3.15) and the functions 1@ satisfy
for j € J the problems

(Le — N} (y) =0, y € R4\ Sy,
A
My) = ¢’C('y) ~1, yeaB, (4.12)
v
*y) =0, y € Sk \ Bj,
and for j € J¢
(Le = N (y) =0, y € R\ Sy,

() = ¢My), y € 0By, (4.13)
P} (y) =0, y € dS), \ Bj,



In the sequel we will denote h; = hp, g,\p, for all i € M. With the decomposition (4.11)
we can decompose the necessary condition (4.8) as follows

0= /83 e—V(y)/s(an(y) + 6—n(y))f)‘(y)d05k (v)

_/ VW29 hily) Fy)dos, (y) — A/ VWS hi(y) A y)dy
a5}, € JRN\S,

A
=3¢ [ /a i e VWD, hi(y) (1 + ) (y))dos, (y) — = /R s, e VW hy(y) (h) (y) + w;(y))dy]

jeJ

V(y)/e A —V(y)/e .
+ ) [ /a N V% By i (907 (w)dors, () — = /]R s, v/ hz<y>w9<y)dy]

jeJe
(4.14)

This decomposition of the necessary condition then motivates the following definition

Definition 4.6. Define the capacity matriz C as the matriz of size | M| x | M|with elements

Cy=c [ VO Ry (3)0u00 b)), (4.15)
7
and its normalized version IC with elements :
Ci
Kij=—120 . 4.16
5= Mhallal Tz (4.16)
Define further the auziliary matrices
3 _
Aij = ||hi||2’hj”2/83 e Ve an(y)hi(y)@b}\(y)dffask (y), (4.17)
1 — 0y —V(y)/e A A ,
Bij = e W hi(y) (b (y) + 5 (y))dy, j€J,
[hill2llRll2 Jravs,,
1— 6 -y R (4.18)
Bi': Y / e (y °h Q,Z) dy; jGJCa
I = Thallalglla Jaens, hilo)d; @)
ij .
Dij = IIthII% /Rd\s e VW ni(y) (W) (y) — hyly) + ¢} (v)dy, G €T (4.19)
k

Remark 4.7. Using (3.17), (3.19) and (3.20) then the diagonal elements of the capacity
matrix C in (4.15) can be see as

Vie M, Cy = cap(BZ-, S \ BZ) (4.20)
With the notation of the Definition 4.6 and the necessary condition (4.14) on A we get
Proposition 4.8. If for all i € J we have

Zéj (ICij — Adij + Aij — M( Dy + Bij)) + E lhjll2 (Aij — AByj) =0, (4.21)
JjeJ jeJe
where ¢; = ||hjll2cj, then X can be an eigenvalue of L.
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PROOF: We write (4.14) using the notations of definition 4.6, simplifying @ and replacing
|hjll2¢; by ¢, we obtain the result. O

To continue our analysis we will need various estimates and properties of these matrices,
starting with almost orthogonality on the functions h;.

Lemma 4.9 (See [4], Lemma 4.5). We have

1. foralli#j

/]R " eV W/ hi(y)h;(y)dy < Ce™/? min (e—
k

<Ce T2 vV CiCjj,

(zi,SK\Bi) e e—mj,sk\Bj)/e)
(4.22)

2. for all j
_ V(g ome )2
VW/e by () 2dy — e~V (@i)/e ( 140 lnel3/? 4.93
e e e|lne : .
/. 0y et OWEm ). (423
PROOF: See [4]. O
Then the auxiliary matrices (A;5, Bij, Dij)
Lemma 4.10 (See [4], Lemma 4.6). We have :
1. forall j € J and all i
|Aij| < Ce*?|Ki5), (4.24)
2. foralljed
|Djj| < Ce?, (4.25)
3. forall j € J and alli # j
|Bij| < CE_d_% \/lCii’ij, (4.26)
4. forall j € J¢ and all i # j
Ijllal Bij| < Cem72 e/ VRGEK; (4.27)
PROOF: See [4]. O

Finally the two capacity matrices. The first two points comes also from [4] and the last
point is also true in the asymmetric case but it will be very useful in our case.

Proposition 4.11. The matrices C and K are symmetric and satisfy :

1. for alli,j
Cij = / e VW/E (Vhi(y), Vh;(y))dy, (4.28)
R\ Sy,

2. foralli,j

IICij| < V/Kiijj, (4.29)
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3. for all i
Y ¢ =o. (4.30)
J

ProoF: 1. As hj(y) =0 for all y € S, \ B; then

Cij = 8/@5 e VW b (1) hi(y)dos, (y).
k

To use the first Green formula, as n(y) is the exterior normal vector, one must move
on to complementary to get the interior normal vector

C,—c / eV O/E ()0 hi (v)dos: (9)
0S¢
- / VO (e (T hy(y), Vs (9)) — hy(y) Lehi(y))dy.
R\ S,

As L.hi(y) = 0 for all y € R\ Sy, we get the result.

2. Using the Cauchy-Schwarz inequality, we have

Cij| =

/]Rd\s e VW/E (Vhi(y), Vhy(y))dy
k

< / e Ve |(Thi(y), Vhy(y))| dy
R4\ S,

1/2 1/2
< ( / e VW)/ €€<th(y),Vhi(y)>dy> ( / e VW)/ 86<th(y),th(y)>dy>
Rd\Sk Rd\sk
= \/CiC;;

Hence

Cij VCiiCij
Kij| = < =/ Kiiky;
e T TR T B A

3. Using the previous point, the linearity of the integral and of the gradient, we have
Sey= [, VO ). V(Y ) W
j R\Si j

Due to the probabilistic interpretation of the equilibrium potentials (3.18), we know
that

hj(y) = PY[1p;, < 75,\B,]-

Zhj(y) =1,

So, for all y € R?
hence
V(> hi)y)=o.
J

Then
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By grouping all of these results we obtain

Theorem 4.12 (See [4], Theorem 4.7). Let Sy be defined as in Assumption 2.7 and let Ak
be the principal eigenvalue of the generator L.. Then a A < A\ can be an eigenvalue of the

generator L. if there exist a non-empty set J and constants ¢; such that Zje] é? =1 and
for all i € J the relation (4.21) holds.

4.2 Elements of the symmetric case

It is expected that the eigenvalues of the generator L. are close to the eigenvalues of the
matrix . Since we are in the case where there may be symmetries, we cannot prove it as
in [4]. For now, we will give some properties on the equilibrium potential h; as well as the
capacity matrices, due to the symmetries in the general case of several orbits.

Lemma 4.13. For all g € G we have
Vo e RY, VV (g(z)) = g(VV (x)). (4.31)
PROOF: Let z € R% Using the chain rule formula we get

VVog(z) =g~ (VV(g(x))).
Let y = g(x), then using (2.9)

g(VV(2)) =g(VV(g ' () = VV oy (y) = VV(g(x)).
0

Proposition 4.14. Let X be the solution of (1.1) with initial condition X} = u. Then
th(xo) et g(X;°) have the same law.

PROOF: ng(xo) and X} satisfy
t t
X9 = () — / VV (X)) du + / V2edW (u),
0 0

t t
Xx7o :1:0/ VV(X;”fO)du+/ V2edW (u).
0 0

Since g is a linear isometry

g(X2) = glao) / G(VV(X20))du + / V2edW ().

We know that Brownian motion is invariant under isometries, using Lemma 4.13, we get

g(X20) = glao) /0 TV (g(X20))du + /0 VAW (1),

0
Corollary 4.15. Let g € G and i € M. Let j = g(i), then
vy € R, hily) = hi(g(y))- (4.32)
Moreover
[1Rill2 = IRl (4.33)
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PROOF: By Proposition 4.14, th(mO) and g(X;°) have the same law so we deduce

for all subsets A, B C R, all zp e R and all g € G. Let g € G, i € M and j = g(i). Using
(3.18) and (4.34), we deduce

hi(y) = PYW[r, 5y < Ty(s08)-

Since ¢g(B;) = Bj and g(Si \ Bi) = Sk \ Bj, then we get (4.32). By a change of variable, we
have

Il = [ 1aet (o) 0Dy g(2)

All the eigenvalues of a linear isometry have module 1, thus |det J,(z)| = 1. Using (2.9)
and (4.32) we get (4.33). O

Proposition 4.16. For all g € G and all i,j we have

Cij = Cy(i)g () (4.35)

Kij = Kg(iyg(5)-

PROOF: Let 4,5 and g € G. Using (4.28) and Corollary 4.15, we have
Coting() = / VWV (hio g7 (y), V(hj o g7 (y))dy.
RH\ Sy,
By a change of variable, we get

Cotvatn = |, 14et () ™ D <(T ko g )(5(2), Tty o 9ol

All the eigenvalues of a linear isometry have module 1, thus |det J4(2)| = 1. Using the
chain rule formula we have
d d -1
- - Oh; , | Oh; 995" 995
hiog™! hjog™ = “(2) 5 @ :
(Vo™ ale): Vb 070 = 3 G523 T )5
As ¢ is a linear isometry, ¢! is too, so
I on; by
(V(hio g™ )(9(2)), V(s 097 ) o)) = 3 S (2) o0 (2)0p = (Vhil2), Virs(2).
a,f=1 «a «a
Using (2.9), we deduce (4.35). Using Corollary 4.15 and (4.35) we get (4.36). O

5 Proofs

5.1 Irreducible representations of dimension 1

Let 7 be an irreducible representation of dimension 1 of G, k € [1,n¢] such that Ay is
active with respect to the representation m and a € Aj. Let us consider the space

E,={¢:R{ SR |VgeG, pog=m(g)d}. (5.1)

Then we have
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Proposition 5.1. The space E, is stable under L.

PROOF: Let ¢ € E,, g € G and z € R%. Since ¢ € E, and L. is a linear operator then

m(g)Led(x) = Le( 0 g)(x) = —eA(g o g)(z) + (VV(2), V(¢ 0 g)(z)) (5.2)

Using the fact that g is an isometry and the chain rule formula we obtain

(VV(2), V(¢ 0 g)(x)) = (g~ (VV(9(x))), g7 (Vo(g(2))))

— (VY (g(), Vé(g())) (53)

Using again the fact that g is an isometry and the chain rule formula, for all i € [1,d]
we obtain
Opog

2
Ox;

where Hy(g(x)) is the Hessian matrix of ¢ in g(z) and Jj is the Jacobian matrix of g (remark
that g(z) = Jyzx). So

A(pog)(x) = Te(Jy Hy(g(x))Jy) = Tr(Hy(g())) = Ad(g((x)) (5.5)

Combining (5.3) and (5.5) we get the result. O

(x) = (Jg ' Ho(g(2))Jg)ii (5.4)

We see, in Theorem 4.12, that we need to find a set J and constants ¢; such that for all
i € J the relation (4.21) holds. So let J = Ay and

Vg€ Gla, by =( > w(h)) Vn(g). (5.6)
heG/a,

Remark that we voluntarily leaves J instead of Ay in this subsection because in the next
subsection the subset J is not equal to Ay in general.

Recall Definition 2.14, as in the proof of the fact that stabilisers of a given orbit are
conjugated, it is easy to remark that

Vk € G, Ch(a) = kCa. (5.7)

Since F; is stable, we focus on finding eigenfunctions of L. in E; and their eigenvalues.
Let us start by a technical lemma.

Lemma 5.2. If H(C,, S \ Co) = H(Ag, Sk—1) then for all j € A\ Cq

A _
Ko = cap(Hhk,'gk 1)0(6—5/5) (5.8)
all2

If H(Cy, Sk \ Co) < H(Ag, Sk—1) then for all j € Ag \ Cq

cap(Cq, Sk \ Ca) Y
Koi = — 1 +0 € 5.9
VA TRER R (.9

where N = |{g € G/q,|m(g9) # 1 and a g g(a)}].

We can deduce an estimate of the sum of elements of I in J.
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Proposition 5.3. For all i € J we have

Kij = 5 cap(Ag, Sk—1) (5.10)
2K = |Ak|||h||2 '

jeJ

PROOF: First remark that Z hj = ha, m, - Let i € J then

jeJ

€ _
SRy = i [ b )00 ), ) (5.11)
259 = B o,

Moreover, let i’ € J then there exist ¢ € G such that ¢g(i') = 7, and using Proposition 4.16

we obtain
Z/cij Z/c gl Z/cm)_Z/cU (5.12)

JjeJ jeJ jeJ jeJ
Hence, using Corollary 4.15 we get

> = ] 2 K= g S g

jed 'j€J i'eJ

- ° —V(y)/s
T Ak |12 € hap My (W)Onyhag M (y)doa, (y)
| Aklllhar 13 /E)Ak kM1 () 1A My .

/ _V(y)/a hAk,Mk—l (y)an(y)hi’ (y)dgAk (y)
1harll5 Joa,

(5.13)
0

Then, we can give an estimate of the sum of elements of ¢k in J, which is the important
point of the asymmetric case.

Proposition 5.4. If H(C,, Si \ Co) = H(Ag, Sk—1) then for alli € J

Ai A 7S _ — £
> ek = 2 C?j(uz H’; 1)(1 + O(e™%%)) (5.14)
jeJ killfall2
If H(Cy, Sk \ Ca) < H(Ag, Sk—1) then for alli € J
S gy = GG S\ Ca) gy TG 4 o) (5.15)
, NTICal|hall3
a(a)’ La

where NT = |{g € G/q,|m(g9) # 1 and a < g(a)}.
PROOF: Let i € J and k € G such that i = k(a). Using Proposition 4.16 we can write the

sum as
E:CJ iy =m(k E:CJ aj-

JjeJ jeJ
If H(Cy, Sk \ Ca) = H(Ag, Sk—1), using Proposition 5.3 and (5.8), we have

YKy =m(k)éa Y Kaj+m(k) D (& — )y

jeJ JEAL JEAK\Ca

_ cicap(Ay, Sk-1) =G (éj_éa)caP(Ak,Sk—l)O(e—é/E)

2 2
[Adlhal3 = a3

¢i cap(Ag, Sk-1) Y
= (1+0(e™"))
| Aglllhall3
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If H(C,, Sk \ Co) < H(Ag,Sk_1), using the same argument as in Proposition 5.3 and (5.9),
we have

Zéj,cij = 7(k)Ca Z Kaj + m(k) Z ¢iKaj
jeJ j€Ca j€J\Ca
k

_ 7T( )éa cap(Ca, Sk \ Ca) _ % Z éj Cap(Ca, Sk \Ca) (]l M, + O(e—é/a))

CalllFall3 i NilCalllhallz e

_ (k) cap(Ca, Sk \Ca) [\ s N .
B Ng\CﬂHhaH% (Niéa Z ¢(L pm, +0(e )

. J~a

(k) cap(Cq, Sk \ Cq - — —5/e
=B G S T, +OE)
N (ZheG/Ga m(h)")Y Calllhalls g€G/Gq g
m(g)#1

¢; cap(Ca, Sk \ Ca) L .
B 1= 1+0
N Callnall3 ﬁg%f @)1+ O e))

M
g(a) ~Fa

O]

Now, it remains to control all the error terms. We need to get an estimate of the sums
over the elements of the matrix A to get the result. Let us start by a technical lemma

Lemma 5.5. For alli € J and all g € G we have
IZJ;‘(i) 0g = %‘)‘» (5.16)
where 1 is the solution of (4.12).

PROOF: Let z € dp,. Then g(z) € Op,, so

olo() , _

Cq(i) Ci
Let « € dp; with j # i. Then g(z) € 9p,;, and g(j) # g(i) so
o (9(2)) = 0 = (@)
Let z € R\ S;. Using the same argument as in Proposition 5.1 we get
(Le = M) (W © 9)(@) = (Le = X) (W) (9()) = 0.

So w;‘(i) o g is a solution of a Dirichlet problem whose only solution is ¢Z>‘ O

o (9()) =

Then we get an estimate of the sum over the elements of the matrix A.

Proposition 5.6. For all i,i € J we have

A=) Ay (5.17)

jeJ jedJ

For all 1,7 € C, we have
D A= Ay (5.18)
j€Ca j€Ca
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PROOF: As in the first point of Proposition 4.11 (using the first Green identity (3.11)) we
have

Ay = [ VO ETI), Vo)), (5.19)
[hill2l[hll2 Jravs,
for all 7, 7 € M. Then as in Proposition 4.16, using Corollary 4.15 and Lemma 5.5, we have
Agtiyg() = Aijy (5.20)
for all 7,5 € M and all g € G. Hence we deduce the result. O

So we get an estimate of the sum over the elements ¢A in J.

Corollary 5.7. If H(Cy, Sk \ Ca) = H(Ag, Sk—1) then for all i € J we have

/2
Zéj y S Ce Cap(Ak,Sk_l)

(5.21)
2 Thal?
If H(Cq4, Sk \ Ca) < H(Ag, Si—1) then for all i € J we have
a/2

2

PROOF: As in the proof of Proposition 5.3, using Corollary 4.15 and Proposition 5.6 we get

A; V(y /Ea A
2 Aij = rArZ \Aszuhuz/mk ()2 47 ()dos.(y

JjeJ i,j€J JjeJ
13

_ VWley b ) > y)d
e () VAL M Vi (y)dos,(
|Ak|||ha|r%/a,4k A ( :

jeJ

(5.23)

for all i € J. By definition of J, for all z € Ak, we have |} ., w;‘(a:)\ < Ce®*? and
moreover Jy(z)ha, m,_, () > 0. So we get

€ —
>4 = Tl o, € Prt s () D 3 s, )
= B = (5.24)

Ce®/2 cap(Ay, Sk—1)
- | Axl[|Pall3

By the same argument

9 _
> g = | [ eV B e () 3 4} wdos, ()
j€Cq ’ a||| a||2 0Cq jeCa (525)

Ce/? cap(Cq, Si, \ Ca)
- |CalllPall3 ’

for all i € C,. Using (5.20) we can write

Zc] ij =m(k Zc] aj (5.26)

jeJ jeJ
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where k € G such that k(i) = a. If H(Cqy, Sk \ Ca) = H(Ag, Sk—1), using (5.24), Lemma 4.10
and (5.8) we have

Ce®? cap(Ay, Sp—
Z éinj < |€q Z Aaj + Z(éj — éa)Aa]’ < c Cﬁz(|2k K 1) . (527)
JjeJ jeJ jeJ all2

If H(Cq, Sk \ Co) < H(Ag, Sk—1), using (5.25), Lemma 4.10 and (5.9) we have

a/2
S oA < e Y A +| YD Ay < ce Cap}fc‘gs’“\c“). (5.28)
jeJ j€Cq Jj€J\Cq H aH2

And an estimate of the sum over the elements ¢A in J°.

Proposition 5.8. If H(C,, Sk \ Co) = H(Ag, Sk—1) then for all i € J we have

> llhyll2Ai| < C e/ cap(Ap, Sg1) (5.29)
o) = [l

If H(Cq4, Sk \ Ca) < H(Ag, Si—1) then for all i € J we have

P hal

PROOF: Let i € J, using the fourth point of the Lemma 4.10 we obtain

e o CeE V()
hillpAii| < / e WO ihay s (y)dos, (y)|,  (5.31)
2 W) < D1 2 il |, i (4135,

where j; is an element of A;. Now let split the sum over [ which satisfies V'(j;) < V(i) or
not. Remark that V(j;) < V(i) always hold. If V'(j5;) < V(i) then by (4.22) we obtain

Il _ 55
IZ2AE

Since Op\ha,,s,_, (y) < 0 for all y € Sy, by using (4.30) we get

k-1
£ C’e—’y/Zs ;
—— GV N Vg, .
| Ak ; 1Billal| P 2 /aAle (e -1 ()40, (9)
V(i1)<V(4)
Ce /2% ¢ k-1 v
< ——5s “VW/ey d Apg, Sk 5.33
= | Ag|||ill3 IZ; /{«)A,e ()P, Se_1 (¥)dos, (y) + cap(Ag, Sk—1) | (5.33)

V(DS V()
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Hence

> lnjllaAi| <

jeJe
Co/%e | [ e Il
D “VW/ey ill2
V0L 0,y (o, () 1) + cope, Si-)
| Agl[17]13 ZZ o4, S R AN
V(i1)>V ()
(5.34)
Using Corolary 4.8 of [5] and the fact that limit preserve inequalities we get
C ~
VWiey p ‘ < O —vanaye 5 35
€ € n(y) YAy, SK-1\Y)005, (Y)| = e .
/. s 05 ()] < 2 (5.35)
Using estimate of the capacity we get
€ /a ) VWD hay s, (y)dos, (y)‘ < C'cap(Ay, Sp-1) e "%, (5.36)
1
where 6 < V(Ak, Ap) — V(Ak, Sk—1). By the Assumption 2.7 we have
V(i) — V(i) < V(Ag, A) — V(Ag, Sk-1), (5.37)

so we can chose 0 between this two values. Finally using (4.22) we get

I1h:13
1112

where ' =6 — V(i) + V(j;) > 0, which lead to (5.29). If H(Cq, Sk \ Ca) < H(Ag, Sk—1), we
get (5.30) by using

€

/a : e VWD, hays,_, (y)dos, (y)‘ < - 1) < Ccap(Ay, Sp_1)e™®/%,  (5.38)
1

cap(Ay, Si—1) < C cap(Ca, Sy, \ Ca)- (5.39)
O

Combining these results we finally get

Theorem 5.9. Let (H1) be the condition H(Cq, Sk \ Co) = H(Ag, Sk—1) and (H2) be the
condition H(Cq, Sk \Cq) < H(Ag, Sk—1). For e small enough, the spectrum of L. contain n
(the number of active orbits with respect to the representation ) eigenvalues of geometric
multiplicity 1 given by

cap(Ax.Si1) ~5/e g2 '
AT (L O, e%%) UL,
AT = { pCaSi\Ca) s (g Z(0Y)(1 4 O(e~%%,29/2)) if (H2). (5.40)
k n|ClL|Hha“2 g€G/Gq
g(a)%ka

Moreover the associated normalized eigenfunction to \J, is

¢Z(?/) _ Z & hg(a)(y) (1+O(€a/2))+ Z hj(y) O(efcs/z-:) (5.41)

g(a) ) )
oA [P P
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ProOF: Collecting Lemma 4.10, Proposition 5.3, Corollary 5.7 and Proposition 5.8 we have

é; cap(Ay,Sj— . 3 ‘
(St — ) 1+ o) i (1),
¢ CAJ(’C’J_)‘(SU): ~ | cap(Ca a 5 _ .
JZE; G | SBfmte) S (1—w(g) = A | (1+0(e7%) if (H2),
2 QEG/Ga
My,

\ g(a) ~"a

ap(Ak:Sk-1) o (c0/2)
o DA =S il >O(6 /2) s,
Ca“l’ik « . 7
jer fhally - OE) ()
o Zéj)\(Dij + Bij) = AO(*/?,e7%%),
jed
cap(Ag,Sk—1) o0/ i
° Z”hj||2Aij: cap(l(lfﬁagi\ca)((f)f)( —5/5) li (Z;)”
jeJe a3 (e70%) i (H2)

o S lhjll2ABy; = AO(e ).

jeJe

Put all theses estimates in (4.21) we get (5.40). To get (5.41) recall that ¢] satisfies (4.11)

so let
g = @Z)Z_ZCA”}?JH :ch¢?+ Z %A (5'42)
jed N2 ey jeJe
Then the function ¢ is the solution of the Dirichlet problem
(Le =) f(y) =0, y € R\ S,
fy) =¢%(y) —¢j, y€dBjandjel (5.43)
fy) = or(y), y €9Bj and j € J.

Using Poisson kernel of the functions g and hj, the fact that 9,Go\g, <0, (4.9) and (4.10)
we get

()] <> Ce™¢ ;l + ) Cem e VD2 h( ). (5.44)
= I Hz = 125112

Using (4.23) we get

‘<ZC a/2 é j _|_ZC —7/2£h'( ) (5.45)

Thills © 2= Tl

which give (5.41) O

Then using the same technique as in [4], we can improve the error estimate of Theorem
5.9, which lead to replacing /2 by e~9/¢.
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5.2 Irreducible representations of dimension larger than 1

Let m be an irreducible representation of G' of dimension larger than 1, k& € [1,ng] such
that Ay is active with respect to the representation . In this subsection x(h) = Trn(h)
denotes the characters of the irreducible representation m. The proofs in this section are
essentially the same as in Section 5.1 and they will be left to the reader. The eigenspace
analogue to (5.1) is the following :

x(gh

E,={pc H'(RY) |Vh € G, Va € Ay, poh = M@. (5.46)
>gec., X(9)

Proposition 5.10. The space E is stable under L..

PROOF: Same argument as in the proof of Proposition 5.1. O

Since F; is stable, we focus on finding eigenfunctions of L. in E; and their eigenvalues.
In [1] we have seen that dim E; = da where a = @ >_gec. X(9) € [0,d]. So we need to
choose da elements of Ay such that if we define

Ji={h(a) | h € G/g, and > x(gh) # 0}, (5.47)
9€Gy,
g 2 geGa, X(9h) (5.48)
h(a;) — — s .
W (Chet/e,, (Cyeca, XM
for I € [1,da], the I vectors ¢ are linearly independent.
Recalling (2.29), remark that
Vp e G, Cp(a) = pCq. (5.49)
Lemma 5.11. For alll € [1,da], if
o H(Cqy, Sk \Cq) = H(Ak, Sk—1) then for all j € Ay \ Cq,
A, Sp_
Koy = P Tict) D oe-t/e) (5.50)
” CLZH2
o H(Cq, Sk \Cq) < H(Ak, Sk—1) then for all j € Ay \ Cq,
Cap(caw Sk \ Cal) -4/
Kaj=——7r (1 + O(e™/%)) (5.51)
Y Nl 3 e
. —— — M
where Nif = {p € G/, | Zyec,, X(9P) # Ygec,, X(9) and a1 "~ p(a1)}.
PROOF: Same proof as the proof of Lemma 5.2. O

Proposition 5.12. If H(C,,, Sk \ Ca,) = H(Ak, Sk—1) then for all l € [1,da] and for all
i € J;

ol A
Z éélczj _ C; Cap( ks Sszl) (1 + O(e—ci/a)) (5‘52)
2 [Aelllne 13
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If H(Cqy, Sk \ Cay) < H(Ag, Sk—1) then for alll € [1,da] and for all i € J,

ol x\gp
ZééKij _ G ca;:r(cap Sk \ C2a1) Z <1 B deGa1 ()> 1+ (’)(e_(s/’f)) (5.53)
jeJ Nk |Ca1’Hhal HQ peG/Ga, deGal X(g)

M
where NI = [{p € G/, | T yeq, X9P) # ey, X(0) and a1 " plan)}].

PROOF: Same arguments as in the proof of Proposition 5.4. O

Corollary 5.13. For alll € [1,da], if

o H(Cq,Sk\Cq) = H(Ag, Sk—1) then for all i € J; we have

/2 A
YAy < Ce?/” cap( S’S’H) (5.54)
2 T

o H(Cq, Sk \Cq) < H(Ag, Sk—1) then for all i € J; we have

Zél‘A" < Ceo/? cap(Cq,, Sk \ Cq)
] )| = .

(5.55)
JEJZ ||hCLl H%
PRrROOF: Same arguments as in the proof of Corollary 5.4. O
Proposition 5.14. For alll € [[1,dd], if
o H(Cq, Sk \Cq) = H(Ag, Sk—1) then for all i € J; we have
C e/ cap(Ag, k1)
> lgll2 Ay < TOIE : (5.56)
R 1ay I3
Je()
o H(Cq,Sk\Cq) < H(Ag, Sk—1) then for all i € J; we have
C e /% cap(Cq,, Sk \ Ca
3 hyllady| < =5 Ca}f( 5 ) Cor) (5.57)
je(a)e H azH2
PROOF: Same arguments as in the proof of Proposition 5.8. O

Theorem 5.15. Let (H1) be the condition H(Cg,, Si\Ca,) = H(Ak, Sk—1) and (H2) be the
condition H(Cq,, Sk \ Cay) < H(Ak, Sg—1). For € small enough, the spectrum of L. contain
an eitgenvalues of geometric multiplicity da given by

SRS (1 4 O(e70/%, 2/2)) if (H1),
@ o > x®(gp)
Aot = SRl SinCy) s (g ) (14 005, 20/) if (H2), (558
k‘caﬂHhM”z peG/G E X(p)(g)
M:l QEGal
play) ~"ay
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where k € [1,ng] such that Ay is active and

Ne={peGla, | S xPgp)# S xP(g) and a1 " p(ar)}. (5.59)

9€Ga, 9€Ga,

. . . . (p)
Moreover the associated normalized eigenfunctions to A}, " are

A= 3 W oeery) s MW s )

9(@) I, h;
geG/Gal H al”Q ]ESk\Jlk H ]HQ
where 6 > 0 and h; = hp, g,\p, as in (3.15).
PROOF: Same arguments as in the proof of Theorem 5.9. O

Then using the same technique as in [4], we can improve the error estimate of Theorem
5.15, which leads to replacing €*/2 by e~9/¢.

5.3 Capacity estimates

In the previous subsections we have obtained the expressions of all eigenvalues and eigen-
functions. To conclude it remains to compute the capacities cap(Ag, Sp—1) and cap(Cq, Sk \
Co) of Theorems 5.9 and 5.15. Let us start by the first capacity.

Theorem 5.16. We have

ng| Ag|(2me) Y/ [AZ(s)] CH(A,Sk_1)/ 3/2
cap(Ag, Sp_1) = e #S-1/2(1 + O(yeIne®?)), (5.61
p(Ak, Sk-1) 5 et (V2 () ( (Ve ), (5.61)

where k € [2,ng], V2V (x) denotes the Hessian matriz of V at x, ny, is the number of
optimal saddles between any element a of A and My_1, s any of these saddles and \_(s)
is the unique negative eigenvalue of V2V (s).

PROOF: By Assumption 2.8 the gate G*(Ax, Sk—1) = {s1,..., 5} is uniquely defined so,
using Theorem 3.1 in [5] we get

—H(Ag,Sp—1)/¢ (2m¢)

l
cap(Ay, Sp_1) = e > A-—(s)] (14 O(Velne®?)). (5.62)

| det(V2V (s1))]
By Assumption 2.8 we have
Vi,i' € [1,1], 3g € G, g(s;) = sir- (5.63)
Since G is a group of isometries we get
Vi,i' € [1,1] ,Sp V2V (si) = Sp V2V (s41). (5.64)

And by Assumption 2.8 we have | = |Ax||G*({a}, Sk—1)| for any a € Ay which leads to
claimed result. O

To get an estimate of the second capacity in the case where the gate is not uniquely
defined, we need an estimate of capacity when we have two saddle point in series
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Theorem 5.17. Let us consider the case of two saddles points in series (see picture 3 in
Figure 2), then we have

(2me)¥/2 1 22:

2 4= \det V2V(zl))]

cap(A,B) = e*H(A’B)/E (14 O(/eIne¥?y). (5.65)

PROOF: The proof is the same as the proof of Theorem 3.1 in [5]. The key point is to take
a functions h € H 4 p with boundary conditions 1 in D, % in D, and 0 in D,, where x;
is the local minimum A, x3 is the local minimum B and x5 is the last local minimum. [

Remark 5.18. The generalisation to multiple parallel configurations of two saddle points
in series can be easily obtained and it will be left to the reader.

The last required capacity estimate is the following :

Theorem 5.19. We have

mlCalD A (s)]
2r  /[det(V2V (9))]

cap(Ca, Si \ Ca) = ~HCaMi\Ca)/e(1 4 O(yelne®?))  (5.66)

where k € [1,ng] such that Ay, is active, V2V (z) denotes the Hessian matriz of V at x, a
is an element of Ay, ny is the number of optimal saddles between a and My \ Cq, s any of
these saddle, A_(s) is the unique negative eigenvalue of V*V (s) and

b {1 if G*(Ca, Sk \ Ca) is unique, (5.67)

i otherwise.

PROOF: The proof of the case when the gate G*(Cq, Sk \ Cu) = {s1,...,8;} is uniquely
defined is the same as in Theorem 5.16. In the case when the gate G*(Cq, S \ Cq) is not
uniquely defined, Assumption 2.8 ensures that all minimal paths between z € C, and Sk \ C,
only cross two saddle points at the same height, so we are in the case of multiple parallel
configurations of two saddle points in series. Using Theorem 5.17 and the same argument
as in the proof of Theorem 5.16 we deduce the formula in the case where the gate is not
uniquely defined. 0

5.4 Exit times

It remains to prove relation (2.19) on exit times. Let us recall a Proposition from [5]

Proposition 5.20 (Proposition 6.1, [5]). Let € M\ Sig_1. Then there exists a > 0 such

that
Jse

. E( )Sk y y
Sk—l

cap( Be(z), Sk-1)

(14 0O(@Y?)). (5.68)

PROOF: Same proof as in [5]. O

Then, using this Proposition, Theorem 5.16, an adaptation of (4.23) and the same
technique as in [4] to improve the error estimate which leads to replacing £%/2 by e79/% we
obtain the relation (2.19).
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