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Perturbation of Ornstein-Uhlenbeck stationary

distributions: expansion and simulation

Emmanuel Gobet*!* She QiHao®

July 17, 2016

Abstract

We consider a multidimensional stochastic differential equation Y writ-
ten as a drift-perturbation of an ergodic Ornstein-Uhlenbeck process X.
Under the condition of time-reversibility of X, we derive a first and sec-
ond order expansion of the stationary distribution p¥ of ¥ in terms of X.
Error estimates are established. These approximations are then turned
into a simulation scheme for sampling approximately according to p¥ .
Numerical experiments support the theoretical error estimates.

Keywords: ergodic diffusion, invariant measure, time-reversibility, per-
turbation method, asymptotic expansion

MSC 2010: 37M25, 65Cxx, 60J60

1 Introduction

The problem. Let (Q,F,P, (F;);>0) be a filtered probability space support-
ing a g-dimensional Brownian motion W, with ¢ > 1 and the usual assumptions
on the filtration. Consider the R?-valued solution (Y;);>o of the stochastic dif-
ferential equation

dY; = | — AY; + 8(Y:) |dt + 2dW,, Y, independent of W, (L.1)

where A is d x d-matrix, ¥ is d x ¢g-matrix and 3 : R? — R? is a measurable
function, quantities that satisfy assumptions specified later. We assume that Y
has a unique invariant measure ¥, and we are concerned by the approximation
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and simulation of x¥ using an instrumental process X and its invariant distri-
bution ¥ (assuming so far it exists). Namely, X is the solution of the linear
SDE (generalized Ornstein-Uhlenbeck equation)

dX, = —AX,dt + ©dW,, X, independent of V. (1.2)

While 1Y is hardly tractable and not easily simulable, pX is rather explicit
(Gaussian distribution) and can be advantageously used to approximate pY :
our work provides a numerical scheme to achieve this purpose. Our main results
(Theorems [If and [2]) state that

1Y (de)~ (1 + e(@) o (do) (13)

with some explicit correction terms c¢; that depend of the approximation or-
der k. Our analysis is supported by theoretical error estimates and numerical
experiments. Essentially we consider that Y is a perturbation of X, and our
analysis may be justified by £ small in a suitable sense.

Background results. Our strategy is based on stochastic approximation
techniques, in the spirit of the proxy expansion of [GM14]. This is quite differ-
ent from the literature on small noise expansion [FS86]|[FW98|, or small time
asymptotics [Wat87][KP10], or even multiscale asymptotics of [FPSK11]. To the
best of our knowledge, this is the first time that the problem of approximating
invariant distribution is tackled, which gives raise to new challenges compared
to the previous works.

In this paper, we will only derive a limited number of correction terms in
(first and second order approximation), but in principle any order could
be achieved. The main term is the stationary distribution of the OU process
X. In practice, the first and second order correction terms provide an excellent
accuracy. The final second order approximation takes the form

/J’Y(dx) ~E [52(7—177-27X'flaXvaXf]-{—‘rg’x)] ,uX(dx)

where &5(+) is explicit, X* stands for the OU process starting from x and (71, 72)
are independent exponentially-distributed random variables. The above repre-
sentation is very convenient to sample according to uY, as we will see later.

Approximation strategy. It consists in defining a suitable interpolation be-
tween the distributions of X and Y, and performing expansion along this in-
terpolation. Actually, this is done for the marginal of the processes at time
T — +4o00. The crucial part lies in the derivation of explicit correction terms. As
a difference with strong approximation techniques like in [Wat87]|[FW9S8|[KP10],
we have to control in the weak sense Xp and Ypr as T' — 400, since strong es-
timates explode in large time. To achieve this weak convergence analysis, we
use in an essential manner the reversibility of the process X to pull back the
computations in large time to small time, and derive in this way explicit repre-
sentations. Furthermore, when taking T" — 400 we show that expansion errors
can be well controlled.



Outline of the paper. We first give notations used throughout the paper.
Section [2| gathers preliminary properties on X and Y. In particular we provide
necessary and sufficient conditions under which X is a reversible process; these
results are interesting on their own, besides they will be crucially used in the
subsequent expansion analysis. In Section [3] we state our main approximation
results and analyse the errors. In Section [4] we investigate how to turn the ex-
pansion results into simulation algorithms of ¥ and we perform some numerical
experiments.

Notations and basic definitions. The following are used frequently through-
out this paper.

Vector. |z| is the Euclidean norm of a vector z € R?. Its sup-norm is denoted
by |Z]0o-
Its i-th coordinate is x;, or x;; if + = x; depends on time.

Matrix. If A= (A, ;) is a square matrix, A" denotes its transpose, Tr(A) its
trace and det(A) its determinant. A(A) denotes the spectrum of A.
Id is the d x d-identity matrix.
For a symmetric matrix A, Amax,4 and Amin, 4 stand for the maximum and

minimum eigenvalues of A.

Definition 1. [Kha02, p. 135] A square matriz H is called a Hurwitz
matrix if its eigenvalues have negative real parts, i.e. its spectrum A(H)
is included in {A € C: Re(\) < 0}.

[|A]| is the matrix norm of A subordinated to the Euclidean norm.

vec(A) is the vectorizing operator applied to A, it stacks the columns of
A into a vector.

The Kronecker product A ® B of matrix A = (4;,)
(Bij)lgigk,lgjgz is defined as

1<i<mi<j<n 304 B =

AllB A12B - AlnB

Ang A22B . AQnB
A® B = . . . . )

A,1B A,.B ... A,.B

where A ® B is a mk x nl matrix.

We also recall that if the matrices My, My and Mj3 are conformable for
matrix multiplication then

vec (M MaMs) = (M3 ® M) vec (M) (1.4)

If M7 and M, are two matrices of the same size, then

Tr (M My) = (vec (My)) " vec (Ms).



Functions. For a vector (resp. matrix) valued function ¢, |¢|~ stands for
sup(t, z)] (resp. sup [l (t, 2)])-
For a smooth function ¢(w), Oy, ¢(w) stands for the partial derivative of
 with respect to w;.

If p : RY — R?, then Vip(z) is defined as the ¢ x d-matrix

v@(x) = [(%lcp(x), e 789%@(1")] .
For a smooth drift function 8 : R — R? we set SV (z) := VA(z),
ﬁ(2)(x) = Vvec(B(l))(x) and 6(3)(x) = Vvec(ﬂ(z))(x).

For a smooth test function h : R? — R, we set k(Y () := Vh(z), h?) (z) :=
(Oz;e;M());,; and R (z) := V vec(h®)(z).

The divergence of ¢ : R — R? is div (i) := Tr(Vp).

Generic constants. We shall denote by c all constants which depend only on
universal constants and the dimension d.

2 Preliminary results

2.1 Exponential of a Hurwitz matrix

We will repeatedly use the large time behavior of et as t — 400, for a given
square matrix H. Consider its Jordan matrix canonical decomposition [FF07,
Chapter 1, Section 7|, H = Ty JuTy ! for which Ty comprises the generalized
eigenvectors of H and Jg is block diagonal, i.e.

Jk1 i (M,m) 0 0 0
0 /. (A2,m) 0 0
Jg = 0 0 Jkg,H (>\3,H) 0
: : : - 0
0 0 0 coo Ty Amm)
and each block has the form
g 10 ... 0
0 Xw 1 ... 0
Jeow Nig) =1 0 0 Mm 0 | (ki,g x ki)
: : : 1
0 0 0 e NiH

where k; g is the multiplicity of A; .
Then, we can write exp(Ht) = Ty exp(JHt)Tgl. Since Jpy is block diagonal,
so is exp(Jyt); in particular, for each submatrix of the form Jy, ,, (A\; i) on the



block diagonal of Jy, exp(Jyt) will contain the diagonal block

1 1 e
1t 32 CRrEy LA
1 P H—
0 1 t “ e mtk »H 2
exp(Jr, y (Nim)t) =exp(Nimt) O 0 1 . : (kiir % kimr) -
R . t
00 0 ... 1

Ht

Then, it becomes clear that if H is a Hurwitz matrix, e”’* converges to 0, with

some precise exponential rate. We have proved the following result.

Lemma 1. If H is a Hurwitz matriz, then for any Ag € (0, — maxyc(m) Re(N))
there exist cy > 0 and cyec (1) > 0 such that

HthH <cge Mt and |Vec (th)| < cveC(H)efAHt vt > 0.

2.2 The generalized Ornstein-Uhlenbeck process

We collect in this paragraph the main results on X. It will serve as a basis
for all this work. The two following statements are standard, see for instance
[KS91l Section 5.6].

Proposition 1. Assume that the random variable Xg is independent of W and
is square integrable. Then, there exists a unique square integrable solution to

(1.2), represented as

t
X, = e At [Xo +/ eATEdWT] . (2.1)
0

Its mean m; = E(X;) and covariance Vi s := E(X; X/ ) are given by
my = e ME(X,), (2.2)
tAs
Vigi=e A (E(XOXJ )+ / eA”EETeATTdr) e AT (2.3)
0

for any s > 0 and t > 0. Additionally, for any t > s > 0, the distribution of X;
conditioned on X is Gaussian

t—s

0

N <eA(tS)Xs, eA’”zzTeA”dr) : (2.4)

Proof. (2.1)) is a direct consequence of the It6 formula. Identities (2.2))-(2.3)-
(2.4) are straightforward. O

Proposition 2. Assume that —A is a Hurwitz matriz. Then, X has a unique
stationary distribution pu* which is Gaussian with mean 0 and covariance

+oo -
Voo 1= / e ATy Te 4 Tdr (2.5)
0



Under the stationary distribution, we have

Vie=e A=y (2.6)

foranyt>s>0.

Proof. Owing to Lemma |1} both matrices e=4* and e=ATt converge to 0 ex-
ponentially fast as t — +o0o. Then, the stochastic integral e~ fot eATSdwW,
is Gaussian, centered, with covariance fot e AsynTe—ATs Ve as t = +oo:
thus, the related Wiener stochastic integral converges weakly to puX. Since
e~4* X, converges almost surely to 0 and in view of , we have proved the
weak convergence of X to u*X. If Xo has the Gaussian distribution uX, then X
is a Gaussian process, with mean 0 (see ): the covariance matrix of X; is
(see (2.3))

t
Vie=e At <voo T / 6ATZET6ATTdT> e ATt =V (2.7)

0
From the above and (2.3)), we easily deduce ({2.6]). O

In our subsequent approximation approach (Section , we make use of the
property of time-reversibility of X, i.e. for any non-negative times ¢t and s, under
the stationary distribution the processes (X, )s<r<; and (Xsy;i—r)s<r<; have the
same distribution. In the case of discrete-time Gaussian linear processes, this
time-reversibility question is investigated in [TZ05]. Here in our continuous-time
framework, we establish a rather explicit equivalence criterion with a specific
proof. To the best of our knowledge, this statement is new.

Proposition 3. Assume that the assumptions of Proposition [ hold and that
X is considered under the stationary distribution pX. Then X is reversible if
and only if AXST is a symmetric matriz, i.e.

AXET =5xTAT, (2.8)
Furthermore, we have in this case
_1
S 2
Proof. Note that (2.9) directly follows from (2.5) and (2.8).

Because of the Gaussian properties of X, time-reversibility is equivalent to
Vis = Vs for any t > s > 0. Observe that V,; = Vt—';
Proof of <=: we first prove by induction that A*$XT = SXT[AT]* for any
k > 1. This is true for k = 1 because of ; assuming the property for k,
then AFTIEYT = A[AFYYT] = A[SET[AT]F] = SNTAT[AT)F = £nT[AT)FHL
therefore the announced property.

Voo = -ATIEYT. (2.9)

Second, by writing the matrix exponential as a series, it readily follows that
e~ AtYNT = 9N Te4" for any ¢ > 0. We finally deduce

+oo
Vi,s e~ A=Y / e Are A=) xR Te=ATrgy
0



“+o0
12.8) _ AT (4— AT
/ e ArEZTe A (t s)e A T‘d,r
0

= VooeiAT(tis) = ‘/s,t;

therefore the time-reversibility of X.
Proof of =-: assume V; s =V, for any t > s > 0. For such ¢ and s, write V; ,
in a form similar to (2.7), i.e.

Vi = e~ At <Voo +/ eArZETeATrdT) efATs.
0

A straightforward differentiation w.r.t. s and ¢ (¢ > s) gives

atv;f,s = _A‘/;t,sa avat,s = _Vvt,sAT + eA(s_t)EETa
02 \Vis = AV, JAT — AeA08xT, (2.10)
Owing to Vi, = V;|,, we deduce 92,V ; = (AV; ;A7) T —(4eAC=9EET)T. Now,
invoking the time-reversibility and identifying the previous equality with (2.10)),

we obtain Ae=A"EXT = £RTe=4 "AT for any 7 =t — s > 0. By taking the
limit as r | 0, we obtain the advertised equality (2.8]. O

Examples 1. Let us consider the assumptions of Proposition [3
i) If A is symmetric and A and X7 commute, then reversibility holds.
ii) In the case ¥XT = c Id for some ¢ > 0, reversibility is equivalent to sym-
metry of A.
i1) The symmetry of A is not sufficient for time-reversibility: for instance,
take A = diag(1,2) and £XT = < /1) i) ) for p # 0. Indeed AXY" =

1
( 5 g ) is mot symmetric, therefore X is not time-reversible.
P

iv) There are many situations of reversibility for which A is not symmet-

ric: take ©X T as before and set A = ( (1) p(/\)\— 1) ) for some \ €

(0,+00)\{1}. A is not symmetric but ALY is, there reversibility holds.

Extension to non-centered Ornstein-Uhlenbeck process. For the sake
of completeness, we briefly expose how to handle the case of a constant term
in the drift coeflicient of and , by using a simple translation of the
variables. Namely, consider

dX = (—AX{ + a)dt + XdW;, X§ independent of W,

with a € R?, and similarly for Y. Consider the assumptions of Proposition
and set m = a fooo e~A7dr. A similar analysis yields that X has a stationary
Gaussian distribution A (m, V) (see [KS91, Eq. (6.10-6.11) p.355]): moreover,



we have the relation Am = a (see [KS91, Eq. (6.12) p.355]). Now, if we put
X; = X7?—m, weobtain dX; = (—AX;+(a—Am))dt+2dW; = —AX,dt+2dW,.
It means that all subsequent results can be translated from the case a = 0 to
the case a # 0, by shifting the space variable from m. In the error estimates of
Theorems|[I]and 2] we would have to replace 8 by 8—a. Heuristically, for a given
0, the parameter a should be chosen such that m is approximately equal to the
mean of ;Y. These heuristics are not captured in our subsequent quantitative
analysis, however this centering property presumably brings further accuracy.

2.3 The perturbed Ornstein-Uhlenbeck process

Recall the process of interest Y defined by . We impose that 3 is a Lipschitz
function, ensuring the existence and uniqueness of a strong solution (with square
integrability) for any initial condition Yy independent of W and square integrable
(see [KS91, Theorem 2.9 p.289]). Reinforcing the conditions lead to ergodic
properties for Y, as stated in the following standard result.

Proposition 4. Assume that —A is a Hurwitz matriz, that ©X7 is non-singular
and that B is a bounded Lipschitz function. Then, Y has a unique stationary
distribution pY , which has a density with respect to the Lebesgue measure; thus
we denote p¥ (dy) = pY¥ (y)dy.

Furthermore, for any continuous bounded function ¢ : R — R and any
x € R, we have

Jim Bl =l = [ o ) (2.11)
Proof. To prove the existence and uniqueness of a stationary distribution, we
apply [Khal2l Theorem 4.1 and Corollary 4.4] by checking the validity of [Khal2l
assumptions (B1)-(B2), p.107]. The related assumption (B1) is satisfied since
Y'Y T is non-degenerate. To check (B2) (the mean recurrence time is locally
uniform w.r.t. the starting point), we apply [Khal2l Theorem 3.9] with the
Lyapunov function V(z) = x - P¥z where P# is a symmetric non-negative
matrix to be specified hereafter. Denoting by LY the infinitesimal generator
associated to Y, it reduces to check only that LY V(z) < —1 for |z| large enough.
Simple computations give

LYV(x) = 22" P#(—Ax + B(z)) + Te(P*EET)
= ' (P*A+ AT Pz 4 2z - P#B(z) + Te(PFEXT)

IN

1
—x"(P*A+ ATP#)z + §|x|2 +2|P#B2, + Tr(P#EXT).

Now, for a given symmetric positive-definite matrix () we consider solutions P
to the Lyapunov equation
PA+ATP=Q.

By [Kha02| Theorem 4.6] and since —A is Hurwitz, there is a unique solution Py
in the class of symmetric positive-definite matrices. Denote by P# the solution



associated to @Q = Id. This choice ensures that the related Lyapunov function
V satisfies LYV (z) < —1|z[*+2|P#B|2 + Tr(P#XXT), therefore the requested
behavior for |z| large.
The existence of of a density with respect to the Lebesgue measure is a direct
consequence of [Khal2l Lemma 4.16].
Finally, [Khal2l Theorem 4.3] gives the convergence and we are done.
O

3 Main approximation results

We start by listing the working assumptions we need, in order to ensure the
validity of approximation.

(H-i) —A is a Hurwitz matrix.
Choose Ao, 4 € (0,minyera) Re (N)): for such Ag 4, define

AO = A /\O,Ald;

note that — Ay is a Hurwitz matrix. Denote by ¢4 > 0 the constant such
that ||e*AS|| < cpe04% s > 0 (see Lemma .

(H-ii) AXYT is symmetric.
(H-iii) X" is non-singular.
(H-iv) Bis a dx 1 vector and all its derivatives up to third order are bounded.

(H-v) h is a continuous bounded function and its derivatives up to third order
exist and are bounded.

(H-vi) X4 > calBW oo, where Xo,4,ca > 0 are the constants from (H-i). We

set
pp— €A (3.1)
B1 - )\O,A - CA|5(1)|00. )

3.1 Strategy

For the sake of pedagogy, we outline the main arguments for the first-order
approximation only. The full justification is given in Subsection We aim at
approximating

h(y)p (y)dy — | h@)p™ (@)de
R4 R4
for some test functions h in a certain class (assumption (H-v)). To study the

approximation of u¥ by u¥, we use the solution denoted by Y starting from
uX (independent of W):

aY, = (—AYi + BV ) dt+ Wi, Fo LN (0, Vao) = .

By the sake of symmetry, we also denote by X the process solution without the
above f-term, starting from pX.



Finite-time approximation. Under the standing assumption (H-i), recall
that V., is properly defined in (2.5). For a given T' > 0, consider furthermore
that

E, [h(f@)} .=E [h(Y’T) | Yo = x} ,
E,x [h(f’T)} = /Rd E, {h(YT)} X ()dz.
First, we get the following lemma.

Lemma 2. Assume (H-i)-(H-ii)-(H-iii)-(H-iv). For any continuous bounded
function h: RY = R, we have

phm By [h(YT)} = /. h(y)u” (y)dy, (3.2)
A Bux [p(En)] = [ hap (o)da. (3.3)

Parameterization. Then, we introduce the d-dimensional parameterized pro-

cess
€ € € e d X
dX¢ = (—AXt + eﬁ(Xt)) dt+2dw,,  XsLu (3.4)
for € € [0,1] and we define
D . 0Xf
Xe, =2t Xt = L
L get o’ Det .

These derivatives up to the second order are well defined by an application of
[Kun97]. A simple computation shows that X, = X; and

Xm,t == (—AXl’t + B(Xt)> dt7 Xl’() == 0 (35)

With this d-dimensional parameterization, we can derive a decomposition of
E,x {h(ffT)].

Decomposition. For a continuous bounded function h, with bounded deriva-
tives, we expand E, x {h(ffT)} to the first order. Applying the Taylor expansion

to B, x [h(f(})} for e = 1 around € = 0, we have

Eyx [A(¥1)] = Eux [R(X7)] + C1(T) + Brrony (T) (3.6)
where

Cy(T) :=E,x [h<1>(XT)X1,T} 7

Errory (T) := /0 (1-uw)E,x [(XﬁT)Th(Q)(X&T)(XﬁT)

+hO(Kgp) Kgp|du. (3.7)

10



Taking limits as 7' — +oo. Owing to Lemma [2] the first two terms of (3.6)
converge respectively to

/ h(y)p* (y)dy  and / h(y)u™ (y)dy.
R4 Rd

Besides, we will also show that the first correction term converges (see Equation
(13-24))):

lim C(T) = /Rd h(x)er (x)p™ (x)dz

T—+oo

where ¢1(z) is given in Theorem Here, we use Time-Reversibility of X
to obtain Equation , which allows us to derive the above limit. More-
over, we also prove that the error term, Error; (T"), is uniformly bounded (when
T — +00) and controlled like Estimate by assuming Assumption (H-vi).
Therefore, this shows the approximate stationary distribution of x¥ to be

pH(dz) = (1 + e(@)u™ (de),

with an error bound for smooth test functions h.

3.2 First and second order expansions

We now state the main results obtained by using the above approximation strat-
egy.

Theorem 1 (First-order approximation). If we assume (H-i) to (H-vi), then
we have

» h(y)p” (y)dy = @) (1 a) pX (z)dz + Errory,  (3.8)

TVl A (R, T (A (Rn)e )
o) T1 _

Ao, A Ao, A

ci(r) =K, (3.9)

and Ty 4 Exp (Xo,a) is independent of the Brownian motion W. Additionally,
we have

dCiIB(” |oo
20,4

cA
Ao,A

ler(@)] < el [VS [ 18lee +

(3.10)
|Errory| < ¢ (c|ﬁ|go|h(2)|OO
+ (8D oolBloo + el 18P I8 ) 1KV]sc) - (3.11)

As a consequence, the stationary distribution of Y is approximated by

pYl(dz) == (1 + ci(z)) p (dz). (3.12)

11



We refer to as a first-order approximation since the error term is quadratic
in B and its derivatives. For the purpose of simulation in Section [d we shall
compute an explicit upper bound on ¢; as we do in .

Observe that 4! (z)dz is a finite measure on R? (owing to (3.10)), its mass
equals 1 (take h =1 in (3.8)) but it is not necessarily a density (even for small
B). This is discussed later in Section

Theorem 2 (Second-order approximation). If we assume (H-i) to (H-vi),
then we have

/ h(y)u (y)dy = / h(z) (14 c1(z) + ca1(x) + co2(z)) o™ (x)dw
R4 Rd

+ Errors, (3.13)
where
Ty —1,—Ao71 3(1) X —AoT2 X
co1(x) = By v Vo o (}\271)6 BlXriry)
0,A
1 T/ AT~ —AoT1 2) (v — AT
_ETT({(’B (Xrpr)e 407 ) @ebon b gO(X, e
+67AT1 ﬂ(l) (Xﬁ)efATQﬂ(l)(XTl_i_TQ)eon(nJr'rz)) ]
and
enle) = B, {—wTVozle—Aﬁﬁ(”<Xn>e—"‘°<“+”>ﬁ<)?m)

+Tr ({( —Ag (n+72)> ® e AT } 5(2)()2—71)6—,471)
Ty (e Anﬂ V(X,,)e 7Ao('rl+'rg)ﬂ(1)(XTQ)efA‘rQ)

BT (R, e Ay ler TV e Aom (R, )

e TV e AT g (R, e Aot g (X, )

=BT (Xpy)e MVl (X

2TVl MR, ) T (e—Aonﬂ(l)(X—Tl)e—An>

—2 TV e MM (X)) T ( —Aoma g(1) (X 72)67‘472)

+<vec( —24 7'2>) ﬂ(2) A0(7'1+7'2)B(Xﬁ)

+Tr (e““mﬁ(”(f%)e‘“) To (e om 40X, e 7)) ]&5]
0,4

with o 4 Exp (Mo a) independent of 71 and the Brownian motion W. Addition-
ally, we have

ANV 11810018V lclal | deh|Blocl8Poe 1BV

|ca1 ()] <
A5a 2X3 4 ANG 4

12



and

< CA‘/B(Q)|oo|ﬂ|oo

Cyec(— d 3 (1) go
|022($)| < 4>\%A (dc?4 + (32AT)> C%L\ﬁ(z)Al (ch + 1)
2 —1 1
G V' [[18D |so| Bloo ]
2/\(2)’14 (1—|—dCA)
AVt 1812 B
# AL oy,
0,A

Moreover, the Error term is bounded by

|Errors|

< c(lh(?’)looclﬁi’o + 11 ool 112 (|5<1>\oo + C|B(2)|oo|ﬂ|oo)
] 2
A ool 1Bloe {('5“)% + el B el 5l

Holo (191 + el 9lile) | ) - G12)
Consequently, the stationary distribution of Y is approximated by
2 (dz) i= (14 c1(2) + co1 (@) + coa(z)) p* (dz). (3.15)

Since the error term is cubic in § and its derivatives, (3.13]) is a second-order
approximation. Here again, ;¥"2(z)dz is a finite measure on R? with mass equal
to 1 but not necessarily a probability density.

3.3 Proof of Theorem [I]

The proof is split into several steps.

Step 1) Preliminary estimates. The following result is instrumental in our
analysis.

Proposition 5. Let Z be the R%-valued solution to

dZs = ((mA+4 as) Zs +7s)ds, Zp =0,

where « and 7y are two bounded measurable functions (resp. a d X d matriz and
a vector in Rd), and A is a d X d matriz function such that He‘ASH < cgeRo.as
(ca > 0,X0,4 >0). Then, if Ao a > calt|oo, we have

calYloo

sup | Zp| < — Ao 3.16
T20| | 0,4 — caltoo (8.16)
Moreover, if we assume that B(t) := —A + oy commutes with B(s) for every s

and t, then Z writes

Zp = /OT exp (/T B(u)du) +ods. (3.17)

13



Proof. The second statement is easily derived by writing (under the commuta-
tivity assumption on (B(s) : s > 0))

0
then simplifying (still under the commutativity assumption).

The representation can be an intermediate step in the derivation of
(3.16]). However, in our analysis, we need without the restrictive commu-
tativity assumption. We employ another approach using Gronwall inequality.
Use with the commutative family B(s) = —A (by adjusting v to v+ aZ),
hence

t t
Zy :/ efA(tfs)'ysder/ e~ At=%) o Z.ds.
0 0

Then take the norm and apply Minkowski inequality: it follows

t
|Z| < C“;\‘& +/ CA|a|Ooef>‘°’A(t*S)|Zs|d5,
0,A 0

)

t
otz < A2 ey / calafoe 2% Z,ds.
0,A 0

)

The Gronwall inequality yields
calyl " A lylslel
eroat|z,| < 20 gho.at +/ A A0 oxp (calalo (- 5)) ds,
Ao, A 0 Ao, A

s

| Z4

IN

2 t
CA|7|oo+CAW|oo\04|oo/ exp (— (Mo,4 — calals) (t —s)) ds
0,4 Ao,A 0

CA|'7|00
= X0 —calaloo

O

The previous proposition allows us to directly control uniformly in time the
process X7 , solution to

AXg, = (~AX, + B(X5,) + B (X5 ) Xp, ) at, Xi,=0.
Lemma 3. Assume (H-i)-(H-iv)-(H-vi). We have, for any ¢ € [0, 1],
sup | X¢ ‘ < cf -
Tg% ‘ 1,T |5|
We proceed similarly for 5(57', solution to
A5, = (AXs, + 280 (X5, X, + 80 (K53,

+ed, (5<1>(X5,t)) X;,t) dt,  X§o=0. (3.8

14



Lemma 4. Assume (H-1)-(H-iv)-(H-vi). We have, for any ¢ € [0, 1],

sup [ X5 7| < e (e 8 1clBlee + i 187 IB1)

Proof. We observe that the matrix 0. 6“)(5(5,,5)) has a norm bounded by

c|?| o Supr> Xf’T ‘ Therefore, Propositioncombined with Lemmayields

sup X2,T’ < cE (2\6(”|oo0|ﬂ\oo +¢|B%) (e |Blc) ) :

Additionally, using Lemma [ we easily prove the following.

Lemma 5. Assume (H-i)-(H-iv). We have

’Tr (e_A‘”'IEw [5(1)(5(,«)] e_AT) <d 01246_)‘0*”|5(1)|00.

Proof of Lemma We prove a slightly more general statement regarding
X5 for any given € € [0,1]. Denote by X" its stationary distribution, which
exists owing to Proposition If X% follows the dynamics of Equation ,
then we have

i B 5] = i . ]

_ XI' T Xe
—/Rdu (z)d /Rdh(y)u (y)dy

(by the dominated convergence theorem and Proposition

= / h(y)p™ (y)dy.
Rd

Substituting ¢ = 1 and € = 0, we obtain the convergences (3.2) and (3.3)
respectively. O

Step 2) Derivation of the first correction term. We start by a crucial
lemma which strongly relies on the time-reversibility of X.

Lemma 6. Let C(T) be the first correction term of the finite-time expansion
(13.6). Then

C1(T) = /R dh“)(a:)Ex [ef‘mmXﬁ)l;;f 1 (z)dz, (3.19)

)

where T 4 Exp(Xo,a) is independent of the Brownian motion W,

15



Proof. We will first derive the explicit form of X 1,7 Starting from (3.5)) for the
equation of X, , then applying Proposition |5/ and finally taking advantage of
the Hurwitz property of A (e.g. (H-i)), we get

T T

- ~ ~ 1

Xir = / e AT (X, )ds = / e B(Rroy) o Ao,ae M ATdr (3.20)
0 0 0,A

By the definition of C1(T'), we have

- ~ 1,
Ci(T) =E,x [hﬂ) (XT) e T B(Xr_r,) Aoiﬂ

N .1,
=E,x {h@ (X0> e AMB(X,) 1<T} , (3.21)
Ao, A
where the last equality comes from the time-reversibility of X (valid under
assumption (H-i)-(H-ii), see Proposition , and the independence between 7
and the Brownian motion W (and thus between 7 and X). O

Completion of the derivation of the first order correction term. If ¢(x) : R —
R?, then recall that div (p(z)) = Tr (Ve(z)). Using (2.9), the identity
VX (x) Ty —1
B o Ty 3.22
WX () :22)

and (3.19]), we obtain after an integration by parts

Ci(T) = /Rd —h(z)div (Ex [eAOTlﬁ(f(ﬁ) ]17;<T} /,LX(J;)> "
- /Rd —h(z) ((V,uX(x)) E, [e—AoTlmXTl)]lﬁ@}

+E; [div (e_A‘mﬂ(Xn)) Llfﬂ MX($)> dz

Tr (e—Amﬁu)(Xﬁ)e—Aﬁ

— )\O N ]1T1<T MX(.T)d.I'

= /Rd h(x)ey (T, x) ™ (x)da. (3.23)

By Lemmas 1| and |5, we see that ¢1 (T, z) is bounded uniformly in T. We can
easily apply Lebesgue dominated convergence theorem to show that

c1(x) == Thrf (T, x)
— 400
~ —AoT \ —AT
o [eveieama,) T (a0 e )
* Ao,A Ao, A ’

which is exactly the announced formula for (3.9).

16



Step 3) Bounds on ¢ (7T, z) and ¢ (z). From Equation (3.23)), the above
formula for ¢; and from Lemma 5] we have

sup |ey (T, z)| V [e1(z)]
T>0

+oo
< / (CA|ZU‘ ||V051H efko,ATlﬂhxj +d 0124|ﬂ(1)‘00672)‘0,/”’) dr
0

d C?ﬁllﬁ(l)loo

_ A —1
- )\O,A|x| ||Voo H |6|oo + 2>\O,A

The bounds on ¢; (T, z) and ¢;(x) are now proved. They are sufficient to pass

to the limit in (3.23)) and obtain

T—+o00

lim Cy(T) = /]Rd h(x)er (x)p™ (x)da. (3.24)

Step 4) Error estimates. In view of the representation (3.7)) of the error at
fixed time, we easily deduce, in view of Lemmas [3] and [4]

2
?g% |Errory (T)] < ¢ ((c\,@|oo) 1ASUP

+ (g 18 e Bloc + e8P l812, ) 11V]c ) -
Step 5) Conclusion. Take the limit of Equation (3.6) as T'— +oo, in com-
bination with (3.24]) and Lemma [2} it shows that Errory (7') has a limit as T —

+00, which we denote by Errory, and this limit is bounded by supyq Error; (7).
The proof of Theorem [I] is now complete. O

3.4 Proof of Theorem [2
As before, the proof is split into multiple steps.
Step 1) Preliminary results. The results presented in this step are neces-

sary for our analysis. First observe that under (H-iv), 3% = V vec(3™")) and
BB = Vvec(B?) are well defined and bounded.

Proposition 6. The following derivatives are computed w.r.t. x, the starting
point of the OU process X :

V(e 0 (R)e A B(Er) = (87 (Rar)e ) @ e40) 5O (K)o
e A3 (X,)e AW (X, e~ A6+ (3.25)
v (eTVSteM0R)) = 4T (R e
+ 2T Vgle A0 (X, e A, (3.26)
w1 () 40089) = o () a3

17



Proof. Note that 896)2}1 = e 4" under the P,-measure, see . To prove
Equation , we have to recall the fact that vec(MyMsM;) =
(M3 @ M) vec(Ms). We prove Equation by a direct matrix differ-
entiation. Lastly, to prove Equation (3.27), we recall that Tr (M, M) =
(vec (My)) " vec (My). O

Proposition 7. The following equality holds:

—+o0 v 1
/ / e A0 ATeTA0AY dpdy = —
0 0 n(m+mn)Ag a

Proof. We have

+oo v 1 —+oo
/ / e~ MA0,AT = N0, 4V Jpdy = / e~ A0, AV _ ef(m+n))\o,AvdU
0 0 mAo,a Jo

1 1 1
- Mo, A (n)\O,A ~ (m+n) )\o,A)
1
n(m+n) A3 4

Lemma 7. Assume (H-i)-(H-iv)-(H-vi). We have, for any € € [0,1],

~ 2
sup [ X5 | < e B ( (1810 + el B ol

+1Ble (189 + el B oclBlc ) ).
Proof. From Equation (3.18)), we obtain
AX5, = | - AXg, +eBV(X5 ) X5, + 380(X5 ) X5, + 30, (BV(X6,)) X5,
+ 260, (BN(X5 ) K5, + 02 (BO(X5 ) X5 a.

Therefore, invoking Proposition 5] Lemma [3] and [] together with the facts that
Oe (5(0()2'570) has a norm bounded by ¢8|, SUP7>0 |XfT| and

0?2 (6(1)(5(570) has a norm that can be bounded by c(|ﬁ(3) |oo (SUPT>( \X'iTDQ-I-

183 |0 supps |X§T|) yields the announced result after factorization. O

Step 2) Derivation of the second correction term. The decomposition

of E, x [h(};})} to the second order correction term is

Eyx [h(V7)] = Bux [0(Ror)] + C1(T) + Car(T) + Coa(T) + Brrora(T) (3.28)
where

1 - -
Cn(T) = B, x [h<1>(X07T)X27T ,

18



1 - - -
OQQ(T) = §E“X [(Xl,T)Th(Q)(X07T)X17T

and Errors(T') as shown in Equation ((3.33)).
Now, we introduce 2 lemmas which rely on the time-reversibility of X.

Lemma 8. Cy(T) is the first part of the second correction term of our finite-
time expansion (3.28)), and it can be represented as

iy’ il ]]-T T
Cn(T) = / WV (@)E, [em/s“%xn)eAmﬁ(Xﬁm)1;;”] p* (2)de,
0,A

with 71 and T2 as in Theorems[1] and [

Proof. We take e = 0 for Equation (3.18]) before using Proposition [5|and invok-
ing Equation (3.20) to obtain

T q 5 B
X2,T = / / 26_A(T_q)ﬁ(1) (Xq)e_A“B(Xq_u)dudq
0 0

(T_T7 ) T T—r B B
=L~ / / 26407 B0 (X Ye 40" B(Xp_, o)
0 0

From the time-reversibility of the OU process X and the independence of 7
and 75 with the Brownian Motion W and thus with X, we have

h(l) (XT)eiAOTlﬂ(l) (XT—Tl )eiAOTzﬂ(XT—Tl —7'2)
Aja

e~ Aom gl (Xﬁ )671407’25(5(7'1 +75)
Ad,a

CQl(T) = E,ux [ 171+72<T]

Rd

= h(l)(I‘)Em l 171+72<T] ILLX(ZI;)dCC

O

Lemma 9. Cs2(T) is the second part of the second order correction term of our
finite-time expansion (3.28), it has the representation

BT(X,, )e A0 h® (z)e Ao B(X,,)
A5 A

Co(T) 1= /R E,

17’1<7'2<T‘| MX(x)dx7

with 71 and T2 as in Theorems[1] and[3

Proof. We merely proceed as in the proof of Lemmal[8] Start from the definition
of C2(T), writing the quadratic term in X; 7 as a double time-integral owing
to (3.20]), use the symmetry in the time-integral; it readily follows that

T X _r e*Angh(z) X’ e*AUTQ X _r
On(T) = B, x [B (X7-r,) O Xr)e M rn)y .
0,A
Now, we conclude by using the time-reversibility property. O
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Completion of the derivation of the second order correction term. From Lemma

an integration by parts and Proposition |§| with Equations (3.22)) and ( .
gives

Tv—l —AOT1 (1) X‘r _A07-2 XT N
Cor(T) = | h(z)E, | { Tt B (2 e B(Xr4,)
Re Ab.a
{(5T (XT1+7'2)€_AJT2) ® e~ Ao } 6(2) (XTl)e—ATl
—Tr 5
A
0,A

—Ao1 g(1) (X —Aor2g(1) (X —A(m1+72)
e )€ T1472)€
Ty ( B ( 1) )\2/6 ( 1+ 2) ) } ]17-1+7'2<T‘| MX(x)dm
0,A

= h(z)eoy (T, z)p™ (z)dz. (3.29)

Rd
Next, from Lemma |§|, an integration by parts gives (after some simplifications)

Coo(T / Oy, h(z

1,0=1

E,
A3 A

3

0, ([ B )] [ m (%) i @) 1] o

== [ AO@E, [(e 70 (K)o B(R,)

Rd
—aTVte (X, )em T B(X )

2
)‘O,A

” > ]l‘r T
T (A0 B, )e A7 ) e om B ) ) T] X () da.
Applying another integration by parts yields
CooT) = [ W@, ({=aTvigle 4 a0 (K)o s,

T ({ (87 (Kp)em 0 m)) @ emim 5O (K, e )
PRSI
+mTV0216—A072ﬂ(XT2)xTVc;le—AoTl B(Xﬁ)

—xTVogle_ATz 6(1) (XTQ)e—AO(Tl-&-Tg)ﬁ(XTl)
BT (K)o MV e M B(X )
_xTVogle_AOTQB(XTz) Tr (e_AOTlﬁ(l)(X‘rl )e—ATl)

e VS e B(K ) T (*AOT%(“(fcm)e*AQ)

+ (Vec (e’QATW)) B (X, e Ao(mFm2)5(X )
+Tr (e—Aomﬁ(l)(X' Je A‘rz) Ty (e—Aonﬁu)(j(ﬁ)e_Aﬁ)}
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:ﬂ-'r T
1< 2<T‘| /LX(x)dSU

= /Rd h(x)eaa (T, 2)p™ (z)da. (3.30)

So, as for ¢i(x) we can justify that as T — +oo, ¢21(T,2) — co1(x) and
oo (T, x) — caa(x). Thus, we also have

Tl—i>r4r-loo Cu(T) = /Rd h(x)eor (z) ™ (z)de, (3.31)
Tgrfw Cyu(T) = /Rd h(x)eaa(z) ™ (z)da. (3.32)

The details are left for the readers.

Step 3) Bounds on ¢y (7T, z) and co;(x). From (3.29) and Proposition
we have

sup |21 (T, )| V |ea1 ()]
T>0

< [ (VR e en Bl
[0,+00]?

+ dche ™0 AT 8] |8 - dchem AT B ) dudy

_ GV 1Bl o2l dch|Blocl8Ple |, deRIBDE
Ad.4 2X6.4 X4

The bounds on ¢o1 (7, z) and co1 () are proved.

Step 4) Bounds on ¢y (7T, z) and coa(z). From (3.30) and Proposition
we easily obtain

sup |z (T, )| V |eaa(w)]
T>0

<mMWWﬂwwmlmeMW%€A
+dc?, ‘5(1”008)\2 + Al ||V IH |5|002)\2
+ 4 x| HVOZlH |6(1)‘oo|5|006>\2 +c4 HV 1” |5|O°2)\12
+de || |[V2Y| |/3<1>|oo|6|003A% +dei |zl |V 18 ”loolmoom%A
+ CACyee(—2a47)| B |oo\5|0012)\[2m cal8® |°°8)\%A
- AR (1 ¢ St dc‘g‘é'fa(,f'g" e
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G Vs 18N ool Bloo ]
+ 2
2X5.4

A ||V | 181%
2>\37A

(1+decy) + (Jz* ||Vt + 1) .

The bounds on c2(7, z) and ca2(x) are proved.

Step 5) Error estimates. By a Taylor expansion of € — E,x {h(X%)}, we

directly obtain that the error up to the second order correction term is given as

1 ! U U U u
Brrors(T) = 5 [ (1= 0B (K1) & (R10)T) 1O () X
+3(X50) TR (X)Xt + hO(Kiir) K| du. (3.33)

Thus, in view of the above representation of the error at a fixed time T, we
deduce easily the inequality (3.14) from Lemmas and

Step 6) Conclusion. Taking the limit of Equation (3.28) as T' — 400, in
combination with Equations (3.24]), (3.31)), (3.32) and Lemma |2 we show that
Errory(T) has a limit as T — +oo which is denoted by Errors and the limit is
bounded by supysq Errory(7T"). The proof of Theorem [2]is thus completed. [

4 Application to simulation algorithm, numerical
results

In the sequel, we assume the previous hypotheses of Theorems [I] and [2] are in
force.

4.1 Generalized acceptance-rejection algorithm

We give a simulation scheme, in a form that suits well the decompositions
and . The aim is to sample according to a probability distribution u+ built
from a slightly non-positive unit-mass measure p; moreover, we control the total
variation distance between the two measures, in terms of the negative part of u.

Theorem 3. Let ;1 be a measure on R with mass 1 but not necessarily positive,
that can be written as:

p(dr) =E[§ (Y™, 2)] po(dx),

where po (dx) is a probability measure, the distribution of Y* depends on x and
there exists a function H : R — Rt such that

(€w.a)t| < HE)., Vo,

with [pa H(x)po (dz) < +00. Moreover, assume that0 < [, E {(g (Y”ﬂx))‘*‘] po(dz) <
+00 and set

E (¢ (v, 2))"] nolda)

t(dx) = .
' oo B [(€ (v, )] o)
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Then Algorithm produces a random variate with distribution u™, with an ac-
ceptance rate equal to

B [€ )" po(da)
B f]Rd H(Z)NO (dz)

and an error in total variation given by

\ufﬂﬁw§2/
]Rd

E[(€(v",2)" | po(da). (4.1)

1 repeat

2 | Generate X with distribution % (on RY)
3 Generate Y with distribution Y* for x = X

4 Generate a uniform [0, 1] random variate U

s until UH(z) < (€ (Y, X))

6 Return X

Algorithm 1: Generalized acceptance-rejection method

Proof. Denoting by g, (dy) the distribution of Y*, for any Borel set B we have

P (X (returned) € B) = 1IP’ (X € B,UH(x) < (£(Y, X))+)

L[ [ e <?;>)gz (@)
M/E { s } to (dz)

Jua B [(€(V7,2) 7] po(a)
:Rzﬁd @) o (dz) way

Therefore, by setting B = R? it is clear that the acceptance probability is p, as
advertised, and that the variate produced by the algorithm has distribution p*.
When £ (Y*, ) is not non-negative, u and g™ may be different. Then the total

variation distance between p* and p is
[ heutd) = [ naut (@)
Rd Rd

/Rd h(x)

%, 0)] o B [(€ (V7 2) | po(de) — B [(€ (v*,2))]
Jua B [(€(V7,2)* | polda)
(since ¢ (Y*,2) = (£ (Y*,2))" = (£(Y*,2))")

/‘ hx) (E [(5 (Ym’:x))—i_} (fRd E [(5 (Ye, :E))"'} o(dz) — 1)
Rd I

Lt B[ (€ (e, @) *] polde)

sup
hi|h|eo <1

= sup
hilh|e <1

pio (dz)

= sup
Rhi|h| oo <1

23



~E[€.0) ] ) (an)

(since 1 = [, E[E(Y", 2)] o (dz))

e (IE [0 )] (Ju B [€ 0", 2))7] moda))
Re Joa B [(€ (Y7, 2))"] po(da)

= sup
Rhi|h| oo <1

~E[(e.)] Jum(ao

<2 [ E[€0.0) ] mo(da).

O

4.2 Simulation algorithm for 1st and 2nd order approxi-
mations

4.2.1 First order simulation scheme

1 repeat
d . . .
2 Generate K = Bern (plfjrlpm); /* sampling of Gaussian mixture
*/

3 if K =1 then
4 L Generate X < ux

5 else
6 L Generate X i./\/'(0,2‘/00)

7 Generate R < Exzp(Xo.a) ; /* sampling of 71 */

8 Generate Y £ N/ (e‘ARX7 Voo (Id — e_QATR)> ; /* sampling of X,

using x/

9 Generate a uniform [0, 1] random variate U
10 until UH,(X) < (& (R, Y, X))";

11 Return X

1

Algorithm 2: sampling of ;¥ at the first-order accuracy

According to Theorem [I] we have

p¥l(dz) = E, {51 (Thj(n,l“ﬂ p (d),
with

xTVogle—AUrﬁ(y) - Tr (engrﬂ(l)(y)efAT)

ry,x) =1+
&i(r,y,z) Non Noa
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Furthermore, if we let

(1)
p11 =1+ L |Ood02A,
Ao, A

8]0

p12 == 2"cy |vexp (_ixTlexﬂ V! Mo

then

1
100 < F1 (o) = s + a2 e (o TVi ).

Hy(z)p™ (dz
Wn () _d P xqg) ¢ P2 (0,21,
Jpa Hi(z)pX (dz)  pi1 + pi2 P11+ pi2
In this form, we obtain that the distribution to simulate in Algorithm [T} Line 2
is simply a mixture of two Gaussian distributions. As a consequence, Algorithm

[2 produces a random variate with distribution

E [(&1(r1, Xry2)) | 1 (do)

Jra B {(51(7'1,)(71,55))*} pX (dx)

(") (da) =

. wa B (61 (11, X0y @) 0¥ (@
with an acceptance rate p = Jut [( 1(7-;11_:1:2)) ]M ( m)~ Recall that when 3 —

0, & converges to 1: thus, for small 3, the acceptance rate p is close to 1.
Starting from and invoking Gaussian tail estimates, we can derive a sharp
estimate on the error in TV between p¥°! and (,uy7l)+. This is stated as follows,
the easy proof is left to the reader.

Proposition 8. If [3(V)|, < TZZ'ZA , then the total variation distance is controlled
A

as
mi,2

<myge P
TV ’

Y1 (M

3

e

where the positive constants m1 1 and mi 2 depend on the model parameters and

are locally uniform when |B|o and |V | tend to 0.

This shows that p¥>! and (,uY‘fl)jL are exponentially close to each other as
|Bloe and ||, are small.

4.2.2 Second order simulation scheme

From Theorem [2| we have

2 (de) = By [€2(r1, 72, Koy Ky Koy @) 0 (da)

with an explicit function & (+) (derived from c¢;(x), c21(x), caa(z)). Furthermore,
if we let

A8V o, deh (2+dea) BV

po1 =1+
Ao, A5,
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repeat

2 Generate K < Bern( 221 ); /* sampling of Gaussian mixture
p21+p22
*/

3 if K =1 then

4 L Generate X < ux

5 else

d

6 L Generate X = N (0,2V)

7 Generate R < Exp(Xo.a) ; /* sampling of 7; */
Generate V 2 Exp(Xo,a) ; /* sampling of 7o */
if R <V then

10 Generate Y £\ (e7ARX, Vag (1d — e 247 F) )
11 Generate W £ N/ (e‘A(V_R)Y, Voo (Id = 8—2AT(V_R)))
12 Generate Z < N (e‘ARVV, Voo (Id — e_QATR))
13 else
14 Generate W £ A/ (e’AVX, Voo (Id — e’ZATV))
15 Generate Y £ A/ (e*A(R*V)VV, Voo (Id — eszT(R,V)D
16 Generate Z < N (efAVY, Voo (Id — 6*2ATV))
17 Generate a uniform [0, 1] random variate U
18 until UH,(X) < (&(R,V,Y,W, Z,X))";
19 Return X
Algorithm 3: sampling of ¥ at the second-order accuracy
CA (2d6124 + Cvec(—QAT)) |B|oo|ﬂ(2)|oo 0,24 ||V021H |B|Zo
" X TR ’
0,A 0,A
1
P22 1= 2d/2 ||Vo;1|| T exp (417TV0011>
doa X MY
0,A 0,A 0,A
24/2¢2 ’me exp (fixTVOglx) |OO HV(;1H2 1812,
A5,a ’

then

1
|&2(r, v, y,w, 2,2)| < Ha() = par + pa22” "% exp <4xTV°;1x) ,

Hy(x)p™ (dz) a4 pa X P22
= dr) + ————N(0,2V,) .
Jpa Hao(z)pX (dz)  po1 + pao p () D21 + P22 ( )

Similar to the first-order simulation scheme, Algorithm [3] produces a random
variate with distribution (MY’2)+ (dz) (defined in Theorem |3) with an accep-
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tance rate close to 1 as 8 is small and such that the distance in TV between

(MY’2)+ and uY*? is exponentially small as 3 — 0. Details are left to the reader.

Proposition 9. As 8 — 0, we have

mg 2

- 2
TV <mgae Pl

Y,27(

MY,2)+‘

m

where the positive constants mo,1 and ma o depend on the model parameters and
are locally uniform when |B|so, |1 |o and |3 | tend to 0.

4.3 Numerical experiments

Two-dimensional example. In this subsection, we first conduct numerical
study for d = 2, ¥ = Id, with A and 3 given by

A=AT= (9 0) ad gz = (4E).

where a11,a20,b € R. We compare using contour plots our approximate distri-
bution generated with 4 millions sample points with the exact distribution for
a11 = 7, azp = 7.1 and b = 0.1. The density of the exact distributiorﬂ of Y is
Cst x exp (=727 — 7.123 — 2bcos (x1) — 2bcos (z2)).

1.0

—  Exact

First Order

,,,,,,, Second Order

Figure 1: Density plot for the stationary distribution of dy, = ( — AY, +
B(Y/}))dt + dWy, where a11 = 7, ase = 7.1 and b = 0.1.

We see from Figure [I] that our approximation is accurate in approximating
the exact distribution and that the second order approximation is better than

ndeed the drift is of the form —%VV(:(:) so that the stationary density is Cst x e~V (),
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the first order approximation. Furthermore, we also note that because of the
Gaussian exponential decay, the errors are larger in the center of the distribu-
tions than in the tails.

One-dimensional example. Next, we conduct numerical studies for d = 1,
¥=1, A =17and g(z) = bxeiﬁ, for b = 1,1.6,1.7 and 5 with 4 millions
sample points. The density of the exact distribution for this model is Cst x
exp (—1.7x2 — be’IQ). Taking different values for b (thus changing |5()|4,) for
a fixed A serves to investigate to which extent the condition (H-vi) is important
for the algorithm accuracy.

dY, = (—1.7Y,+1Yexp(- Y?))dt + dW,

1.0

—— Exact Solution

s

08

1 Correction term

rrrrrr 2 Correction terms

Density

0.4
|

0.0

Figure 2: Density plot for the stationary distribution of dY; = ( - 177, +
Yie YO )dt + dW.

In the case b = 1, we notice again from Figure [2] that our approximation is
very accurate and that the second order approximation is superior compared to
the first order.
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dY, = (-1.7Y,+ 1.6Yexp(- Y2))dt + dW,

—— Exact Solution

X

n

0.8

1 Correction term

""" 2 Correction terms

0.6

Density

0.4

0.0
|

Figure 3: Density plot for the stationary distribution of dY; = ( - 1.7, +
1.6Y;e Y5 )dt + dW,.

Here, we compare the results for b = 1 and b = 1.6 (resp. on Figures [2| and
, to observe that our approximation is more accurate when the ratio of 5]
against A is smaller. This is in agreement with our theoretical error analysis.

dY, = (-1.7Y,+ 1.7Yexp(- YZ))dt + dw,

—— Exact Solution

X

n

08
|

1 Correction term

""" 2 Correction terms

Density

04

0.2

0.0
|

Figure 4: Density plot for the stationary distribution of dY; = ( - 1.7, +
L.7Y;e Y0 )dt + dW,.
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Figure 5:

dY, = (-1.7Y,.+5Yexp(- Y?))dt + dW,

1.0
|

—— Exact Solution

X

0.8
|

1 Correction term

""" 2 Correction terms

0.6

Density

0.4

0.2
|

0.0
|

Density plot for the stationary distribution of dY; = ( - 1.7, +

5Y,e Y7 )dt + dW.

In Figure 4| where b = 1.7, we notice that although |/3’(1)|OO is no longer
smaller than A, our approximation can still work. However, we observe in
Figure (b = 5) that, when |3(1)|, > A, then our approximation is not accurate
anymore, it only gives a rough approximation of the solution. In this case, both

first and second order schemes are inaccurate; nevertheless, the second order

approximation is seemingly worse, this reinforces the role of the assumptions in

this analysis.
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