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A compressible two-layer model for transient gas-liquid flows in pipes.

Charles Demay - Jean-Marc Hérard

Abstract This work is dedicated to the modeling of gas-liquid flows in pipes. As a first step, a new two-layer model is
proposed to deal with the stratified regime. The starting point is the isentropic Euler set of equations for each phase where
the classical hydrostatic assumption is made for the liquid. The main difference with the models issued from the classical
literature is that the liquid as well as the gas are assumed compressible. In that framework, an averaging process results in
a five-equation system where the hydrostatic constraint has been used to define the interfacial pressure. Closure laws for the
interfacial velocity and source terms such as mass and momentum transfer are provided following an entropy inequality. The
resulting model is hyperbolic with non conservative terms. Therefore, regarding the homogeneous part of the system, the
definition and uniqueness of jump conditions is studied carefully and acquired. The nature of characteristic fields and the
corresponding Riemann invariants are also detailed. Thus, one may build analytical solutions for the Riemann problem. In
addition, positivity is obtained for heights and densities. The overall derivation deals with gas-liquid flows through rectangular
channels, circular pipes with variable cross-section and includes vapor-liquid flows.

Keywords Two-phase flow - Two-layer model - Pipe flow - Variable cross-section - Hyperbolic system - Entropy

1 Introduction

The present work focuses on the modeling of transient gas-liquid flows in pipes, especially air-water flows. This type of flow
occurs in piping systems of several industrial areas such as nuclear power plants, petroleum industries or sewage pipelines.
The presence of air in such facilities is usually unwanted as it may induce for instance pressure surges and traveling air pock-
ets, leading to reduced efficiency and damages for pumping systems, see [33,35] ; an accurate modeling is thus necessary to
improve performances and reliability. Although being studied since many years, the macroscopic description of those flows is
still complex to assess as they may display different regimes such as dispersed flow, stratified flow, pressurized flow (pipe full
of water), slug flow and transitions between them, see [29] for details. On the one hand, experimental studies have provided
many interesting data on key points such as transition from stratified to pressurized regime [12] and air entrainment [15,20, 34,
36]. On the other hand, mathematical and numerical modeling still raise many challenges as pointed out in a recent literature
review [11]. In particular, the free-surface regime is usually described by an incompressible flow with surface waves while the
pressurized regime is described by a compressible flow with acoustic waves. Thus, most of existing 1D models focus on this
transition without computing the air phase which increases the modeling difficulties, see [10]. However, air-water interactions
may greatly affect the flow behavior regarding hydraulic jumps or traveling air pockets. Thus, the purpose of the model pre-
sented herein is to account for air-water interactions in addition to regime transitions occurring in air-water pipe flows.

As a first step, we consider in this paper the 1D modeling of stratified air-water flows in pipes. Seeing this regime as a free-
surface flow, a common way to deal with it is to use the Saint-Venant system [38], also called shallow-water equations, which
results from a depth averaging process on the Euler set of equations and assumes a thin layer of incompressible fluid (liquid
phase) with hydrostatic pressure law. It may also include friction and viscosity, see [26]. Following this classical approach,
the model proposed in [10] computes the water layer and strict hyperbolicity is acquired with mathematical entropy. In ad-
dition, the transition to the pressurized regime is handled including a switching from an incompressible to a compressible
description for water and a discontinuity of the pressure gradient. With the aim of computing the air phase, one may rather
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consider the extension of the Saint-Venant system to a multilayer system, one layer being associated to one height, one ve-
locity and constant density, see [2]. The air layer is thus added in [9] with variable density and perfect gas pressure law, the
compressibility of air playing a key role in our framework. This process results in a two-layer model with incompressible
liquid and compressible gas, referred hereafter as the incompressible/compressible two-layer model. Nonetheless, the latter
is hyperbolic only for small or large relative speed between both phases. In fact, this system inherits the difficulties from the
common incompressible/incompressible two-layer systems, such as non-conservative terms, non-explicit eigenstructure and
conditional hyperbolicity, see [1,6]. Note that a multilayer Saint-Venant system which accounts for mass exchanges between
the layers is proposed in [3] and is strictly hyperbolic in its two-layer version when the total water height is strictly positive.
Dealing with two-fluid flows, the homogeneous model [14] or the drift-flux model [21] may also be proposed as candidates.
However, the first one considers one velocity field for the two phases while the second one imposes velocity profiles for the
relative motion. Thus, those models are unable to restore the complexities of the flow such as entrapped air pockets with
unpredictable velocity. Another approach may be the two-velocity two-pressure models where compressibility is assumed
for both phases with an associated barotropic pressure law. In that context, interesting mathematical properties are obtained
such as hyperbolicity as well as entropy inequality. It was first introduced for separated flows with depth averaging in [37] and
mainly used afterwards in a statistical framework for bubbly or granular flows, see [4,23,27,30]. This class of models can also
been obtained from a variational approach as in [25] and may be extended to multi-component fluids, see [32]. Nonetheless,
the statistical framework is not relevant for stratified flows as the height and the relative position of each phase are not given
by the model.

Combining the interesting properties of the two-layer and the two-velocity two-pressure frameworks, the model proposed
herein is a compressible/compressible two-layer model as in [37]. Thus, water is considered compressible and does not follow
the classical hydrostatic pressure law but a barotropic pressure law, such as stiffened gas law. The starting point is the isen-
tropic Euler set of equations for both phases where the classical hydrostatic assumption is made for water (vertical acceleration
is neglected). Adding a kinetic boundary condition at the interface between the liquid and gas layers, an averaging process
results in a five-equation model in which the hydrostatic constraint is used to define the interfacial pressure. Following an en-
tropy inequality, closure laws are provided for the interfacial velocity and source terms such as mass and momentum transfer.
Contrary to the incompressible/incompressible or incompressible/compressible two-layer frameworks, the eigenstructure can
be easily detailed and the hyperbolicity is acquired except for resonance conditions which may not occur for realistic air-water
flows. Regarding the Riemann problem associated to the homogeneous problem (i.e. without any source terms), the nature
of characteristic fields and the associated Riemann invariants can also be detailed. Furthermore, since non-conservative terms
exist, the uniqueness of jump conditions is an important feature that is studied and acquired. Thus, one may build analytical
solutions for the Riemann problem. In addition, positivity is guaranteed for heights and densities. Finally, note that when
dealing with regime transitions, this framework includes a uniform description of water as a compressible flow without any
switching on the pressure law.

The document is organized as follows. For the sake of clarity, the model is presented first in the 2D framework with a 1D
averaging process where a vertical depth averaging process is used in the classical way of shallow-water two-layer equations.
Thus, plane channels with constant width are implicitly considered in section 2 neglecting the spanwise variations of the
flow. Closure laws for the interfacial velocity and source terms are provided in section 3 and the resulting closed system is
commented in section 4 regarding its consistency with other well-known models. Its ability to deal with more complex pipes
configurations such as sloping pipes or pressurized flows is also studied. Section 5 details significant mathematical properties
of the model. In a second step, the 3D framework with a 2D averaging process is handled in section 6 with the aim of
considering circular pipes with variable cross-section in time and space. The derivation is done following the same approach
as in section 2. Air-water flows are considered throughout the paper but the model can applied in the general framework of
gas-liquid flows and vapor-liquid flows.

2 Model development
2.1 Local governing equations

Throughout this section, a two-layer air-water flow through an horizontal pipe of height H is considered. Index k is attributed
to each phase, 1 for water, 2 for air. Thus, as & refers to the height of phase &, one has h; + hy = H. A 2D description of
the flow is used such that all local variables depend on (x,z,¢) excepting /(x,7). In this framework, we implicitly deal with
rectangular channels homogeneous in the spanwise direction. The extension to circular pipes with variable cross-section will
be investigated in section 6. The geometric description is given in cartesian coordinates (0, x,z) on figure 1.
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Fig. 2.1 Geometric description for horizontal channels

The set of local governing equations is given by the 2D isentropic Euler set of equations for both phases. In that context, both
phases are assumed compressible and the pressure P, of phase k depends on density py. Denoting u; = (uy, wy) the velocity
vector of phase k, mass and momentum conservation equations write:

%ﬁk +diV(pkllk) = M, k=1,2 2.1)
d
P ¢ div(pan @ we-+ Py) =Dyt prg, k=1,2 22)

where M and D; = Dye, stands respectively for mass and momentum transfer between phases, g = —ge, denotes the gravity
field and Iy is the identity matrix. Note that mass transfer terms are introduced here for generality, considering single com-
ponent vapor-liquid flows for instance, but may be neglected for most of air-water flows. In addition, mass and momentum
conservation of the mixture yields M| +M, = 0 and D| + D, =0.

Dealing with stratified flows in pipes, the classical hydrostatic assumption is made for water (i.e. vertical acceleration is
neglected), so that (2.2) along z for k = 1 yields:

dP
WP pig, 23)
Z

which will be referred to as the hydrostatic constraint.

As the phases are compressible, state equations are required for pressures. For instance, perfect gas law may be used for air
and isentropic stiffened gas law for water:

. P1 N B
PPy = (Praer+1T) () 11,
P2 \"
Py(py) =P :
2(P2) 2,ref(p2’ref)

with some reference density Py o and pressure P rer. Classical thermodynamic considerations impose % > 1, IT; > 0 and

P,;(pk) > 0 so that ¢y = 4 /P,;(pk) defines the celerity of acoustic waves. For air, 7» is set to 7/5 (diatomic gas) while y; and IT
are fitted according to a reference state. Note that the development herein is independent of the chosen pressure laws.

An additional interfacial kinetic boundary condition may be added on the interface separating air and water writing

(P(X,Z,t) :Z_hl(xat) =0,

so that
de
T -0
dt ’
and thus
d
P rw .00,
U; . . .
where u; = W, denotes the interfacial velocity.
1
Using the expression of ¢, it finally writes
dh dh
S U =W (2.4)
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Boundary conditions may be applied to both phases. On the walls, impermeability imposes:
wi(x,z=0,t) =wa(x,z=H,t) =0. (2.5)
On the interface, the continuity of the normal velocity is assumed:

(ui(x,z="hy,t) —up(x,z="h,t))m; =0, (2.6)

withn; = , the unit normal vector at the interface.

1+

As a dynamic boundary condition, a pressure equilibrium is imposed on the interface neglecting surface tension effects:
P](X,Z:hFJ):PQ(X,Z:hT,t):P[(X,t), (27)

where P; denotes the interfacial pressure.

Finally, we assume that the interfacial velocity satisfies

w(xt) =By (x,z=hy 1)+ (1= Bl (x,z = ki 1), B €[0,1]. 2.8)

2.2 Averaging process

Following the shallow water modeling approach, a vertical average across the layer depth is performed using the operator

= [ sz win {220 29
)= — ,2,1)dz wit )
K hy 2k Kb ¢ 2=,
where f; is a function depending on the state variables.
The density weighted averaging operator is introduced:
fnr) = 2T (2.10)
P
In addition, the interface value of each variable is denoted f;* such that
fi(xt) = filx,z=hy 1),
* 2.11
{ﬁ@ﬁ:ﬁ@g:ﬂﬁ. @10

Mass conservation

Vertical integration of (2.1) gives

/hk+zk %dz_'_/ther apkukdz+/hk+zk apkwkdz _ /}1k+ZkM dz
K o1 o dx o 0z W

Using Leibniz’s integral rule for non constant bounds in the first two terms of the left hand side and kinetic boundary condition
(2.5) for the third one, one gets
ohpy, N O hy Priy

— By =M
o o = My,

with n 0
B = pp (G +up gy —wi)

= pi((ug — U;)% + (W; —wj)) according to (2.4)

oh (2.12)
= pi(w—w).(=5 DT
=0,
using (2.6) and the colinearity between u; —u; and uj —uj given by (2.8).
Finally, using the definition pyuy = P, iy, the averaged mass conservation equations write
ohp,  dhip, U _
KPr | OMPr M _p 37 2.13)

ot ox
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Momentum conservation

Dealing with the streamwise component of (2.2), vertical integration writes:

hetzk 9 htzk Qo u? hetzk 9 Mtz QP hy+zp
/k ¢ pkukdz+/k ¢ pkude/k kMdH/ szz/ Dydz.
% dt u dx u dz % dx %

Using Leibniz’s integral rule and kinetic boundary condition (2.5), the first three terms of the left hand side write

ohpriy . Ohipruel
_ >FB
o ox P

where By = 0 according to (2.12).

Concerning the pressure gradient term, it comes
Mtz 9 O P, oh
/ ey
@ dx dx dx
At first order, the turbulence of the flow is neglected, such that the closure law pku,% = Py ﬁkz is chosen. Thus, the averaged
momentum equations considered are:
Bhkﬁk i n ahk(ﬁk ljt\kz +Fk) dhy

3 e — P[W = Dy. (2.14)

Hydrostatic constraint

In [37], the averaged system for 1D stratified flows gathers the averaged mass conservation equations (2.13), the averaged
momentum equations (2.14) and the kinetic boundary condition (2.4). However, as gravitational effects have a leading role in
the dynamics of stratified flows, it is proposed here to account for the so-called hydrostatic constraint (2.3) in the averaged
system. Some approaches have already been studied in the literature, see [19,31], but an original one is proposed below.

The starting point is to integrate the hydrostatic constraint (2.3) between z and 5;:

h
Pi(p1(x,z,t)) = Pr(x,t) + p1(x,s,t)gds. (2.15)
Z

Performing a second integration between 0 and 4 it yields:

hy hy hy
/0 Pi(p1(x,z,t))dz = h Pi(x,1) +g/o < p1 ()gs,t)ds) dz. (2.16)
Z

Then, using an integration by parts of the double integral it comes:

h hy h

hy
P1<p1<x,z,r>>dz:h1P1<x7t>+g[z m(x,s,r)ds] ve [ itz

z 0

= hiP(x,1) + p1zghi.

At this point, it is proposed to neglect the correlation between p; and z, such that the closure law for p;z writes:

1Z=P12=P15 2.17)
Remark 2.1 Denoting p; =p;—p; and 7=z —Z, one has:

piz=pZ+p7,
so that the proposed approximation reads ’H‘ <Pzl
Thus, (2.16) writes

E:P,—&-ﬁlghz—l. (2.18)

Note that the above expression for P; is equivalent to an averaged hydrostatic pressure law used with the averaged density p;.
Moreover, in the isentropic framework, this expression provides the closure law for P; and reads P; = P| — ﬁlg%‘ regarding
Py as afunction of p;.

Using the closure law (2.18) for Py, the averaged momentum equations under hydrostatic constraint write:

AP iy n ahk(ﬁkﬁszrﬁk) P _5 @ % _

o I —(P1=P187 )5, =uDs. (2.19)
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2.3 Resulting averaged system

Adding the interfacial kinetic boundary condition (2.4), a five-equation system corresponding to the five unknowns
(h1,P,,Py,U1,Uz) is obtained:

ohy oh

1 j—
a5 +Uj—— I =W, (2.20a)
Ohpy | Ihip ity =
> + == My, (2.20b)
Ohi P iy 8hk(ﬁkﬁkz+ﬁk) —  _ ok =
FTERRE I —(Py *P185)g = hiDy, (2.20c)

where k = 1,2 and h; + h, = H. This system is relevant for two-layer gas-liquid or vapor-liquid flows in horizontal channels
and relies on a vertical average across the layer depth. Compressibility is considered for both layers with barotropic pressure
laws. Dealing with the averaged source terms, conservation of mass and momentum of the mixture impose:

h[ﬁ[ + hzbz =0, (2.21a)
M +hyMy = 0. (2.21b)

In practice, the averaged pressure laws P;(py) are classically expressed in terms of p, so that the closure P;(px) = Pc(p) is
chosen. Consequently, the celerity of acoustic waves in the averaged framework is defined by

P(Py)- (2.22)
The interfacial pressure P; is defined by the averaged hydrostatic constraint (2.18) whereas the interfacial velocity U; and
source terms still need closure laws. In the following section, an entropy inequality is used to close the system.
3 Entropy inequality and closure laws
System (2.20) may develop discontinuous solutions even with continuous initial conditions. Therefore, an entropy inequality
which allows to select the physically relevant solution is obtained in this section; closure laws will be proposed following with

this inequality.

From now on, the operator notations are omitted until section 6. Let us define

1
my = hPy, Ecp = Emk"‘%a E; = mW(pr), (3.1)

with ¥ some function of p;. Notice that E. ; and E, ; respectively stand for the integrated kinetic energy and thermodynamic
energy of phase k over the layer of height /.

Considering smooth solutions of (2.20) and combining (2.20a) with (2.20b), the equation for p; writes

Ipx P dug . pi oy, « Pk
- - -U Wi+ M,
or Ty TPy o e U5 n = (1T Wit My
Multiplying the last equation by mk'Pk,, we get for E;
JdE, JuE, Ay, 1 oh /
o T AP S P (e — Un o = (1) 0P W+ (P + )M (3.2)
dt dx dx dx
Multiplying (2.20c) by uy and combining with (2.20b) we get for E ;:
JEck 9 duy Iy hy Oy u?
— 4+ — (i E, hiPr) — hi P P = uphy Dy — = hi M. 3.3
o +ax(“k ek + uchPy) kP — b= w18 = = = uii Dy — = hiM (3.3)
hy dhy

For phase 1, the term u;p1g+ = in (3.3) may be used to introduce the gravitational potential energy:

hZ
Epi1= plgfl. (3.4)
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After calculations, one obtains

h1 % _ 8Ep.,1 8u1E 1 hl 8h1 /’l]

, h
MRS Gx T o T ax TUPsy g TP Wimep e ¢

The energy equation for the whole system is then obtained adding (3.2) with (3.3) for k = 1,2. Using (3.5) and the following
consistency relations:

dhy Oh
L4 220, Dy + Dy =0, hiMy +haMy =0,
ox ox

it yields:

0 0
3 (Ec,l +E 1 +Ep1+Ec» +Er,2) +o (ul (Ect +Ep1+E 1)+ ur(Ecp+Erp)+uih P+ Mzthz)
8u 8u2 ah] -

Lt Ky =+ Ky = = Ky Wi+ Kp, 1 D1 + Kpg, iMy,  (3.6)
X ox ox

K5

where
K, = hip} ‘I’k/ — Py,
/ / h
Ky = (i1 —UnpP¥] — (w2 = Un) (p3% — prg ) + (w2 —ur) P,

/ / h]
K = P — P P18

Kp, = uy1 —uy,

Ll
2

2

/ , 1
ki, = (1Y +i +g )—(pz‘f’z+%)+§(u§—u,).

In order to obtain a conservative equation, the contribution of non-conservative terms is canceled out. Thus, we define ¥ (px)
such that

/ P,
¥, (pr) = kf)’z’k). (338)

k

This closure yields k,, = 0 and one obtains the consistency with the definition of thermodynamic energy when dealing with
single-phase flows and the Euler system.

Setting Kj,, = 0 and using (3.8), one obtains:

h
(w2 = Un)(Pr = Py +-p1g ) = 0, ¥(h1,p1, pa),

which gives the closure for U;:
Ur=u. (3.9)

To conclude, one can state the following proposition:

Proposition 3.1 Smooth solutions of system (2.20) comply with the entropy inequality

d& J9Y
—+ =<0 3.10
o Tox = G-10)
where the entropy & and the entropy flux 4 are defined by
& =Ec1+Ep1+E1+E+Ep, (3.11a)
G =u (ECJ +E,; +Et,1) +M2(EC72 +Et’2) +uih Py +uyho Ps, (3.11b)
with
L5 ht
Ec = shipitis B = hipi¥e(pr), Epy = 18—
and

, P,
% (py) = ’fj;")’

k




Charles Demay, Jean-Marc Hérard

as soon as the following closure laws are used for the interfacial variables:

Ur=uy, (3.12a)
h
Pi=Pi—pig (3.12b)
and for the source terms:
hy
W]:)yp(Plfpz):;Lp(P] 7p|g77P2)7 (3.133)
+
heDg = (—1) 2 (ur — ua) + (%)hkMkv (3.13b)
Pi+pigh P
My = (1)} 2 (F 22 wp) - (2 ), (3130
P1 p2

where A, Ay and Ay, are positive bounded functions which depend on the state variable (hy,pi, P2, u1,u2).

Proof (3.10) is obtained from (3.6) where the source terms are chosen to ensure that the inequality is verified. Indeed, the
right hand side of (3.6) writes

P1—|-plglL1 P; ur —u?
S=h1D1(M1—M2)+h1M1((72+‘P1)—(*2+‘P2)+ =
p1 P2 2

hy
) +Wi (P, — Py +P18?)7

so that choosing i Dy = th;( + (M ;“2 )hiMy, one obtains

: Pi+pight P h
§ = mDf (o — ) by (F D2 ) = () W (Pt prgy ),

and the corresponding expressions for Wy, th; and hy M, are chosen such that § < 0.

Therefore, the closed system writes:

O
oW IF(W) ow
o Ty TBW)5 - =CW) (3.14)
where
W = (h1,h1p1,hapa, hiprur, hapauz)”
0 uz%
hipiuy P 0
w
F(W) = h BW) 2L — 0
(W) 2P§M2 , B(W) = oo |
hi(pruy+Py) —(Pl—Plgj)éTx
hy(pau3 + Pr) — (P —p1g) %2
and
Ap(Plh_Plg%l_PZ)
P, [N
(B 9p) — (224 ))
Pipigll
c(W)= P ((% +¥) - (/’j—; +‘P2)) 7
.
_Au(ul_MZ)_(uleruz)xm((Pl+Z:g2 +'}11)_(%+%))

up+u Ppighy
Ry =) + (552 ) 2 (A2 ) — (2 )

where A, A, and A,, are positive bounded functions which depend on the state variable (i1, p1,p2,u1,u2).
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4 Comments on the closed system
4.1 Consistency with the shallow water equations

When it comes to free-surface flows, the well-known (incompressible) shallow water equations are usually considered in the
literature. It is thus interesting to check the consistency of the present model with that classical description.

Regarding the closed system (3.14) without mass nor momentum transfers between the layers, averaged mass and momentum
conservation equations for the water phase write

dhipr | dhipru;

o T ox O

3h1p1u1 8h1p1u12 8h1P1 8h1 .
ot T ox Tox Ho =0

where Py = P+ p; g%‘ (averaged hydrostatic constraint). Focusing on the pressure gradient and smooth solutions, it comes:

2
o P Bplg%' P ohy
= — — 4+ P —
ox ox i dx +i ox’

and the water layer system reads:

dhipy | dhipru

o T ox O (.1a)
2
Ohipiuy  dhipiul  Ipigt oP
ot + ox + ox +h dox =0. (4-10)

Thus, if p; is considered as a constant in (4.1), one obtains formally the classical (incompressible) shallow water model
with varying atmospheric pressure Py(x,z), see [26,28]. Furthermore, regarding the surface dynamic equation (3.14a), its
interpretation is given in terms of pressure relaxation. Indeed, considering static fluids without mass transfer, one can write:

oh
aTl = Ap(Pi— P) = A, (x,1),
hpr

ar 0,

where I1(x,t) =P —P, =P, — plg%1 — P,. The second equation gives hk% = (—l)kpk% and II(x,t) verifies

o _ ol cipi , cp2
ot ot hy hy ’

2 2
= 2, (FPL L 9Py,
h hy

which yields

1 2 2
M(x,1) = H(x,O)eXp(—/O A,,(% + %)d:).

As A, is a positive bounded function, one obtains the following asymptotic behavior:

P — P. (42)

t—r+oo

In practice, dealing with water for phase 1 and pipe radii of about 1 meter, CE% ~ 10° Pa.m~! and the relaxation is very fast.
Consequently, the atmospheric pressure in (4.1b) quickly converges towards the pressure of the air phase, which makes sense
regarding the layered configuration. Note that an explicit form for the pressure relaxation term A, is proposed in [24] for
bubbly flows and might be extended to our model.

The consistency of the proposed model with the incompressible shallow water model deserves also a deep investigation
considering an asymptotic low-Mach number development in the liquid but this study lies beyond the scope of the work
exposed herein.



10 Charles Demay, Jean-Marc Hérard

4.2 Consistency with pressurized flows

The case where the pipe is full of phase 1 is referred to as pressurized flow. In practice, transitions from stratified to pressurized
regime often occur in industrial facilities so that one may wonder if this configuration will be correctly handled by our model.
Formally, considering h; = H, one obtains
9p1, Ipun
dr dx
Ipiug n d(p1ut +Py)
dt dx

:O’

:O,

as soon as the source terms vanish when 7; = H.

This system gives the expected averaged equations to describe a rectangular channel full of phase 1 where compressibility
effects provide the correct velocity of acoustic waves. Therefore, the model presented herein for stratified air-water flows
degenerates correctly to the pressurized regime without any switching on the pressure law, contrary to the model presented in
[10].

4.3 Comparison with the two-fluid two-pressure models

By construction, the model presented herein may be seen as a two-fluid two-pressure model. Indeed, looking at the system
(3.14), one may recognize a two-velocity two-pressure model as developed in [4,16,23,27,30] without the energy equations.
The first difference relies on the averaging process; in literature, one may find time averages, space averages or statistical av-
erages resulting in the same system structure. Another difference is given by the closure laws (3.12). In the overall framework,
see [16], several closure laws are possible for (U, Py) to get both a linearly degenerated field for the 1-wave and an entropy
inequality, whereas in our case, there is only one possibility satisfying the additional hydrostatic constraint (2.3). That being
said, most of the good properties such as hyperbolicity (see next section) or entropy inequality have been inherited directly
from the overall framework. One may also find similarities with the model developed in [22] where granular flows have been
described in the statistical framework. Particularly, reading /; as the statistical fraction, similarities are found regarding the
source terms: W; includes the granular stress contribution, /Dy the classical friction effects and A, M), the disequilibrium of
Gibbs enthalpy.

4.4 Sloping pipes

Sloping pipes are frequently encountered in industrial configurations. Considering a constant slope of angle 8, a description
of the geometry is presented below.

Fig. 4.1 Geometric description for sloped pipes

In the (O, x,y,z) frame of reference, the hydrostratic constraint writes

oP
a—; = —pigcosh, (4.3)
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and one may easily demonstrate that the closing relations for the interfacial variables are exactly the same as those presented
in the previous section, replacing g by gcos 0:

UI =uz,
h
=P —pig cosh,
and for the source terms

h
W = ).p(Pl 7p1g?1 cos 0 7P2)7

uy+uy

WD = (— 1) 2l = o) + (2 ),
P

P+ M cosO+b
P1 p2

hkMk = (7 1)k}vn ((

The entropy inequality being equivalent to (3.10) where E,, | now writes

/’l2
E, = Plgjl cos 0 + p1gh b,

with 42 = sin6.
X

Note that there is no approximation required on 6 to get these relations. The only implicit assumption is that phases stay
layered with phase 1 below. The validity of this system is thus questionable when 0 gets close to %

To conclude, one may easily deal with sloped pipes where 0 is constant. The case with variable slopes is not considered here
although it can a priori be handled considering the curvilinear formulation of Euler equations as in [5,7,8,31].

5 Mathematical properties

Dealing with the closed system (3.14), the homogeneous problem is studied through the eigenstructure and hyperbolicity
analysis, the nature of characteristic fields and the associated Riemann invariants. Furthermore, as non-conservative terms
exist, uniqueness of jump conditions is then studied carefully. Finally, positivity is obtained for the physical variables /; and
Pks k=1,2.

5.1 Eigenstructure and hyperbolicity

Regarding the convective part of (3.14):

oh am
ar Ty =0 G
oy | Ohpruy

ER Tox 0, (5.1b)
Opruy Oy (prug + Py hy Ok

pu  IPUELR) Iy O .19

where h + hy = H, and recalling that ¢ = 4 /P,i(pk) denotes the celerity of acoustic waves, the following proposition holds:
Proposition 5.1 The homogeneous problem (5.1) is hyperbolic under the condition
lug —uz| # cy. (5.2)
Its eigenvalues are unconditionally real and given by
M=u, h=uj—ci, s=uj+ci, d=ur—ca, As =up +cs. (5.3)

Defining the vector
Y:(hlapl7u]ap2au2)Ta (54)
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the corresponding right eigenvectors write in column

1 0 0 0 O
mpipr 00
R(Y) =|mn-—-—crc 0 0],

ns 0 0 po pr
0 0 0—C2C2

where
B p1 (ur —w)* g - g
m=- 2( —5) M= - =)
- (ul —uz) hl 2 - (ul —uz) hl 2
hy
P—-P+pig5
n = #
2C5
Proof (5.1) may be written with respect to Y, which gives, for regular solutions,
Y aY
—+C(Y)=—=0 5.5
o T ¥) PP (5.5)

where

u 00O00O0
%(m—uz) up p1 00

1
1

8 i
C(Y): 3 pr ul 00
0 00 uz P2
h
Pi—pig3—P S
p2hy 00 py U2

The eigenvalues and the eigenvectors are then easily computed using the block structure of C(Y). As ¢ # 0, the eigenvectors
are linearly independent and span R as soon as A; = u, is different from the other eigenvalues, which may be rewritten under
the condition (5.2). a

Note that the hyperbolicity is not strictly verified everywhere since some eigenvalues may coincide if (5.2) is violated, leading
to the so-called resonant behavior. However, in the context of air-water flows, ¢; & 1500 m.s!, and the resonant situation is
clearly out of the scope of interest and the model is not devoted to this unrealistic flow regime. Finally, looking at C(Y) and
R(Y), phases 1 and 2 are only coupled by the first column which means that they evolve independently on each side of the
1-wave A; = up. Moreover, the system may be symmetrized using the Y variable, see [17] for some counterpart.

5.2 Study of the Riemann problem

In this section, we focus on the Riemann problem associated to (5.1) in order to verify that the parametrisation of waves
Ak, k=1,..,5, is well defined. Using the conservative variable

W = (h1,hp1, hapa, hiprut, hapaus)T

the Riemann problem writes

Wit =0.x) W, ifx<0,
= 7x = .
Wg, ifx>0,

where W, and Wy are some constant states.

After studying the nature of characteristic fields, one turns to Riemann invariants and jump conditions which need careful
consideration regarding non-conservative terms.
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Nature of characteristic fields and Riemann invariants

Considering the eigenstructure of (5.1) detailed in proposition 5.1, the following proposition can be stated:

Proposition 5.2 The field associated with the 1-wave A; is linearly degenerate while the fields associated with the waves
Ak, k=2,..,5, are genuinely nonlinear. Moreover, denoting Ik(W) the vector of k-Riemann invariants associated to the k-
wave, one obtains

P+ by up —up)2\T
I'"w)= (uzyml(ul—M2)7m1u1(u1—u2)+h1P1+thz,%+‘I’1+%) )
1

IZ(W) = (h17p27u27”1+/%dpl

)
= hy,p2,u2,ug f/ﬁdpl)
)
)

(
(h],phu],blz‘F/%dpz
(

= h1,P17M1>u2—/MdP2

Pw)

r'w)
5

Fw) P2

Proof One may readily see that
YYAI (Y).l‘l (Y) = 07
where 1, (Y) denotes the k" column of R(Y). Thus, the 1-wave field is linearly degenerate. Moreover, a classical result derived
from the Euler system with perfect gas law or stiffened gas law gives
Yyﬂ,k(Y).I‘k(Y) 7'é 0, k= 2, ...,5.

Thus, the associated fields are genuinely nonlinear.

Regarding the matrix R(Y) in proposition 5.1, the definition of the k-Riemann invariants, k = 2,..,5, is also a classical result
derived from the Euler system. Concerning the linearly degenerate field, A = uy is a 1-Riemann invariant by definition.
The three remaining 1-Riemann invariants may be obtained using three conservation laws on which Rankine-Hugoniot jump
conditions are applied with o = A; as speed of discontinuity. Mass conservation and momentum conservation summed on
both phases provide the first two while the last one is the entropy equality without source terms (see proposition 3.1). Then,
denoting 7} the k™ component of 1!, checking that Vy I} (Y).r; (Y) = 0 is straightforward though tedious. 0

This result emphasizes the fact that the phases evolve independently on each side of the 1-wave. In those regions, /; is constant
and one may notice that the system (5.1) reduces locally to two conservative Euler systems.

Jump conditions

System (5.1) contains two non-conservative products, updyh; and (P; — py g%‘)&xhl. Regarding discontinuous solutions, one
has to make sure that those products are well-defined across genuinely nonlinear and linearly degenerate fields.

As h; is constant through the genuinely nonlinear fields, the system (5.1) can be considered locally conservative. Thus, one
may state the following proposition:

Proposition 5.3 For all genuine non-linear fields corresponding to the k-waves, k = 2,...,5, the Rankine-Hugoniot jump
conditions across a single discontinuity of speed o write

[he] =0,

[my(ux — 0)] = 0,

[myu (uy — 0) + he ] =0,
where brackets [.] denote the difference between the states on both sides of the discontinuity.

Furthermore, as the field associated to the jump of h; is linearly degenerate, the non-conservative products uydyh and
(P — py g%‘)&xhl are well defined. Indeed, one may use the available 1-Riemann invariants detailed in proposition 5.2 to
write explicitly the 1-wave parametrisation.

Finally, no ambiguity holds in the definition of jump relations and non-conservative products. In addition, one can build
analytical solutions for system (5.1) which may be used to validate numerical schemes, see [18] for details. Nonetheless, the
great complexity of (5.1) seems to prohibit the exact resolution of Riemann problems.
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5.3 Positivity

Considering variables with physical meaning such as &y or py, ensuring their positivity is a major requirement. Focusing on
smooth solutions, the result is classical regarding the system (3.14) if one assumes that A, and A,, may be written under the
form A, = mlmz/l and A, = m ma Ay, where )L and A, are positive bounded functions depending on the state variable (see
proposition A.1 in Appendix A). In addition, one can demonstrate that the positivity requirements hold for discontinuous
solutions of the Riemann problem associated to the homogeneous system (5.1). It relies on an explicit writing of elementary
waves parametrisations.

6 Extension to circular pipes with variable cross-section

As mentioned earlier, the 1D averaging operator proposed in (2.9) implicitly deals with the case of homogeneous channels. As
most of pipes are actually circular in industrial facilities, the case of horizontal circular pipes is now considered. The analysis
is also extended to variable cross-section in space and in time corresponding to geometric constraint and pipe elasticity. To
this end, a 2D averaging operator is applied on 3D Euler system following the same approach as in section 2. Note that the
variable cross-section case is developed in [13] considering open channels and two incompressible layers.

6.1 Local governing equations and geometric description

The framework is the set of 3D isentropic Euler equations with the same hypothesis as in section 2, that is the classical
hydrostratic assumption for water. Denoting u; = (uy, v, wy) the velocity vector of phase k and v; = (0,vg, wy), the system
along the longitudinal direction writes

d d
al; ko ’;"”" +divy (peve) = My, (6.12)
Ipitx | Opru IP:(px)
Tt k + divy (pruvi) + —a — Do (6.1b)
with the hydrostatic constraint for phase 1:
dP
la(Pl) - pig. 6.2)
z

It is assumed that the flow is homogeneous in the spanwise direction y, so that (py.,u) are functions of (x,z,z) and the interface
level n; (x,¢) is constant along the y-direction, see figure 6.1.

The pipe is assumed to have a symmetry axis % which coincides with the x axis, the sketch of the problem being provided
on figure 6.1. In the cross-section planes (Oyz), e, and e, denote respectively the unit normal vector to the interface and the
outward unit normal vector to the wall, 6 (x,z,7) is the width of the cross-section and R(x,?) the radius of the pipe. Ay (x,?)
refers to the area filled by phase & such that A; (x,#) +Ax(x,1) = S(x,?), the area of the cross-section. The normal vector to the
interface is given by ny, which differs from e, except when the height profile is horizontal.

Fig. 6.1 Geometric description for circular pipes with variable cross-section

In that framework, the position of the interface is determined from the symmetry axis ¢ and given by 1 (x,7) which verifies
the following kinetic boundary condition:

an
dx

an

1
= =W, (6.3)

+Ur—=—
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where u; = (U;,V;,W;)T is the interfacial velocity.

On the interface, the following boundary conditions still apply

(w(x,z=ny,t)—w(x,z=n,1)n =0, (6.4a)
Pi(x,z=ny 1) =P(x,z =1 1) = Pi(x,1), (6.4b)

and we will assume that the interfacial velocity still satisfies

w(x,t) = Bui(x,z=n, 1)+ (1= Bluz(x,z=n,",1), B €[0,1]. (6.5)
On the walls, we will consider a contact boundary condition between phase k and the wall, which may be written as
dOM,,
= 6.6
dt wall Uk wall s ( )

where M (x,y,z) is a material point belonging to the contour of the area filled by phase k in the cross-section and defined as

OM,, = xe, + Re,, on the wall, (6.7a)
= xe, + ye, + 11 (x,1)e;, on the interface. (6.7b)

Note that the impermeability condition (2.5) used in section 2 is consistent with (6.6).

6.2 Averaging process

Let us define £ (x,¢) the integration domain for phase k,

o(x,z,1)
2

o(x,z,t)

Qk(X,t):{(y,Z)ERZ;— SYS B 5

—R(X,t)—FZk <z< —R(X,[)+Zk+l’lk(x7t)}7

with z; =0, zo = hi(x,t), so that the averaging operator writes

1
Ar(x,1) /:zkm) filxz,1)dQ (6.8)

fk(xat) =

where A (x,t) is the area filled by phase k in the cross-section at abscissa x and time 7:

Ap(x,t) = / dQ. (6.9)
Qi (x;t)
Applying the operator (6.8) to (6.1), one will use the Reynolds transport theorem in time and space given below
d AL fr " JOM,
/ O gy — QAkSi _ fi O b ndi, (6.10a)
'Qk X, l at a[ B.Qk
d AL fr " 8OM
/ O gy — Ok _ fi b ndi, (6.10b)
Q(xp) OX dx YN
and the divergence theorem ‘
/ diVV7z(kak)dQ = / fkvk.nkdl, (6.11)
Qk(x,t) ’ an

where OM,, is defined in (6.7) and n; denotes the outward unit normal vector to €.

0 € includes two different parts, a first part I7 on the interface and a second part I, on the wall such that
0 =11+ 1. (6.12)

Thus, regarding the contour integral in (6.10b) and using the definition (6.7) of OM,;, one writes for the wall part

J0M, 6, S
/wkfk nydl = / fka R = it 5, (6.13)

where

1
= —/ fid®, ek:/ do, 6.14)
Ok /1, Lk
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and S(x,t) = 7R (x,)? is the area of the cross-section. Note that fi corresponds to the linear average of f} along the wet (k= 1)
or dry circular contour (k = 2).

In addition, note that the kinematic boundary condition (6.3) may be written with A;. Indeed, using (6.10b) and (6.13) with
fx = 1, one obtains

8Ak k 8111 Gk as
— = 1)kt 6.15
P I ©.15)
where oy is the width of the cross-section at the interface. The same calculations with (6.10a) yield
Oy O 6,05
ot ot 2madt’
and it follows oA oA 35 Py
1
— —). 6.16
B +U19 1W1+ (3t+U8x) ( )

Mass conservation

The 2D averaging of (6.1a) using (6.10) and (6.11) yields
0Ap, OA " JOM, JOM
kP | OAkPk _/ ( b 4w b
dt ox EYe dt ox

On the interface, n;y = (—1)¥*e, and the definition (6.7) of OM,, gives for the I part:

/p( 1)+ ( T“+ k%fwkdl /Bkdl

the nullity of By being provided by the kinetic boundary condition (6.3) combined with the continuity of the normal velocity
on the interface (6.4a), see (2.12) for details.

— Vk) .nkdl = AkMk.

On the wall, n; = e, and the definition (6.7) of OM,, gives for the I, part:

8OM;, (9OM;, - dOMh
/Fw.k pk( o U ox 7V"> erdl = /Ek pk( dt

- uk.wall) edl =0,

wall

oM,

noticing that vi.e, = ug.e,, (vk Sy 2w 3%1:[1’) .e, = 0 on the wall, and using the contact boundary condition (6.6).

Finally, the contour integral on d£€% is zero and using the notation pyux = P, Uk, the averaged mass conservation equations
write - R
APy | OMP Ik _ 4 7 (6.17)
dt dx
Note that this equation is correct for all geometries of pipes, even for non-circular ones, as the nullity of the contour integral
does not require a circular section.

Momentum conservation

The 2D averaging of (6.1b) yields

OAprt; | OAk(prui + Pi) JOM,, JOM,, J0OM, =
- v )mdl— | P 1ndl = A,Dy.
o T ox / L G e e LT /,;Qk oy A=A

The first contour integral is zero using the same decomposition as for the mass conservation. The contour integral on Py
provides

JOM, J0OM JOM
PO b al = / (—1) 12O o i+ / 2O o,
99y dx Ii dx Lok
Bnl ek s
_ 1k
7PIGI( 1) a +P 27[8 )
0A; 0, dS
=Pk (B P
1 ox +( k 1)271_ ox’

using (6.15). Recall that ﬁk corresponds to the linear average of P, along the wet (k = 1) or dry circular contour (k = 2).

Neglecting the turbulence of the flow at first order, the closure law pku% =Py ﬁkz is chosen and one obtains:

8Akﬁk i 8Ak(ﬁk I:t\kz Jrﬁk) aAk Gk aS
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Hydrostatic constraint

As in section 2, one has to account for gravitational effects for phase 1 coupling (6.18) with the hydrostatic constraint (6.2).

An original approach is proposed below.
An integration of (6.2) between z and 1; writes
m
Pilprz0) = Pie)+ [ pi(x.z.neds.

which gives

_ m
AIPI:/ P,d9+/ (/ pisds)dQ,
.Q] Ql Z
m m
:A1P1+/ (/ plgds)cdz,
-R z

as p1(x,z,t) nor Py(x,t) does not depend on y.
Let us define 27 (x,z,t) the primitive function of & (x,z,¢) along z which cancels out in —R:
2
o (x,z,t) = / o(x,z,1)dz.
-R

An integration by parts provides

m m m m m
/ (/ plgds) odz = [(/ plgds);af] + p1gdz,
—R z z R —R

m
= p1g<dz,
R

= gp1

al &

At this point, it is proposed to neglect the correlation between p; and , such that the closure law for p1 < writes:

o A
Pl; =p1 (;)7
with
Q/ 1
— — od
G A ©
L [(z—mn1)e]™ +/ m—z)odz)
Aq
1
Ai rll —Z)GdZ,
Thus, (6.19b) yields B
Pl :P[—"_ﬁ]gél’

where
E]()CJ) = m(x,t) -z

represents the distance between the interface and the center of mass of the wet section.

(6.19a)

(6.19b)

(6.20)

(6.21)

As in section 2, note that the expression (6.20) for P; is equivalent to a 2D averaged hydrostatic pressure law used with
the averaged density p;. Moreover, in our isentropic framework, this expression provides the closure law for Py and reads

P, =P, —p, gl regarding P, as a function of p;.

Using the closure law (6.20) for P, the averaged momentum equations under hydrostatic constraint write:

O as

AL, Uk aAk(ka//l\k2+Pk)
+
2w 3

ot ox

_ 0A — ==
—(P1=Pigt) G5 = ADi+ (B (Pi—pigh) ) 5=

(6.22)
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6.3 Resulting averaged system

Adding the interfacial kinetic boundary condition (6.16), one obtains a five-equation system corresponding to the five un-
knowns (A1, P, P, U1,U2):

dA; J0A| CIN aS
o TUg = oWt o (g + UG, (6.23a)
AP, AP —
o T ax M (6.23b)
BAkﬁkﬁk 8Ak(ﬁkﬁ,% ‘HBk) _ - aAk = _ . B ek 98
e o ~(P1—Pigl) 5" = A+ (P- P —plgfl))ﬁa, (6.23¢)

where k = 1,2 and A| +A; = S, 0; + 6, = 27. Dealing with the source terms, conservation of mass and momentum of the
mixture impose:

A1D;+A>Dy =0, (6.24a)
AIM; +AM, = 0. (6.24b)

As in section 2.3, the closure P(py) = Pi(p,) is chosen and the celerity of acoustic waves in the averaged framework is

defined by
G =\/P.(Py)- (6.25)

Note that the structure of (6.23) is the same as (2.20) obtained with 1D averaging, replacing A by h;. Moreover, considering
rectangular pipes of constant width L, one has Ay = Lhy, {1 = %‘, and both systems are equivalent.

Dealing with circular pipes, ¢ is given by the formula (6.21) which may be detailed as

_R3(2 6 1

£y =4 fsin3——fcos%(61—sin61))7 (6.26)

3 2 2

h
where 61 = 2arccos(1 — 7).

S(x,7) is a given function which accounts for cross-section variations and as in section 2, P; is closed by the averaged hydro-
static constraint (6.20). The interfacial velocity U; and the source terms, including P, still need closure laws. To this end, an
entropy characterization is detailed in the following section.

6.4 Closure laws and system properties

From now on, the operator notations are omitted. As (6.23) and (2.20) are structurally identical, the calculations will not be
detailed in this section.

Proposition 6.1 System (6.23) admits the entropy inequality

08 99 N

where the entropy &, the entropy flux 9 and .%; are defined by

E=E. 1 +Ep1+E1+E+E, (6.282)
G =u(Eci1+Ep1 +Ei 1) +ua(Eco+Ern) +uiAPL + APy, (6.28b)
%:%(Pwplg(ﬁﬁz%l)H%Pz, (6.28¢)
with
E.r= %AkPkuiv Eix = AxprHi(px), Ep1 =A1p1g(mi — ),
and

, P,
¥ (py) = ’fj;")’
k




A compressible two-layer model for transient gas-liquid flows in pipes. 19

as soon as the following closure laws are used for the interfacial variables:

Ur = uy, (6.29a)
Pr=P —p1gly, (6.29b)
and for the source terms:
Py =P +pig(niz—), (6.30a)
P=n, (6.30b)
oW; =Ap(Pr—P) = Ap(PL — p18li — Po), (6.30c)
uy+u
AuDy = (—1) 2y 7u2)+( = 2>AkMk, (6.30d)
P+ .y P
At = (<12, (AEPEMZE) gy (B2, (6.308)
pi p2

where Ay, Ay and Ay, are positive bounded functions which may depend on the state variable (Ay,p1,p2,u1,u2).

Proof Developing similar calculations as in section 3 and using the closure laws (6.30c), (6.30d), (6.30e), one ends up with

the following entropy inequality:

& 09 s s
§+g+%§+5’;a <0,

where &, ¥, ./, are defined in (6.28) and

0 . ~ [4) .
= uli(ﬂ +pig(Miz—101) *P1)+u2ﬁ(P2*P2)-

Thus, the suggested closure laws (6.30a) and (6.30b) for Py and P, cancel out the ., contribution and yield a decreasing

entropy when dealing with section area constant in time. In addition, the latter are also consistent with the single-phase steady
state at rest, see remark 6.2 below. O

Remark 6.1 In order to clarify (6.28c) and (6.30a), a\jz may be detailed as follows:

— 1 B 2R . 91
m—z—e—l/rwﬁl(m—z)de—m o sin(5).

Thus, when )y =Rand A| =S, 1@/1 =/;=Rand 131 = P,. Moreover, note that A, = S yields %% = Pk% in (6.27), which
is consistent with the single-phase case.

Remark 6.2 The suggested closure laws (6.30a) and (6.30b) are consistent with the single-phase steady state at rest. Indeed,
regarding the averaged momentum equation (6.23c) with u; = 0, one obtains:

AP 6 IS

0A ~
o (P *Plgﬁl)g =AiDy + (Pk* (P *P1851)>E Er

Considering uniform pressure and single-phase flow, that is % =0,A; =S, 6y =27 and D; = 0, the above equation reads:

~ as
(Pk*Pk)|Ak:S$ =0,

and the single-phase steady state at rest yields:
Pk’Ak:S = P’<|A,{:s7

which is verified by (6.30b) and (6.30a), see remark 6.1.

The closed system describing compressible two-layer flows in circular pipes with variable cross-section writes

oW IF(W) W
o toor HEWIG =

C(W)+D(W) 6.31)

where
W = (A1,A1p1,A2p2,A1p1u1,A2pouz) T,
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0 ur %L
Apruy p) 0
w
F(W)= Azpour ; B(W)g = 0 ’
Ai(prul +Pp) —(P1—P1831)%
Az(pzu%-i-Pz) —(P, 7p|gf|)%
Ap(Pr —pigli — Po)
Am( P|+P1g(77| /1)_‘_1{1) ( §+q12))
cw) - i (200 ) (2 ) ,

_l 141—142) (”1+“2) (P1+Ple‘;’)(rll el)+qjl)_(&+%))

Au(ul_uz)+(Hleruz)Av11((P]+pli(]m /|)+q/1) (p2+%))

and NN as
ﬁ(; +M25)
0

D(W) = 0 ,
i8N — oL 98

(P — (P —p1glt)) ze,zr %

where A, A, and A,, are positive bounded functions which depend on the state variable (Ay,p1,p2,u1,u2).

The hyperbolicity of the homogeneous problem associated to (6.31) is readily obtained following the same approach as in
section 5, the eigenvalues being unchanged.

Proposition 6.2 The homogeneous problem associated to (6.31) is hyperbolic under the condition
lug —uz| # cy. (6.32)
Its eigenvalues are unconditionally real, given by
M=u, b =uj—ci, s=uj+ci, a=ur—ca, As =up +cs. (6.33)

Dealing with the Riemann problem, the same analysis as in section 5 leads to same results for (6.31). Thus, the nature of
characteristic fields associated to the k —waves, k = 1,..,5, and Riemann invariants can be detailed, as well as positivity
properties and definition of jump conditions.

Remark 6.3 The comments of section 4 applies to the system (6.31). Particularly, taking A;(x,z) = S(x,#) in (6.31), one
obtains the following system:

8Sp1 95p1u1

R (6.34)
dSpiu; 8S(p1u%+P1) as
o T o T hae (6.35)

as soon as the source terms vanish when A; = S. This resulting system correctly models a pressurized flow in a circular pipe
with variable cross-section where the pipe elasticity, taken into account here with the function S(x,¢), has a great influence on
the speed of acoustic waves.

7 Conclusion

A new model is proposed herein to deal with stratified gas-liquid or vapor-liquid flows in pipes with variable cross-section.
It is a compressible two-layer model which results from an averaging process of the isentropic Euler set of equations with
hydrostatic constraint on the liquid phase. The main difference with the two-layer models issued from the classical literature
is that both phases are assumed compressible. Consequently, it more or less enters in the class of two-fluid two-pressure
models and significant mathematical properties are obtained. The latter include hyperbolicity, entropy inequality and positivity.
Regarding closure laws, the isentropic framework with hydrostatic constraint implies that the interfacial pressure is defined
to satisfy this constraint although the interfacial velocity and source terms are provided by the entropy inequality. It is then
observed that this closed system may correctly deal with pressurized flows without any switching on the pressure law. Indeed,
this feature results from the compressible description of the stratified regime and opens the door, at least formally, to the
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modeling of transitions from stratified to pressurized flows and entrapped air pockets. In practice, note that industrial flows
include low mach velocities for both phases verifying |ux| < c. Thus, with the aim of performing numerical simulations
with the model presented herein, the current work involves the development of a numerical scheme regarding the asymptotic
low-Mach number behavior of the system. This approach will be validated building analytical solutions thanks to the detailed
Riemann invariants and jump conditions of the homogeneous part. The overall mathematical/numerical model will be then
assessed using experimental data. Secondly, the robustness of the scheme will be studied regarding pressurized flows and
vanishing phases, see [18] for details.
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Appendix A Positivity for heights and densities

Proposition A.1 Let L and T be two positive and real constants. Assume that uy, oxuy and the first two right hand sides of
(3.14) belong to L*([0,L] x [0, T]) for k= 1,2. Then, the latter equations associated with admissible inlet boundary conditions
lead to

hi(x,t) € [0,H], V(x,t) €[0,L] x [0,T], (A.1)
pr(x,t) >0, Y(x,7) €[0,L] x [0,T], (A2)

when restricting ourselves to regular solutions.

Proof We place ourselves in the general case and we consider a function @ from [0, L] x [0, 7] to R which verifies an equation

of the form

od JP b
W‘i‘ ax (I)a CPm, (A.3)

where a,b,m are smooth functions from [0,L] x [0,T] to R and a, dia, b, dib, m belong to L*([0,L] x [0,T]). Assume that ¢
verifies positive inlet boundary conditions, that is @(x = 0,7) and @ (x = L,¢) positive for all t in [0,T].
Let introduce the decomposition @ = @+ — @, with @ >0, @~ > 0and TP~ = 0. Multiplying (A.3) by —P~ yields

f:p—i(qﬁ —®)—ad” J (PT—P7)— D (P — qs—)ab

o Ox ax
Defining the norm || . ||= (f§* | . |* dx)'/2, one may obtain by integration over [0, L]
0 L 9
—(|| @~ H2)+/ aa— dx+2/ d —2/ )mdx.
0
Integrating by parts the second term of the left hand side gives
8b da
(o = (o dx.
O le )+ late = [ (@ 2en-29 4+ S

The positive inlet boundary conditions give @~ (x = 0,¢) = @~ (x = L,t) = 0, thus one can write

0 _ L b  da _ b  da
= (@ HZ)S/ (®7)2m —2y to ldx<| @ [& sup |2m 2o+ 5Lk
ot 0 ox 0L ox

Since the initial data on @ is positive, the Gronwall’s lemma gives for any time t in [0, T]

@[ (1) =

Therefore, @~ is null and ¢ remains positive on the whole domain [0, L] x [0,T].

Finally, consider @ = hy and @ = H — hy, to get (A.1), while @ = my, will provide (A.2). a
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