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INCOMPRESSIBLE IMMISCIBLE MULTIPHASE FLOWS IN
POROUS MEDIA: A VARIATIONAL APPROACH

CLEMENT CANCES, THOMAS O. GALLOUET, AND LEONARD MONSAINGEON

ABSTRACT. We describe the competitive motion of (N + 1) incompressible
immiscible phases within a porous medium as the gradient flow of a singular
energy in the space of non-negative measures with prescribed mass endowed
with some tensorial Wasserstein distance. We show the convergence of the
approximation obtained by a minimization scheme d la [R. Jordan, D. Kinder-
lehrer & F. Otto, STAM J. Math. Anal, 29(1):1-17, 1998]. This allow to obtain
a new existence result for a physically well-established system of PDEs con-
sisting in the Darcy-Muskat law for each phase, N capillary pressure relations,
and a constraint on the volume occupied by the fluid. Our study does not
require the introduction of any global or complementary pressure.

Keywords. Multiphase porous media flows, Wasserstein gradient flows, constrained par-
abolic system, minimizing movement scheme

AMS subjects classification. 35K65, 35A15, 49K20, 76505

1. INTRODUCTION

1.1. Equations for multiphase flows in porous media. We consider a con-
nected open bounded set Q@ C R? representing a porous medium. N + 1 incom-
pressible and immiscible phases, labeled by subscripts ¢ € {0,..., N} are supposed
to flow within the pores. Let us present now some classical equations that describe
the motion of such a mixture. The physical justification of these equations can be
found for instance in [10, Chapter 5. We denote by s; : Q@ x (0,7) =: Q — [0, 1]
the content of the phase i, i.e., the volume ratio of the phase i compared to all the
phases and the solid matrix, and by wv; the filtration speed of the phase i, then the
conservation of the volume of each phase writes

(1) Osi+V - (siv;)=0 inQ, Vie{0,...,N},

where T" > 0 is an arbitrary finite time horizon. The filtration speed of each phase
is supposed to be given by the Darcy law

1 . .
(2) Ui = —_K(sz—f)zg) m Qa Vi € {OvaN}

K3
In the above relation, g is the gravity vector, u; denotes the viscosity of the phase i,
p; its pressure, and p; its density. The intrinsic permeability tensor K :  — R*?
is supposed to be smooth, symmetric K = K”, and uniformly positive definite:
there exist k., k* > 0 such that:

3) ru€)? < K@) € <w'(E°,  VEER?, Ve el
1
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The pore volume is supposed to be saturated by the fluid mixture, i.e.,
N
(4) o= Z si=w(x) ae. inQ,
i=0
where the porosity w : Q — (0, 1) of the porous medium is assumed to be smooth.

In particular, there exists 0 < w, < w* such that w, < w(x) < w* for all x € Q. In
what follows, we denote by s = (so,...,sn), by

N
8; = w(w)} :
1=0

X ={se L"(QGRY™) | s(z) € A(z) ae. in Q}.

There is an obvious one-to-one mapping between the sets A(x) and

N
Z 5 < w(m)} ,
i=1

Alz) = {s € (R )N+

and by

A (x) = {s* = (51,.-.,8n) € (RN

and consequently also between X and
Xt ={s" e L'(RY) | s*(
In what follows, we denote by Y = (.5 A" (x) x {x}.
In order to close the system, we impose N capillary pressure relations

(5) pi —po=m(s",x) aeinQ, Vie{l,...,N},

where the capillary pressure functions 7; : ¥ — R are assumed to be continuously
differentiable and to derive from a strictly convex potential IT: ¥ — R :

x) € A*(z) a.e. in Q}.

©) mls" @) = o

We assume that II is uniformly convex w.r.t. its first variable. More precisely, we
assume that there exist two positive constants w, and w* such that, for all €
and all s*,3" € A*(z), one has

(s*,x) Vie{l,...,N}.

*
() S -5 2 0E @)~ (s @)~ m(s",2) - (37— s7) = 3" — ",
where we introduced the notation
xS RY
(s*,x) — w(s*,x) = (m(s*,x),...,7n(s*,x)).
The relation (7) implies that 7 is monotone and injective w.r.t. its first variable.
Denoting by
zZ = (]5(2,’,:3) = (¢1(zaw)a R ng(Z,CE)) € A*(m)
the inverse of 7 (-, ), it follows from (7) that
1 1 —

8) 0<—<l.¢(2,x) < — for all z €  and all z € 7(A™(x), z),

w Wy
where J, stands for the Jacobian with respect to z, and where the above inequality

has to be understood in the sense of positive definite matrices. Moreover, due to
the regularity of @ w.r.t. the space variable, there exists Mg > 0 such that

(9) |Va(z,x)| < Mg for all z € Q and all z € T(A*(x), x),
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where V, denote the gradient w.r.t. to the second variable only.

The problem is complemented with no-flux boundary conditions

(10) v,i-n=0 ondx (0,7), Vie{0,...,N},

and by the initial content profile s° = (58, ceey 89\,) e X:
N

(11) 5i(0)=sY Vie{0,...,N}, with Zs? =wa.e. in .
i=0

Since we did not consider sources, and since we imposed no-flux boundary con-
ditions, the volume of each phase is conserved along time

(12) /Qsi(:c,t)dcc = /Qs?(:c)dw =:m; >0, Vie{0,...,N}.

We can now give a proper definition of what we call a weak solution to the
problem (1)—(2), (4)—(5), and (10)—(11).

Definition 1.1 (Weak solution). A measurable function s : Q — (Ry)N*! s
said to be a weak solution if s € A a.e. in Q, if there exists p = (po,...,pN) €
L2((0,T); HY(Q))N*Y such that the relations (5) hold, and such that, for all ¢ €
Cx(Q x [0,7T)) and all i € {0,...,N}, one has

(13) // $;Oppdadt —I—/ s9¢(-,0)dz — // K (Vp; — pig) - Vodadt = 0.
Q

1.2. Wasserstein gradient flow of the energy.

1.2.1. Energy of a configuration. First, we extend the convex function IT : ¥ —
[0, +00], called capillary energy density, into a convex function (still denoted by)
I : RYFL x Q — [0, +00] by setting

a

(s, ) II (w%,w) = H(ws—l,...,w%v,w) if s e Rf“ and o < w(x),
400 otherwise,

o being defined by (4). The extension of IT by 400 where o > 1 is natural because
of the incompressibility of the fluid mixture. The extension on {¢ < 1} URf 1 has
been designed so that the energy density only depends on the composition of the
fluid mixture. However, this extension is somehow arbitrary, and, as it will appear
in what follows, it has no influence on the flow since the solution s remains in X.
In our previous note [17], the appearance of void o < 1 was directly prohibited by
a penalization in the energy.

The second part in the energy comes from the gravity. In order to lighten the
notations, we introduce the functions

(14) \IJ{Q - R+ Vie{0,...,N},
r = —0g-T,

and
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The fact that U, can be supposed to be positive come from the fact that Q is
bounded. Even though the physically relevant potentials are indeed the gravita-
tional U;(x) = —p;g - x, the subsequent analysis allows for a broader class of ex-
ternal potentials and for the sake of generality we shall therefore consider arbitrary
W; € CH(Q) in the sequel.

We can now define the convex energy functional £ : L*(Q, RV *1) — R U {400}
by adding the capillary energy to the gravitational one:

(15) E(s) = /Q (Ii(s,z) +s-¥)dx >0, Vs € LY RV,

Note moreover that £(s) < oo iff s > 0 and 0 < w a.e. in Q. It follows from the
conservation of the total mass (12) that

/Q o(x)dx = gmi = /Qw(w)dm.

Assume that there exists a non-negligible subset A of Q such that ¢ < w on A, then
necessarily, there must be a non-negligible subset B of ) such that ¢ > w so that
the above equation holds, hence £(s) = +o00. Therefore,

(16) E(s) <o & selX.

Let p = (po,...,pn) : @ — R¥*! be such that p € 9,I1(s,x) for a.e. x in Q,
then, defining h; = p; + ¥;(z) for all i € {0,..., N} and h = (hi)j<;<, h belongs
to the subdifferential 9;€(s) of £ at s, i.e.,

N
5(/8\) > 5(8) + Z /Q hz(gz — Si)d.’B, Vs € LI(Q;RN+1).
1=0

The reverse inclusion also holds, hence
(17) 9sE(s) = {h: Q= RV | by — Ui(x) € O,l(s, x) for ae. x € Q}.

Thanks to (16), we know that a configuration s has a finite energy iff s € X.
Since we are interested in finite energy configurations, it is relevant to consider the
restriction of £ to X. Then using the one-to-one mapping between X and X, we
define the energy of a configuration s* € X", that we denote by £(s*) by setting
E(s*) = £(s) where s is the unique element of X corresponding to s* € X'™.

1.2.2. Geometry of Q and Wasserstein distance. Inspired by the paper of Lisini [34],
where heterogeneous anisotropic degenerate parabolic equations are studied from
a variational point of view, we introduce (N + 1) distances on € that takes the
permeability of the porous medium and the phase viscosities into account. Given
two points x,y in Q, we denote by

P(z,y) = {7y € C'([0,1];Q) |7(0) = & and ¥(1) = y}
the set of the smooth paths joining  to y, and we introduce distances d;, i €
{0,..., N} between elements on by setting

1 1/2
18) di(@y) = int (/ uiKl(*/(T))v’(T)-v’(T)dT) L ey e O

YEP(x,y)
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It follows from (3) that
i 0 =2
(19) Ele—yl<di@y) < \[Ela-yl.  V@y e
*

Since K~! is smooth, at least C%(Q), the Ricci curvature of (,d;) is uniformly
bounded, i.e., there exists C' depending only on (Mi)ogig n and K such that

(20) [Rice(v)] < O K v - v, Ve € Q, Yo € R

We refer to [44, Chap. 14] for further details on the Ricci curvature and its links
with optimal transportation.
Q

Let i € {0,..., N}, then define
Let s;,5; be two elements of A;, the set of the transport plans between s; and s; is
given by

.Ai = {Si S Ll(Q;R+)

Fi(Si,/S\i) = {91 € M+(Q X Q)

l(Q X Q) = m;, 6‘(1) = S; and 6‘52) = /S\i } s

where M (Q x Q) stands for the set of Borel measures on  x 0, and where 9§k) is

the k' marginal of the measure 6;. We define the quadratic Wasserstein distance
W; of A; by setting

1/2
(21) Wi(si,8:) = ( inf // (x,y)*db;(x, y)) .
0;€I(s4,5:) QOxQ

Due to the permeability tensor K(x), the porous medium 2 might be heterogeneous
and anisotropic. Therefore, some directions and areas might me privileged by the
fluid motions. This is encoded in the distances d; we put on €. Moreover, the
more the phase is viscous, the more costly are its displacements, hence the p; in
the definition (18) of d;. But it follows from (19) that

(22) s Wrcf(517 ) < W 51; 51 \/ Wrct 51; 51 VSi, /5\1 S Ai7
where Wi denotes the classical quadratic Wasserstein distance defined by

1/2
(23) Wiet (84, 81) = ( inf // | — y|2d9i(w,y)) .
0;€T(s;,8:) QOxO

Once the phase Wasserstein distances (W;) ., at hand, we can define the
global Wasserstein distance W on A := Ay x --- x Ay by setting

N 1/2
/3\) = <Z Wi(Si,/S\i)2> s V8,§ e A.
=0
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1.2.3. Gradient flow of the energy. The content of this section is formal. Our aim
is to write the problem as a gradient flow, i.e.

ds
dt

where grady,£(s) denotes the Wasserstein gradient of £(s), and where grady,.
denote the gradient of s; — £(s) for the Wasserstein distance W;. The Wasserstein
distance W; was built so that § = (s;), € grady, E(s) iff there exists h € 0,€(s)
such that

(24) € —grady £(s) = — (grady, £(s), ..., grady, £(s))

Opsi = =V - (siKVhi), Vi e {0,...,N}.
i

Such a construction was already performed by Lisini in the case of a single equation.
Owing to the definitions (15) and (17) of the energy £(s) and its subdifferential
0sE(8), the partial differential equations can be (at least formally) recovered. This
was roughly speaking to purpose of our note [17].

In order to define rigorously the gradient grady, € in (24), A has to be a Rie-
mannian manifold. The so-called Otto’s calculus (see [40] and [44, Chapter 15])
allows to put a formal Riemannian structure on A. But as far as we know, this
structure cannot be made rigorous and A is a mere metric space. This leads us
to consider generalized gradient flows in metric spaces (cf. [5]). We won’t go deep
into details in this direction, but we will prove that weak solutions can be obtained
as limits of a minimizing movement scheme presented in the next section. This
characterizes the gradient flow structure of the problem.

1.3. Minimizing movement scheme and main result.

1.3.1. The scheme and ezistence of a solution. For a fixed time-step 7 > 0, the
so-called minimizing movement scheme [24, 5] or JKO scheme [30] consists in com-
puting recursively (s™), -, as the solution to the minimization problem

(m%:_ly +5(s)> :

(25) s" = argmin
s€A

the initial data s° being given (11).
1.3.2. Approzimate solution and main result. Anticipating that the JKO scheme

(25) is well posed (this is the purpose of Proposition 2.1 below), we can now define
the piecewise constant w.r.t. time approximate solution s™ € L>°((0,7); X N.A) by

(26) s7(0,-) =", and s7(t,-) =s" Vit ((n—1)r,n7], ¥n > 1.
The main theorem of our paper is the following.

Theorem 1.2. Let (1), be a sequence of time steps tending to 0, then there
exists one weak solution s in the sense of Definition 1.1 such that, up to an unlabeled
subsequence, (s7),~, converges a.e. in Q) towards s as k tends to cc.

As a direct by-product of Theorem 1.2, the continuous problem admits (at least)
one solution in the sense of Definition 1.1. As far as we know, this existence result
is new.
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Remark 1.3. It is worth stressing that our final solution will satisfy a posteriori
O¢s; € L*((0,T); HY(Q)), s; € L*((0,T); HY(Q)), and thus s; € C([0,T]; L*(Q)).
This reqularity is enough to retrieve the so-called Energy-Dissipation-Equality

ié‘(s(t)) = —i/ Ksi(t)V(p-(t)—l—\lf-)-V(p-(t)—i—\ll»)d:n <0 fora.e te(0,T)
dt Pt o ul K3 K3 K2 3 - I I

which is another admissible formulation of gradient flows in metric spaces [5].

1.4. Goal and positioning of the paper. The aims of the paper are twofolds.
First, we aim to provide rigorous foundations to the formal variational approach
exposed in the authors’ recent note [17]. It gives new insights for the modeling of
complex porous media flows and their numerical approximation. It appears to be
very natural since only physically motivated quantities appear in the study. Indeed,
we manage to avoid the introduction of the so-called Kirchhoff transform and global
pressure that classically appear in the mathematical study of multiphase flows in
porous media (see for instance [19, 9, 21, 26, 27, 23, 20, 2, 3]).

Second, the existence result that we deduce from the convergence of the varia-
tional scheme is new as soon as there are at least three phases (N > 2). Indeed,
since our study does not require the introduction of a global pressure, we get rid
of many structural assumptions on the data among which the so-called total dif-
ferentiability condition, see for instance Assumption (H3) in the paper by Fabrie
and Saad [26]. This structural condition is not naturally satisfied by the models,
and suitable algorithms have to be employed in order to adapt the data to this
constraint [22]. However, our approach suffers from another technical difficulty: we
are stuck to the case of linear relative permeabilities. The extension to the case of
nonlinear concave relative permeabilities, i.e., where (1) is replaced by

81551' + V . (kl(SZ)'UZ) = O,

may be reachable thanks to the contribution of Dolbeault, Nazaret, and Savaré [25],
but we did not push into this direction since the relative permeabilities k; are in
general supposed to be convex in models coming from engineering.

Since the seminal paper of Jordan, Kinderlehrer, and Otto [30], gradient flows
in metric spaces (and particularly in the space of probability measures endowed
with the quadratic Wasserstein distance) were the object of many studies. Let
us for instance refer to the monograph of Ambrosio, Gigli, and Savaré [5] and to
Villani’s book [44, Part II] for a complete overview. Applications are numerous.
We refer for instance to [39] for an application to magnetic fluids, to [41, 7, 6] for
applications to supra-conductivity, to [12, 11, 45] for applications to chemotaxis,
to [35] for phase field models, to [37] for a macroscopic model of crowd motion,
to [13] for an application to granular media, to [18] for aggregation equations,
or to [31] for a model of ionic transport that applies in semi-conductors. In the
context of porous media flows, this framework has been used by Otto [40] to study
the asymptotic behavior of the porous medium equation, that is a simplified model
for the filtration of a gaz in a porous medium. The gradient flow approach in
Wasserstein metric spaces was used more recently by Laurengot and Matioc [33]
on a thin film approximation model for two-phase flows in porous media. The
variational structure of the system governing incompressible immiscible two-phase
flows in porous media was recently depicted by the authors in their note [17].
Whereas the purpose of [17] is formal, our goal is here to give a rigorous foundation
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to the variational approach for complex flows in porous media. Finally, let us
mention the work of Gigli and Otto [28] where it was noticed that multiphase linear
transportation with saturation constraint (as we have here thanks to (1) and (4))
yields nonlinear transport with mobilities that appear naturally in the two-phase
flow context.

The paper is organized as follows. In Section 2, we derive estimates on the solu-
tion s” for a fixed 7. Beyond the classical energy and distance estimates explicited
in §2.1, we obtain enhanced estimates thanks to an adaptation of the so-called flow
interchange technique of Matthes, McCann, and Savaré [36] to our inhomogeneous
context in §2.2. Because of the constraint on the pore volume (4), the auxiliary flow
we use is no longer the heat flow, and a drift term has to be added. An important
effort is then done in §3 to derive the Euler-Lagrange equations that follow from the
optimality of s™. Our proof is inspired from the work of Maury, Roudneff-Chupin,
and Santambrogio [37]. It relies on an intensive use of the dual characterization of
the optimal transportation problem and the corresponding Kantorovitch potentials.
However, additional difficulties come from the multiphase aspect of our problem, in
particular when there are at least three phases (i.e., N > 2). These are overpassed
using a minimax theorem and computing the associated Lagrange multipliers in
§3.1. This key step then allows to define the notion of discrete phase and capillary
pressures in §3.2. Then Section 4 is devoted to the convergence of the approximate
solutions (s™), towards a weak solution s as 7, tends to 0. The estimates we
obtained in Section 2 are integrated w.r.t. time in §4.1. In §4.2, we show that these
estimates are sufficient to enforce the relative compactness of (s7), in the strong
LY(Q)N ! topology. Finally, it is shown in §4.3 that any limit s of (s™), is a weak
solution in the sense of Definition 1.1.

2. ONE-STEP REGULARITY ESTIMATES

The first thing to do is to show that the JKO scheme (25) is well-posed. This is
the purpose of the following Proposition.

Proposition 2.1. Letn > 1 and s"~' € XN.A, then there exists a unique solution
8™ to the scheme (25). Moreover, one has s™ € X N A.

Proof. Any s"7' € X N A has finite energy thanks to (16). Let (s™*), C A
be a minimizing sequence in (25). Testing s"~! in (25) it is easy to see that
E(s™F) < €(s"71) < o for large k, thus (s™*), C X N.A thanks to (16). Hence,
one has 0 < s?k(m) < w(x) for all k. By Dunford-Pettis’ theorem, we can therefore
assume that s?’k — 5% weakly in L'(Q). It is then easy to check that the limit s"
of s™* belongs to X N.A. The lower semi-continuity of the Wasserstein distance
with respect to weak L' convergence is well known (see, e.g., [42, Prop. 7.4]), and
since the energy functional is convex thus l.s.c., we conclude that s™ is indeed a
minimizer. Uniqueness follows from the strict convexity of the energy as well as

from the convexity of the Wasserstein distances (w.r.t. linear interpolation sy =
(1 —=0)sp+0s1). O

The rest of this section is devoted to improving the regularity of the successive
minimizers.
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2.1. Energy and distance estimates. Testing s = s"~! in (25) we obtain
W(Sn, snfl)Q
2T

As a consequence we have the monotonicity
L E(EM) <E(smT) < <E(8%) < 0

at the discrete level, thus s™ € X for all n > 0 thanks to (16). Summing (27) over
n we also obtain the classical total square distance estimate

(27) +E(s") < E(s"),

(28) 1 YW (s ) < 26(s°) < O(QIL @),
7'
n>0

the last inequality coming from the fact that s° is uniformly bounded since it
belongs to X, thus so is £(s). By the Cauchy-Schwartz inequality, this readily
gives the approximate 1/2-Holder estimate

(29) Wi(s™,s"?) < Cy/|ng —nq|T + 1)7T.

2.2. Flow interchange, entropy estimate and enhanced regularity. The
goal of this section is to obtain some additional Sobolev regularity on the capillary
pressure field 7w (s™*, &), where s™* is the unique element of X™* corresponding to
the minimizer s™ of (25). In what follows, we denote by

n. | Q = R, .
T { z o m(s™(@),3), Vie{l,...,N}
and " = (77,...,7%). Bearing in mind that w(x) > w, > 0 in Q, we can define

the relative Boltzmann entropy H,, with respect to w by

He(s) = / s(z)log s(@) dz, for all measurable s: Q — R,.
Q w(x)

Lemma 2.2. There exists C' depending only on Q, 11, w, K, (1;)
for alln > 1 and all 7 > 0, one has

N 2/an on—1 N n—1 n
n W=(s", s He (5] — Heo(s]
(0 S IVAlZae s0<1+¥+§j e )>-
i=0 =0

and ¥ such that,

77

T

Proof. The argument relies on the flow interchange technique introduced by Matthes,
McCann, and Savaré in [36]. Throughout the proof, C' denotes a fluctuating quan-
tity that depends on the prescribed data Q,II,w, K, (1), and ¥, but neither on ¢,
7, nor on n. For ¢ =0...N consider the auxiliary flows

015, = div(KVs§; — 5 KVilogw), t>0,x € Q,
(31) K(Vs; — §;Vlogw) - v =0, t>0, e,
Sil,_g = 87, x €.

By standard parabolic theory (see for instance [32, Chapter III, Theorem 12.2]),
these Initial-Boundary value problems are well-posed, and their solutions §;(x)
belong to C12((0,1] x Q) N C([0,1]; LP(Q)) for all p € (1,00) if w € C*>*(Q) and
K € CH¥(Q) for some a > 0. Therefore, t + %;(-,t) is absolutely continuous in
LY(€2), thus in A; endowed with the usual quadratic distance Wyt (23) thanks to
[42, Prop. 7.4]. Because of (22), the curve t — §;(-, ) is also absolutely continuous
in A; endowed with W;.
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From Lisini’s results [34], we know that the evolution ¢ — §;(-,¢) can be in-
terpreted as the gradient flow of the relative Boltzmann functional ifH"*’ with
respect to the metric W;, the scaling factor i appearing due to the definition (21)
of the distance W;. As a consequence of (20), The Ricci curvature of (£2,d;) is
bounded, hence bounded from below. Since w € C?(2) we also have that #1 H is
Ai-displacement convex with respect to W; for some A; € R depending on w and
the geometry of (€, d;), see [44, Chapter 14]. Therefore, we can use the so-called
Evolution Variational Inequality characterization of gradient flows (see for instance
[4, Definition 4.5]) centered at s~ ', namely

1d 2 n—1 )\1 2/ n—1 1 n—1 1 =
- ' P2 (. ' < r _ . .
(32) B dtWZ (8i(t),s7 ) + 9 Wi(si(t),s; ) < /Lin(SZ ) ‘uin(Sl(t))
Denote by 8 = (30,...,3n), and by 8* = (31,...,8y). Summing (32) over i €
{0,..., N} leads, for all ¢ > 0, to
(33)
d (1 n i W (st 0.8 o Ho "*1> o (5i(1)
il n < .
dt(2TW (3(t).s )) _c( +;

In order to estimate the internal energy contribution in (25), we first note that

N _
> s(x) = w(x) for all € Q, thus by the linearity of the system (31), we have

=0 "

N —

> 8i(x,t) = w(x) as well for all € © and all ¢ > 0. Moreover, the problem (31) is
i=0

monotone, thus order preserving, and admits 0 as a subsolution. Hence §;(x,t) > 0,
so that 8(t) € AN X is an admissible competitor in (25) for all ¢ > 0. The

smoothness of 8 for ¢ > 0 allows to write

(34) % (/Q H(é*(:c,t),w)dw) - ij:/ﬂﬁi(m,t)atéi(m,t)dw = I(t) + I(t),

where 7; := m;(8%, ), and where, for all ¢ > 0, we have set
N
= —Z/ Vi) - KV3;(t)da
i=19

To estimate I1, we first use the inversibility of 7 to write

s(x,t) = ¢p(7(x,t), x) =: (iﬁ(w,t),

- KVwde.

Qw

yielding
(35) Vs(w,t) = I.¢((x,t), ) Vi(z,t) + Vo ((z,1), ).
Combining (3), (8), (9) and the elementary inequality
a2 2
(36) ab < 57 + % with ¢ > 0 arbitrary,
we get that for all ¢ > 0, there holds

I(t)<——/ V() 2dz + K <5 Q|Vﬁ-(t)|2dw+%/Q|Vm¢(ﬁ'(t))|2dcc>.
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Choosing § = =, we get that
3

(37) L) <=2 [ (wa@)Pdz +C, Yt > 0.
4w* O

In order to estimate I2, we use that §(t) € X for all ¢ > 0, so that 0 < §;(z,t) <
w(x), hence we deduce that Zfil (5—)2 < 1. Therefore, using (36) again, we get

L(t) < 6k* | |V#(t)|*de + — / |Vw|?dz.
Q

Choosing again § = yields

_Rx
AR*w*

(38) L(t) < = /Q|Vﬁ'(t)|2dm+0.

~ 4w*

Taking (37)—(38) into account in (34) provides

d X
39) = </ H(é*(m,t),m)dcc) < [ \wa@)Pde+C, V> 0.
dt Q 2w* Q

Let us now focus on the potential (gravitational) energy. Since 3(t) belongs to
X N A for all ¢ > 0, we can make use of the relation

So(m,t) =w(x) — > Si(x,t),  forall (w,t) € Qx Ry,
to write: for all ¢ > 0,

N N
;/ﬂéi(:v,t)%(w)dng/ 5i(x, t)(V; —\Ifo)(w)dw—i-/ﬂw(m)\po(w)dw'

Q

This leads to

(40) <Z/ﬂ )W, dm) Z/ﬂ (2))0;si (e, t)daw = Jy (t)+ Jo(t),

where, using the equations (31), we have set

Z V U, — W) - KV3;(t)da

i) V (¥, — Ug) - KVwda.
w

The term .J; can be overestimated using (36). More precisely, for all § > 0, we have
|
(41) Ji(t) < K <5IIV5‘*(t)|%z +5 DIV - ‘1/0)||%2> :
i=1
Using (35) together with (8)—(9), we get that

» 1. ? 2 )
15 Z2 < (w—|v7r||L2 + |Q|M¢) < oy VAl + 210200,)°.
* *
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w*)2ﬁ*

Therefore, choosing § = (8K*m* in (41), we infer from the regularity of ¥ that

(42) Ji(t) < 2=

~ 4w*

/ |V#(t)|*de + C, vt > 0.
Q

Finally, it follows from the fact that Zﬁl $; < w, from Cauchy-Schwarz inequality,
and from the definition (14) of ¥; that

N
(43) Jo(t) > =Y || VW = V| 2| V|2 = C.

i=1

Combining (40), (42), and (43) with (39), we get that

d "
(44) —&(8(t)) < — r / |V7i'(t)|2dw + C, vt > 0.
dt 4w* Q
Denote by
1
(45) Fr(s) = —W?3(s,8" 1)+ E(s)

27
the functional to be minimized in (25), then gathering (33) and (44) provides

d "/ K .12
GFrE) + VR
2/ n—1 N n—1y 5
§O<1+W (3(t).8" 1) | §~ Hols ) m@(ﬂ)) v
T i—o T

Since §(0) = s™ is a minimizer of (25) we must have
: d .
0 <limsup [ —Fr(5(¢)) ),
t—0+t de

otherwise &(t) would be a strictly better competitor than s™ for small strictly
positive t. As a consequence, we get

W2(3(1),8"1) o= Ho(s7 1) — Ho(5i(1))
liminf |V (8)]%2: < Cli 1 ’ i .
im inf | V7 (¢)||7> < 1msup( + +> .

=
t—0+t i—0

Since §; belongs to C([0, 1]; LP(§2)) for all p € [1,00) (see for instance [16]) for all
i € {0,...,N}, then thanks to the continuity of the Wasserstein distance and of
the Boltzmann entropy with respect to the LP-convergence, we get that

W2(5(t),s" 1) — W2(s", 8" 1) and H,(5(t)) o He (8.

t—0+

Therefore, we obtain that

W2(s", 5" ZN Ho(s7 1) = Hu(s7)
. . ) , , wl$S; w\9q
(46)  liminf V7 (t)[72 < C <1 T A T |

It follows from the regularity of 7 that

w(t) — 7" =m(s
ﬂ.()t%0+ﬂ' 7(

" g) i LP(Q).
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Finally, let (t¢),~, be a decreasing sequence tending to 0 realizing the lim inf in (46),

then the sequence (V7 (tr)),s, converges weakly in L2(Q)N*4 towards V™. The
lower semi-continuity of the norm w.r.t. the weak convergence leads to

N

S OIVarli. < lim [V (te)]|7. = liminf || V()7
Pt {— 00 t—0+
2(an on—1 N n—1y n
§C<H W o) | g Bl ) mm)
T P T
and the proof is complete. O

3. THE EULER-LAGRANGE EQUATIONS AND PRESSURE BOUNDS

The goal of this section is to extract informations coming from the optimality
of s" in the minimization (25). The main difficulty consists in constructing the
phase and capillary pressures from this optimality condition. Our proof is inspired
from [37] and makes an extensive use of the Kantorovich potentials. Therefore, we
first recall their definition and some useful properties. We refer to [42, §1.2] or [44,
Chapter 5] for details.

Let (v1,v2) € M4 (2)? be two nonnegative measures with same total mass. A
pair of Kantorovich potentials (¢;, ;) € L' (1) x L*(v2) associated to the measures
v1 and 2 and to the cost function 2d? defined by (18), i € {0,..., N}, is a solution
of the Kantorovich dual problem

DP;(vy,12) = max / i(x)v (x)de + / »i(y)r2(y)dy.
(pii) €L (v1)X L™ (v2) Q Q
wi(@)+¥i(y) < 3df (z,y)

We will use the three following important properties of the Kantorovich potentials:

(a) There is always duality
1
DPi(V17V2):§Wi2(V17V2); VZE{O,,N}

b) A pair of Kantorovich potentials (¢;, ;) is dv; ® dvy unique, up to additive
¥
constants.
¢) The Kantorovich potentials ¢; and 1; are id?-conjugate, that is
27

1

yeQ 2
N Pt
vily) = Inf Sdi(z,y) - pi(x), Yye
Remark 3.1. Since  is bounded, the cost functions (x,y) — %df(m,y), i€
{1,..., N}, are globally Lipschitz continuous, see (19). Thus item (c) shows that

i and ; are also Lipschitz continuous.

3.1. A decomposition result. Our next result essentially states that, since s™ is a
minimizer of (25), it is also a minimizer of the linearized problem. This linearization
will be useful later on to deduce the aforementioned structural decomposition, and
leverages the Kantorovich potentials in order to linearize the squared Wasserstein
distances.
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Lemma 3.2. Forn > 1 andi = 0,...,N there exist some (backwards, optimal)
Kantorovich potentials ¢! from s} to s?_l such that, setting
Fy =0,
(47) O o em ,
F‘ZnZTI—TO-i-TFZn—f—\I/i—\I/Q, VlE{l,...,N},

K2

and F" = (F]")o<,< - there holds

(48) s" = Argmin/ F"(x) - s(x)de.
seXNA JQ

Moreover, FI* € L N HY(Q) for alli € {0,...,N}.

Proof. The proof is inspired from that of [37, Lemma 3.1]. We assume first that
s (x) > 0 everywhere in Q for all i € {1,...,N}, so that the Kantorovich
potentials (¢, ¢") from s to 5?71 are uniquely determined after normalizing
O (@rer) = 0 for some arbitrary point @,er € Q (cf. [42, Proposition 7.18]). Given

any s* = (8i);<;«y € X" N.A" we define

N
si=(1—¢)sl +es; forie{l,...,N}, and sg:zw—Zsf.
i=1
Note that for e € (0,1) this e-perturbation s° = (s§, s5, ..., s5) sums to w(z) and

is admissible in the sense that s° € X N.A. Let (¢f,45) be the unique Kantorovich
potentials from s to s?fl, similarly normalized as ¢f(x¢) = 0. Then by char-
acterization of the squared Wasserstein distance in terms of the dual Kantorovich
problem we have

1

W) = [ pi@si@ia + [ v )y,
Q Q

1 - n n—

AL 2 [ @t @ie [ v iy,
Q Q

By definition of the perturbation s® it is easy to check that s§ — s* = e(s; — s?*) for

N
i€{l,...,N}, while s§—s§ = —¢ > (s;—s"). Subtracting the previous inequalities
i=1
we get, respectively,
1
@) g VR W) < £ [ i

forallie {1,...,N}, and

N
1 n— n n— € n
(50) Py (WOQ(ngso - Wo2(50750 1)) < T Z/QsOB(Si — s;)dz.
i=1

Denote by s°* = (s§,...,s%) and by 7 = w(s*, ). The convexity of II implies
that

(51)
[ s @) =115 @) e > [

e (8" — s )dae = —5/ (8" — s™) da.
Q

Q
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N
As for the potential energy, we substitute s§ = w — > s5 and immediately obtain
i=1
by linearity

N
(52) /Q (s°—s") - Wda = 5; /Q(\pi — Wg)(s; — sT)da.

Summing (49)—-(52), dividing by ¢, and recalling that s™ minimizes the functional
F defined by (45), we obtain

Fr(s) = Fr(s") _ §- / ¢ vh
53) 0< — = < o D 4y, - ;i —sM)d
(53) S B _; e 7_—|—7rl—i- o) (si —s)de

for all s € XN A and all ¢ € (0,1). Because Q is bounded, any Kantorovich
potential is globally Lipschitz with bounds uniform in € (see for instance the proof
of [42, Theorem 1.17]). Since s® converges uniformly towards s™ when e tends to
0, we infer from [42, Theorem 1.52] that ¢5 converges uniformly towards ¢!" as e
tends to 0, where ¢! is a Kantorovich potential form s} to s?_l. Moreover, since
7 is uniformly continuous, we also know that ¢ converges uniformly towards =™.
Then we can pass to the limit in (53) and infer that

(54) 0< / F . (s" —s"")dex = / F" . (s — s")dz, VseXNA
Q Q

thanks to the choice F§' = 0. As a consequence, (48) holds.
If s?fl > 0 does not hold everywhere we argue by approximation. Running the

flow (31) for short times § > 0 starting from s"~!, we construct an approximation
s = (sp7h0 L shTH0) converging to 871 = (sp7Y,...,s%7Y) at least in

L'(Q)) when 6 tends to 0. By construction s™% € X N A, and it follows from
the strong maximum principle that s?_l’é > 01in Q for all § > 0. We denote by

n,0% __ n,d n,d

s (51 R IS: ) € X* N .A*. There exists a unique minimizer s™° to the

functional
]:11,5 . XN A — R+
T 1 2 n—1,86
s 5-W7(s,8"" %) + E(s)

Thanks to the positivity of s™7, there exist unique Kantorovich potentials (gp;“s, 1/);“6)

from s7° to s, This allows to construct F™® using (47) where o (resp. 7
has been replaced by ¢° (resp. m° := m;(s™* ...)). Thanks to the above
discussion,
(55) 0< / Fo% . (5% — s™%)de,  Vs' € X*NA"

Q

We can now let 4 tend to 0. Because of the time continuity of the solutions to (31),
we know that s" 19 converges towards s” ! in L*(Q). On the other hand, from the
definition of s™° and Lemma 2.2 (in particular (30) with s"~ 19, s 779 instead of
s"~1 s™ ™) it is not difficult to check that ™9 is bounded in H! ()N +! uniformly
in § > 0. Using next s"%(x) = ¢(m™°(z),x) and (8)—(9), one gets that s is
uniformly bounded in H'(Q)¥*1. Then, thanks to Rellich’s compactness theorem,
we can assume that s™? converges strongly in L?(Q)V*! as § tends to 0. By
the strong convergence s" % — s~ and standard properties of the squared
Wasserstein distance, one readily checks that F7° T'-converges towards F7, and we
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can therefore identify the limit of ™ as the unique minimizer s™ of F. Thanks
to Lebesgue’s dominated convergence theorem, we also infer that ;' 0 converges
in L?(Q) towards 7. Finally, using once again the stability of the Kantorovich
potentials [42, Theorem 1.52], we know that cp?’é converges uniformly towards some
Kantorovich potential ¢!'. Then we can pass to the limit in (55) and claim that (54)
is satisfied even when some coordinates of s”~! vanish on some parts of €.
Finally, note that since the Kantorovich potentials ¢} are Lipschitz continuous
and because ' € H' (cf. Lemma 2.2) and ¥;, ¥ are smooth, we have F* € H'.
Since the phases are bounded 0 < s?(z) < w(x) < 1 and 7 is continuous we have
7" € L, thus F* € L*° as well and the proof is complete. 0

The purpose of the following Lemma is to suitably decompose the vector field
F" = (Fin>0§i§N defined by (47).

Lemma 3.3. There exists a™ € RVF! and A" € L N HY(Q; RN H1) such that

(56) E'= X! =\ —af a.e. inf, Vie {0,...,N},
(57) VAT =0 in {s; >0}, Vi e {0,...,N}.

Proof. The proof is based on a duality formula for the minimization problem (48).
The quantities @™ € RNTL A" € L>°(Q, RV*!) will be related to some Lagrange
multipliers for the constraints of total saturation (3 s; = w), individual masses
(J s; = m;), and non-negativity (s; > 0). We start with some notations.

Notations. Let E = L>(Q) and EN*! = L>°(Q)N*1. The norms are

N 1/2
lelle = llpllre @) [AlEv+ = (Z ”/\i”%OO(Q)) :
1=0

We denote by E/ € M(Q2) and (E")N*1 C (M(Q))N+! their respective topological
dual spaces equipped with usual dual norms. We also define the positive dual cone

B, = {s cE ‘ (1,5) g = 0 for all 1 € L“(Q;R*)}
and the set

X = {s € (B )N T

N
Zsi:w .
i=0

It is easy to verify that X = X since, for all measurable subset B of 2, and all
s € X, one has

0<s[Bl <Y si[Bl=w[B|<|B|, Vie{0,...,N},

N
i=0

where we used the notation s[B] = (x5, s) - We also define the set
J_4: {8 S (Ejr)N—i_l ‘ SZ[Q] =m;, 1 € {O, ,N}}

as well as the functional

I(s)z/F"-sd:B, Vs e XN A,
Q
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where F" was defined in (47). The characterization (48) of s" and the choice
Fg = 0 implies that

(58) I= min Z(s)= min / F™ . s"de =Z(s").
sSEXNA s*EX*NA* Q

Since F* € L>°(Q)N*! (cf. Lemma 3.2), the functional Z(s) can be naturally
extended to s € (E')NT! by setting

N
I(s) =Y (Flsipp,  Vse (B)NL

3
i=0
However, since X = X, we know that

59 I= inf Z(s)= min Z(s).
(59) I= inf_ (s) i (s)

To construct the dual problem, we consider a € R¥*! and define po € E by

(60) fo = sup (—F" —ay).
Finally let us define the functional 7 : RV+! — R by

J(a) = / Howdx — Z o;m;, Vo e RN+

=0

and its supremum

Remark 3.4. The condition Z m; = fﬂw implies that J is invariant under

translation, that is J () = J(a +0.1) for any 6 € R. Therefore one can either
set a := min;cqo,... Ny i = 0 or ag = 0. Both normalizations will be used in the
following.

In order to make the link between I and J we compute (58), rewriting the
constraint with Lagrange multipliers. The Lagrange multiplier corresponding to
the total saturation constraint (3 s; = w) will be u € L*(2), while those for the
mass of each phase (s;[Q2] = m;) will be a € RV*1. More precisely,

N
E: EE/

i=0

—<u,w—Zsi> —Zai (mi — s:[€Y])

= min sup
se(BL)NT (1 a)e ExRN+1

N

= min sup E (F'+p+ i, Si)p g — E = E o;m;.
SE(BLNT () a)e EXRN+1 i—0 ’
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As both w and y belong to L>(Q2), we have (u,w) i g = Jo wdze. Hence we proved

N N
(61) I = min sup (B 4+ p+ o, 8i) g g — / pwde — Y agm;.
SE(EL)NT (4, a)e EXRN+1 ; me Q ;

Let us now focus on .J. Since w > 0, one can relax the problem on E x RNt

N
J = sup —/uwdw— E QM.
(ma)eExRYTL JQ i=0

W2 P

The constraint p1 > o a.e. in Q rewrites F"(x) + u(x) + o; > 0 for ae. & € Q

and all i € {0,..., N}. Thus by definition of (E’.)N*!, one has

N N
(62) 7 = Sup inf <‘an + M + Qg Sl> 1_/ 1 wdx — QM.
(p,0e) EE xRN +18€E (B )N +1 ; E.E Q <« ;

Remark that I and J are equal, provided we can swap the inf and the sup. In order
to establish our statement, we shall prove three things:

e We can swap the inf and the sup, that is I = J.
e The sup in J is achieved.
e The optimality conditions in I = J leads to (56)-(57).

We consider each item one by one.

Step 1: Inf-Sup duality. We will use the following min-maz theorem, whose proof
can be found in [43, Thm. 3.1] (see also [14, Chapter 1, Prop. 1.1]):

Theorem 3.5. Let A, B be nonempty convex sets of some vector spaces and let
us suppose that A is endowed with an Hausdorff topology. Let L: Ax B — R be a
function such that

a — L(a,b) is conver and lower semicontinuous in A for every b € B,

b L(a,b) is concave in B for every a € A.

If there exists b, € B and M > sup inf L(a,b) such that
beB acA

(63) S={a€cA: L(a,by) <M} is compact in A

then
sup inf L(a,b) = inf sup L(a, b).
beEB acA beEB acA
In order to apply this duality result to our specific problem, we define the primal
space as

B={(p,a) € ExRV}
and the dual space by
A= (B )N
Notice that A is a convex subset of (E')N¥*! and B is also convex. We endow

(E")N+! with the weak-* topology, denoted o((E/)N+1, EN*t1). Because FE is a
Banach space the topology o((E’)N*+1, EN*1) is Hausdorff, [15, Prop III. 11]. The
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weak-* topology on (E")N*! induces a topology on A, denoted oy ((E")N*!, EN+1),
which is also Hausdorff. We define the functional £: A x B — R by

N
L(s,(p,a)) = (E"—i-u-f-aiasz‘)E,E/—//de_zazmz

=0 =0

Given (u, ) € B, the partial map s — L£(s, (i, o)) is affine thus convex. Because
F" € EN*L and given (u, @) € B, this map is moreover continuous on (E')N*! for
the weak-x topology, thus in particular lower semi-continuous on A for the induced
weak-* topology o ((E")N*! EN+1). Given s € A, the partial map (u,a)
L (s, (i, @) is affine hence concave. It is always true that sup inf < inf sup, which
together with (59) and (61) gives

sup inf L£(s,(u,a)) < inf sup L(s,(p, o)) =1 < +o0.
(n,a)eB scA s€A (p,a)eB

To check the compactness assumption (63) in Theorem 3.5, fix
S = {SEA’AC( (IF™| w1y ))SMZl—i-l}.

For any s € S we have

N N

SUFM+pt aiysip p < 1+ L+ B prvalwlp + Y ma.

i=0 1=0
Therefore, using Zij\io m; = ||w||1, we obtain that

N

D AF A+ IF oo + L si) gy S 1 LA (L4 [F" | v lwl] 1.
i=0

Since F" 4+ ||F"|looc > 0 and s; > 0 we get

N
(64) 0< (Lsi)pp <D (Lsidpp <1+L+ 1+ [F"o) ] =
=0
Since s; > 0 one readily checks that (1,s;) 5 p = |[|si| g, hence (64) gives the

bounds ||s;||gr < C. By the Banach-Alaoglu-Bourbaki Theorem, the ball Bo =
{s € (BN ||s]|(myv+:1 < C} is compact in (E')N*1 for the weak-* topology
o((E")N+1 ENFL). Observe now that (B )N+ = {s € (E)N*! | s >0} is closed
for the weak-* topology, as an intersection of pre-images of closed sets by continuous
applications. Thus BN (Ejr)N +1is compact in A for the induced weak-* topology
o (EHNTL ENTY. Since L(., (us, ) is weakly-* continuous, the sublevelset
S is moreover closed in A as the preimage of (—oo,C]. Thus we conclude that
S =Sn(E, )Nt NBe is compact in A as the intersection of the closed set S with
the compact set Bo N (B )V 1. As a conclusion, the min-max Theorem 3.5 gives

sup inf L£(s,(p,a)) = inf sup L(s, (p, ).
(n,a)eB scA s€A (p,a)eB

Combining with (61) and (62) yields I = J.
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Step 2: J is achieved. Let (a*)reny be a maximizing sequence for J, there exists &y
such that for any k > k,, one has

N
- 1
_/Quak (z)w(x)dx — Zafmi >J - 3

i=0

where —pgr(x) = {minN}{E"(m) + a¥f}. Choosing ji € {0,...,N} such that
i€{0,...,

aé?k = min af = o, there holds

—piar < '+ a” < |F"|| gy + oF.

Therefore
al 1

(65) > akm; < 5 J+ |\F"||EN+1/ w(ax)dz +/ oFw(x)de.
i—o Q Q

According to Remark 3.4, we can set of = 0 without lost of generality, which
implies in particular af > 0 for any i € {0,..., N}. Combining with (65) and since
m; > 0 for all i € {0,..., N}, it ensures that (a”)xey is bounded in R™. We can
thus extract a convergent subsequence and denote its limit by a®. The continuity

of J yields J () = J, hence J reaches its supremum.

Step 3: optimality conditions. Thanks to Remark 3.4 we shift (u>, a®) ~ (u™ +
§,a®+4.1) into (u™, a™) such that o} = 0 and J (™) = J. Then we use Efio s =
w, [o s =m;, and I = J to infer

I=7(s") = /QF"-S"d:B =J=Ja")

N N
= —/ pwdx — Zafmi =— Z/ (p" + o) s;dx
Q /e

i=0
which leads to

(66) > /Q (FP (@) + i (@) + af) si(@)dz = 0,

Setting
Af(@) = F'(®) + () + o, i€{0,...,N},

equation (66) rewrites

N
(67) ;/ﬂ)\?si(:c)dw = 0.

The definition of A" = (A}") ;<5 proves (56). Remark that (60) implies
A >0, a.e. in Q.

In particular for ¢ = 0, this provides that A\ = F§' + p" + ag = p™ > 0, since we
normalized off = 0 and by definition F' = 0. Notice that, since F* € H'(Q) (cf.
Lemma 3.2), we have " = —min{F" + o} € H*(Q) with

(68) vy = _X{#nszinfa;‘}V(Fin + 7).
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Therefore, \; = FJ* + p™ + o belongs to H(2) as well. We deduce from (67) and
the non-negativity of A and s that for all ¢ € {0,..., N} (and up to negligible
sets), there holds

S(2)>0 = A(@)=0 = p(@)=—F(z)—al.
Together with (68) and the definition of A", this yields
in {sj'>0}: VXN =V (F'+u"+aj)=VF"'+Vyu"
= VE' = X{ur=—rr—apyV(F' + o) = VF' = VF" =0,
for all i € {0,..., N} and the proof is complete. O

Remark 3.6. Remark that ™ is the Lagrange multiplier for the mass of each phase
(s:[QY) = m;), u™ is the Lagrange multiplier corresponding to the total saturation
constraint (> s; = w) and X" is the Lagrange multiplier associated to the non-
negativity of each phase (s; > 0). The choice aff =0 leads A\ = p™.

3.2. The discrete capillary pressure law and pressure estimates. In this
section, some calculations in the Riemannian settings (€2, d;) will be carried out. In
order to make them as readable as possible, we have to introduce a few basics. We
refer to [44, Chapter 14] for a more detail presentation.

Let i € {0,...,N}, then consider the Riemannian geometry (£2,d;), and let
x € Q, then we denote by g; » : R? x R? — R the local metric tensor defined by

(69) Gix(v,v) = u K (x)v - v = Gy(z)v - v, Vv € R%.
In this framework, the gradient V,, ¢ of a function ¢ € C1(2) is defined by
o(x + hv) = () + hgiz (Vg ,o(x),v) + o(h), Vo € ST Ve € Q.

It is easy to check that this leads to the formula
1
(70) Voo =KV,

where Vi stands for the usual (euclidean) gradient. The formula (70) can be
extended to Lipschitz continuous functions ¢ thanks to Rademacher theorem.
For ¢ belonging to C?, we can also define the Hessian DZ, ¢ of ¢ in the Riemann-
ian setting by ‘
d2
gia (Dg, (@) - v,0) = Z50(71)

t=0
for any geodesic v, = exp,,(tv) starting from a with initial speed v.
Denote by ¢! the backward Kantorovich potential sending s} to s~ ' associated

to the cost $d?, i € {0,...,N}. By the usual definition of the Wasserstein distance

through the Monge problem, one has
W2 ) = [t (@)t (@) de
Q

where t' denotes the optimal map sending s;* on s?_l. It follows from [44, Theorem
10.41] that

(71) ti (@) = exp; o (Vg9 (@), Yz e
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Moreover, using the definition of the exponential and the relation (70), one gets
that
d; (2, exp; o (= V4,07 (€)) = 910 (V.07 (), V7 (@) = iK(w)Vw?(w)V@?(w),
we obtain the formula
(72) W2(s?, s7 1) = /Q ;—?KV@? -Veide,  Vie{0,...,N}.

We have now introduced the necessary material in order to reconstruct the phase

and capillary pressures. This is the purpose of the following Proposition 3.7 and of
Corollary 3.8

Proposition 3.7. Forn > 1 let o7 : s — s be the (backward) Kantorovich
potentials from the previous Lemma 3.2, then there exists h = (h{,...,h) €
HY(Q)N*L such that

(i) Vh! = —VT“"? for dsl-a.e. ¢ € Q
(i1) b (x) — hi(x) = 7*(x) + V;(x) — Vo(x) for de-a.e. € Q,i€{0,...,N}
(iii) there exists C' depending only on Q,IL,w,K, (1;),, and ¥ such that, for all

n>1 and all 7 > 0, one has

n on—1 N n—1 n
W2(s", s ) 3 Hale] )—Hw(si))

79

T2

1B [F2 @yvi0 < C (1 +
1=0

Proof. Let ¢ be the Kantorovich potentials from Lemma 3.2, and ™ € RN 1 A" €

(L>*n Hl(Q))N+1 as in Lemma 3.3. Note from F{} = 0 and (56) that we implicitly
normalized off = 0. Setting

(73) Bt = 2L Ao Vie{0,...,N},
T

we have hI* € H'(2) as the sum of Lipschitz functions (the Kantorovich potentials
) and H' functions (the corrector A7, see Lemma 3.3). We deduce next from
(47) and (56) that

T T

n '
_Fi"—(%—%o)_w;w\pi—%

(T4) B —hi = (A = X\) —af +0) — (w_i_so_o>

for all 4 € {1,..., N}, which is exactly our statement (ii).
For (i), we simply use (57) and the definition (73) of h?" to compute

\viP Voo
(75) Vit = — Y20 Loy = Y2 g dsh ae. 2z €, Vie{o,...,N}.
T T
Denote by
Wi
o no
U; {wEQ SZ_N+1},

then since Zij\io s = w > wy, one gets that, up to a negligible set,

N
(76) U Ui =, hence (U;)°C U U;.
i=0 j#i
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In order to establish (iii), we first estimate Vh{. To this end, we write

1
(77) ||Vh6’||%2 < n_/ KVhy - Vhgde < A+ B,
* JQ
where we have set
1 1
A=— KVhy - Vhide, B=— KVhg - Vhgde.
Uo Rox J(Uo)©

Thanks to (75), one has Vh{ = —Vfo on Uy C 2. Therefore,

N+1 n N+1 0
A< M/ 2 Rhy - Vhide < M/ LRV - Vihda.
Uo ¢

WoKx 1o T2wiky  Jo Ho

Then it results from formula (72) that
C
(78) A< Wo (s5:50 ")
where C' depends neither on n nor on 7. Combining (76) and (74), we infer

1
B< — Z KV[h? — (7P 4+ U — W) - VIR — (2 + U — Up)]dex.

Using (a + b+ 0)2 < 3(a? +b? +¢?) and (3), we get that

3Kk*

*

(79) B<— /KVh - Vhidx + Z(HVW?H%z—i-HV(\IH—‘I’O)Hiz).
* =1

i=1
Similar calculations to those carried out to estimate A yield
C -
/ KVh; - Vhidz < W2 (s}, s7 )
U; T
for some C' depending neither on n,i nor on 7. Combining this inequality with
Lemma 2.2 and the regularity of ¥, we get from (79) that
ne

(80) B<C (1 4 Wz(s:;s D ZN: Hw(s?‘l)T— Hw(s?)>
1=0

for some C not depending on n and 7 (here we also used 1/7 < 1/72 for small 7 in
the W2 terms). Gathering (78) and (80) in (77) provides

" W2(sm, s 1) al Hoo (5771 — Hyp (T
|Vh0|i2gc<1 <7+Z ) (1))
1=0

Note that (i)(ii) remain invariant under subtraction of the same constant hfj, hf* ~
hy — C, h» — C, as the gradients remain unchanged in (i) and only the differences
h* — hy appear in (ii) for ¢ € {1...N}. We can therefore assume without loss of
generality that fQ hidx = 0. Hence by Poincaré-Wirtinger inequality, we get that

. . W2(s", 5" ) | o Hul(s7 ™) = Hul(sT)
186 17 < ClIVhg|7: < C <1 + -2 + Z pa '
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Finally, from (i) h? = h{ + 7" + ¥; — Uy, the smoothness of ¥;, ¥y, and using
again the estimate (30) for ||7"||? we finally get that for all s € {1,..., N}, one has

1R 1 < CURGIEn + 173 1 + 1% — TollF)

2/.n n—1 N n—1y n
gC(l—i—W(S’S )+Z’Hw(si ) Hw(sl)>,
T

2
T
=0

and the proof of Proposition 3.7 is complete. O

We can now define the phase pressures (pj');,_,~ by setting
(81) pri=h -V,  Vie{0,...,N}.

The following corollary is a straightforward consequence of Proposition 3.7 and of
the regularity of W;.

Corollary 3.8. The phase pressures p™ = (p?)OSiSN € HY(Q)NFL satisfy

n W?2(sm, s" ! N M (5771 = Mo (s7
(2) Iy <C <1+ e )y y Rl ) Hol)
=0

for some C' depending only on Q,1L,w, K, (1;);, and ¥ (but neither on n nor on 1),
and the capillary pressure relations are fulfilled:

(83) pr—pl=a"  Vie{l,...,N}.
The following Lemma is a first step towards the recovery of the PDEs.

Lemma 3.9. There exists C depending depending only on Q,11,w, K, (1;);, and ¥
(but neither on n nor on T) such that, for alli € {0,..., N} and all £ € C*(2), one
has

(84)

/ (sf —s?_l) fde + 7 KS—iV(p?—i—\I/i) - Védx
Q Q M

< CWE(s?, si ™D €

7994

oo
Proof. Let ¢ denote the (backward) optimal Kantorovich potential from Lemma 3.2

sending s}’ to s 1 and let t? be the optimal transportation map as in (71). For

i

fixed & € C2(Q2) let us first Taylor expand (in the g; Riemaniann framework)

(41 @)~ €(a) + L K(@)VE(R) - Vel (@) < 3 IDe] (et @)

i

Using the definition of the pushforward 5?71 = t]'#s!, we then compute

‘/Q(S?(“")‘S?l(w))é(w)dm_ /Q %

[ (@) - €2 @)st@)de - |
Q Q
1 n n 1 n n—
< [ 512 el .t @)l (@)de = UD€l W2 517,
From Proposition 3.7(i) we have V' = —7VA} for ds' a.e. € Q, thus by the

definition (81) of p}', we get V" = —7V (p' + ¥;). Substituting in the previous
inequality gives exactly (84) and the proof is complete. O

VE(z) - Vi (x)s] (z)dx

K(x)
Hi

V() - Vi (x)s] (z)da
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4. CONVERGENCE TOWARDS A WEAK SOLUTION

The goal is now to prove the convergence of the piecewise constant w.r.t. time
approximate solutions s” defined by (26) towards a weak solution s as 7 tends
to 0. Similarly, the 7 superscript denotes the piecewise constant interpolation of
any previous discrete quantity (e.g. p7(t) stands for the piecewise constant time
interpolation of the discrete pressures p!’). In what follows, we will also use the
notations s™* = (s7,...,s%) € L*((0,7); X*) and 7" = w(s™*, ).

4.1. Time integrated estimates. We immediately deduce from (29) that

(85) W (s (t2),s™(t1)) < Clta —ty + 7|7, Viy >0, Vt; € [0, 1]

N
From the total saturation > s?'(z) = w(z) < 1 and s] > 0, we have the L™
=0

estimates -
(86) 0<s]<w<1l ae inQforallie{0,...,N}

Lemma 4.1. There exists C depending only on Q,T,1I,w,K, (1;);, and ¥ such
that

(87) 1271720, m1 @) v 1) + 177 1 220,111 () vy < C-
Proof. Summing (82) from n =1 to n = N, := [T/7], we get

N~
P77y = Y 7lP™ 30
n=1
N~ 2/an on—1 N~ n—1 n
W w - w
<cZT<1+ (7. 5"7) | 55 Hols) H(sn)
T T
n=1 =0
“Wi(sm, 5" i 0 N
< _ T
<C ((T+ 1) +n:1 . + ; (Hw(sl) Ho (s ))
We use that
1 12 o .
OZHW(S)Z_EHWHLIZ_?v Vs e L>®(Q) with 0 < s <w

together with the total square distance estimate (28) to infer that ||p|\%2(H1) <C.

The proof is identical for the capillary pressure w7 (simply summing the one-step
estimate from Lemma 2.2). O

4.2. Compactness of approximate solutions. We denote by H' = H'(Q)".

Lemma 4.2. For each i € {0,..., N}, there exists C' depending only on Q, 11, ¥,
K, and p; (but not on 7) such that

”S:(t2) - S:(tl)HH/ < C|t2 — 11+ T|%7 Vt2 € [OvT]u th € [Oth]
Proof. Thanks to (86), we can apply [37, Lemma 3.4] to get

Qf(fL‘)Ol(S?(lﬁ) = s7(8))(@)| < IV fllrz(e) Wret (7 (1), 87 (5)),  Vf € H'(Q).
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Thus by duality and thanks to the distance estimate (85) and to the lower bound
in (22), we obtain that

Is7(t) = 7 (s)ll: < Wiet (57 (1), 57 (5)) < CWi(sT (1), 7 (s)) < Clt — s+ 7|7

for some fluctuating quantity C' depending only on €, II, (p;),, g, (1:),, K. O

'

From the previous equi-continuity in time, we deduce full compactness of the
capillary pressure:

Lemma 4.3. The family (77 ).~ is sequentially relatively compact in L*(Q)".
Proof. We use Alt & Luckhaus’ trick [1] (an alternate solution would consist in
slightly adapting the nonlinear time compactness results [38, 8] to our context).
Let h > 0 be a small time shift, then the Lipschitz continuity of the capillary
pressure function 7 yields

177 (- + B) = 77 (T2 0.2 ny:L2)™)

T—h
< L / (77 (t+h,x) —7"(t,x)) - (87" (t + h,x) — 87" (¢, x))dxdt
0 Q

Rx

2 T T T* T*
S - I | 20,1y @) 1877 (- + Py ) — 877 || oo (0,7 h); )N -
*

Then it follows from Lemmas 4.1 and 4.2 that there exists C' > 0, depending neither
on h nor on 7, such that

77 (- +hy ) = 77 || L20,7—n); L2 )~y < Clh+ T2

On the other hand, the (uniform w.r.t. 7) L2((0,7); H'(Q2)N)- and L>(Q)N-
estimates on w7 ensure that

7" (,-+y) — 77 [ L20,722) < CVyl(1+ ]yl), Vy e R,

where 77 is extended by 0 outside 2. This allows to apply Kolmogorov’s com-

pactness theorem (see, for instance, [29]) and entails the desired relative compact-
ness. il

4.3. Identification of the limit. In this section we prove our main Theorem 1.2,
and the proof goes in two steps: we first retrieve strong convergence of the phase
contents s” — s and weak convergence of the pressures p” — p, and then use the
strong-weak limit of products to show that the limit is a weak solution. All along
this section, (7x),~; denotes a sequence of times steps tending to 0 as k tends to
00.

Lemma 4.4. There exist s = (8;)y<,<y belonging to L>®(Q)NT! with s(-,t) €
XNA for a.e. t € (0,T), and p belonging to L*((0,T); H*(Q)N*1) such that, up
to an unlabeled subsequence, the following convergence properties hold:

(88) s™ — s a.e inQ,
k—o00

(89) 7T — w(s*,)  weakly in L*((0,T); H*(Q)N),
k—o0

(90) pTr P weakly in L*((0,T); H ()N ).

Moreover, the capillary pressure relations (5) hold.
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Proof. From Lemma 4.3, we can assume that 7™ — z strongly in L?(Q)" for
some limit z, thus a.e. up to the extraction of an additional subsequence. Since
2z ¢(z,x) = m1(z,x) is continuous, we have that

Tk *

s =g(n™ k) — P(m,x) =187 ae. in Q.
k—o00
In particular, this yields 7 P m(s*,-) a.e. in Q. Since we had the total satu-
—00

N
ration ) s/*(t,x) = w(x), we conclude that the first component ¢ = 0 converges
i=0
pointwise as well. Therefore, (88) holds. Thanks to Lebesgue’s dominated conver-
gence theorem, it is easy to check that s(-,t) € X N A for a.e. t € (0,7). The
convergences (89) and (90) are straightforward consequences of Lemma 4.1. Lastly,

it follows from (83) that
P —pot = mi(sT, ), Vie{l,...,N}, Vk > 1.
We can pass to the limit ¥ — oo in the above relation thanks to (89)—(90) and infer
pi —po = mi(s*,x) in L2((0,T); H(Q)), Vie{l,...,N}.

This immediately implies (5) as claimed. O

Lemma 4.5. Up to the extraction of an additional subsequence, the limit s of
(8™ )g>1 can be supposed to belong to C([0,T];.A) where A is equipped with the
metric W. Moreover, W (s™(t), s(t)) P 0 for all t €[0,T).

—00

Proof. Let i € {0,...,N}, then it follows from the uniform boundedness of s;
(cf. (86)) that for all ¢ € [0,T], the sequence (s]*), is weakly compact in L'(€2).
It is also compact in A; equipped with the metric W; due to the continuity of W;
with respect to the weak convergence in L'(€) (this is for instance a consequence
of [42, Theorem 5.10] together with the equivalence of W; with W,s stated at (22)).

Thanks to (85), one has

limsup W; (Szk (fz), Szk (tl)) < |t2 — t1|1/2, Vit € [O,T]

k— o0

Applying a refined version of the Arzela-Ascoli theorem [5, Prop. 3.3.1] then pro-
vides the desired result. O

In order to conclude the proof of Theorem 1.2, it only remains to show that
s =1lims™ and p = lim p™ satisfy the weak formulation (13). This is the purpose
of the last statement of the paper.

Proposition 4.6. Let (71),~, be a sequence such that the convergences in Lem-
mas 4.4 and 4.5 hold, then the limit s of (8™),~, is a weak solution in the sense
of Definition 1.1 (with —p;g replaced by +VU; in the general case).

Proof. Let (t1,t2) € [0,T]* with ¢; < t2, and denote n;j = ﬁ—;] and fj = N KTk
for j € {1,2}. Let £ € C?(Q2) be arbitrary, then summing (84) from n = ny j + 1 to
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n = ngy yields, for all i € {0,..., N},

T (ta) — si*(t1))édx = 3 s — st hede
(91) /( () - sT(t)Ed = Y /( n1yed

n=ni r+1
tg n2 k
/ / KV (pj* + U;) - Védadt + O | Y W2(sP, s )
t1 n=ni, k+1

Since 0 < fj —t; < T,
L?(Q), one has

/ / Pl + ;) - Vedadt
Q Mi
to STk
:/ /;_KV (p7* + ;) - VEdadt + O(r).
t1 JQ Hi

Combining the above estimate with the total square distance estimate (28) in (91),
we obtain that for all ¢1,ts € [0,T] with ¢1 < ¢,

(pi* + T;) - V¢ is uniformly bounded in

to Tk
Th (1) — Tk Si_ T AW —
(92) /Q(sZ (t2) — s; (tl))fdw—i—/tl /Q " KV (pi* + ;) - Védaedt = O (1) .

Thanks to Lemma 4.5, and since the convergence in (A;, W;) is equivalent to the
narrow convergence of measures (i.e., the convergence in C(£2)’, see for instance [42,
Theorem 5.10]), we get that

(93) /Q(SZ’“(tz)— sit(t1))edx — [ (sit2) — si(t1))¢de.

k—oo Jo

Moreover, thanks to Lemma 4.4, one has

2 & 23 )
(94) / / SRV (pF + ;) - Vedadt — SRV (p; + U;) - VEdadt.
t1 j k—oo Jy,  Ja Mi

Gathering (92)-(94) yields, for all £ € C2(Q) and all ty,t5 € [0,T] with ¢; < ta,

to .
(95) /Q(Si(t2) — si(tl))fdw + ‘/t1 0 %KV (pi + \I]z) . ngiltdt =0.

In order to conclude the proof, it remains to check that the formulation (95)
is stronger the formulation (13). Let £ > 0 be a time step (not related to the
one appearing in the minimization scheme (25)), and set L. = L%J Let ¢ €
Ce(Q2 x [0,T)), one sets ¢y = ¢(-,¢e) for £ € {0,...,Lc}. Since t > ¢(-,t) is
compactly supported in [0,7"), then there exists ¢* > 0 such that ¢, = 0 for all
¢ € (0,e*]. Then define by

(bs'{Qx[O,T] - R
' (x,t) — ¢e(x) ifte[le, (£+1)e).

Choose t1 = e, ta = ({+1)e, £ = ¢y in (95) and sum over £ € {0,..., L. —1}. This
provides

(96) A(e)+ B(e) =0, Ve > 0.
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where
L.—1

Z/ si((0+ 1)) — s;(Le)) ptde,

B(e) :/ u—iKV (pi + ;) - Vo£dadt.
Q Mi

Due to the regularity of ¢, V¢° converges uniformly towards ¢ as € tends to 0, so
that

(97) B(e) — SRV (p; + ;) - Vdadt.
e—0 Q Mi

Reorganizing the first term and using that ¢r. = 0, we get that

¢Z 1 _ 040
A(e) /Qsl (le) ——— /Qslqﬁ( ,0)dx

It follows from the continuity of t — s;(-,t) in A; equipped with W; and from the
uniform convergence of

(2, 1) > be(x) — o1 ()

. ift e[(0—1)e,le)

towards dy¢ that

(98) Ale) — - // 50y pdadt —/ s96(-,0)dx
e—
Combining (96)—(98) shows that the weak formulation (13) is fulfilled. O
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