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THE BAND SPECTRUM OF THE PERIODIC
AIRY-SCHRODINGER OPERATOR ON THE REAL LINE

HAKIM BOUMAZA AND OLIVIER LAFITTE

A tribute to Louis Boutet de Monvel (1941-2014)

ABSTRACT. We introduce the periodic Airy-Schréodinger operator and we study
its band spectrum. This is an example of an explicitly solvable model with a
periodic potential which is not differentiable at its minima and maxima. We
define a semiclassical regime in which the results are stated for a fixed value
of the semiclassical parameter and are thus estimates instead of asymptotic
results. We prove that there exists a sequence of explicit constants, which are
zeroes of classical functions, giving upper bounds of the semiclassical parameter
for which the spectral bands are in the semiclassical regime. We completely
determine the behaviour of the edges of the first spectral band with respect
to the semiclassical parameter. Then, we investigate the spectral bands and
gaps situated in the range of the potential. We prove precise estimates on the
widths of these spectral bands and these spectral gaps and we determine an
upper bound on the integrated spectral density in this range. Finally, in the
semiclassical regime, we get estimates of the edges of every spectral bands and
thus of the widths of every spectral bands and spectral gaps.

1. THE MODEL AND THE SEMICLASSICAL PARAMETER

For periodic Schrédinger operators, the semiclassical behaviour of the bottom of
the spectrum and of the widths of the spectral bands and gaps is very well known
when the potential is analytic or C*°. We introduce a periodic Schrédinger operator
whose potential is not differentiable at its minima and maxima points and for which
we still determine the semiclassical behaviour of the band edges and of the widths
of the spectral bands and gaps.

The spectrum of the Schrodinger operator for a linear potential well is known. It
is pure point spectrum and the eigenvalues are given by the absolute values of
the zeroes of the first Airy function and its derivative. Our periodic Schrédinger
operator with singular potential is a periodization of the truncated linear potential
well. We expect to find a spectrum made of spectral bands, each containing one of
the eigenvalues of the Schrédinger operator with a linear potential well.

1.1. The periodic Airy-Schrodinger operator. Let 2Ly € R% be a character-
istic length modelling the distance between two ions in a one dimensional periodic
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lattice of ions. The motion of electrons of mass m in this lattice is studied through
the following 2 Lo-periodic Schrédinger operator acting on the Sobolev space H?(R),

h? d2

H=———+YV, 1

2m dz? Y (1)
where £/ is the reduced Planck constant and V' is the 2Ly-periodic function on R
defined by

Vo € [~Lo, Lo, V(2) = Vo (& - 1),
0

W € R being a reference potential. The ions, in this model, are located at points
2nLg for n € Z, this points corresponding to the minima of the potential V.

We call H the periodic Airy-Schrédinger operator on R.

Since V is periodic and locally integrable, the theory of periodic operators ([31])
asserts that the operator H has purely absolutely continuous spectrum and that
this spectrum is the union of spectral bands:

U(H) = U [Erz;in7ErZ;1aX]a

p=0

where EP. and EP_ are the spectral band edges. For p > 0, we shall call
£

P EP. ] the p-th spectral band and (EP,., EPT!) the p-th spectral gap. We

will precise these notations and characterize these spectral band edges in Section
3.

Traditional results describe the spectral bands near the minimum of a C? potential
([14]). We generalize this analysis to the case of the potential V' which is not
differentiable on its minima points. We are able to count the number of spectral
bands in [—Vj, 0], the range of the potential V, for any value of a dimensionless
parameter defined in (4), and to describe precisely these spectral bands.

This dimensionless parameter is called in the sequel, the semiclassical parameter.

1.2. The semiclassical parameter. In order to study the spectrum of H, one
consider the equation in ¢ € H?(R),

h2 1
"+ V(@) = By )

As V is affine on every interval [nLg, (n 4+ 1)Lg] for every n € Z, one recognizes in
(2), after rescaling and translating the variable, the Airy equation: u” = zu.

On the interval [0, Lo], the rescaling is done through a parameter 6 given as the
unique real number such that

L 2V—OZ(G(V(QC) —~E)+V(z)-E =0,

Com L2
o 2m L2 5 3)
g )

namely
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Notation. For any real number E, we set E = 0FE. In particular, we set, for
any p > 0, EP. = 0E". and E2 = 0FEP, . We also denote by V the function
x = 0V (x).

Note that V() is dimensionless for all values of € R and thus we introduce the
semiclassical parameter h and the counting parameter c:

1
2mVoL3\ ®
B2

h::L1 and c:9V0<
L0(2mV0)5

W

=h" (4)

We use the semiclassical parameter h to rewrite the periodic Airy-Schrédinger op-
erator in a form analog to the operator studied in [14]. Then, the equation (2) is
equivalent to

d2
—h? 50 +4(z)0 = hiE¢ (5)
with ¢ the 2-periodic function equal to ¢(z) = |z| —1 on the interval [—1, 1]. Setting
z = h3y, the equation (2) is also equivalent to

Lt (gl + 1o = (B +h3)s ©)

&
The parameter c is the natural dimensionless parameter which allows to count the
spectral bands of H in the range of V.

The semiclassical parameter h allows to define a semiclassical limit and a notion
of “semiclassical regime” in which we study the spectral properties of the periodic
Airy-Schrédinger operator.

In the sequel, we call the semiclassical limit, the limit when the semiclassical pa-
rameter h tends to 0.

A property (Py) of H depending on h is said to be true in the semiclassical regime,
if:

Jhg > 0, Vh € (0,hg), (Pn) is true.

The interval (0, hg) is called an interval of validity of the semiclassical approximation
for the property (Py).

This idea of a semiclassical regime follows the discussion of [15] about the domain
of validity of the semiclassical analysis for their model. One of the purposes of semi-
classical analysis is to prove estimates for asymptotic expansions, when the semi-
classical parameter tends to 0, of quantities depending on it. If these asymptotic
expansions are actually estimates valid for any “small” value of the semiclassical
parameter (i.e. for h € (0,hg) fixed), we want to say that the considered quantity
is in the semiclassical regime.

In the literature, many results of semiclassical analysis are stated in the setting of
the semiclassical regime, providing estimates uniform on h € (0, hg). For example,
the results for Schrodinger operators with multiple wells ([17]) are written in this
form in [32]. The semiclassical theory of the Harper model ([18, 19]) also provides
estimates written for the semiclassical regime. For periodic Schrodinger operators
with regular potentials, the results in [28] are also stated in the semiclassical regime.
Usually, for these results, the constant hg is not given explicitely, but sometimes it
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is (see [16] for results with an explicit hg). For general references about semiclassical
analysis we refer to the textbooks [9, 25, 37].

In the present article, we are able to give explicit values of hy for which the spectral
band edges and the widths of the spectral bands and gaps are in the semiclassical
regime. For example, we prove that the bottom of the spectrum of H is in the
semiclassical regime whenever h is smaller than a power of the absolute value of
the first zero of the derivative of the Airy function. Thus, for the bottom of the
spectrum, h “small” means h smaller than approximately 0.973 hence is quite large.

Our study of the periodic Airy-Schrodinger operator was first motivated by giving
a rigourous mathematical treatment of the numerical results in [6], a paper which
deals with the question of quark confinement. It was also motivated by previous
results of one of the authors on the semiclassical analysis of the Rayleigh-Taylor
instability [8, 24]. Note that the periodic Airy-Schrodinger model is also closely
related with an infinite periodized sawtooth junction PN in photonic crystals, giving
an explicitly solvable situation in a quantum setting (see [27]).

The periodic Airy-Schréodinger operator gives an example of operator for which one
is able to give explicit values of the semiclassical parameter for which considered
spectral quantities are in the semiclassical regime. These special values of the
semiclassical parameter are given through the zeroes of the Airy function and its
derivative and the zeroes of the derivative of the odd canonical solution of the Airy
equation.

Moreover, we identified two sequences {c, },>0 and {é, },>0 of values of the counting
parameter c such that ¢ < ¢ < ¢ or ¢, < ¢ < ¢gy1 if and only if there are exactly
k + 1 spectral bands in the range of the potential. This picture of the counting of
energy levels in the range of the potential can be found in [12], in the simple case
of the rectangular potential hole, which is not periodic. In [12], explicit values of
the “size parameter” for which an eigenvalue enters the range of the potential are
not given.

2. NOTATIONS AND MAIN RESULTS

2.1. The canonical solutions of the Airy equation. Let v and v be the canon-
ical solutions of the Airy equation, satisfying

w(0)=1, ¥/ (0)=0 and v(0)=0, v'(0)=1,

which Wronskian is 1. The Airy function Ai plays a very special role for the ordinary
differential equation v” = zu. It generates the unique family of subdominant
solutions of this Sturmian equation. It is also the unique solution of the Airy
equation which is in §'(R) and such that its Fourier transform satisfies A\Z(O) =1.
The function Bi is the solution of the Airy equation satisfying the initial conditions
Bi(0) = v/34i(0) and Bi’'(0) = —v/3Ai’(0). One has the expression of u and v in
terms of the classical Airy functions Ai and Bi:

Vz € R, u(z) = n(Bi'(0)Ai(x) — Ai'(0)Bi(x)) (7)

and
Vo € R, v(z) = n(Ai(0)Bi(xz) — Bi(0)Ai(x)). (8)



THE PERIODIC AIRY-SCHRODINGER OPERATOR 5

Both u and v are analytic functions on R. Moreover, v and v are strictly increasing
and positive on (0,+00). Thus, the zeroes of w, v and their derivatives are all
non-positive real numbers.

Notation. We denote by

(1) {—¢2};j>0 the set of the zeroes of u,
(2) {—¢2j+1}j>0U {0} the set of the zeroes of v/,
(3) {—c2j+1}j>0U {0} the set of the zeroes of v,
(4) {—c2j}j>0 the set of the zeroes of v'.

This definition is precised in Section 4.2.
An important property of these zeroes, which is proven in Corollary 2, is:

Vp >0, —¢, < —c¢p.
Approximate values of the ¢, and ¢, can be given. For example,

co ~ 1.515, Co ~ 1.986, c1 ~ 2.666, C1 ~ 2.948.

For more approximate values of the c,’s, see Appendix B.

2.2. The first spectral band. Our first result gives the initialization of the count-
ing of the spectral bands which are included in the range of V, [—c,0].

Theorem 1. For c € (0,cp], there is no rescaled spectral gap in [—c,0]. The first
rescaled spectral gap intersects [—c,0] as soon as ¢ > cg.

Remark. Theorem 1 asserts that: for ¢ < ¢p, the only gap in (—o0,0] is the
"ground state gap” (—oo, EY; ). The first non trivial gap intersects [—Vp,0] as
soon as ¢ > ¢p.

We get precise estimates of the rescaled ground state E2. in both semiclassical

regime and when h tends to infinity. Before stating them, we need to introduce
notations for the zeroes of the Airy function Ai and its derivative.

Notation. We denote by {—a,;},;>1 the set of the zeroes of Ai and by {—a;};>1
the set of the zeroes of Ai’ where the real numbers —a; and —a; are arranged in
decreasing order. These sets are both subsets of (—oo, 0]. Moreover, for every j > 1,
—a; € (=aj41,—0;).

We set a = —fii,((%)) > 0. The number « is the inverse of the slope at 0 of the Airy
function Ai. An approximate value of « is: a ~ 1,372.

0

min*

Theorem 2. We have the following estimates on E
(1) For everyc >0

—¢<E%. < min (—g e+ al) . (9)
(2) Let > 0 be arbitrary small. For every h € (0, (a1 4+ 1)~ 2],

E0. — —h34a— m/ﬁi(“/(jl))ze*%h”“&lh*% (1 o (h
1

min

wl—

)) . (10)
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Remark. The estimate (10) is in the semiclassical regime and an explicit interval

_3 _3
of validity of the semiclassical approximation is given by (0, a, *). Note that a; ? ~
0.973 is the value mentioned in the introduction.

After multiplication by h3, the first term in the estimate (10) is equal to —1 and
corresponds to the minimum of the potential ¢ defined in (5).

Then, we determine the first rescaled spectral band in the limit when h tends to
infinity.

Theorem 3. (1) One has,

1
lim h3E? :—5 and lim E° = +c0.

min max
h—+oc h—+oo

(2) More precisely, when h tends to infinity,

1 11 1
hiE), =—~———40(—]). 11
8 min 2 120h2+ h4 ( )

Remark. We rewrite the first point in Theorem 3: when V} is fixed and Lg tends
to 0,
\%

ngr—{lo Binin = _70 and Lljr—I}oE
Thus, when Lj tends to 0, which implies at Vj fixed that h tends to infinity, the
first spectral band tends to cover all the interval [—%, +oo). This corresponds to
a model with infinitely closed atoms, where the tight-binding approximation is no
longer relevant. Thus, the limit when h tends to infinity is not a “physical limit”.

0

max = +OO‘

2.3. Counting and estimates of the spectral bands in the range of V. We
have estimates on the widths of the spectral bands and the spectral gaps which are
located in the range of V.

Two c-dependent integers are of interest in this paper:
(1) the unique integer pg such that
Cpo+1 — Cpy < € < Epy —Cpo—1  When ¢ < cp; (12)
(2) the unique integer ko such that
Chy < C< €y OF €y <C<cpyr1 when c¢>cp. (13)

Denote the integer part of a real number = by [z]. Due to the intervals in which we

localize the real numbers ¢, and ¢, in Proposition 3, one has ky = [iﬂc%} = [il]

3 37 h
3
or kg = {%Cf} - 1.

Let p > 0 an integer and denote by d,, the width of the rescaled p-th spectral band
and by ~, the width of the rescaled p-th spectral gap with §, = E£__—E. and
Tp = Eﬁ:j - Erp;lax'
Let I be the strictly decreasing function defined on [1, +00) by

y? +1
yv+y+1

w21 1) - (3)°
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Theorem 4. Let ¢ > ¢y and ko = {%c%} or [%c%} — 1 introduced in (13).
(1) The ko + 1 first rescaled spectral bands are included in the range of V,
[—c,0].
(2) One has, for everyp € {2,...,ko},

1

T 7 p+1i 3\ 3
0<o,<[=z+—""3-)(>
== <3+3ﬁp(p+§)) (W)

and for every p € {2,..., ko — 1},

o<1<(2)§> Qéf(pjl)é < < (w+;p2p_1> (i) oo @

In particular, all the gaps in o(H) N [=Vp,0] are open.

i
—_

Recall that the spectral gaps are said to be open when they are not empty.

The number of bands in the range of the potential is equal to [3% %] or to [%ﬂ +1,

for all h < ca%.

Note that we do not prove in this paper a lower bound of ,,. A still open conjecture
is wether or not d,, has an exponential lower bound.

The fact that all the gaps are open is also a consequence of general results which
state that the potentials for which there is a finite number of gaps are analytic
functions (see [34] for references on the topic and a discussion of the results of
Skriganov).

1 2
The inequality I ((%) %> 2272 L <, in (15) shows that 7, cannot be smaller

(p+1)3
than any power of p. It was expected since, by results of Hochstadt, it would

imply that V is a smooth function (see [20]). Moreover, an exponentially small
upper bound of v, is characteristic from the analyticity of V' (see [35]). For general
results on singular potentials for the Hill equation, we refer to [10].

The inequality (14) implies an upper bound for the spectral density in the range of
the rescaled potential V in the semiclassical limit, which is also characterized by “c
tends to infinity”. Let ko be the integer defined in (13). For any ¢ > ¢y we denote
by D(c) the sum of the lengths of the ko + 1 first rescaled spectral bands (which
are all included in the range of V) divided by the length of the range of V:

1 &
Ve > ¢, D(c) = < Zép.
p=0

Corollary 1. When c tends to infinity, D(c) admits a limit denoted by Dy . More-
over,

0< Dy < (;)é (16)

The limit Dy can be interpreted as the integrated spectral density in the range of
the potential V' in the semiclassical limit.



8 H. BOUMAZA AND O. LAFITTE

Note that the number of gaps intersecting [—Vjp, 0] increases by one each time the
semiclassical parameter is equal to one of the numbers c,, p > 0. To complete
the first point of Theorem 4 we observe that the roots of the canonical solutions
of the Airy equation and their derivatives characterize the values of the counting
parameter ¢ for which a spectral band either enters in the range of the potential
[ Vb, 0] or completes its entrance:

Proposition 1. There exists a unique spectral band for which either the upper or
the lower edge is equal to 0 if and only if ¢ € {cp, Ep}p>0-

For any function f, let Z(f) denotes the set of the zeroes of f. Then, Proposition
1 implies that, for every p > 0,

Z (¢ Efx(c) = Z(v) U Z(v')
and
Z (c . Ep+1(c)) = Z(u) U Z(x).

min

2.4. Spectral bands and spectral gaps in the semiclassical regime. Thanks
to the explicit form of the bands, other estimates are proven.

Notation. Let j > 0 and define the real numbers as; = @;4+1 and ag;j11 = aj41.
Theorem 5. (1) Let p > 0. The rescaled and shifted p-th spectral band,

=3 +EP,  h~3 +EP

min’ max]
tends to the singleton {a,} when h tends to 0.
_3
(2) Its width is, for every h € (0,¢,;%),

52y = 200/3 02— gn2ayn (1+0(nt)) (17)

az;

_3
when p = 25 and, for every h € (O,c2ji_1),

0241 = 2a\/§(u(—a2j+1))2e_%h71+2“2“1h7% (1 + 0O (h%» (18)

when p = 2j + 1.
_s
(3) Let h € (0,¢ 2) be arbitrary small. For every p € {0,..., [s=+]}, (17)
holds true if p = 2j is even and (18) holds true if p =25 + 1 is odd.

We can interpret the first statement of Theorem 5 as a convergence of the band
spectrum of the periodic Airy-Schrodinger operator to the pure point spectrum of
the Schrodinger operator for a linear potential well, since it is a classical result that
this spectrum is exactly {a,},>0. Note that the eigenspace associated with ay; is
spanned by x — Ai(|z| — az;) and the eigenspace associated with as;; is spanned
by x +— sign(x) - A’ (|z| — agjq1).

Also note that the shifting of the rescaled spectral bands corresponds to the shifting
of the spectrum of the operator —;—;2 + (¢+ 1) as defined in (6).
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The second statement can be interpreted as the fact that the width of the rescaled
p-th spectral band is expressed in the semiclassical regime and that an explicit

_3
interval of validity of the semiclassical approximation is given by (0, ¢, 2).

It shows that the width of the spectral bands (multiplied by hi to take in account
the scale in h of the right member of (5)) is proportional to

ettt (WL o). (19)

By comparison, the result of Theorem 1.1 of [14] shows thinner spectral bands of
widths proportional to an exponential term equal to

hefgh—l(lfaph)% (1 +0 (hi)) — o 3h T H2a, (h +0 (h%>) . (20)

This result is expected since the size of the spectral bands depends strongly on the
regularity of the potential. In [14], the potential is assumed to be at least two times
differentiable at its minima and maxima points while in our case, it is not even
differentiable at these points.

The widening of the spectral bands is similar to a Gevrey 3 effect, on the size of
the bands, of the singularity OE the potential at its minima. This Gevrey 3 effect

is characterized by the e2%" * term. The Gevrey 3 effect appears also in the

diffraction of a wave by a strictly convex obstacle (for a mixed boundary condition
[22] or a Neumann boundary condition [23]). Tt is also the main result of [2] for the
scattering frequencies of the wave operator near a convex analytic obstacle.

The asymptotic result of Harrell on the width of the spectral bands concerns the
eigenvalues E close to a fixed odd number 2n + 1, which corresponds to eigenvalues
n? d? 2ntly 1

of —5- 4z +a(y) close to == (since ¢"(0) = 5). For results on the spectrum

of the perturbed harmonic oscillator, see [4]. In our results, it corresponds to h
tends to 0 and E 4+ h~# close to an eigenvalue of —% + |z|, hence to the values
in {a,}p>0. The result of Harrell was later precised in [17] and generalized for the
first spectral band in the multidimensional case (see [29, 33]).

The last statement of Theorem 5 is a quantitative result in the semiclassical
limit. It means that for every p > 0, there exists a real number h, > 0 such that
the estimate (17) or (18) holds true for every h € (0,h,) and the sequence (h,),>0
tends to 0 when p tends to infinity. In particular, when the semiclassical parameter
h tends to 0, [5= ] tends to infinity and the estimates (17) and (18) are valid for
all the rescaled spectral bands in the range of V.

The rescaled spectral gaps have constant widths, compared with h, which are the
differences of two consecutives eigenvalues of the Schrédinger operator for a linear
potential well.

Theorem 6. (1) Let 7 > 0 be arbitrary small. For every p > 0 and every
h € (0, (ap1+7)73],
- _1
Yp = pr1 —ap+ O <e—é‘“ '+2a,11h ) : (21)

(2) Let h € (O,c;%) be arbitrary small. For everyp € {0,..., [+ ] — 1}, (21)
holds true.
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Thus, the width of the rescaled p-th spectral gap is in the semiclassical regime
and an explicit interval of validity of the semiclassical approximation is given by

_3
(0,a,2).
More precise estimates for the widths of the gaps are found in Proposition 17.

Theorems 5 and 6 are stated in the case where ¢ + E remains bounded and close
to one of the a, for p fixed, and ¢ > ap,4;. It corresponds to looking at spectrals
bands and gaps close to the bottom of the potential and thus to the bottom of the
spectrum in the semiclassical limit.

We can prove similar estimates in the case where E remains bounded and close to
one of the —a, for p fixed, and c + E tends to +oc. This second case corresponds
to energy bands close to the maximum of the potential. In this second case, we
number the bands starting with the band closest to 0 in [—c, 0] labeled as the band
1, while the lowest band is labeled by ko 4+ 1 defined in (13).

Another case which can be dealt with, is when one assume that E is close to
—22 for some fixed p and there exists constants C; > 0 and Cy > 0 such that

c2
a

X

€ [C1,C5]. In this case our bootstrap technique proof of Theorem 2 applies

[N

Cc
since e_%(c_“”)% . e%C% € [e“1,e“2]. This proves a result similar to Theorem 8.1 of
[26] (it is the case p € [-Ch, 0] in its notations) for the widths of the gaps and the
bands, but with a different order of magnitude of these widths. These differences
are due to the fact that in [26, Theorem 8.1], the potential is supposed to be analytic
and for us it is only piecewise analytic.

2.5. Outline of the paper. In Section 3, we recall the classical theory of periodic
operators and their band spectra. It provides the equations to solve to determine
the edges of the spectral bands. In Section 4, we study the asymptotics of the
canonical solutions, their derivatives and the asymptotics of their zeroes. These
very precise asymptotics imply an important result of separation and ordering of
the zeroes of the canonical solutions and their derivatives (Corollary 2). This result
is the key result which allows to distinguish the upper edge of a spectral band from
the lower edge of the next one among the solutions of the equations obtained in
Section 3. This identification of the spectral edges is performed in Sections 6 and
7.

Section 5 is devoted to the study of families of strictly monotonous and continuous
functions which allows to prove in Sections 6 and 7 the existence of solutions to the
equations which define the spectral edges. Section 5 describes also the graphical
interpretation of these equations, in terms of the functions ¢ and Z—:, which has
guided our analysis throughout this paper.

Section 6.2 is devoted to the proof of Theorem 2. This proof contains most of the
ideas used later in Section 4 to get all the estimates of the width of the spectral
bands and of the spectral gaps in the semiclassical regime. We also investigate
in Section 6.3 the behaviour of the upper edge of the first spectral band in both
semiclassical limit and when h tends to infinity. In the limit when h tends to infinity,
the integer po introduced in (12) plays a crucial role. In Section 7 we characterize
the spectral edges of all the spectral bands in the range of V', we count these bands
and we prove Theorem 4. We also prove the result on the integrated spectral density
in the range of V.
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In Appendix D, the monotonicity of the functions zj introduced in Lemma 4 is
proven. This monotonicity result is particularly technical and requires a version
of the Sturm Picone’s lemma about interlacing of zeroes of solutions of ordinary
differential equations adapted to our setting ([7]). Such result is proven in Appendix

C.

3. THE BAND STRUCTURE OF THE SPECTRUM OF H

In this section we recall the equations characterizing the spectral edges of the spec-
trum of the operator H, using the general theory of periodic Schrédinger operators
([31]). Let w € [—Lo, Lo]. We start by considering the restriction H(w) of H to
H2([— Lo, Lo]), the Sobolev space of functions 1 € H?(R) which satisfy
Vo € R, h(x + 2Lo) = e Ta*T™ (). (22)
Note that, as H([~Lo, Lo]) € C'([~Lo, Lo]), this condition is equivalent to the
boundary conditions:
Y(Lo) = e Ea“ (L) and '(Lo) = € Fa“ Ty (~Lo).  (23)

The operator H(w) is self-adjoint. It is Hilbert-Schmidt and thus compact. Its spec-
trum is pure point and the eigenvalues of H(w) are solutions of explicit equations.
According to [31], H is the direct integral of the operators H(w):

€3}
H:/ H(w)dw.
[—Lo,Lo]

This decomposition in direct integral allows to recover the spectrum of H from the
spectra of the H(w)’s.

From the canonical solutions v and v of the Airy equation, one defines the canonical
pair of odd and even solutions of (2) on the interval [—Lg, Ly]. These functions,
denoted by U and V, are defined, for every = € [— Ly, Lo|, by

U(z) = —v'(—c— E)u(V(z) — E) + v/ (—c — E)v(V(z) — E)
and
V(z) = sign(z) (—v(—c — E)u(V(z) — E) + u(—c — E)v(V(z) — E)).

They form a basis of even and odd C! solutions of the equation (2) on the interval
[—Lo, Lo]. Their Wronskian satisfies

_c

=

Since any solution of (2) is a linear combination of U and V, the boundary conditions
(23) rewrite:

Va € [Lo, Lo, (UV —U'V)(z)

AU(Lg) + BV(Lg) = —e'(Z5*) (AU(Ly) — BV(Lo)) (24)
AU (Lo) + BV (Lg) = —e'(Z5*) <7AU'(L0) + BV (LO)) , (25)
for A, B € R. Thus, A and B are solutions of the linear system:
U(Lo) (1 + ei%w)) A+ V(L) (1 - ei(LLow)) B =
U'(Lo) (1= ¢ E) A4V (Lo) (14 5)) B
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Considering the system (26), one gets that E € R is an eigenvalue of H(w) if and
only if
U(Lo)(1+€Fo))  V(Lo)(1 —e!(70*))
U'(Lo)(1 =€ %0®) V' (Lo)(1+¢/(%0))
The determinant in (27) being analytic in E, equation (27) has only a discrete set
of solutions in E (since this determinant is not equal to 0 for every E) which is

consistent with the fact that H(w) is a compact operator. For w = —Lg, we get
that (27) is equivalent to

— 0. (27)

—4U'(Lg) - V(Lg) = 0. (28)
For w = 0, we get that (27) is equivalent to
4U(Lo) - V' (Lg) = 0. (29)

Since the expression in the left member of (28) is analytic in E we denote by
ES. <El <E2 <E3 . the elements of the spectrum of H(—Lg),

min — max max —

O(H (= L0)) = {Efyn Bas Efins B} = { B € R, U'(Lo)V(Lo) = 0

<El, <E2

2w < B3, <...the elements of the spectrum

and we denote by EY
of H(0)

o (H(0)) = { By Ebins Eaes B -} = { E € R, U(Lo)V'(Lo) = 0}

Then, using [31, Theorem XIII.90], the spectrum of H is the band spectrum:

o(H) = | [Bhins Bhasl -
p>0

Moreover o(H) is purely absolutely continuous and H has no eigenvalues. To
compute the spectrum of H, it remains to determine the edges of the spectral
bands EP. and EE, . for p > 0.

max

Remark. Recall that the result here is true for any periodic potential (at least
locally integrable) and thus our computations and the description of the spectrum
as a band spectrum are valid for any symmetric potential.

4. ASYMPTOTICS OF THE CANONICAL SOLUTIONS AND OF THEIR ZEROES

The aim of this Section is to obtain precise estimates of the roots of u, v, v’ and v’.
This will be a consequence of the asymptotic expansions of the canonical solutions
of the Airy equation on R_.

4.1. Asymptotics of the canonical solutions. In order to obtain asymptotic
expansions of the canonical solutions of the Airy equation, we start with asymptotic
expansions of the Airy functions Ai, Bi and their derivatives which are deduced
from Bessel functions for which asymptotic expansions are well known.

For this purpose, one defines functions P(v,-) and Q(v,-) for any real number v
through the Bessel functions J, and Y, (see [28])

P(v,§) = %5 (Ju(f) cos (f - %WT - %ﬂ') +Y,(¢)sin (§ — %Uﬂ' —

m))

=
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and

Q&) = \/g (Y, (&) cos (& — Jvm — im) — J, (&) sin (€ — Jvm — i7)) .

The functions P(v,-) and Q(v,-) have known expansions which are used to get
asymptotic expansions of the canonical solutions and their derivatives. Note that,

when € tends to +00, P(v,€) ~ 1 and Q(v,€) ~ 2% 5_1'

Proposition 2. For every x > 0, we set £ = %x% We have:

) = 252~ AT(0) (s (€ — 75) P (1,€) + o (6 - ) @ (3,)).
x) = fQWEZZAi’()(cos( VP (3,¢) —sin(¢- 2
) =
) =

1
u

3
—277%1‘*%141'( ) (sin (¢ + 12) (3,€) + cos (
—QW%miAi(O) (—cos(§+ 5) P (3,€) +sin (£ + 1”—2)

Iy
_l_
cRE
~—

!/

v €T

(-
v(—z
(=

The proof of Proposition 2 is given in Appendix A.

Remark. Note that z — 7~ 223 cos(€ — T)and z — T2z sin(€ — T) are
solutions of the equation y” = (—z + 1%z) ¥ and thus are approximate solutions
of 4y = —xy. Hence the existence of P and ) can be seen as an application of the

Duhamel principle.

4.2. Asymptotics and ordering of the zeroes of the canonical solutions.
Before having precise intervals in which we localize the zeroes of u, u’, v and v/, we
localize them between zeroes of the classical Airy function Ai and its derivative.
Since the zeroes of Ai and A7’ are known, it will guide us to choose the good
intervals in which we will verify that u, v/, v and v’ do vanish and outside of which
they do not.

We start by looking at the variations of the functions % and Bl,. The functions
Bi
A
1) On every interval (—a;.1, —a;), the function £% is continuous, increasin,
y i+ j Ai g

and is a bijection from (—aj;1,—a;) to R. Moreover, £¢ is continuous,
increasing and is a bijection from (—ay,+00) to R.

. ~ ~ . 4 . . . .
(2) On every interval (—a;4+1,—@;), the function ﬁl’,, is continuous, increasing

and is a bijection from (—a;41, —a;) to R. Moreover, ﬁ—f: is continuous and
increasing on (—ay, 0] from —oo to 0. It is also continuous, decreasing and
a bijection from (—o0, 0] to [0, +00).

Note that the roots of u, v, v’ and v’ are exactly the solutions of the equations
Bi Bi Bi Bi Bi Bi Bi’ Bi .
Ti(w) = 25(0), Fi(z) = 3:(0), Z7(x) = 77 (0) and F57(z) = Z:(0), respectively.
We identify the solutions of these equations and the sequences of zeroes introduced
in Section 1.

The equation
Bi, . Bi

E(I)*Afi,( ):*\/g
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has a countable number of solutions which are negative and no positive solution.
Let us denote by (—¢2;);>0 the sequence of all the solutions arranged in decreasing
order with, for every j > 0, —¢2; € (—ajt1, —a;41). Since the sets of the zeroes of
At and of u are disjoints, the set of the zeroes of u is exactly {—¢s;};>0.

Similarly, the equation
B’ B
—(x) = —(0) = —-Vv3
Ai’ (z) Ai’ 0) V3
has a countable number of solutions which are negative and no positive solution
except 0. Let us denote by (—¢2j4+1);>0 the sequence of all the solutions arranged
in decreasing order with, for every j > 0, —¢2j+1 € (—@G;+2, —a;j4+1). Since the sets
of the zeroes of Ai’ and of v are disjoints, the set of the zeroes of u’ is exactly
{—C2j+1}520 U{0}.
The equation
Bi Bi
—(z) = —(0)=+v3
Ai( ) Ai( )=V3
has a countable number of solutions which are negative and no positive solution
except 0. Let us denote by (—cz;j41);>0 the sequence of all the solutions arranged
in decreasing order with, for every j > 0, —c2j41 € (—@j4+2, —a;j41). Since the sets
of the zeroes of Ai and of v are disjoints, the set of the zeroes of v is exactly
{—c2j+1}i20 U{0} .
Finally, the equation
Bi’ Bi
By =Bly=v3
Ai! (z) Ai( )
also has a countable number of solutions which are negative and no positive solution.
Let us denote by (—cz;);>0 the sequence of all the solutions arranged in decreasing
order with, for every j > 0, —co; € (—ajt1, —@;41). Since the sets of the zeroes of
Ai" and of v’ are disjoints, the set of the zeroes of v’ is exactly {—cs;};>o0.

From the asymptotic expansions (30), (31), (32) and (33) and the distribution of
the sequences of zeroes of Ai and Ai’, we get intervals in which we localize the
constants —c, and —¢,. We also obtain the variations of v and v.

Proposition 3. (1) For every j > 0, the function v’ has a unique zero in the

2 . 2
interval (— (3(jm + %)) ,— (3(jm+ %))*) and does not vanish outside of
these intervals. Thus,

2 _ 2
—ei € (- (BUm+3)7 .- Bur+B)7), (34)
(2) For every j > 0, the function u has a unique zero in the interval
2 2
(—(3Ur+29))°,—(3Umr+3))?) and does not vanish outside of these
intervals. Thus,
2 ) 2
oy e (- (BUr+ 3T - BUr+5)7). (35)
(8) For every j > 0, the function v has a unique zero in the interval
2 2
(—GUr+m)?*,— (37 +25))?) and does not vanish outside of these

intervals. Thus,

o1 € (= (30Um+m)7 - (3Gm+5)7). (36)
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(4) For every j > 0, the function v’ has a unique zero in the interval

2 2
(- (3Ur+T0)°%,— (3(m+m))®) and does not vanish outside of these
intervals. Thus,

2 ) 2
&1 € (= (30m+ )% - (GUm+m)°). (37)
Proposition 4. The variations of u and v and their signs between two consecutive

zeroes are:

(1) w is positive on (—éy,+oc) and for every j > 0, (=1)7u is negative on
[—Cojt2, —C2j]. It is strictly increasing on (—¢é1,+00), and for every j > 0,
(—1)7u is strictly decreasing on [—C2j13, —Cajt1]-

(2) v is positive on [0,+00), negative on [—c1,0] and for every j > 0, (—1)7v
is positive on [—caj43, —Caj41]. It is strictly increasing on (—co, +00), and
for every j >0, (—=1)7v is strictly decreasing on [—caj1a, —C2j].

The respective behaviour of u and v on respectively the intervals (—¢y, +00) and
(—c1, +00) are different than their respective behaviour on respectively the intervals
(=00, —¢p) and (—o0, —c1].

The proofs of Propositions 3 and 4 are given in Appendix A. The signs and vari-
ations of u, v/, v and v’ are summarized in Appendix B. From Proposition 3 we
deduce immediately the ordering of the zeroes of the canonical solutions and their
derivatives.

Corollary 2. For every p >0, —¢, < —cp.

From Proposition 3, we also deduce asymptotics of the sequences (cp)p>0 and
(€p)p=o0-

Corollary 3. One has

3pr # 1 i 1
o= (7)) o) meomw-(5g) roGs) @

Proof: The first estimate in (38) follows directly from the asymptotics proven in
Lemma 1. For the difference between ¢, and é,, one uses (40)-(44) and (42)-(46).
Indeed, for every j > 0,

2
) 3i7\* (7 5 1 T3 1 1
RS (S T (L NI N —(2V Lo =
2 T <2) <18j 8 " <j2)> (18) FE (j§>

and similarly,
- m\3 1 1
Cojy1 — C2j41 = (TS) j*% +0 (ﬁ) ;

which proves (38).

We introduce, for every p > 0,

STV

2 3 = -
fp:§c§ and &, = -¢5.

Wl o
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Lemma 1. Let j > 0. One has
T 57 ]
12(jm + %)’ 12 12(jm + %)

3jm\ 5 1

5w .
25 € o HiT- +jm+

¢ e{umr_ 5 Ur 5 ] (1)
j o T = o Ba\’ 1o on/ . By
T2 T T Be(Gr ) 12 T T 36(m+ )
2
35m\ ® 11 1
~ s 5 s 5
i€ | 4 gm — y— +j 43
S2i [12”” 3607+ 1) 12 7T 35 +g)] (43)

i 3jm\ ¥ 7 1
and ¢9j = <2> . (1 + 185 +0 (]2)) ; (44)

S L S S (45)
ST T T Gy 12 T T 12+ )
2
) 3jm 3 13 1
and C2j4+1 = (2> . (1 + E + @ (]2)) . (46)

The proof of Lemma 1 is given in Appendix A.

Remark. From the proof of the asymptotic expansions of ¢, and ¢,, one could
obtain asymptotic expansion of these sequences at any order, using the develop-
ments of the functions P and @ ([1, 9.2.9 and 9.2.10]). One would then get similar
formula as those for the zeroes of the functions Ai, Ai', Bi and Bi’ ([1, 10.4.94 and
below]).

5. PRELIMINARIES TO THE COMPUTATION OF THE BAND EDGES

5.1. Characterization of the spectral band edges. The band edges are char-
acterized by the functions U, V and their derivatives, through the equations (28)
and (29).

To find E? . and EZ __ and thus the band edges E?. and EP

min max min max

have to solve the four equations:

for any p > 0, we

U'(Lo) = v/ (—c — E)v'(—E) — v/(—c — E)u/(~E) = 0, (47)
V(L) = u(-E)v(—c — E) —v(-E)u(-c—E) =0, (48)
U(Ly) = v(-E)u'(—c — E) —u(—E)v'(-c —E) =0, (49)
V' (L) = v'(-E)u(—c — E) — ¢/ (—~E)v(—c — E) =0. (50)

We have the four equivalences:
(1) for E & {é2j11 — c}jz0 U {C2j11}5>0,

W(~c—B)v/(-B) ~ v(~c ~ B)u/(-E) =0 & 2B
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(2) for E ¢ {62]‘ — C}jZO U {&Zj}ija

u(—E)v(—c—E) —v(-E)u(-c—E)=0 < " =

(3) for E ¢ {¢aj+1 — c}jzo U{C2;}5>0,

/ _ s re_ _ v'(—c—E) _ v(=E)
u(-E)' (—c—E) —v(-EJu'(—c—E)=0 & (B~ u(E)

(4) for E ¢ {25 — c}j>0 U {C2j+1}5>0,
v(—c—E) v/ (-E)

v (—E)v(—c—E) =V (-E)u(-c—E)=0 & W B~ W (B

We look at the cases where the conditions on —c — E and —E are not satisfied.
Assume that:

cef{é,—¢, |g>r>0}:=27.
Then, for ¢ = é; — & € Z, in the set {cp, ¢ }p>0, E = &, is the unique solution of
the equation: (47) if ¢ and r are odd, (48) if ¢ and r are even, (49) if ¢ is odd and
r is even and (50) if ¢ is even and r is odd.
Conversely, if ¢ ¢ Z, then none of the &, is a solution in —E of any of the equations
(47), (48), (49) and (50).

Assumption. From now on, we assume that ¢ ¢ Z.

Note that, however, all our results hold true when ¢ € Z, this assumption is only
made for convenience’s sake.

Since we have the four equivalences above, the band edges of the rescaled spectral
bands of H are solutions of the four following equations:

Cle-B)= U(B), for B (o - o Ulesabze (1)
“(—c—E) = —(-E), for B¢ {&; — c};20 U {e},20, (52)
CleB)= V(B for B¢ (e~ U fendizo (59)
Ye-B)= LB, for B (e —chzoUleynlze (59

5.2. Variations of | and Z—i Using the value of the Wronskian of u and v one

has:
o el s, (2) ) - VM) _ 1

and

v ! 2) = zv(x)u' (z) — 20’ (x)u(x) _
e 00 (37) @ ()2 @)

Thus, the functions > and Z—/, have the following behaviour. Let j > 0.
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FIGURE 1. Graphs of £ and .

(1) On every interval (—¢zj42, —C2j), the function ¥ is continuous, strictly in-

creasing and is a bijection from (—¢zj42, —€2;) to R. The function = is con-
tinuous, strictly increasing and is a bijection from (—¢p, +00) to (—oo, @).

(2) On every interval (—€2;j4+3, —C2j4+1), Z—i is continuous, strictly increasing and
is a bijection from (—€zj4+3, —C2j4+1) to R. The function Z—; is continuous
and strictly increasing on (—¢1,0) from —oo to +oo. It is also continuous,
strictly decreasing and a bijection from (0, +00) to («, +00).

We remark that a is the common limit at infinity of the two functions =

thanks to the limits 242 — 4 400 and Z2&)
Ai(x) r—+00 A’ (z) T—+00

’
and %,
u

The limit « also provides lower bounds for the derivatives of  and Z—j on the
negative half-line.
Lemma 2. For every x <0,
@ x
— d - . 55
>3 an W (@) >« (55)
Proof: Using (7), the equality Bi’(0) = v/3A4i’(0) and the expression of «, one has:
1 « 2a 1
Vo <0, =—- - . .
=% 2@ T2 P07 (Vi) 1 Bia)?
Let M = v/ Ai? 4+ Bi? be the Airy modulus. The function M is strictly increasing
on (—00,0] (see [28]) and we have:

va <0, (V3Ai(x) + Bi(x))* < 4(M(x))? < 4(M(0))%.

(56)
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With (56), it leads to
2a . 1
m2(Ai(0))*  4((4i(0))* + (Bi(0))?)

O 4((Ai(0))21(3i(0))2) =~ 1.09, one deduces the first lower bound in

L@
w?(x) — 2

: 2
Since (A

(55

Derivating (7) and using the equality Bi’(0) = v/3A44’(0) and the expression of a,
one has:
x a —x

W@z~ " PA0)? (VAU (x) + Bil(x)?

Let N = /(Ai")2 + (Bi")2. Then, & — |z|~% N(x) is strictly increasing on (—oo, 0)
(see [28]) and we have :

Vo <0, — (57)

—x —z- |z
Vz < 0, - - > —.
(V3AV(2) + Bi'(@))? ~ 4(N(2)2la] "}
Since z — —22 g strictly decreasing on (—o0,0), one has:
(N(®))?|=|” 2
Vo < —aq, 7 o

(V347 (2) + Bi()2 ~ AN(—an)?
As (N(—a1))? = |Bi'(—a1)|, with (57) one has:

T « ai
(w(x))? = ©2(4i(0))?  4|Bi (=)’

la(ial)l ~ 2.74, we deduce that

Ve < —aq, —

With

(0)% " 4[Bi
x
Vo < —a1, ———5 > o
U (W (@)?
Moreover, the function x +— —W is convex on the interval (—¢é;,0) and its
minimum on this interval has an approximate value equal to 2.03 > «. Since
—¢1 < —ay, we deduce the second lower bound in (55).

O

5.3. Some auxilliary functions. One sets, for x > 0 and z € R,
fo(2) = (z — 2)u(z) — u/(z — 2)v(z) = 7 (Bi'(z — 2)Ai(z) — Ai' (x — 2)Bi(x))  (58)
and
9z (2) = v(z — 2)u(z) —u(z — 2)v(z) = 7 (Bi(z — 2)Ai(z) — Ai(z — 2)Bi(z)).  (59)

The expressions in terms of the Airy functions allow us to use classical properties
of the Ai and Bi functions instead of the properties of v and v when it makes proofs
easier.

The functions f, and g, are non-zero solutions of differential equations which satisfy
the assumptions of Sturm’s theorem, thus their zeroes are isolated on the real line.
We denote by

20(z) < zo(z) < -+ < z95(x) < ...
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the zeroes of f, arranged in increasing order. Then, since 0 is the first zero of g,
for every x, we denote by

0<zi(x) <z3(x) < - < zpj41(x) < ...

the zeroes of g, arranged in increasing order.
We characterize these zeroes and prove that none of them is negative.

Let j > 0 an integer. Let z > 0 and denote by t2;(z) the unique solution of the
equation

=) = = (@), = € [~eag, —dy01): (60)

We also denote by 12541 () the unique solution of the equation

—~

v (%

2(2) = (2), 2 € [~e241, —aj11)- (61)

Lemma 3. For every k > 0, the function vy, is well defined, continuous and strictly
imncreasing.

Proof: Let j > 0. Recall that o is the common limit of £ and Z—/, at infinity. The

function Z—; is a bijection from [—cgj, —@j+1) to [0,a) and we denote by

<”:>1 :[0,a) = [—eaj, —@j41)

u 2j

its reciprocal function. Since for every > 0, Z(z) € [0, «), we have:

Vi >0, i (z) = (Z)(; (%(:17)) :

Thus, the function v; is well defined and it is continuous by continuity of 2
on [0,400) and of the inverse of Z—/, on [0,«). Since Z—l, is strictly increasing on
[—c2j, —@j41), its reciprocal function is strictly increasing on [0, ) and since ¥ is
strictly increasing on [0, +00), we deduce that 1)9; is strictly increasing on [0, +00).

The function ¥ is a bijection from (—czj11, —a;41] to [0, ) and we denote by

vy 1

— :0,a) = [—c2541, —ay

(2)yr  00) 2 [meryin )

its reciprocal function. With the same arguments as before, we have that
AN v

Vo >0, Yji1(r) = (*) (*(95))

u/2j+1 \U

and thus 1941 is well defined, continuous and strictly increasing.

Lemma 4. Let k > 0. Then, for every x > 0,
ze() >0 and  z(x) =z — Yi(2).

Therefore, z, is continuous on [0,4+00). Moreover, for every k > 0, the function zj,
is strictly increasing from [0, +00) to [ck, +00).
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This result is proven in Appendix D.

Let j > 0. For z > 0, denote by 1% (z) € (—a;j;1, —Ca;] the unique solution of the

equation
/

v -

—(2) = —(x), 2 € (=ajt1, —Cz]. (62)
We also denote by ¢?/+1(z) € (—@j42, —C2;+1) the unique solution of the equation
/ ,U/ R B
o (&)= (@), 2 € (=a42, —Cojp1). (63)

v

Lemma 5. For every k > 0, the function ¥ is well defined, continuous and strictly
decreasing on [0, 400).

Proof: We assume that k is even, k = 2j for one j > 0. The function 7 is a

continuous bijection from (—aj41, —¢2;] to [a, +00) and we denote its reciprocal

function by
oy —1
— 1 |a, 4+00) = (—aj 41, —Caj].
(U)Qj [ ) ( Jj+1 2]]
U/
v

Vo >0, v¥(x) = (%); (Z:(:c)) -

Then 1?7 is well defined, continuous and it is the unique solution of (62). Moreover,

Since for every x > 0, % (z) € [a, +00), we have:

—1 . . . . . - .
(%)% is a strictly increasing function from [a, +00) to (—aji1, —C2;] and 2 is

strictly decreasing on [0, +oc). Thus, 1?7 is strictly decreasing on [0, +00).

We assume that k is odd, k = 25 + 1 for one j > 0. The function % is a continuous
bijection from (—a;j+2, —€2541) to [a, +00) and we denote its reciprocal function by
AN.
(£), ¢ koo = (~ajua ).
W/ o541

’
v
 w!

N\ 1 ’
Vo >0, YAH(r) = <u> (Z/(x)) |
2j+1

Then 1%+ is well defined, continuous and it is the unique solution of (63). More-
-1

Since for every > 0, % (x) € [a, +00), we write:

over, (%)2j+1 is a strictly increasing function from [, +00) to (—@;42, —C2j+1) and
Z—: is strictly decreasing on [0, +0c). Thus, ¥2/+1 is strictly decreasing on [0, +00).
O

6. THE FIRST SPECTRAL BAND

6.1. Lower bound of the continuous spectrum. For values of E such that
E < —c, we show that there is no solutions to equations (51), (52), (54) and (53).
This is natural, from a physical point of view, since in this case, the energy is
smaller than the minimum of the potential and it is as if the potential was not
“seen” at this energy. This writes:

Proposition 5. For everyc >0, o(H) C [-Vp, +0).
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Proof: We remark that on the interval [0, +00), © < a and % > «. Thus, these
two functions cannot have a common value on this interval and equations (54) and
(53) do not have any solution with 0 < —c — E < —E.

Moreover, we already know that ¥ is strictly increasing on [0, +00) and Z—: is strictly
decreasing on (0,400). Since —c — E # —E the equations (51), (52) do not have
any solution when 0 < —c— E < —E.

O

Remark. This result holds true for every c strictly positive. In particular we do
not need to assume the semiclassical parameter h to be small.

6.2. The bottom of the spectrum. At first, we determine the bottom of the
spectrum. It has to be a solution of either the equation (51) or the equation (52)
with —E > 0 and thus —c — E < 0.

We start by proving that for every ¢ > 0, the equation (51) has a unique solution
with —E > 0 and —c — E € [—a1,0). The function Z—: is an increasing continuous
bijection from (—ay, 0) to [, +00) and thus, since for every x > 0, Z—:(a:) € o, +00),

one define:
1 v
— . 4
(—?1170)> <u’ (:l?)> (64)

The function ¥ does not belong to the family of the functions to4+1, due to the
difference of behaviour of Z—i on (—ay,+o0) compared to (—oo, —ay).

The function # is a continuous decreasing bijection from (0, +00) to (—aq,0) and
x +— x —(x) is a continuous increasing bijection from (0, 4+00) to (0, +00). Thus,

Vo >0, ¢(x) = (v;

u

Ve>0, 32 >0, 2—¢(Z) =c
One sets E = — and since & = ¢ 4 1(Z) € (—a; + ¢, c) one has
—c<E<—cHay. (65)
We remark that E is the smallest solution of (51).

Now we turn to the smallest solution of (52). Since the function z; is an increasing
continuous bijection from [0, +00) to [e1, +00),

Ve >ep, ey >0, 21(21) = 21 — (7)) = c.
One sets By = —7 and since 71 = ¢ + P1(x1) € (—e1 + ¢, —ay + ¢) one has

—c+a1<]§)1<7c+01.

Since @, < a; we have E < E; and thus E’. = E. In particular, EO, is the
smallest solution of (51). Moreover, it is the smallest solution among those of (51)

and (52).

Now that we have identified the bottom of the spectrum of H, we prove the esti-
mates stated in Theorem 2.

Proof: (of Theorem 2).
(1) Since EY, = E, by (65) we have, for every ¢ >0, —c < E0. < —c+as.
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Let ¢ > 0. By the previous inequality, —E°. € (—a; + c,c). We recall that, since
u and v are linear combinations of Ai and Bi and since E2; is a solution of (51),
it also satisfies:

Bi', o _ BY

H(_ min C) — A (_EO )7 _EO —Ccc (_54170)'

min min
We introduce the functions

I:t — R

F:I:('a C) :

oo A e-g)-

i (v +5)

with I_ = (—%, %) and I, = (—&1 + 5, %) We remark that, for every ¢ > 0, the
unique zero of Fi(-,c) on I is —EY, — $.

Thanks to the fact that 0 is the point of maximum of ﬁf: on (—as,+00), one has:

c Bi/ Bi/

Fi(5¢) = 0 - 5
First case: ¢ > 2a;. In this case, —a; + § > 0 hence the unique zero of Fy (-, c) on
I, is strictly positive, hence —E2, — £ > 0 which implies that EJ; < —£. Thus,

point (1) is proved for every ¢ > 2a,.

(c)>0.

Second case: 0 < ¢ < 2a;. We prove that the unique zero of Fi(-,c) on Iy is
strictly positive. Since Fi(5,c) > 0, it is sufficient to prove that F1(0,c) < 0.
Indeed, if 0 < ¢ < @y, then 0 € I_ and we study the unique zero of F_ in I_. If
a; < c< 2aq, then —aq + % < 0and 0 € I;. In this case, we study the unique zero
of Fiy in 1.

We have:

Bi’ c Bi' [(c
0,09 =75 (5) - 55 (5)
Let y = § so that y € (0,a;) and set:

~ Bi’ Bi’
Vy € (Oa a1)7 G(y) = Az/ <_y) - Az’ (y)

One has, for every y € (0,a4),

G0 = g (A7) — AT W)Y (—y) + A7 ().
On (0,a4), W(Ai,(iy)l)’z(m,(y))z > 0 and as Ai’ is negative on (—aq, +00), Ai'(—y) +
Ai'(y) < 0 for every y € (0,a1).
Let

K - (07&1) —- R
oy o Al(my) - Al(y)
Then K(0) =0 and

Vy € (0,a1), K'(y) = —Ai"(—y) — Ai"(y) = y(Ai(-y) — Ai(y)).
But, the Airy function Ai is decreasing on (—aj,+o0) hence, for y € (0,a1),
Ai(—y) — Ai(y) > 0 and K'(y) > 0. Thus, K is strictly increasing on (0,a)
and

Yy € (0,a1), K(y) > K(0) = 0.

Thus, for every y € (0,a1), G'(y) < 0. Since G(0) = 0, for every y € (0,a1),
G(y) < 0, which rewrites

Ve € (0,2a1), F1(0,c) <O.
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Thus, the unique zero of Fi (-, ¢) in I is strictly positive. Thus, —E%, —< € (0, %)
and B), < —5.

Taking in account the result in both cases, point (1) is proved.

(2) Since EY,  is the smallest solution of (51), if one sets X = —E%, — c+ a,
then X satisfies
/ B ,U/ B B
J(X—CH)ZJ(X—FC—CM), XE[O,CL1). (66)
Since © — = —(z) is increasing on (0, +00), when ¢ tends to infinity, X —a; tends
to —a; and X + ¢ — a; tends to +o00. Therefore, both members of (66) tends to «
when c tends to +00. Let 7 > 0 be arbitrary small. We assume that ¢ > a; + 7.

Using [1, 10.4.61, 10.4.66] in the equality (66), one gets

/

%(X C @) = a+ ay/3e s (Xteman? (1 +0O ((X - al)‘%)) . (67)

o

-\ 3
Let € = e=3(€=8)2 which amounts to ¢ — a; = (—21n(e))®. In particular, c tends
to +oo if and only if € tends to 0.

We use the following identity valid for strictly positive real numbers a and b:

Nlw

b —3p3(a—b) = (a— b)me—% (68)
b

2
witha =X +c—a; =€¢¥ +c—a; and b=c—a; = (—31n(e)) *. Then,

a

—3(X+c— &1)% +3 ((—%ln(e))%> +2 (—%ln(e))% ey

where

_ 4 (=imE)

The condition ¢ > a; + 7 implies 0 < € < e~372 . Note that in the sequel, all the
3

proven estimates will be valid for every e € (0, e 372 ], which shows that they are

estimates and not asymptotic expansions.

Since €Y +c—a; = -E%, >0,

If  : Ry — R is defined, for every z € Ry, by ¢(x) = %, then ¢ is decreasing

on Ry, o(0) = % and ¢ tends to 0 when z tends to +o0o. Thus, for every e €
3
(0,e7372] and every Y,
0<Q(Y) <

W N
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We have,
e—%(X+c—(21)% _ 6_e—2(—g111(5))%5Y+(—g1n(e))*%(ey)2Q(s,Y). (69)

The condition X € [0,a;) implies that

(—%ln(e))‘

i
Wt

=—a1+c<X+c—ar <a+ (—31n(e))?.

Moreover,

Nfw

z a - 1 s 1
((D +|1n<e>|%> o) = X e < sy

Using (67) and the identity o = Z—:(—dl), which comes directly from the expressions

W

(70)

[SCRIE

3
of u and v in terms of Ai and Bi, one gets, for every € € (O,(f%72 I,

! <vi(6Y —a1) — Zi(—dl)> =

€ u

. o 1 (71)
Oé\/gefQ(f%1n(e))3eYe(7%1n(e)) 3(eY)2Q(e,Y) <1 +0 < >> )
[ In(e)]

To estimate the left member of (71) one uses:

v v N ETAN ! ay — teY
— (Y — a — —(—a = — —a Y)eY = — €Y dt.
" (e a1) u’( ar) /0 (u’) (—a1 + teY)eYdt /0 w—a teY))26 dt

Using the lower bound for — 755 given in (55),

> aeY. (72)

’ ’
v
ol

—(eY —an) - %(—al)

Let A > 0 a constant given by the term O ((X +c— &1)7%) in (67). Using (71),
(70) and (72), there exists B = A > 0 such that,

v £ Vi) b (1 (LYY
(e

[

.

Ve € (0,e

which rewrites
gf%]’ YeZ(f%ln(e))%eY < \/geg(fgln(e))—%w)z (1+B< 1 ))
| In(e)]
But, €Y = X € [0,a1) is bounded and thus the right member of the previous

inequality is bounded by a constant independent of € and Y. Thus, there exists
C > 0 such that

Ve € (0,e

3
2

4
gT

1 5 —1_
Ve € (0,07372], Ye2(-im@)3eY (/3057 2a] (1 + iBTg) =C  (73)

and
Ve e (0,07377), ¢(~2 () * Ve O Y < (3 1m(e)) ¥ C.

The function = — xe?® is C! and strictly increasing on R, let us denote by h its
reciprocal function which is also C. From (73) one gets

e (=3m()* v <h(e(-2me) ).

3
2

Ve € (0, e T
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- 1
Since h is of class C*, h(0) = 0, K'(0) = 1 and € (—2 In(e))* —» 0, there exists
e—
D > 0 such that

Ve € (0,e737°], h (6 (—% ln(e))% C) <e (—% ln(e))% C + Dé? (—% ln(e))

ol

and

ol

Ve € (0, _7T2] Y <C+ De(-31n(e))?, (74)
from which we deduce that Y is bounded. Thus, X = O(e), namely

X = (’)( (= “1>2>

and since X = —E%. — c+ @, we already have

min
EY. = c+a1+(9( ‘““)2).

We refine the estimate. Since Y is bounded, €Y tends to 0 when ¢ tends to 0 and
one has,

Ve € (0,6—%7%], Uf;(ey — dl) — %(—dl) = <’Ui> (—dl)(EY) + 0(62)-

u

Using (74) to prove that

w\»-A

_1
Ve € (O,e*%T%], e 2(~3I(0)TeY 5 (=5 n(e) 3 () _ 1 4 0 (€| 1n(€)|%) ’

3
4 3
—37 T2

one deduces from (71) that, for every € € (0,e

Z—i/(—dl)-YnL(’)(e):oz\/g 140 1n16 +o(e|1n(e)|%)
| In(e)|

Ve e (0,378, (Zi)l(—al) Y = av3 (1 +0 (ml(e)'» .

’ / ~
Since (%) (—=a1) = W, for every ¢ > ay + T,

—g L \_3
Y:aﬁ%—l—(’)(@—m) 2), (75)
Thus, for every ¢ > a1 + 7,

U = 2
X =¢Y = m/g(“(fiamef%(cfal)% +0 <(C - al)éeé(cal)g)

ay

hence

and finally, using E®. = —X — ¢+ a, for every ¢ > a1 + 7,
B, =—ct+a — Oé\[ deman? +0 ((c — al)geg(c‘il)g> .
Recall that
-\ 3 -2 _ .3
ems(emm)? (1+0 (<cf fm*%)) =e 5 ITI2 (14 O (h)).
As
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one has

—g(h_é — )i = —?:ih +2a1h™3 + O (h%) :
hence

etk Eoand _ —4hii2a,n3 (1+O(h%)),
hence

et (140 ((e—a) ) =e ¥ 00nE (140(h)),
which proves the second point.
O

6.3. The upper edge of the first spectral band. The upper edge of the first
spectral band is the smallest value of E among the solutions of equations (53) and
(54).

We start by assuming that ¢ € [cp,¢p). In this case (54) has no solution with
—E > 0 and we prove that (53) has a unique solution such that —E > 0 and
—c—E € [—cp, —a1). Indeed, the function zg : [0, +00) — [cp, +00) is a continuous
bijection and
Ve > co, Jlwg =0, z0(z0) = o — o(x0) =c.

One sets Eg = —z¢ and since z¢ = ¢ + Yo(xg) € [—co + ¢, —ay + ¢) one has

—c+dy <Eg < —c+c. (76)
Thus, for c € [60750), E?nax = Eo.
We then assume that ¢ > ¢. In this case, (53) has still a unique solution such that
—E > 0 and —c — E € [—¢p, —a1), namely Eg, but one can also find a solution

of (54) with —E > 0. Indeed, the function from [0, +00) — [¢g, +00) which maps
x> 0tox —¢°(x) is a continuous strictly increasing bijection. Thus,

Ve > ¢, Nig >0, ig — ¢ (F0) =c.
One sets Eqg = —7¢ and since 79 = ¢ + ¥2(Zg) € (—ay + ¢, —Co + c] one has
—c+ ¢ < EO < —c+aj.
Since ¢y < ¢, one has Ey < Eq which implies E? = E and EL. = E.

As we identified E?

Y ax among all the solutions of (53) and (54), we give more precise
estimates.

0

maxs in the semiclassical

Proposition 6. We have the following estimates on E
regime:
(1) For every c > co,
—c+a; <E). < —c+ocp.
_3
(2) For every h € (0,¢, ?),

1(__ =~ 2 1 SO §
B = —hf i +av3lE e (10 (wh)). ()

1
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Proof: (1) The first point is (76) and the inequality is strict since zq is strictly
increasing.

(2) For the second point, we follow the proof of point (2) of Theorem 2. We assume
that ¢ > ¢o (for the identification of EY . ) and thus ¢ > a; +7 with 7 = ¢cg—a; > 0.

max
One sets X = —E% = —c+a;. Then X satisfies

v . v
w X =y
Using [1, 10.4.59, 10.4.63] in the equality (66), one gets

(X‘FC*dl), X e [700‘{»&1,0). (78)

/

Z—(X—&l):a—a B~ §(Xteman)? (1+O((X+c—a1)*%)). (79)

!/
.3 .3
Again, we set € = e—3(c—a)? ¢ (O,e_%(co_‘“)2 ]. We also define Y as in the proof
of point (2) of Theorem 2. Then, equality (69) is still valid and the condition
X € [—c¢o + a1,0) implies that

2

—co+ a1 + (—%ln(e))3 =-—c+c<X+c—a; < (—%ln(e))

wlr

_ .3
Moreover, for every € € (078_%(60_‘11)2 ],

N

4 1 = ,% § % ai — co B 1
3o = X e @) <<<4) *.ln@a) (o)

Using (79) and the relation a = % (—a1), one gets:

Cage_and, 1 /0 . v
Ve € (0,07 (0mmR, (uweY—al) - u,(—al)) B
(80)
_ a\/ge—z(—%ln(e))%eye(—g1n(e))*%(ey)2cg(ey) (1 ) < 1 )) _
[ In(e)|

Inequality (72) is still valid and, using the fact that €Y = X € [—cg — a1,0), one
gets that Y is bounded and

X=0 (eg(cal)%> .

Then, the bootstrap argument gives the limit of Y and
I(_5 2 :
Ve>cg, YV = —Ol\/gw +0 ((C — dl)ig)
1
and for every ¢ > ¢,

EY .= —Cc+a + a\/g(l/(;ﬂe*%(c’&l)% + O <(c — &1)3e§(cﬁl)g> ’

1

which proves the second point with ¢ = h—3 and the same computation as in the
proof of the second point of Theorem 2.
O

We deduce from the estimates in h of EC. and EO _ the width of the first rescaled

min max
spectral band in the semiclassical regime.

_3
Proposition 7. For every h € (0,¢, ?),

B K. — 204@@67%}‘_1*2&”‘7% (1 +0 (h%)) . (81)

max
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For ¢ < ¢g, the situation changes. The first rescaled spectral band recovers com-
pletely the range of the periodic potential V and is even larger.
Proposition 8. If c € (0,¢], ES .. > 0 and we have
. C ~
[mm (—5, —Cc+ al) ,O] - [E?nin, E?nax] .

Proof: If c € (0, ¢pl, there is no longer a solution of (53) or (54) satisfying —E > 0.
Thus, EY .. > 0. Using the upper bound on EY . given in Theorem 2, we have —c+

max
ap € [E2;,EY,.]. Using point (1) of Theorem 2, we also have —§ € [EQ; EJ ],

which proves the proposition.
O

Proposition 8 along with Proposition 6 imply Theorem 1.
The following proposition precise the behaviour of EY .

Proposition 9. Let c € (0, co].
(1) IfC S (51 — 60,00], then E?nax S (—C+ 60,0].
(2) If c < & — ¢, let po defined in (12). Then, ES . € [—c + Cpy, Cpo+1] O
Eglax € [—C + 5170—17 6100]'
(3)
lim EY = 4o0. (82)
c—0
Proof: (2) Since (€p4+1 — &p)p>0 is strictly decreasing and converges to 0, for any
c€[0,¢1 — &), the integer pp > 1 defined in (12) is well defined and unique.
EY .. is a solution of either (54) or (53). Let k > 1. The restriction of the

function ¥ to (—Cax, —Cax—2) is a strictly increasing and continuous bijection from

(—égk, —Ezk,Q) to R denoted by (U)

/ . . . .
) op_o» and 17 induce a strictly increasing and

’
v

continuous bijection from (—éax11, —Cox—1) to R denoted by (7) . Then,
2k—1

studying the sign of f, for x € (—¢éak, —Cox—2) and using the Sturm-Picone’s
lemma in a way similar as in the proof of Lemma 11, we prove that =z — x —

-1
(%)qu (%)%—2 (x) is strictly increasing and continuous from (—éagy1, —Cor—1)
to (Coky1 — Cok, Cop—1 — Cok—2)-
Thus, (53) admits a unique solution E; with —E, € (—¢ax, —Car—2) and —c—E,, €
(—Cok+41, —Cok—1)-
To study the sign of f,, we need to know the signs of u, v, v’ and v’ on the interval
(_E2k+17_52k—2)7 since x € (—Ezk,—égk_z) and x — z € (_62k+1,—&2k—1)- For
example, we have on (—Capt1, —Cop+1),

(-Dku <0, (=D >0, (-D*v>0, (=1)*'<0
and on (—Cgk_;,_l, _62k)7

(-1)*u <0, (=1)*' >0, (-D)*v<o0, (-D*' <0
and the signs alternate on the successives intervals (—éy, —car), (—Cok, —Cor—1),
(—Cop—1, —Cak—1) and (—cop—1, —Cor—2)-
The restriction of the function ¥ to (—Capy2, —Cax) is a strictly increasing and
continuous bijection from (—éog2, —C2x) to R denoted by (%)Qk. We set for every
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x € (—Cops1, —Cop—1) and every z € (—Cogt1 + Copta, —Cop—1 + Cokr), Gz (2) = v(x —
2)u'(z) — u(x — 2)v’'(x). Then g, satisfies the Airy equation and using the signs of
u, v, v’ and v’ given above and a Sturm-Picone’s argument as in Lemma 11, we

=1 [ . . . . .
prove that = — x — (%)2]€ (%) (z) is strictly increasing and continuous from
2k—1

(—Cak+t1, —Cak—1) to (—Copt1 + Cong2, —Con—1 + Cog).
Thus, (54) admits a unique solution E; with —Ej € (—¢2k41, —C2x—1) and —c —
E; € (—Copt2, —Cok).

Since Gpy+1 — Cpy < € < Cpy — Cpy—1, We have either EO . =E, or E} = Ej for k
equal to the integer part of Z.

We deduce that —E% . € [—Cpy+1, —Cpo—1] and —c — EY € [—Cpy+2, —Cpo)s OF

max ax

—E0 .« € [=Cpos —Cpy—2] and —c—E2 . € [—Epo+1, —Cpo—1)- This proves the second

max

point.
(1) If c € (&1 — ¢, o], then ¢ € (é2 — ¢é1,6). The function Z—l, induces a strictly

increasing and continuous bijection from (—¢;1,0) to R denoted by (Z—i) . Then,

with the previous notations, the function z — x — (%);1 (Z—;) (z) is strictly in-
0

creasing and continuous from (—¢;,0) to (é2 — ¢1,¢), using again Sturm-Picone’s

Lemma with g, for x € (—¢;,0). Thus, (54) admits a unique solution Eq with

—Ej € (=¢1,0) and —c — Eg € (—¢2, —&). Since E% = Eg, we proved the first

point.

(3) The integer pg tends to +oo when c tends to 0. Indeed, using (44) and (46),
one has

po=0(c?).

Since pg —— 400 and ¢, —— 400, we get (82) and prove the third point.
c—0 k—4o00

O

Proof:(of Theorem 3)

(2) We start with the proof of the second point since it will imply the first limit
in the first point of Theorem 3. We look at the behaviour of E2 . when c tends to
0, since it is easier than considering the limit when h tends to infinity. Since E?.
is a solution of (51) with —EY. > 0 and —c — E2. € (—az,0), when c tends to
0, both —EY, "and —c — E2 . tends to 0. In order to avoid the technical difficulty
induced by the fact that Z—/, tends to +oc at 0, we use the fact that EO, is also the
unique solution in (—c,0) of the equation

/! !/

C(c-E)=Z(-E). (83)

,U/
Note that v and v stand for f and g in [1, 10.4.3]. Thus, for z in a neighborhood
of 0 where v' does not vanish,
4

<“’)/ (0) = s and  v(@) =2+ 75+ O@).

One deduces
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hence . ,
u o’ 1, 2 5 8
w (v b B . 4
(%) @ = (%) O+ 52 - o+ 06" (54)
Let y = —EY,, — 5. Then, (83) rewrites
u’ ¢ u’ [
G=35)=50+3) (85)
Since —c < E2. <0,
c
< (50

By (86), y = O(c). Thus equation (85) and equality (84) imply

that is
2 4 c\* o c)® 8\ _
—cy—15< Sey —20(5) y —2(5) >+O(c ) =0,
which implies
2, A\, 2 fe\d :
T §(5) T (5) +oe. (87)
Then, (86) and (87) give y = O(c*). We write y = c*p where p is a bounded

function of c. Then, (87) rewrites

2 12 4 1
P 15C P = 155 T O
hence )
P=T190 " o(c?)
and then,

1
Y= mc +O(c"),

which proves (11) after using ¢ = h~ i and multiplying by hs.

(1) The first limit is a direct consequence of point (2). The second limit follows
from point (3) of Proposition 9 and c =h"3
O

6.4. The first spectral gap. In the discussion before Proposition 6, we identified
both EQ . and E. . in the case ¢ > &. We had obtained, for every ¢ > ¢,
—c+a <EY, < -—ctoeo
and
7c+cO<Emm —c+aj.

This yields a first estimate of the first spectral gap:
0<é —co<EL; —E?

min max < @1 — a1.

In particular, the first gap is always open.
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Similarly to the estimates for the edges of the first spectral band, we prove the
following estimate for EL . in the semiclassical regime.

min

Proposition 10. Let 7 > 0 be arbitrary small. For every h € (0, (a; + 1)~ 2],

-1 _1
EL, = —h~% +a; — av3(u(—ay))2e 3 +2ah”3 (1 e (h%)) L (88)
Proof: We follow the proof of point (2) of Theorem 2. Let 7 > 0 be arbitrary small.
We assume that ¢ > a; + 7. One sets X = —El. — ¢+ a; which satisfies

min
!

%(X—al)Z%(XJrc—al), X €[0,—é +ay). (89)
Using [1, 10.4.61, 10.4.66] in the equality (66), one gets

%(X —ay) = a+ ay/3e—§(Xteman)d (1 +0 ((X +c— al)_%)) . (90)

3 3
We set e = e 3(c701)% ¢ (0,e737%] and YV = 1X. Since o = £(—a;) and using the

fact that (2) = -L is bounded from below by 2 by (55), one shows with a similar

proof as (72) that:

3
5 v

v «
2X —ar) - 2(-a)| = Fev.

Ve € (0, e 5T
u

B

Then, following the proof of point (2) of Theorem 2 and using that ¥ = X €
[0, —¢ + a1] is bounded, one gets that Y is bounded and

x =0 (et

Ve e (0,077, D(e¥ —ar) — S(-ar) = (%)/(—GQ(GY)—I—O(eQ).

Since Y is bounded one has:

3
2

But, (%)/ (—a1) = m and we get, similarly to (75),
Ve>ay+71, Y =oV3(u(—ay))? 4+ O ((c - al)_%>

from which we obtain (88) by taking c = h~% as before.

O

Combining the estimates of EY .. and El. we deduce an estimate of the rescaled

first gap in the semiclassical regime.

Proposition 11. Let 7 > 0 be arbitrary small. For every h € (0, (a1 + 1)~ 2],
_ _1
EL, —E =a —a — a\/g(u(—al))Qe_%h "+2a1h 3 (1 +0 (h%)) . (91)

Proof: We combine (88) and point (2) of Proposition 6 and use a1 > a;.
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7. COUNTING THE SPECTRAL BANDS IN THE RANGE OF V
In this Section, we prove Theorem 4 by determining the band edges which are
contained in the interval [—c, 0] for a fixed c.
Proposition 12. Letp > 0 and assume that ¢ > é,. Then, for every k € {0, ...,p},
(1) If k = 2j is even, (54) has a unique solution Egj with 7E2j € [0, +00),
—c—Ey; € (—aj41, —C25] and satisfying:
—c+ oy < Egj < —c+ajy1. (92)
(2) If k = 2j + 1 is odd, (51) has a unique solution By with —Egj i, €
[0,+00), —c — Egj i1 € (—@j42, —C2j4+1] and satisfying:
—C+ 62j+1 < E2j+1 < —Cc+ &j+2. (93)

Proof: By Lemma 5, for every k > 0, the function x +— x — ¢*(x) is a strictly
increasing and continuous bijection from [0, +00) to [éx, +00). Thus, if ¢ > &, > &,
there exists a unique z¥ > 0 such that ¢ = 2¥ — *(2¥). Let E; be such that
Ej, = —2*. Then, if k = 2j, Egj is the unique solution of (54) with —Egj € [0, 400)
and —c — Egj € (—aj41,—C2;]. Moreover,

—aj4+1 < —Ek —c< -, <0< —Ek,
and we get (92). If k = 25 + 1, Eg; 11 is the unique solution of (51) with —Eaq;; €
[0, +00) and —c — Egj11 € (—@;42, —€2;41]. Moreover,

—(Nlj+2 < —Ek —c< -, <0< —Ek,

and we get (93).

Proposition 13. Assume that ¢ > ¢,. Then, for every k € {0, ...,p},

(1) If k = 2j is even, (538) has a unique solution Eqj with —Ea; € [0,+00),
—c — Ey; € [c2j, —Gj4+1) and satisfying:

—C + CNLJ‘+1 < EQj < —c+ C2j. (94)

(2) If k = 2j + 1 is odd, (52) has a unique solution E2j+1 with _E2j+1 €
[0, +OO), —C — E2j+1 S [02j+17 7aj+1) and satisfying:

—Cct+aj41 < E2j+1 < —c+ C2j+1- (95)

Proof: Let k € {0,...,p}. Since ¢ > ¢,, we have ¢ € [cg, +00). Thanks to Lemma
11, z; is continuous and strictly increasing and there exists a unique real number
x > 0 such that ¢ = z(zx). Let Eg be such that Ey = —zi. Then, Ey; is the
unique solution of (53) such that —Eg; € [0,+00) and —c — Eg; € [caj, —@j11)-
Moreover,

—c < —Ek —c< —dj+1
and we get (94).
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Similarly, Egj,1 is the unique solution of (52) such that —Eg;; € [0,+00) and
—c—Ejt1 € [c2541, —aj41). Moreover,

—ci < —Ek —Cc< —aj41
and we get (95).
O

We deduce from Proposition 12 and Proposition 13 the following proposition on
the p first spectral bands and the p — 1 first spectral gaps of the operator H.

Proposition 14. Let p > 0. Assume that ¢ > ¢p,.
(1) For every k € {0,...,p}, EF*! = B, and BF = E;.

min

(2) We have the estimates on the spectral gaps:

) - 2j 2%-1 =
Vji>1, 0<éyjoq—cojo1 <EJ —EJ ' <ajy—a,

max

and

. - 2541 i ~
VJZO, O<62j—02j<E]+ —E% §aj+1—aj+1.

— “min max

In particular, all the spectral gaps are open.

Proof: (1) Using the estimates obtained on E) and E; and using the fact that
¢ < Gk, we have E; < Ej. Since
0

min

= Ey and EL;, = E¢. Then using E;, < Ej, we deduce the first

—c< E <—C+61<E0<E07

we have EV
point.
(2) These two estimates are deduced directly from the estimates proven on Ej, and
E,, in Proposition 12 and Proposition 13. We just have to be careful with the fact
that E?gin = Egj_l and Efg{gl = Egj and to use the right estimate in Proposition
12 depending on the parity of k.

O

Propositions 12, 13 and 14 imply the proof of Proposition 1.

Proof: (of Proposition 1). For every p > 0, —E2_ (c) = (z,)"!(c) and since z, is

max

strictly increasing and continuous on [0,400), ¢ — EP _(c) is strictly decreasing
and continuous on [0, +00). Since for every p > 0, E? .. (¢,) = 0, ¢, is the unique

zero in [0, +00) of the function ¢ — E2__ (c).

Since for every p > 0, —EPt!(c) = (22)7(c) (where 2P : & — x — P (z) is strictly
increasing and continuous on [0, 4-00)), ¢ — EPT!(c) is also strictly decreasing and
continuous on [0, +00), and since for every p > 0, Efnfnl (ép) =0, &, is the unique
zero in [0, +00) of the function ¢ — EZt!(c).

O

The estimates in Propositions 12, 13 and 14 combined with the intervals given in
Lemma 1 lead to the proof of Theorem 4. Before that, we prove a technical lemma.

3
Lemma 6. For every y € RY, let I(y) = (%)% ygj;ll

every real numbers 0 < b < a such that “32 € [0, 7],

(a—bb 3 I((1+n)5) < (3a)

Then, for everyn > 0 and

Wi

— (36)% < (a—b)bHI(D). (96)
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Proof: One checks that I(1) = (%)%, I'(1) = _% and

s -D(g 2+ 51+
(142 + )2 ’

Hence I'(y) < 0 for y > 1 and I is strictly decreasing on [1,1 + 7] for all n > 0.

Yy >0, I'(y) = where t2 = y.

In particular, for every real numbers 0 < b < a such that "“;b € [0,7), (%)§ €
[1,(1+n)3] C[1,1+7] and

i(a+miH <1((%)?) <1,

Since

Wi

(1) =@ (Gaf - 0,
we get (96).
O

Proof: (of Theorem 4). Let ¢ > ¢o. The first point in Theorem 4 is a direct
consequence of point (1) of Proposition 14 and Propositions 12 and 13 which ensure
that for every k € {0,...,ko}, Ex and Ej, are in [—c,0].
For the second point, using Propositions 12, 13 and 14 one deduces that
Vpe{2,... .k}, ¢ —c, <EPHL _EP <& ¢
and
Vp€{2,...,k0}70<Ep —EP

max min

Let p € {2,...,ko}. Assume that p is even, that is p = 2j for j > 1. Then,
2 2
Coj — Coj—n = (%fz;‘) - (%523‘72) i

Using (43) in Lemma 1, we have ézj — égj,g S [71' — %(257%71,77 + % (25271 and

1 1

. 5t 5\ % _[(2j—1)m)\ ?

S o< | —— [ < .
baj-2 < ( 2 7 187r> = ( 2

Thus, by Lemma 6,

o 5 2 3\5 /(25— 1)\ ?
S S b RSt )
i %2—G+%WV1>@>( 2

If p is odd, that is p = 25 + 1 for 5 > 1, then, using (45) in Lemma 1, we have
F g 7 241 7 241 d~—%<@—% Th
241 — &2j-1 € T = 3oz T T 3x mrriz=1 | and &2, < () °. us,
by Lemma 6,

N . 7 2j+1 3\3 /2jm\ "~

R I _ el e

e %1—Q+%@wn21)@)<2)

Since % > %, we have
1
- 7T p 3\?3 _
Vp € {2,... . ko}, ¢p —Cp2 < (ﬂ-+37rp2—1> (ﬂ> (=1

which proves (15). The proof of the upper bound in (14) is similar. We estimate
both cy; — é25—1 and coj11 — &5 for j > 1 by using (39), (45), (43) and (41)

<cp—Cpo1-

ol

Wl
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; £ T 7 _2+3  m o, 7 _2+3 &
to obtain that &; — &1 € [3 3735 (2j+0) 3 + 3 SO and &2541 — &25 €
|:7r 5 2j+1+g 2j+1+3

3 T Or @)@ 3 T o @@ r1r D) |
1

1 -3
{2,...,ko}, & ® < ((W‘Tl)”) ®. Since % > %, we get the upper bound of (14) by
using Lemma 6.

We also have that, for every p €

It remains to prove the lower bound in (14). We have to find a lower bound of
ép — ¢ for every p € {2,...,ko}. Using (43) and (39) we get for every j > 1,

229 229} |:7T 277}

~ ™
$2j = &2 € [6_4327r’6+4327r 99

We have
€aj — &oj Z Zn
j 9 9
€ > 514_ 7 < Trr
2j 12 167 1

: 5 7
Moreover, since g + gz < 1,

(€)= <57r L 7>_3 > (%) T@i+nh

8
< =<
— 51

Cmr—l

12 2 167 2
Thus, we take = ¢ and use the lower bound in (96) to get

2\ 2373 1 _
I<(%)g> 9 (25 +1)75 < égj — a5

_ 9 : 97
Forp=25+1, s1nceg<%7mand + 3 =
larger lower bound which is

< 1, and taking n = %, we get a

1 2
2\ 2373 1
I((%)3> (25 +2)73 < &40 — o541

9
It allows to conclude that the lower bound valid for every p € {2,...,ko} is the one
obtained for p even. This proves the lower bound in (14).
O
Proof: (of Corollary 1). Recall that the integer kg defined in (13) is equal to { c2}
or to [%c%} — 1 where, for any = € R, [z] denotes the integer part of x. Using
(14), one has:
ko ko 1 3
1 1 7 + 3 3\ 1
vesa 0135t (5L ) (B A o
c= ¢ 3 3mpp+3) T) p3
Since x — — and z — — 0 J:_S j are decreasing functions on [1,4+00), by compar-
ison between sums and mtegrale
ko
3 2 2 1 3
2 ((k 13—2§)< —<—<k3—1>
2((0+) —Zp%—Q 0
p=2
and
ko+1 1 ko 1 ko 1
/ S e s p+32i1§/ =
2 x3 z(z+ 3) pzzp(P‘Fg);DE 1 w3 o(z+ 3)
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and
IeX p+i 1
EZ ( +2)T c——+oo 0
= p(p+3)ps
Thus,
ko 1 1 1
1 7 + 3 3\?* 1 2\ 3
i@ =) -
c= Tp(p+3) w) p3 oo

. i ko .. . .
The function ¢ — ¢ Zp:() dp is increasing and:

min

1o 1
Ye>0 =) 6,<-(0-E’. )<1
C>acpg0p—c( )—7

since the spectrum of H is included in [V, +00] by Proposition 5. Thus ¢ — D(c)
admits a limit in R at +o0o. Then, (97) and (98) imply (16).
O

8. SPECTRAL BANDS AND SPECTRAL GAPS IN THE SEMICLASSICAL REGIME

Proposition 14 allows us to identify the spectral band edges among the solutions of
(54), (53), (51) and (52). Using proofs similar to those of the estimates and asymp-
totics of EO. . EO and El. . one gets the following estimates for the spectral

min’ max min’

band edges in the semiclassical regime.

Proposition 15. Let j > 0.
(1) Let T > 0 be arbitrary small. For every h € (0, (aj41 + 7')_%],

/ ~ 2 _1
B, = —hd 4y — a3 g d (140 (1)) (09)
aj+1

and for every h € (0, c;j%),

. "_q. 2 _1 5 1
Efgax = _hfg + &j+1 + aﬁwe*%h +2a;41h7 3 (1 +0 <h%)> ) (100)

aj+1

(2) Let T > 0 be arbitrary small. For every h € (0, (aj4+1 + T)’%],

. _ _1
B2 = —h % 4y = avBlu(—a;)%e 3 F2enh T (14 o (b)) (101)
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_3
and for every h € (0,¢5,% 1),
— _1
EZH = —h™5 4 aj,1 + avB(u(—ajq))2e 3" F2amh73 (1 +0 (h%)) . (102)

(3) Let h € (0,¢y ) be arbitrary small. For everyp € {0,..., [5=+]|}, (99) and
(100) hold true if p = 2j is even and (101) and (102) hold true if p=2j+1
is odd.

Note that this amount to the behaviour of E . '+ V(0) and of E2 .+ V(0). We

min
notice that one has the correct scaling near the minimum value of the potential.

Proof: For j = 0 we already obtained the estimate of EV. . For every j > 1, E*

min
is the unique solution of (51) with —c — E¥ € [—aj41, —02j,1). Using Lemma 2,

min

the function x — W is greater than o on the interval [—a;11, —¢2j—1). Thus,
the scheme of the proof of the estimate of EO. can be followed and leads to (99).

For every j > 0, E¥__is the umque solution of (53) with —c—E2/, € [—caj, —a;41).
Since the function z +— fw is greater than a on the interval [—cg;, —@;41],
)

the scheme of the proof of the estimate of EO _ can be followed and leads to (100).
For every j > 0, EZM! is the unique solution of (54) with —c—EX. ! € [—a;, 1, —&;).
Since the function 12 is greater than $ on this interval, the scheme of the proof of
the estimate of EL. can be followed and leads to (101).

min

For every j > 0, Eﬁ{%}l is the unique solution of (52) with —c—E2711 € [—coj41, —aj41)-
(0%

Since the function —7 is greater than than § on the interval [—c2j4+1, —aj+1], com-

bining the proofs of the estimates of EY . and EL. leads to (100).

min

The last statement is a direct consequence of the counting of the number of rescaled
spectral bands in the range of V done in Theorem 4 and the fact that both sequences

_3 _3
(cp ?)p>0 and (ap 2),>0 are strictly decreasing and interlaced.
O

These estimates lead to the estimates of the widths of the p-th spectral band and
the p-th gap in the semiclassical regime.

_3
Proposition 16. Let j > 0. For every h € (0,02].2),

= 20y/3 A g 42, 00 (1 +0 (h%)) , (103)

aj+1

and for every h € (0, C;j%—1)7
Saj1 = 20V/3(u(—aj 1)) e~ 3 H2amhS (1 ) (h%)) . (104)

Proof: The estimate (103) is obtained from (99), (100) and the estimate (104) is a
direct consequence of (102) and (101).

O
Proposition 15 and Proposition 16 together imply Theorem 5.
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Proof: (of Theorem 5). The first statement of Theorem 5 is about the convergence
of the rescaled spectral bands to the zeroes of the Airy function Ai and its derivative,
and is a consequence of the first two terms of (99), (100), (101) and (102). More
precisely, going back to the intermediate computations done in the end of the proof

)
of the second point of Theorem 2, for every j > 0 and every h € (0,¢,,%),

min

h_% + E2J - dj+1 + O (e_gﬁ(l_&j+1h§)%>
and
2
h™5 + EX., =aj1+0 (e_fslﬁ(l—&jﬂm)g)

and both h—% + Efr{in and h™3% + E2J, . tends to @41 when h tends to 0.
Using (101) and (102) we prove similarly that both h=3 + EX 1 and h—3 + E2/ 11
tends to a;11 when h tends to 0.
The estimates for do; and 62541 in Theorem 5 are exactly the same as those in
Proposition 16.
The last statement is a direct consequence of the counting of the number of rescaled
spec3tral bands in the range of V done in Theorem 4 and the fact that the sequence
(ep ?)p>o0 is strictly decreasing.

O

Proposition 17. Let j > 0. Let T > 0 be arbitrary small. For everyh € (0, (a;41+
7)73],
Yoj = a1 — i1 — aV/3(u(—aj4))2e T3 2T (1 +0 (h%)) ,  (105)
and for every h € (0, (@j4o +7)7 2],
1(_ 5. 2 _ - _1
Y241 = Gjp2 — Gjp1 — aﬁ%e%h A (1 +0 (h%)) . (106)
J
Proof: The estimate (105) is a consequence of (101), (100) and the fact that a1 >
Eij4_1.
The estimate (106) is a consequence of (99), (102) and the fact that ;12 > aj41.
O
This proposition implies directly Theorem 6 of the introduction. The last statement

of Theorem 6 is a direct consequence of the counting of the number of rescaled
spectral gaps in the range of V done in Theorem 4 and the fact that the sequence

(ap 2)p>0 is strictly decreasing.

9. CONCLUSION

Let us summarize some of the results obtained in this article.

(1) We have been able to get estimates of the widths of the spectral bands and
the spectral gaps in the semiclassical regime for a periodic potential which
is not analytic and not even differentiable at its maxima or minima. It
is an example of non-regular periodic potential of physical interest. This
was done thanks to the accurate asymptotic expansions of the classical Airy
functions and their derivatives and thanks to a bootstrap analysis argument
developed in the proof of Theorem 2.
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(2)

3)

()

(6)
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The spectral bands are exponentially thin, but the exponential decay is
not as good as the classical exponential decay for a regular potential. The
widening of the spectral bands is similar to a Gevrey 3 effect of the singu-
larity of the potential at its minima.

We defined a notion of semiclassical regime. In this regime the results are
stated for a fixed value of the semiclassical parameter h in an interval (0, hg).
We give explicit values of hg for which the behaviour of the considered
spectral quantity is similar to its behaviour in the semiclassical limit for
every h € (0,ho). In our results, these explicit values are the zeroes of the
Airy function Ai and its derivative and the zeroes of the derivative of the
odd canonical solution of the Airy equation.

We count the number of spectral bands which lie in the range of the poten-
tial V. This number depends only on the value of the counting parameter
c compared to the values of the zeroes of the canonical solutions of the
Airy equation and their derivatives. In Proposition 1 we give a dynamical
picture of the successives entrances in the range of V' of the spectral bands
and gaps when ¢ grows and takes the successives values ¢, and ¢, for any
p=>0.

We give explicit bounds for the widths of the spectral bands and gaps which
lie in the range of the potential. The bounds for the p-th spectral band or
gap depend only on p.

We prove an upper bound on the integrated spectral density in the range
of the potential.

We address some open questions which naturally arose in our research on the peri-
odic Airy-Schrédinger operator.

(1)

A first question is to generalize our results for a potential which is no longer
our explicit potential. We consider a function V which is analytic, such that
V(0) = 0 and V’(0) # 0 and then we consider the 2Lg-periodic function W
defined on [—Lg, L] by:

Vx € [—Lo, Lo}, W(z) = V(|zl).

Using perturbation theory techniques like those developed in [4] or [5], one
would like to obtain similar results as Theorem 1, 2, 5 or 6.

We hope to use our results on the spectrum of H to study other periodic
operators at least in dimension 2. First results were presented in [3]. In
this case, we were to tackle the case where our operator decompose into
a tensor product of two periodic Airy-Schrédinger operators with possibly
two different characteristic lengths Ly and L;. In this case the spectrum of
the two-dimensional operator is the superposition of the band spectra of the
two one-dimensional operators. It would certainly lead to difficulties linked
to the compared arithmetic natures of Ly and Lq, like those presented in
[11].

Another interesting generalization would be to obtain asymptotic results
similar to Theorem 5 or Theorem 6 for our non-analytic potential, in all
the regimes considered in [26].
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(4) Another question is the one of the meromorphic continuation of the re-
solvent of the periodic Airy-Schrédinger operator to the spectral bands,
using techniques like those in [13, 21, 30, 36]. It would lead to the ques-
tion of the existence and the description of the resonances for the periodic
Airy-Schrodinger operator. The Gevrey 3 behaviour that is observed in the
estimates may give rise to other estimates.

APPENDIX A. PROOFS OF PROPOSITIONS 2, 3, 4 AND OF LEMMA 1

We start with the proof of Proposition 2.

Proof:(of Proposition 2). Let > 0 and £ = %x% The functions Ai, Bi and their
derivatives are related to the Bessel functions through the relations (see [1, 10.4.15
and after])

Ai(—z) = é\/; (J% &)+ J,%(ﬁ)) , Bi(-2)= § (Jfé(f) —Ji (5))
and
At(=2) = =30 (14O = 13(0) . Bi'-a) = = (150 + 73(0)).

Thus, we have the following expressions for the Airy functions and their derivatives
on the negative half-line:

Ai(—x)=n"2z i (cos(§=Z)P(3,€) —sin(€-2)Q(5.9)), (107)
Ai'(—z) = 7227 (sin (E-Z)P (3¢ +cos(E-2)Q(3.9)), (108)
Bi(~z) = —m 277 (sin (€ — T) P (3,6) +cos (€~ 2)Q(%,8)),  (109)
Bi'(—z) =7 2x1 (cos (€ — ) P (2,0) —sin(¢-73)Q(3,9)). (110)

Before getting similar expressions for the canonical solutions u and v, let us start

by rewriting u and v, observing that E%g; = —V/3=—tan(Z):

3
Vo € R, u(z) = m(Bi'(0)Ai(x) — Ai'(0)Bi(x))
= —271Ai’(0) (cos (5) Bi(x) +sin (§) Ai(z)) .

(111)

Similarly,
Vo € R, v(z) = 21 Ai(0) (cos (5) Bi(z) — sin (§) Ai(z)) . (112)
Combining (111), (107) and (109) one gets, for every = > 0,
u(—z) = —2mAi’(0) (cos (§) Bi(—x) + sin (§) Ai(—=z))
= —277%337%142'/(0) ((—cos(3)sin(§— %) +sin(F)cos (= %)) P (5,8 +
(—cos (5) cos (€ = §) —sin(5)sin (£ - 1)) Q (5:¢))
= —2r32 TA(0) (sin (—6+ T+ Z) P (1,6) —cos (£ + T+ 2)Q (£,9))
= 212273 A'(0) (sin (€ — 15) P (3,6) +cos (€ - 12) Q (4,€)).

By derivating (111) and doing similar computations as in (30) one gets, for every
x>0,

u'(—z) = 727r%:c%Ai’(O) (cos(¢ - P (%,f) —sin(£-12)Q (%,5)) .
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The expressions for v and v’ are obtained the same way.
O

Before proving simultaneously Proposition 3 and Proposition 4, we need the fol-
lowing technical lemma.

Lemma 7. For every £ > f’ P(3,€) > 0 and we have

1 QG| _ 5
VE > —, 3 < —. 113
$ VB PG| e s
For every £ > \/%, P(2,£) >0 and we have
1 RG.9|_ 7
VE > —, 3 < —. 114
$ U PG| T T e
Proof: Using [1, 9.2.9 and 9.2.10], we have
5 X 77 1
ve>0, |P( ) 1‘ — 81 x 128 x &2 2662 (115)
and
) 5 X 77 x 221 1
VE>01Q (58 F 7or | < gt 1 & < 2680 (116)

In particular, we deduce from (115) that for every £ > \/%7 P(%,€) > 0. Then,
(115) and (116) imply

1 L 7~ mE b
vE > ’ Q(‘f 5)‘ 728 21653 <>
N EUSINEEr S
which proves (113). Indeed, for & > ﬁ’ i < 2.
Using again [1, 9.2.9 and 9.2.10], we also have
7 x 65 1
4 0, |P 117
€20, P8~ 1< griog e < e (117)
and .
x 65 x 209 1
VE>0 2 : 118
€>0.1Q(5:¢) - 725’_6x93><83><§3<22§3 (118)
In particular, for every £ > \ﬁ’ P(2,£) > 0. Then, (117) and (118) imply
1 2, mEtme 7, 1 7
VE > ’ Q(g f)‘ 725 21253 S S
V117 | P(3,€) 1-— W 36 11¢ 12¢
which proves (114). Indeed, for £ > \ﬁ’ f—— < 2 and 365 + 1153 < 125
O

Proof:(of Propositions 3 and 4). Before starting the proof, since —(%)% > —ap >
—cp, we stress that v’ does not vanish in the interval (—(%)%,—i—oo) which justifies
the starting point for the numbering of the —c;. Similarly, the only root of v in
the interval (7(%)2 +oo) is 0, which justifies the numbering of the —c2;11, u does
not vanish in (7(3417) ,+00) and the only root of v in the interval (—( z’r)%, +00)
is 0, which justifies the numbering of respectively the —¢y; and the —¢z;41.
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We prove only the assertion on v and —¢y;, the others are proved in a completely
similar way. We use the following method: thanks to the bounds of for &€ > r,
we show that u changes its sign at the two boundary values of the considered
interval while u’ is of constant sign in the interval.

Let j > 0. Using (30) for z = (%(jﬂ + %’r))% and thus £ = jm + %ﬂ, one gets:

u (- Gum+ 30 T) =20t Gur +3)H ATO) 1) s

. Q5.7 + %)
pl, 4 2r (1+c0ta 137
(3 ]7'(' 3) n(lz)P(37]7T+ )
But, cotan(75) = 2 + /3 and since using (113),
1 . 2m
I = 5(2 3 2
cotan( ) DRI D)| SOV 2

we get that

Q3,57 + 2;))
e R
P(§7J7T+ ?)
Since sin(75) > 0, P(3,j7 + 2%) > 0 and Ai’(0) <0,

(17u (- (ein+5)%) <o

(1 + cotan({5)

2

%(jﬂ' + %)) * and thus £ = j7 + %, one gets:

) =2rt (3(m+ 3))7F AV(0)(=1) sin(~ )
2\ QGIT+E)

But, using (113),

1 - jus
cotan(fl Q(ga]ﬂ"i' 3)

5(2+/3)
12)P(%7j7r+ 3) -

36

and we get that
1 ™
2 _l’_ s
Q3. Jm 3)> —0

(1 +C0tan(*1ﬂ;2)P(l jﬂ_ + 1)
37 3

Since P(3,jm+ ) > 0,
(—1)7u (= 3G+ 5)7) >0,

BUm+ %))

Wi
(AN

Ifze|3(nr+3) ] then £ — IZ € [jm — &, jm + %] and one has

V2 ; V2+4/3 1
< (=1)7 _Imy V2T VEY d <t Iy < 1.
2_( ) cos (€ —15) < 5 an 2+\/§_an(§ =) <
Moreover, using (114) and & > 7,
2
3 7 14: 1
Q.o 1T _ 1 1
P(2,&)| " 12¢ ~12r 2
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2 2
Then, using (31), for every x € [(%(ﬁr +3)°%, 30n+ %)) 3],

2

2.9 0

P(§7€)

We deduce that w is continuous, strictly increasing for j even (respectively de-

creasing for j odd) from a negative value to a positive one (respectively from

a positive value to a negative one) and thus has a unique zero in the interval
2 . g .

{— (%(jﬂ + 2?7‘)) 3= (%(]w + %)) 3], for every j > 0.

It remains to verify that u does not vanish on the interval

(1) (=) = 27227 A’ (0) cos(€ — TZ)P (2,€) (1 — tan(¢ — I7)

2

(- G+Dr+9)° - GUr+5)°).

v

IfxE (E(jm+ %’“))% LG+ )+ 3))

) then £ — 12 € [jm + &, jm + 27] and

1
2v2+/3

: 2
Moreover, using (114) and § > =7,

< (=1)sin (6 - ) <

2
g and 1§00tan(§—%) §2+\/§.

cotan (5 — %)

and using (31), for every x € ((%(jﬂ + 21))
(—1)Pu(—2) =

2m22 7 Ai'(0)(—1) sin(¢ — IZ)P(2,€) (1 + cotan(¢ — 1)

220 _,

2
As -G € [-7m3, — (27) %], we deduce (35) by counting the constants —é; and the

intervals in which « vanishes.

O
We finish this Appendix with the proof of Lemma 1.
Proof:(of Lemma 1). Let j > 0. Applying (30) with x = &,
357544 (0) (sin(Ess — TEVP(L &, (Eor — TVO(L E0)) = w(—Gni) —
27 Coj Ai'(0) 51n(§2j 12)P(3’521) +C05(€2J 12)@(37523) = u(—¢2;) = 0.
2
Thus, using Lemma 7 and &; > \/%—3 (thanks to ap > Tjﬁ) *), we have
. . sin(&y; — 1= Q(L,&;
P& >0t tan (8~ ) - S - S (g
cos(§25 — 15) P(3,82)
With (113) and (119) we get:
- 5
tan »—7—“‘<7~. 120
’ (52] 12) 36 - £a, (120)
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From (35) and (120), it leads to

™
S2j =15 — T

< arctan 5~ < 5~ < ,5 —, (121)
36 - &y 36- &, ~ 36(jm+ %)

which proves the assertion on the interval of localization of §~2j.

2
Since ag > (27\%) : Eoj > \/% and, using Lemma 7, we have P(2,&;) > 0.
Applying (33) with z = ¢y,

*27T%C§j14’i(0) (—cos(&aj + ) P(3,825) +sin(&2; + 15)Q(3, £25)) = v'(—cz;) = 0.
Thus,

Q(%’&j)_ I omo_m\ . _ 5w
5 . — cotan (521 + 12) = —tan (§2J + 13 2) = —tan (523 12) - (122)
P(§’£2J)
Using (114) and (122) we get:
7
o (6~ ) < gy 12

and the rest of the proof of the interval of localization of &;; is similar to what we

have done for ézj, thanks to (34). The intervals of localization of &1 and £2j+1
are obtained in a similar way.

In order to prove (40), we need a more precise estimate on &»;. Using (122) and [,
9.2.9 and 9.2.10],

7 _ _Tx65x209 10 (L)

7282; 6><83><93§gj §g’j
7X65 1
1= 2x82x92¢Z; +0 (g)
_ 7 7x65x 209 1 7x65 1
- (72§2j T 6x83x93¢3; +0 €, 1+ 2x82x92¢2; +0 g

7 1
=g, 1O (?) '

Thus, thanks to &; — 32 — jr € [- 5, &,

5w . 7 ! ! :
£oj — o, —Jjm = arctan (725% +0 (%)) = 726, (1 +0 (%)) .

Since &25 € [j7r + 5,7+ g}, there exists a constant C' > 0 such that:

7’(L_C><§._5”_-W<'7<1+C>
207+ 1) 2) =T 12 T =m0+ 5) ;2

which proves that

tan (fzj - %) =

b= jrr o2
;g = — T e e——— oy .
=12 T T a5 7
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2 2
3 5 7 1\)\3

1+ =4 _— " L=

) ( * 125 + 72jr(jr + %) * <j4)>
IVELAT N U I S
T2 185  48jw(jmr+Z) 9

3 5 1
1 2 =
( T 185 +o(j2)),

which proves (40).

¢ 5

Similarly, using &»; € (j7r + 5,7+ %ﬂ), &2j+1 € (jﬂ' + 5.+ 7T) and £2j+1 €
(jm+m, jm+ ZF) , one proves (44), (42) and (46).

APPENDIX B. VARIATIONS OF © AND v

x —C2j42 —@j42 —C2j41 —C2j+41 —Qj41 —C25 —C2j —dj41 —C25—1 —C2j—1

(—=1)7u’ - 0 + 0 -

<0 S 0
(—1)Iu \ /0 .

<0 >0

(=1)30’ 0 - 0 +

>0 — 0
(—1)v 0\ /

<0

TABLE 1. Variations of (—1)’u and (—1)’v on the interval
[—82j+2,—02j_1] fOI" ] Z 1.

Co

C1 C2 C3 Cq Cs Ce Cr Cs C9 C10

1.515

2.66 | 3.53 | 4.34 | 5.06 | 5.74 | 6.37 | 6.98 | 7.56 | 8.13 | 8.67

TABLE 2. Approximate values of ¢, for p =0 to p = 10.

O
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-c6  -cs  -Ch -3 & & =

-Co

FIGURE 2. Graphs of u, v and positions of the —c, and —¢,.

APPENDIX C. STURM-PICONE’S LEMMAS

In this Appendix we prove a Sturm’s formula and a version of the Sturm-Picone’s
formula adapted to the setting of the proof of Lemma 11.

Lemma 8. Let a < b be two real numbers and let g1, g2 € C°([a,b]). Let z be a
solution of —2" + g1z = 0 and let y be a solution of —y" + goy = 0. Then:
(v2' = 2y) = (91 — g2)y=. (124)
Proof: We have:
y(*Z” + glz) _ Z(*y” + gly) — 7yZ/I + Zy// — 7(yzl o Zy/)/
We also have:
(—y" + 91y) — (=y" + 929) = (91 — g2)y-
Then,
y(=2" + gq12) — 2 (=" + gaz + (91 — 92)y) = —(y2' — 2')".
Since —z"” 4+ g1z = 0 and —y" + goy = 0, we finally have:
—(y2' —2) = —(91 — 92)yz,
which proves (124).
O

Lemma 9. Let a < b be two real numbers and let q1,q2,9 € C°([a,b]) N C((a,b)),
q1 > q2 > 0. Let z be a solution of —(q12") + gz = 0 and let y be a solution of
—(q29") + gy = 0 with y > 0 on (a,b]. Then:

(Gl - Q2Z/Z))/ — - 4 (- yy) (125)
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Moreover, if there exists n > 0 such that g1 — qo > 1, then there exists A > 0 such

that
b

B(quZ' - qu’z)} > A/: 2 (x)da. (126)

Proof: We have, on the interval (a,b),

/ ’ /
z

((quz/ - qzy’Z)) = <QIZZ/ - quzz)
y y

’
_ AV ne _ //272_ ! i
= (@) 2+ a(2)” — (e2v) y 72y y

a

2 2\ '/
zZ 4
=g +q(2)* - 9y~ Py ()

Y
2 !
N2 4
=q(2')" — qy ()
( Yy

=(n - @)(Z) + e <(Z/)2 v (Zyz)/)

(1= a2)()2 + 0 (<z'>2 _ 2yy i (yy;) )

o v (22

This proves (125). Then, integrating (125) between @ and b and using Poincaré
inequality in the last inequality, there exists A > 0 (depending on 7, a and b) such
that

g(quz’ - qzy'Z)}: - /ab(q1 @ ~ 2@ @) + ) (Zl(m) - Z/(;();)(I))2 o

b
> / (@1(2) - 02(2))(# () da

> 17/ (7 (z))*dx > A/ (z(z))*dz.
This proves (126).

APPENDIX D. THE MONOTONICITY ARGUMENTS
We have defined the functions f,, g, and the functions zj for £ > 0 in Section 5.3.
Lemma 10. Let k > 0. Then, for every x > 0,
zp(x) >0  and  zp(z) =z — Yi(2).
Therefore, zy, is continuous on [0, +00). Moreover, for every j > 0 and every x > 0,
O<z+ar <z(z)<az+co < - <z+aj41 < 225(x) <x+cyj (127)
<z+aj41 < z241(x) <+ cgipr -

Proof: In this proof it will be easier to use the expressions in terms of Airy functions
for f, and g, since we will use classical properties of the A7 and B¢ functions and in
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particular the fact that Ai’ is strictly negative on the positive real half-line, which
is not the case for u’.

For © > 0, Ai(z) > 0, Bi(z) > 0, Bi’ is strictly positive on [0, +00) and Ai’ is
strictly negative on [0,400). If 2 <0, z — 2z > 0 and f,(z) > 0. Thus, zo(z) > 0.
Then, 0 is a zero of g, and since % is strictly increasing on [0, +00), and for z < 0,
x—z>xand g.(z) > 0. So, 0 is the first zero of g,. In particular, for every k > 0,

zi(z) > 0.

Let j > 0. We remark that, by definition of 9;, we have fi(x — 12;(x)) = 0,
and by definition of v2;41, we have gz(x — 1¥2j+1(z)) = 0. Moreover, for z — 2z ¢
{—€2j+1};>0, by unicity of ¢o;(x) in [—caj, —Gj4+1), & — Pa;(x) is the unique zero
of fp in (x + @j41,2 + coj]. Since we have fy(x + aj11) = Bi'(—a;41)Ai(z) # 0,
the set of the zeroes of f, is exactly {z — 19;(x), j > 0}. Thus, for every j > 0,
sz(m) =T — ng(x).
For z — 2z ¢ {—¢3;};>0, by unicity of ¥gj41(2) in [—coj41, —aj41), © — P2j41(2)
is the unique zero of g, in (z + aji1,2 + c2j41]. Since we have gz(z + aj41) =
Bi(—aj41)Ai(z) # 0, the set of the zeroes of g, is exactly {0} U{x —o;41(z), 7 >
0}. Thus, for every j > 0, z9;41(z) = & — Yo 41 ().
By Lemma 3, we deduce that z; is continuous on [0, +00). Since for every j > 0,
P2;(w) € [—c2j, —aj41) and Yoj41(2) € [—c2j41, —aj41), we deduce (127).

O

We now prove further properties of the functions f, and g, and in particular their
signs and their variations.

Proposition 18. For every x > 0, the functions f, and g, from R to R have the
following properties:

(1) Vz € R, g,(2) = —fa(2) and f,(2) = —(z — 2)gx(2).
(2) f. satisfies the ordinary differential equation on R\ {z}:

() /. (128)

and g, satisfies the Airy equation: ¢! = (x — 2)ga.

Proof: (1) We compute the derivative of f,., using the fact that v and v satisfies
the Airy equation:

VzeR, fl(z) = (z—2)(u(r — 2)v(z) —v(z — 2)u(z)). (129)
Thus, fi(z) = —(x — 2)g.(z), for every z € R. A direct computation leads to
g5 (2) = — fu(2), for every z € R.
(2) We assume that z # z, we divide (129) by z — z and by derivation:

/

Vz e R\ {z}, ( z ) = —u'(x — 2)v(z) + V' (z — 2)u(z) = f(2).

r—z

The function g, satisfies the Airy equation since it is a linear combination of solu-
tions of the Airy equation.
O

Proposition 19. For every x > 0, the functions f, and g, from R to R have the
following properties:
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(1) The function f), vanishes exactly on 0, x, and z2j41(x) for every j > 0.
It is strictly negative on (—o0,0), strictly positive on (0,x), strictly nega-
tive on (x,z1(x)) and, for every j > 1, (—1)7FLf is strictly positive on
(22j-1(2), 22541(2)).

(2) The function f, is strictly positive on (—oo,zo(x)) and, for every j > 1,
(=1)7 %L f, s strictly positive on (22;—2(x), z2;(x)).

(8) The function g, vanishes exactly on z9;(x) for every j > 0. It is strictly
negative on (—oo, 2o(x)) and, for every j > 1, (—=1)7t1g is strictly positive
on (22j-2(), 22;()).

(4) The function g, is strictly positive on (—o0,0), strictly negative on (0, z1(z))
and, for every j > 1, (—1)7 g, is strictly positive on (z2j_1,22j+1)-

Proof: We will again use the expressions in terms of Airy functions for f, and g,.
(1) From (129), it is clear that f.(0) = fi(x) = 0. We have already proven in
Lemma 4 that for z € (—c0,0), f.(2) < 0. Then, for z € (0,z),x—2 >0, x—2 < z,
Bily —2) < Bi(z — 2) and fi(z) > 0. From f.(z) = —(z — 2)g,(2) and Lemma
4, we know that the remaining zeroes of f, are exactly the z9;41(x) for j > 0. We
also have f.(z + a1) = a1 Bi(—ay)Ai(z) with a; > 0, Bi(—a;) < 0 and Ai(x) > 0,
thus fl(x + a1) < 0. Since f7 is of constant sign in (z, z1(z)), one deduce that f,
is strictly negative on (z, z1(z)). To finish the proof of point (1), it is sufficient to
remark that f,, is of constant sign on every interval (z2;_1(x), 22;41(z)) for j > 1.
But, » + az; € (Z4j,3($),24j,1($)) and fé(ﬂ? + agj) = angi(—agj)Ai(at) > 0,
since Bi(—ag;) > 0. Thus, f7 is strictly positive on (z4;_3(x), z4j—1(x)). Similarly,
T+ agjr € (24j-1(2), 24541(2)) and fo(z + azj41) = agjp1Bi(—az;j41)Ai(z) <0,
since Bi(—agj+1) < 0. Thus, f, is strictly negative on (z4;_1(x), 24541(2))-

(2) We have already proven in Lemma 4 that for z € (—o0,0), f.(z) > 0. We
also have f,(0) = L > 0 since it is the value of the Wronskian of Ai and Bi and
thus, for every z € (—o0o,x), fs(2) > 1. Since zy(z) is the first zero of f,, this
function is strictly positive on (—oo, zo(x)). We remark that f, is of constant sign
on every interval (z9j_o(x),z2;(x)) for j > 1. But, & + aGgj41 € (215-2(x), z45(2))
and fx(x + d2j+1) = Bi’(—dng)Ai(x) > 0, since Bi’(—d2j+1) > 0. Thus, fz is
strictly positive on (z4j_2(x), z45(x)). Similarly, x + Goj42 € (245(2), z4j42(z)) and
fo(x 4 @2j42) = Bi'(—agj42)Ai(z) <0, since Bi'(—ag;4+2) < 0. Thus, f, is strictly
negative on (24;(x), z4j42(x)).

(3) It is deduced directly from point (1) of Proposition 18 and point (2).

(4) It comes from point (1) of Proposition 18, point (1) and the fact that for
z>2z(z), z>zand z — z <0.

O
We have now all the ingredients needed to prove that zj is a strictly increasing
function.

Lemma 11. For every k > 0, the function zy is strictly increasing from [0, 400)
to [cg, +00).

Proof: We will separate the proof in two cases, depending on the parity of k.
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Case 1: k= 2jfor j > 0. Let 0 < x1 < x2. We want to prove that zg;(x1)
z9j(x2). Assume that zo;(x2) < 2a;(x1). Let § > 0 be such that za;(x2) + 0
zo;j(x1). We use (127) to get

<
<

2’2]'_1(.131) < x+ Elj+1 < X2+ ELJ‘+1 < 2’2]‘(332) < Zgj(],‘g) +6 <

ZQj(IEl) <TypFaj41 <T2+aj41 < 22j+1($2).
In particular, x; — (22;(22) +9) < 0, 22 — (22j(22) + ) < 0 and

(22 (22) +0) € (22j-1(21), 225 (1)) N (225(22), 22541 (22))-
Thus, using Proposition 19,
(—1) far (225(w2) +8) > 0, (=1)? 7, (20(x2) +6) <0,

(
and  (=1) fo, (225 (22) +0) <0, (=1)’ 7, (225(x2) + ) < 0. (131)
There exists 7 > 0 such that, for every z € [z2;(x2) + 9, 22 (21)], Tlfz - E;Z >
n. Moreover, since (zg;(x2) + 0,22;(x1)) C (225-1(x1), 22(z1)), for every z €
(22j(w2) + 8, 225(x1)), (=1)7T1f;,(2) > 0. Similarly, since we have the inclusion
(2’2]‘(1‘2) + (5, 2’2]‘(]}1)) C (Zgj($2),22j+1(x2>), for every z < (Zgj(xg) + (5, Zgj(xl)),
(=1)7*1f,,(2) < 0. Then, applying Lemma 9,

22;(z1) / / !
29 (@2)+6 fwz (Z) 0 L2 — %2
Since fg, (22;(x1)) = 0, the integral in the left side of equality (132) is equal to
 Jai (225(@2) +0) f1, (22(x2) +0) | f2 (22(w2) +0) fi, (225 (w2) +0)
xr, — sz(&?g) -9 T2 — Z2j(x2) -0 fwz (2’2]‘(3?2) + 6)

by the use of (130) and (131). But (133) contradicts (132) and thus we must have
z9j(x1) < zg5(x2). The function ze; is an increasing function from [0, +o0) to
[Cka +OO) :

<0 (133)

It remains to prove that zp; is strictly increasing. If zo; is not strictly increasing,
since it is increasing and continuous, there exists an interval in [0, +00) on which z9;
is constant. But, z9; is also analytic on [0, +-00) since one can prove that actually
the functions v»; are analytic. Thus, if it is constant on an interval, it should be
constant everywhere which is not the case, so za; is actually strictly increasing.

Case 2: k=2j+1for j > 0. Let 1 < 5. We will show by induction on j > 0
that 22j+1(x1) < 22j+1({L‘2).

For j = 0, we directly apply the classical interlacing zeroes theorem of Sturm with
potentials ¢(z) = —(z2 — 2) < p(2) = —(v1 — 2), since g, satisfies —g; +pge, =0
and g,, satisfies —g7/ + qg., = 0. Applying this theorem between 0 which is a
common zero to g,, and g,, and zj(x9) which is the first strictly positive zero of
Juz, ODe gets that g, admits a zero in the interval (0, z1(z2)). Since z1(x1) is the
smallest strictly positive zero of g,,, we necessarily have z;(x1) € (0, 21(x2)) and
z1(x1) < z1(x3). Thus, 21 is strictly increasing.

Let j > 1. We assume by induction that z9;_1(z1) < 22;—1(22) and we want to
prove that zo;11(21) < 22;41(22). We assume the contrary: za;1(z2) < 2541(21).
Then we have

z2j-1(71) < 22j-1(22) < 295(72) < 29541(22) < 29541 (21). (134)



52 H. BOUMAZA AND O. LAFITTE

We apply Lemma 8 to g;, and g,, between zo;_1(x2) and z9;41(x2) to get

z25+1(w2)

z25+1(w2) ,
/ (925 (2)9, (2) = gur Gy (2)) dz = / (z1 = 22) g2, (2)gas (2)d2.  (135)

2j—1(x2) z25—1(x2)
But, using (134), we have (22j-1(22), 22j+1(22)) C (22j-1(21), 22j4+1(21)). Using
Proposition 19,
V2 € (22j-1(22), 22j41(22)), (=1)g2,(2) <0 and (=1)7gs,(2) < 0.

Since x1 — xo < 0,

z2j+1(x2)
/ (1 — 22)ga, (2)ga, (2)dz < 0. (136)
z25—1(x2)
We have,
z2j+1(72) , , ,
/ (922200, (2) = Guny () dz =
z2j—1(x2)

= 91 (22j41(22)) g1, (2241 (2)) + gay (22-1(22)) g, (221 (22)).-
But, using again Proposition 19,
V2 € [z2j-1(22), 225 (22)), (=1)7g,(2) <0
and
Vz € (295(w2), z0541(x2)], (=1)7g},(2) > 0.
In particular,

(=1) ga, (22541 (22)) <0, (=1) g, (22541 (22)) >0,
and

(=1) gay (22j-1(22)) <0, (=1)7 g, (225-1(x2)) <O.
Thus,

z2j+1(%2) ,

/ (902210 (2) = Gy (2)) dz > 0
z2j—1(x2)

which contradicts (136). So we have z9j11(21) < 2a;41(22) and zo;41 is strictly

increasing.

We have thus proven by induction that for every j > 0, 22,11 is strictly increasing
from [0, +00) to [c2;+1,+00). This finishes the proof of Lemma 11.
O
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