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Abstract

In this paper we consider a continuous almost periodically correlated
process {X(¢),t € R} that is observed at the jump moments of a sta-
tionary Poisson point process {N(t),t > 0}. The processes {X(t),t €
R} and {N(t),t > 0} are assumed to be independent. We define the
kernel estimators of the Fourier coefficients of the autocovariance func-
tion of X (¢) and investigate their asymptotic properties. Moreover, we
propose a bootstrap method that provides consistent pointwise and si-
multaneous confidence intervals for the considered coefficients. Finally,
to illustrate our results we provide a simulated data example.
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1 Introduction

Periodicity and almost periodicity appear naturally in many real datasets.
A wide variety of examples from different fields can be found in [M], [T,
[[@], [E8] and [E9]. Often this type of data has a structure of periodic or
almost periodic correlation. To be more precise, a stochastic process that
has finite second order moments is almost periodically correlated (APC) if
its mean function and its shifted covariance function are almost periodic in
time [M@]. The notion of an almost periodic function was introduced in [B].
Recall that a function f : R — R is called almost periodic if for every € > 0,
there exists a number [, such that for any interval of length greater than [,
there exists a number p. in this interval such that

sup | f(t +pe) — f(t)] <e.
teR

Equivalently, the almost periodic functions can be defined as the uniform
limits of trigonometric polynomials (see [B]). Periodic functions are the only
class of almost periodic functions that have a period. In general, an almost
periodic function has no period. There is a large amount of papers con-
cerning periodically correlated (PC) processes (see e.g. [[M] and references
therein), but still relatively few on general APC processes. Thus, the anal-
ysis of APC processes is challenging. It is usually performed using Fourier
expansions of the mean function and of the shifted autocovariance functions.
The other important issue is the fact that the considered processes cannot
be observed continuously and data are often sampled irregularly to avoid
aliasing and folding phenomena (see e.g. [E8]).

In this paper we deal with an APC continuous process X = {X(t),t € R}
that is observed at the jump moments Ty, k > 1, of a stationary Poisson
point process N = {N(t),t > 0} which is independent on X. This type of
sampling was considered e.g. in [H] (see also [@], [22], [E3] and [BD]). The
estimation problem of the Fourier coefficients of the mean function in this
framework was considered in [[@] where the standard estimators have been
used. In the following we focus on the Fourier analysis of the shifted auto-
covariance function. In this case, the Fourier coefficients are computed from
products of the values of the process where distance in time is equal to an
arbitrary fixed lag 7 € R, i.e. X(¢)X(t+ 7), t € R (see relation (0)). How-
ever, using Poisson sampling we do not have at our disposal the necessary
information to perform some sampled versions of these products, thus we
cannot use the standard estimators. To deal with this problem we are go-
ing to apply a kernel method. Similar ideas for stationary processes can be



found in [E7] (see also [E2]), and for harmonizable APC processes in [@]. The
second key issue is the construction of confidence intervals for the Fourier co-
efficients which we are estimating. The asymptotic covariance matrices are
very complicated and depend on unknown parameters (see Proposition B1).
Hence in practice it is very difficult or even impossible to estimate them.
Thus to get confidence intervals, resampling methods are used. In the liter-
ature the number of bootstrap and subsampling consistency results for the
Fourier coefficients of PC and APC processes is constantly growing. The
subsampling validity for the Fourier coefficients is established for PC time
series in [23], and for APC processes in [B]. Moreover, the consistency of the
Moving Block Bootstrap (MBB) for the Fourier coefficients of the shifted
autocovariance function for PC or APC time series was studied in [BI] (see
also [[@]). Additionally, for PC time series the Generalized Seasonal Block
Bootstrap (GSBB) was considered in [[3]. The GSBB in contrary to the
MBB requires knowledge of the period length and hence cannot be applied
in the general case for APC processes. Finally, the modification of the MBB
method for the Poisson sampled APC process was considered in [@] for the
estimation problem of the cyclic mean.

In this paper we provide a consistent estimator for the Fourier coefficients
of the shifted autocovariance function of a continuous time APC process
from a Poisson sampled observation. Moreover, we obtain the validity of
some bootstrap approach that is based on the MBB method. As a result
construction of bootstrap confidence intervals is possible.

The paper is organized as follows. In Section B the necessary notation is
introduced and the problem is formulated. Additionally, the kernel estima-
tor of the Fourier coefficients is introduced. In Section B the assumptions
are discussed and asymptotic properties of the considered estimator are de-
rived. Moreover, the bootstrap method is described and its consistency is
shown. Section B contains multidimensional results and the construction
of the bootstrap simultaneous confidence intervals. In Section B a simu-
lated data example is presented. The proofs of the results can be found in
Section B.

2 Problem formulation

Let X = {X(¢),t € R} be a real-valued zero-mean APC process that is
observed at the jump moments Ty, £k > 1, of a stationary Poisson point
process N = {N(t),t > 0} with intensity § > 0. The processes X and
N are assumed to be independent. Moreover, let Kx(t,t + 7) be the



shifted autocovariance function of the real-valued zero-mean process X, i.e.
Kx(t,t +71):=cov{X(t),X(t+7)} = E{X(#) X (¢t + 7)}. Since the process
X is APC, the function (¢,7) — K (t,t+ 7) is uniformly continuous, and for
each 7 the function ¢ — K (t,t+7) is almost periodic (see e.g. [[@] and [[F]).
Then the cyclic covariance of the process X is defined as Fourier-Bohr co-
efficients

ax(A\, 1) = Tlg%o/ Kx(t,t+7)e gt
1 [T .
=  lim — / E{X ()X (t +7)}e ™ dt (1)
T—)OOT 0

for any A € R and any 7 € R. The set of cyclic frequencies A := {\ € R :
ax (A, 7) # 0 for some 7 € R} is known to be countable (see [[F]).

The estimation of the cyclic covariance is based on the observations
where the time distance is equal to 7, and 7 € R is fixed. Let us recall
that in the considered problem the process X is not observed continuously
and the time distances between the observations in general are not even
integer multiples of 7. To solve this problem we propose a kernel estimator
of ax(\, 7).

Let T > 0. Assume that the observation of the process X is performed
during the time interval [0,7]. This means that we observe the random
sequence X (T}) at the sampling moments 0 <7, <T, k=1,...,N(T).
Let us define wy(t) := w(t/h)/h, where the window width h = hy > 0
tends to 0 as T' — oo and the weight function w : R — R is a non-negative
symmetric measurable function with support contained in [—1, 1]. Moreover
assume that [ w(t)dt =1,

Recall that E{X (¢)} = 0. Then for all fixed A and |7| < T — hz we define
the estimator of ax (A, 7) as follows

r=ar(h 1)~ oy 5 S B ot (7 o+ ) X (B X ()

'rL]_,TLQ_
:T / / Wy (T — t+ 8) X (8) X (£) e NP (s, 1),
BT Jo Jo
where dN(?) (s,t) := [is4y dN(s)dN(t). Hence

T
ar = 21/ / Why (T = )X (5)X (s +) e M N (s 4 ds, s+t + dt),
BT )1 11y
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where I(T,t) :=={s:0<s<T,—t<s<T—t}=[0,T|N[-t,T—1.

In this paper we assume that the intensity 8 of the Poisson process
{N(t),t > 0} is known. When f§ is unknown, in the definition of ar it may
be replaced by By = N(T)/T. Then the consistency of this estimator of
ax (A, 7) as well as the consistency of the bootstrap method can be easily
established. However, this problem is beyond the scope of this paper.

3 Main results

In this section we present the asymptotic properties of the estimator ay and
its bootstrap version @}.. At first we discuss the assumptions that will allow
us to establish the results.

(AP3) For each t € R, E{X(#)} = 0 and E{X(t)?} < oo; the function
(t,7) — E{X(t)X(t+ 7)}} is uniformly continuous on R x R and is
almost periodic in ¢ uniformly with respect to 7 varying in R.

(AP,) For each t € R, E{X(t)*} < oo; the function (t,7i,72,73)
E{X ()X (t+ )X (t + 72) X (t + 73)} is almost periodic in ¢ uniformly
with respect to 71, 79, 73 varying in R.

(CS(\, 7)) Cycle separability :  For fixed A\, 7 € R

(N,
3 |“X, ¢ . 2)
N#£X |)\ |

(Lip) Lipschitz property of the shifted covariance : ~ There exists a constant
L > 0 such that for all s,7 € R and u € [—1, 1] we have

‘E{X(S)X(S—I—T—u)}—E{X(S)X(S—}-T)}’ < Llu|. (3)

(M) Mizing property of the processs X :
X(t) is a-mixing and
(i) either {X (t),t € R} is bounded and ax(-) € L([0, 00)),
(ii) or there exists § > 0 such that sup, E { X (£)*™°} < co and ax(-) €
L&/(4+5)([0, oo))



Assumptions (AP3) and (AP4) denote almost periodicity of the second
and fourth moments of the process X, respectively. Condition (CS(A, 7))
is a separability condition on the cyclic frequencies. It is satisfied for all
A, 7 € R whenever the set of cyclic frequencies A satisfies

Y TP <o

AEA\{0}

The last inequality is fulfilled when the cyclic frequencies are separated by
at least a positive constant because

2

lax (X', 7)| _
Z SR < Z lax (N, 7)[? Z N = A7

NEA\A} NeEA\{N} NEA\{N}

and for any APC process we ave

D lax(N, 1) < o

MNeA

Finally, the asymptotic results that we will present require some mixing
assumption (M). To be precise the process X is assumed to be a-mixing
(strong mixing) i.e. ax(k) — 0 as k — oo, where

ax(u)=sup sup |P(ANB)—-P(A)P(B)|,
t A€F x (—oo,t)
BeFx (t+wu,00)

and Fx(—oo,t) = o ({X(s) : s <t}) and Fx(t+u,00) =0 ({X(s) : s >t + u}).
For more details and examples of other dependence measures that we could
considered we refer the reader to [[M] and [B].

In the sequel we use the following symbols: O(:), o(-) and <<. Let f(-)
and g(-) be real valued functions defined on (0,00) or on N. The notation
f(T) = O(g(T)) denotes that | f(T")/g(T)| remains bounded as T — oco. The
notation f(7T') = o(g(T)) stands for f(T)/g(T) — 0 as T — oco. We will also
use the notation f(7T") << ¢g(7T") when f(T")/g(T) — 0 as T — oo.

3.1 Properties of ar

This section is dedicated to some asymptotic properties of ap. From now on
whenever we consider a complex number z we treat it as the bidimensional
vector with coordinates equal to the real and the imaginary parts of z. At



first we study the bias, the convergence in quadratic mean and the almost
sure convergence of ar, as well as the rate of convergence. The last result
states the asymptotic normality of the considered estimator.

Proposition 3.1 Let {X(t),t > 0} be an APC process which satisfies con-
dition (APs3). Then for all \,7 € R

Tlgl;o E{ar(\ 1)} =ax (A, 7).

Furthermore, if in addition conditions (CS(\,7)) and (Lip) hold, and if
hr << T3, then
Tlim \/ThT(E {ar(\, 1)} — aX()\,T)) =0.
—00
Proposition 3.2 Let {X(t),t > 0} be such that the APC condition (AP3)

and the mizing condition (M) are fulfilled. Assume also that T™' << hy <<
1. Then for all \,7 € R

Jim E {|aT(A,T) —ax(\, 7)12} = 0.

If in addition conditions (CSy(\, 7)) and (Lip) are fulfilled and hy << T—1/3,
then for all \,7 € R

lim sup ThrE {\aT(A, ) —ax (), 7)}2} <0
T—o0

As a by-product of the rate of convergence in the quadratic mean, we state

the almost sure convergence of the estimator ar (A, 7).

Proposition 3.3 In addition to all the conditions of Proposition B3, as-
sume that the window width hp is non-increasing, T % < hpr < T-1/3
for some 1/3 < k < 1, there ewists * > (1 — k)~! such that hpe =
hins1y=(1+0(1)) as n — oo, and the kernel function w(-) is non-increasing
on (0,00). Then ap(\,7) converges almost surely to ax (A, 7) as T — oo.

Furthermore under the hypotheses of the previous proposition, we can es-
tablish some rate of almost sure convergence. For instance when hp =T,
we have

lim TG\, 1) —ax(\, 7)) =0 as.

T—o00

for any 0 < € < min { (2z(1 — H))fl, 1/2 — (22(1 - /{))71}.

Next we state the asymptotic normality of the estimator.



Theorem 3.4 Let {X(t),t > 0} be an APC process and assume that con-
ditions (CS(A\, 7)), (Lip), (AP3) and (AP4) as well as the mizing condition
(M) are satisfied. Then /Thy(ar (X, 7) —ax (X, 7)) converges to a bidimen-
sional Gaussian distribution provided Tt << hyp << T—/3.

The form of the asymptotic covariance matrix is very complicated (see
Proposition B1) and hence very difficult to estimate. Thus, in practice to
construct confidence intervals, resampling methods are used. In the sequel,
we introduce a bootstrap approach and provide results stating its consis-
tency.

3.2 Bootstrap method and consistency results

In this section we present a bootstrap technique that can be used to con-
struct the consistence bootstrap confidence intervals for the cyclic covari-
ances. The idea of this approach was introduced in [@] for the cyclic means.
Our bootstrap method is the modification of the usual Moving Block Boot-
strap. Before we describe the bootstrap algorithm let us introduce some
additional notation.

Recall that we observe (X (7)), 7)) at the sampling moments T} in the
time interval [0,7]. In the sequel P*, E* and var* denote respectively con-
ditional probability, conditional expectation and conditional variance given
the sample.

Let 0 < by < T be the block length, A7 > 0 be the window width. With-
out loss of generality we assume that the considered time interval [0, 7] can
be split into I disjoint subintervals of the length br, i.e. T = lpbyr, where
T,br,lr € N. To simplify the notation we write h, b and [ for respec-
tively hr, by and lp except when there is some risk of misunderstanding.
Throughout the paper we assume that h — 0, b — oo and [ — co as T — 0.

BOOTSTRAP ALGORITHM:

1. Choose an integer number 0 < b < T
2. For k =0,...T — b define the blocks of observations as following
By := By :={(X(T;),T;) -k <T; <k+0b,ie N},
where N* = {1,2,...}.

3. Select randomly with replacement [ blocks from the set { By, ..., Br_p}.
This corresponds to the random selection with replacement of [ num-
bers from the set {0,...,T — b}. More precisely let i}, ...,3; be ii.d.



random variables on the set {0,1,...,T — b}:

1
P (if=k)= —— k=0,....,T—b =1 l
(/LJ ) T—b—f—l’ ) ) ) j b )
For simplicity of notation we write j* := 47, for j=0,...,1 - 1.

4. Join the [ blocks (B, Bs,..., B} ) to obtain a bootstrap sample,
where
B; := By, j=0,...,0—1.
Before we construct a bootstrap version of the estimator ap of ax(\,7),
we introduce an estimator ayp, which is the version of @7 defined on the
subinterval (k,k+ 0], for 0 <k <k+b<T. Let

app = A p(A, T)
N(k+b)

Z Z Ly not W (T Tn2+Tn1)X(Tn1)X(Tn2)e—iATnl
7117712 N(k)+1

k+b rk+b
ﬁzb/ +/ ) W(T =t 4 5) X(s)X (1) e dN® (s, 1)

b rb
= by | ) X () X O N b, ),
0J0

In [@ it is shown that in the case of cyclic mean estimation the original
estimator can be equivalently expressed as the sum of the estimators defined
on subintervals. Unfortunately, for the cyclic covariance estimation case such
decomposition does not hold. In general



1 b it A

= 52 / o wp(T =t 8) X ()X (1) e M ANG) (s, t)
J* J*
| N@NT)

= 33 Lns oy Lge <1, Ty <o 16y 0BT =Ty 1)

X X (T, )X (T, )e P2,

One can easily notice that a7} (conditional on the observation) is a biased
estimator of ar.

-1 T—b T-b

1 1 1
E* o R - -~ - - -~ -~ )
ar} lZT_b+1Zak,b T_b_’_lzak,b?éaT
j=0 k=0 k=0
Moreover for each j =0,...,l — 1, we have
E*{a7} =E"{a;-3}, and  var®{ar} = var® {a;,}.

Next proposition states the asymptotic unbiasedness of a7.
Proposition 3.5 Assume that conditions (APs) and (M) are satisfied. Then
lim E* {a7(\,7)} =ax(\,7) in q.m. (4)
T—o00
Assume in addition that conditions (CS(\, 7)) and (Lip) are fulfilled, and
that T~ << h << min{T~Y3 0T}, then

limsupThE{‘E* {a}()\,T)}—aX()\,T)‘Q} < 00. (5)
T—o0

Moreover, assume that the window width h = hr is non-increasing, T~ <
hr << T~ Y3 where 1/3 < Kk < 1, the block length br is non-decreasing,
1 < by << T and there exists x > 0 such that (1 — k) > 1, hye =
hns1)= (1 +0(1)) and b, 1)z = bp=(1 4+ O(1/n)) as n — oo. Assume also
that the kernel function w(-) is non-increasing on (0,00). Then

lim E*{a7(\,7)} = ax(\, 1) a.s.
T— o0
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Furthermore, under the assumptions of the last proposition, we can obtain
some rate of convergence. For instance when hp =T7F

Jim TU=P(E* {@5(\, 1)} —ax(A\, 7)) =0 as.
for any 0 < € < min { (2z(1 — m))_l, 1/2 — (2z(1 — H))_l}.

Then we state the convergence in P-probability of the bootstrap variance.

Proposition 3.6 Let A\ and 7 be fized. Assume that conditions (AP3),
(APy), (CS(A\, 7)), and (Lip) are fulfilled. Assume that

— either the process {X (t),t € R} is bounded and ax(-) € L'(]0,00)),

—or sup, E {|X()[¥°} < 00 and ax(-) € L¥®+9)([0,00)).

Let T3 < b<< T and b~' << h<<min{T =3 b=3/2TY2}. Then Thvar* {a}}
converges in P-mean (i.e. in L'(P)) so in P-probability to the variance ma-
trix of the bidimension Gaussian limit distribution obtained in Theorem [B3.

Finally, we present the consistency of the bootstrap method.

Theorem 3.7
Let X and 7 be fized. Assume that conditions (APs2), (AP4), (CS(\,T)
and (Lip) are fulfilled. Assume also that

— either the process {X (t),t > 0} is bounded and / tax(t)dt < oo,
0
—orsup, E {|X(1)[¥*9} < o0 and/ tax(t)U0)dt < co.

0
Let 0<0<2/9, TY? < b< T3 and max{b~", (bT~)V/239)} « h <«
T-Y3. Then

p (£{VTh@r(7) —ax(u o) b, £ {VTh @5\ 1) —ar(n ) }) 20,
as T — oo, where p is a metric metricizing weak convergence in R?.

In theorem above by £ {\/ﬁ (@r(A\, 1) —ax (A, 7'))} we denote a probability
law of VT (ar(), 7) — ax (A, 7)) and by £* {\/ﬁ @@\, 1) — ar(), T))} its
bootstrap counterpart.

4 Multidimensional results

In this section we provide the multidimensional versions of Theorems B4
and BZ0. Moreover, we discuss construction of the bootstrap simultaneous
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confidence intervals. At first let us introduce some additional notation. Let
r € N be fixed and

A=A, N 1= (1,1
be vectors of frequencies and lags, respectively. Moreover, let
Rax A, 1) = Rax(\i,71),...,Rax(A, 7)),
Sax (A1) = (Sax(A,71),...,Sax(M\, 7)),
and

ax ()\,T) = (%ax()\lﬂ'l), %ax()\l,Tl), ceey %ax()\r, Tr), %ax(Ar,Tr))/ .

Additionally, by ar (X, 7) and @} (A, 7) we denote the estimator of ax (X, T)
and its bootstrap version.

Theorem 4.1 Under the assumptions of Theorem B3, \/Th(aT()\,T) -
ax (A, 7')) converges to a 2r-dimensional Gaussian distribution with mean
zero.

The form of covariance matrix is presented in Proposition Bl

Theorem 4.2 Under the assumptions of Theorem B4
o (£{vTh(@r A7) —ax A )}, £ {VTh @ (A7) ~ar (A1) }) >0,

where p is a metric metricizing weak convergence in R?".

Thanks to the continuous mapping theorem one can easily deduce the
consistency of the bootstrap approach for smooth functions of ax (X, 7).
This is a key result for obtaining the bootstrap consistent confidence inter-
vals for the parameters of interest, which are very important in real data
applications. Below we briefly recall the construction of the (1 — 2a)%
bootstrap equal-tailed percentile simultaneous confidence intervals. In the
next section we use them to detect significant frequencies of some simulated
signal. Let

Koz (x) := P* <\/7Thmzax§)?(2i§u()\i,7‘) —ap(A;, 7)) < :U) ,

Kpin(z) := P* <\/ﬁ min R (@ (Ai, 7) = ar(Ai, 7)) < :c>

12



for x € R, and we get the confidence region of the form

1 — 71 «
(mT(Ai,T) - KmJ%h ) i (h7) - Kﬂ\"}% )>

fori =1,...,7, A,...,A\r € R and 7 € R. The confidence intervals for
imaginary case are defined correspondingly.

5 Simulated data example
In our study we consider the process X of the form
X(t) = 20sin (27t /5) OU(t),

where {OQU (t),t € R} is a zero-mean Ornstein-Uhlenbeck process generated
with the following parameters: the time step is 0.01, the relaxation time 0.1,
the diffusion constant 1 and the initial value OU(0) = 0 (for more details
please see [[H]). The intensity of the Poisson process {N(t),t > 0} is set to

B =5.

Our aim is to identify significant frequencies for the shifted autocovari-
ance function applying the methodology presented in the previous sections.
In the considered example in the interval [0, | there are two such frequencies
0 and 0.87. To detect them we construct 95% bootstrap pointwise and si-
multaneous equal-tailed confidence intervals for ax (A, 7), more precisely for
its real part Rax (A, 7) and its imaginary part Sax (A, 7). We take two sam-
ple sizes T' € {100,400}, the number of bootstrap resamples B = 500 and
the block length b = [T € {10,20}. Thus T3 <« b << T°/9 (Theorem
B0). The kernel function w(-) is of the form

t/d for ¢t € [0, d]
wi(t) =4 1 for t € [d,1 — d
(1—t)/d fortell—d1].

with d = 0.5,0.4,0.2. Depending on the value of the constant d, we get a
trapezoidal (d < 0.5) or a triangular function (d = 0.5). Finally, the window
width h € {20779-3% 2077937}, The considered frequencies A belong to the
set {0,0.01,...,3.14}. The lag is set 7 = 0. One should be aware that none
of the values in the considered set of frequencies is precisely equal to the
true frequency 0.87 ~ 2.51327.

13



In Figure @ we present the estimated values of |ax (X, 0)| for different ker-
nel functions and 7" = 100. The number of jumps of the generated Poisson
process is 495. Independently on the values of d and h one may observe a
high peak for A = 0. There are also some other values that may be significant
and they can be observed not only around the true frequency A = 0.87.
Next we present the figures only for the real part Rax(\,0) of ax(A,0),
since they are very similar for the imaginary part Sax(\,0). Figure B il-
lustrates the obtained 95% bootstrap pointwise equal-tailed confidence in-
tervals. From the pointwise confidence intervals we detect many significant
frequencies. By significant we mean A for which the confidence interval con-
structed for Rax(A,0) or Sax(A,0) does not contain 0. For example for
triangular kernel function (d = 0.5) and h = 207937 the following frequen-
cies have been detected for the real and the imaginary part, respectively:

{0,0.01,0.02,0.38, 0.54, 0.55, 0.56, 0.93,0.94, 1.09, 1.2, 1.3,1.31,
1.76,1.95,1.96, 2.05, 2.23, 2.47, 2.5, 2.51,2.52, 2.98,2.99, 3.0}

{0.01,0.02,0.03,0.04,0.53,0.54, 0.57,0.9,0.91,0.92,1.17,1.28, 1.29, 1.73, 1.74,
1.97,1.98,1.99, 2.21,2.22, 2.48,2.49, 2.5, 2.53, 2.54, 2.59, 2.6, 2.96, 2.97} .

Some of the listed frequencies are equal to or close to the true frequencies,
but most of them are just incorrectly detected. In Table @ we summarize
the results obtained for different parameters using the pointwise confidence
intervals. To make them more clear we aggregate detected frequencies into
4 intervals: [0,0.1],[0.11,2.4],[2.41,2.61], [2.62, 3.14]. The first and the third
interval contain frequencies equal or close to the true ones (0 and 0.87). One
can easily notice that independently of the choice of d and A the numbers
of detected frequencies are similar. Most of the detected frequencies are in
the wide interval [0.11,2.4]. One may obtain similar conclusions looking at
the corresponding results for 7' = 400 (see Table B and Figure H). The num-
ber of jumps of the generated Poisson process in this case is 2064. Figure
@, presenting the estimated values of |ax(\,0)|, shows that for any set of
parameters, two high peaks are observed. Moreover, the true frequencies
belong to the regions with local maxima. As for T = 100, from bootstrap
pointwise confidence intervals one detects too many frequencies. Most of
them belong to [0.11,2.5] and the amount decreases when d is increasing.

In the second part of our study we constructed the 95% percentile si-
multaneous equal-tailed bootstrap confidence intervals for Rax(A,0) and
Sax (A,0). The results for 7' = 100 and 7" = 400 can be found in Tables B,
A and Figures B, B, respectively. For T' = 100, independently on the values
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of d and h we detect always frequency A = 0 and some frequencies that are
in its neighbourhood. For T' = 400 in each considered case we detect A =0
and additionally for d = 0.2 frequency A = 2.51. Hence, only in the last case
we managed to detect correctly both true frequencies. To be more precise,
we detect frequency A = 2.51, which is the closest one from the considered
set of frequencies to the true frequency equal to 0.87 = 2.51327.

Additionally, we checked how the presented bootstrap approach is work-
ing for 7 = 1. The values of |ax (A, 1)| are definitely smaller than the corre-
sponding ones of |ax (A, 0)], which makes detection more difficult. Below we
discuss the results for d = 0.2 and h = 207937, The estimated values of
lax (A, 1)| for T = 100 and T' = 400 are presented in Figure @. The results are
similar to those obtained for 7 = (0. The main difference can be observed for
T = 400. In this case from the simultaneous confidence intervals, additional
frequencies were detected. Many of them belong to the neighbourhoods of
both true frequencies (see Table H) but some are incorrectly detected.

d=05]d=04]d=02

) hi hs | b1 hs | b1 ho
0,01 |3 3|3 3|3 3
4 414 3|3 3
[0.11,2.40] | 19 15| 17 14|22 19
18 16 |17 17|15 16

241,261] | 4 4 | 4 4| 4 4
6 7|7 7|7 7
262,314 | 3 3|3 3|3 3
1 2|2 11 3

Table 1: Number of detected frequencies for sample size T = 100, b =
|VT| = 10, hy = 2077935 and hy = 207~%37. For each specified range
of frequencies, each specified values of constant d and window width h,
first and second row contain the number of frequencies detected from the

95% bootstrap pointwise equal-tailed confidence intervals for Rax (A, 0) and
Sax (A, 0), respectively.
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d=05[d=04]d=02

) hi hy | by ha | hi ho
0,01 |1 1|1 1]1 1
1 1|1 1|1 1
[0.11,2.40] | 14 11|14 14|25 19
14 11|17 15|22 26
241,261 | 1 1

— =
S =W =

3 3
[2.62,3.14] | 1 2
1 1

Table 2: Number of detected frequencies for sample size T = 400, b =
|VT| = 20, hy = 2077935 and hy = 207~%37. For each specified range
of frequencies, each specified values of constant d and window width h,
first and second row contain the number of frequencies detected from the
95% bootstrap pointwise equal-tailed confidence intervals for Rax (), 0) and
Sax (A,0), respectively.

d=0.5 d=04 d=0.2

hy ha hi ha hi ha
0.00 0.00 | 0.00 0.00 | 0.00 0.00
0.01 0.01 |0.01 0.010.01 0.01
0.02 0.02 | 0.02 0.02 | 0.02 0.02
0.03 0.03 |0.03 0.03]0.03 0.03

Table 3: Frequencies detected from the 95% bootstrap simultaneous equal-
tailed confidence intervals for Rax (A, 0) and Sax (A, 0) for sample size T' =

100, b = 10, hy = 2077935 hy = 207937 and specified values of constant
d.

d=0.5 d=04 d=0.2
hy ho h1 ho h1 ha
0.00 0.00 | 0.00 0.00 | 0.00 0.00
2.51 251

Table 4: Frequencies detected from the 95% bootstrap simultaneous equal-
tailed confidence intervals for Rax (A, 0) and Sax (A, 0) for sample size T' =

400, b = 20, hy = 2077935 hy = 207937 and specified values of constant
d.
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Figure 1: Estimated values of |ax(),0)| for A € {0,0.01,...,3.14} and sample size
T = 100, b = 10. Results for h = 2077%% and h = 2077 %% in the left and the right
column, respectively. From top results for d = 0.5, 0.4, 0.2, respectively.
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00015 00015

Figure 2: Estimated values of Rax (X, 0) for A € {0,0.01,...,3.14} and sample size T =
100, b = 10 (black line) together with the 95% bootstrap pointwise equal-tailed confidence
intervals (gray line) constructed with h = 2077°3% (left column) and h = 207~°37 (right
column). From top results for d = 0.5,0.4, 0.2, respectively.
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Figure 3: Estimated values of Rax(},0) for A € {0,0.01,...,3.14} and sample size
T = 100, b = 10 (black line) together with the 95% bootstrap simultaneous equal-tailed
confidence intervals (gray line) constructed with h = 2077°3% (left column) and h =
2077937 (right column). From top results for d = 0.5,0.4, 0.2, respectively.
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Figure 4:

Estimated values of |ax (A, 0)| for A € {0,0.01,...,3.14} and sample size
T = 400, b = 20. Results for h = 2077°% (left column) and h = 207~ %37 (right

column). From top results for d = 0.5,0.4, 0.2, respectively.
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Figure 5: Estimated values of Rax (X, 0) for A € {0,0.01,...,3.14} and sample size T =
400, b = 20 (black line) together with the 95% bootstrap pointwise equal-tailed confidence
intervals (gray line) constructed with h = 2077°3% (left column) and h = 207~°37 (right
column). From top results for d = 0.5,0.4, 0.2, respectively.
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Figure 6:

Estimated values of Rax (X,0) for A € {0,0.01,...,3.14} and sample size
T = 400, b = 20 (black line) together with the 95% bootstrap simultaneous equal-tailed
confidence intervals (gray line) constructed with h = 2077°3% (left column) and h
2077937 (right column). From top results for d = 0.5, 0.4,0.2, respectively.
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Figure 7:

Estimated values of |ax(A,1)| for A € {0,0.01,...,3.14}, sample size

T =100 (left panel) and T = 400 (right panel), b = [T'/2], h = 207%" and d = 0.2.
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T =100 | T'=400
0.00 0.00
0.01 0.01
0.02 0.02
0.03 0.03

0.07

0.33

0.65

0.72

0.93

2.51

2.52

2.92

2.94

Table 5:  Frequencies detected from 95% bootstrap simultaneous equal-
tailed confidence intervals for Rax (A, 1) and Jax (), 1) taking b = | VT,
h =20T"%37 and d = 0.2.

6 Appendix

6.1 Asymptotic results for ar

Proofs of Propositions B and B2 ProofPropositions B and B2 are
particular cases of Lemmas B2 and B33, hence we refer the reader to the
proofs of these lemmas which are below. ]

Proof of Proposition B3 ProofTo establish the almost sure convergence
of ar we apply the usual technique based on the Borel-Cantelli lemma and
Markov inequality (Bienaymé-Chebychev inequality) to prove the almost
sure convergence for the sequence {an-} for some z > 1 as n — oco. Then
we establish the almost sure convergence to 0 of sup{|ar — @pz| : n* <T <
(n+1)*}.

Indeed, from the rate of convergence in quadratic mean obtained in
Proposition B2 we easily obtain that the sequence {an=} converges almost
surely to ax (A, 7) asn — oo when z(1—k) > 1. Next, for n* <T < (n+1)*,
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we have

|ape — ap|

1 n* prn®
e~ g [ e 7= XX 0N 5,1

1 (n+1)* p(n+1)* (n+1)* pn® )
+ G / / +/ / W, (T — £+ 8)| X ()X (1) ANP (s, 1)

(n+1)* p(n+1)*
b [ R )~ e 4 XX OV 5,0

Moreover
1 1 1 n \" 1 [z 1
- _|<—=(1- =—(Z+0(=)).
n® (n+1)%| ~ n® n+1 n® \ n n

Then since || X ||} := sup, E{X(¢)*} < oo, the independence between the
APC process X and the Poisson process N means that
n® (n+1)*

{5

< - Wh, o T—t1+81)whnz( t2+82)
c Ty / /Kh /.

k1=0ko=0
E{dN( )(Sl,tl)dN( )(Sg,tz)}

1

n® 2
wh, . (T —t + 8)| X ()X ()| dNP (s, t)) }

where Ky, = (ki ki + 1] x R, i = 1,2. By Lemma BT the right-hand side
of the last inequality is estimated by

[n™] [

2(1+x) Z Z <1+H{k1 —k2|<hng+ |T|+1}>

=0 k2=0

n? n® ne nmhnz n?

The last order of magnitude is due to the fact that n®h, — oo as n —
oo. Here and in the following, ¢ denotes a positive constant whose value
may differ from one expression to another. We deduce the almost sure
convergence to 0 of

L W+1‘/’/'ummT—t+@M<)<wMN®w¢>
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Following a similar method we easily get the almost sure convergence to 0

of

1 (nt1)® p(n41)"  p(n41)® o )
/ / + / / Wy (7 = £+ )X ()X (1) AN (s, ).
ﬁn 0 ne ne 0

Finally since the kernel function is symmetric on R, non-increasing on (0, 00),
and from the monotony properties of by and hp, we have

(n+1)? p(nt1)®
/ / [Wh,yo (T =t +8) — wpy (T — t+ )| | X ()X (£)| AN P (5, 1)
0 0

(n+1)® p(n+1)% _
<[] ( ! —1>w<7”5) X (5)X (1) AN (s, 1)
0 0 h(n+1)z hnr hnﬂc

(n+1)® p(n+1)" _ _
+/ / 1 (w (Tt+3> _ w<7t+8)> 1X(s)X (£)] AN@ (s, ).
0 0 B hne Rnt1)e

As previously we readily obtain the almost sure convergence to 0 of the two
terms of the right-hand side of the last inequality. This achieves the proof
of Proposition B33.

In the proof we obtained the different rates of convergence and taking
them under consideration one may state rate of almost sure convergence of

aT ]

Below we provide the limit covariances between the estimators ap cal-
culated for different frequencies and lags. For simplicity of presentation we
present the limit covariances for the estimators considered as complex ran-
dom variables. The reader can readily deduce the covariance matrices for
the estimators considered as bidimensional random vectors.

Proposition 6.1 Assume conditions (APs), (APy) and (M) are fulfilled.
If T =1 = 41, then

Jim Thp3* cov {ar(h,7),ar (Ao, £7)} = I (A, Agi 7).
If |11| # |12, then
Tlgréomzi cov {ar(M, m1),ar(Ae, 72)} = T'(A1, Ao; 71, 72).
Here
T+ (AL Ao ) = as(h = As7,0,7) +a@ (A — Ao 7, 7),
L™ (A, A7) = <a4()\1 —A;7,0,7) + aP (A — A3 7, T)> eher
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LA, A2; 71, 72) i= C(A1, Ao; 71, 72) + aa( A — Ag; 71,0, 72)
+a@ (A= Ag; 71, 7o) 4 (as (M = Aa; 71, 0, —72) +aP (A = Ag; 7y, —72) Je T2
+ (as(A\ — Ag; =710, 72) + a@ (A — Ag; —7-1,72))6“171 +
+ (aa(M = Ao; —71,0,=72) + alP (A = Ag; =71, —7p) ) /M7 R272),

C()\17)\2;T177_2) = 2/0'4()\1_A2;7—27373+7—1)€_i/\15d8
R

= 2/@4(}\1—)\2;71,8,8+TQ)6i>\28d57
R

e A
ag(A; 71,72, 13) = lim / Kx (u,u+ 7150+ 720, u + 73) e du,
Kx(s1,t1;892,t2) = cov{X(s1)X(t1), X(s2)X(t2)}
and
T
(2) 1 i
a?(NT,m) = lim o [ K (t 64 71) Kx (80 4 72) et

Proof See Lemma B4 -

6.2 Results for the estimators defined on the blocks of length
b

In the next lemma we study the bias of the estimators constructed on the
blocks of length b, i.e. Gy (see Section B3).

Lemma 6.2 Let {X(t),t > 0} be an APC process and suppose that condi-
tion (AP3) is fulfilled, and h — 0 as b — oo. Then for all \,7 € R

bliglo E{Eik,b} = ax()\, T).

uniformly with respect to k € N. Furthermore, if in addition conditions
(CS(\, 7)) and (Lip) hold, and h << b=/3 as b — oo, then

lim sup VbA[E {ays(r)} — ax (A, )| = 0.
T—oo

26



ProofLet k£ > 0 be fixed. Notice that
E {N(2>(s tds,s+t+ dt)} = B {Ij0)N (s + ds)N(s + t + dt)} = Bdsdt.

Then
kb phetb '
Blae = g5 [ | (e =t 9B XX O} M E{aND (0}
(r— s s i(k+s)
B%/Jz(bt DE{X(h+ $)X(k+s+ 1)} e~

><E{N(z)(k+s+ds,k+s+t+dt)}

b
= / wp (T — 1) <l1) /I(b ) E{X(k+ 8)X(k+s+t)}e AF+s) ds) dt

—b

:/T+bwh(u) 1/ E{X(k+8)X(k+s+7—u)}e 9 ds | du.
T b I(

—b b,7—u)

Since the support of the weight function w(-) is contained in [—1, 1] we get

E {drp} = / ( / E{X(k +s)X(k + s+ 7 —uh)}e” <k+8>ds>d
b,7—uh)

1
= /_1 w(u) (b /I(bJ_Uth {X(k+s)X(k+s+71—uh)}

—E{X(k+9)X(k+s+71)} )e_iA(k+s)ds>du+/lw(u) (1 — ’T_bUh|>

-1
1 ,
N — E{X X —i(J+) '
X<b_’T_Uh‘/bT uh { (k+8) (k+3+7')}€ ds | du

Assumption (AP2) with the Lebesgue dominated convergence theorem means
that

T B (i) = < / () du> (0 7) = ax(A,7)

-1

uniformly with respect to k& € R. Moreover, under (CS(A, 7)) and (Lip) we
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obtain the rate of convergence uniform with respect to k. Indeed

E{arp} —ax (A7)

= /1w(u) 1/ E{X(k + $)X(k + s + 7 — uh)Ye ?* ) ds — ax (X, 7) | du

-1 b,7—uh)

_ /11w(u)<11) /I(b,T_um (E{X(k;+s)X(k‘+s+T—uh)}

—E{X(k+8)X(k+s+7)}) e AEFS) d8>du+/_11w(u) <1_ . _b“h|>

X _ E{X(k+ $)X(k+s+7)}e E3)ds —ax (X, 7) | du
b— |7 — uh| I(b,r—uh)

- </_11 w(u)“_b“h‘ du) ax (7).

From the almost periodicity of the shifted covariance function, we have

1 .
- - E{X X —iA(k+s) Jg
b Uh’/bT ) {X(k+s)X(k+s+T1)}e ds —ax(\,T)

Z ‘QX )\ T
b—\T—uhy -

Thus,
‘E{akyb} — ax()\,’i‘)}

1
<Sup/1 ‘E{X (S+T*uh)}*E{X(S)X(S+7)}|du

1
Z ’ )\/ b (/ w(u)’T_Uh‘du> ‘aX(AaT)‘ < C(h+b_1).
,\'79\ | -1
Hence, if h << b=1/3 then vbhsupy, |E {arp} — ax (A, 7)| = o(1). [

Below we present a few additional results concerning the consistency and
the rate of convergence of the estimators defined on the blocks.

Lemma 6.3 Let {X(t),t > 0} be an APC process which satisfies condi-
tions (AP3) and (M). Assume also that b=! << h << 1 as b — oo. Then for
all \, 7T €R

lim supE{‘akb (A7) —ax (A, T)’Z} = 0.

b—o0
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If, additionally, conditions (CS(A\,7)) and (Lip) are fulfilled, and if h <<
b=1/3 then for all \,7 € R

lim sup supbhE{’akb (A7) —ax(X, T)|2} < 0.

b—oo

ProofThe covariance mixing inequalities established in Lemma B0, means
that

b—
|var {@, (7 }\_b2<1+h)(h+|\) (2‘T’+3 ZZO

when the process X is bounded. In the case when the process X is not
bounded, but sup, E {|X (¢)|*°} < oo, in the relation above ax(s) will be
replaced by ax(s)%/(4+%) Finally, to finish the proof Lemma E2 needs to
be used. ]

Similarly to ar case (Proposition B33) the almost sure convergence of @y
can be obtained. The technical details are left to the reader.

Next, we compute the limit covariances between the estimators @y, (A, 7)
calculated for different frequencies A and lags 7.

Lemma 6.4 Assume that conditions (AP3), (AP4y) and (M) are fulfilled,
and h — 0 as b — oo.
If =71 = +7m then

hm sup ‘bhﬁ cov {ak p(A1,7), G p(A2, £7)} — r+ ()\1, A2; 7')‘ =0.

b—oo k

If |1i| # [ 72| then

lim sup!bﬁ cov {agp(A1,71), Grp(A2, T2) } — F()\l,)\g,ﬁ,rg)} =0.

b—=00 k>0

ProofFrom the independence of the process { X (¢) : t € R} and the Poisson
process {N(t) : t > 0} we have that

bB*cov {ar p( M1, 71), A p( A2, 72) }

_ //// wy, Tl—t1+81)’th(7'2—t2+82) —iA1(k+s1)+iA2(k+s2)

X CcOV {Z k‘ +s1 +dsi, k+1t + dtl) (k‘ + s9 +dsg, k + 1o + dtg)} (7)
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where
dZ(s,t) = Z(s +ds,t + dt) := X (s) X (t) AN (s, 1).

Note that
cov{Z(k+s1+dsi,k+t1+dt1), Z(k+ so+dsa, k+ty+ dta)} =
= BUKx(k+ 51,k +t1;k + so, k + to) dsydtydsodty
FELX (k4 s1)X(k + )X (k + 52) X (k + 2)} x {535{81:52}(dsl)dt1d52dt2
+ 82015, .} (ds1)dtrdsadta + 5201, g,y (dtr)ds1dsadty
+ B304y —1) (dt1)ds1dsadts + B26 (s, —spy (ds1)ds20 s, 4,1 (dty )dto
826 5, miz) (A1) 20 1,y (d1 ) s }.

Since the reasoning for all summands on the right hand side of equality ()
is quite similar and requires the same techniques, we study in detail only two
of them, which illustrate how we obtain the two parts of the proposition:
the one containing expression 5{51:52}(d81)dt1d82dt2 and the one containing
Ofs1=s0}(d51)014, 4,3 (dt1)ds2dta. In particular, analyzing the last term pro-
vides the information why the factor h appears when 7 = 79. Recall that
h—0asb— oc.

) The summand containing &, —g.1(ds1)dt1dsadts is equal to
{s1=s2}

//// wy (11 — t1 + s1)wp (12 — b + s9) e A (FFs)FA(ks2)

X E{X(k+s1) X (k +t1)X(k + 52) X (k + t2)} 05, —s,) (d51)dt1ds2dt2

/// wh T —t1+ S)wh( T —to + 8) (A1 —A2)(k+s)

XKX k+s,k+ti;k+s, k+t2)d$dt1dt2

/// wi (1 — t1 + s)wp(ry — g + 5) e~ M1 7A)EFS)

XE{X k+S) (k—i—tl)}E{X(k—i-S) (k+t2)} dsdtidts.

Changing the variables to uy := t; — s1 and ug := t9 — s9, the first term of
the right-hand side is equal to

/_:[: wp (11 — up)wp (T2 — u2)

1 )
X ( Kx(k+s,k+s4ui;k+s,k+ s+ u9) e~{Aa—A2) (k) ds> duydus
(

J(byu1,uz2)
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and converges to ag(A1 — Ag;71,0,72) as T — oo. Here J(b,ui,u2) := {s:
max{0, —uj, —u2} < s < min{b,b — uy,b — uz}}. Additionally, the second
term coincides with

b b 1
/ / wp (11 — up)wp (T2 — u2) (b/ E{X(k+s)X(k+s+u)}
—bJ—b J(b,ul,uz)

X E{X (k4 8)X(k+ s+ up)} e M1 k+s) ds) duyidus,

which converges to

Zax(A,Tl) ax(/\ — A+ )\2,7'2) = Zax()\,ﬁ)ax()\l — Ay — )\,7‘2).
A A

(ii) The summand of equality (@) containing d¢,, —s,}(ds1)0gs,—4,} (dt1)ds2dts
is equal to

b rb
% / / wp (11 —t+8)wp(ro—t+8)E{ X (k + s) X (k + t)*} e A1 =22)(k+s) 11t
0J0

Taking u :=t — s, we get

b
/ wp (T — w)wp (T2 — u)

b

X (i / E{X(k+5)2X(k+ 5 +u)?} e 122 (k+s) ds) du,
I(b,u)

which converges to 0 when 71 # 79. Indeed it is null for 2h < |1 — 72| since
the support of w(-) is contained in [—1,1], and h — 0 as b — oco. When
T = 71 = T, with the change of variable ¢ := (7 — u)/h, the summand
coincides with

(7+b)/h
AU
h Jir—b)/n

1

x| = / E{X(k+5)2X(k+s+71—th)?} e =2)k+s) gg | gt
b J1b,r—th)

From conditions (AP2) and (AP4) this term multiplied by the factor kA con-
verges to

/1 w(t)?dt <a4()\1 —A;7,0,7) + > ax(A ) ax(A— A + A2,T)>
A

-1

1
= / w(t)?dt <a4()\1 — Ao;7,0,7)+, Zax()\,ﬁ) ax (A1 — Ay — )\,’7’)) .
A

-1

31



This achieves the proof of Lemma BE4. ]

6.3 Proof of Theorems B4 and &1

The proof of Theorem B is a direct consequence of the Cramér-Wold device
and the reasoning presented in the proof of the one-dimensional case in
Theorem BE. Thus, we skip the technical details and we only present the
proof for the one-dimensional case. Moreover to get the desired convergence
to the bidimensional normal distribution in Theorem B4, it is enough to
prove the corresponding result for the estimator ay .

Lemma 6.5 Under assumptions of Theorem B4, Vbh(ak (A, 7)—ax (A, 7))
converges to a bidimensional Gaussian distribution as b — oo provided that
bl < h < b3,

The limit covariance matrix may be deduced from Lemma BE4. ProofNote
that

Vbh(ay, —ax (M 7)) = Vbh(Grp(r) — B{ars}) + Vh(E{ars} — ax(\, 7).

Lemma B2 means that the second term of the right-hand side converges to
0. The convergence in law of the first term is a consequence of Lemma B2
and the following central limit result. |

Proposition 6.6 Let {X(t),t > 0} be a real-valued APC process and {N(t),t >
0} be a Poisson point process with intensity (3, which is independent on
{X(t) : t >0} and g : R — R be an almost periodic function. Let T € R be
fized. Denote

T rT
St = / / wy (T — t+ 8)g(s) X (s)X (t) AN (s, 1)
0J0
and 0% := var {S7}. Assume that that the mizing condition (M) is satisfied.
Then limsupTT_th% <ooash—0andT — co.

If additionally liminfr T~1h o2 > 0, then

o7 (S — B{Sr}) =5 N(0,1)

as h — 0 and T — oo with Th — 0.

32



ProofThe idea of the proof is based on the Stein Lemma (see relation (B))
applied in a similar way to the central limit theorem in [@] (see also Theorem
3.2 in [C7]). To simplify the presentation we consider the following random
variable

T
Sr ::/0/Rwh(T—t+s)g<s>x<s>X(t)dN<2>(s,t)

and we establish its asymptotic equivalence with Sp. Note that
0V(—7+h) r0
Sr— Sp = / / wy (T —t + 8)g(s) X (s) X (£) AN (s, 1)
0 T+s—h

T T+s+h
Wh(T — s)g(s) X (s @) (s ¢).
i /TA(T—T—h)/T n(T =t +5)g(s)X ()X () AN (s,t)

From Lemma BT we get
2

—7+h (0
WH\T — S S S @ S
p([ 7] =t XX (0 a0
<elXIr] + R+ b

for h > 7 and

T T+s+h 2
WH\T — S S S &) S
([ [ - X)X 0 av® 1))
< el X[ + b1+ A

for T—7—h < T,i.e. h > —7. Here and thereafter || X ||} := sup, E{X (t)*}.
Hence
lim T'hE{(Sr — Sr)*} =0

T—o0

and as a consequence

Jim T 'h(E{Sr} — E{Sr})?  and lim T7'h(c% — %) = 0,
—00

T—o00

where ¢% := var{Sr}. Thus, to prove the convergence in law of a;l(ST -
E{Sr}) we can replace St by Sr, thus we are going to study ¢, (St —
E{Sr}).

For simplicity of notation, let T =n+1, 0 < h = h, < 1 K :=

lk,k+ 1] xR, k € Dy, :=={0,...,n}N[—7+ 1,n — 7 — 1]. The random
variable ), is defined as

Vi = //Kk wp (T —t+ 5)g(s) X (s)X (£) AN (s, 1).
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To simplify the presentation put a(k) := ax(k—2|7|—3) when k& > 2|7|+3,
and a,(k) = ¢ when k < 2|7| 4 3, for some ¢ > 1.

1) Boundedness of the variance g%. The covariance mixing inequalities in
Lemma B0 and the fact that the function g(-) is bounded means that

T—1
h+1)(h+|7))% + c(2lr| +3) + ch > ax(s)

5=0

Thd < =
ST = T(
when the process X is bounded. When it is not bounded, we replace ax(s)
by ax(s)%/*+%) Then the mixing hypothesis (M) implies that
lim sup T 'h g% < 0.
T—o0

2) Central limit theorem in the case of a bounded process. Here we assume
that the process {X (¢),t > 0} is bounded : || X || := sup;esssup | X (¢)| <
0.
(i) Let (rp)n C N be such that 1 << 72 << n << ax(r,) "2 as n — oo. Such
sequence (1), exists. Indeed, since the function ax(+) is non-increasing and
integrable in [0,00), we have that ax(t) << t~! as t — co. Hence, we can
define

rp =min{r € N:r <n <rax(r)"'},
which has the required behaviour. Moreover we can assume that r, >
2|7| + 3.

(ii) Let us define
Sk = Z Vi, Tn = Z cov{Vk, Skn},

€D |I—k|<rn keDn
- ~1/2 G -
Sp = ’yh,n/ Sn, Sk:,n = Tn 1/2Sk,n~
Thus,
gg = var{S,} = Z cov{Vk,Sn} =y + Z cov{Vk, Sn — Skn} -
k€D, keDy,

Since 0 < h < 1 and r, > 2|7| +3 > 2h + 2|7| + 1, from the mixing
covariance inequality (0) we get that

Z cov{Vk, Sn — Sknt| < Z Z ‘COV{ykpykg}l

kED,, k1 ko€ D, |k1 —ka|>7n

el Xlin Y ar(k).

k>ry

IN
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We used the fact that the function g(-) is almost periodic, so bounded. Since
rp — 00 and ), o (k) < oo, this expression is o(n) as n — 0o, and we have
2 = + o(n).
When 0 < liminf, n"the? < limsup,n 'hc? < oo the previous com-
putations imply that 0 < liminf, nilhfyn < limsup,, nilhfyn < oo and
S =m(1+o0(1)).
(iii) Asymptotic normality of S,,. As0 < liminf, n~'hy, < limsup, n~"'hy, <
oo, we have that sup,, var{S,} = sup,, E{(gn)Q} < oo and the asymptotic
normality will follow from the Stein Lemma. We show that

lim E {(M - §n)e“5n} = 0. (8)

n—=oo

For that purpose we use the following decomposition

(i/\ — §n)6i/\§" = A — Ay — Ag,

where
Ar = ixe™ [ 1—9t > ViSin |
keD,
_1 =z ~ ~ =
Ao = 32 3T T (1= iASp — M),
keDy,

_1 ~ B =z
Ay = Y Fe S
keD,

Below we present the reasoning only for A;. The two other cases, Ay and
As, are similar thus we skip the technical details. We have that

E{|A1|2} < )\27}2312 Z Z Z ‘Cov{yklj;lpj}kgj}vlg}‘-
k‘l,kg,ll,lQEDn,|k1—11|,|k‘2—12|§7”n

Using the covariance inequality for bounded variables we deduce that:
—ifr = ’kl—k2’—2h—2”f‘—1 > 27“n, ‘k‘l—ll‘ <r, and ’kQ—ZQ‘ <r,
then by inequality (E0) in Lemma B0,

[eov { P Vi Tu I | < el XIS ar () (14 71+ h72);
— if r := min{ly, k2, lo} — k1 —2h — 2|7| — 1 > 0 then by inequalities (),
() and (P2) in Lemma 610

|cov{ Vi Vs Vi Vs |
< E{Vi Vi } X BE{ Dk Vi }| + [cov{Viys Vi, Vi Vi } |
< el X% ar(r) x (L+ A7) +el| X5 an(r) (L+ 71+ 272);
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— in any case, by Lemma ET1
‘COV{jkljll7yk2y12}|
<cll X35 (1 + (W 2y h‘?’)ﬂ{maxi,i,{\ki—ki/mki—zi/|}§h+l7l+1}> '

Finally, we obtain

[e'e) 2rp
E{|A1?} < X202 X3, ( > aT(r2rn)+ZaT(r)+1>
r=2r,+1 r=1
X (L+h7 4+ 072) +eX29, 2073 X3 (b + || + 1)
< eAy 22| X8, ZaT (1—|—h +h” )

+e Aty 2hT 3||X||§o(h +7+ 1)
< e Ny tnr2h T 4 e Ny 2R

Since v, = O(n~'h) and 7, = o(n'/?), we have v, ?nr2h=2 = O(n~'r2) =
o(1) and 4, 2h =3 = O(n"'h™1) = o(1). Moreover we know that Y, a,(r) <
00, so we deduce that |E{4;}|* <E {43} =o(1) as n — oo.
The reasoning behind A and Aj is similar. In the case of Ay the following
inequality is used: |1 — iz — €| < 22 for any = € R. Finally, we get

E{|Aa|} < v PN X & (ra + rah ™ 4+ 272

[B {43} < e, *IX lloen s (7).
Then we easily state the convergence to 0 of E{|As|} and E{A3} as n — oc.

Hence convergence (B) is proved. This achieves the proof of the theorem in
the case of a bounded APC process X.

3) In the last step of the proof we assume that the process {X(¢),t > 0} is
not necessarily bounded and we show that the problem can be reduced to
the bounded case following the well-known truncation method (see e.g. [E)).
(i) Truncation. Let C' > 0 be fixed. Define

) =z if|z|<C, fO(x):=0 otherwise.
Denote V() (s, 1) := f(O(X(s)) £ (X (t)) and V() (s, 1) := V(s,t) =V (s,1)

and

(C) // w (1 — t + 8)g(s)V (s, 1) ANP (s, 1),
Ky

Ve //K wi (T — t + 8)g(s)VC(s,t) AN@ (s, ).
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Notice that the process X(©) := {X(©)(¢) : t > 0} is bounded by C. From
inequality (I8) we deduce that

elIX % x (14 A gk, gl <hipri41y)
cCHx (L4 B Mty —alhsirt 1)) -

C C
v (I VY <
<

Moreover, note that

VC(s,t)| = yX(s)X(t) X&) XxO@)| =
(5)X (1 = Iyxi=ctlgxm=cy)
< x(xo) x KX ¢ ooy
Hence
[V s, 1[5 < )X ()X ()35 < CXIELS
and finally

[cor{ V) VDM < eCTNXNEES % (14 B Mty —potnsirin) -

Here and thereafter || X ||iig = sup, E {| X (¢)[*T}. Moreover, from inequal-
ity (E0) we have that

\cov{ykl ,y,@ }( < car (k1 — k)| XL < car(|kr — ko|)C2.
Additionally, from inequality (I9),
c 6
|cov{V T VTN < car(lki — kal) || X |4,

for |k1 — ko| > 2h + 2|7| + 1.

(ii) Since Y, = Y@ + (€9

S, _S(C)+SCC. Zyk +ZkaC)

keDy, JE€EDn

, we can decompose S, as follows

Following the technique of truncation (see proof of Theorem 17.2.2 in [E])
we get

Var{S(CC)}: Z COV{yé?C)vyI;CC)} Z Zcov{y’f&)’yj(il?}

k1,k2€Dyp JEZ keDn (5
= Z Z cov {y,ﬁcc ](i,?} Z Z cov {ykcc ](JCFZ } ;
|jl<A k€Dn(5) ||>A k€D (5)
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where D, (j) == {k € D,, : k+j € D,} and A is any integer such that
A > 2h + 2|7| + 1. Note that cardD,(j) < n. Then, for any integer
A>2h+27|+1

var {SICOL < Sl X1+ b Tgienipriony)+ e donar ()Y HO)X
lil<A l7]=A

hA+ (h+ |7 +1)
<cn N

oo
CONXEES +> ar ()X 45
j=A

Taking A = |C°], and since h = h,, << 1 we obtain
lim supn~'hvar{S9} = 0.
C—oo pn

On the other hand, we have that
1/2 1/2 1/2
|var {57(10) + S,(lcc)} — var {ST(LC)} | < var {Sr(lcc)} .
Since sup,, n~ L hvar {Sﬁcc)} — 0 as C — oo we deduce that

lim supn~'h ‘Var {ST(LC) + ST(LCC)} — var {ST(ZC)H =0.

C—oo n

Thus, if in addition
s2 = liminfn~h g% = liminf n~'hvar {S,(LC) + S,(LCC)} >0

then there exists C7 > 0 such that for any C' > C7, we have

82

lim inf n = h var {57(10)} > 5 > 0.

(iii) Convergence of the sequence of characteristic functions. Let

G = var {Sn}, (7)? = var {57(10)} o (49)? = var {51(100)} .
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Then
2

‘E{GXP{?@L}} —exp{ — tg}’ < E{ exp{ztgn} — exp{zt@(lc)}‘}
+E{ exp {EZS,QCC)} — exp {g;,)ST(LCC)}‘}

+ { E{exp{g(ié)S,(LCC)}} —exp{_;z}|}

. . (©)
it /g 5
< 22 g(Co | _ v (om @\ _
< E exp{%Sn } 1'+E exp{gflc)< - 1)Sn } Ll + gcn(t)
1| o(co < L o(co)

< B —[SE91 o+ 1 = 1B S =S50+ acn(t)

(Co) (€) (C)

Sn Sn Sn
< ¢ + [t||— — 1|— 4+ gon(t)

Sn Sn Sn

for any C' > 0. The last two inequalities are due to the Cauchy-Schwarz
inequality and to the fact that |e’ — 1| < |¢|. Hence it remains to prove that

for each t . )
E {exp {g?é)gﬁbc)}} — exp {j}‘

converges to 0 as n — 0o, i.e. (g,ﬁc))‘lgﬁf) converges in law to N'(0,1), but
this was already shown in the second part of the proof. Thus the proposition

is proved. ]

gC,n(t) =

6.4 Bootstrap consistency

For the sake of clarity of the proof of Theorem B=2 at first we present a few
lemmas and we introduce some additional notation. Let a7 be the average
of the estimators defined on the blocks:

~
~

1 T—b
G Ak p- 9
a7 = ey 2 Ok ©)
k=0
Notice that ar = E* {a%} (see Section B32).

The next lemma investigates the relationship between the estimator ar
and the estimator based on the blocks of length b.
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Lemma 6.7 Let 1 << b << T and h << min{1,0*T~'}. If sup, E{X(¢)?} <
oo, then

1
lim VThE! |ar(\,7) — ‘*ZE: Ajpp(A,T)| p =0

T—o0 l =0
and
1 -2
lim sup VThE ¢ lar(A\,7) — ——= >  @jpyrp(A, 7)| p = 0.
T—00 r=0,....h—1 1J:0 ’
When sup; E{X (t)*} < oo, then
= 2
li - a =
Jim ThE lE:abbAT 0
7=0
and
-2 2
lim sup ThE Ujptrp( A, T) =0
T—00 p— 0,...,.b—1 1
7=0
Proof Since T'=1b with [ € N, we have
p Lt
ar = BQT Z a]b,b()‘aT)
7=0
j1b+b pj2b+b o\
+ 727 S T / / wh(7 — t+5) e dZ (s, 1),
J1, j2=0

Moreover, one can note that

J1b+b pj2b+b
/ / wi (T —t + 5) e dZ(s, 1)
gib g

2b
71040 ]
/ / wy (T —t 4 5) e dZ(s, ).
J1b I(j2b,b,s+T,h)

where I(k,b,s+7,h):={t:k<t<k+band s+7—h<t<s+7+h}
Remark that if —=b <7 —h<74+h<b,|jo—71| >1and j1b<s<jib+b
then the domain of integration I(j2b,b,s + 7, h) is empty, so the integral is
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null.

To simplify the computations from now on we assume that T is large
enough so that 0 <h <1,/ >2and —b<7—1<7+1<b. Then we get

1 -1 jb+b ]b—i—Qb
ar = - Z ajb’b(T) / / (r—t+s)e —iAs dZ(s,t)
l = b b+b
jb+2b rjb+b )
/ wi (T —t + 5) e dZ(s,t). (10)
Moreover, for r = 0,...,b — 1 we can also decompose ar as follows
r 12 b—r
ar = oy + 7 Z @jb+rb(A T) + 5= A-1)prbr (11)
§=0

1 r rr+b )
+52T// wy (T —t 4 5) e dZ(s,t)
0Jr

1 r+b pr \
+52T/ /0 wp(t —t+s)e" SdZ(S,t)

Jo+b+r rjb+r+2b \
/ wnl(r =t +5) e~ dZ (s, 1)
=0 jo+r b+r+b
jb+r+2b pjb+r+b \
5 / wp(T —t+s)e " dZ(s,t)
T o JIb+r+b Jjb+r

(I-1)b+r \
(T—t+s)e " dZ(s,t)
5T/l2b+r/llb+r

(I— 1b+r N
h(T—t+s)e " dZ(s,t).
52T/ 1)b+r /l 2)b+r ) ( )

In the decomposition (ID) of the estimator ar, the 2nd and the 3rd term are
negligible. In the second decomposition all the terms except the 2nd one are
negligible. For simplicity of presentation, we only study the first cross term
in decomposition (M) of ar taking r = 0.

Let 7 =0,...,1 —2 and

jb+b rjb+2b ,
Aj = / / wy (T —t+ 5) e dZ(s, ).
jb jb+b
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Then
jbt+b jb+2b
|Aj|§/ / wi (1 —t+ 8) | X ()X (t)] NP (s,1).
jb jb+b

From the independence property of the increments of the Poisson process,
and since the intervals (jb, jb+b] and (jb+ b, jb+ 2b] are disjoint, we deduce
that

jbtb pjb2b
B{|4,]} < /b /b+b w7 — t+ 8 E{| X ()X (1)]} 52 dsdt
J J

jb+b [jb+2b
< pB*supE{X(¢)*} / / wp (T —t + s) dsdt
t jb  Jjoro

0
= 525upE{X(t)2}/ (/ wh(T—t—i-s)dt) ds,
t —b 1(0,b,s+T,h)

where 1(0,b,s +7,h) ={t:0<t<b,s+7—h<t<s+7+h}.

We now investigate the last integral with respect to (s,t) for —b < s <0 <
t<band 7 —h <t—s <74 h. For that purpose we consider three cases:
i) b<7—h<7+h<0, (1) b<7—h<0<7+h <0 and (iii)
0<7T—-h<T4+h<0.

(i) In this case the integration domain in empty, so the integral is null.

(ii) Note that —h < 7 < h. The integration domain is {(s,t) : —7 — h <
s<0and 0<t<s+7+h}and

0 s+1+h 0 1
/ </ wp(T — 1+ s)di) ds = / / w(u)du)ds < |T|+h.
—7—h\J0 —7—h —HTT

(iii) Note that h < 7 < b — h. The integration domain can be split into
two parts : {(s,t): —71—h<s<-7+4+hand 0<t<s+7+h}and
{(s,t): =71+ h<s<0Oand s+7—h <t <s+ 7+ h}. For the first
part we have

—71+h s+7+h —71+h 1
/ </ wh(T—t+s)dt)d5:/ / w(u)du |ds < 2h
T MO —r=h \J-=E

and for the second part

0 s+1+h 0
/ (/ wh(T—t—i-s)dt)ds:/ <
—1—h\Js+7—h —7—h

42
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Then we obtain that E{|4;|} < 8?sup, E{X ()} (|| +3h). The same tech-
nique applied to the other summands of the decomposition () of ar gives

- 1 « 21 2
*Z < =(|7|+3h) sup E{X (t)*} < S (|7|+3h) SupE{X( )*}
l = T t b
and
-1
~ 1 - vTh
VvVThE < [ar — 7 Qjpirp| ¢ < C b (|7 +R).

Il
o

J
This entails the first part of the lemma. The proof of second part follows
the same way. ]

The lemma below is a direct consequence of Lemma B72.

Lemma 6.8 Let 1 << b << T and h << min{1,0?T~'}. If sup, E{X(¢)?} <
oo, then

i VT ]} =0

If sup, E{X (¢)*} < oo, then

lim ThE {(aT(T) —ﬁT(T)‘Q} 0. (12)

Proof of Proposition B3

Recall that ar = E* {@}}. Then |E* {@} — ax(\,7)| < |ar — ar| + [ar —
ax(A,7)|. The asymptotic unbiasedness (H) in the quadratic mean of @},
and the rate of convergence (B) are consequences of Propositions B, B2
and Lemma GEX. Moreover, from Proposition B33 the estimator ar conyverges
almost surely to ax (A, 7). To state the almost sure convergence of ar we
decompose ET — ar as follows

o~

or —r = (g —ane ) + (@ne — @ue ) + (@ne — 1)

for n* < T < (n+ 1)*. From the proof of Proposition B33 we know that
sup{[@p= — ar| : n® < T < n®*1} converges almost surely to 0 as n — oo.
Applying again the Bienaymé-Chebychev inequality as well as the Borel-
Cantelli lemma with relation (), we obtain that @,z —ay,= converges almost
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surely to 0. Finally, the almost sure convergence to 0 of sup{|ar — Gpe=
n® <T < n""”“} as n — oo is deduced from the decomposition

2 & B _
aTL CLT‘ — nx _ bnl‘ + 1 T _ bT + 1 kZ_O a’k‘ybnz
) T by ) T—by
to—— Y kb — kbt | D Gk
T—br+1 —0 T—br+1 k=n® —bat1

Then similar arguments to the last part of the proof of Proposition B33
achieve the proof of the lemma. The details are left to the reader. Further-
more, taking under consideration the different rates of convergence along
with the previous computations, it is easy to deduce some rate of almost
sure convergence. 0

Proof of Proposition B8

Since the random variables @y, j = 1,...,l are P*-independent and 5T =
E* {a@;- 3}, we have

ll T-b

Ivar* {a1} = - Zvar {Gj-p} = T 071 akb—aT ak,b_aT)’
k=0

Recall that we consider the complex numbers as bidimensional real vectors
and the notation (v)" indicates the transpose of the column vector v. Thus
var* {a%} is 2 x 2 square matrix. Define the random matrix

Viw := (Grp — E{arp}) (Grp — E{arp})’

Then we have

“|
T—b 12
2 ZE{‘E{&M}—ZL‘T’Q} xE{yak,b—E{ak,b}}Q}m
k=0

1 T-b
var (@} = gy 2 Ve
k=0

<« =
—T-b+1
1 T—b ~
+T_b+1kZ:0E{‘E{ak,b}aT| }
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Since T3 << b << T and b™! << h << T71/3 < b2T~1, by Proposition B
and Lemmas B3, B33 and B3, we deduce that

T—b

lim E{ bn
T—o0

.~ 1

var® {@;«p} — T 041 Z Viey

k=0

JVH@I*{a;}-5;:351;IEEZV%¢
k=0

= lim bhE{
T—o0

}:0

Now we study the behaviour of Vj, ;. First by Lemma 623

: bh _ R4+ . ._
ﬁgﬁ{T—MJg;%%_ﬁ Y\ A7) =X

Next, to state the convergence in P-probability of 7= b i} Z Vk b, We are
going to show that its covariance is converging to 0. From Lemma 610 we
can state that :

— eov {Viw, Vierrn | < c|| X8, for |r] <b—2|7| — 2;

— eov {Vip, Virp} < cax (r—b—2|7| = 2)|| X3, for |r| >b—2|7|—2
when the process X is bounded (|| X||oc < 00). Hence, in this case

bh,  Lb (bh)? T—b T—b
{TbHZV’”’H (T—b+1)2 D> cov {Viy by Vis}

k=0 k1=0 k2=0

< (T b+1 Z > feov{Vip, Virs}]

~T+b kel(T—b,r)

cH3R2|IX|E  c(bh)2(|IX |5

ST-bvry T (T- b+1 §:

which converges to 0 since h << TY2b=3/2. This achieves the proof of

the Lemma when the process X is bounded. Otherwise, when || X ||§i§ =

sup, E {\X(t)|8+5} < 00, wereplace || X ||oo by || X ||s+s, and ax (r) by ax(r)5/(4+5).
O

Finally, we state a Rosenthal-type inequality which will be useful for the
proof of the consistency of the bootstrap method (Theorems B= and B72).
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Lemma 6.9  Assume that -
either the process {X(t),t > 0} is bounded and / tax(t)dt < oo,
0

or sup, E {|X()[57} < oo cmd/ tax ()W) dt < oo for some § > 0.
0
Then there exists K > 0 such that for allb>1 and 0 < h < b=1/3,

4
sup (bh)’E { ’ak,b — E{&T}‘ } <Kh .
k
Proof By the inequality |z + y|* < 8|z|* + 8|y|* fo all z and y, we have
2 ~ = 4
(bh) E { ’ak,b — E{QT})’ }
2 ~ ~ 4 2 ~ = 4
8(bh)’E {‘akvb— E (@} | } +8(bh) ‘E{ak,b} - E{aT}) .
From the proof of Lemma B2 we know that
Bk} - B{ar}| < B {axo}-ax (1) +[E{ar} - ax(\n)| < e (b,

for some ¢ > 0 which does not depend on k, h,b and 7. Since 0 < h < b3 <
1, we deduce that

Voh ‘E{ak,b} - E{éT}’ < c(bh3)Y2 1 cb~V2p12 < 2c.
Thus, it remains to study

sup(bh {’ak » — E{ars} | }

For this purpose we adapt our framework to the method developed in [T
(see also [] and [E4]). By Lemma BEI1 we have

E{‘yjlyj2yj3yj4‘4}
sup E{|X(¢)]°} E {
t

¢ supE {Ix(®)} (1 + (W T T ) L, |ji—ji/|3h+|T\+1}) )

IN

4 il
H/ /wh T—1; + Si)dN@)(Si,tj)

i=177i R

IN

for some ¢ > 0 which does not depend on k,h,b and T. Following the
arguments presented in [ and applying mixing inequalities (1), (22) and
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(23) we obtain that

4
k+b—1

b8°E {[ars — Efano} '} =EQ| D (% —E{M})

j=k

b
< el supE{[X(OF} (1+075) | 2h+ 27|+ 1+ jax() |,
t .
J=1

when the process {X(t),t > 0} is bounded. Otherwise, when {X(¢),t > 0}
is not bounded but sup, E{|X (¢)|379} < oo, we get that

4
k+b—1

b5 {[ans — B @'} =B | Y (0 —B{I})

J=k

4 b
< et {1 (1400 (20420715 3 s0x)
t .
j=1

Then we can readily complete the proof of the lemma. ]

Proof of Theorems B and B2

Since the proof of Theorem E™ is a direct consequence of the Cramér-Wold
device and the reasoning used in one-dimensional case, we skip the technical
details and we concentrate only on the proof of Theorem BZa.

In the following we consider distribution functions defined on R?. We
use the following notation : for & = (z1,22) and y = (y1,y2) in R? we write
x =y, when 1 <y; and xo < yo.

Moreover, it is worth keeping in mind that the condition T3 << b <
T9+1/3 for some 0 < 0 < 2/9, implies that TV «< b < T°9 7713 <
b=3/2TY2 and T3 < BT L.

Furthermore from Theorem B2 we know that vTh (a7 — ax (A, 7)) con-
verges in law to a bidimensional Gaussian distribution which is denoted by
F'. To simplify the presentation of the proof, we assume that this bidimen-
sional Gaussian distribution F' is non-degenerate, i.e. the determinant of its
covariance matrix is positive, thus its distribution function F'(-) is uniformly
continuous on R2.

47



1) At first we state that the bootstrap distribution P* {\/ Th (a% —ar) = :1:}
can be equivalently replaced by P* {\/ Th (6} — §T> = :E}, for x € R?. In-
deed let € = (¢,¢)/v/2, € > 0 be fixed. Then we have

pr{VTh @ —ar) < o} <P {VIR@ ~ar) <o+ )+,

§T76T|>€}

and
P {VTh (@} ~ar) S @} > P {VIR(@} ~ar) <@~ €} T yma,_apc

Hence

L TG —ar|>e)
Thus, for each n > 0

P {sup
xT

< P{qup‘P* {\/ﬁ(a;;—ﬁT) = ac} —F(m)‘ >

p* {\/ﬁ(&} —ar) < a:} . F(m)‘ > n}

=~

+P {H{\/ﬂ@T_aT\Se} > g}

T Lsupy, | F(a—e)— F(a)[> 2} T Lisup, [F(@te)—F()|>21}

Since VTh (ZiT —ax (A, T)) converges in law to the same bidimensional Gaus-
sian distribution F', by Lemma BX and by the uniform continuity of the
distribution function F(-), to prove Theorem BT it remains to show the
convergence to 0 of the first summand on the right-hand side of the last
inequality.

2) To prove the convergence in P-probability of £* {\/ Th (Ei} — ET)}
to the bidimensional Gaussian distribution F', we are going to apply Corol-
lary 2.4.8 from [B]. Let us define

Zk’T = T (ahb — E{i’]’}) =

(aks - E{ar})

S
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for k=0,1,...,7 —b. Then
VTh < \/ﬁ
Zirx == (s — Bfar}) Iy = = (@0 — E{ar}) -
k=0

Note that the random variables Z;« 7 are conditionally independent. More-
over,

T-b

E* {Zj1} = (akvb - E{ET}> - \/;th (ET - E{ET}>

and hence E{Z;« v} = E{E*{Z;« r}} = 0. Furthermore

b—l—l k:O

Ii Zjer = */lTih li (a5 - B{ar}) = vTh (a7 - B{ar}) .

J=0 J=0

Corollary 2.4.8 in [B] requires the following three conditions, to ensure the
desired limit:

(i) for every e >0

-1
hm ZP* {|Zj«7|>€}t=0 in P — probability;

(ii) for some n > 0

lim ZE { j* T]I{|Z ; T|<77}} VTh (5T —E {5T}> =0 in P—probability;

T—>oo
(iii) for some n > 0

lim Zvar { 717, T\<77}} BT (N, A7) ;=%  in P—probability.

T—)oo

Convergence (i). Let € > 0 be fixed and notice that

-1 I T-b
D P H{IZrl > &} = g D izaa
j=0 k=0
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Let Uij = “I{|Zk,T|>€} and Ar > 0. Then
Ukt = ﬁk,T +E {Uk,T]I{Uk,T<AT}} + Uk, rliu,, 7> A1) (13)

where CNf;mT = Uk,TH{Uk,T<AT} —E {Uk,TH{Uk,T<AT}}' For every v > 0, by
the Bienaymé-Chebychev inequality
{ﬁlﬁT’ ﬁsz}‘

{ 1 T—-b T—-b
P >7}§222200V
(T =b+1)% k1=0 ko=0
T—-b T—b
= (T b+ 1)2 Z Z ‘COV {UklvT]I{|Uk1,T|<AT}’Uk2vT]I{Uk2,T|<AT}}‘ :
1=0 ko=0

Then using the mixing covariance inequality (Lemma BI2) for bounded
random variables we deduce that

1 T—b:
T—b+1 Z_: Ver

| T T—b T—b
P|l—— — 2
{T_b+1ZUkT >’Y} = b+1 s Y > _ax([ki—ke|—b—2|7|-3)A%
= k1=0 k=0
T—b
c|Ar|?
<—————[b+2 3 k)| .
STyl Chs GEE +k§0ax()

The right-hand side tends to 0 if A7 << [1/2. Moreover, we have

E{UkrT, ycar) } = 1P {1 27| > € and 1 < Ar}.

The right-hand side of the last equality is equal to 0 for T large enough
when Ap << 1/2. As for the third term of decomposition (I3), the Markov
inequality means that

g

Remark that 0 < Uxr < |Zg7|/€ s0 0 < Ly, 154,y < Ugr/Ar. Then for

1 T-b

T—_b+1 ZUk:T]I{Uk,TZAT}
k=0

T—
>fy} - b +1)y Z {U’“’T]I{UvaZAT}} '
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all u,v > 0 we get

|
[ — v 14+% 2+
< mZE{H{|sz\>e}} T—b1 1) 6”A” ZE {l 2| Zy, T‘ }

1 T-b

T_bor1 Z Uk rliu, 1> A7}

>7} T b+1 VA“Z {vi}

TkO

[h— v/2

ST bt e AR ZE{“ﬁ(“’”’_E{aT}MM} (14)

Using Lemma B9, for 0 < v < 2 we know that

24v

B [Voh (@, - B{ar}) ‘mg D { Voh (@ ~ B{ar}) ‘4} B s el

Hence expression (IA) tends to 0 when [#*/2p=(2+)/4 « AL

Consequently to state (i), choose A7 — oo such that [#~v/2p=(C+)/4 <
< A < "% This is possible only when ?(#=*)h~=(+) <« 1. Hence
12=1)/2+v) « h. Thus, it suffices to take 0 < p < v < 2 such that
(24 v)/2(v — pu) =2 — 36. This ends the proof of (7).

Convergence (ii). Remark that for each n > 0
ZE {Zi Wz pizy | — VoR (ar — B {ar })

I T-b
= ZE* { 11z, T|>n}} ST b1 Z Ze,r L 2 ) >y
k=0

The expectation of the norm of the last expression can be bounded by

l l
WZE{’ZkT| H{\ZkT|>n}} T—b7 1) H_pZE{‘ZkT‘?-HJ}

1—r/2

S T—br)nite ZE{‘\ﬁ(akb_E{aT}M%p}

From Lemma B3, for 0 < p < 2 we have

{\f (3~ Bar}) ‘2+p} < K

o1



When [=P/2h=(2+P)/4 << 1 as T — oo, we obtain (i4). Taking p = 2/ 3(1—26)
gives convergence (ii).

Convergence (iii).  The definition of the random variables Zj 7, j =
0,...,1—1, and the fact that they are conditionally independent imply that

-1 -1
>_var' {Zjeoh =var' § 3 Zyer o = Thvar* {az},
§=0 §=0

which converges in P-mean to 3 by Proposition B3. Now let > 0. Then
‘Var* {Zj*,T]I{\Zj*’ﬂgn}} — var” {Zj*,T}‘
< ‘Var* {Zj*7T]I{\Zj*,T|>77}}‘ + 2 ‘COv* {Zj*,Ta Zj*»T]I{|Zj*,T\>77}}’ .

From the Bienaymé-Chebychev inequality

2
‘Cov* {Zj*,T7 Zj*,T]I{\Zj*,T|>17}}) <c ‘Var* {Zj*,T}‘ X ‘Var* {Zj*,TH{le*,Tbn}}‘ :

On the one hand we know that (?var* {Z;« 7} = Thvar* {a%} converges in
P-mean. On the other hand

-1 -1
Z ‘Var { * T]I{\Z . T|>W}H <c ZE* {|Zj*7T‘2]I{|Z]-*7T|>77}}
=0 J=0
T—b T—b
cl

2
ST ) ;E{\Zk,ﬂ H{\Zk7T|>n}} (T = b+ Dy k_OE{

2+p}
cl p/2 T-b

2+p
= gy PV (o B ) [ 19
Lemma B3 implies for 0 < p < 2 that
B{ [V (@ - Bar})[ "} < w0

When [=7/2h=(2+,)/4 < 1, the right-hand side of inequality (IF) converges
to 0 as T' — oo. Consequently we choose 0 < p < 2 such that 1720/ (2+p)
h << T~1/3. Tt suffices to take p = 2/ 3(1 — 26).

This ends the proof of (ii7) and simultaneously the proof of the theorem. [
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6.5 Covariance mixing inequalities

In this subsection we provide some covariance inequalities for the observa-
tion, which are the consequence of the mixing property of the process X.
For the sake of simplicity and clarity we introduce some additional notation.
Let

dZ(s,t) = X(s)X(#)dN®(s,1),
V(s, t) = X(s)X(¢),
Y, = //K wn (7 — 1+ $)g(s) dZ (s, 1), (16)

where K}, :=]k,k+ 1] xR, k € Nand g : R — R is any bounded measurable
function. Recall that the kernel function w(-) is nonnegative, its support is
contained in [—1,1] and fil w(t)dt = 1.

Lemma 6.10 Assume that 0 < h < 1. Then the following inequalities are
valid.
1) For all k1 and ko

[E{Vk Y} < ell X7 x (1+h™ I, ol<niirf41)) (17)

and
|cov{hy, Vi } < ell X3 % (14 ™ gy gy <htir+1}) - (18)

where ¢ depends only on w(-) and B.

2) Assume that there exists & > 0 such that || X || 445 := sup, E{| X (¢)[*+0}1/(4+0) <
oco. Then for |ky — ko| > 2h + 2|7| 4+ 1, we have

|cov{ Vi1, Vi }| < el X 445 ax (k2 — k| = 2h = 2|7 = 1)*/EFO (19)

3) Assume that the process { X (t),t > 0} is bounded : || X ||oc := sup, esssup | X (t) <
0o. Then

(i) for |k1 — ka| > 2h + 2|7| + 1 we have
|cov{Ve,, Vi, }| < || X |5 ax (k2 — k1| — 2k — 2|7 — 1); (20)
(7i) furthermore for min{ks, ks} — max{ky, ko} > 2h +2|7| +1

|cov {Vk Vigs Vs Vieu } | <
<ec HXHEO aX(min{kg, ka} — max{ky, ka} —2h — 2|7| — 1)
X (L P gy ko<t r1y) (U BT Tk <ntirivny); (21)
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(iii) fO’I” min{kg, ks, k‘4} — k1> 2h+ 2’7" +1
|cov {1 Vi Vs Via } | <
< c||X |5 ax (min{ks, k3, ka} — k1 — 2h — 27| = 1) (L + A1 + h™%); (22)
(z'v) for k1 — max{kzg, ks, k4} >2h+ 2|T‘ +1
lcov { ks Vi Vs Viea } |
< c||X |5 ax (k1 —max{ke, ks, ka} —2h—2|7|=1) (1 + A~ + h™2)(23)

ProofTo establish these inequalities, we readily develop an expression for
the different covariances using the independence between the APC pro-
cess X and the Poisson process N (see the proof of Lemma EZ). Then
we apply the classical mixing covariance inequalities to the process X (see
e.g. [}, [E0O], [B2]), and Lemma BETT below. The details of the proof are left
to the reader. n

Lemma 6.11 For j € {1,2,3}

{ﬁ// wn(r — ti + 5)dN®) (3,1 2)}

<cte(B A+ D) ma,, o, ko, —koy [<hetlr 41}

Proof The idea of the proof is to consider all possible relations between

S1,...,84 and ty,...,tq. Since the reasoning in all cases is similar we present

the details for only one of them. Let s :=s1 =9 =83 =s4 and t := ¢t =
= t3 = t4. Then we obtain

//1(1//1(2//1(3//wh T—t1+s1)wp(T — to + s2)wi (T — t3 + 83)wi(T — ta + 54)

X d5{54}(81)d5{t4} (tl) d5{84} (32)d6{t4}(t2) d5{54}(83)d5{t4}(t3) dsadty =

1 [htt T— 1+ 5\
— ﬁ /w(h) det]I{k1:k2:k3:k:4}

1 1
=13 </1 w(u)? du) gy =ky=kz=ka}-

Thus, one may understand how the terms 2 =3 appears in the final inequality.
|

The following lemma provides another covariance mixing inequality that
is useful in the proof of the central limit proposition B3 as well in the proof
of the consistency of the bootstrap method (Theorem B77).
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Lemma 6.12 Let j,1,b be nonzero fixed integers, and let & and ( be two
boynded real valued random variables, & being F7())-measurable and ¢ being
.7:J]._tll+b(y)—measumble where Y = {Vi} has been defined by (I@). Then for
[ >2h+2|7|+ 1 we have

|cov {¢, CH < cax (I = 2k = 2|7| = 1)[|€]]oolI¢]]co- (24)

Remark. Notice that the sequence {V }ren is not necessarily bounded
even if the process { X (¢),t > 0} is bounded. Thus, inequalities (20) and (1)
are not direct consequences of inequality (E4).

Proof
It is well known that since £ is a real-valued random variable which
is measurable with respect to the real-valued random variables )y,..., V;,

there exists a measurable function f : R7t! — Rsuch that £ = f(Db,..., V).
Then for £ > 0 we have

k+1/ pst+r+h
Vi = /k (/5+T_h wp(T —t+ 8)g(8) X (8) X (#) Iy N(t + dt)) N(s + ds).

Since {(s,t) 1 k < s <k+1,s+7—h <t < s+7+h} C [k—|7|—1, k+|7|+2]%,
(recalling that 0 < h < 1) we deduce that there exist a constant value )y
and some measurable functions 1, : R?** — R, k € N*, such that

€ = Yolyn(jtiri+2=0p+ D Vi (X(T1), s X (T ) T,y - - ,Tk) IN Gt rl+2)=k)-
keN*
(25)
Similarly there exist a constant value ¢g and some measurable functions
or : R?" 5 R, k € N*, such that

C = Q0N (j+r+b+|r+2)—N(+r—|r|-1)=0} T Z P (X(TN(j+7"—\T|—1)+1)>
KEN*

s X(TNGr =) =0 40)5 TN Gr— o) = 1) 15 -+ - ,TN(J‘+T—|T|—1)+H)
X LN G4r+b7142) =N (=7l -1)=r) (26)

For the sake of simplicity we denote

Up(te,. . t) == l/Jk(X(tl)a---aX(tk)Stla'-->tk>

and
@H(ul, . ,u,i) = ¢K<X(u1), vy X(ug)iug, . ,u,.;)>,
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where 0 <t <ty <--- <tp,and 0 <wuj <ug < --- < u,.
As a consequence, since |7]| + 2 < r 4 b, we deduce that

E[¢|F(V)] = B[] FWM)] = volingprsn=0)

+ Z E [‘IJk(Tl, o T) ‘H{N(j+|r\+2):k}lea e ,Tk} LN Gir+2)=k)
kEN*

and

E [C ‘ ]-"(N)] —E [C}Fg+r+b+|7‘+2(1\])] _E [C ’ f}7—t:+‘2—4|r‘7'1|+2(N):| _

= ¢ola, + Z [ (TNGar—lr=1)415 - - - » TNGr—|r]-1)45)
KREN*

LA TN (Gr—fr|=1) 415 - s INGar—fr=1)4x) T
where A, := {N(j +7r+b+ || +2) = N(j +r —|r| = 1) = k}. Moreover,
F(N) i= F{N(t) : t > 0} = F{T1, Ty, ...}, Fi(N) = F{N(t) : 0 < t <
j} f{H{N(j)ZO}} \Y .F{]I{N(j)>0},N(j),Tp r=1,... ,N(])} and
J—'jj,f*”(zv) i=F{N(t) : j+r <t < j+r+b} = F{Iay }VF{ [Loenda,, NG+

r), Ty : q:N(j—l—?")—l—l,...,N(j—i—r—i—b)}.

Additionally,
cov{&,(} = cov {E [{}}"(N)] B [C‘]-"(N)]} —|—E{cov [f,(‘}"(N)]}.

Using properties of Poisson process and the independence between X (¢) and

N (t) one can show that the random variables E [¢ ‘ F(N)] and E [¢ } F(N)]
are not correlated, i.e.

cov{E [ | F(N)],E[¢| F(N)]} =o0. (27)

Finally, the covariance inequality for bounded random variables (see [E0]),
the mixing hypothesis on the process {X(t),t > 0} and the independence
between {X(¢),t > 0} and the Poisson point process {N(t),t > 0} mean
that

|E {cov [¢&,¢| F(N)]}| < dax(l =2k —2|7| = )[[¢]lll¢lloo-  (28)
Indeed
E{cov[ﬁ(‘]: }—ZZZ/ /k cov{WUy(t),®u(j+7+u)}
keN k€N keN xR}
X dP(Tl,...,Tk,Ul,...UK) ‘ Blkro,k) [tl, . ,tk, ULy - ,u,.i]

X P{N(j+2|7|+3) =k,N(r —2|7| — 3) = ko, N(b+ 2|7| + 3) = k}(29)
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Since the random variables £ and ( are bounded, the functions ¢ and ¢, can
be chosen such that |U(¢.)| = |[Yk(&, )] < ||€]|loo and | @k (j+7+u.)| < ||¢]oo-
Then from the definition of the functions ¥ and ¢,, the mixing property of
the process {X(¢) : ¢ > 0} we obtain that

|cov{Wi(t.), P +7+u)} Sdax (= 2h=2[7| = 1) [ W5 () [|oo | P (T +7 +u) [l
<dax (1= 2|7 = 3)[[€lloolI¢]loo-

Thus, using relation (E9) one obtains inequality (E8). Additionally, taking
into account equality (22), we deduce inequality (B4). |
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