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THE LINKS-GOULD INVARIANT AS A CLASSICAL
GENERALIZATION OF THE ALEXANDER POLYNOMIAL ?

BEN-MICHAEL KOHLI

ABsTRACT. In this paper we conjecture that the Links-Gould invariant of links, that we
know is a generalization of the Alexander-Conway polynomial, shares some of its classical
features. In particular it seems to give a lower bound for the genus of links and to provide
a criterion for fiberedness of knots. We give some evidence for these two assumptions.
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INTRODUCTION

The Links-Gould invariant LG(L; tg, t1) is a two variable polynomial quantum invariant.
It is derived from a one parameter family of representations of quantum superalgebra
Uqy(9l(2]1)) [5, 18]. It is part of a larger family of Links-Gould invariants LG™", m,n € N*
[7].

It is worth noticing that the Alexander-Conway polynomial of a link Ay, can be recovered
from LG in at least two ways. David de Wit, Atsushi Ishii and Jon Links showed [4]

LG(L;to, —t5') = AL(t3).
The square of the Alexander polynomial can also be obtained evaluating LG [16, 17]
LG(Lito, tg ") = Ap(to).
Knowing this, it is natural to wonder :
Question 0.1. Are there properties of A that extend to LG ?

In particular, if A can be seen as a quantum invariant [23, 25, 30|, it is in essence a
classical invariant derived from a presentation matrix of the first homology group of the
infinite cyclic covering of the complement of a given link in S3 [1]. Therefore we can ask
if some of A’s homological properties extend to LG.

In that spirit, let us recall that a conjecture by Ishii [12] states :

Conjecture 0.2. The LG polynomial LG(K;to, t1) = 32, ; aij f)t{ of an alternating knot
K is "alternating”, that is : a;jag = 0 if i + 5 + k + 1 is even, and a;jar < 0 otherwise.

2010 Mathematics Subject Classification. 57M27.
Key words and phrases. Link, knot, Alexander-Conway polynomial, Links-Gould invariant, genus,
fiberedness.
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Though if you think about it this is not a straightforward generalization of the well known
similar property for the Alexander polynomial [20, 3] for either of the two evaluations we
know tot; = 1 and tot; = —1, it still can be thought of as the trace of a similar behavior.

In the following we give evidence for more positive answers to Question 0.1. We conjec-
ture that the span of the LG invariant is a lower bound for the genus of a link.

Conjecture 0.3. Set L a link in S® and u the number of its components.

o I: span(LG(L;to, 1)) < 2(29(L) + p — 1),
o II: If L is alternating, then inequality 1 is an equality.

We also conjecture that for fibered knots, there are conditions on the leading coefficients
of the LG polynomial.

Conjecture 0.4. Set K a knot in S3.

o I: If K is fibered then LG(K) is monic,
o II: If K is alternating, the converse is true as well.

We base these conjectures on computations for the first prime knots and on partial skein
relations for LG that allow its evaluation on various infinite families of links. Notice that
if the genus conjecture were true, LG would systematically give a better lower bound for
the genus of a link than the one given by the Alexander invariant. Also, the criterion we
conjecture for fibered knots would refine the well known similar statement for A.

A proof of these two statements would show quantum invariant LG can be used to find
information on the geometry of links.

1. THE LINKS-GOULD INVARIANT AND THE GENUS OF LINKS

1.1. Definitions. We recall the definition of the Links-Gould invariant of links. We then
give the definition of the genus of a link and recall the connection between the genus of a
link and its Alexander invariant.

141
Definition 1.1. Set K := C(t§2,tf2). Let W =< ey,...,eq > be a four-dimensional K-

vector space. The following linear map R, expressed in basis (e; ® e1, €1 ® e2,€1 R €3,€1 @
eq,ea®e1,e9 R ez, ea®es,...), is an automorphism of W@ W and an R-matrix ([5], p.186)

o .
(/2
0 fl/2
: " .
. . 1
1/2
th to—1 .
. R . : . . S .
totr—1 . B a2
(/2
1/2 !
t . to—1 :
1/2,1/2
: —th/%] : Y
-1 .
. )12
1 Py Y v? : ‘
2 -1
! , _
12 . Lo th—1

L . . t
where Y = ((to — 1)(1 — 1)) /2.
We denote by b% the representation of braid group B, derived from this R-matrix. It is
given by the standard formula
V(o) =id '@ Reidy ™t Ji=1,...,n— 1.
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Remark 1.2. Compared to the R-matrix used in [16], R is multiplied by —1. We chose this
convention here for it is the one Ishii uses in [12, 13], two papers that are interesting for
our study.

Theorem 1.3. Let L be an oriented link, and b € By, a braid with closure L. Set u the
linear map defined by

to!
o e End(W).

_to

t

Then :

1) there exists an element ¢ € K such that traces s, n((idw @ p®"1) o b%(b)) = c.idw,

2) ¢ is an oriented link invariant called Links-Gould invariant of L. We will denote it by

LG(L;to, t1).

Remark 1.4. In fact LG(L;to, t1) € Z[t 51 [12].

Remark 1.5. With the notations we use, LG(L; q2%, ¢***2) is the Links-Gould invariant
introduced in [5], using a one parameter family of representations of quantum superalgebra

Uy(gl(2[1)).

Definition 1.6. (Seifert surface for a link) Set L a link in S3. A Seifert surface for L is a
compact, connected, orientable surface ¥ C S° such that 0% = L.

Such a surface exists for any link according to Seifert’s algorithm [26].

Remark 1.7. Any Seifert surface ¥ being connected and orientable, one can define the
genus ¢g(X) of ¥ :

X(X)=2-29(%) —p
where x(X) is the Euler characteristic of ¥ and p is the number of components of link L.

Definition 1.8. (genus of a link) Let L be a link in S®. The genus g(L) of L is
g(L) == min{g(¥), ¥ Seifert surface for L}.

Definition 1.9. (Alexander polynomial of a link) Set L a link in S% with y components
and choose ¥ a Seifert surface for L. Then H;(X,Z) is a free abelian group of rank
1 —x(¥) = 29(X) + pu — 1. If v;; is the linking number in S% of the i’* generator of
H,(%,7Z) with the pushoff of the ;' generator, then V = (v;;) is a Seifert matrix for L.
The Alexander polynomial is computed from such a Seifert matrix setting

AL(t) = det(tV — V) € Z[t, 7).

With this definition, Ay, is determined up to multiplication by ¢, n € Z. The standard
Alexander normalization consists in picking the representative with positive constant term.
The Alexander-Conway normalization corresponds, at least in the case of a knot K, to
choosing the symmetric Laurent polynomial with Agx (1) = 1.

Proposition 1.10. For any link L, deg(Ar(t)) < 2g(L) +p— 1.

So the degree of Ay, gives a lower bound on the genus of link L.

1.2. The genus conjecture. We believe that Proposition 1.10 can be extended to the
similar statement expressed in Conjecture 0.3. We will explain how and why it would be
an extension of 1.10. The goal of section 2 is to give a range of evidence to support that

conjecture.
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Definition 1.11. Set P € Z[tF", tF!]. For (n,m) € Z?, we define
deg(tytl") :=n — m.

For a general P = )’ aijtgt{, we can extend that definition to introduce the span of P :
1,JEZ

span(P) := max{deg(tét{), (i,§) € Z* | aij # 0} — min{deg(tét{), (i,§) € Z* | a;; # 0}.
Remark 1.12. The span satisfies the usual elementary degree properties :

span(PQ) = span(P) + span(Q),
span(P + Q) < max{span(P), span(Q)} if P and Q are symmetric Laurent polynomials.

Conjecture 0.3 generalizes Proposition 1.10 since this well known result shows Conjecture
0.3 is true when tgt; = 1 and tgt; = —1 via the evaluations we already mentionned

LG(L;to, —ty') = AL(t3) ; LG(L;to, ty ") = AL(to)?.

These evaluations also explain why our definition for the span was natural to try and push
the lower bound a little further.

Proposition 1.13.

1 : In Conjecture 0.3, I implies 11,
2 : If Congecture 0.3 is true, it systematically improves the lower bound for the genus

provided by A :
for any L link, 2deg(AL(t)) < span(LG(L;to,t1)).
Moreover, there are links where
2deg(AL(t)) < span(LG(L;to,t1)).

Proof. Since LG(L; to, —ty ') = AL (t3), 2deg(AL(t)) = deg(AL(t?)) = span(LG(L;t, —t~1)).
So to prove 2, we wish to show

span(LG(L;t, -t 1)) < span(LG(L; to, t1)).
If we denote LG(L;to,t1) = >, aijtgt{, then

1,JEZL/
a;;7#0
LG(Lit,—t™") =) () ag(-1)))t".
k€Z ijez/
a;;#0
i—j=k

This clearly shows that if the coefficient in front of t* in LG(L;t, —t~1) is non zero, then
there is at least one non zero coefficient in front of a monomial of degree k in the expression
of LG(L;tg,t1), which yields 2. Moreover, some examples where the equality does not hold
are given in Proposition 2.1.

Now suppose I holds for any link and set L an alternating link. Then [3], Theorem 3.5,
states

deg(Ap(t)) =29(L) +p— 1.
So we have the following inequality chain :
2.29(L) + p—1) = span(LG(L; o, t1)) (Conjecture 0.3)
> 2deg(AL(t)) (point 2)
=2.(29(L)+p—1) (reference |3|)
CQFD



2. EVIDENCE SUPPORTING THE GENUS CONJECTURE

We wish to give evidence of the likeliness of Conjecture 0.3. In particular we verify the
bound for small prime knots, prove it for several infinite families of knots and links and
verify that the genus conjecture holds on an untwisted Whitehead double of the trefoil
knot, which is a counter example due to Hugh Morton in a ressembling situation we will
explain.

2.1. Less than 13 crossing prime knots. When we consider knots, u is equal to 1 and
the inequality becomes
span(LG(K;to, t1)) < 4g(K).

We tested that inequality on all prime knots with less than 12 crossings, and on a large selec-
tion of non alternating prime knots with 13 crossings. To do that, we used the computations
of LG for prime knots one can access via David de Wit’s LINKS-GOULD EXPLORER
[8]. To find genus information up to 12 crossings, we used Cha and Livingston’s KNOT-
INFO |2]. For non alternating 13 crossing prime knots, data is obtained from Stoimenow’s
website KNOT DATA TABLES |29]|. Knots are listed with respect to the HT'W ordering
for tables of prime knots of up to 16 crossings [11].

The reason why we did not test all non alternating 13 crossing prime knots is explained
in [6] : The LINKS-GOULD EXPLORER'’s database contains evaluations only for LG of
knots with string index at most 5, and from time to time 6 or 7. Indeed, the memory
required increases dramatically with braid width. This still provides values for LG for
2096 non alternating prime knots with 13 crossings among the 5110 which exist.

Proposition 2.1.

1 : Conjecture 0.3 holds for every knot tested. In particular, for all alternating knots
tested, the equality holds.

2 : For all prime knots with less than 10 crossings, the span of LG exactly is 4 times
the genus of the knot.

3 : The list of prime knots with 11 or 12 crossings where there is no equality is the
following : 115, 115, 1105 1157, 118, 1120, 114, 1280, 1287, 128, 128 128,
120 120, 12N, 128, 1200 120 120 120 120 120 128, 120, 125
128, 128,.

808 812

4 : Among these knots we get a more precise lower bound with LG than with A for
several of them : 118, 1105, 1150 110, 122, 125, 128, 1200, 1201200, 1200
1200, 1280, 120 128 120,.

5 : Some of the spans are "half integers” in the sense that they are multiples of 2,
as they necessarily are, but not multiples of 4 : 11:]52, 115, 11@@, 11@77, 12%, 12%6,

N N N N N N N N
12257} 12264? 12267? 12268’ 12313? 12430? 12665? 12812'

Remark 2.2. Once it is proved to be true, the span inequality is meaningful when 2deg(AL(t))
< span(LG(L;to,t1)). However, as long as it remains a conjecture, the hard case for the
inequality is when deg(Ap(t)) = 2g(L) + pu — 1 precisely because there is no choice on the
value of the span of LG for it not to be a counter-example.

2.2. The untwisted Whitehead double of the trefoil knot. Here we compute the
Links-Gould polynomial of the untwisted double of the trefoil knot that is drawn is Figure
1. This is an interesting knot to study since it is a counterexample to a genus type
bound for another generalization of the Alexander-Conway polynomial : the HOMFLY-
PT polynomial. Precisely, Hugh Morton shows in [19], theorem 2, that the monomial of
highest degree with respect to the Alexander variable in the HOMFLY-PT invariant gives
a lower bound for 2g(L) + p — 1, where g(L) is the canonical genus of link L. The double
of the trefoil is the example Morton gives to show that degree is not in general a lower
bound for 2g(L) 4+ p — 1. There is no such problem here :
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FiGURE 1. The untwisted Whitehead double of the right handed trefoil
with a positive clasp.

Proposition 2.3. The untwisted Whitehead double of the right handed trefoil with positive
clasp Kg has the following properties :

e g(Ko) =1,

o Ag(t) =1,

o A braid presentation of Ko in braid group Bg as a word in the standard Artin
generators o1, ..., 05 18 :

-1_-1 -1_-1 -1_-1 -1 2 -1
04030904 04 0503020109 O3 0504030, Of 030903 020105,

o LG(Ko;to, t1) = 3 — 4ty + 2t3 — dtg + 6t1tg — 23t + 2% — 213 — 2¢343 + 4313 —
2t§t§ + 475%67535 - 1057;3 + 8t5‘1*t63 - 2t§t§ - Qtit‘é + St%t?]? - 8t‘116t§7+ 26018 — 2t3tg + 2tit] +
So the span of LG(Ky;to,t1) is 4 and the span inequality is verified in this case.

Remark 2.4. The value of LG(Ky;to,t1) was obtained by direct computation of the formula
given by Theorem 1.3 with the R-matrix in Definition 1.1 using MATHEMATICA 10.

2.3. Infinite families of knots where Conjecture 0.3 can be verified thanks to
partial skein relations we know. Here we verify the genus bound on several infinite
families of knots or links. To do that, we will use basic Alexander-type properties of LG
we will recall, and partial skein relations that will make the computations practicable.

2.3.1. Some properties of LG and useful skein relations. To compute LG for infinite fam-
ilies of knots, we need to have a more efficient way to evaluate it than simply using the
formula in 1.3. We first recall some general facts about the LG polynomial.

Proposition 2.5. The Links-Gould polynomial satisfies the following properties :

. IG(O) = 1,

e Denoting L* the reflexion of L, LG(L*;tg,t1) = LG(L;tal,tfl),

o We have the following symmetry : LG(L;to,t1) = LG(L;t1,t0). Indeed LG does
not detect inversion,

e For L and L' two links, denoting L#L' their connected sum : LG(L#L') =
LG(L)LG(L'),

o If L=L"UL" is the split union of L' and L", then LG(L) = 0.

Proof. For proofs of these facts, we refer the reader to [13, 5, 7. CQFD
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Remark 2.6. The last two points show that LG and A behave similarily concerning sums
and disjoint unions.

Let us also cite a list of skein relations that are known to be true for LG. Whether the
associated skein module is generated by the unknot or not is a problem pointed out by
Ishii [13]. It is to the best of our knowledge an open question.

Proposition 2.7. LG verifies the following skein relations.
Skein relation (

16( 33 ) i_to_m@(x>
+(toty —to—tl)LG<> <> +t0t1LG< X) = 0.

Skein relation (

o &3 )+ 0--ia( 3
cton—a-mn6( ) () rona( \OV) =0

Skein relation (3) :

LG<§>+(t0t1—to—t1+2)LG<x>
won—to-ti+216( ) () =1e( JOL) =0

Skein relation (4) :

0( T3 ) -+ 1o ) ()
+t0t1LG< >< ) +2(to — 1)(t, — 1)LG< X ) = 0.

Proof. See [13, 5, 18]. CQFD

Remark 2.8. (1) and (2) are equivalent, by adding each time a well chosen tangle from the
left.

Remark 2.9. As explained in [13], (4) is a consequence of (2) and (3).

Remark 2.10. Set V' the 4-dimensional irreducible U,(gl(2|1))-module that gives rise to
the Links-Gould invariant. Then the tensor product of two copies of V' decomposes with
respect to the Uy(gl(2|1))-module structure.

VeV =Vie Ve W, with dimVy, dimVa = 4 and dimW = 8.

Morevover, Vi, Vo and W are non isomorphic irreducible Uy(gl(2|1))-modules. For details,
see [10, 5]. Using this and denoting A := U,(gl(2|1)), we have the following identification :

Enda(V@V)~ Ends(Vi) ® Enda(Va) ® Enda(W) ~ (C(tf)tl,tfl):g_

In particular, for any three (2,2)-tangles such that the associated maps in Ends(V @ V)
are linearly independent, any other can be expressed as a linear combination of the first
three. This potentially generates a great variety of skein relations for LG.

Remark 2.11. Using points 2 and 3 of Proposition 2.5, we can modify the previous skein
relations : orientation of the strands, signs of the crossings. We will use these modified
relations, though we will not write them down here.

7



F1GURE 2. Generators S7 and S5 of braid group Bs.

Corollary 2.12. Using notations in [13|, LG satisfies the following skein relations :
A S
° LG( /< } n half twists >
K

N

—1)n n n
= <<to+1)(t1+1) N RECECEN I AR

(=D™(to+t1) 8 (t1—1) 7 (to—1)
< @ DG T G-t T (t1+11><t1to>>L

()

XX

(
(
1o

+ (=1)"tot1 tot1 i tTto
(to+1)(t1+1)  (to+1)(to—t1)  (ta+1)(t1—to)

o}
. LG( : } n full twists >
tnn—1 J
- toé_@G(Q) + (1 R 1)LGO O
2(to—1)(t1—1 tnn—1
s () e ().

=
. LG( % } n full twists >
=3
)L

N4
R

)
)
)

AN
= a1(n)LG /\ + az(n)LG o~ +a3(n)LG ,
where :
al(n) = lﬁ:?:ll;
caln) = GG g ) (DD ),

ag(n) = (t(] — 1)(t1 — l)al(n) + 1.

We will now use all these properties to compute LG, or at least its span, on some infinite
families of links.

2.3.2. 2-bridge links. A 2-bridge link is a link with bridge number 2. As explained in
[14], an oriented 2-bridge link can always be written in terms of the two generators S;
and Sy of 3-string braid group Bs. We use the notations one can find in [14, 13], setting
D(by,ba,...,by) the oriented 2-bridge link drawn in Figures 3 and 4. We can suppose
bi,...,by > 0, thereby choosing an alternating diagram to represent any 2-bridge link. In
particular, any 2-bridge link is alternating, so the inequality in Conjecture 0.3 should be
an equality.

Remark 2.13. If m is even, D(by,...,by,) is a knot. It is a link with two components when
m is odd.

Proposition 2.14. If b; # 0 for any i, then
g(D(b1,...,by)) =

where [ is the number of components [27].

m—pu+1
2



2b1 g—2b2 —2b,
S g2 g=2bm

F1GURE 3. D(by,...,by) when m is even.

( S2b1g 2 g2m j

FIGURE 4. D(by,...,by) when m is odd.

Therefore, Conjecture 0.3 can be rephrased
span(LG(D(by,...,bn))) = 2(29(D(by,...,by)) +pu—1) = 2m.
Theorem 2.15. For any by, ba, ..., b, >0,
span(LG(D(b1,...,bm))) = 2m.

Proof. First we note that aq(n),as(n),as(n) are symmetric polynomials with respect to
variables ty and t;. We can compute the span in each case.

span(ai(n)) = 0, span(az(n)) = 2, span(az(n)) = 2.

We will indicate by a;(n) the quantity ai(n)(tal,tfl). Let’s prove the span equality by
induction on m.

Using the mirror of skein relation 3 of Corollary 2.12 :

LG(D(b1)) = a1(b1) LG(O) + az(b1) LG(O) + a3(b1) LG(OO) = a1(br) + az(br).

So the span of LG(D(by)) is 2.
Still using the same skein relation, we can compute LG(D (b1, b2)).

LG(D(b1,b2)) = a1(b2) LG(D(b1 — 1)) + a2(b2) LG(D(b1)) + a3(b2) LG(O).

The second part of the sum has span 2 + 2 = 4. The third part has span 2 + 0 = 2.
More care has to be taken with the first term, and in particular with LG(D(by — 1)). If
by — 1> 0, LG(D(by — 1)) has span 2. In the other case, D(0) = OO so LG(D(0)) = 0.
So in any case the span of the sum is 4.

Let us now set m > 3 and suppose the equality stands for any D(by,...,b;) with
k<m —1. For D(by,...,by,) we can apply skein relation 3 of 2.12 or its mirror image to
the crossings that correspond to Sy 2bm or 522bm depending on whether m is odd or even.

9



2n —1
CT0SSINgs

FIGURE 5.
Say m is even.
LG(D(bi1, -, b)) =a1(bm) LG(D(b1, .. . ;b1 — 1))
+ a2<bm>LG(D(b1, ce b))
+a3(bn) LG(D(b1, - - -, by—2))-

Since LG(D(b1,...,bm-1,0)) = LG(D(by,...,bm—2)) the first element in the sum has a
span smaller than 0 4 2(m — 1) = 2m — 2. The second part has span 2 4+ 2(m — 1) = 2m
and the third 2 4+ 2(m — 2) = 2m — 2. In the end

span(LG(D(by,...,by))) = 2m.
CQFD
2.3.3. Twist knots.

Definition 2.16. A twist knot is a Whitehead double of the unknot. We will denote by
K, the twist knot shown in Figure 5 when 2n — 1 is positive. If 2n — 1 is negative, there
are 1 — 2n crossings of the opposite sort.

For instance K is the unknot, K7 is the trefoil knot and K5 is knot 59.
Proposition 2.17. For n # 0, g(K,) = 1.

Proposition 2.18.
e LG(Ky) =LG(O) =
e forn >1,

LG(K,) =
(—to 2ty =t g 2t e R gt -t D) (g e (i — 1) + 1)
o(to 't + Ddr(n — 1) —2(n — 1)
tottt —1
+ar(n— 1)ty — D2t = 1)? — tgHt  dr(n — 1).
10
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I

FIGURE 6.

It has span 4.
o Forn < —1,

LG(Kn) =
(ot — Dt = 1) <a1(—n) + (to — 1)(t1 — 1)

+ (t[) — 1)(t1 — 1)(11(—71) + 1.
It has span 4 as well.

2n + al(—n)(totl + 1)
tot1 — 1

Proof. When n > 1, we first write the third skein relation of 2.12 for n — 1 full twists. On
each of the three links that appear, we use the first point of 2.12. We find the formula
written in the theorem. A close look at that expression shows that

span(LG(K,)) < 4.
To see it is equal to 4, we can for example evaluate t1 = —¢; 1. We know we will find (and
can verify)
LG(K,)(to, —ty 1) = Ak, (t8) = ntd — (2n — 1) + nty 2.
So span(LG(K;)) > 4. Similar computations can be made when n < —1. CQFD

2.3.4. Pretzel knots.

Definition 2.19. Set p,q,r € Z. The (p,q,r)-pretzel link L(p,q,r) is a union of three
pairs of strands half-twisted p, ¢, r times and attached along the tops and bottoms as shown
in Figure 6. The half-twists are oriented according to whether the integer is positive or
negative.

For example, pretzel knot L(—2,3,7) is represented in Figure 7.
Proposition 2.20.
L(p,q,r) is a knot <~ (at most one of the three integers p,q and r is even).
In that case pretzel knot L(p, q,r) is denoted by K(p,q,r).

In [15], Kim and Lee explicit the genus for all pretzel knots. Verifying the genus conjec-
ture on this family of knots is quite interesting since the genus does not behave the same
way as a function of parameters (p, ¢,7) in all cases. The next theorem is proved in [15].

Theorem 2.21. Let p,q,r be integers. The genus of K(p,q,r) is as follows :

1: K(p,+1,F1), K(£2,F1,£3) have genus 0 for any p,
11



L/Q\XN/\/

FIGURE 7. L(-2,3,7).

K(p,q,r) has genus 1 is p,q,r are odd and we are not in case 1,

2:

3 : K(+2,F1,4r) has genus %
4 : lg|+|r|
: 2

P

K(2l,q,7) has genus if ¢, have the same sign and we are not in any of
the previous cases,

5: K(2l,q,7) has genus W if q,r have different signs and we are not in cases

1, 2 or 3.

We rewrite that theorem so that different cases exclude each other. Doing this makes
computations more specific and somewhat easier in each case. Moreover, since K (p, q,r)* =
K(—p,—q,—r), we will consider p > 0. Also, K(p,q,7) = K(q,r,p) = K(r,p,q). So we
can restrict our study to the cases where ¢, r are odd.

Corollary 2.22. Given the restrictions mentioned, setting p > 0 an integer and q,r two
odd integers, the genus g of K(p,q,r) is as follows :
1:¢9=0 for K(p,£1,F1) and K(2,—1,3), that is when K(p,q,r) is the unknot,
2 : g=1 when p,q,r are odd and K(p,q,r) is not the unknot,
3:9= % for K(2,—1,7),
4: 9= w if :
e p is even and q,r are positive,
e p is even and different from 2, ¢ = —1 and r is negative,
e p is even, q is negative and different from —1, r is negative,
5:9= lg|+|r|—2 if :
2
e p is even and different from 2, ¢ = —1 and r > 3,
D 18 even, q 2 0; r g 0 and (p7Q7T) 7& (p7 17 _1);
e piseven, ¢q < —3 and r > 0.

Theorem 2.23. For all pretzel knots,
span(LG(K(p,q,7))) < 49(K(p, q,7)).

Proof. We compute the span of LG(K (p,q,r)) in each case of Corollary 2.22.
K(p,+1,F1) and K(2,—1,3) are different representations of the trivial knot that is
part of the small cases we already checked.

Using the fact that K(p,q,7)* = K(—p,—q,—r) and K(p,q,7) = K(q,r,p) = K(r,p,q),
we have only two cases to consider : when p, q,r have the same sign and when two out
of the three have the same sign. For example we can choose the following configurations
:p,q,r =2 0and p > 0,q,7 < 0. In each case, using skein relation 2 of Corollary 2.12 on

the three pairs of strands, we find a sum of 27 terms, each of which is symmetric of span
12



r—2
half
twists

FIGURE 8. K(2,—1,r) when r > 3.

smaller than 4.
For r =1,3, K(2,—1,r) is the unknot. If r > 5, K(2,—1,r) is drawn in Figure 8 once
it is simplified. The same kind of isotopy can be operated on K(2,-1,r) when r < —1
and the result is shown in Figure 9.

For example if r > 5 we can apply skein relation 1 of Corollary 2.12 to the r — 2 half
twists.

LGK@ L) ( (to + 1)( tl Dt 1#)6(:0 “1) itg(;l - t0)>LG<Q®>

—to— 11 th2(ty — 1) 72 (tg — 1)
( (to+ Dt +1) " (to+Dto—tr) (0 +1)(t — t0>>LG<O>
—tot1 _ t6_2t1 B ﬂ_Qto
i ((to+1 )t + 1) (to+ 1)(to — t1) (t1+1)(t1_t0)>LG(QQ)

(to —t1)(tots +1) — 5 Mty — 1) (¢ + 1) + 5 Hto — 1) (to + 1)
(to+1)(t1 +1)(to — t1)

The numerator has span 2r — 2 and the denominator has span 4. So

span(LG(K(2,—1,1))) = (2r — 2) — 4 = 27 — 6 — 4(’";3> _ 4(“"‘3’”)

Computations can be led in a similar way in the other case.

If p is positive and even, and q,r are positive and odd. Choosing an orientation for
K(p,q,r), we can apply skein relation 2 of 2.12 on the p half twists and skein relation 1
of 2.12 on the ¢ and r half twists. As in a previous case, we get a sum of 27 terms, each
of which can be computed easily. All these terms have a span smaller than 2g + 2r = 4g.

Therefore we have the inequality in this case.
13




2—r
half

twists

FIGurReE 9. K(2,—1,r) when r < —1.

If p is positive, even and different from 2, ¢ = —1, and r is odd and negative. Choosing
an orientation here again, we can use skein relation 2 on the p half twists and skein relation
1 on the r half twists. Each of the 9 parts of the sum such obtained has a span smaller
than 2 — 2r. So once again

span(LG(K(p,—1,7))) <2 —2r = 4(1 ; T) = 4g.

If p is even and positive, q is odd negative and different from —1, and r is odd and
negative. An extended computation similar to the two previous ones proves the bound in
this case as well.

If p is even, positive and different from 2, g = —1, and r is positive, odd and different
from 1. Applying skein 2 of 2.12 on the p/2 full twists, we find three links, each of which
is the closure of a power of generator o of Bo. We can then use skein relation 1 of 2.12 on
each of these links to find that these three terms have a span smaller than 2r —2 = 4(%)

If p is even and positive, q is odd and positive, r is odd and negative, and (q,7) # (1,—1).
This is the most tricky case. Indeed, if we compute LG naively using skein relations 1 and
2 as we did for the moment, some parts of the sum we obtain have a span larger than
49 = 2q — 2r — 4. We therefore have to look at these particular terms to see that what goes
past the bound we hope actually compensates. This is achieved in the appendix (section
4).

If p is positive and even, q is odd and ¢ < —3, and r is odd and positive. K(p,q,r) can
be isotoped as follows :

K(p,q,7) = K(r,q,p) = K(p,7,q).

The last form K (p,r,q) shows that this case is a consequence of the two previous cases of
point 5. CQFD
14



2.4. A generalization of Conjecture 0.3 to a family of Links-Gould invariants.
The Links-Gould polynomial we defined and studied up to now is a particular case of a
larger family of Links-Gould invariants, introduced by David de Wit in [7]. We will write
LG™" where m,n are positive integers. Each invariant is derived from a highest weight
representation of Uy(gl(m|n)). The invariant we denoted LG is LG*!.

In [4], D. De Wit, A. Ishii and J. Links proved that

LG™(L; to, 672m/nt0_1) = Ar(ty) for any n € N*.
They also conjectured that for any n € N*
LG™(Lsto, tg") = Ap(to)".

This was proved by the author when n = 2,3 by studying the link between the R-matrix
representations of braid groups that give birth to the Links-Gould invariants and the Burau
representations of B, [16]. More recently, Bertrand Patureau-Mirand and the author
proved the statement for any n by showing the —1 specialization of quantum supergroup
Uq(gl(n|1)) shares properties with super Hopf algebra U,(gl(1]1)) [17]. Though we lack
computations for LG™™ when (m,n) # (1,1), (2, 1), the previous evaluations extend those
we have for LG*! so a potential homological interpretation for LG*' should extend to
LG™! as well.

Question 2.24. Set L a link in S® and n > 3. Do we have, as it seems to be the case
whenn =2 :

o I: span(LG™(L;to,t1)) < n(2g(L) + pu — 1),

o I1: If L is alternating, then inequality 1 is an equality ?

Remark 2.25. For example, the equality holds for all prime knots with less than 10 crossings
when n = 3.

Remark 2.26. As a consequence, one could ask, as n tends to infinity, if
span(LG™! (L to, t1)) ~ n(29(L) +p—1) ?
oo

However this cannot be true. Indeed, there are pairs of mutant knots with different genera,
and neither of the LG™! detects mutation.

3. THE LINKS-GOULD POLYNOMIAL AND FIBEREDNESS

In addition to genus information, the Links-Gould polynomial seems to contain signs
of whether a knot is fibered or not. This is another well known feature of the Alexander
invariant. Conjecture 0.4, if it were to be true, would refine the standard Alexander
polynomial criterion. This is the object of this section.

Definition 3.1. A knot K in S is said to be fibered if the two following conditions hold :

1: the complement of the knot is the total space of a locally trivial bundle over the
base space S!, i.e. there exists a map p : S%\ K — S! which is a locally trivial
bundle.

2: there exists V(K) a neighborhood of K and there exists a trivializing homeomor-
phism 6 : V(K) — S' x D? such that 7o 6(X) = p(X) for any X € V(K) \ K,
where 7(z,y) := ﬁ

Let us recall well-known properties of the Alexander polynomial of a fibered knot. The
Alexander polynomial of a fibered knot is monic |22, 24, 28]. This means the coefficient of
the highest degree term of the standard Alexander normalization of the polynomial is 1.
For the Conway normalization, it means the leading coefficient is 1. The converse is not
true in general. However, the condition is sufficient for prime knots with up to 10 crossings
and alternating knots |21]. Also note that for fibered knots, the degree of the Alexander

15



polynomial is exactly twice the genus of the knot, that is the genus of the corresponding
fibre surface [24]. This last property yields the following.

Proposition 3.2. Set K a fibered knot. If Conjecture 0.3 is true, then
span(LG(IK 1o, 11)) = dg(K).

Proof. To have such a result we can more generally consider a set of links F such that, for
any L € E, deg(AL(t)) = 29(L) + ¢ — 1. This is the case here, and it was also the case in
Proposition 1.13 where it is proved completely. CQFD

We can express the Links-Gould polynomial with different sets of variables : (to,¢1) as
we did up to now, but also (p,q) where
_a b a b
paqb =1, 4+2tf+2.
These are the variables used in the LINKS-GOULD EXPLORER as well as in de Wit’s
papers on the subject. He sometimes uses P = p?. In variables (p,q) the LG polynomial
of a link L can be written

LG(L;ip.q) = a0+ Y Pu(q)(p™ +p~ )
keN*

where ag € Z and Py(q) € Z[g™!]. Note that if Py(q) # 0 and Py(q) = 0 for any k > I,
then span(LG(L;p,q)) = 2.

Definition 3.3. Set K a knot. We say LG(K) is monic when the term in LG(K) of
highest and lowest degrees can be written ¢*™(p* +p~4) with [ € N and m € Z. In terms
of variables (tg,t1), this condition is expressed by saying the terms of highest and lowest
degrees are monic monomials of the form t8‘t’f with o + 8 even.

Proposition 3.4. Set K a knot. If LG(K;to,t1) is monic, then Ak (t) is monic as well.
Proof. Consequence of LG(K;t,—t71) = Ak (t?). CQFD

Remark 3.5. Point Iin Conjecture 0.4 implies point I1. This is a consequence of Proposition
3.4 and of the fact that when the Alexander polynomial is monic for an alternating knot,
the knot is fibered.

Remark 3.6. Given Proposition 3.4, criterion 0.4 would be an improvement of the criterion
provided by the Alexander invariant. In addition, we will see in the following that there
are examples of knots where A is monic but LG is not.

Proposition 3.7.

1 : Conjecture 0.4 holds for every prime knot up to 12 crossings. In particular, for
all alternating knots tested, fiberedness and having monic LG are equivalent.

2 : For a prime knot K with at most 11 crossings, K is fibered if and only if LG(K)
18 Mmonic.

By work of Friedl and Kim [9], there are 13 non-fibered 12-crossing prime knots which
have monic Alexander polynomials such that deg(Ak(t)) = 2g(K) : 128, 125, 12%,,
1200, 1200 1280, 1280, 120 120, 128 1200 128 128.. Among these, LG manages
to "detect" non-fiberedness of some, but not all.

Proposition 3.8. The following knots have monic LG : 120 120 1200 120% 12,
128, 1228 -, So there are knots that are non-fibered but that have monic LG.

Proposition 3.9. The following knots have non-monic LG : 12, 1257, 125, 128
128 128, So A sometimes is monic when LG is not.

Verifications were done using de Wit’s LINKS-GOULD EXPLORER |[8] and Cha and
Livingston’s KNOTINFO |2].
16
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Ficure 10. K(2,3,-3).

4. APPENDIX : PROOF OF THE HARDER CASE IN THEOREM 2.23

Here we prove the remaining case of Theorem 2.23. Consider pretzel knot K (p, ¢, r) when
p is positive and even, ¢ is positive and odd, r is negative and odd, and (¢,r) # (1,—1).
We want to show that

span(LG(K(p,q,7))) < 49 =2q —2r — 4.

We first consider r = —1. Then 4g = 2g — 2. In that precise configuration, using skein
relation 2 of 2.12 on the p/2 full twists and skein relation 1 of the same corollary on the ¢
half twists, you find a sum of terms, each of which has a span smaller than 2q — 2.

In general, the computation is not that easy. We show knot K (2,3, —3) in Figure 10 to
fix the orientation chosen here. Let us introduce some notations :

_ (=" to 7
z(n) = (to +1)(t1 + 1) + (to + 1)(to — t1) + (t1 +1)(t1 — to)’
(n) = (=1)"(to + t1) to(t —1) ty(to — 1)
Y o+ Dt + 1) " (to+ Dto—t1) (b1 + 1)t —to)
S o S /S

(to+1)(t1+1) (to+1o—t) (t1+1)(t—to)
We transform the —r half twists in K(p, ¢, r) using skein relation 1 of 2.12.
LG(K(p.q,7)) = =(—r)(tg ', 17 ) LG(K (p, ¢, —2))
—y(=r)(tg 17 LG (K (p, g, 1))
+2(=r)(ty ", 17 ) LG (K (p, . 0)).
The span of LG (K (p, q, —1)) is 2¢—2 with the previous case. Also span(y(—r)(t;*, ;")) =
—2r — 4. So the second term of the sum above has span 2¢ — 2r — 6 and we need only to

consider the first and third terms in the rest of the proof.
Also, using skein relation 1 of Proposition 2.7,

z(=r)(ty 't LG(K (p,g, —2)) = 2(=r)(t, 6 (kg T + 6 = DLG(K (p, ¢, 1))
+a(=r)ty eyt + 7t =ty LG (K (p, ¢,0))
—az(—r)(ty Dt T LG(K (p, ¢, 1)).
17



Again, the first term of this sum has span (—2r —4) + 2 + (2¢ — 2) = 2q — 2r — 4 so we
can ignore it as well and we are interested in the following sum :

<:c(—r)(tgl, (gt =gt () (g t;1)> LG(K(p,q,0))

- <x<—r><ta%tfl)taltf)LG(K(p,q, ).

However, span(z(—r)(t;, 7)) = —2r—6 and span(z(—r)(ty ' 7 ) (o +t =t 1)) =
(—2r —4) +2 = —2r — 2. So we can reduce our concerns to

(za(—r)(to% Y - t01t11>>LG<K<p, 2.0))

- (x<—r><tal,t;1>talt;1)LG(K(p, 1)),

Using the usual skein relations on LG (K (p, q,0), we get the following value modulo terms
with a small span :

—1,—1yp/2
L6 (.0 =( A (- 65" - - )ttt =1 - 1on) )

N <2(t51 N 1)> <P - WW—l)x(q)( (o 1)t — 1)).

tottt —1 2 ottt —1

The two pieces of the sum have span 2¢q. Similarily, ignoring non extremal span terms :

LG(K(p,q,1) =

~1=1yp/2 _
<(tot_t11t_)1_211x((1)(t0 +t1 — 1)(7561 + tl—l -2 taltl—l)( — (to — 1)(t1 — 1))>
0 U

L (2 = DE =D (p (PR -
1 2 ol 1
0 “1 0 "1
18
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So the quantity we are interested in is

—ly=1\p/2 _
%)1_11( —(tg" =Dt = 1))z(g)(to + 1)
0 "1

2t — D(t ' - 1) (p (tg 'ty P2 — 1)
+ e 5= —— )a(a)(to + )
ottt —1 2 tott -1
RN (e s G
+alontey - |
0 "1

20t =Dt - 1) (p (to 't ")P? — 1) ]
o0 g+ Do+t

taltfl 1 9 taltfl 1 (q )( 0 1)

o (tg )2 — 1
tottt —1

Q(tal — 1)(t1_1 — 1) <p _ (tO_ltl_l)p/2 — 1).%'((])

| 2 |

ST TN RIS P P |
e(n) () i >[

z(q)(to + t1)(tg " + 7 ) (to + 1)

+
= (=) (tg " t1 ) (to + 1) [(vﬁo1 +t7h) z(q)

+ (g + 1Y)

Lt =
tott -1
2tg — 1" 1) (p () - 1)x(q N 1)}
ottt —1 2 |
1, to it P2 -1
= a(on)ig* )+ ) ol L
toltrt -1

L2t =D =) (o (gt -
et -1 2 ot -1
0 “1 0 “1

2(q)(to + 1) (tg "+t ) (=t ')

+ (=t h)

(to + 7% =ty (toty ' + tatg 1)

) (kg + 7 Da(e) — o'ty (g + 1))].

But t52 4+ t72 — ty't; tot; T + tityt) = 0. So to show the two terms of highest and
lowest degree disappear in that polynomial we show that modulo lower degree terms,
a=(tg' +t7Ha(q) —ty 1t (g + 1) = 0. Let’s look at x(g) first of all :

td — t] + other terms
x(q) = = M + m + other terms,
= G+ D0+ 10— 1)
where M is the term of highest degree in z(q), and m the one of smallest degree. That
way

td — t{ + other terms = (to + 1)(t1 + 1)(to — t1)(M + m + other terms).
And identifying the highest and lowest degree terms on each side we find
M =11 and m = 92
Finally, modulo lower degree terms,
o=t + ) 1) — g )

S T T T e L e T i
=0.

In conclusion,

span(LG(K (p,q,1))) < (2q — 2 —2) —2=2q — 2 — 4 = 4<q_2_2>
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