
Additional file 5. The case of markers in Linkage disequilibrium 

Principles 

 

The objective is to derive E[𝑥𝑐𝑙𝑥𝑐𝑚𝑋𝑖𝑙𝑋𝑖𝑚] in the situation of LD. As in Supplementary Material 1,  

we use 𝑋𝑖𝑚 = 𝑔𝑖𝑚𝑓 + 𝑔𝑖𝑚𝑑 where 𝑔𝑖𝑚𝑓 and 𝑔𝑖𝑚𝑑 are the “values” of the alleles transmitted to 

individual 𝑖 by its father and its dam, with 𝑔𝑖𝑚𝑓 and 𝑔𝑖𝑚𝑑 = (0 𝑜𝑟 1) − 𝑝𝑚. Equivalent terms are 

defined for 𝑥𝑐𝑙 , 𝑥𝑐𝑚  and 𝑋𝑖𝑙. 

E[𝑥𝑐𝑙𝑥𝑐𝑚𝑋𝑖𝑙𝑋𝑖𝑚] = ∑ ∑ ∑ ∑ E[𝑔𝑐𝑙𝑠𝑔𝑐𝑚𝑡𝑔𝑖𝑙𝑢𝑔𝑖𝑚𝑣]

𝑣∈{𝑓,𝑑}𝑢∈{𝑓,𝑑}𝑡∈{𝑓,𝑑}𝑠∈{𝑓,𝑑}

 

 The random variable 𝑀𝑐𝑙𝑠 is the allele individual 𝑐 received from 𝑠 at locus 𝑙.  𝑀𝑐𝑚𝑡, 𝑀𝑖𝑙𝑢 and 𝑀𝑖𝑚𝑣 

are defined similarly.  More generally, 𝑀𝛼𝑙𝑓 and are the locus 𝑙 allele individual 𝛼 received from its 

father and 𝑀𝛼𝑙𝑑 , from its dam. 

Four types of 𝑔 = (𝑔𝑐𝑙𝑠, 𝑔𝑐𝑚𝑡 , 𝑔𝑖𝑙𝑢,𝑔𝑖𝑚𝑣) vectors are encountered 

𝒯𝑠=𝑡
𝑢=𝑣 ∶  𝑠 = 𝑡 𝑎𝑛𝑑  𝑢 = 𝑣 

𝒯𝑠=𝑡
𝑢≠𝑣 ∶ 𝑠 = 𝑡 𝑎𝑛𝑑  𝑢 ≠ 𝑣 

𝒯𝑠≠𝑡
𝑢=𝑣 ∶ 𝑠 ≠ 𝑡 𝑎𝑛𝑑  𝑢 = 𝑣 

𝒯𝑠≠𝑡
𝑢≠𝑣 ∶ 𝑠 ≠ 𝑡 𝑎𝑛𝑑  𝑢 ≠ 𝑣 

As each of the indices 𝑠, 𝑡, 𝑢, 𝑣 may be 𝑓or 𝑑, a total of 16 different 𝑔 vectors are possible. 

In type 1, both alleles (belonging to locus 𝑚 𝑎𝑛𝑑 𝑙) of each couple of locus (one for 𝑐 and one for 𝑖) 

are on the same chromosome (may be from the two fathers, the two dams, 𝑐‘s father and 𝑖’s dam or 

𝑖‘s father and c’s dam). 

In type 2, both alleles (belonging to locus 𝑚 𝑎𝑛𝑑 𝑙) of the candidate 𝑐 are on the same chromosome, 

while alleles of the reference 𝑖 are not on the same chromosome. 

Type 3 is the reverse from type 2. 

In type 4, alleles of locus 𝑚 𝑎𝑛𝑑 𝑙 of both individuals 𝑐 and 𝑖 are on different chromosomes. 

For each of these situations, we consider the IBD status between alleles at locus 𝑚 on chromosomes 

𝑐𝑡 and 𝑖𝑣, and at locus 𝑙 on chromosomes 𝑐𝑠 and 𝑖𝑢.  

We may have 

𝒮𝑚𝑙 = { 𝑀𝑐𝑚𝑡 ≡ 𝑀𝑖𝑚𝑣   𝑎𝑛𝑑  𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢} with a probability 𝜑𝑚𝑙
𝑠𝑡𝑢𝑣 

𝒮𝑚𝑙 = { 𝑀𝑐𝑚𝑡 ≡ 𝑀𝑖𝑚𝑣   𝑎𝑛𝑑  𝑀𝑐𝑙𝑠 ≢ 𝑀𝑖𝑙𝑢} with a probability 𝜑𝑚𝑙
𝑠𝑡𝑢𝑣 

𝒮𝑚𝑙 = { 𝑀𝑐𝑚𝑡 ≢ 𝑀𝑖𝑚𝑣   𝑎𝑛𝑑  𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢} with a probability 𝜑𝑚𝑙
𝑠𝑡𝑢𝑣 

𝒮𝑚𝑙 = { 𝑀𝑐𝑚𝑡 ≢ 𝑀𝑖𝑚𝑣   𝑎𝑛𝑑  𝑀𝑐𝑙𝑠 ≢ 𝑀𝑖𝑙𝑢} with a probability 𝜑𝑚𝑙
𝑠𝑡𝑢𝑣 



The computation of the probability 𝜑𝑘
𝑠𝑡𝑢𝑣 depends on the type of 𝑔 -vector. 

E[𝑔𝑐𝑙𝑠𝑔𝑐𝑚𝑡𝑔𝑖𝑙𝑢𝑔𝑖𝑚𝑣] = ∑ 𝜑𝑘
𝑠𝑡𝑢𝑣E[𝑔𝑐𝑙𝑠𝑔𝑐𝑚𝑡𝑔𝑖𝑙𝑢𝑔𝑖𝑚𝑣|𝒮𝑘]

𝑘∈{𝑚𝑙,𝑚𝑙,𝑚𝑙,𝑚𝑙}

 

Expectations 𝐄[𝒈𝒄𝒍𝒔𝒈𝒄𝒎𝒕𝒈𝒊𝒍𝒖𝒈𝒊𝒎𝒗|𝓢𝒌] 

Let 𝑝𝐴𝐴 = (1 − 𝑝𝑚)(1 − 𝑝𝑙) + ∆𝑙𝑚 ;  𝑝𝐴𝐵 = (1 − 𝑝𝑚)𝑝𝑙 − ∆𝑙𝑚 ;  𝑝𝐵𝐴 = 𝑝𝑚(1 − 𝑝𝑙) − ∆𝑙𝑚 and 

𝑝𝐵𝐵 = 𝑝𝑚𝑝𝑙 + ∆𝑙𝑚 .  Under 𝒮𝑚𝑙, only 4 genotypes vectors are possible : 

    prob[𝑔𝑐𝑙𝑠𝑔𝑐𝑚𝑡𝑔𝑖𝑙𝑢𝑔𝑖𝑚𝑣|𝒮𝑚𝑙]  
𝑀𝑐𝑙𝑠 𝑀𝑐𝑚𝑡 𝑀𝑖𝑙𝑢 𝑀𝑖𝑚𝑣 𝑠 = 𝑡 𝑎𝑛𝑑  𝑢 = 𝑣 𝑠 = 𝑡 𝑎𝑛𝑑  𝑢 ≠ 𝑣 𝑠 ≠ 𝑡 𝑎𝑛𝑑  𝑢 = 𝑣 𝑠 ≠ 𝑡 𝑎𝑛𝑑  𝑢 ≠ 𝑣 𝑔𝑐𝑙𝑠𝑔𝑐𝑚𝑡𝑔𝑖𝑙𝑢𝑔𝑖𝑚𝑣 
𝐴𝑙  𝐴𝑚 𝐴𝑙  𝐴𝑚 𝑝𝐴𝐴 𝑝𝐴𝐴 𝑝𝐴𝐴 (1 − 𝑝𝑚)(1 − 𝑝𝑙) 𝑝𝑚

2 𝑝𝑙
2 

𝐴𝑙  𝐵𝑚 𝐴𝑙  𝐵𝑚 𝑝𝐵𝐴 𝑝𝐵𝐴 𝑝𝐵𝐴 𝑝𝑚(1 − 𝑝𝑙) 𝑝𝑙
2(1 − 𝑝𝑚)2 

𝐵𝑙 𝐴𝑚 𝐵𝑙 𝐴𝑚 𝑝𝐴𝐵  𝑝𝐴𝐵  𝑝𝐴𝐵  (1 − 𝑝𝑚)𝑝𝑙 𝑝𝑚
2 (1 − 𝑝𝑙)2 

𝐵𝑙 𝐵𝑚 𝐵𝑙 𝐵𝑚 𝑝𝐵𝐵 𝑝𝐵𝐵 𝑝𝐵𝐵 𝑝𝑚𝑝𝑙  (1 − 𝑝𝑙)2(1 − 𝑝𝑚)2 

 

The expectation follows: 

 E[𝑔𝑐𝑙𝑠𝑔𝑐𝑚𝑡𝑔𝑖𝑙𝑢𝑔𝑖𝑚𝑣|𝒮𝑚𝑙] 

𝑠 = 𝑡 𝑎𝑛𝑑  𝑢 = 𝑣 (1 − 𝑝𝑚)(1 − 𝑝𝑙)𝑝𝑚𝑝𝑙 + ∆𝑙𝑚(1 − 2𝑝𝑙)(1 − 2𝑝𝑚) 
𝑠 = 𝑡 𝑎𝑛𝑑  𝑢 ≠ 𝑣 (1 − 𝑝𝑚)(1 − 𝑝𝑙)𝑝𝑚𝑝𝑙 + ∆𝑙𝑚(1 − 2𝑝𝑙)(1 − 2𝑝𝑚) 
𝑠 ≠ 𝑡 𝑎𝑛𝑑  𝑢 = 𝑣 (1 − 𝑝𝑚)(1 − 𝑝𝑙)𝑝𝑚𝑝𝑙 + ∆𝑙𝑚(1 − 2𝑝𝑙)(1 − 2𝑝𝑚) 
𝑠 ≠ 𝑡 𝑎𝑛𝑑  𝑢 ≠ 𝑣 (1 − 𝑝𝑚)(1 − 𝑝𝑙)𝑝𝑚𝑝𝑙 

 

For other IBD status (𝒮𝑚𝑙, 𝒮𝑚𝑙, 𝒮𝑚𝑙), it must be noted that all expectations of the product 

𝑔𝑐𝑙𝑠𝑔𝑐𝑚𝑡𝑔𝑖𝑙𝑢𝑔𝑖𝑚𝑣 are null in  𝑔-types different from 𝒯𝑠=𝑡
𝑢=𝑣. For instance , given ℛ = {𝒮𝑚𝑙 ;  𝑠 =

𝑡 𝑎𝑛𝑑  𝑢 ≠ 𝑣},   E[𝑔𝑐𝑙𝑠𝑔𝑐𝑚𝑡𝑔𝑖𝑙𝑢𝑔𝑖𝑚𝑣|ℛ] = E[𝑔𝑐𝑙𝑠𝑔𝑐𝑚𝑡𝑔𝑖𝑙𝑢 × E[𝑔𝑖𝑚𝑣|ℛ, 𝑔𝑐𝑙𝑠, 𝑔𝑐𝑚𝑡, 𝑔𝑖𝑙𝑢]|ℛ]. 

But E[𝑔𝑖𝑚𝑣|ℛ, 𝑔𝑐𝑙𝑠, 𝑔𝑐𝑚𝑡, 𝑔𝑖𝑙𝑢] = E[𝑔𝑖𝑚𝑣] = 0 (the variable 𝑔𝑖𝑚𝑣 is independent on the other 𝑔 

under ℛ). 

 

Genotypes Genotypes probability for IBD status: Value of 
𝑔𝑐𝑙𝑠𝑔𝑐𝑚𝑡𝑔𝑖𝑙𝑢𝑔𝑖𝑚𝑣 𝑀𝑐𝑙𝑠  𝑀𝑐𝑚𝑡  𝑀𝑖𝑙𝑢 𝑀𝑖𝑚𝑣  𝒮𝑚𝑙 𝒮𝑚𝑙 𝒮𝑚𝑙 

𝐴𝑙 𝐴𝑚 𝐴𝑙 𝐴𝑚 𝑝𝐴𝐴
2 [1 − 𝑝𝑚]⁄  𝑝𝐴𝐴

2 [1 − 𝑝𝑙]⁄  𝑝𝐴𝐴
2 𝑝𝑚

2 𝑝𝑙
2 

𝐴𝑙 𝐴𝑚 𝐴𝑙 𝐵𝑚 0 𝑝𝐴𝐴𝑝𝐵𝐴 [1 − 𝑝𝑙]⁄  𝑝𝐴𝐴𝑝𝐵𝐴 −𝑝𝑙
2𝑝𝑚(1 − 𝑝𝑚) 

𝐴𝑙 𝐴𝑚 𝐵𝑙  𝐴𝑚 𝑝𝐴𝐴𝑝𝐴𝐵 [1 − 𝑝𝑚]⁄  0 𝑝𝐴𝐴𝑝𝐴𝐵  −𝑝𝑚
2 𝑝𝑙(1 − 𝑝𝑙) 

𝐴𝑙 𝐴𝑚 𝐵𝑙  𝐵𝑚 0 0 𝑝𝐴𝐴𝑝𝐵𝐵  𝑝𝑚(1 − 𝑝𝑚)𝑝𝑙(1 − 𝑝𝑙) 
𝐴𝑙 𝐵𝑚 𝐴𝑙 𝐴𝑚 0 𝑝𝐵𝐴𝑝𝐴𝐴 [1 − 𝑝𝑙]⁄  𝑝𝐵𝐴𝑝𝐴𝐴 −𝑝𝑙

2𝑝𝑚(1 − 𝑝𝑚) 
𝐴𝑙 𝐵𝑚 𝐴𝑙 𝐵𝑚 𝑝𝐵𝐴

2 𝑝𝑚⁄  𝑝𝐵𝐴
2 [1 − 𝑝𝑙]⁄  𝑝𝐵𝐴

2 𝑝𝑙
2(1 − 𝑝𝑚)2 

𝐴𝑙 𝐵𝑚 𝐵𝑙  𝐴𝑚 0 0 𝑝𝐵𝐴𝑝𝐴𝐵  𝑝𝑚(1 − 𝑝𝑚)𝑝𝑙(1 − 𝑝𝑙) 
𝐴𝑙 𝐵𝑚 𝐵𝑙  𝐵𝑚 𝑝𝐵𝐴𝑝𝐵𝐵/𝑝𝑚 0 𝑝𝐵𝐴𝑝𝐵𝐵  −(1 − 𝑝𝑚)2𝑝𝑙(1 − 𝑝𝑙) 
𝐵𝑙  𝐴𝑚 𝐴𝑙 𝐴𝑚 𝑝𝐴𝐵𝑝𝐴𝐴 [1 − 𝑝𝑚]⁄  0 𝑝𝐴𝐵𝑝𝐴𝐴 −𝑝𝑚

2 𝑝𝑙(1 − 𝑝𝑙) 
𝐵𝑙  𝐴𝑚 𝐴𝑙 𝐵𝑚 0 0 𝑝𝐴𝐵𝑝𝐵𝐴 𝑝𝑚(1 − 𝑝𝑚)𝑝𝑙(1 − 𝑝𝑙) 
𝐵𝑙  𝐴𝑚 𝐵𝑙  𝐴𝑚 𝑝𝐴𝐵

2 [1 − 𝑝𝑚]⁄  𝑝𝐴𝐵
2 𝑝𝑙⁄  𝑝𝐴𝐵

2 𝑝𝑚
2 (1 − 𝑝𝑙)2 

𝐵𝑙  𝐴𝑚 𝐵𝑙  𝐵𝑚 0 𝑝𝐴𝐵𝑝𝐵𝐵 𝑝𝑙⁄  𝑝𝐴𝐵𝑝𝐵𝐵  −(1 − 𝑝𝑙)2𝑝𝑚(1 − 𝑝𝑚) 
𝐵𝑙  𝐵𝑚 𝐴𝑙 𝐴𝑚 0 0 𝑝𝐵𝐵𝑝𝐴𝐴 𝑝𝑚(1 − 𝑝𝑚)𝑝𝑙(1 − 𝑝𝑙) 
𝐵𝑙  𝐵𝑚 𝐴𝑙 𝐵𝑚 𝑝𝐵𝐵𝑝𝐵𝐴 𝑝𝑚⁄  0 𝑝𝐵𝐵𝑝𝐵𝐴 −(1 − 𝑝𝑚)2𝑝𝑙(1 − 𝑝𝑙) 
𝐵𝑙  𝐵𝑚 𝐵𝑙  𝐴𝑚 0 𝑝𝐵𝐵𝑝𝐴𝐵 𝑝𝑙⁄  𝑝𝐵𝐵𝑝𝐴𝐵  −(1 − 𝑝𝑙)2𝑝𝑚(1 − 𝑝𝑚) 
𝐵𝑙  𝐵𝑚 𝐵𝑙  𝐵𝑚 𝑝𝐵𝐵

2 𝑝𝑚⁄  𝑝𝐵𝐵
2 𝑝𝑙⁄  𝑝𝐵𝐵

2 (1 − 𝑝𝑙)2(1 − 𝑝𝑚)2 
 



 E[𝑔𝑐𝑙𝑠𝑔𝑐𝑚𝑡𝑔𝑖𝑙𝑢𝑔𝑖𝑚𝑣|𝑠 = 𝑡 𝑎𝑛𝑑  𝑢 = 𝑣] 

𝒮𝑚𝑙 ∆𝑙𝑚
2 × [𝑝𝑚

3 + (1 − 𝑝𝑚)3] [𝑝𝑚(1 − 𝑝𝑚]⁄  

𝒮𝑚𝑙 ∆𝑙𝑚
2 × [𝑝𝑙

3 + (1 − 𝑝𝑙)3] [𝑝𝑙(1 − 𝑝𝑙]⁄  

𝒮𝑚𝑙 ∆𝑙𝑚
2 × (1 − 2𝑝𝑚)(1 − 2𝑝𝑙) 

 

Assembling all elements we get 

E[𝑥𝑐𝑙𝑥𝑐𝑚𝑋𝑖𝑙𝑋𝑖𝑚] = [(1 − 𝑝𝑚)(1 − 𝑝𝑙)𝑝𝑚𝑝𝑙 + ∆𝑙𝑚(1 − 2𝑝𝑙)(1 − 2𝑝𝑚)][(∑ ∑ ∑ ∑ 𝜑𝑚𝑙
𝑠𝑡𝑢𝑣

𝑣∈{𝑓,𝑑}𝑢∈{𝑓,𝑑}𝑡∈{𝑓,𝑑}𝑠∈{𝑓,𝑑} ) −

(𝜑𝑚𝑙
𝑓𝑑𝑓𝑑

+ 𝜑𝑚𝑙
𝑓𝑑𝑑𝑓

+ 𝜑𝑚𝑙
𝑑𝑓𝑓𝑑

+ 𝜑𝑚𝑙
𝑑𝑓𝑑𝑓

)] +

∆𝑙𝑚
2 ∑ ∑ [𝜑𝑚𝑙

𝑠𝑠𝑢𝑢 × [𝑝𝑚
3 + (1 − 𝑝𝑚)3] [𝑝𝑚(1 − 𝑝𝑚] + 𝜑𝑚𝑙

𝑠𝑠𝑢𝑢 × [𝑝𝑙
3 + (1 − 𝑝𝑙)3] [𝑝𝑙(1 − 𝑝𝑙]⁄⁄ + 𝜑𝑚𝑙

𝑠𝑠𝑢𝑢 ×𝑢∈{𝑓,𝑑}𝑠∈{𝑓,𝑑}

(1 − 2𝑝𝑚)(1 − 2𝑝𝑙)]  

  

Probabilities of IBD status 𝓢𝒌 

We are interested in genes at loci 𝑙 and 𝑚 individuals 𝑖 and 𝑐 received from specific parents denoted 

by  𝑠 and 𝑢  or 𝑡 and 𝑣.  

The probability 𝑝( 𝑀𝑐𝑚𝑡 ≡ 𝑀𝑖𝑚𝑣) = 𝜑𝑚
𝑡𝑣  (resp. 𝑝( 𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢) = 𝜑𝑙

𝑠𝑢) equals the coancestry 

coefficient between 𝑡 and 𝑣  (resp. 𝑠 and 𝑢 ). It is estimated the usual way. 

We only need to develop 𝜑𝑚𝑙
𝑠𝑡𝑢𝑣 = 𝑝(𝒮𝑚𝑙) = 𝑝( 𝑀𝑐𝑚𝑡 ≡ 𝑀𝑖𝑚𝑣   𝑎𝑛𝑑  𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢). Indeed, the other 

terms are given by:  

𝜑𝑚𝑙
𝑠𝑡𝑢𝑣 = 𝑝( 𝑀𝑐𝑚𝑡 ≡ 𝑀𝑖𝑚𝑣) − 𝑝( 𝑀𝑐𝑚𝑡 ≡ 𝑀𝑖𝑚𝑣   𝑎𝑛𝑑  𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢) = 𝜑𝑚

𝑡𝑣 −  𝜑𝑚𝑙
𝑠𝑡𝑢𝑣   

𝜑𝑚𝑙
𝑠𝑡𝑢𝑣 = 𝑝( 𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢) − 𝑝( 𝑀𝑐𝑚𝑡 ≡ 𝑀𝑖𝑚𝑣   𝑎𝑛𝑑  𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢) = 𝜑𝑙

𝑠𝑢 −  𝜑𝑚𝑙
𝑠𝑡𝑢𝑣  

𝜑𝑚𝑙
𝑠𝑡𝑢𝑣 = 1 − (𝜑𝑚𝑙

𝑠𝑡𝑢𝑣 + 𝜑𝑚𝑙
𝑠𝑡𝑢𝑣 + 𝜑𝑚𝑙

𝑠𝑡𝑢𝑣) = 1 − (𝜑𝑚
𝑡𝑣 + 𝜑𝑙

𝑠𝑢) +  𝜑𝑚𝑙
𝑠𝑡𝑢𝑣  

We first examine the situation of a single locus (say 𝑙). Given the pedigree, different genealogical 

chains linking 𝑐 and 𝑖 are often possible. They will be indexed  𝑝𝑙 = 1 ⋯ 𝑁𝑙𝑝 (and 𝑝𝑚 =

1 ⋯ 𝑁𝑚𝑝when considering the 𝑚 locus). A chain is characterized by a shared ancestor 𝑎𝑝𝑙  and 

consists of two subchains (𝑝𝑙𝑐 and 𝑝𝑙𝑖)  linking  𝑎𝑝𝑙  to 𝑐 and to 𝑖 . In graph theory, these subchains 

are made of edges with nodes (the individuals) linked by arcs (characterizing transmission events). 

Subchain 𝑝𝑙𝑐 (resp. 𝑝𝑙𝑖) comprises one and only one parent of 𝑐 (resp. 𝑖). The ancestor may be 𝑐 or 𝑖 

themselves, in which case the chain is extended to one parent on this ancestor.  The lengths 

(numbers of generations) of the 𝑝𝑙𝑐 and 𝑝𝑙𝑖  subchains will be noted 𝑛𝑎𝑝𝑙𝑐 and  𝑛𝑎𝑝𝑙𝑖. We will note 

𝛼 = {𝛼1, 𝛼2 ⋯ 𝛼𝑛𝑎𝑝𝑙𝑐−1
}  and 𝛽 = {𝛽1, 𝛽2 ⋯ 𝛽𝑛𝑎𝑝𝑙𝑖−1

} the lists of intermediate individuals belonging 

to 𝑝𝑙𝑐 = {𝑐, 𝛼, 𝑎𝑝𝑙} and 𝑝𝑙𝑖 = {𝑖, 𝛽, 𝑎𝑝𝑙}. We are interested in the ancestor allele 𝑀𝑎𝑝𝑙𝑙𝑤𝑙  shared by 

individuals  𝑐 and to 𝑖 . Genders (𝑓or 𝑑) of individual 𝜔 will be noted 𝒢(𝜔). 

The IBD status 𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢 occurs if the allele at locus 𝑙 carried by chromosomes transmitted by 𝑠 to 

𝑐 and transmitted by 𝑢 to 𝑖 both come from the same ancestor allele carried by 𝑎𝑝𝑙  : 𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢 if  

{
𝑠 = 𝒢(𝛼1) and 𝑢 = 𝒢(𝛽1)                                                                                                                                                 

𝑀𝑐𝑙𝑠 ≡ 𝑀𝛼1𝑙𝒢(𝛼2) ≡ 𝑀𝛼2𝑙𝒢(𝛼3) ⋯ ≡ 𝑀𝑎𝑝𝑙𝑤 and 𝑀𝑖𝑙𝑢 ≡ 𝑀𝛽1𝑙𝒢(𝛽2) ≡ 𝑀𝛽2𝑙𝒢(𝛽3) ⋯ ≡ 𝑀𝑎𝑝𝑙𝑙𝑤𝑙  with 𝑤𝑙 = 𝑓 or 𝑑   



In other words the 𝑀𝑎𝑝𝑙𝑙𝑤𝑙 allele was transmitted : 

 along the 𝑝𝑙𝑐 subchain to 𝑐 via 𝑠 (event ℐ𝑝𝑙𝑐,𝑤𝑙
𝑙 = {𝑀𝑐𝑙𝑠 ≡ 𝑀𝛼1𝑙𝒢(𝛼2) ≡ 𝑀𝛼2𝑙𝒢(𝛼3) ⋯ ≡ 𝑀𝑎𝑝𝑙𝑤 } 

and  

 along the 𝑝𝑙𝑖  subchain to 𝑖 via 𝑢 (event ℐ𝑝𝑙𝑖,𝑤𝑙
𝑙 = {𝑀𝑖𝑙𝑢 ≡ 𝑀𝛽1𝑙𝒢(𝛽2) ≡ 𝑀𝛽2𝑙𝒢(𝛽3) ⋯ ≡ 𝑀𝑎𝑝𝑙𝑙𝑤𝑙 } 

 

𝑝𝑟𝑜𝑏(ℐ𝑝𝑙𝑐,𝑤𝑙
𝑙 ) = 𝑝𝑟𝑜𝑏(𝑀𝑐𝑙𝑠 ≡ 𝑀𝛼1𝑙𝒢(𝛼2) )𝑝𝑟𝑜𝑏(𝑀𝛼1𝑙𝒢(𝛼2) ≡ 𝑀𝛼2𝑙𝒢(𝛼3) |𝑀𝑐𝑙𝑠 ≡ 𝑀𝛼1𝑙𝒢(𝛼2) ) ⋯ 

Transmissions events between generations being independent, for a single locus (𝑙 in the current 

example), 𝑝𝑟𝑜𝑏(ℐ𝑝𝑙𝑐,𝑤𝑙
𝑙 ) = 1

2

𝑛𝑎𝑝𝑙𝑐   and 𝑝𝑟𝑜𝑏(ℐ𝑝𝑙𝑖,𝑤𝑙
𝑙 ) = 1

2

𝑛𝑎𝑝𝑙𝑖. 

It must be noted that 𝑝𝑙𝑐 and 𝑝𝑙𝑖  may share edges. In these situations 𝑝𝑟𝑜𝑏(ℐ𝑝𝑙𝑐,𝑤𝑙
𝑙 ∩ ℐ𝑝𝑙𝑖,𝑤𝑙

𝑙 ) =

𝑝𝑟𝑜𝑏(ℐ𝑝𝑙𝑐,𝑤𝑙
𝑙 )𝑝𝑟𝑜𝑏(ℐ𝑝𝑙𝑖,𝑤𝑙

𝑙 |ℐ𝑝𝑙𝑐,𝑤𝑙
𝑙 )  ≠ 𝑝𝑟𝑜𝑏(ℐ𝑝𝑙𝑐,𝑤𝑙

𝑙 )𝑝𝑟𝑜𝑏(ℐ𝑝𝑙𝑖,𝑤𝑙
𝑙 ): If 𝑛𝑠 edges belong to both 𝑝𝑙𝑐 and 

𝑝𝑙𝑖, 𝑝𝑟𝑜𝑏(ℐ𝑝𝑙𝑖,𝑤𝑙
𝑙 |ℐ𝑝𝑙𝑐,𝑤𝑙

𝑙 ) = 1

2

𝑛𝑎𝑝𝑙𝑖−𝑛𝑠. Thus 𝑝(𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢|𝑝𝑙, 𝑤𝑙) = 1

2

𝑛𝑎𝑝𝑙𝑐+𝑛𝑎𝑝𝑙𝑖−𝑛𝑠  

As there is two possible ancestral alleles (𝑀𝑎𝑝𝑙𝑙𝑤𝑙  with 𝑤𝑙 = 𝑓 or 𝑑) shared by chromosomes 

transmitted by 𝑠 to 𝑐 and transmitted by 𝑢 to 𝑖, we finally get the classical 𝑝(𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢|𝑝𝑙) =
1

2

𝑛𝑎𝑝𝑙𝑐+𝑛𝑎𝑝𝑙𝑖−1−𝑛𝑠. IBD status 𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢 due to the transmission by the different possible chains 

being exclusive, the unconditional probability is 𝑝(𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢) = ∑ 1

2

𝑛𝑎𝑝𝑙𝑐+𝑛𝑎𝑝𝑙𝑖−1−𝑛𝑠
𝑝𝑙  

When considering both loci 𝑙 and 𝑚 simultaneously, all possible pairs (𝑝𝑙, 𝑝𝑚) of genealogical chains 

and parental origins of ancestor alleles linking 𝑐 and 𝑖 must be examined.  

 𝜑𝑚𝑙
𝑠𝑡𝑢𝑣 = 𝑝( 𝑀𝑐𝑚𝑡 ≡ 𝑀𝑖𝑚𝑣 𝑎𝑛𝑑 𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢) = ∑ ∑ 𝑝( 𝑀𝑐𝑚𝑡 ≡ 𝑀𝑖𝑚𝑣 𝑎𝑛𝑑 𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢|𝑝𝑙, 𝑤𝑙, 𝑝𝑚, 𝑤𝑚)

𝑝𝑚,𝑤𝑚𝑝𝑙,𝑤𝑙

 

 𝜑𝑚𝑙
𝑠𝑡𝑢𝑣 = ∑ ∑ 𝑝( 𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢|𝑝𝑙, 𝑤𝑙)𝑝( 𝑀𝑐𝑚𝑡 ≡ 𝑀𝑖𝑚𝑣| 𝑀

𝑐𝑙𝑠
≡ 𝑀𝑖𝑙𝑢, 𝑝𝑙, 𝑤𝑙, 𝑝𝑚, 𝑤𝑚)

𝑝𝑚,𝑤𝑚𝑝𝑙,𝑤𝑙

 

Previous definitions are extended to 𝑝𝑚 chain:  to  𝑝𝑚  corresponds ancestor 𝑎𝑝𝑚, vectors 𝛾 and 𝛿 

are counterparts of 𝛼 and 𝛽 and events ℐ𝑝𝑚𝑐,𝑤𝑚
𝑚  and ℐ𝑝𝑚𝑖,𝑤𝑚

𝑚  of events  ℐ𝑝𝑙𝑐,𝑤𝑙
𝑙 and ℐ𝑝𝑙𝑖,𝑤𝑙

𝑙 . We have 

 𝑀𝑐𝑚𝑡 ≡ 𝑀𝑖𝑚𝑣 if  

{
𝑡 = 𝒢(𝛾1) and 𝑣 = 𝒢(𝛿1)                                                                                                                                                                  

𝑀𝑐𝑚𝑡 ≡ 𝑀𝛾1𝑚𝒢(𝛾2) ≡ 𝑀𝛾2𝑚𝒢(𝛾3) ⋯ ≡ 𝑀𝑎𝑝𝑚𝑚𝑤 and 𝑀𝑖𝑚𝑣 ≡ 𝑀𝛿1𝑚𝒢(𝛿2) ≡ 𝑀𝛿2𝑚𝒢(𝛿3) ⋯ ≡ 𝑀𝑎𝑝𝑚𝑚𝑤  with 𝑤 = 𝑓 or 𝑑   

𝑝( 𝑀𝑐𝑚𝑡 ≡ 𝑀𝑖𝑚𝑣| 𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢 , 𝑝𝑙, 𝑤𝑙, 𝑝𝑚, 𝑤𝑚) = 𝑝 (ℐ𝑝𝑚𝑐,𝑤𝑚
𝑚 ∩ ℐ𝑝𝑚𝑖,𝑤𝑚

𝑚
|ℐ𝑝𝑙𝑐,𝑤𝑙

𝑙 ∩ ℐ𝑝𝑙𝑖,𝑤𝑙
𝑙

) 

The 𝑝𝑚 chain may be partially confounded with 𝑝𝑙 chain: an edge (𝛾𝑘 , 𝛾𝑘+1) from 𝑝𝑚 may or not be 

present in 𝑝𝑙. If not, 𝑝𝑟𝑜𝑏(𝑀𝛾𝑘𝑚𝒢(𝛾𝑘+1) ≡ 𝑀𝛾𝑘+1𝑚𝒢(𝛾𝑘+2) |ℐ𝑝𝑙𝑐,𝑤𝑙
𝑙 ∩ ℐ𝑝𝑙𝑖,𝑤𝑙

𝑙 ) = 1/2 . If (𝛾𝑘 , 𝛾𝑘+1) =

(𝛼ℎ , 𝛼ℎ+1) is both in 𝑝𝑚 and 𝑝𝑙, the probability simplifies to 

𝑝𝑟𝑜𝑏(𝑀𝛾𝑘𝑚𝒢(𝛾𝑘+1) ≡ 𝑀𝛾𝑘+1𝑚𝒢(𝛾𝑘+2) |𝑀𝛼ℎ𝑙𝒢(𝛼ℎ+1) ≡ 𝑀𝛼ℎ+1𝑙𝒢(𝛼ℎ+2) ). In this case, either 𝛾𝑘+2 =

𝛼ℎ+2 (alleles at locus 𝑙 and 𝑚 transmitted by 𝛾𝑘+1 = 𝛼ℎ+1 to 𝛾𝑘 = 𝛼ℎ were on the same grand 

parental chromosome), giving  

𝑝𝑟𝑜𝑏(𝑀𝛾𝑘𝑚𝒢(𝛾𝑘+1) ≡ 𝑀𝛾𝑘+1𝑚𝒢(𝛾𝑘+2) |𝑀𝛼ℎ𝑙𝒢(𝛼ℎ+1) ≡ 𝑀𝛼ℎ+1𝑙𝒢(𝛼ℎ+2) ) = 1 − 𝑟𝑚𝑙, or 𝛾𝑘+2 ≠ 𝛼ℎ+2, 

giving 𝑝𝑟𝑜𝑏(𝑀𝛾𝑘𝑚𝒢(𝛾𝑘+1) ≡ 𝑀𝛾𝑘+1𝑚𝒢(𝛾𝑘+2) |𝑀𝛼ℎ𝑙𝒢(𝛼ℎ+1) ≡ 𝑀𝛼ℎ+1𝑙𝒢(𝛼ℎ+2) ) = 𝑟𝑚𝑙. 



Computing  𝜑𝑚𝑙
𝑠𝑡𝑢𝑣, all types of 𝑔 = (𝑔𝑐𝑙𝑠, 𝑔𝑐𝑚𝑡, 𝑔𝑖𝑙𝑢,𝑔𝑖𝑚𝑣) vectors must be considered 

(𝒯𝑠=𝑡
𝑢=𝑣 , 𝒯𝑠=𝑡

𝑢≠𝑣 , 𝒯𝑠≠𝑡
𝑢=𝑣 , 𝒯𝑠≠𝑡

𝑢≠𝑣) for all combination of 𝑝𝑙 and 𝑝𝑚 chains.  

Examples 

A. 𝑖 and 𝑐 are unrelated 

In this case, probability 𝜑𝑚𝑙
𝑠𝑠𝑢𝑢 = 1 is the only non null, and the expectation turns to be: 

E[𝑥𝑐𝑙𝑥𝑐𝑚𝑋𝑖𝑙𝑋𝑖𝑚] = 4∆𝑙𝑚
2 (1 − 2𝑝𝑚)(1 − 2𝑝𝑙)  

 

B. 𝑖 is one of  𝑐′𝑠 parents  

Two chains are possible: 𝑝1 = 𝑎𝑝1
→ 𝑖 → 𝑐 and 𝑝2 = 𝑎𝑝2

→ 𝑖 → 𝑐 with 𝑎𝑝1
 and 𝑎𝑝2

 , parents of 𝑖 as 

ancestors. Here 𝑛𝑎𝑝1𝑐 = 2, 𝑛𝑎𝑝1𝑖 = 1, 𝑛𝑠 = 1. 

a. 𝑙 and 𝑚 genes on the same chromosome in 𝑐 and 𝑖 (𝒯𝑠=𝑡
𝑢=𝑣) 

Non null probabilities are 

𝑝( 𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢|𝑝𝑙, 𝑤𝑙) =  
1

4
   if  𝒢(𝑖) = 𝑠  and 𝒢(𝑎𝑝𝑙) = 𝑢 ;  ∀𝑤𝑙 = 𝑓  or 𝑑 and ∀𝑝𝑙 =  𝑝1 or 𝑝2 

𝑝( 𝑀𝑐𝑚𝑠 ≡ 𝑀𝑖𝑚𝑢|𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢 , 𝑝𝑙, 𝑤𝑙, 𝑝𝑚, 𝑤𝑚) = (1 − 𝑟𝑚𝑙)2      if  𝒢(𝑖) = 𝑠, 𝒢(𝑎𝑝𝑙) = 𝑢 ;  𝑝𝑙 = 𝑝𝑚, 𝑤𝑙 = 𝑤𝑚 

𝑝( 𝑀𝑐𝑚𝑠 ≡ 𝑀𝑖𝑚𝑢|𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢 , 𝑝𝑙, 𝑤𝑙, 𝑝𝑚, 𝑤𝑚) = 𝑟𝑚𝑙(1 − 𝑟𝑚𝑙)   if  𝒢(𝑖) = 𝑠, 𝒢(𝑎𝑝𝑙) = 𝑢 ;  𝑝𝑙 = 𝑝𝑚, 𝑤𝑙 ≠ 𝑤𝑚 

Finally,   𝜑𝑚𝑙
𝑠𝑠𝑢𝑢 = ∑

1

4
((1 − 𝑟𝑚𝑙)

2 + 𝑟𝑚𝑙(1 − 𝑟𝑚𝑙)) = ∑
1

4
(1 − 𝑟𝑚𝑙) =𝑝𝑙𝑝𝑙

1−𝑟𝑚𝑙

2
 

𝜑𝑚𝑙
𝑠𝑠𝑢𝑢 =

𝑟𝑚𝑙

2
 ; 𝜑𝑚𝑙

𝑠𝑠𝑢𝑢 = 
𝑟𝑚𝑙

2
 ;  𝜑𝑚𝑙

𝑠𝑠𝑢𝑢 =
1−𝑟𝑚𝑙

2
  

 

b. 𝑙 and 𝑚 genes on the same chromosome in 𝑐, on two chromosomes in 𝑖  (𝒯𝑠=𝑡
𝑢≠𝑣) 

𝑝( 𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢|𝑝𝑙, 𝑤𝑙) =  
1

4
   if  𝒢(𝑖) = 𝑠  and 𝒢(𝑎𝑝𝑙) = 𝑢 ;  ∀𝑤𝑙 = 𝑓  or 𝑑 and ∀𝑝𝑙 =  𝑝1 or 𝑝2 

𝑝( 𝑀𝑐𝑚𝑠 ≡ 𝑀𝑖𝑚𝑣|𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢 , 𝑝𝑙, 𝑤𝑙, 𝑝𝑚, 𝑤𝑚) = 𝑝 (𝑀𝑐𝑚𝑠 ≡ 𝑀𝑖𝑚𝒢(𝑎𝑝𝑚) |𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝒢(𝑎𝑝𝑙) ) 𝑝 (𝑀𝑖𝑚𝒢(𝑎𝑝𝑚) ≡

𝑀𝑎𝑝𝑚𝑚𝑤𝑚 ) =
1

2
𝑟𝑚𝑙        if  𝒢(𝑖) = 𝑠, 𝒢(𝑎𝑝𝑙) = 𝑢, 𝒢(𝑎𝑝𝑚) = 𝑣 ;  𝑝𝑙 ≠ 𝑝𝑚, 𝑤𝑙 ≠ 𝑤𝑚. Indeed, as 𝑢 ≠ 𝑣, (1) 

either 𝑝𝑙 =  𝑝1 and 𝑝𝑚 =  𝑝2, or 𝑝𝑙 =  𝑝2 and 𝑝𝑚 =  𝑝1  and (2) either 𝑤𝑙 =  𝑓 and 𝑤𝑚 =  𝑑, or 

𝑤𝑙 =  𝑑 and 𝑤𝑚 =  𝑓 

Finally,   𝜑𝑚𝑙
𝑠𝑠𝑢𝑣 = ∑

1

8
𝑟𝑚𝑙𝑝𝑙,𝑤𝑙 =

𝑟𝑚𝑙

2
 

𝜑𝑚𝑙
𝑠𝑠𝑢𝑣 =

1−𝑟𝑚𝑙

2
 ; 𝜑𝑚𝑙

𝑠𝑠𝑢𝑣 = 
1−𝑟𝑚𝑙

2
 ;  𝜑𝑚𝑙

𝑠𝑠𝑢𝑣 =
𝑟𝑚𝑙

2
  

c. 𝑙 and 𝑚 genes are on two chromosomes in 𝑐  (𝒯𝑠≠𝑡
𝑢=𝑣  𝑜𝑟 𝒯𝑠≠𝑡

𝑢≠𝑣) 

In these cases 𝑝( 𝑀𝑐𝑚𝑡 ≡ 𝑀𝑖𝑚𝑢|𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢 , 𝑝𝑙, 𝑤𝑙, 𝑝𝑚, 𝑤𝑚) = 0 since parent 𝑖 cannot be both 𝑐 sire and 

dam. 



 𝜑𝑚𝑙
𝑠𝑡𝑢𝑢 = 0 ; 𝜑𝑚𝑙

𝑠𝑡𝑢𝑢 =
1

2
 ; 𝜑𝑚𝑙

𝑠𝑡𝑢𝑢 = 
1

2
 ;  𝜑𝑚𝑙

𝑠𝑡𝑢𝑢 = 0  

 𝜑𝑚𝑙
𝑠𝑡𝑢𝑣 = 0 ; 𝜑𝑚𝑙

𝑠𝑡𝑢𝑣 =
1

2
 ; 𝜑𝑚𝑙

𝑠𝑡𝑢𝑣 = 
1

2
 ;  𝜑𝑚𝑙

𝑠𝑡𝑢𝑣 = 0  

 

Using these probabilities, the expectation turns to be: 

E[𝑥𝑐𝑙𝑥𝑐𝑚𝑋𝑖𝑙𝑋𝑖𝑚] = (1 − 𝑝𝑚)(1 − 𝑝𝑙)𝑝𝑚𝑝𝑙 + ∆𝑙𝑚(1 − 2𝑝𝑙)(1 − 2𝑝𝑚) + 2∆𝑙𝑚
2 [𝑟𝑚𝑙 (

𝑝𝑚
3 +(1−𝑝𝑚)3

𝑝𝑚(1−𝑝𝑚)
+

𝑝𝑙
3+(1−𝑝𝑙)3

𝑝𝑙(1−𝑝𝑙)
) +

(1 − 𝑟𝑚𝑙)(1 − 2𝑝𝑚)(1 − 2𝑝𝑙)]  

When there is no linkage disequilibrium, E[𝑥𝑐𝑙𝑥𝑐𝑚𝑋𝑖𝑙𝑋𝑖𝑚] = (1 − 𝑝𝑚)(1 − 𝑝𝑙)𝑝𝑚𝑝𝑙 = 4𝜎m
2 𝜎l

2𝑎𝑐𝑖
2  as 

expected.  

C. 𝑖 and 𝑐 had the same sire 

Only one genealogical chain links 𝑖 and 𝑐 with subchains 𝑝𝑐 = 𝑎𝑝 → 𝑐 and 𝑝𝑖 = 𝑎𝑝 → 𝑖 with 𝑎𝑝 their 

sire. Here 𝑛𝑎𝑝𝑐 = 𝑛𝑎𝑝𝑖 = 1, 𝑛𝑠 = 0. Non null probabilities are obtained only when 𝑙 and 𝑚 genes on 

the same chromosome in 𝑐 and  (𝒯𝑠=𝑡
𝑢=𝑣), and when 𝑠 = 𝑢 = 𝑓 = 𝒢(𝑎𝑝). In this case we have: 

𝑝( 𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢|𝑝, 𝑤𝑙) = 𝑝( 𝑀𝑐𝑙𝑠 ≡ 𝑀𝑎𝑝𝑙𝑤𝑙  & 𝑀𝑖𝑙𝑢 ≡ 𝑀𝑎𝑝𝑙𝑤𝑙  |𝑝, 𝑤𝑙) =  
1

4
   ∀𝑤𝑙 = 𝑓  or 𝑑  

𝑝( 𝑀𝑐𝑚𝑠 ≡ 𝑀𝑖𝑚𝑢|𝑀𝑐𝑙𝑠 ≡ 𝑀𝑖𝑙𝑢, 𝑝, 𝑤𝑙, 𝑤𝑚) = 𝑝( 𝑀𝑐𝑚𝑠 ≡ 𝑀𝑎𝑝𝑚𝑤𝑚| 𝑀𝑐𝑙𝑠 ≡ 𝑀𝑎𝑝𝑙𝑤𝑙  𝑝, 𝑤𝑙, 𝑤𝑚)𝑝( 𝑀𝑖𝑚𝑢 ≡ 𝑀𝑎𝑝𝑚𝑤𝑚| 𝑀𝑖𝑙𝑢 ≡

𝑀𝑎𝑝𝑙𝑤𝑙 , 𝑝, 𝑤𝑙, 𝑤𝑚) = (1 − 𝑟𝑚𝑙)2      if     𝑤𝑙 = 𝑤𝑚  , 𝑟𝑚𝑙
2       if     𝑤𝑙 ≠ 𝑤𝑚 

Finally,   𝜑𝑚𝑙
𝑠𝑠𝑢𝑢 =

1

2
((1 − 𝑟𝑚𝑙)2 + 𝑟𝑚𝑙

2 ) =  𝜑𝑚𝑙
𝑠𝑠𝑢𝑢 and  𝜑𝑚𝑙

𝑠𝑠𝑢𝑢 = 𝜑𝑚𝑙
𝑠𝑠𝑢𝑢 = 𝑟𝑚𝑙(1 − 𝑟𝑚𝑙)  

E[𝑥𝑐𝑙𝑥𝑐𝑚𝑋𝑖𝑙𝑋𝑖𝑚] =
(1−𝑟𝑚𝑙)2+𝑟𝑚𝑙

2

2
[(1 − 𝑝𝑚)(1 − 𝑝𝑙)𝑝𝑚𝑝𝑙 + (∆𝑙𝑚 + ∆𝑙𝑚

2 )(1 − 2𝑝𝑙)(1 − 2𝑝𝑚)] + 𝑟𝑚𝑙(1 −

𝑟𝑚𝑙)∆𝑙𝑚
2 (

𝑝𝑚
3 +(1−𝑝𝑚)3

𝑝𝑚(1−𝑝𝑚)
+

𝑝𝑙
3+(1−𝑝𝑙)3

𝑝𝑙(1−𝑝𝑙)
)  

 


