
Additional file 2. Expectations of ∑ 𝝈𝒎
𝟐

𝒎  , ∑ 𝝈𝒎
𝟒

𝒎  , ∑ 𝛒𝐦𝐦  , ∑ 𝛒𝐦
𝟐

𝐦  ∑ 𝛒𝐦
𝟐 𝛔𝐦

𝟐⁄𝐦  

and ∑ 𝟏 𝛔𝐦
𝟐⁄𝐦  

The elements were defined as  𝜏 = ∑ 𝜎𝑚
2

𝑚  and 𝜏2 = ∑ 𝜎𝑚
4

𝑚 , 𝜌𝑚 =
𝑛𝑟𝜎𝑚

2

𝜆𝛽+𝑛𝑟𝜎𝑚
2  and 𝜎𝑚

2 = 2𝑝𝑚(1 − 𝑝𝑚). 

The parameter λβ = 𝜎𝑒
2 𝜎β

2⁄ = 𝑛𝑀
𝜎m

2̅̅ ̅̅̅𝜎𝑒
2

𝜎q
2  . Notations will be simplified forgetting the 𝑚 indice. 

For the U shaped distribution, following Goddard [16], the allele frequencies 𝑝𝑚 were assumed to be 
distributed with a density 𝑓(𝑝) = 𝑘 2p(1 − p)⁄  with 𝑘 = 1 log 2𝑁𝑒⁄ , and 𝑁𝑒  the effective size of the 
reference population. 

 

The demonstration largely uses decomposition in simple elements: 

 𝜆𝛽 + 𝑛𝑟𝜎𝑚
2 = 2𝑛𝑟[ℎ + 𝑝(1 − 𝑝)]   and ℎ + 𝑝(1 − 𝑝) = −(𝑝 − 𝛽1)(𝑝 − 𝛽2)   

With ℎ =
𝜆𝛽

2𝑛𝑟
  , 𝛽1 =

1−𝜔

2
 ,  𝛽2 =

1+𝜔

2
  and 𝜔 = √1 + 4ℎ (note that 𝛽1 + 𝛽2 = 1,   𝛽1 − 𝛽2 = −𝜔,

𝛽1𝛽2 = −ℎ) 

The decompositions are      
1

ℎ+𝑝(1−𝑝)
= −

1

(𝛽1−𝛽2)
[

1

(𝑝−𝛽1)
−

1

(𝑝−𝛽2)
]      and  

1

[(𝑝−𝛽1)(𝑝−𝛽2)]2 =

1

(𝛽1−𝛽2)3 [−
2

𝑝−𝛽1
+

𝛽1−𝛽2

(𝑝−𝛽1)2 +
2

𝑝−𝛽2
+

𝛽1−𝛽2

(𝑝−𝛽2)2] giving  

∫
1

ℎ+𝑝(1−𝑝)
𝑑𝑝 =

1

(𝛽1−𝛽2)
[log (

𝑝−𝛽2

𝑝−𝛽1
)] = 𝐴     [1]    

 

∫
1

[ℎ+𝑝(1−𝑝)]2 𝑑𝑝 =
1

(𝛽1−𝛽2)3 [2 log (
𝑝−𝛽2

𝑝−𝛽1
) − (𝛽1 − 𝛽2) (

1

𝑝−𝛽1
+

1

𝑝−𝛽2
)] = 𝐵     [2]    

 
 

1) E[σ2] = E[2𝑝(1 − 𝑝)] 
 
a- U shaped distribution 

E[σ2] = ∫ 2𝑝(1 − 𝑝)
1−1 𝑁𝑒⁄

1 𝑁𝑒⁄
𝑓(𝑝)𝑑𝑝 = 𝑘(1 − 2 𝑁𝑒⁄ ) following [16] about integration bounds. 

When 𝑁𝑒  is large:      E[σ2] = 𝑘 

b- Uniform distribution 

E[σ2] = ∫ 2𝑝(1 − 𝑝)
1

0
𝑢(𝑝)𝑑𝑝 = 2 [

𝑝2

2
]

0

1

− 2 [
𝑝3

3
]

0

1

=
1

3
    

2) E[σ4] = E[[2𝑝(1 − 𝑝)]2] 
 
a- U shaped distribution  

E[σ4] = ∫ [2𝑝(1 − 𝑝)]21−1 𝑁𝑒⁄

1 𝑁𝑒⁄
𝑓(𝑝)𝑑𝑝 = 2𝑘 ∫ 𝑝(1 − 𝑝)𝑑𝑝

1−1 𝑁𝑒⁄

1 𝑁𝑒⁄
= 2𝑘 [

1

6
−

1

𝑁𝑒
2 +

2

3𝑁𝑒
3]  

When 𝑁𝑒  is large:  E[σ4] = 𝑘/3 

b- Uniform distribution 



E[σ4] = ∫ [2𝑝(1 − 𝑝)]21

0
𝑢(𝑝)𝑑𝑝 = 4 ([

𝑝3

3
]

0

1

− 2 [
𝑝4

4
]

0

1

+ [
𝑝5

5
]

0

1

) =
2

15
  

 

3) E[ρ] = E [
𝑛𝑟σ2

λβ+𝑛𝑟σ2] = E [
𝑝(1−𝑝)

ℎ+𝑝(1−𝑝)
] 

 
a- U shaped distribution 

E[ρ] = E [
𝑛𝑟σ2

λβ+𝑛𝑟σ2] = E [
𝑝(1−𝑝)

ℎ+𝑝(1−𝑝)
] = ∫

𝑝(1−𝑝)

ℎ+𝑝(1−𝑝)

1−1 𝑁𝑒⁄

1 𝑁𝑒⁄
𝑓(𝑝)𝑑𝑝 =  

𝑘

2
∫

1

ℎ+𝑝(1−𝑝)

1−1 𝑁𝑒⁄

1 𝑁𝑒⁄
𝑑𝑝    

Using [1],  E[ρ] =
𝑘

2(𝛽1−𝛽2)
log(

(1−1 𝑁𝑒⁄ −𝛽2)

(1−1 𝑁𝑒⁄ −𝛽1)
×

(1 𝑁𝑒⁄ −𝛽1)

(1 𝑁𝑒⁄ −𝛽2)
)  

When 𝑁𝑒  is large:  E[ρ] =
𝑘

−2𝜔
log((

1−𝜔

1+𝜔
)

2
) =

𝑘

𝜔
log(|

1+𝜔

1−𝜔
|) =

𝑘

𝜔
𝜃 

b- Uniform distribution 

E[ρ] = ∫
𝑝(1−𝑝)

ℎ+𝑝(1−𝑝)

1

0
𝑑𝑝    

From [1] , ∫
𝑝(1−𝑝)

ℎ+𝑝(1−𝑝)
𝑑𝑝 = 1 − ℎ𝐴  and E[ρ] = 1 − ℎ

1

(𝛽1−𝛽2)
[log (

1−𝛽2

1−𝛽1
×

𝛽1

𝛽2
)] 

E[ρ] = 1 −
ℎ

−𝜔
log ((

1−𝜔

1+𝜔
)

2
) = 1 −

2ℎ

𝜔
𝜃  

4) E[ρ2]  
 

a- U shaped distribution  

E[ρ2] = ∫ (
𝑝(1−𝑝)

ℎ+𝑝(1−𝑝)
)

21−1 𝑁𝑒⁄

1 𝑁𝑒⁄
𝑓(𝑝)𝑑𝑝 =

𝑘

2
∫

𝑝(1−𝑝)

(ℎ+𝑝(1−𝑝))2

1−1 𝑁𝑒⁄

1 𝑁𝑒⁄
𝑑𝑝  

From [1] and [2], ∫
𝑝(1−𝑝)

(ℎ+𝑝(1−𝑝))2 𝑑𝑝 = A − ℎ𝐵   

2

𝑘
E[ρ2] =

1

(𝛽1−𝛽2)
[log (

𝑝−𝛽2

𝑝−𝛽1
)]

1 𝑁𝑒⁄

1−1 𝑁𝑒⁄

− ℎ {
1

(𝛽1−𝛽2)3 [2 log (
𝑝−𝛽2

𝑝−𝛽1
) − (𝛽1 − 𝛽2) (

1

𝑝−𝛽1
+

1

𝑝−𝛽2
)]

1 𝑁𝑒⁄

1−1 𝑁𝑒⁄

}  

We used [log (
𝑝−𝛽2

𝑝−𝛽1
)]

1 𝑁𝑒⁄

1−1 𝑁𝑒⁄

= log(
(1−1 𝑁𝑒⁄ −𝛽2)

(1−1 𝑁𝑒⁄ −𝛽1)
×

(1 𝑁𝑒⁄ −𝛽1)

(1 𝑁𝑒⁄ −𝛽2)
) ~ log ((

𝛽1

𝛽2
)

2
) = −2𝜃 

and [(
1

𝑝−𝛽1
)]

1 𝑁𝑒⁄

1−1 𝑁𝑒⁄

=
2 𝑁𝑒⁄ −1

(1−1 𝑁𝑒⁄ −𝛽1)(1 𝑁𝑒⁄ −𝛽1)
~

1

𝛽1𝛽2
= −

1

ℎ
 

2

𝑘
E[ρ2] =

1

(𝛽1−𝛽2)
(−2𝜃) − ℎ {

1

(𝛽1−𝛽2)3 [2(−2𝜃) − (𝛽1 − 𝛽2)2 (−
1

ℎ
)]}  

E[ρ2] =
𝑘

2
(2𝜃 [−

1

(𝛽1−𝛽2)
+

2ℎ

(𝛽1−𝛽2)3] −
2

(𝛽1−𝛽2)2) = −
𝑘

𝜔2 +
𝑘𝜃

𝜔
[1 −

2ℎ

𝜔2] =
𝑘

𝜔2 [𝜃 (𝜔 −
2ℎ

𝜔
) − 1]  

b- Uniform distribution 
 

E[ρ2] = ∫ (
𝑝(1−𝑝)

ℎ+𝑝(1−𝑝)
)

21

0
𝑑𝑝 = ∫ (1 −

2ℎ𝑝(1−𝑝)

(ℎ+𝑝(1−𝑝))
2 +

1

0

ℎ𝟐

(ℎ+𝑝(1−𝑝))
2)𝑑𝑝  



From [1] and [2], E[ρ2] = 1 − 2ℎ(A − ℎ𝐵) + ℎ𝟐𝐵 = (1 + ℎ)2𝐵 − 2ℎ𝐴  

E[ρ2] = (1 + ℎ)2 {
1

(𝛽1−𝛽2)3 [2 log (
𝑝−𝛽2

𝑝−𝛽1
) − (𝛽1 − 𝛽2) (

1

𝑝−𝛽1
+

1

𝑝−𝛽2
)]

 0

1
} − 2ℎ

1

(𝛽1−𝛽2)
[log (

𝑝−𝛽2

𝑝−𝛽1
)]

0

1
  

We used [log (
𝑝−𝛽2

𝑝−𝛽1
)]

0

1
~ −2𝜃 and [(

1

𝑝−𝛽1
)]

0

1
= −

1

ℎ
 

E[ρ2] = (1 + ℎ)2 {
1

(𝛽1−𝛽2)3 [−4𝜃 − (𝛽1 − 𝛽2) (−
2

ℎ
)]} − 2ℎ

1

(𝛽1−𝛽2)
[−2𝜃] = 4𝜃 (

(1+ℎ)2

𝜔3 −
ℎ

𝜔
) + 2 

(
(1+ℎ)2

ℎ𝜔2 ) =
4𝜃

𝜔
((

1+ℎ

𝜔
)

2
− h) +

2

ℎ
(

1+ℎ

𝜔
)

2
= (

4𝜃

𝜔
+

2

ℎ
) (

1+ℎ

1+4ℎ
)

2
−

4𝜃ℎ

𝜔
 

 
5) E[ρ2 σ2⁄ ]  

 
a- U shaped distribution  

E[ρ2 σ2⁄ ] = ∫
(

𝑝(1−𝑝)

ℎ+𝑝(1−𝑝)
)

2

2𝑝(1−𝑝)

1−1 𝑁𝑒⁄

1 𝑁𝑒⁄
𝑓(𝑝)𝑑𝑝 =

𝑘

4
∫ (

1

ℎ+𝑝(1−𝑝)
)

21−1 𝑁𝑒⁄

1 𝑁𝑒⁄
𝑑𝑝  

From [2]    E[ρ2 σ2⁄ ] =
𝑘

4

1

(𝛽1−𝛽2)3 [2 log (
𝑝−𝛽2

𝑝−𝛽1
) − (𝛽1 − 𝛽2) (

1

𝑝−𝛽1
+

1

𝑝−𝛽2
)]

1 𝑁𝑒⁄

1−1 𝑁𝑒⁄

  

When 𝑁𝑒  is large and using [log (
𝑝−𝛽2

𝑝−𝛽1
)]

0

1
~ −2𝜃 and [(

1

𝑝−𝛽1
)]

0

1
= −

1

ℎ
 

E[ρ2 σ2⁄ ] =
𝑘

4

1

(𝛽1 − 𝛽2)3 [−4𝜃 − (𝛽1 − 𝛽2) (−
2

ℎ
)] =

𝑘

2ℎ𝜔2
+

𝑘𝜃

𝜔3
=

𝑘

2𝜔3 [
𝜔

ℎ
+ 2𝜃] 

b- Uniform distribution  

E[ρ2 σ2⁄ ] = ∫
(

𝑝(1−𝑝)

ℎ+𝑝(1−𝑝)
)

2

2𝑝(1−𝑝)

1

0
𝑑𝑝 =

1

2
∫

𝑝(1−𝑝)

(ℎ+𝑝(1−𝑝))2

1

0
𝑑𝑝   which was found in the E[ρ2] for the U-shaped 

distribution. 

Thus E[ρ2 σ2⁄ ] =
1

𝜔2 [𝜃 (𝜔 −
2ℎ

𝜔
) − 1] 

6) E[1 σ2⁄ ]  
 

a- U shaped distribution  

E[1 σ2⁄ ] = ∫
1

2𝑝(1−𝑝)

1−1 𝑁𝑒⁄

1 𝑁𝑒⁄
𝑓(𝑝)𝑑𝑝 =

𝑘

4
∫ (

1

𝑝(1−𝑝)
)

21−1 𝑁𝑒⁄

1 𝑁𝑒⁄
𝑑𝑝 =

𝑘

4
∫ (

1

𝑝2 +
1

(1−𝑝)2 +
2

𝑝
+

1−1 𝑁𝑒⁄

1 𝑁𝑒⁄

2

1−𝑝
) 𝑑𝑝   

Thus    E[1 σ2⁄ ] =
𝑘

4
[2 log (

𝑝

1−𝑝
) −

1

𝑝
+

1

1−𝑝
]

1 𝑁𝑒⁄

1−1 𝑁𝑒⁄

=
𝑘

4
[2 log(𝑁𝑒 − 1) + 2

𝑁𝑒(𝑁𝑒−2)

𝑁𝑒−1
]  

b- Uniform distribution  

Keeping  the 1 𝑁𝑒⁄ , 1 − 1 𝑁𝑒⁄  bounds , E[1 σ2⁄ ] = ∫
1

2𝑝(1−𝑝)

1−1 𝑁𝑒⁄

1 𝑁𝑒⁄
𝑑𝑝 = log(𝑁𝑒 − 1)    

 
 


