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Abstract

Background: Commercial pig producers generally use a terminal crossbreeding system with three breeds. Many pig
breeding organisations have started to use genomic selection for which genetic evaluation is often done by applying
single-step methods for which the pedigree-based additive genetic relationship matrix is replaced by a combined
relationship matrix based on both marker genotypes and pedigree. Genomic selection is implemented for purebreds,
but it also offers opportunities for incorporating information from crossbreds and selecting for crossbred perfor-
mance. However, models for genetic evaluation for the three-way crossbreeding system have not been developed.

Results: Four-variate models for three-way terminal crossbreeding are presented in which the first three variables
contain the records for the three pure breeds and the fourth variable contains the records for the three-way cross-
breds. For purebred animals, the models provide breeding values for both purebred and crossbred performances.
Heterogeneity of genetic architecture between breeds and genotype by environment interactions are modelled
through genetic correlations between these breeding values. Specification of the additive genetic relationships is
essential for these models and can be defined either within populations or across populations. Based on these two
types of additive genetic relationships, both pedigree-based, marker-based and combined relationships based on
both pedigree and marker information are presented. All these models for three-way crossbreeding can be formu-
lated using Kronecker matrix products and therefore fitted using Henderson’s mixed model equations and standard
animal breeding software.

Conclusions: Models for genetic evaluation in the three-way crossbreeding system are presented. They provide esti-

mated breeding values for both purebred and crossbred performances, and can use pedigree-based or marker-based
relationships, or combined relationships based on both pedigree and marker information. This provides a framework

that allows information from three-way crossbred animals to be incorporated into a genetic evaluation system.

Background

Commercial pig producers generally use a terminal
crossbreeding system with three breeds. In this system,
F1 sows from two maternal breeds are mated to pure-
bred boars from a breed that has high-level production
traits (growth, leanness, feed efficiency) to produce pigs
for slaughter. Commonly, boar lines in Europe are Duroc
and Pietrain and sows are crosses between Large White
and Landrace. Genetic evaluation is usually done within
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each of these breeds based on recorded phenotypes on
purebred animals. However, ideally genetic evaluation
of purebreds should incorporate phenotypes of interest
recorded on crossbreds, and breeding values for perfor-
mance in the three-way cross should be estimated.

Many pig breeding organisations have started to use
genomic selection [1], for which genetic evaluation is
often done by applying single-step methods [2-4] to
handle the fact that only a fraction of the animals are
genotyped. Here, the pedigree-based additive genetic
relationship matrix is replaced by a combined rela-
tionship matrix based on both marker genotypes and
pedigree. Genomic selection is implemented for pure-
breds, but it also offers opportunities for incorporating
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information from crossbreds and selecting for crossbred
performance [5-7].

For two-way terminal crossbreeding (two breeds
named A and B, and all crossbred animals A5 have
known purebred parents), Wei and van der Werf [8] pro-
posed the following trivariate model:

ya =XuBa+Zaayg+eq,
y8 = XpBr + Zpas +ep, (1)
yaB = XaBBas + 85 +eas

where the vectors y4, yg and y4p contain pheno-
types on animals from breeds A and B and from the
cross ADB, respectively, and for the three popula-
tions A, B and AB, the vectors B4, Bs and B .45 con-
tain fixed effects (note that intercepts should always be
included!), and e4 ~ N (0,02 ,I), eg ~ N(0,025I) and
esn ~ N(0, 082, gD are the residual error vectors. The
vectors a4 and ap contain breeding values for purebred
performance (mating within breed) for breeds A and B,
respectively, and the vector of genetic values on the cross-
breds, g 45, is related to the vectors of breeding values on
purebred animals for crossbred performance (mating with
the other breed), g4 and gp, by additive pedigree-based
relationships (throughout this paper, additive genetic
effects for purebred performance and for crossbred per-
formance are denoted by a and g, respectively). Each ani-
mal has then two breeding values (one related to mating
within breed, e.g. a4, and another related to mating to
another breed to produce the cross, e.g. g 4) and these are
correlated. Genetic correlations less than 1 are due to the
presence of non-additive gene action in combination with
different allele frequencies in the two breeds [9, 10], but
also to genotype by environment interactions. The model
also assumes different genetic variances in the two pure
breeds, which is often the case in practice. Christensen
et al. [11] reformulated the model using partial relation-
ship matrices (see below) and constructed those from a
combination of marker genotypes and pedigree in such a
way that it could be fitted by using standard animal breed-
ing software, i.e. a single-step method was developed.

The aim of this work was to develop models for three-
way terminal crosses that handle both pedigree-based and
marker-based relationships, as well as combined relation-
ship matrices based on both pedigree and marker geno-
types. As indicated above, an essential part of the model is
the specification of relationships such that the model can
be fitted by using standard animal breeding software.

Methods

We present a specific scenario with records on all three
pure breeds and on three-way production pigs, but not
on two-way crossbred sows, having in mind produc-
tion traits such as daily gain, leanness or feed efficiency.
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However, since we will specify relationships across all five
populations, it is straightforward to generalise to other
scenarios with records.

The model for this three-way terminal crossbreeding sys-
tem is in principle a straightforward generalisation of the
Wei and van der Werf model [8] to the following four-
variate model:

YA =XaBA+Zsays + ey,
ys = X5Bs + Zpas + ez,
Yec = XeBc + Zcac + ec,
Yeun) = Xeun)Beas) + 8can) + ec(an)

@)

where notation is defined as for Eq. (1), and it is assumed
that all C(.AB) animals have a purebred C father and cross-
bred AB mother, and that these A5 animals all have pure-
bred parents. Breed C animals have two breeding values
that are correlated, ac for purebred performance (mating
within breed) and g¢ for C(AB) crossbred performance
(mating between a male and a AB crossbred female).
Breed A animals also have two breeding values, a4 for
purebred performance (mating within breed) and g4 for
crossbred C(AB) performance (mating with a breed 5 ani-
mal whose female AB crossbred offspring is mated with a
breed C male). Finally, breed B animals have two breeding
values ap and gp, defined similarly to the breeding values
for breed A. For each breed, association between breeding
values for purebred and crossbred performances is deter-
mined by a 2 x 2 genetic variance-covariance matrix. An
essential part of the model is the specification of the addi-
tive relationships between genetic values for crossbred
performance on crossbred animals and purebred animals,
and in particular marker-based versions of these relation-
ships such that pedigree-based and marker-based relation-
ships are consistent. These relationships should also be
specified in such a way that the model can be formulated
using Kronecker products, allowing the model to be fitted
by using Henderson’s mixed model equations and standard
animal breeding software. Additive relationships are rela-
tionships between gene substitution effects and these can
be defined either within populations or across populations
[12]. These two approaches will be called “partial genetic”
and “common genetic” approaches in the following.

Lo et al. [13] derived the following recursive formulas
for the variance and covariance of genotypic values for
animals composed of multiple breeds under an additive
model. Let the genotypic value of individual i be g;, then
the additive variance is:

Var(g,') = Zﬁbﬁéb + COV(gf(iygm(i))
b

+23 > S Hhmifwo)%eny 3

b b>b
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where b and ' denote breeds, fib is the breed b content
of individual i, U;b is the breed b genetic variance, & (i)
and g,,(;) are the additive genetic values of parents f{i) and
m(i), respectively, and Gga y is the breed b and breed &'

segregation genetic variance. The additive covariance
between genotypic values of individuals i and 7 is:

Cov(gi, &) = (Cov(gr(i), &) + Covigmi, &) /2,
“4)

when i’ # i is not a descendant of i.
Garcia-Cortés and Toro [14] showed that Egs. (3) and
(4) could be expressed as (using matrix notation):

Z oZAb 37N o, AP

b b>b

Var(g) =

where the A? and A»Y matrices are separately defined
using recursions, and that this provides a partition of the
vector of genotypic values into:

Zg +> > 8"
b b>b

where all the g’ g” b vectors are independent,

Var(g ) = azAb and Var(gbb ) = szb AbY, They termed
matrix A? as the breed b specific partial relationship
matrix and matrix A?? the breed b and breed 5’ segre-
gation partial relationship matrix. The vectors g’ and
gh’h/ depend on genetic origin, such that g’ is the breed
b specific partial genetic vector, and gb’b/ is the breed b
and breed b’ segregation partial genetic vector. Matrices
A? and APY have sparse inverses that can be computed
using the usual methods for the additive relationship
matrix (see [14]). In this paper, the approach using a par-
tition of the genetic effects into independent terms is
named partial genetic approach.

Legarra et al. [15] proposed that pedigree relation-
ships should be specified across all animals, and that
for base animals in the pedigree, the pedigree-based
relationships within and across breeds and inbreeding
should be estimated from observed marker genotypes.
This approach is contradictory to the Garcia-Cortés and
Toro [14] approach described above, since it violates the
assumption of independence of the g’ and gb’b/ vectors.
The approach in which relationships are specified across
breeds is named common genetic approach.

First, partial genetic and common genetic approaches
for constructing pedigree-based relationships are pre-
sented, then the corresponding two different ways of con-
structing marker-based relationships are presented, and
finally the genetic variances and covariances in model (2)
are shown for the two approaches. Detailed derivations
are in the “Appendix”.
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Additive genetic model for crossbred C (A1) performance:
partial genetic approach

For the three-way crossbreeding system, the decomposi-
tion of the additive genetic effects by Garcia-Cortés and
Toro [14] is as follows. For a C(AB) crossbred animal,

_C A B AB
& = 8c(AB),i T 8C(AB),i T8C(AB),i T 8C(AB)i

where terms gc( ABY gc( ABY gc( Ap) are breed of origin
specific partial genetic effects and gé‘l( Ap) is a breed-seg-
regation term. For a AB crossbred sow,

_ A B
& =8&up,it+8asi

with terms gj‘B and gﬁB being breed of origin partial
genetic effects. Finally, for purebred animals, the three
vectors of breeding values for crossbred C(AB) perfor-
mance, g4, 85 and g¢, are defined as being equal to the
genotypic values.

In this way, a breed-specific partial genetic effect is
defined for all animals containing the specific breed,
and a breed-segregation partial genetic effect is defined
for crossbred C(AB) animals. Assuming that base indi-
viduals in the three breeds are not related across breeds
implies that:

g4 g5

A 8¢
o' = | ehs |, 8= | el ,gc=[c 1

A B 8c(4B)

8c(aB) 8c(AB)

are independent. In addition, for a crossbred C(AB) indi-
vidual the fact that it inherits either a breed A or B allele
is independent of what particular alleles the AB mother
has and what alleles all other AB individuals have, and
hence gé‘fw) is independent of the vectors above.

The variance-covariance matrices of the partial genetic
effects become (Garcia-Cortés and Toro [14]):

[ gA g5
Var| gig | = ;AAA,Var ghs | = gZ,BAB,
A B
| 8C(AB) 8c(4B)
[ gc B
Var| . = 0gcAS, Var[gilis) | = o5 asA
| 8c(AB)

where the breed-specific partial relationship matrices are
defined by the recursive formulas:

b b
i =i T Apamn/?
zz/ - (Af(z)z’ +Am(z)/)/2
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for breed b = A, B,C, with fib denoting the breed b pro-
portion, and the breed-segregation partial relationship
matrix is defined by the recursive formulas:

AB A B A B AB
A" =200 Sy i Sma) + Afma /%

AB AB AB
Aii’ = (Af(i)i/ +Am(l')l'/)/2,

where in both cases non-contributing animals are not
included in the resulting matrices. We immediately see
that C(AB) animals are the only animals contributing to
matrix A5, and since fwﬁi) = ff(i) = 1/2 for these ani-
mals, the matrix is a diagonal matrix with diagonal ele-
ments equal to 2 x 1/2 x 1/2 = 1/2. This specification of
additive relationships using partial relationship matrices
is equivalent to the specification in Egs. (3) and (4).

To illustrate the different partial relationship matri-
ces, we analysed the small pedigree in Table 1. Tables 2,
3, 4 and 5 show the partial relationship matrices for this
example.

Wei and van der Werf [8] presented a reduced form
of the two-way crossbreeding model (1) in which the
Mendelian sampling term of the genetic effect on cross-
bred animals was included in the residual error term. A
reduced model can also be formulated for the three-way
crossbreeding model by expressing:

& = 0.5g¢;) + 0.5gm(i) + Pe(aB),i
= 0.5gcr(i) + 0‘5gjl\8,m(i) + 0'5g./BlB,m(i) + DPcan),ir

Table 1 Example pedigree

id Father Mother Population
1 0 0 A

2 0 0 A

3 0 0 B

4 0 0 C

5 1 2 A

6 3 5 AB

7 4 6 C(AB)

8 4 6 C(AB)

Table 2 Breed .A specific partial relationship matrix AA
for the pedigree in Table 1

id 1 2 5 6 7 8
I I S R
: I T T
: I S
° S
/ by
: %
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Table 3 Breed B specific partial relationship matrix AB
for the pedigree in Table 1

id 3 6 7 8
1 1 1

3 L 2 3 3
1 1 1

6 2 3 3
1 1

/ 3 8
1

8 3

Table 4 Breed C specific partial relationship matrix A€

for the pedigree in Table 1

id 4 7 8
1 1

4 ! 2 2
1 1

7 7 1
1

8 2

Table 5 Breed A1 segregation partial relationship matrix
AAB for the pedigree in Table 1

id 9 10

1
? 2
10

Nl—= O

for a C(AB) crossbred animal i, where ®¢( 45, is the Men-
delian sampling term. The Mendelian sampling terms are
independent among the C(AB) crossbred animals, and
by making the approximation that father f{i) is not inbred
and since mother m(i) is not inbred, the variance is con-
stant. In this way, the Mendelian sampling error term can
be included into the residual error term ec(4) in model
(2), and the model can be formulated using three breed-
specific partial relationship matrices defined on the A, 5,C
and AB animals. However, as explained in Christensen
et al. [11], such a reduced model cannot be extended to
incorporate marker genotypes since these provide infor-
mation about the Mendelian sampling term. Therefore, we
did not pursue the reduced form of the model any further.

Note that model (2) with relationships as presented
here is the most obvious generalisation of the Wei and
van der Werf model in Eq. (1) from two to three breeds
since base individuals are assumed unrelated. Without a
formulation using partial relationship matrices, it would
be difficult to estimate parameters in this model using
standard animal breeding software.

Additive genetic model for crossbred C (A1) performance:
common genetic approach

In the previous subsection, base animals were assumed
to be unrelated. An alternative proposed by Legarra et al.
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[15] is to assume that base animals are related and inbred
within breeds and related between breeds with relation-
ships determined by:

YA VAB YAC
YAB VB VBC
YAcC YBC Ye

r =

This means that among the base animals, the variance-
covariance of genetic effects is as follows. The variance-
covariance within breed is defined by:

Var(g) = o (1+ y,/2),
for an individual in breed b, and
Cov(gi!gi’) = ngyb’

for two individuals in breed b, i.e. base animals are inbred
with coefficient y;,/2 and related with relationship coef-
ficient yj. Furthermore,

Cov(gi &) = 0 Vbb'»

for two individuals in different breeds b and b/, i.e. base
animals in different breeds are related. Therefore, a joint
relationship matrix is specified among all base animals,
and by applying the usual recursive definition:

AM)ii =1+ AM)riym /2
Ay = (AM)r@ye +A@M)mei) /2,

an additive relationship matrix A(T') is defined across all
animals with relationships among the three base popula-
tions A, 5 and C defined by matrix I. The variance-covar-
iance of genetic effects is therefore determined by

gA
g5
gc
gAB
8C(AB)

Var = o A(). (5)
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Table 6 shows the common relationship matrix for the
pedigree in Table 1.

Legarra et al. [15] suggested a framework where
individuals in the base population of the pedigree are
related because they originate from overlapping ances-
tral populations with a finite size, and they termed
each of these ancestral populations as a meta-founder
to be included in the pedigree. Here, A, 3,C are meta-
founders, and each base individual in the pedigree has
a meta-founder, which is both its parents; see exam-
ple in Table 7. When extending the pedigree and the
matrix A(T') with these meta-founders, Legarra et al.
[15] showed that the algorithms for computing the
sparse inverse matrix A(I')~! directly as in Henderson
[16] and submatrices of A(T) by the Colleau algorithm
[17] are as usual.

The parameter ogz in Eq. (5) does not correspond
to the usual genetic variance which is the variance
among unrelated individuals in the base population.
As explained in Legarra et al. [15], ag2(1 — yp/2) cor-
responds to the variance among unrelated breed b ani-
mals, and therefore the genetic variances for crossbred
C(AB) performance are ng(l —va/2), ogz(l — yB/2) and
(TgZ(I — yc/2), corresponding to U;A, O'gZ,B and ng,c in the
previous section, respectively. In addition, Legarra et al.
[15] explained that the breed-segregation variance is
ogz((yA + vB)/2 — va,B)/4 which corresponds to J;AB
in the previous section.

Genomic model for crossbred C (AB) performance: partial
genetic approach

Marker-based partial relationship matrices are con-
structed by tracing breed of origin of alleles and defin-
ing relationships according to breed of origin. Assume
that breed of origin of alleles can be determined for all
animals and define breed-specific allele content matri-
ces as: matrix m” with entries 0, 1, 2 for purebred b ani-
mals, matrices z** and zB with entries 0, 1 for paternal

Table 6 Common relationship matrix A(I') for the pedigree in Table 1

id 1 2 3 4 5 6 7 8

R A R L R R A ek ol S b al e S R e S
’ I e Bl B TR
3 1+ e vAB 3+ 1B 4 148 THIE L V4R A L VB | YAB | YAC
4 1+ VTC YAC VAc;rVBc %—I— J/c+VA4c+mc Wj + Vc+VA4c+VBc

5 R e iR Rt it I A g S L
6 1+ Léj %+ J/ABﬂ/chrVBc Wj + VAB+Vﬁtc+mc

7 14+ VACIVBC Wj_,’_ Vc+é/Azs 4 VACIVBC
8

14+ YACtyBC
4
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Table 7 Pedigree in Table 1 with metafounders

id father mother
A

B

C -

1 A A
2 A A
3 B B
4 C C
5 1 2
6 3 5
7 4 6
8 4 6

and maternal alleles, respectively, for crossbred AB ani-
mals, matrix z€ with entries 0, 1 for paternal allele of
crossbred C(AB) animals, and finally matrices z;‘ and zf
with entries 0, 1, respectively, for crossbred C(AB) ani-
mals when the breed-specific allele is inherited and zero
otherwise. This means that breed of origin of each allele
needs to be traced, usually by a phasing software [18].

Marker-based breed-specific partial relationship matri-
ces are constructed as follows (details can be found in
the “Appendix”). For breed A, the marker-based breed
A specific partial relationship matrix G is divided into
submatrices with indices denoting genotyped breed .4
and crossbred A5 animals,

A A A
GA,A GA,AB GA,C(AB)
G4 G4 G4
AB,A AB,AB AB,C(AB) ’
G4 G4 G4
C(AB),A MC(AB),AB YC(AB),C(AB)

G* =

which are defined as

(m.A _ 2PA1T)(mA _ 2PA1T)T

A
Gya= A ,
G.A _ (mA _ 2PA1T) (Z‘A _ p‘AlT)T
AAB — S'A )
GA _ (mA — ZPAIT)(ZI?‘ - p;,“)T
AC(AB) — SA ’
G.A B (ZA _ p‘AlT)(ZA _ pAlT)T
AB,AB — A ’
” _ @ -phE - pht
ABC(AB) = A )
4 [ Al
GE(uB)caB) = A :

where the vector p** contains breed A specific allele fre-
quencies, matrix p;‘ has elements (i, j) equal to p;“ when
the crossbred C(AB) individual i inherited an A specific
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allele and zero otherwise, and s is a scaling parameter.
The marker-based breed B specific partial relationship
matrix G is defined similarly to G*, and the marker-
based breed C specific partial relationship matrix is

C A
GC,C GC,C(.AB)

G =| .
GC(AB),C GC(AB),C(AB)

where submatrices are defined as

GC B (mC _ ch IT)(mC _ 2PC IT)T
c,C — SC ’

GC B (mC _ ZPCIT)(ZC _ pAlT)T
C,C(AB) — SC )
c (ZC _ pC IT)(ZC _ pC lT)T

GC(.AB),C(.AB) = sC ’

where the vector p® contains estimated breed C specific
allele frequencies and s€ is a scaling parameter.

The breed-segregation partial relationship matrix is
defined as:

B
G => ryra /2m,
j iz

whererd,: = lwhend{: c Aandrd: = —lwhend{ € B,rd,-

is deﬁneld similarly to r d’f’
ers. Note that diagonal elements of equal diagonal
elements of A5 (i.e. 1/2). Off-diagonal elements of G5
measure whether pairs of individuals share more alleles
from a particular parental breed (A or B) than expected.
Expectations of off-diagonal elements G5 equal off-
diagonal elements of A5 (i.e. 0).

Relationship matrices that combine pedigree and
marker information [2, 4] can then be constructed.
Below, indices 1 and 2 in submatrices denote non-gen-
otyped and genotyped animals, respectively. The breed
b = A, B,C specific combined relationship matrices are
given by their sparse inverses

and # is the number of mark-
GAB

_ 0 0 _
(Hb) ! = [0 (Gb)—l _ (ASZ)_1:| + (Ab) 1: (6)

for b = A, B,C, and because A48 = 1/2 the breed-segre-
gation combined relationship matrix is

HAP = {I(/)z G(:\B]- @)
Matrices (A)~L (AB)~! and (A€)~! can be computed
directly in sparse format and matrices Ag, AZB2 and Agz
can be computed by the Colleau algorithm [17]; see
Christensen et al. [11].

The breed-specific partial marker-based relationship
matrices above require estimates of breed-specific allele
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frequencies. Such estimates can be obtained from marker
genotypes of purebred animals and breed-specific marker
alleles for crossbred animals. Furthermore, there is a
need to adjust these matrices to be compatible with par-
tial pedigree relationship matrices similar to Christensen
etal. [11, 19], i.e. GZ = GPBj, + a)? where oy, and B, are
parameters and J? is a matrix with entries ]ffl., = fib ff’ )
The scaling parameters s? in marker-based relationship
matrices G?, b=A, B,C are unspecified above, since the
compatibility adjustment involves a scaling parameter S,
for each breed, and therefore s” can be arbitrary. On the
other hand, matrix G*% does not need an adjustment.
Finally, to incorporate the fact that marker geno-
types only capture a fraction of the genetic effects,
the partial marker-based relationship matrices G,
be AB,C and G*B above may be replaced by
matrices G2 = GY(1 —w) +Abw, be AB,C and
GAB(1 — w) + AABy, respectively, where w is the fraction
of genetic variance not captured by marker genotypes [4].

Genomic model for crossbred C (.AB) performance:
common genetic approach

The marker-based relationship matrix is constructed as
usual across all genotyped animals:

G- (m—11")(m — 11T)T,
S

where m is the gene content matrix with entries 0, 1, 2 and
s is scaling parameter. As in Christensen [20] and Legarra
et al. [15], we chose common allele frequencies, i.e.
pj = 0.5, and then determine the parameters in matrix T
and parameter s such that the pedigree-based and marker-
based relationship matrices are compatible. Parameters
in matrix I and scaling parameter s can be estimated by
matching A(I") and G for purebred individuals; see Legarra
et al. [15]. For example, if genotyping is done in each of the
three pure breeds then the following system of equations
can be used to determine the parameters:

Gas/s=yvap Gac/s=rvac Gscls=vsce
Gana/s=Asa(l —ya/2) + ya
Gps/s =Aps(l—y5/2) + V5,
G/s = (diag(A4,4)(1 — y4/2) + v4)/3
+ (diag(Ap,8)(1 — v5/2) + v8)/3
+ (diag(Ac,c) (1 — ve/2) + ve) /3,

where G_A,_A; G.A,B, GA,C; GB,Br GB,C and Gc,c
denote averages of elements in submatrices of G,
G=(Gaa+ G+ Gce)/3 Aaa Aan Aac ABs
Ap,c and Acc denote averages of elements in submatri-
ces of Ay, and diag(A 4,4), diag(Ag ), diag(Ac,c) denote
averages of diagonal elements in submatrices of Ags.
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This is a linear system of 7 equations with 7 parameters
YA, VB> Ve VAB YAC, VB and 1/s and can therefore be
solved directly to obtain estimates.

The relationship matrix that combines pedigree and
marker information becomes

0 0

-1 _
HO™ =10 61 - amm

+AML (8)
Finally, similar to the previous section, the marker-
based relationship matrices G above may be replaced
by G, = G(1 — w) + A(T)w where w is the fraction of
genetic variance that is not captured by marker genotypes.

Genetic models for both purebred and crossbred C (AB)
performances
In the previous sections, partial genetic and common
genetic models for additive genetic effects for crossbred
C(AB) performance were presented, and in both cases
genomic versions of the models and combined rela-
tionship matrices were shown. Now, we show how the
genetic variances and covariances for the model in Eq. (2)
look like in the two cases.

For the partial genetic case, the vector of genetic
effects on crossbred C(AB) individuals equals

8Cun) T BB T 8C(ap) T+ 8t (an) and based on gl 45,
gé Ap) and gg( Apy breed-specific partial relationships
define the breeding values for crossbred C(AB) perfor-
mance on purebred animals, g4, g5 and g¢, respectively.
Combining these effects with the breeding values for
purebred performances, a4, ap and ac, the variance-
covariance of genetic effects is determined by

Var|-----

5@
s
ag

Var| -----

= ZB®HB,

Var

=X ®HC,

AB 2 1 AB
Var[gz(p ] = 05 asH,
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with the four vectors being independent. Here, (X) denotes
the Kronecker product, » denotes artificial random vec-
tors such that the genetic variance-covariance matrices
can be expressed using Kronecker products and matrices

2
Y, = Gﬂb G“g’h
b= 2
Uag,b o b

for b = A, B,C, are the 2 x 2 variance-covariance matri-
ces containing the genetic variances for purebred breeding
values and crossbred breeding values, and the covariance
between them. Thus, using partial relationship matrices
provides a formulation of the model in Eq. (2) using Kro-
necker products, such that parameters can be estimated and
breeding values predicted using standard animal breeding
software. In this model, there are 10 genetic parameters and
2(na + np + ne + nap) + 3nc(ap) genetic values where
1y is the number of individuals in population X'

For the common genetic case, all individuals are
related, and breeding values for crossbred C(AB) perfor-
mance on purebred animals, g4, g5 and gc, are defined
by additive relationships to the genetic effects on cross-
breds, gc(aB) Combining these effects with the breed-
ing values for purebred performances, a 4, as and ac, the
variance-covariance of genetic effects equals:

Var

=X (X H(D),

gc
gAB
| 8C(AB) |

where x denotes artificial random vectors and X is the
4 x 4 genetic variance-covariance matrix:

UiA Oa,A,B Oa,AC Oag,A
O0a,A,B UL;Z,B 0a,B,C Oag,B
O0a,A,C Oa,B,C (72,(3 Oag,C
Oag,A Oag,B OagC ng
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The formulation of the model in Eq. (2) using Kronecker
products implies that parameters can be estimated and
breeding values predicted using standard animal breed-
ing software. This model contains 10 genetic parameters
and 2(na +ng +nc) + nag) + neap) genetic values,
and in addition, 6 parameters in matrix I.

In the common genetic case, there are three parame-
ters o4 4,8 04,4,c and o, 5,c which are genetic covariances
between purebred performances, and these parame-
ters are not present in the partial genetic case. The rea-
son is that they would not be identifiable since there is
no specification of the relationships across breeds in
the partial genetic case. In the common genetic case,
the identifiability of o, 4,8 044 and o, relies on
the genomic relationships between pairs of animals in
different breeds. In the partial genetic case, there are
four genetic parameters for crossbred performance,
og% e ag% B %, c and o, AB that scale each of the four par-
tial relationship matrlces, whereas in the common
genetic case there is only one such parameter ogz. As
explained in a previous section, there is a correspond-
ence between these parameters via the parameters in
matrlx r as follows: azb_a 1-9y/2), b=A,B,C,

.AB = oy 2((Ya+vB)/2 = yaB)/4 However, note that
there 1s a dlfference between estimating o, 4, oy 2 gC
and o2 2,45 from phenotypes as in the partlal genetlc case,
and determlnlng these from a general o, 2 and parameters
in T, which are estimated based on marker genotypes as
in the common genetic case.

Discussion

For three-way crossbreeding, we presented models
based on both pedigree-based, marker-based and com-
bined relationships. Using combined relationship matri-
ces results in a model for genetic evaluation where both
pedigree and marker genotypes are used simultane-
ously for genetic evaluation, i.e. a single-step method
for genomic evaluation. This paper provides the models
and mathematical formulas, but a numerical implemen-
tation is needed before the methods are ready for use in
practice. Such methods make it possible to incorporate
phenotypes and genotypes on crossbreds into an existing
genetic evaluation system, assuming that such a system is
based on a single-step method.

The models for three-way crossbreeding investigated
in this paper were four-variate models where each vari-
able was measured in a specific population, A, B, C or
C(AB). The main scenario that we have in mind is a sce-
nario where the four variables represent the same biolog-
ical trait measured in four different genetic backgrounds
and possibly different environments, but in principle the
four variables could also be different biological traits.
An extension of the model to a situation where multiple
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biological traits are measured in each of the four popu-
lations is in principle straightforward since the additive
relationship matrices are the same, although in practice
it may require the estimation of a very large number of
genetic parameters. Extending the approaches to other
types of models that are implemented in standard animal
breeding software, like threshold models, models with
indirect genetic effects, models for test-day records, etc.
is also in principle straightforward. Finally, modifying the
models to other scenarios with data recording, for exam-
ple with records on .AB individuals or no records on one
of the pure breeds, is also straightforward. In general,
designing data recording for these complicated models is
an issue, and for example to obtain precise estimates of
the genetic correlation parameters, it would be important
that the relationships between crossbred animals with
records and purebred animals with records are close.

Two types of approaches for constructing additive rela-
tionships were presented, based on different assumptions
about allele substitution effects of causal loci or SNPs. In
the partial genetic approach, allele substitution effects
of SNPs were assumed independent between breeds,
whereas in the common genetic approach, they were
assumed to be the same in different breeds. The partial
genetic approach requires that alleles are traced accord-
ing to breed of origin, which is feasible in some scenarios
but may be difficult with sufficient accuracy in others. In
particular, when crossbred C(.4B) animals are genotyped,
a reasonable requirement is that breed C fathers are also
genotyped which would make the tracing of the breed C
paternal allele feasible, but the tracing of the breed of ori-
gin (A or B) of the maternal allele may be more uncertain
and depend on whether A3 mothers are genotyped (may
not be due to logistical issues), maternal grandfathers are
genotyped and maternal grandmothers are genotyped
(may be difficult to obtain if these are from multiplier
herds). An advantage of the common genetic approach
is that the marker-based relationship matrix is easier to
construct because tracing the breed of origin of alleles
is not required, but a disadvantage may be the compu-
tational burden of using a larger relationship matrix. In
addition, parameters in matrix I' need to be estimated
and the sensitivity of genetic evaluation to these esti-
mates is unknown. Future research using simulated and
real data is needed to clarify the differences between the
two approaches.

Other terminal crossbreeding systems are of interest
in pig production. Models for two-way crossbreeding
are relevant for sow-traits measured on animals from
breed A and B and cross A8, and such models were pre-
sented in Christensen et al. [11] using partial genetic rela-
tionship matrices. An alternative to this partial genetic
approach would be to use the common genetic approach
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presented here. The four-way crossbreeding system
where crossbred CD sires are mated to .AB dams to pro-
duce (CD)(AB) pigs for slaughter, is also used in pig pro-
duction. The approaches in this paper can be extended to
such a system, and the resulting model would be a five-
variate model. Using the partial genetic approach, there
would be four breed-specific partial relationship matrices
and two breed-segregation partial relationship matrices,
and the corresponding model for purebred and cross-
bred performances would contain 14 genetic parameters,
whereas using the common genetic approach, the model
for purebred and crossbred performances would contain
15 genetic parameters.

Many papers have reported genetic correlations
between purebred and crossbred performances [21-26].
The reported estimated correlations ranged from 0.38 to
0.946, depending on trait and on differences in the envi-
ronment, and in general with relatively high standard
error on the estimates. The higher the genetic correlation,
the less gain there will be by including crossbred data
into the genetic evaluation system. All these results are
from two-way crosses, and the authors are not aware of
publications based on data from three-way crossbreeding
where data in purebred and crossbred populations are
considered to be different traits. The models presented in
this paper should be useful to investigate such data from
three-way crossbreeding.

Conclusion

Models for genetic evaluation in the three-way cross-
breeding system are presented. These models pro-
vide estimated breeding values for both purebred and
crossbred performances, and can use pedigree-based
or marker-based relationships, or combined relation-
ships based on both pedigree and marker information.
This provides a framework that allows information from
three-way crossbred animals to be incorporated into a
genetic evaluation system.
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Appendix
Here, explicit and detailed derivations of the additive
relationships across purebred and crossbred animals
related to the C(AB) crossbreeding system are presented.
In the derivation, both partial genetic and common
genetic approaches for the variance-covariance of genetic
effects for crossbred C(AB) performance are inspired by
the derivation in Lo et al. [13] of formulas (3) and (4). Lo
et al. [13] based their derivation on the genotypic value
expressed as a sum over loci of effects of paternal and
maternal alleles:

gi=nt) (@)t
/ 1 1

where o ; and « ; are the additive effects of the pater-
nal and maternal alleles, respectively, and these effects
depend on the breed of origin b of the alleles j, such
that E[O‘J | s; € bl = ejb and E[ad( | d; € b] = ejb,
where the ‘expectation is taken across'all individuals
in breed » and symbol € is used to denote breed of ori-
gin of an allele. The term €” is the mean additive effect
and this is different between breeds due to different
allele frequencies in different breeds. To be explicit,
e}’ =pjba}' + (1 —p]l.’)(—a/) = (p}{j —1/2)2a; where p}’ is
the allele frequency in breed & and g is the additive effect
of the j-th allele. Above, both expectations and allele fre-
quencies refer to the base populations, and it is assumed
that in each base population, alleles are assigned ran-
domly to individuals. It is further assumed that effects
for different loci are independent Here, we introduce the
notation ab = aj— 6/ when sj €b and o’ d’ — e}j
when d] €'b, such that the expectations OF’ the abs are
equal to 0.

First, pedigree-based additive genetic relationships are
derived using the partial genetic approach and common
genetic approach, respectively, and second the corre-
sponding marker-based relationships are derived.

Additive genetic model for crossbred C (AB) performance:
partial genetic approach

Contrary to Lo et al. [13] and Garcia-Cortes and Toro [14],
in the derivation presented here, we first split the geno-
typic values according to breeds of origin instead of com-
puting the variances and covariances and then splitting
them. The reason for this is for similarity with the deriva-
tion of the corresponding genomic model using the partial
genetic approach that appears in a following subsection.
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For the C(AB) crossbred animals studied here, the
paternal allele is always breed C and the maternal allele is
either breed A or B with equal probability, and therefore
the genotypic value becomes:

g,=u+2(x5,l:+ Z Old{d— Z Old{
J jidleA jidleB

_HC(AB)+Za + > Old;+ > O‘dz

jidleA jideB
(A ]
+0.52rd;(ej € )
j

~ c A B AB
= Uc(AB) T 8c(aB)i T 8C(aB)i T 8can),i T 8c(aB).i
where ﬂC(AB) =p+3y ejc + 050 € 4+ 2€ B),
rj= 1 when d; € A and rj= —1 when dﬁ € B, and

terms gg( ABY gé ABY gg( Ap) and gé“(iB) are defined
implicitly. In this way, the genotypic value has been
split into partial genetic effects, where the terms gg( ABY
géAB)’ gg(AB) are breed of origin specific and géiB) is a
breed-segregation term.

For the AB crossbred sows (where for simplicity of
notation it is assumed that their fathers are breed .4 and
mothers breed B),

gi=u+2asi+2ad{:
j j

- A B
= HAB +8up,; T &as,i»

[LAB-FZOI;;‘-FZO(;
j 13 j 1

with fiag = 1 + Z;’ e/-A + Zj 61.8, and terms gj‘B and gﬁB
defined implicitly.
For a purebred animal of breed b

VI RS SR SRS
j j A

= fip + Gp,is

where i, = u + 2 Zj ejb and gp; = -is the

Z]otsj-i-zj

breeding value for crossbred C(AB) performance. From
this, the three vectors of breeding values for crossbred
C(AB) performance, g 4, g5 and gc, are defined.

In this way, a breed-specific partial genetic effect has
been defined for all animals containing the specific breed,
and a breed-segregation partial genetic effect has been
defined for crossbred C(AB) animals. The resulting var-
iance-covariance matrices are as shown in the “Methods”
section.

Note that the different means fic(48) .45, it.4, A5 and
iic should strictly speaking be included into the genetic
effects and breeding values, but they have been omitted
here, since the genetic values are for performance in a
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specific C(AB) cross and these means cannot be inferred
from data.

The variance of the breed-segregation term for a C(AB)
animal equals

Var(g¢5g)) = Var(05» r g (' =€)
j

=D (g =) /4= 0g5/2
j

where o2 GAB = D (e .3)2/2 is the breed-segregation
Varlance, i.e. the addltlonal genetic variance in an F2
cross compared to an F1 cross. The assumption that has
been used here is that the e/.As and e/.Bs are fixed constants.

Additive genetic model for crossbred C (AB) performance:
common genetic approach

Using the notation defined above, the genetic value for
crossbred performance of purebred b animal i equals

N N
G=n+) o +Zo‘d’
j=1 = j=1

where the a’s and o? s are independent between breeds,
and N is the/ number’ of genes. Compared to the partial
genetics approach, here we assume that both the a’s and
the e?s are random variables. The randomness in the o®
s is because different animals inherit different alleles,
but the randomness in €? has a different origin. Note
that the differences in €” between breeds is due to differ-
ences in allele frequencies, and as explained previously,
e/.b = pj’a, +(1— pf)(—a,) = (pj? —1/2)2a;, where pj? is
the allele frequency and g; is the allelic effect. Assigning
prior distributions with expectations 1/2 to the allele fre-
quencies as in Christensen [20] corresponds to assigning
a prior distribution with expectation 0 and variance pro-
portional to (czj)2 to 6}’ for all loci. Furthermore, assuming
that prior distributions for allele frequencies are corre-
lated between breeds implies that covariances of the E}JS
become proportional to (zz,)z.

Thus, we assume that the ebs are random variables that
are independent of the o and o” s and have a mean of
0. Furthermore, we assurne that ’the EIS are correlated
between breeds,

/L+Z(0l +a +2€;’),
j=1

eA 2
18 Te A Te,AB Te,AC
2 2
Var € = | TeAB Tl TeAC (a))”.
c 2
€ Te,AC Te,AB Tec

The variable & when S;E b is a random vari-

able with mean 0, and since it may be expressed as
= (2 )a] where z g = =0,1 for paternal allele
bemg 1 and 2, respectively, we see that the variance
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of f is proportional to (aj)z. Similarly, ozb,. is a ran-
dom ‘variable with mean 0 and variance pfoportional
to (a,)2 For animals in the base populatlon of the pedi-

gree, the variances of of J and ad equal t b(aj)z with

t L

oy = = EVar((z; — p) | p1l = Elp} (1 — p)] = Elp}] —

(Var[p] 1+ Elp ]2) =1/4— . b where expectatlon is
taken with respect to the prior d1str1but1on of p and the
mutual covariances between o® 51 af,, ab and ad are all
zero wheni # 7. v

Therefore, in the base population of the pedigree,
the variances and covariances of the genetic values
gi= Zj(ozb- + ab- + 2eb) become

Var(g,) = (2 2,412 Z(a,) ,
for an individual in breed b,
Cov(gi,gv) = 473,1; Z(aj)z,
j
for two different individuals in breed b, and finally

Cov(gi,gr) = 4Tep Y (@)%
j
for two individuals in different breeds b b
Defining new parameters a Z (a]) (2t b +21€ )
and y;, = 472 b/(ZT bt 212 h), we see that the elements

of the variance-covariance matrix within breed is defined
by:

Var(g) = o (1+ y,/2),

for an individual in breed b, and

Covi(gi, &) = o Vb

for two individuals in breed b, i.e. animals in the
base population are inbred with coefficient y,/2 and
related with relationship coefficient y;,. Note that from
Tj,h + tib = 1/4, we see that 02 = Zj(aj)z/Z does not
depend on breed and y, =877, Furthermore, define
Yo = 8Te,bp> then

Cov(gi &) = 05 Vo>

for two individuals in different breeds b, ¥/, i.e. base ani-
mals in different breeds are related. Therefore, a joint
relationship matrix is specified among all base animals,
and by applying the usual recursive definition, an additive
relationship matrix is defined across all animals as shown
in the “Methods” section.

Note that the breed-segregation term disappears
here, since the differences in the € and €5 terms are
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incorporated into the I matrix. However, breed-segrega-
tion variance is still present under this model, which is
illustrated by

Var(gts),) = Var(0.5y Td) ' =&
j

€f)?) /4

= Z E((e;“
j=1

= (TEZ,A + .’:62,8 — 2T€,A,B) Z(ﬂ1)2/4
j

= (ya+ 8 — 2y4B)0, /16

= UgZ,AB/2’

where o2 G AB = Og 2((ya +v8)/2 — yaB)/4 is the breed-
segregatlon Varlance, i.e. the additional genetic variance
in an F2 cross compared to an F1 cross; see Legarra et al.
(2015) [15].

Genomic model for crossbred C (A3) performance: partial
genetic approach
Based on pedigree relationships, the randomness comes
from not knowing which alleles are inherited, but when
having marker genotypes this is actually known. Here,
the randomness comes from assigning distributions on
effects. In addition, causal loci are replaced by SNPs that
are in linkage disequilibrium with causal loci, but for
shortness of notation we will use the same notation for
the effects of SNPs as that used for the causal loci.

Now, for SNP

=z = P)B}s oy =2y = DDA,

where z; = 0, 1 for paternal allele being 1 and 2, respec-
tively, z, is defined similarly for the maternal allele, p?
denotes ‘the allele frequency of breed b base population,
and ﬁjb is the breed b specific allele substitution effect
which is assumed to be Gaussian distributed with mean
0. Breed-specific partial genetic effects are therefore as
follows:

gai=» (zj+z, =257,
j 1 1

gﬁB,i = Z(Z.Sj P] )IBJ )
j
&= Y (zy -7
j:df:e.A
for breed A,
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gi=Y (z;+z,;— 2B,
j 2 13
gsz,i = Z(Zd{ _p]B)ﬁ]B,
j

j:d{eB

B
8cAaB),i =

for breed B3, and

gei= Y (zj+2,;—2p))By,
j i i

Lami =D 2y —P)B

T
for breed C. The breed- segregation partial genetic
effect is gC(AB)l =05 Z r ,(e eB) where
d,_l when d € A and ry=- -1 when dleB and
' —f =p' - pPBP

An equlvalent formulatlon of the model is to use
marker-based partial relationship matrices instead of
breed-specific allele substitution effects. Define breed
b specific allele content matrices as matrix m? with
entries mz =z 3, +z, for purebred b animals, matri-
ces z* and 2% with entrles zZ and Z respectively, for
crossbred AB animals, matrix z€ with entries z; for
crossbred C(AB) animals, and finally matrices z;‘g/" and
zllf with entries z ; and z j, respectively, for crossbred
C(AB) animals when the breed-specific allele is inher-
ited and zero otherwise. From these breed-specific allele
content matrices, marker-based breed-specific partial
relationship matrices are constructed and these are as
in the Methods” section. Note that the scalings of these
matrices are s” = Var(ﬂb)/a for b = A, B,C. The breed-
segregation partial relatlonshlp matrix is defined as
GLiP =2 ryry [ @n).

Independence between vectors, g, g®), g© and
gc( AB) requires that allele substitution effects ,BJA ,BB
and ﬂ] are independent between breeds, and also that
they are independent of the €/ B, First, independence
between ﬁjA, ,616 and € seems to somehow contradict the
assumption of additive gene effect a; being the same inde-
pendent of breed of origin, but may be justified if there
is no persistence of the phase between markers and QTL
in different breeds. Second, e] A,BA ,BB
being independent of ,BA and ,BB cannot strlctly hold
when B4 and B2 are also independent. However, as
explained by de los Campos et al. [27] the fact that mul-
tiple markers are likely to track the same QTL questions
the assumptions of additivity and independence of SNP
allele substitution effects between loci, and therefore the
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genomic model is a rough approximation to the reality of
the additive model of causal effects.

Genomic model for crossbred C (AB) performance:
common genetic approach
A genomic version of the model with common genetic
effects across breeds can be formulated by replacing «
by (z,; — 1] b g;, ozd by (zd, ),3,, ande by (pb — 1/2)5
where 1/2 is the tommon allele frequency and B; is the
allele substitution effect. Then,

f;l +eb = = (zy — 05)f;, o +ejb = (2, — 0.5)f;.
The resulting model becomes:

g=n+> (z;—05p+(z,; — 05
j 1 13

=pn+ Z(mi,j -
j

The marker-based relationship matrix is therefore con-
structed as usual across all genotyped animals:

DB;.

G- (m—11")(m — 11T)T,
S

where s is scaling parameter.
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