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Abstract. We study entropy production (EP) in processes involving repeated quantum measurements of finite
quantum systems. Adopting a dynamical system approach, we develop a thermodynamic formalism for the EP
and study fine aspects of irreversibility related to the hypothesis testing of the arrow of time. Under a suitable
chaoticity assumption, we establish a Large Deviation Principle and a Fluctuation Theorem for the EP.
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1 Introduction

1.1 Historical perspective

In 1927, invoking the "dephasing effect" of the interaction of a system with a measurement apparatus,
Heisenberg [He] introduced the “reduction of the wave function” into quantum theory as the proper
way to assign a wave function to a quantum system after a successful measurement. In the same
year, Eddington [Ed] coined the term "arrow of time" in his discussion of the various aspects of
irreversibility in physical systems. Building on Heisenberg’s work, in his 1932 monograph [VN], von
Neumann developed the first mathematical theory of quantum measurements. In this theory, the wave
function reduction leads to an intrinsic irreversibility of the measurement process that has no classical
analog and is sometimes called the quantum arrow of time. Although a consensus has been reached
around the so-called orthodox' approach to quantum measurements [Wi], after nearly a century of
research, their fundamental status within quantum mechanics and their problematic relationship with
“the observer” are far from understood and remain much debated; see [HMPZ, ST, Ze, BFES, BES].

!sometimes facetiously termed the "shut up and calculate" approach; see [MND].
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Regarding the quantum arrow of time, Bohm [Bo, Section 22.12] points out that "[quantum] irre-
versibility greatly resembles that which appears in thermodynamic processes,” while Landau and
Lifshitz [LLL, Section 1.8] go further and discuss the possibility that the second law of thermody-
namics and the thermodynamical arrow of time are macroscopic expressions of the quantum arrow
of time. In 1964, Aharonov, Bergmann and Lebowitz [ ] critically examined the nature of the
quantum arrow of time. They showed that conditioning on both the initial and final quantum states,
one could construct a time symmetric statistical ensemble of quantum measurements, lifting the prob-
lem of time irreversibility implied by the projection postulate to a question of appropriate choice of
a statistical ensemble. The construction of this "two-state vector formalism" [AV] and weak mea-

surements [BG, Ca, , ] has led to the definition of weak values by Aharonov, Albert and
Vaidman [ ] which in turn played an important role in recent developments in quantum cosmol-
ogy [ST].

Independently, and on a more pragmatic ground, new ideas have emerged in the study of nonequi-
librium processes [Ru2]. Structured by the concepts of nonequilibrium steady state and entropy pro-
duction, they have triggered intense activity in both theoretical and experimental physics. In the
resulting theoretical framework, classical fluctuation relations [ , , , Jar, ] hint at
new links between the thermodynamic formalism of dynamical systems [Ru 1] and statistical mechan-
ics. In this formalism, the time arrow is intimately linked with information theoretic concepts and its
emergence can be precisely quantified. Fluctuation relations have been extended to quantum dynam-
ics [ , Ta, , , , ], allowing for the study of the arrow of time in open quantum
systems [ , ].

While repeated quantum measurement processes have recently received much focus [ , , YK,

, , ], their connections with the above mentioned advances of nonequilibrium statistical
mechanics have not been fully explored. This work is our first step in this direction of research.
It aims at a better understanding of the large time asymptotics of the statistics of the fluctuations
of entropy production in repeated quantum measurements. We shall in particular derive the large
deviation principle for these fluctuations and prove the so-called fluctuation theorem. We shall also
quantify the emergence of the arrow of time by linking hypothesis testing exponents distinguishing
past and future to the large deviation principle for fluctuations of entropy production.

Finally, we stress that even though the systems of interest in this work are of a genuine quantum na-
ture, the resulting sequences of measurement outcomes are described by classical dynamical systems.
However, these dynamical systems do not generally satisfy the "chaotic hypothesis" of Gallavotti-
Cohen”. From a mathematical perspective, the main results of this work are extensions of the thermo-
dynamic formalism to this new class of dynamical systems.

1.2 Setting

We shall focus on measurements described by a (quantum) instrument J on a finite dimensional
Hilbert space H. We briefly recall the corresponding setup, referring the reader to [Ho, Section 5]
for additional information and references to the literature, and to [Da, Section 4] for a discussion of
pioneering works on the subject.

An instrument in the Heisenberg picture is a finite family J = {®, }4c.4 of completely positive maps
P, : B(H) — B(H)’ such that ® := Y~ _ , ®, satisfies ®[1] = 1. The finite alphabet A describes

2The relevant invariant measures are non-Gibbsian.
*B(H) denotes the algebra of all linear maps X : H — H.
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the possible outcomes of a single measurement. We denote by J* = {®}},c 4 the dual instrument in
the Schrodinger picture, where @7 : B(H) — B(H) is defined by tr(®}[X]Y) = tr(X ®,[Y]).

A pair (7, p), where J is an instrument and p a density matrix on H, defines a repeated measurement
process in the following way. At time ¢ = 1, when the system is in the state p, a measurement is
performed. The outcome a; € A is observed with probability tr(®;; [p]), and after the measurement
the system is in the state

_ 951
tr(®z, [o])
A further measurement at time ¢ = 2 gives the outcome ay with probability

tr((®g, © @5, )[rl)
tr(®s, (o))

and the joint probability for the occurence of the sequence of outcomes (ay, az) is
tr((®g, 0 ®5,)[p)) = tr(p (Pay © Py, )[1])-

Continuing inductively, we deduce that the distribution of the sequence (a1, ...,ar) € A" of out-
comes of 7" successive measurements is given by

Pay

tr(®g, [par]) =

IP’T(al, - ,CLT) =tr (p ((I)al 0---0 (I)aT)[ﬂ]) .

One easily verifies that, due to the relation ®[1] = 1, Py is indeed a probability measure on A7 .

Example 1. von Neumann measurements. Suppose that A C R. Let {P,}qeca
be a family of orthogonal projections satisfying ) ., P, = 1, and let the unitary
U : H — H be the propagator of the system over a unit time interval. The instrument
defined by ®,[X]| = V, XV, where V,, = U*P,, describes the projective von Neumann
measurement of the observable A = 3" _ , aP,. More precisely, if the system is in the

state p at time ¢, then a measurement of A at time ¢ + 1 yields a with the probability
tr(®3[p])-

Example 2. Ancila measurements. Let 7, be a finite dimensional Hilbert space de-
scribing a "probe" allowed to interact with our system. The initial state of the probe is
described by the density matrix p,. The Hilbert space and the initial state of the joint sys-
tem are H @ Hp, and p® pp,. Let U : H @ H), — H ® H,, be the unitary propagator of the
joint system over a unit time interval. Let { P, },c 4 be a family of orthogonal projections
on H, such that ), P, = 1 and define

®2[p] = try, (1® P)U(p® pp)U*), (1.1)

where try;, stands for the partial trace over H,,. The maps ®; extend in an obvious way
to linear maps @ : B(H) — B(H), and the family {®} } ,c 4 is an instrument on # in the
Schrodinger picture.* Moreover, any such instrument arises in this way: given {®*},c4,
one can find H,, pp, U, and { P, }4c 4 so that (1.1) holds for all density matrices p on H.>

*The same instrument in the Heisenberg picture is described by ®4[X] = try, (U*(X ® Pa)U(1 ® pp)).
5Tn our setting, this result is an immediate consequence of Stinespring’s dilation theorem. For generalizations, see [
Section 5].
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Example 3. Perfect instruments. An instrument J = {®,},c.4 is called perfect if, for
alla € A, ,]X]| = V, XV for some V, € B(#). The instruments associated to von
Neumann measurements are perfect. The instrument of an ancila measurement is perfect
if dim P, = 1forall a € A and p, is a pure state, i.e., p, = 1) (1| for some unit
vector 1, € Hp.

Example 4. Unraveling of a quantum channel. Let ® : B(H) — B(#) be a com-
pletely positive unital map — a quantum channel. Any such ® has a (non-unique) Kraus
representation
O[X] =) VXV,
acA
where A is a finite set and the V, € B(H) are such that ) , VoV = 1 (see, e.g., [Pe,
Theorem 2.2]). The maps ®,[X| = V,XV.* define a perfect instrument. The process

(7, p) induced by the Kraus family 7 = {®, },c.4 and a state p is a so-called unraveling
of ®.

The property ®[1] = 1 ensures that the family {P7}7>; uniquely extends to a probability measure P
on (£, F), where Q = AN and F is the o-algebra on (2 generated by the cylinder sets. E[-] denotes
the expectation w.r.t. this measure. We equip §2 with the usual product topology. 2 is metrizable and
a convenient metric for our purposes is d(w,w’) = A@«") where A €0, 1[ is fixed and k(w,w’) =
inf{j|w; # wj}; see [Rul, Section 7.2]. (€2, d) is a compact metric space and its Borel o-field
coincides with F. For any integers 1 < i < j we set [i, j] = [i,5] NN and denote Q7 = AILT1, The
left shift
o : Q — Q
(wl,UJQ, .. ) — (OJQ,(Ug, .. .),

is a continuous surjection. If the initial state p satisfies ®*[p] = p,° then PP is ¢-invariant (i.e.,
P(¢~1(A)) = P(A) for all A € F) and the process (7, p) defines a dynamical system (€2, P, ¢).
This observation leads to our first assumption:

Assumption (A) The initial state satisfies ®*[p] = p and p > 0.

In what follows we shall always assume that (A) holds. Some of our results hold under a weaker form
of Assumption (A); see Remark 2 after Theorem 2.3.

The basic ergodic properties of dynamical system (€2, [P, ¢) can be characterized in terms of ® as
follows. Note that the spectral radius of ® is 1.

Theorem 1.1 (1) If1 is a simple eigenvalue of ®, then (2, P, ¢) is ergodic.

(2) If 1 is a simple eigenvalue of ® and ® has no other eigenvalues on the unit circle |z| = 1, then
(Q,P, ¢) is a K-system, and in particular it is mixing. Moreover, for any two Hélder continuous
Sfunctions f, g : Q0 — R there exists a constant v > 0 such that

E(fgo¢") —E(f)E(g) = O(e™™").

SSince ®[1] = 1, such a density matrix p always exists.




Benoist, Jaksié, Pautrat, Pillet

Remark 1. These results can be traced back to [ ]; see Remark 1 in Section 1.3. Related re-
sults can be found in [ , , ]. For a pedagogical exposition of the proofs and additional
information we refer the reader to [ ].

Remark 2. 1 is a simple eigenvalue of ® whenever @ is irreducible, i.e., the relation ®[P] < AP for
some orthogonal projection P € B(H) and some A > 0 implies P € {0, 1}; see [ , Lemma 4.1].
Remark 3. Note that the condition ®*[p] = p is equivalent to

> Psir(w, ..., ws,wst1, - wstr) = Pr(wsi, .., wsir),
W1,...,ws€EA

which is usually seen as an effect of decoherence. Under the Assumptions of Theorem 1.1 (2) the
state p satisfying Assumption (A) is unique. Moreover, for any density matrix pg, one has
lim Z tr(poPusy 0 v+ 0 Puyg 0 Puygyy 00 Py, p) = Pr(wsta, ... wstT),

S—o0
W1, wsEA

i.e., the dynamical system (2, P, ¢) describes the process (7, po) in the asymptotic regime where a
long sequence of initial measurements is disregarded.

We proceed to describe the entropic aspects of the dynamical system (€2, P, ¢) generated by the re-
peated measurement process (7, p) that will be our main concern. Let 6 : A — A be an involution.
For each T" > 1 we define an involution on {27 by

Or(wi,...,wr) = (B(wr),...,0w1)).

A process (j ,p) is called an outcome reversal (abbreviated OR) of the process (J, p) whenever

the instrument J = {i\)a}ag 4 and the density matrix p acting on the same Hilbert space H satisfy
®*[p] = p > 0, and the induced probability measures

Pr(w,..owr) = tr (p(@uy 00 By [1])

satisfy R
Pr =Ppro®Op (1.2)

for all T' > 1. Such a process always exists and a canonical choice is
A 1 117 1 .
Do (X) = p 29, {/ﬂXp?] P2, p=p; (1.3)

see [Cr2]. Indeed, one easily checks that {&)a}ae A 1s an instrument such that (f)*[ﬁ] = pand that (1.2)
holds. Needless to say, the OR process (j , p) need not be unique; see [ ] for a discussion of
this point. However, note that the family {ﬁT}Tzl defined by (1.2) induces a unique ¢-invariant prob-
ability measure P on Q: the OR dynamical system (2, P, ¢) is completely determined by (2, P, ¢)
and the involution 6.

In the present setting our study of the quantum arrow of time concerns the distinguishability between
(J,p) and its OR (J,p) quantified by the entropic distinguishability of the respective probability
measures P and P. This entropic distinguishability is intimately linked with entropy production and
hypothesis testing of the same pairs and we shall examine it on two levels:

Level I: Asymptotics of relative entropies and mean entropy production rate, Stein error exponent.

Level II: Asymptotics of Rényi’s relative entropies and fluctuations of entropy production, large de-
viation principle and fluctuation theorem, Chernoff and Hoeffding error exponents.
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1.3 Two remarks

Remark 1. The dynamical systems (2, P, ¢) studied in this paper constitute a special class of C*-
finitely correlated states introduced in the seminal paper [ ]. We recall the well-known construc-
tion. Let €1, € be two finite-dimensional C*-algebras, p a state on €5, and £ : €; ® €5 — €5 a
completely positive unital map such that for all B € &,

p(E(le, ® B)) = p(B).
For each A € €; one defines a map £4 : €5 — €5 by setting £4(B) = £(A ® B). The map

'Yn(Al D ® An) = p(gAl o 'gAn(]l@))

uniquely extends to a state on the tensor product )" , Qigi), where Qigi) is a copy of C;. Finally, the

family of states y,, n € N, uniquely extends to a state v on the C*-algebra &), e:ﬁ”. The state
is the C*-finitely correlated state associated to (€1, €y, &, p). The pairs (€2, P) that arise in repeated
quantum measurements of finite quantum systems correspond precisely to C*-finitely correlated states
with commutative €; and €3 = B(H) for some finite dimensional Hilbert space #. This connection
will play an important role in the continuation of this work [ ].

In this context we also mention a pioneering work of Lindblad [L.i] who studied the entropy of finitely
correlated states generated by a non-Markovian adapted sequence of instruments. Since the main
focus of this paper is the entropy production, the Lindblad work is only indirectly related to ours, and
we will comment further on it in [ ].

Remark 2. It is important to emphasize that the object of our study is the classical dynamical sys-
tem (2, P, ¢) and that the thermodynamic formalism of entropic fluctuations we will develop here
is classical in nature. The quantum origin of the dynamical system (2, P, ¢) manifests itself in the
interpretation of our results and in the properties of the measure IP. The latter differ significantly from
the ones usually assumed in the Gibbsian approach to the thermodynamic formalism. In particular, the
Gibbsian theory of entropic fluctuations pioneered in [ , ] and further developed in [JPR, ]
cannot be applied to (€2, P, ¢), and a novel approach is needed. We will comment further on this point
in Section 2.6. Here we mention only that the main technical tool of our work is the subadditive
ergodic theory of dynamical systems developed in unrelated studies of the multifractal analysis of a
certain class of self-similar sets; see [ , R , , Fa, FS, , s , FL, , 1Y, ].
This tool sheds an unexpected light on the statistics of repeated quantum measurements.

1.4 Organization

The paper is organized as follows. Sections 2.1-2.3 deal with Level I: Asymptotics of relative en-
tropies and mean entropy production rate, Stein error exponent. In Section 2.1, we fix our notation
regarding various kinds of entropies that will appear in the paper. In Section 2.2 we state our results
concerning the entropy production rate of the process (7, p). Stein’s error exponents are discussed in
Section 2.3. Sections 2.4-2.9 deal with Level II: Asymptotics of Rényi’s relative entropies and fluc-
tuations of entropy production, large deviation principle and fluctuation theorem, Chernoff and Ho-
effding error exponents. Additional notational conventions and properties of entropies are discussed
in Section 2.4. Section 2.5 is devoted to Rényi’s relative entropy and its thermodynamic formalism.
Fluctuations of the entropy production rate, including Large Deviation Principles as well as local and
global Fluctuation Theorems are stated in Section 2.8. In Section 2.9 we discuss hypothesis testing
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and, in particular, the Chernoff and Hoeffding error exponents. The proofs are collected in Sections 3
and 4.

For reasons of space, the discussion of concrete models of repeated quantum measurements to which
our results apply will be presented in the continuation of this work [ 1.
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2 Results

2.1 Level I: Entropies

Let X be a finite set. We denote by Py the set of all probability measures on X'. The Gibbs-Shannon
entropy’ of P € Py is

S(P)= - P(x)log P(z).

TEX
The map Py > P +— S(P) is continuous and takes values in [0, log |x|]. The entropy is subadditive:
if ¥ = X x & and P, P; are the respective marginals of P € Py, then
S(P) < S(P1) + S(Py), (2.4)

with the equality iff P = P, x P,. The entropy is also concave and almost convex: if P, € Py for
k=1,...,nand py > 0aresuchthaty , | py =1, then

> peS(P) < S (ZP}J%) < S(p1y.- o) + Y PrS(Pr), (2.5)

k=1 k=1 k=1

where S(p1,...,Pn) = — > p—q Pk log pi.

The set supp P = {x € X' | P(x) # 0} is called the support of P € Py. For a € R, the Rényi
a-entropy of P is defined by

Sa(P)=log | > P(x)"

zesupp P

The map « — S, (P) is real analytic and convex. Obviously,

"In the sequel we will just refer to it as the entropy.
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The relative entropy of the pair (P, Q) € Py X Py is

ZP ﬂ, if supp P C supp Q;
sl =& oW
400, otherwise.

The map (P,Q) — S(P|Q) is lower semicontinuous and jointly convex. One easily shows that
S(P|Q) > 0 with equality iff P = Q. As a simple consequence, we note the log-sum inequality,”®

M M
Zajlogb—>alogb a:Zaj, b:ij, (2.6)
j=1 j=1

7=1

valid for non-negative a;, b;.

If ) is another finite set, a matrix [M (2, y)] (z,y)ex xy With non-negative entries is called stochastic if
forallz € &, Zyey M (z,y) = 1. A stochastic matrix induces a transformation M : Py — Py by

=Y Pl@)M

reX

The relative entropy is monotone with respect to stochastic transformations:
S(M(P)|M(Q)) < S(P|Q). (2.7)

For a € R, the Rényi relative a-entropy of a pair (P, ) satisfying supp P = supp Q is defined by

> rto' 0w

reX

Sa(P|Q) = log

The map R 3 a — S, (P|Q) is real analytic and convex. It clearly satisfies

Sa(P|Q) = Slfa(Q|P)7 (2.8)

and in particular So(P|Q) = S1(P|Q) = 0. Convexity further implies that S, (P|Q) < 0 for
a € [0,1] and S, (P|Q) > 0 for a & [0, 1]. The Renyi relative entropy relates to the relative entropy

through

Yo @@| =-5rQ. Ls.r)| =SQP). 2.9)

do =0 do o=1
The map (P, Q) — Sa(P|Q) is continuous. For @ € [0, 1] this map is jointly concave and
Sa(PlQ) < Sa(M(P)|M(Q)). (2.10)
We note also that if ¢ : X — X is a bijection, then

S(PoplQop)=S5(PQ),  Sa(PoplQoyp)==5(PQ). (2.11)

#We use the conventions 0/0 = 0 and 2/0 = oo for z > 0, log 0 = —00, log 0o = o0, 0 - (+00) =
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All the above entropies can be characterized by a suitable variant of the Gibbs variational principle.
We note in particular that for any P € Py and any function f : X — R one has

Fp(f) :=log (Zeﬂz’)P(w)) = max (Z f(2)Q(x) S(QIP)) : (2.12)
rxeX

TEX @ePx
and that the maximum is achieved by the measure

Pi(x) = S @=FrN) p(z).

For further information about these fundamental notions we refer the reader to [AD, OP].

2.2 Level I: Entropy production rate

It follows from Eq. (1.2) that supp P and supp @T have the same cardinality. Thus, if either
supp P C supp P or supp Py C supp P, then supp Pr = supp Pr.

Notation. In the sequel ]P’# denotes either P or @T.

The relation
P#(wl,...,wﬂ = Z ]P’#H(wl,...,wT,wTH) (2.13)

W41 cA

further gives that if supp Pz # supp @T for some 7', then supp P # supp I/P\’T/ forall 77 > T.

Define the function

P .
Qrowe op(w) =op(wi,...,wr) =log M
Pr(wi,...,wr)
Note that o takes value in [—00, oo and satisfies o7 0 ©7 = —o7. The family of random variables

{or}7>1 quantifies the irreversibility, or equivalently, the entropy production of our measurement
process. The notion of entropy production of dynamical systems goes back to seminal works [ ,
; ; I; see [JPR, Kul, LS, , » MN, MV, RM].

The expectation value of o w.r.t. P is well-defined and is equal to the relative entropy of the pair
(P7, Pr). More precisely, one has

Elor] = Y or(w)Pr(w) = S(Pr[Pr) = S(Pr o O7|Pr 0 O1) = S(Pr|Pr). (2.14)

weQr

The log-sum inequality (2.6) and Eq. (2.13) give the pointwise inequality

Priq(wr, ..., wrqn Pr(wi,...,wr
Z IPT+1(W1,...,UJT+1)lOg,\ * ( + ) Z]P’T(wl,...,w;r)logy,
wrp1 €A Prii(wi,...,wre1) Pr(wy,...,wr)

and summing over all w € Qp gives

Elors1] > Elor] >0 (2.15)
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Note that dividing the above pointwise inequality by P (w1, . .., wr) shows that o is a submartingale
w.r.t. the natural filtration. The martingale approach to the statistics of repeated measurement pro-
cesses has been used in several previous studies; see [ , , s ] and references therein.

In this work, however, we shall base our investigations on subadditive ergodic theory which provides
another perspective on the subject.

The definition and the properties of the entropy production we have described so far are of course
quite general, and are applicable to any ¢-invariant probability measure Q on (2, F) with Qp being
the marginal of Q on Q7 and @T = Qr o ©p. The remaining results of the present and all results of
next sections, however, rely critically on a subadditivity property of PP described in Lemma 3.4.

Since, in view of (2.15), the cases where E[o] = oo for some T are of little interest, in what follows
we shall assume:

Assumption (B) supp P = supp I@T forall T > 1.
We shall say that a positive map ¥ : B(H) — B(H) is strictly positive, and write ¥ > 0, whenever
U[X] > 0 for all X > 0. One easily sees that this condition is equivalent to ¥[1] > 0. Under

Assumption (A), a simple criterion for the validity of Assumption (B) is that &, > 0 for all a € A.
Indeed, these two conditions imply

11
1p2]p~2 >0,

D=

1
(Puy 00 CI)OJT)[IL] >0, p 2 ((I)G(wl) 00 (I)G(wT))[p

forall T > 1 andAall w = (w1,...,wr) € Qp. It follows from the canonical construction (1.3) that
supp Py = suppPr = Qp forall T > 1.

Theorem 2.1 (1) The (possibly infinite) limit

1
ep(J, p) := lim —Elor]

exists. We call it the mean entropy production rate of the repeated measurement process (7 , p).

(2) One has

1 .
ep(J,p) = 2}2 T (E[or] + log minsp(p)) > 0,

where sp(p) denotes the spectrum of the initial state p.
(3) For P-a.e. w € ), the limit

1
Tlg%o TO'T(W) =7(w) (2.16)

exists. The random variable G satisfies o o ¢ = o and
E[g] = ep(J, p).

Its negative part o = 3(|o| — 7) satisfies E[o_] < co. Moreover; ifep(J , p) < oo, then

| -0

The number &(w) is the entropy production rate of the process (7, p) along the trajectory w.

1
lim E HTUT -0

T—o0
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Remark 1. If P is ¢-ergodic, then obviously 7(w) = ep(J, p) for P-a.e. w € Q.
Remark 2. Since o7 0 ©p = —op, Part (1) implies

lim lE[UT] hm %E[—O’T] = —ep(J, p).

T—oo T T—o0
Part (3) applied to the OR dynamical system (Q, @, ¢) yields that the limit (2.16) exists P-a.e. and

satisfies E[g] = —ep(J,p). Assuming that P is ¢-ergodic, we have either P = P and hence
ep(J,p) =0,orP L P (i.e., P and IP are mutually singular).

Remark 3. The assumption ep(7, p) < oo in Part (3) will be essential for most of the forthcoming
results. It is ensured if ®, > 0 for all a € A. Indeed, the latter condition implies that ®,[1] > €1 for
some € > 0 and all @ € A. Since

Elor] < E[-logPr] = = Y Pr(w)logPr(w) = — Y Pr(w)logPr(w)
weQ weQr
=— > Pr(w)logtr (p(®u, o0 By, )[1])
wEQ

it follows that in this case ep(J, p) < — loge. For a perfect instrument ®,[X] = V,XV*, ®,[1] > €l
for some € > 0 and all a € A iff all V,,’s are invertible.
Remark 4. Fori = 1,2,..., let (J;, p;) denote processes on a Hilbert space H; with instrument
Ji = {Piataca,. Set &; = ZaEAi ®; , and assume that OR processes (7;, p;) are induced by
involutions #; on 4;. Denote by ]P’l#T the probabilities induced on AZT by these processes. Basic
operations on instruments and the resulting measurement processes have the following effects on
entropy production.
Product. The process (J1 ® J2, p1 ® p2) is defined on the Hilbert space H; ® Ho by the instrument
J1 @ Jo = { P14, ® P24, }(ay1,00)eA; x4, and its OR is induced by the involution 6(ay,az) =
(61(a1),02(az)). The probabilities induced on (A; x As)T by these processes are easily seen to be
#((al, bi),...,(ar,br)) = Pf&T(al, . ,aT)IF’;#T(bl, ..., br) and it follows from the equality in
Relation (2.4) and Eq. (2.14) that

ep(J1 ® J2, p1 @ p2) = ep(J1, p1) + ep(J2, p2)-

Sums. The process (jl & Jo, p(“)) is defined on the Hilbert space H; & Ho with the initial state
P = ppy @ (1 — p)pa, i €]0, 1], and the instrument J; & Jo = {®, Yac.a,04, With

o[l = P 14,(0) ;[T AT},
ie{1,2}
where 1 4, denotes the characteristic function of A; and J; the natural injection H; — Hi & Ho. It
follows that
P[A] = EB Ji®i[JF AL
ie{1,2}
and in particular ®[1] = 1 and @*[p(“)] = pW. Assuming that 6; and 6 coincide on A; N As,

an OR process is induced by the involution defined on .4; U Ay by 6(a) = 6;(a) for a € A;. The
probabilities induced by these processes are the convex combinations

]P)# = MPT%T +(1- N)P;%%
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where IP’?ET is interpreted as a probability on .4; U Ay. The joint convexity of relative entropy and
Relation (2.14) yield the inequality

ep (jl ® Jo, p(“)) < pep(Ji, p1) + (1 — p)ep(Jz, p2).

Note that if P; # P9, then the sum of two measurement processes is never ergodic. Two extreme
cases are worth noticing:’

@If A;NnAy; = 1] (disjoint sum), then IP)I,T 1 ]P)Q’T and IP’T(al, ... ,aT) = MiIP’in(al, e GT)
(w1 = p, po = 1 — p) for all T' > 1 provided a1 € A;, i.e., the outcome of the first measurement
selects the distribution of the full history. It immediately follows that in this case

ep (j1 T, p(“)) = pwep(J1, p1) + (1 — p)ep(Ja, pa)-

(b) If Ay = Ay = A then Py 7 and P, 7 can be equivalent for all 77 > 1. However, this does not
preclude that Py | P5. This is indeed the case if P; and P are ergodic and distinct. Then, there exists
two ¢-invariant subsets O; C A" such that P;(O;) = 6i5, P(O1 U O3z) =1, and

T-1
Jim = ; fod(w) =Eilf],

for P-a.e. w € O; and all f € L'(AY,dP). Thus, in this case, the selection occurs asymptotically as
T — oo.

The above operations and results extend in an obvious way to finitely many processes.
Coarse graining. We shall say that /5 is coarser than /; and write J5 > J; whenever H; = Hs and

there exists a stochastic matrix [Ma,a,](q;,a)c A, x.A, SUCh that

(I)Q,aQ: E Mamzq)l,al
a1€AL

for all ay € A,. Note that in this case 1 = Po. In particular, (72, p) satisfies Assumption (A) iff
(T, p) does. If My, (a1)6s(as) = Mayay for all (a1,a2) € A; x Ay then Jy = J) is equivalent to

~

T2 >~ ‘?1 and the induced probability distributions are related by
Py = M (P} ;)
where [Mr 4 (a.b)eAT x AT is the stochastic matrix defined by

T

Mrap = [ [ Masp,-
=1

It follows from Inequality (2.7) and Relation (2.14) that

ep(Ja, p) < ep(Jh, p).

The alphabets A; are immaterial and only serve the purpose of labeling individual measurements ®; o, thus the identi-
fication of elements of .4; and A2 in A; N Ay is purely conventional. We note, however, that this identification affects our
definition of the sum of two instruments.
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Compositions. Assuming that H1 = Ho = H, p1 = p2 = p, and P14, 0 Py = Py 0 Py 4, for all
ay € Aj, the composition (7072, p) is the process with the alphabet .A; x A, involution 6(ay, as) =
(01(a1),02(az)) and instrument J1 0 Jo = {®1,4; © P2.a5 } (a1,a0)€4; x Ao+ S€ING Mg, 435 = ay b
one easily sees that jl = J10J9 where jl = {@[)1,@ o®y} 4.4, - Due to our commutation assumption,
the probabilities induced by jl coincide with that of ;. It follows that

ep(J1,p) < ep(J1 o Jo, p).

Limits. Let (7, pn), n € N, and (7, p) be processes with the same Hilbert space #, alphabet .A and
involution 0. We say that lim(7,,, pn) = (J, p) if

Jim (ypn —pll + Z | ®n.a — <I>aH) = 0. (2.17)

acA

Part (2) of Theorem 2.1 gives

S(Pp|Pnr) +log An
ep(jn,pn) = ;}g{ ( | T) )

(2.18)

where \,, = minsp(p, ). This relation and the lower semicontinuity of the relative entropy give that
for any 7T,

S(Pp.r|Prr) +1og Ay _ S(Pr[Pr) + log A
lim inf ep( 7y, pn) > lim inf (Pr.7Pn.7) +log > (Pr[Pr) + log 7

where A = minsp(p). We used that the convergence (2.17) implies lim,, I@fT = @# and
lim,, o0 A\, = . Since (2.18) also holds for (7, p) and (P, @T) we derive

hnnigcl)f ep(Tns pn) = ep(J, p)-

The final result of this section deals with the vanishing of the entropy production.

Proposition 2.2 If P = P, then ep(J,p) = 0. Reciprocally, in cases where ep(J,p) = 0 the
following hold:

(1) lim Elor] = supElor] < oc.
T—o00 T>1

(2) The measures P and P are mutually absolutely continuous with finite relative entropy.

(3) IfPis ¢p-ergodic, then P = P.

2.3 Level I: Stein’s error exponents

For e €]0,1[and T > 1 set

sr(€) := min {I@T(T) |7 € Qp, Pr(T°) < e} , (2.19)
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where 7¢ = Qp \ T. Smce ]P’T = Py o O, the right hand side of this expression is invariant under
the exchange of P and Py. The Stein error exponents of the pair (P, P) are defined by

1 1
s(€) = lim inf T log s7(€), S(e) = limsup T log s7(€).

T—o0 T—00

In Section 2.9 we shall interpret these error exponents in the context of hypothesis testing of the arrow
of time.

Theorem 2.3 Suppose that P is ¢-ergodic. Then, for all € €]0, 1],
s(€) =5(e) = —ep(J, p)-

We finish with two remarks.

Remark 1. Theorem 2.3 and its proof give that

VS

1~
= inf {liminflog}P’T(TT) ’ Tr C QpforT > 1, and lim Pp(77f) = 0} ,
T—oo T T—o0

1 -
5 = inf {limsup —logPp(Tr) | Tr C QpforT > 1, and lim Pp(7f) = O} ,
T T—o0

T—o00

satisfy s = s = —ep(J, p); see the final remark in Section 3.3.

Remark 2. Theorems 2.1 and 2.3 also hold whenever Assumption (A) is replaced by the following
two conditions:

(a) There exists a density matrix pip, > 0 such that ®*[piny] = piny-

(b) p > 0.

In this case, ep(J, p) does not depend on the choice of p, i.e., ep(J, p) = ep(T, piny) for all density
matrices p > 0. Note however that if d*[p] # p, then, except in trivial cases, I is not ¢-invariant and
the family {IP7}7>1 does not define a probability measure on €2.

2.4 Level II: Entropies

We denote by P the set of all probability measures on (£, ) and by P, C P the subset of all ¢-
invariant elements of P. We endow P with the topology of weak convergence which coincides with
the relative topology inherited from the weak-* topology of the dual of the Banach space C'(£2) of
continuous functions on §2. This topology is metrizable and makes P a compact metric space and
Py a closed convex subset of P. Moreover, Py is a Choquet simplex whose extreme points are the
¢-ergodic probability measures on €2; see [Rul, Section A.5.6].

For Q € P, Qr denotes the marginal of Q on Q7. Reciprocally, a sequence {Qr}r>1, with Qr €
Pq, defines a unique Q € P iff

Z Qr(wi,...,wr) = Qr_1(wi,...,wr—1)

wreA
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for all T' > 1. Moreover, Q € Py iff, in addition,

> Qrw,...,wr) = Qr_1(wa,. .., wr)

wi1€eA

for all T' > 1. It follows that to each Q € P, we can associate a time-reversed measure @ € Py with
the marginals @T = Qr 0 ©p. The map Q — @ defines an affine involution © of Py. Clearly, the
map O preserves the set of ¢-ergodic probability measures. In the following we associate to Q € Py
the family of signed measures on {2 defined by

Q@ := (1 - a)Q + Q.

Note that Q@ = Q=) and that Q(®) P, for a € [0,1].

If Q € Py, then the subadditivity (2.4) of entropy gives S(Qri7/) < S(Qr) + S(Qpv) for all
T,T" > 1, and Fekete’s Lemma (Lemma 3.1 below) yields that

ho(Q@) = Jim 5(@r) = juf 75(Qr). (2.20)

T—o00

By the Kolmogorov-Sinai theorem [Wa, Theorem 4.18], the number h¢(Q) is the Kolmogorov-Sinai
entropy of the left shift ¢ w.r.t. the probability measure Q € P, and lies in the interval [0, log £], where
¢ is the number of elements of the alphabet A. The map Py > Q +— hy(Q) is upper semicontinuous.
It is also affine (recall the concavity/convexity bound (2.5)), i.e.,

he(AQ1 + (1 = A)Q2) = Ag(Q1) + (1 — A)hg(Qo2)

for all Q1,Q2 € Py and A € [0, 1]. Moreover, since S(Qr) = S(@T), one has hs(Q¥)) = hy(Q)
forall « € [0, 1].

For Q1,Q2 € P, we write Q1 < Q9 whenever Qg is absolutely continuous w.r.t. Q2. In this case,
dQ;/dQy denotes the Radon-Nikodym derivative of Q; w.r.t. Q2. The relative entropy of the pair

(Ql? Q2) is
dQy

log | —— ) d if .
S(Q1|Q2) = /Og <d@2> Q1, Q1 < Qy;

400, otherwise.

The map P x P 3 (Q1,Q2) — S(Q1|Q2) is lower semicontinuous. Moreover S(Q;|Q2) > 0 with
equality iff Q; = Q2. The proofs of these basic facts can be found in [El]. If f is a measurable
function on (2, F), we shall denote its expectation w.r.t. Q € P by

Q) = [ r@)ew)
whenever the right hand side is well defined.
2.5 Level II: Rényi’s relative entropy and thermodynamic formalism on [0, 1]

For T > 1 and a € R, we adopt the shorthand

er(a) := Sa(Pr|Pr), (2.21)
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and note that, up to a sign change of its argument,
er(a) =logE [e7*7T]

is the cumulant generating function of o7. In order to obtain interesting statistical information about
the asymptotic behavior of the random variable o7, we shall investigate the existence and smoothness
properties of the large-T" limit of the function T 'er(a). To get a rough picture of the limiting
function, avoiding the more subtle question of its existence, we first describe the basic properties of
the function
R > a e(a) = limsup leT(a) € [—o0, +00].
T—o0

According to the general properties of Rényi’s relative entropy listed in Section 2.1, the function
R 5> a +— ep(a) is real analytic, convex, vanishing for a € {0, 1}, non-positive on the interval [0, 1]
and non-negative on its complement. The symmetry property (2.8) and the invariance property (2.11)
further yield

er(a) =er(l —a). (2.22)

Finally, from Relations (2.9) and (2.14) we deduce /(1) = —e/-(0) = E[or], which implies the
lower bound
er(@) > (ja — 4] — ) Bloz).

From the general properties of convex functions (we refer the reader to [Ro] for details) we infer that €
is a convex function vanishing for o € {0, 1}. It is non-positive on the interval [0, 1] and non-negative
on its complement. It satisfies the symmetry

2(1—a) =e(a), (2.23)

and the lower bound
e(a) > (|a— 3| — %) ep(T.p) = —Lep(T, p).

The following dichotomy holds: either € is a proper convex function, i.e., €(«) > —oo for all a, or
it is improper and takes the value —oo for some a €]0, 1[. In the first case, which is ensured by the
condition ep(J, p) < oo, there exists 2 < x < oo such that € is continuous on T =]3 — k, 3 + &|
and takes the value 4-co on the (possibly empty) complement of the closure of Z. In the second case,
ep(J,p) = oo, e(a) = —oo for all @ €]0,1] and () = +oo for all @« € R\ [0,1]; see [Ro,
Theorem 7.2].

The first results in this section concerns the existence and the characterization of the large-7" limit of
T~ter(a) for a € [0, 1]. To motivate our approach, note that the variational principle (2.12) implies
that forall 7" > 1 and o € R,

1 1

ger(@) = 7 max (—aQlor] — S(Qr[Pr))
= % %}37}3( <—a@[log Pr] + aQ[log @T] — Q[log Q7] + Qllog PT]) (2.24)
> &%}i <;Q(Q) [log PT] - %Q[bg QT]) ,

which indicates that the large-7" limit of the functional appearing on the right hand side of this expres-
sion may be connected to the limiting cumulant generating function of op.
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Theorem 2.4 (1) Forall o € |0, 1] the (possibly infinite) limit

e(a) := Tlgr;o %eT(a) (2.25)

exists, is non-positive, and satisfies e(0) = e(1) = 0. The function [0,1] > o — e(«) is convex
and satisfies the symmetry

e(a) =e(l —a). (2.26)
We shall call e(«) the entropic pressure of the repeated measurement process (J , p).
(2) The following alternative holds: either e(or) = —oo for all o €]0, 1], or e(ar) > —o0 for all
a € [0,1].

(3) For any Q € Py the (possibly infinite) limit

T—o00

¢(Q) := lim Q [—r}logIPT]

exists and is non-negative. The map Py > Q — <(Q) is affine, lower semicontinuous, and satisfies
S(B) = hy(P).
(4) For Q € Py we set
F(Q) = he(Q) = <(Q).
The map Py > Q — f(Q) is affine and upper semicontinuous. It satisfies f(IP) = 0 and

F(Q9) <e(w)
forallQ € Py and o € R.

In the remaining statements we assume that inf o 1) e(a) > —oo.

(5) For a € [0,1] one has

and the set

Pea() = {Q € Py e(a) = F(Q@) }

is a non-empty, convex, compact subset of Py. It is a Choquet simplex and a face of Py. The
extreme points of Peq(a) are p-ergodic.

(6) The function o — e(«) admits a left/right derivative 0% e(«) at each o €]0, 1], and

~

0 e(a) = _inf (s(Q) -s(@)< sup (s(Q) —s(Q) = e(a). (2.27)

Q€Peq(e) QEPeq(a)

(7) The left/right derivative of () also exists at « = 0/1 and

dte(0) = sup (s(Q) —<(Q)) > —ep(T, p),
QEPeq(0)
(2.28)

~

97e(l) = inf (¢(Q) —<(Q)) <ep(T,p).

QePeq(1)
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(8) If P is ergodic, then Pey(0) = {P}, Peq(1) = {P}, and 0~ e(1) = —0Te(0) = ep(T, p).

Remark 1. As already mentioned, the condition ep(7, p) < oo ensures that e(a) > —oo for o €
[0, 1]. Thus, Remark 3 in Section 2.2 provides a sufficient condition for the validity of Parts (5)—(8).
More precisely, if ®,[1] > €l for some ¢ > 0 and all a € A, then e(ar) > log{ + loge for all
a € [0,1]. The normalization >, 4 ®4(1) = 1 ensures that e < 3.

Remark 2. The symmetry (2.26) implies that the involution © maps Peq(cr) onto Peg(1 — ).

~

Remark 3. Regarding (2.27), note that for any Q € P, such that ¢(Q) and ¢(Q) are finite,

(@) - <(@) = — Jim ~Q(or).

T—oo T

Remark 4. Indicating by a subscript the dependence of the entropic pressure, Remark 4 after Theo-
rem 2.1 extends as follows. The entropic pressure of the product of two instruments is easily seen to
be

6(.71@.72,/31@/)2)(0‘) = e(Jl,m)(O‘) + e(J27p2)<0‘)7

while the joint concavity of Rényi entropy and Eq. (2.21) yield the following inequality for general
sums:

e(J1€BJ2,#p1€B(1—#)P2)(a) = “6(71,01)(a) +(1- M)G(J27p2)(a)‘
In the special case of a disjoint sum the identity
C( 16 Tapupr (1-p)p2) (@) = MAX (€(7,,p1) (@), (7, 5) (V)

holds. If 7> > Ji, then Inequality (2.10) shows that

€(71.0) (@) = €(7,0) ().
It follows that for compositions we have
€(J10T2,p) (a) = €(J1.p) (a).
Finally, if lim(7y, pn) = (7, p), then

limsup ez, ,.)(@) < ez, (). (2.29)

n—oo

To prove this inequality, one uses that

. CT (T, n)(a) —log A\p,
& pn)(@) = inf T

(see the proof of Part (1) of Theorem 2.4), and argues in the same way as in the proof of the respective
part of Remark 4 after Theorem 2.1.

To achieve a better control of the fluctuations of the entropic functional o7 and to derive Chernoff
and Hoeffding error exponents for the hypothesis testing of the arrow of time, we must improve The-
orem 2.4 in two ways: (a) by obtaining more information on the smoothness of the entropic pressure
e(a), which, in the language of thermodynamics, amounts to investigating the (non-)existence of dy-
namical phase transitions; and (b) by extending our control of the limit (2.25) outside of the interval
[0, 1]. In the next two sections we settle these goals.
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2.6 Differentiability on |0, 1|

Theorems 2.1, 2.3, 2.4 and Proposition 2.2 are very general results. They hold for any P € Py as long
as supp Py = supp @T for all T > 1 and the following structural inequality holds'®: for some C' > 0
andall T, 7" > 1,

Pryg < CPpPpo ¢l (2.30)

Note that if (2.30) holds for P, then it automatically holds for P with the same constant C'. Al-
though property (2.30) could be difficult to establish for generic dynamical systems, it always holds for
the systems associated with repeated measurement process satisfying the regularity assumptions (A)
and (B); see Lemma 3.4. This is the reason that, until this point, we did not need any additional
assumptions on our model.

To proceed with our analysis and establish smoothness of the entropic pressure on the interval |0, 1],
we need to complement the inequality (2.30) with a suitable lower bound.

To put our assumptions in perspective, we start by recalling the notion of a Gibbs measure as intro-
duced by Bowen [ , ]. A measure P € P is called Gibbs if there exists a Holder continuous
function ¢ : {2 — R and a constant C' > 0 such that forall 7" > 1,

C~le~ Zico ¥°0" < P < (e~ Lizo #09" (2.31)

The thermodynamic formalism of Gibbs measures is well-understood and is easily adapted to the
study of entropy production. Indeed, the first proof of the fluctuation relation/theorem was done

in this setting [ , ]; for an exposition of the full theory and references we refer the reader
to [JPR, ]. One easily shows that a Gibbs measure satisfies the lower and upper quasi-Bernoulli
properties

Cig]P’T Prs o (Z5T <Prop < Cg]P’T P o (ZST.

However, except in special cases, the measures P arising in repeated measurement processes do not
satisfy the above quasi-Bernoulli lower bound and hence are not Gibbs. Although the study of the
thermodynamical formalism for non-Gibbsian measures can be traced back to the celebrated program

of Dobrushin [Do, ] (see the reviews [Fe, LN, VE] for additional information), the approach we
adopt in this work was developed only relatively recently, and is called the subadditive thermodynamic
formalism; see [ , s s , Fa, FS, , s , FL, , 1Y, ]. In this approach,

one assumes the upper bound (2.30) and, depending on a setting, an appropriate lower bound, while
completely abandoning the Gibbs condition (2.31). We shall proceed similarly, keeping in mind that
in our case the upper bound is always satisfied, while an effective lower bound has to be based on
an assumption that is suited for study of entropy production and is natural in the context of repeated
quantum measurement processes.

To formulate this assumption we introduce some additional notation. We denote by

Q= | Qr
T>0
the set of finite words. For w € Qg, we set |w| = T and P(w) = Pr(wi,...,wr) whenever

w=(w,...,wr)."

1%In the literature, the inequality (2.30) is sometimes called the upper quasi-Bernoulli property.
"By convention w € Qo is the empty word, i.e., |w| = 0 and P(w) = 1.
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Assumption (C) There exists 7 > 0 such that

P P
C, = inf max (wEV)A(wE/I\/) >0
(w,1) €050 X Qpin ﬁ‘;ﬂsﬁ;} P(w)P(v)P(w)P(v)

One of the main results of this work is:

Theorem 2.5 Suppose that Assumption (C) holds. Then, for all o €]0, 1], the set Pey(ct) is a single-
ton. In particular, the function 10, 1[5 « — e(«) is differentiable.

Although Assumption (C) may look technical, it is a natural optimal condition under which the sub-
additive thermodynamic formalism gives that Peq(c) is a singleton for a €]0, 1[. Moreover, The-
orem 2.5 and its proof extend to any P € Py for which Assumptions (B) and (C) hold and which
satisfies the bound (2.30).

As we shall discuss in [ 1, Assumption (C) is typically easy to verify in applications to concrete
examples. The next two propositions give sufficient conditions for (C) that can be expressed directly
in terms of the instrument {®, },c 4.

Proposition 2.6 Suppose that there exists an OR process (j , P ) with instrument J = {(/I\)a}ae A such
that the completely positive map ¥ : B(H @ H) — B(H ® H) defined by

V= 0,0, (2.32)
aceA

is irreducible.'> Then Assumption (C) holds.

Remark 1. One easily shows that ¥ < & ® ®, from which one deduces that Assumption (C) implies
the irreducibility of ®. By Theorem 1.1, the latter condition, in turn, implies that [P is ¢-ergodic.

Remark 2. If (j ,p) is the canonical OR process (1.3) and one of the ®,’s is irreducible, then
Proposition 2.6 applies and Assumption (C) holds. Thus, given any process (7, p), J = { P4 }aca,
and a completely positive unital irreducible map = satisfying =*(p) = p, the instrument 7. = {(1 —
€)®q, € Z}aca, where € €]0, 1], together with its canonical OR instrument, satisfies Assumption (C).
The parameter € can be interpreted as the probability that at each time ¢t = 1,2, - - - , no measurement
is made, or that the measurement result is lost/not read. If e.(«) is the entropic pressure of (7, p) and
e(a) of (T, p), then for all « € [0, 1],

66(04) > log(l - 6) + 6(0&),
while (2.29) gives lim,|g ec(«) < e(a). Hence,

leif(()l ee(a) = e(a). (2.33)

If inf e, e(a) > —oo, then the convexity gives that the convergence (2.33) is uniform on |0, 1],
and that for « €0, 1],

0 e(a) < limiionf el(a) <limsupel(a) < 0Te(a), (2.34)
€ €l0

"ZRecall that W is irreducible if ¥[P] < AP for some orthogonal projection P € B(H ® H) and some A > 0 implies
P e {0,1}.
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while for o = 0/1,

0% e(0) > limsup e,(0), 07 e(l) < hmi %nf el (0). (2.35)
el0 €
Using the canonical OR process (1.3), and invoking [ , Theorem 2.1], we obtain the following

simple algebraic criterion for validity of Proposition 2.6 and Assumption (C).

Proposition 2.7 Let
Kq
D,[X] = Z Vi XV
k=1
be a Kraus decomposition of the instrument J = {®,}4c.4 and define
Wajk = Vaj ® Vg(o) k-
If the family {W, ;. |a € A,j € [1, K], k € [1, Ko} acts irreducibly on H @ H, i.e., if the only
subspaces of H ® H which are invariant under all W ;1. are {0} and H ® H itself, then the map
(2.32) is irreducible and Assumption (C) holds.
2.7 Full thermodynamic formalism

To the best of our knowledge, Assumption (C) is not sufficient to extend the thermodynamic formalism
of Theorems 2.4 and 2.5 to all a € R. To deal with this point we strengthen (C) as follows:

Assumption (D)

Do=  inf Plov)

(w,lI)EQﬁH XQfin ]P(CU)]P)(V)

Note that if (D) holds for P, then it also holds for P with the same constant Dy.
Theorem 2.8 Suppose that Assumption (D) holds. Then:

(1) The limit

1
= lim —
el) = lim Zer(a)
exists for all o € R, and the function R > o — e(«v) is differentiable.

(2) Forany o € R, there exists a unique Q. € Py such that

e(@) = f(1 - @)Qa +aQu) = sup f((1 - a)Q+ aQ)

QEP¢

Moreover, Q, is ¢-ergodic and

¢(a) = <(Qa) — <(Qa).
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In our setting Assumption (D) plays the role of the uniform hyperbolicity assumption in dynamical
system theories and replaces/generalizes the Gibbs condition (2.31). As we shall see in Section 2.8.2,
Theorem 2.4 yields a global Fluctuation Theorem for repeated quantum measurement process. All
known examples for which a global Fluctuation Theorem is proven are uniformly hyperbolic in a
suitable sense. We believe that (D) is the optimal general assumption for validity of Theorem 2.4 and
the global Fluctuation Theorem.

Theorem 2.5 and its proof extend to any P € P, for which Assumptions (B), (D) hold and which
satisfies the bound (2.30). The next proposition gives sufficient condition for (D) in terms of the
instrument {®, }4c 4.

Proposition 2.9 Suppose that the map @, is positivity improving'> for all a € A. Then (D) holds.

Remark 1. Given any process (J,p), J = {®P,}aca, and unital completely positive positivity
improving maps {U, },c 4 satisfying U*(p) = p, the instrument

Je = {(1 — )Pt %qja}aEA7

where € €]0, 1], satisfies the assumption of the proposition. The deformation 7, of the original instru-
ment J can be interpreted as an effect of a "noise” inherent in the measurement process. One easily
verifies that for all @ € R, lim inf, | ec(«) > €(«x), while (2.33)-(2.35) remain valid for o € [0, 1].

Remark 2. It is likely that under the assumption of the last proposition the function o — e(«) is real
analytic. The proof of such a result would require an adaptation of the transfer operator techniques to
our settting [Ba]. This point will be further discussed in [ ].

2.8 Level II: Large Deviations

In this section we use Theorems 2.4, 2.5 and 2.8 to study fluctuations of the entropy production
functional o.

2.8.1 Basic large deviations estimates

Assuming only Conditions (A)—~(B) and inf,¢[p 1) e(a) > —oo, the following variant of the Large
Deviation Principle follows from Theorem 2.4'4.

Recall that 7 =]§ — &, 1 4 «[ is the interior of the essential domain {a € R| () < co}. Set
sy = —0%e(3 F K),
and note that
—00 <s_ < —ep(J,p) <ep(J,p) < s4 < +00.
For s € R, set

I(s) = zlé%(as —e(—a)) =— gérelfR(as +e(a)).

13 A positive map W : B(H) — B(H) is positivity improving if ¥[X] > 0 forall X > 0.
"“Note that e(a) = e(a) for a € [0, 1).
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The function R 5 s +— I(s) is convex, finite and non-negative. It vanishes at s = ep(J, p) and is
non-increasing (resp. non-decreasing) for s < ep(7, p) (resp. s > ep(J, p)). It satisfies

I(—s)—1I(s)=s (2.36)

as a consequence of the symmetry (2.23). By well-known properties of the Fenchel-Legendre trans-
form,

( )+ (G +k)s ifs<s_;
—I(s) =< ela)+as if s € —Je(«) for some o € T; (2.37)
(A —K)+ (3 —rK)s ifs>sy,

where de(a) = [0 e(a), 01 e(a)] denotes the subdifferential of € at a.
Theorem 2.10 Suppose that inf ¢ 1) e(a) > —oo. Then:

(1) For any closed subset C' C R such that sup C' < o0,

1
limsupf log Pr <{w € Qp

T—o0

Tor(w) € c}) < — inf I(s).

seC
Moreover, the same estimate holds for all closed sets C C R provided k > %
(2) If s € —0e(a) for some o €10, 1], then

1

|
lﬁgfflOgPT ({w € Qp TO'T(O)) < s}) > —I(—0Te(a)).

Remark. This is a standard large deviation result [dH, , E11", and we have stated it for reason of
completeness. The same remark applies to Theorem 2.11 below.

2.8.2 A local and a global Fluctuation Theorem

Theorems 2.5 and 2.8 allow us to refine the large deviations estimates of the previous section and to
obtain a full large deviations principle.

Theorem 2.11 (1) If Assumption (C) holds, then for any open set O C| —ep(TJ, p),ep(T, p)],

. 1
TIEI;OTIOgPT ({w € Qp

(2) Under Assumption (D), Relation (2.38) holds for any open set O C R.

%UT(W) c 0}) = —inf I(s). (2.38)

s€O

Parts (1) and (2) of Theorem 2.11 together with the relation (2.36) constitute, respectively, the local
and global Fluctuation Theorem for our model; see [ , ES, s ] for foundational works on
the subject and [ s , LS, , , , , ] for additional information.

15See also [ , ] for a pedagogical exposition.
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Remark. The following elementary observations provide a background for the Fluctuation Theorem.
Denote by Q7 the law of the random variable %O‘T w.r.t. Pr:

QT(S) = Pr ({w € Qrp ’ O'T(UJ) = ST}) .
Obviously, Qr(s) # 0 < Qr(—s) # 0 and

/ sdQr(s) = %E[UT] > 0. (2.39)

The relation (2.22) can be written as

/ e TPy = / e~ (I=a)orgp,.

Qr(—s) = e T5Qp(s). (2.40)

The relation (2.39) is the Jarzynski inequality in our setting. The normalization

1= / APy = / e ITdPy = / e TdQ(s)

is the Jarzynski identity, and (2.40) is the finite time Fluctuation Relation. Needless to say, the above
elementary relations are completely general and hold for any Q € P and the associated entropy

and so for any s,

production observable. As emphasized in [ , ], the mathematically and physically non-trivial
aspects of the Fluctuation Theorem emerge through the Large Deviation Principle and the induced
symmetry (2.36) of the rate function; see [ , ] for references and additional information

regarding this point.

2.9 Level II: Hypothesis testing

By Remark 2 after Theorem 2.1, if P is ¢-ergodic and ep(J, p) > 0, then [P and P are mutually sin-
gular, i.e., concentrated on disjoint subsets of {2, whereas Assumption (B) ensures that their marginals
Pr and @T share a common support for all 7" > 1. Hypothesis testing error exponents quantify the
asymptotic separation of Py and P7 as T' — oo. In our setting, given the physical interpretation of Py
and P in terms of the process (.7, p) and its outcome reversal (.7, 5), one can say more colloquially
that they substantiate the emergence of the arrow of time in repeated quantum measurement processes.

The Chernoff error exponents of the pair (IP, ]?’) are defined by
lim inf ! 1 c=1 ! 1
¢ = liminf = log ¢ ¢ = limsup = log ¢
c ot o g T, T—)oopT g CT,

where

er :% 2- Y ‘PT(W) ~Pr(w)

UJGQT

In the context of hypothesis testing, the number cp arises as follows. Let (j ,p) be an outcome
reversal of (7, p). Consider the following two competing hypotheses:
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Hypothesis I : The observed quantum measurements are described by the process (7, p).

Hypothesis II : The observed quantum measurements are described by the OR process (j D)

By observing the first 7' outcomes of the measurements we wish to determine with minimal error
probability which of these two hypotheses is correct. More precisely, a fest T is a subset of Qp and its
purpose is to discriminate between the two hypotheses. If the outcome w of the first 7' measurements
is in 7, one accepts I and rejects II. Otherwise, one accepts II and rejects I. To a given test 7 one
can associate two kinds of errors. A type-I error occurs when I holds but w ¢ 7. The conditional
probability of such an error is P (7€), where 7¢ is the complement of 7 in Qp. If II holds and
w € T, we get a type-1I error, with conditional probability Pz (7).

116
2 2

probability is equal to $P7(7°) + %@T (7") which we wish to minimize over 7. The Neyman-Pearson
lemma identifies the minimizer: if

Assuming that the Bayesian probabilities assigned to the Hypothesis I and II are the total error

Tr = {w e Qr|Pr(w) > Pr(w)}, (2.41)
then for any test 7 C Qr,
Yererey + S =L - L(p Br(T)) > & - P P
SPr(T) + 5Br(T) = 5 = 5 (Pr(T) = Br(T)) 2575 2 (Pre- ()
= s Y (Br@) ~Brw) 213 Y (Pr(w) - Brw))
2 weT + 2 wEQ +
= i 2 — Z ‘PT(w)—@T(w)‘ = Cr

Observing that the two previous inequalities are saturated for 7 = 7 1 one concludes that

1 1~
SPr(T5) + 5Pr(Ty) =cr. (2.42)

Note also that the relation 777 C ©7 (7 1) implies that Pr(Ty) > Pr(T5).

Theorem 2.12 (1)

and in particular ¢ < 0 in cases where ep(J, p) > 0.

(2) Ifinf g0y e(a) > —o00, then
cze(y) =307 (3).

(3) If Assumption (C) holds, then

N 1
c= C_TIEEOTIOgCT = e(3).

15The discussion of the Chernoff error exponents easily extends to the case where these probabilities are p and 1 — p for
any p €]0, 1[.
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Remark. The symmetry (2.26) implies that the convex function e(«) has a global minimum at
o = 1. Thus, if e(«) is differentiable at o = 3, then €/(1) = 0. If e(«) is finite on |0, 1[, then it is
also differentiable on ]0 1] outside a countable set and one may expect that for a "generic" instrument
one has 9*e(1) = ¢/(3) = 0, in which case the conclusion of Part (3) holds.

Theorem 2.12 provides a quantitative estimate for the emergence of the arrow of time. Eq. (2.42)
yields
1 1 ~
limsup — log Pr(7T%) <&, limsup — logPr(7Tp) =¢. (2.43)
Thus, if ep(J, p) > 0, then the marginals P and @T respectively concentrate on the complementary

subsets 7 and 77, with an exponential rate < ¢ < e(%) < —ep(J, p). Note also that if Assumption
C is satisfied, then

1 1 ~ 1
lim — logPr(7%) = lim — logP =el=).
Jim g logPr(T5) = Jim 7108Pr(T) = ;)

With the above interpretation of P7(7;) and ]/I\DT(TT) for 7 C Qp, the number s7(¢) introduced in
Section 2.3 is the minimal probability of type-II errors that can be achieved by a test which ensures
that type-I errors have a maximal probability € €]0, 1. Thus, the Stein error exponents control the
exponential decay of type-II errors, ()7 < Pr(75) S T a5 T — o0, in such tests.

The Hoeffding error exponents serve a similar purpose, but with a tighter constraint on the family
{Tr}r>1 of tests which are required to ensure exponential decay of type-I errors with a minimal rate
s > 0. More precisely,

{Tr} T—o0 T—o0

_ 1 3
h(s) = inf {limsupTlog]P’T(Tf)

1
lim sup T logPr(77) < —s} ,

T—o00

h(s) = inf {hmmflog]P’T(TT)

lim sup — T log Pr(77) < } ,

T—oo

h(s) = {lTan}{ lggofloglP’T(TT)

lim sup — T log Pr(7F) < } ;

T—o0

where in the last case the infimum is taken over all families of tests for which lim7_, . % log I@T(%)
exists. The Hoeffding error exponents satisfy h(s) < h(s) < h(s) and have the same value if the
roles of P and P are exchanged. Moreover, the functions h(s), h(s), h(s) are upper semicontinuous
and right-continuous; see [ , Proposition 6.3].

For s > 0 set
—sa —e(a)

Y(s) = — sup

a€[0,1] -«

If e() is finite on [0, 1], then ¢(0) = —0~e(1) = —ep(J, p). Moreover, 9 is concave, increasing,
and finite on ]0, co].

Theorem 2.13 Suppose that Assumption (C) holds. Then for s > 0,
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Remark. This result follows from Theorem 6.6 in [ ]. The general arguments of [ ] do
not simplify in the special case considered here and, to avoid a complete repetition, we refer the
reader to [ ] for details of the proof. We also remark that the arguments of [ ] give that the
estimate A (s) < 1(s) holds without any assumption on e(c). In analogy with Theorem 2.12, one can
also prove a suitable upper bound assuming only that e(«) is finite in [0, 1]. We leave the details to
interested reader.

3 Level I: Proofs.

We start with some preliminaries. We first recall the well known

Lemma 3.1 Let {a;}+>1 be a sequence of real numbers such that for some real number ¢ and all
integerst,s > 1,
arys < ap +as + c. (3.44)

Then,

t—oo { t>1

Remark. Lemma 3.1 is a straightforward extension of the classical Fekete lemma [PS, Part I, Chap-
ter 3] which states that a subadditive sequence b;1 s < by 4 by satisfies

by by
lim — = inf —.
t—oo t t>1 t

Indeed, it suffices to consider the sequence b; = a; + c. Obviously, if the subadditivity assump-
tion (3.44) is replaced by super-additivity a;+s > a; + as + ¢, then

.y ag+c¢
lim — =su
t—oo t t>1 t

As already discussed in Section 2.4, one celebrated application of Fekete’s Lemma concerns the ex-
istence of the Kolmogorov-Sinai entropy. The Shannon-McMillan-Breiman theorem is a deep refine-
ment of this existence result.

Theorem 3.2 For Q € Py, set S(w) = —log Qr(w). Then the limit

. 1
s(w) = Jlim 757(w)

exists and satisfies s o p(w) = s(w) for Q-a.e. w € Q. Moreover, one has Q[s] = hy(Q) and

|-

The Kingman subadditive ergodic theorem is a deep refinement of the Fekete Lemma.

) 1
i 750 -
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Theorem 3.3 Let Q € Py and let X1 : Q — R be a sequence of random variables such that
Q[Xfr ] < oo’ Suppose further that for some real number C, all integers T,T' > 1, and Q-
a.e. w € (),

XT+T’ (w) < XT(w) + XT/ o gZ)T(w) +C.
Then, the limit

1
A, ) =)

exists and satisfies x o ¢p(w) = x(w) for Q-a.e. w € Q. Moreover, one has Q[z "] < oo, and

Finally, if Q[|z|] < oo, then
1

T—oo

| -0

Remark. The Shannon-McMillan-Breiman theorem cannot be directly deduced from Theorem 3.3.
However, an extension of the Kingman subadditive ergodic theorem due to Derriennic [Der] allows
for such a deduction; see [ , Jak] for a pedagogical exposition of the proof.

The following subadd1t1v1ty estimate plays a central role in our arguments. In what follows we set
Ao = minsp(p), so that )\0 p > 1. Recall that IP denotes either Py or Pr.

Lemma 3.4 Forall T,T" > 1,

P#

—1p# p# T
Tim <Ay PrPr oo,

Proof. It suffices to consider the case IP’# = Pp. Using the fact that tr(AB) < tr(A)||B|| for
A, B > 0, we can write

Prir(wi, ... wrprr) = tr(p(Puw, 0 -+ 0 Puy ) [1])
=tr (((I)ZZT ©---0 (I):Jl)[p](q)wTJrl 0---0 (I)WT+T/)[]]‘]>

< tr((tID* -0 (I)Z: )[ ]) ”( wpyr ©°70 0 (I)UJT+T’)[]]']||'

The estimate
||((I)WT+1O. ’ 'OQUJTJFT/)[H} ” S tr ((@WT+1 ©-+0 QUJT+T/)[I”) S )\altr (p(@UJT+1 0-+-0 ®UJT+T/)[]]‘]>
thus leads to

PT-i-T’ (wla cee 7wT+T’) < )\Eltr(P(‘I’wT ©---0 ‘I’wl)[ﬂ])tr(ﬂ(@wul ©---0 Q)WT+T,)[IL])

=Xy 'Pr(wi,...,wr)Pr(wrst, . .., wryr).

"X = max(X1,0).
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3.1 Proof of Theorem 2.1

Parts (1-2) Writing

Elor] = S(Pr|Pr) = —S(Pr) — > Pr(w)logPr(w),

wEQ

the subadditivity of entropy (2.4) and Lemma 3.4 give
Elorir] = Elor] + E[o7/] + log Ao.

Fekete’s Lemma and the right inequality in (2.15) yield the results.
Part (3) Note that
O’T(w) = —XT(w) — YT(w),

where X7(w) = —logPr(w) > 0 and Y7 (w) = log ]@T(w) <0.
Applying the Shannon-McMillan-Breiman theorem to X7, we conclude that the limit

z(w) = lim %XT(w) (3.45)

exists P-a.s. and in L' (2, dP), is ¢-invariant and non-negative.

Since Yr < 0, and Lemma 3.4 implies that Y77+ < Ypr+ Yo ng —log A\, we can apply Kingman’s
subadditive ergodic theorem to conclude that the limit

1
y(w) = lim =Yp(w) (3.46)
exists P-a.s., is ¢-invariant, non-positive, and satisfies

1
Ely] = lim —E[Y7]. (3.47)

It follows that (2.16) holds P-a.s. with @ = —x — y. Since both x and y are ¢-invariant, so is . The
L'-convergence in (3.45) together with (3.47) yield that

E[#] = lim %E[UT] — ep(J, p).

T—o0

From the fact that o_ < z we further deduce that E[g_] < E[z] = hg(P) < oo. Finally, if
ep(J, p) < oo, then

Eljo]] = Elo +25_] < 2hy(B) + ep(J. p) < oc,

and Kingman’s ergodic theorem implies that (3.46) holds in L!(€Q, dP). Thus, (2.16) also holds in
LY(Q,dP).
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3.2 Proof of Proposition 2.2

The first statement clearly follows from the fact that P = P implies o = 0. For all T" > 1, set
Q# = }P’# X Q7 where Q7 is an arbitrary probability measure on A7l Since @# — P# weakly
as T' — oo, the lower semicontinuity of the relative entropy gives

S(P[P) < lim inf S(Qr|Qr). (3.48)

The obvious relation S (QT@T) =S5 (IP’T@T) and Eq. (2.14) further yield
S(Qr|Qr) = E[or). (3.49)
In view of our assumption, Theorem 2.1 (2) writes
Elor] 4 log Ao < ep(J,p)T =0,
for all 7' > 1. Thus, it follows from (2.15) that

lim E[or] = supE[or] < log \; !,
T—o00 T>1

which proves Part (1). Combining the last estimate with (3.48) and (3.49) we further get
S(P|P) < log Ay

In the same way one derives that S (]/P\’]IP)) < log A\, ' and Part (2) follows. Finally, assuming that P is
¢-ergodic, Part (3) follows from the facts that P € Py and PP < PP.

3.3 Proof of Theorem 2.3

For a given 0 > O let T 5 = {w € Qr|or(w) > ¢;T}, where ¢; = § whenever ep(J, p) = oo and
cs = ep(J, p) — ¢ otherwise. Since PP is ¢-ergodic, Theorem 2.1 (3) yields

lim Pr(T7s) = 1. (3.50)
T—00
Thus, for T' large enough, Pr (77 5) < € and consequently s7(€) < I@T(T_n(;). We also have

@T(ﬁﬁa) =Pr ({w €eQr|l1< eUT(w)_C“T}) <e el Z T@Pr(w) = e T, (3.51)
wEQ
Hence, for any 6 > 0,

1
lim sup — log s7(€) < —cs.
T—o0 T

Taking 0 | 0 in the case ep(J, p) < oo and § T oo in the opposite case gives the upper bound

1
limsup - log s7(€) < —ep(J, p)-

T—o0
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To prove the lower bound we may assume that ep(.7, p) < oc. Let Ur  be a subset of {27 for which
the minimum in Eq. (2.19) is achieved, i.e., s7(¢) = Pr(Ur) and P7(Uf ) < €. Fora given § > 0
let Dy s = {w € Qr|or(w) < (ep(T, p) + 6)T'}. Invoking Theorem 2.1 (3) again gives

lim Pr(Drs) =1,
T—o0

and so, for T large enough, Pr (D5 ;) < 2(1 — €). Since Pr (U5, ) < €, we then have

L(1= &) < 1= (Pr(Us,) + Pr(D5s 5)) < Pr(Ure N Drg) = / o1 Py
Ur D5

< eT(ep(J,p)Jré)@T(Z/{T76 NDrs) < eT(ep(J,p)—‘,—&)@T(uT’ﬁ)’
and hence R
sr(e) = Pr(Ure) > (1 — e)e T (PIT2)H0),

It follows that for any 6 > 0,

lim inf %ST(E) > —ep(J,p) — 0,

T—00
so that 1
lim inf — > — :
lTHi>1<>I<1> TST(E) > —ep(J,p)

The result follows by combining the obtained lower and upper bounds.

Remark. The assertions of Remark 2 after Theorem 2.3 can be deduced from the above arguments
as follows. Let {77}7>1 be a sequence such that 77 C Q7 and Pp(75) — 0as T' — oo and fix

€ €]0,1[. For large enough 7" one has P7(7;) < e and hence ]@T(’Eﬂ) > sp(e). It follows from
Theorem 2.3 that

—ep(J,p) <s <s.

Reciprocally, Eq. (3.50) shows that the above tests 77 s are such that P (7 ;) — 0as T — oo and
taking 0 to 0/0c in Eq. (3.51) as above yields 5 < —ep(J, p).

4 Level II: Proofs.

4.1 Proof of Theorem 2.4

Parts (1)—(2) By Definition (2.21) and Lemma 3.4, we have

ersr(@) =log | D Prop(w)' Prip(w)

wEQTJrT/

<log| Y (5 Br@Pr oo (@) (0 Br(w)Pr 067 ()"

UJEQT+T/

=log [ Ay Y Pr(w)' " Pr(w)® > Pp(w) O Pr(w)”

weQ W' €Qpr

= ep(a) + ep/(a) +log Ay !,
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forall T,7" > 1 and all & € [0, 1]. Thus, the existence of the limit e(«) is a consequence of the
Fekete lemma which gives

1
e(a) = %réfl T (er(a) +1logAg") . (4.52)

The function [0,1] > «a — e(«) is convex as a limit of convex functions and upper semicontinuous
as the infimum of the continuous functions. The symmetry (2.26) and the values of ¢(0) and e(1)
follow from the respective properties of ep(«). Part (2) follows from the corresponding property of
the function € established in the introductory discussion of Section 2.5.

Part (3) By Lemma 3.4, one has

Q[ logPr 7] > Q[—logPr] 4+ Q [~ log P10 ¢”| + log Ao. (4.53)
The ¢-invariance of (Q and Fekete’s lemma imply

§(Q) = lim Q [—1 log PT] — sup & (Q[- logPr] + log Ao).
T—o0 T T>1 T
Since Q [— log Pr| > 0, the limit ¢(Q) takes value in [0, +o0] (the limit is +o0o, for example, in the
cases where supp Qr ¢ supp Pr for some 7). The function Q — ¢(Q) is affine as a limit of affine
functions and lower semicontinuous as supremum of continuous functions. The last assertion follows
from Eq. (2.20).

Part (4) Since the maps Py > Q — hy(Q) and Py > Q — —¢(Q) are both affine and upper
semicontinuous, so is Py > Q — f(Q). The last assertion of Part (3) gives f(P) = 0. From the
variational inequality (2.24) we deduce that for all 7" > 1, all &« € R and all Q € Py,

1 1

1
wer(a) = ZQ@logPr] - —~Qllog Qr].

Taking the limit 7" — oo on both sides of this inequality yields the last assertion.

Part (5) For o € [0,1], the map Py > Q — Q(O‘) € Py is affine and continuous. Thus, we deduce
from Part (4) that Py, > Q — f (Q(a)) is affine and upper semicontinuous. These two properties
respectively imply that Peq (o) is convex and compact. Let m be a probability measure on Py such

that [ Qdm(Q) = Q € Peq(). It follows that Qo = [ Q@ dm(Q) and since f is affine and upper
semicontinuous

0=e(a) - @) = [(efa) - F@)dm(@)
from which we conclude that m is concentrated on Peq (), and hence that Pey(c) is a face of Py. In
particular, the extreme points of P, () are ¢-ergodic; see [ , Section A.5.6].

It remains to prove that Peq(c) is non-empty. Since P(’) = P and f(P) = 0 = e(0), one has
P € Peq(0). From the fact that Q=) = Q(®) we further deduce that P € Pey(1). Thus, we may
assume that « €]0, 1].

For T' > 1, the measure ()7 € Pq,. defined by
Qr(w) = e TPy (W) Pp(w)®
achieves the maximum on the first line of (2.24),

er(a) = S(Qr) + (1 — a)Qr[logPr| + aQr[log @T] (4.54)
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Decomposing ) = QjNﬂ into the product of blocks of size T, we extend Q)7 to a product probability
measure Q) = Q;N € Pyr. Setting

1 T—1
=7 Qo™
t=0

and observing that
271

1 —t
Q(T):ﬁ ;Q[T]OQ5 )
we obtain

1
Q) ©° QTZQ T)*ﬁ((@[ — Qo ¢ ) = Q)

so that Q1) € Py. Invoking a well known property of the Kolmogorov-Sinai entropy (see, e.g., [Wa,
Theorem 4.13]), its affine property and the Kolmogorov-Sinai theorem, we can write

T-1 T-1

he(Qry) = h¢T(@(T T22h¢T Qryo¢™) TQZ@[T [—logQro¢'].  (4.55)

Fort € [0,T — 1], we derive a lower bound for Q(7[— log Q7 o ¢'] in the following way (we denote
by wv € Q7,7 the word obtained by juxtaposition of the two words w € Q7 and v € Q1)

Qy-logQro¢l=— Y  Qr(€w)Qr(vn)log Qr(wv)

E,vey
w,MEQT_¢

:_% Z Qr(&w)Qr(vn)log (Qr(wr)Qr(nk))

£, vey
w,MEQT_4

S5 Y. Qréw)Qr(vn) 10gg

E,veQ)y;
w,MEQT _4

S(Qr x Qr) = S(Q1),

where, in the last line, we have used the non-negativity of relative entropy. Combining this lower
bound with (4.55) we obtain

r(§w)Qr(vn)
(wr)Qr(ng)

— log Qr(¢w)Qr(vn)

M\P—‘

1= 1
he(Qery) > T2 tz:; S(Qr) = TS(QT)a

and (4.54) yields

1 1 1 ~
Ler(a) < hy(Qr) + (1 - a)Qr [T log PT} FaQr [T log PT} | (4:56)

By the compactness of Py, there exists a sequence T 1 oo such that limg_,, Q(Tk) = Q € Py.

Applying Lemma 2.3 in [ ] to the sequence fr = Ay 1]P’77ié we derive

. 1 ) 1
lim sup Q7 [Tk logIF’#k] < Tlgrolo(@ [T log IP’#] . 4.57)

k—o0
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Combining these two inequalities with Relation (4.56) and Parts (1) and (3) gives

e(a) < limsup hg(Qz,)) — ¢(Q).

k—00

Finally, invoking the the upper semicontinuity of the Kolmogorov-Sinai entropy we derive

e(a) < hy(Q) - <(@) = F(@),

and s0 Q € Peq(a).

Part (6) We follow the proof of [Fel, Theorem 1.2] and start by recalling the basic properties of the
function [0, 1] > a + e(a) which follow from the fact that it is convex and finite; see [Ro].

(i) a > e(a) is continuous.
(ii) For each a €]0, 1] the left derivative 0~ e(«) exists.
(iii) Foreach v € [0, 1] the right derivative 97 e(«) exists.
(iv) 0Te(0) <07 e(a) < dte(a) <07 e(d) <0Te(a)) <0 e(l)for0 < a <o <1.

(v) There is an at most countable subset C' C [0, 1] such that 9~ e(a) = dTe(a) = €/(a) holds for
all v € [0,1]\ C.

(vi) For any o €]0,1], limgqq, 0Te() = limaqe, 0 e(a) = 0~ e(ap). For any ag € [0, 1],
limg o, 0Te(a) = limg|q, 0~ e(a) = 1 e(ap).

Fix o €]0, 1[. For any Q € Peq(x) one has ¢(Q) < oo, and for € > 0 small enough,

e(a+e€) > f(QT) = £(QW) + €(s(Q) — <(Q)) = e(a) + €(s(Q) — 5(Q)).

~

This gives that T e(a) > ¢(Q) — ¢(Q), and so

ote(a) > sup (<(Q) —<(Q)). (4.58)
QEPeq ()

In the same way one derives

~

In particular, if €’(«) exists, then R

¢'(a) =¢(@ - <(Q) (4.59)
for all Q € Peqy(cv).
Let now oy, €]0, 1[\C be a sequence such that ay, | . By Properties (v) and (vi) /() exists, and

klim e (ag) = 0 e(a). (4.60)

Choose Qj, € Peq(cu). Passing to a subsequence, which we also denote by oy, we may assume that
limy_,o, Qi = Q € Py. Property (i) and the upper semicontinuity of f imply

e(a) = lim e(ag) m f(@;ak)) < f(Q(a))>

=1
k—o0 k—o0
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and we conclude that Q € Pey(a). The relation

lim (hg(QL) = (@) = he(Q) - (@)

k—o00

together with the upper-semicontinuity of i and the lower-semicontinuity of ¢ gives
hm 111f§(@(a’C ) = ¢(Q).
Passing again to a subsequence, we may assume that
. (ar)y _ (@)
lim ¢(Q, ") = ¢(Q'Y). 4.61)
k—oo
The lower-semicontinuity of ¢ now gives that

liminf¢(Qg) = <(Q), lim infg(@k) = g(@)
k—oo k—o0
Passing again to a subsequence, we may assume that limy o <(Qx) = <(Q). Then (4.61) gives
that along this final subsequence limy_ g(@k) = q(@) Combining this fact with Relations (4.59)
and (4.60) we derive

9 e(a) = lim o(Qx) — <(Qw) = «(Q) —<(@)
and so, by (4.58),

)

Ofe(a) = sup <(Q) — ¢
QEPeq ()

).
An analogous argument yields

0 e(a) = inf  ¢(Q) —<(Q).

QEPeq ()

Part (7) The proof of relations (2.28) follows the proof of Part (6). The inequalities follow from
P € Peq(0), P e Peq(1). The only difference is that for Q € Peq(0), <(Q) < oo while s(Q) is
allowed to take value oo, which leads to the possibility that 9t e(0) = —oo. The case Q € Peq(1) is
analogous.

Part (8) Assume that [P is ergodic, let Q € Peq(0) and set
ar = S(Qr|Pr) = Q[ logPr| — S(Qr).
Relation (4.53) and the subadditivity of entropy give that for all T, 7" > 1,
ary7 > ar + apr + log Ag.
By Fekete’s lemma, we have

a 1
0=1e(0) =f(Q) = jlggo% = sup 7 (az +1og Xo).

Hence, S(Q7|Pr) <log A, ! for all T > 1 and the lower semicontinuity of the relative entropy gives
S(Q|P) < log )\61. This implies that Q < . Since Q,P € Py, and P is ergodic, we have Q = P.
The proof of Peq(1) = {P} is analogous.
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4.2 Proof of Theorem 2.5

We follow the strategy of [Fe3]. In what follows Assumption (C) is supposed to hold without further
notice.

Lemma 4.1 For any w,v € Qg, there exists & € Qgy, such that |€| < T and
P(wtw) = B(we)? > Oy [Pw)P)] 2 Blw)B(v)]°
forall a € [0,1].

Proof. Let w,v € Qg,. Assumption (C) gives that for some & € (; with ¢t < T,

P(wﬁu)/]?(wéy) > O, [P(w)P()|} 2 [B(w)P(v)]*
[P(w)P(v)]*[P(w)P(v)]l—e — [P(w)P(v)] [P(w)P(v)]

Lemma 3.4 gives
P#(wév) < Ay 'P*(wé€)PF (v) < \y! Z P# (wé)P* (v) = Ay 'P* (w)P# (v).
&'ey

Hence, for « € [0, 1]

~

P(wév)P(wév) < P(wév) O P(wér) Ay [P(w)Pw)]* [B(w)Bw)] 2,

and the result follows. O

Lemma 4.2 There exists a constant C > 0 such that the following holds for all w € Qgy, all T > 1
and all o« € [0, 1]:

(1) Z wr)'™ O‘IF’ (wr)® > CeT(P(w) !~ P(w)?.

veQr
(2) Z vw) T P(rw)® > CeT WP (w) O P(w)*.
veQr

Proof. We prove only Part (1), the proof of Part (2) is similar. In the case 7 = 0 the result follows
immediately from Lemma 4.1 with C' = Cy\g. Consider now the case 7 > 1. For any w € Qgy,,

ZZ ZIP’wEula]P’wﬁu Z Z ]P’wlllanV)

s=0£€Qs veQr s=0veQr

=3 > Plwvn)!Plwrn)”

s=0 VGQT 777695

Z Z 1 aIP Z P(wu)l_aI/P\)(wu)o‘

s=0 TIGQG I/EQT

()\0 ! Zees @ ) Z P(wr) ~*P(wr)®

vEQT

<(r+ 1))\6 Z P(wu)l_o‘]/f\”(wu)o‘,

veQr
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where the first inequality follows from Lemma 3.4, and in the last line we used the fact that e5(a) < 0
for @ € [0, 1]. This estimate and Lemma 4.1 allow us to conclude that

. A . N
J et a 0 j et a 1—-a a
E Plwy) " “P(wv) > p— g C:AP(v)  “P(v)*P(w)  “P(w)
veQy veQr

C N 5
- TP (W) P(w)”.

a

The super-additivity of the sequence {er(a)}r>1 for a € [0, 1] is an immediate consequence of the
last lemma. Invoking Fekete’s lemma thus yields the following

Corollary 4.3 There exist a constant c such that for all o € [0,1] and all T, T" > 1,
erir (@) = er(a) + er(a) +c.

In particular,
1

e(a) = sup =(er(a) +¢) €] — 00, 0] (4.62)
r>1 T
forall a € [0,1].
Lemma 4.4 For any a €]0, 1| there exists @ € Py such that, for some C' > 0, all T > 0 and all
w &€ QT, R R
Cle TeP(W) ! P(w)® < Q(w) < Ce™ TP(w) !~ P(w)”. (4.63)

Moreover, any such Q is ¢-ergodic.

Proof. Throughout the proof, we fix o €]0, 1] and let C' denote a strictly positive constant which does
not depend on 7', but whose value may differ from place to place.

Combining sub- and super-additivity, we can find ¢ > 0 such that
er(a) +ep(a) —c<epyip(a) <er(a)+ep(a)+ec, (4.64)

forall T, 7" > 1. Foreach T > 1 let Q[T] S P¢T be defined as in the proof of Part (5) of Theorem 2.4,
so that R
Qry(w) = e T P(w)! - P(w)®

forall w € Qp. Let Q be a limit point of the sequence {Q[T] }r>1, i.e., assume that for some sequence
T}, T oo one has Q = limg_, o0 Q7). We claim that such a Q satisfies the estimate (4.63).

We first deal with the lower bound. Fix T" > 1 and let w € Q7. Then
Q(w) = lim Q[Tk](w), (4.65)
k—o0
and Lemma 4.2 implies that for 7, > T,

Qury(w) = e @ 3™ Pwr)! " P(wr)® > Ceni (O en(Dp(w)l=oP(w)”.

VGQTk—T

It follows from (4.64) that
er—1(a) — e, (a) > —er(a) — ¢,
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while (4.62) allows us to write
1 1

e(a) = sup —(e(@) +¢)

Py > f(eT(a) +¢), (4.66)

and conclude that R
Qi (w) > Ce*Te(“)IP(w)lfa]P’(w)a.
This inequality and (4.65) yield that the measure Q satisfies the lower bound in (4.63).
We now turn to the upper bound. For T}, > T and w € Q7, Lemma 3.4 gives
Qury(w) =e (@ 3™ Pwr) " P(wr)® < CeTiT @ Op(w) = P(w)”.
veQq —r
It follows from (4.64) that
en,—r(a) —eq (@) < —er(a) +c,
and (4.52) yields

1

e(a) = ;rzni %(et(a) —c) < T(eT(a) — o), (4.67)

so that R
Qi (w) < Ce T OIP(w) P (w)”.
This inequality and (4.65) yield that the upper bound in (4.63) holds for the measure Q.

Note that the measure Q needs not to be in Py. To deal with this point, we set
=
— —t
@(T) -7 ; Qoo™

and note that for w € Qp

Qog¢'(w) =) Qrw).

veQ:
The estimates (4.63) and Lemmas 3.4, 4.2 lead to

C—leet(a)—(T’+t)e(a)P(w)l—aﬁ\p(w)oc <Qo ¢—t(w) < Ceet(a)—(T’-i—t)e(a)P(w)l—aﬁ\p(w)a‘
Since (4.66) and (4.67) further imply ¢ < e;(«) — te(a) < —c, we derive
C—le—T’e(a)P(w)l—a@(w)a <Qo ¢_t(w) < Ce—T’e(a)P(w)l—a@(w)a,

for all w € Qpv. It follows that any limit point Q of the sequence {Q(1)}1>1, which belongs to Py
by construction, also satisfies the estimates (4.63).

Finally, we proceed to show that any Q € Py satisfying the estimates (4.63) is ¢-ergodic. To this end,
let C; and C, be two cylinder subsets of {2, more explicitely

Ci={weQ|(w,...,w,) € Ci},
where r; > 0 and C; C (2,.,. For t > ry, the lower bound in (4.63) yields
QGNe ™ C)) = D> > Quwibwo)
w;€C; £ —ry

> Z Z C e )P £wy) P (w1 €wy) .

w;eC; ﬁth—rl
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Invoking Lemma 4.1 and the fact that e(a) < 0, we can write

r1+7 T
Z @(Cl N ¢_t(62)) > Z Ze—te(a) Z C—le—(r1+rz)e(a)P(w1€w2)l—aP(wlng)a
t=r1 w;eC; t=0 £y
> 3 CTIC (e P (wr) T B(wn)?) (TP ws) T P(ws)?)
wiECi

The upper bound in (4.63) further gives

r1+T7
(L+7)supQ(CLN¢7(C2) = > QCing(C))
= t=r1
> > CCAQw1)Qwa) = CPC-AQ(C1)Q(Co),
w;eCy

from which we conclude that the lower bound

sup Q(C1 N ¢~ (Ca)) > CQ(C1)Q(C2)

t>0

holds for any cylinder subsets C1,Co C €2. Since cylinder sets generate the Borel o-field F, given
By, By € F and € > 0 there are two cylinders sets C; and Cy such that Q(B;AC;) < e. It follows that

Q¢4 (B2)Agp™t(Cq)) = Q(¢pt(B2AC)) < € and hence
[QB1N ¢~ (B2)) = Q(C1 N o7 (C2))| < 2e,
for any ¢ > 0. Accordingly,

sup Q(B1 N ¢~ (Ba)) > CQ(C1)Q(Ca) — 2¢ > C (Q(B1) — €)(Q(Ba) — €) — 2¢,

>0
and by an appropriate choice of € > 0 we can achieve

sup Q(B1 N ¢~ (By)) > %@(31)@(5’2)-

>0

It follows that if Q(B;1) > 0 and Q(B3) > 0, then there exists ¢ such that Q(B; N ¢~*(B2)) > 0 and
Theorem 1.5 in [Wa] implies that Q is ¢-ergodic. O

Remark. Since all limit points Q of the sequence {Q(T)}TZl satisfy the estimate (4.63), a standard
relative entropy argument yields that they are all mutually absolutely continuous. Hence, if one of
them is ergodic, they all coincide and Q = lim7 0o Q(T). We will not make use of this observation
in the sequel.

We are now ready to prove Theorem 2.5. The case o € {0,1} follows from Part (8) of Theorem 2.4.
Thus, we need only to consider o €]0, 1[. We start by noticing that if Q is as in Lemma 4.4, then the
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estimates (4.63) imply

wEeQT
o 3 G (04 T0)
= —e(a) — lim — > Qw)logQ(w)
wer
- 76(04) + h¢(@))

and hence Q € Peqy(a). To show that Q is the only element of Peq(cv), let Q € Peq(cx). The upper
bound in (4.63) yields

S@QrQr) = Y Qw )log 2 ~S(Qr) +log C + Te(a) + T(Q®),

<
ey Q(w)

and hence

0 < limsup S(@T!@T>< —hs(Q) + e(@) +¢(QY) = (@) = f(QW)=0. (468

T—o00

Combining Lemmata 3.4 and 4.4, we derive
Qi (ww') < CON*Qr(w)Qr (@), (4.69)

forall T, 7" > 1, w € Qpr and w’ € Q7». Writing
ar = S(Qr|Qr) = —S(Qr) — Qlog Qr],
we deduce from (4.69) and the subadditivity of entropy that
aryr 2 ar +ap — K,
where K = 10g(C’3)\62) > 0. Fekete’s lemma and (4.68) then give

1 1
= lim —ar = - K
= AL rer =R pler = )

from which we conclude that S(Q7|Qr) < K for all T > 1. By the lower semicontinuity of the
relative entropy we get

S(QIQ) < li}giél)fs((@ﬂ@ﬂ <K,

and so Q < Q. Since Q,Q € Py and Q is ¢-ergodic, we have Q = Q. Hence, Peq () is a singleton
for all @ €]0, 1], and the differentiability of e(«) follows from Part (6) of Theorem 2.4. The proof of
Theorem 2.5 is complete.
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4.3 Proof of Proposition 2.6

We argue by contradiction. If the statement is not true then, for each ¢ > 0, there exist wy, v¢ € Qg
such that R
P(wtgut)IP’(wtéut) < 1

max EN = ’
€%n P(wy)P(vy)P(wy)P(ry) — 1+

|&1<t

and hence =R
P(thI/t)P(wtgl/t)

~

=00 P(wy)P(v)P(we)P(vy)

for all £ € Qgy,. In terms of the OR process (j , D), this can be rewritten as

~

tr (@5, © 82,0 @ 7](@e © Be) [(@1, © By 10 1]])

S (@2, 03200 9]) tr (00 7)(@w 0 )L 0 1)) "
where &, = &, 0--- 0P, forw = (wy,...,wr). Since
tr((p2 )@y, @ By)[101]) < tr (@), @) 10 1)),
we also have
(@5, 98l 0 p)@e 98 (@ 2810 1])

t=o0 tr <(<I>j,t ®</I;Z;t)[p®ﬁ]) tr ((<I>,,t ®§Vﬁ)[1® ]l])

By passing to a subsequence ¢,, — 0o, we can assume that the limits

(9, @ %5, p@p] b (R, @@, 1 e1]
0= lim — , o = lim —
g (@, @By, )w pl) " g (D, @ By, )1 @ 1))

exist and define density matrices on H ® H such that
tr(o(®¢ ® P¢)[0]) =0

for all £ € Qg,. Hence, the positive map ¥ =3 _ , ®, ® @a satisfies

tr(e¥[o]) = Y tr(o(®e ® B¢)[0]) = 0
£

for all ¢ > 0, which contradicts the assumption that W is irreducible; see [ , Lemma 2.1]. O

4.4 Proof of Theorem 2.8

Lemma 3.4 and Assumption (D) give that there exist constants ¢ and ¢(«) such that for all T, 7" > 1,
acRandQ € Py

IN
IN

et () er(a) + e (a) + c(a),

Q[-logPr]| + Q[—logPr]| — ¢ < Q[-logPrir] < Q[—logPr]+ Q[ logPy]+ c.

er(a) + e (a) — c(a)
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By Fekete’s lemma the limits e(ar) = lim7_o0 e (a) and ¢(Q) = limy_, oo +Q[— log P7] exist and
are finite. In particular, the relations

inf - (O~ log r] ~ ¢) = 5(Q) = sup 7

inf sup 7 (Q[-lozPr] +¢)

imply that the map P, > Q — ¢(Q) is continuous. Going back to the proof of Theorem 2.4 (5),

we can apply Lemma 2.3 in [ ] to the sequence fpr = 1/ (DOIP’# ) to complement (4.57) with the
estimate

L 1 . 1
lim inf Qr, [Tk 1og19>#k] > lim Q {T 1og19>#] ,

which, together with (4.57), implies

) 1 1 ~
kl;n;o (1—-0)Qm, |:Tk log ]P’Tk} + aQr, [Tk logPTk} = _g(@(a)).
With this addition, the proof of Parts (5—6) of Theorem 2.4 now extend to all « € R. Finally, to
prove that Peq(cv) is a singleton for all & € R, one follows the arguments of Section 4.2. Replacing
Assumption (C) with Assumption (D) one easily shows that Lemmata 4.2 and 4.4 also extend to all
a € R. The details are considerably simpler than in Section 4.2 and we leave them to the interested
reader.

4.5 Proof of Proposition 2.9

We argue by contradiction: if the statement is not true, we can find two sequences w,, and v,, in g,
such that
. Plw,v
lim (wnin)

Passing to subsequences one easily deduces from (4.70) that there exist two density matrices g and o’
on H and some a € A such that v,, = av,, and

n—oo tr(®F, (p)’ n—oo tr(®p, (1))

It follows that tr(o®,(¢")) = 0 which contradicts the assumption that ®,, is positivity improving. O

4.6 Proof of Theorem 2.12

The observation

cr :% Z min (PT(w),@T(w» < % Z IP’T(w)l/Q]/I\DT(w)l/Z,

weQp wer

yields logcer < eT(%) — log 2, and Theorem 2.4 (1) gives Part (1). To prove Part (2), note that
Eq. (2.42) implies
1

or > %IP’T(I%) = JPr ({w € Qr|or(w) < 0)).
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Since the function e(a) has a global minimum at o = %, one has 0 € de(3), and Theorem 2.10 (2)

gives

liminf%logCT > -1 (—8+e (%)) :

T—o00

Part (2) thus follows from Eq. (2.37). Finally, under Assumption (C), Theorem 2.5 (2) and the above
argument yield e’ (%) = 0, and so Part (3) follows from Parts (1) and (2).
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