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Abstract

We investigate a weighted Multilevel Richardson-Romberg extrapolation for the ergodic ap-

proximation of invariant distributions of diffusions adapted from the one introduced in [LP13]
for regular Monte Carlo simulation. In a first result, we prove under weak confluence assump-
tions on the diffusion, that for any integer R > 2, the procedure allows us to attain a rate
nIRFL whereas the original algorithm convergence is at a weak rate n'/?. Furthermore, this is
achieved without any explosion of the asymptotic variance. In a second part, under stronger
confluence assumptions and with the help of some second order expansions of the asymptotic
error, we go deeper in the study by optimizing the choice of the parameters involved by the
method. In particular, for a given £ > 0, we exhibit some semi-explicit parameters for which
the number of iterations of the Euler scheme required to attain a Mean-Squared Error lower
than 2 is about e~ log(e™1).
Finally, we numerically this Multilevel Langevin estimator on several examples including the
simple one-dimensional Ornstein-Uhlenbeck process but also on a high dimensional diffusion
motivated by a statistical problem. These examples confirm the theoretical efficiency of the
method.

Keywords: Ergodic diffusion, Invariant measure, Multilevel, Richardson-Romberg, Monte Carlo.

AMS Classification: 60J60, 37TM25, 65C05.

1 Introduction
Let (X¢):e[o,r) be the unique strong solution to the stochastic differential equation (SDE)
dXt = b(Xt)dt + O'(Xt)th

starting at Xy where W is a standard R%-valued standard Brownian motion, independent of X,
both defined on a probability space (2, A,P), where b : R? — R? and o : R? — M(d,q,R) are
locally Lipschitz continuous functions with at most linear growth. The process (X;);>o is a Markov
process and we denote by P, its distribution starting from Xy ~ p. Let £ denote its infinitesimal
generator, defined on twice differentiable functions ¢ : R* — R by

1
Lg = (b|Vyg) + iTr(J*DQQ o).

As soon as there exists a continuously twice differentiable Lyapunov function V : R¢ — R,
such that o
sup LV (z) < 400  and lim LV(x) <0, (1.1)

reR4 |z]—+o00

*UPMC, Laboratoire de Probabilités et Modeles aléatoires, UMR 7599, case 188, 4, pl. Jussieu, F-75252 Paris
Cedex 5, France. E-mail: gilles.pages@upmc.fr

TInstitut de Mathématiques de Toulouse, Université Paul Sabatier & INSA Toulouse, 135, av. de Rangueil,
F-31077 Toulouse Cedex 4, France. E-mail: fabien.panloup@math.univ-toulouse.fr

1



then there exists an invariant probability measure v for the diffusion in the sense that X is a
stationary process under P, so that X; ~ v for every t € Ry. Under appropriate (hypo-)ellipticity
assumptions on o or global confluence assumptions (on this topic, see e.g. [LPP15]), this invariant
measure v is unique, hence ergodic. In particular,

P, (dw)-a.s. wvi(w,d§) = / Ox,(w

d
where & denotes weak convergence of distributions on R? (see e.g. [Bil78] or [Kre85] for back-

ground). We will assume that this uniqueness holds throughout the paper. Under additional
assumptions, one shows that the diffusion is stable in the sense that

d ) (R?)
VzeRY Py(dw)-a.s. 1(w,df) =

This P,-a.s. convergence is ruled by Bhattacharya’s CLT (see [Bha82] for detailed assumptions),
namely, if f: R? — R is such that the Poisson equation f — v(f) = —Lg admits a solution, then

R
Vi(ue, ) = v(5) BN (0,0%() (12)
with 02(f) = [za |[0*Vg|?dv where o* denotes the transpose matrix of o.

In a series of papers (see e.g. [LP02, LP03, Lem07, PP09, PP14, Pan08]), the above properties
have been exploited in order to compute by ergodic simulation integrals [ fdv = E,f(X) or,

more generally, E, F’ ((Xt)te[O,T]) where F' is a (path-dependent) functional defined on the space

C([0,T],RY) (see also [Tal90] or [PS94] for other references on the topic or more recently [GT15]).

The starting idea is to mimic (1.2). First we replace the diffusion X by a discretization scheme
with decreasing step. To be more precise, we consider, for a given non-increasing sequence of steps
Yn >0, n > 1, the associated Euler scheme with decreasing step defined by

X1 =X + Yn416(Xy) + 0(X,) (Wr, — Wr,_,), n >0, Xo = Xo, (1.3)

where I, =71 + ... + 75, n > 1. Then we introduce (for technical matter to be explained further
on) a weight sequence (1,)n>1 and the related n-weighted empirical (or occupation) measures of
the above Euler scheme, namely

v (w, dx) anéxk (@)
The computation of 7 (f) can be performed recursively, once noted that that

Ui & n ,

V() = 2 f(Ra) + (1= 2 )unu (), 7 (f) = . (1.4)
H, H,

It is clear that, in order to let the scheme explore the whole state space R% and to let the empirical

measures take into account new values as n grows, we must require the pair (nn, ’Yn)nz 1 satisfies

Hy=m+--+n,—>+00 and I'y:=y+--+v, = +c0 asn—+oo. (1.5)

When n = ~, the y-empirical measure v7-7 is the natural counterpart of v; and one expects that,
under natural mean-reverting assumptions similar to (1.1) (or slightly more stringent), P, (dw)-a.s

d
vl (w, dz) &)y taking advantage of the fact that the step v, | 0. The major difference with
the above continuous time pointwise Birkhoff’s ergodic theorem is that, provided b, ¢ can be
computed easily, these random measures taken against a function f (computable as well) can in
turn be simulated. This opens the way to simulation based ergodic methods to compute v(f).
Note that, though we will not go deeper in that direction, when v = h.)\y is absolutely continuous
such a method appears as a probabilistic numerical scheme for the resolution of the stationary
Fokker-Planck equation £*h = 0 by providing the values of as many integrals [ fhAq as required.

Let us first recall one simple convergence result for the a.s. weak convergence of the weighted
empirical measures (/1'7),>1 (see Theorem V.2 borrowed and slightly adapted from [Lem05]).
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ProprosiTioN 1.1. Assume b and o satisfy the mean-reverting assumption
(S): There exists a positive C2-function V : RY — Ry and p€ (0,+00) such that

V) oo WP <OV and  sup [D2V(2)] < 400

1m
|z|—>+oo 2P R

and there exist some real constants C, > 0, a > 0 and B > 0 such that:
(i) > <CV, Tr(oo*)(z)=o0(V(z)) as|z|— +oc. (i) (VVI]b) < p—aV.

Then (SDE) admits at least one invariant distribution v and for every x € R? and p > 0,
sup,, E,V?(X,) < +o0.

Assume v is the unique invariant measure of (SDE). If the pair (Nn,Yn)n>1 satisfies (1.5)

]- 77n nn—l) < nn >2
E — = - — < 400 and E < 40 1.6
Hn (7n Yn—1 + Hn Tn ( )

n>2 n>1

R
then, Py (dw)-a.s. v (w,dx) = v.

Moreover, P,-a.s., for every v-a.s. continuous functions R¢ — R with V -polynomial growth,
v w, f) = v(f) as n— +oo. (1.7)

REMARK 1.1. > By V-polynomial growth we mean that f = O(V?) at infinity for some p > 0.

> The condition (S) is stronger than (1.1). It implies that there exists o’ € (0,+00) and S € R
such that LV < 8’ — a'V. In fact the conclusions of the above proposition are also true for the
continuous time occupation measure 14 (w) = + fot dx,(w)ds of the diffusion itself.

> The above result remains true under weaker Lyapunov assumptions of the following type: LV <
B — 'V with a € (0,1]. For the sake of simplicity, we choose in this paper to state the results
under (S) only but all what follows can be extended to the weaker setting owing to additional
technicalities (involving the control of the moments of the diffusion or of the Euler scheme (1.3)).

V(x
> In the above proposition, the condition lim (2) = 400 can be relaxed into  lim V(x) =
|z|—+o00 ‘.’E|p |z] =400

+o0o. For the sequel, the interest of this slightly reinforced assumption is to ensure that every
function f with polynomial growth has a V-polynomial growth.

DEeFINITION 1.1. A pair (7,,Vn)n>1 (With decreasing ~,,) satisfying (1.5) and (1.6) is called an
averaging system.

Examples. If v, = y1n~% and n, = mn~°, then the pair (1,,V,)n>1 IS averaging as soon as

0 <a<1landO < c< 1. In practice, we will extensively use that, furthermore, the pairs of the
form (7%, vn)n>1 are averaging for £€ {1,...,[1] — 1} so that af < 1.

a

The rate of convergence of v/"7( f) toward v(f) has also been elucidated and reads as follows (when
d =1 and n, = v, for the sake of simplicity, keeping in mind that even in that setting, various
averaging systems are involved):

Set Ff) == %37(27; > 1. Assume the Poisson Equation f — v(f) = —Lg has a smooth enough

solution and that —— — E, then

vV Fn

V@ (D =v(f) B N(Br(wa)iod(h) if e [0,400), (18)
W) =S v if f = +o0 (19)



with o2(f) = 1/(|0*Vg\2) = —2v(g.Lg) and

W (x) = 3 D?()bla)* + S BIDg() (0 (@)U)™], U ~N(0,T,)

When 7, = n~% the unbiased CLT (5 = 0) holds for a € (%, 1}, the biased CLT for a = % and the
biased convergence in probability for a€ (0, 3).

On can interpret this result as follows: if (v,,) decreases to 0 fast enough (E = 0), the empirical
measures v,"7 behaves like the empirical measures v; of the diffusion. When (7,,) goes to 0 too
slowly, there is a discretization effect which slows down the convergence of the empirical measure
at rate FF@) . The convergence then holds a.s. (or at least in probability) which confirms that what
slows down the convergence is a bias term whose rate of decay is lower than 1/y/T,,. The top rate
of convergence is obtained with a biased C'LT.

We will see in Theorem 2.1 further on that, in fact, there are many of these bias terms which
go to 0 slower than the C'LT rate for slowly decreasing steps. So Kkilling these terms is a major
issue to speed up such ergodic simulations (or Langevin Monte Carlo method) compared to the
regular Monte Carlo method.

The Multilevel paradigm has been introduced by M. Giles in the late 2000’s (2008, see [Gil08]).
Ever since, it has been extensively adapted to various types of simulations (nested Monte Carlo,
see [LP13], stochastic approximation [Fri16]) and dynamics (Lévy driven diffusion, random maps,
etc) as a bias killer. The principle is the following: assume that a quantity of interest to be
computed does have a representation as an expectation, say E Yy, but that the random variable
Yy cannot be simulated at a reasonable computational cost. Then one usually approximates Y
by a family (Y},)nr>o of random vectors that can be simulated with a low complexity, relying on
discretization schemes of the underlying dynamics. The typical situation is the Yy = f(Xr) or
F((X¢)teo,r) where (X;) is a Brownian diffusion as above and Y, = f(X%) or F((X;")ic0,1))
where (Xt)te[O,T] is a discretization scheme, say an Euler or a Milstein scheme with step h = % €
H = {%, me N*}. A multilevel estimator with depth L€ N* of EY} is designed by implementing
a non-homogeneous Multilevel Monte Carlo (MLMC) estimator of size N € N* of the form

1 Ny L 1 Ny
L Soyme L So ok ok
M e

MEl=2

where h € H is a fixed coarse step, ((Yh(Z)JC)hGH))EZJ- 1 k>o are independent copies of (Y4 )nen,
M > 2, is a fixed integer and Ny,..., N, is an appropriate (optimized) allocation policy of the
simulated paths across the levels ¢ such that Ny + --- + N, = N (in practice, at a given level

£, only Y(Q and Y(Q have to be simulated). The level £ = 1 is the coarse level whereas the
Mme-1 ME=2

levels £ > 2 are the refined levels. Within a refined given level /, Y(Q[k denotes the coarse scheme
ME=2

and Y(?{k the refined scheme. For some fixed k and ¢, the random variables are “consistent”
ME=1

in the sense that they have been simulated from the same underlying Brownian motion W® . A
quantitative translation of this consistency is that Y}, converges in (squared) quadratic norm to Yj
at a b rate, namely ||Y;, —Yo||2 < Vi|h|?, h€ H. The parameter 3 depends on f or F in a diffusion
framework. If f or F are locally Lipschitz continuous with polynomial growth (with respect to the
sup norm as for F'), 8 = 1. This parameter 8 and the constant V; are key parameters to optimize
the allocations of the paths to the various levels (see [Gil08, LP13]).

Among other results, M. Giles proved that if « = 1 and 8 = 1 — which is the standard situation
in a diffusion discretized by its Euler scheme — when Yy = f(X,), ¥} = f(X") (Euler scheme with
step h = %)7 f, b, 0 smooth enough (or ¢ uniformly elliptic if f is simply Borel and bounded),
the resulting complexity of the optimized Multilevel Monte Carlo estimator to attain a prescribed

2
Mean Squared Error 2 behaves like O((log(l/e)/s) ) as € — 0. When g > 1 (fast strong
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approximation like with the Milstein scheme), this rates attains 0(5_2) i.e. the rate of a (virtual)
unbiased simulation. The case f < 1 provides even better improvements compared to a crude
Monte Carlo simulation.

In a recent paper (see [LP13]) a weighted version of the above multilevel estimator has been
devised to take advantage of a higher order expansion of the weak error (bias expansion) up to an

order R€ N*, namely
R

EY), = Zcrhozr + O(ha(R+1))7

r=1
still under the above quadratic convergence rate assumption. Then, the so-called Multilevel
Richardson-Romberg estimator (ML2R in short) is still based on the simulation of independent
copies of (Y},)nem and reads
WgR) Ny
Ny

\- (k)
A SR i

r MT 1 Al"
k=1

(1k &
Y,

k=1

where the R-tuple (WﬁR))lgrgR of weights has a closed form entirely determined by o, and M
and not on (Y3)p>0 (that means on the specific form of f, b, o in a diffusion framework). For this

weighted estimator, the complexity is reduced mutatis mutandis to O ( log(1/e)/ 52) in the setting
B =1. When 8 < 1 this estimator dramatically outperforms the above “regular” multilevel method
since it only differs from a (virtual) unbiased simulation by a factor exp_% log(2) log(1/)/2 (when
M = 2) instead of e*%" with MLMC. The underlying idea for this weighted Multilevel method is to

combine the multilevel paradigm with a multistep Richardson-Romberg extrapolation introduced
in [Pag07], hence its name. We refer to [LP13] for more precise results and proofs.

The aim of this paper is to transpose the weighted multilevel paradigm to the Langevin Monte
Carlo simulation with decreasing step described above, with the issue that, in contrast with regular
Monte Carlo simulation, canceling the bias terms directly impacts the rate of convergence of the
method by enlarging the range of step parameters for which a CLT holds at rate /T, to coarser
steps (so that I',, goes faster to infinity where the stationary regime takes places). So we will adapt
the ML2R estimator to the occupation measure v;) = v)*7 introduced before. Like in the regular
Monte Carlo setting, we introduce, for a function f, a weighted estimator involving v, (f) and
some correcting terms denoted by (r M)( f), r=1,..., R based on some pairs of coupled refined
schemes (see (2.12) for details). Since the ergodic estimation of the invariant measure is based on
only one path, the idea here is to replace the allocation policy of realizations Ni,..., Ng of the
ML2R method by a sizing policy qi, . .. ¢, of the length of the coarse path (involved in v, (f)) and

those of the correcting sequences unr’M)( 1)

In order to asymptotically kill the successive terms of the bias induced by the estimator, we
will need some asymptotic expansions of the v,, and u(r M) such as (2.13) and (2.14) below. These
expansions, which require the invertibility of the infinitesimal generator (or equivalently the exis-
tence of solutions to the Poisson equation) can be viewed as the counterpart of the classical weak
error/bias expansion E[f(X7)] — E[f(Xr)] in finite horizon. Concerning the strong convergence
rate property which leads to the control of the variance of the corrective terms in the standard
Multilevel method, its counterpart in our ergodic setting is the following mean confluence result
which says that

1< _
WZWJXM—XHQ—H) a.s. asmn — +00.

n k=1

It says that the (72,7)-empirical measure of the couple (X, X) concentrates on the diagonal of

R? at rate 0( F(Q)> Such a property holds e.g. when the diffusion itself is exponentially confluent

(typically a mean-reverting Ornstein-Uhlenbeck process) under an exponential confluence property
which holds under (S).



Throughout the proofs, we will work in one dimension for notational convenience. The extension
to the multidimensional case would only generate technicalities.

Outline. The paper is organized as follows. We begin by introducing precisely the weighted
empirical sequence built for the estimation of the invariant measure, called ML2Rgodic and
denoted by %W, Then, our main results are divided in three parts. In Theorem 2.1, we obtain
some CLTs for 7/°W: we show that the ML2Rgodic-Algorithm with R — 1 levels of corrections
and an appropriate sequence () has an optimal rate of order nIAF with an asymptotic variance
which is the same as the one of the original procedure. Then, in view of the optimization of
the choices of the parameters, we exhibit in Theorem 2.2 some first and second order asymptotic
expansions of the Mean-Squared Error. Based on this result, we proceed to the optimization in
Theorem 2.3 and provide some choices of the parameters involved by the algorithm which lead
to a complexity of order e~2log(L) (instead of e~ for the original procedure). The main tools
for the establishment of Theorems 2.1 and 2.2 appear in Sections 3 and 4. Then, the proofs of
Theorems 2.1, 2.2 and 2.3 are achieved in Section 5. Finally, we end this paper by some numerical
computations in Section 6.

2 The Multilevel-Romberg Ergodic (ML2Rgodic) procedure

2.1 Design of the ML2Rgodic Langevin estimator

We aim at adapting the multilevel paradigm to devise an ergodic estimator for the approximation
of the invariant distribution. For a given integer R > 2, the idea is to modify the original procedure
with the aim to kill the R first terms of the expansion of the discretization error without impacting
too much the simulation cost of simulation.

Let v = (Yn)n>1 be a sequence of steps, and M and R be two integers such that R > 2 and
M > 2. First we consider an Euler scheme X(!) = X with decreasing step « associated to a
standard Brownian motion W) = . We associate to this scheme R — 1 independent coupled
schemes (X V(M) =2 R, independent of X9 where

e X() is an Buler scheme with decreasing step (M) = 7=z (so that A (2M) = ) associated
to a Brownian motion W),

o Y (M) ig a refined Euler scheme with decreasing step 7("M) associated to the same Brownian
motion W (") where

(r,M)
~(r,M In Tn
Vme{l,...,M}, 75\4(n11)+m: o =t (2.10)

Set, for every integers £ > 1 and r > 2,

n
Z TM) (r—2)¢ Z’Y (r— 2)[1‘\(@) (211)

k=1

where T\ = /) = > h_17%. Note that ) — pl&2),
Then, we define for every r = 2,..., R the sequence of difference of the empirical measures of
the two schemes by

n M-1
(r M) ~(r) NG
dl‘ F(l r Z (( P)/M k— 1)+m5Y1\(/IT()k 1)+m> Vi 6X1(€T)1> ,n2>1,

k=1
i . . > 1. 2.12
;MM(MZM e a1

The expected weak limit of p TM)( f) is 0 as a difference of occupation measures of two Euler
schemes with decreasing step. Thus, this empirical measure plays the role of a correcting term.

6
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Now, let ¢, ...,qr denote some positive real numbers, called re-sizers from now on, satisfying
vre{l,...,.R}, 0<g¢ <1, q+...+qr=1,
and, for a given integer n > 1, set
n.=|¢gmn|, r=1,...,R.

Let f : RY — R be a smooth function, coboundary for the infinitesimal generator £ (existence
of solutions to the Poisson equation f — v(f) = L(g)). Under some appropriate assumptions
(including weak confluence) we can prove in a sense made precise later on (see Propositions 3.2(b)
and 3.3(b)) that the sequences (vy, (f))n>1 and (/L,(I;M)(f))nzl satisfy the following asymptotic
generic type-expansions:

R+1 () (R+1)
Fnl Mn 1 Pn
" - (W) ( ! ) 2.1
vn () = v(f)+ ;:; DR bl Gyt o (2.13)
(r,M) Ril (r=2)1=0)yy1—¢ _ 1yLne ( 1 F(RH))
() = MU=DU=O (M — 1) 2 p (W) + 0 AN—E—),  (214)
(=2 Fnr V Fnr Fnr

where (M,,),>1 is a martingale and (¥;)e>1 is a sequence of functions made precise further on.
At this stage, the reader can remark that there is no martingale term in the main part of the
second expansion. This point, which is strongly linked with the weak confluence assumption
(Cw) introduced below, can be understood as follows: the martingale term induced by M%T’M) is
asymptotically negligible against the one of v,,, (f). In a rough sense, this means that if we build
an appropriate combination of v, (f) and ,ugfr’M)(f), r =1,...,R, we will be able to kill the
bias error without growing the asymptotic variance. But a numerical computation holds in a finite
(non-asymptotic) setting so that this heuristic needs to be refined in practice. One of the objectives
of the paper is thus to go deeper in the study of the expansion in order to be able to propose an
efficient and potentially optimized method of approximation of the invariant distribution.

The ML2Rgodic-algorithm: As mentioned before, the first step toward our ML2Rgodic esti-
mator is to design an appropriate combination of the formerly defined empirical measures in order

to “kill” the bias. Furthermore, we require that this combination does not depend upon the size n

of the estimator. We thus define a sequence of empirical measures denoted by (177(1R’W))n21 by:

R
TEW) = Wiv, + S WM, > 1, (2.15)
r=2

where W = (W,.)E_, is a sequence of real numbers. For the sake of simplicity, we do not mention
the dependency of ﬁ,(LR’W)in M and 7. Also, let us remark that the weights W,. clearly depend

on R and will sometimes be denoted WﬁR) in order to recall this dependence when necessary. Let
us now specify W. First, by (2.13) and (2.14), one remarks that it is necessary to assume that
W =1 in order to ensure the convergence towards v.

Let us now consider the construction of Wy, ..., Wg. To this end, we consider from now on
step sequences with polynomial decay

Ve = 71]f_a with "> 07 ac (07 1) (216)

Then by plugging the expansions of the bias resulting from (2.13) and (2.14) in the definition (2.15)



of the ML2Rgodic estimator we derive that

R
E(BW)) = WiEv,, (f) + Y WoEpM(f)
r=2
R+1 @ R b , r® p(R+1)
_ ni r—2)(1— 1— s n
=Wiv(f)+ Z [W1 T, +;WTM (M — 1) " v(Uy) —|—0( T )
R+1 F(g
~ Wyv(f Z () qul a(t=1) | ZW =200 (Ml - _ ) :a([—l)]
r=2
F(RJFl)
+o T )
) —a(t—1)T®
where the notation = is used to keep in mind that one implicitly assumes that = — g, i

is negligible (see further on the proof of Theorems 2.1 and 2.2). Then as soon as the weights
(W,)1<r<r are solutions to the linear system

R
Wi=1, WiV~ -y W= — g g =2 R, (217)
r=2

the bias is “killed” up to order R and reads

E(7W)) ~ 1_7(1 B (Wp )W, n o 4 O(F%RH)
1—a(R+ 1) i ry
where we set, more generally,
R
WR+i - qu;a(R+i) + (MR- ZWTM—(T—Q)(R—‘ri—l)qT—a(R-‘ri)’ i>0. (2.18)

r=2

The main difference at this stage with the regular weighted Multilevel estimator is that these
weights depend on the re-sizers g, which will make a complete optimization of these allocation
parameters out of reach.

In the following lemma the linear system (2.17) is solved. In short, it shows that the weights
are uniquely defined provided the re-sizers g, satisfy /== # /2%, s # r. Note that these weights
depend on the exponent a (and the (g,)) but not on ~;.

Another important point is that, by contrast with the regular weighted Multilevel Monte Carlo
setting, this system in its general form is not a regular Vandermonde system though it shows some
similarities. In fact it can be related to a sequence of (R — 1) x (R — 1)-Vandermonde systems
with closed solutions. A notable exception to this situation occurs in the very special of uniform
re-sizers q, = %, r = 1,..., R where we retrieve exactly the weights of the regular Monte Carlo
M L2R introduced in [LP13]. For a given depth R > 1, the closed form of (W;), (keeping in
mind that W1 = 1) is given by the following lemma.

LeMMA 2.1. (a) General re-sizers: If q := (q1,...,qr) € S, == { (1, .. € (0, +o00)f Zf‘ LT =
1} and satisfies qu/a #* Ms/a , 8§ #r, then the above system (2.17) has a umque solution given by
R
1— M2 "*(gs/q1)"
W = N2 > =2,...,R. 2.1
ZMk ]._.[ 1— M>(gs/q,)® r=2..R (2.19)
k>0 s=2,s#T

Moreover, the coefficients Wg), i=1,2, as defined in (2.18) read

W — Z — H (kM’c T( n )a) (2.20)

k>0 qr+2
8




and

R-2 R-2

—~ 1— M_(R+1)) 1 q a q a
wi = (13w (2 IT (1= 257 (22)). e
R+2 q«lz(R+1) kZZO MFE(R+1) 7;0 Gri2 rl;[(] Gri2 ( )
(b) Uniform re-sizers: If ¢, = %, r =1,..., R, the following simpler closed form holds for the
weights WﬁR) :

WﬁR)zng)—&--“—i—WgR),T=17~-~,R (2.22)

with n R

M—(=D 1
(R) — — o
wit = T] e = 11 o T= LR (2.23)
s=1,s#r s=1,s#r

These weights (WI),—1 r, R >1, are bounded i.e. SUD,—1,. . R,R>1 \WﬁR)| < +00. Furthermore

~ (R — ro1) 1 — MR
W — ()R RPN and - WU, = (—1)R R e (229)
The proof is postponed to Appendix A.
Examples. ¢ R = 2: WEQ) =1, Wég) = % (%)
e R=23:
01— M (a)” 01 M ()"
3wy _ M ¢\ 1~ A (q?) g3\“ 1~ A (ﬁ)
(W37, W37) = — ———F <&\ | @
M-1 q1 1_M(@) q1 1— M-1 ('ﬁ)
q2 g3
When there is no ambiguity the superscript () will be dropped in the notations W%, wfﬂR)

and Wgﬁ)l. In the sequel, W) will be always defined with W satisfying (2.17) or (2.19).
Assumptions. We introduce below the assumptions for the first theorem. As recalled in the
introduction, the study of the rate of convergence brings into play the Poisson equation related to
the SDE. In this paper where we are going deeper in the expansion of the error, we will need to
use it successively. For the sake of simplicity, we thus assume the following (strong) assumption:

(P) : For every C* function f, there exists a unique (up to an additive constant) C*°-function g,
such that f —v(f) = —Lg. Furthermore, if f is a function with polynomial growth, then g also is.

For instance, it can be shown that, when ¢ is bounded and uniformly elliptic (in the sense that
(oo™ (z)z|z) > Ao|z|? for some A\ > 0), when Assumption (S) is in force and f, b and o are smooth
have polynomial growth as well as their derivatives, then (P) holds true. Actually, we first recall
that under the ellipticity and Lyapunov assumptions, the semi-group converges exponentially fast
towards v (in total variation) so that g(z) = [ Psf(z) — v(f)ds is well-defined and it is classical
background that g is the unique (up to a constant) solution to the Poisson equation f—v(f) = —Lg
(see e.g. [PVO01]). Then, by [GT83, Theorem 6.17], under uniform ellipticity, ¢ is in fact C* as
soon as f, b and o are. The polynomial growth of g and Vg has been proved in [PV01, Theorem
1]. The property is obtained through the a priori estimate, see Equation (9.40) in [GT83], which
in fact also holds for D?g. Then, we can establish by induction that all the partial derivatives of
g have a polynomial growth. Assume it is true up to order k. First note that v = 0;, ., _,9g is
a solution to Lu = —f, where f, is a function which depends on f, b and ¢ and their first order
partial derivatives and some derivatives of g up to order k. Hence, f; has polynomial growth and
the a priori error bound (9.40) in [GT83] for the second order partial derivatives of u yields the
polynomial growth of the partial derivatives ;... i, ., 9-

The second additional assumption has been introduced in [PP14] and deeply studied [LPP15]: it
requires the diffusion to be weakly confluent, i.e. that two paths of the diffusion, with different initial
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values, but driven by the same Brownian motion, asymptotically cluster in a weak (or statistical)
sense as follows: let (Xy,Y:)i>0 be the duplicated diffusion (or two-point motion) associated with
the diffusion (SDE) by

(2.25)

dXt = b(Xt)dt + O'(Xt)th
dY; = b(Y;)dt + o(Yy)dWr,

where Xy, Yy are two starting values independent of W. If v is an invariant distribution for (SDE),
va = vo (x+— (z,7))"! is trivially invariant for the couple (X,Y). The diffusion (SDE) is said
weakly confluent if va is the only invariant distribution for (X,Y) (which implies implicitly that v
itself is the unique invariant distribution of (SDE)). In the sequel, this assumption is referred to
as

(Cw): (SDE) is weakly confluent.

REMARK 2.2. > Under slight additional assumptions on the stability of (SDE), it can be shown
(see [LPP15]) that, if (Cy) holds, the diffusion is statistically confluent in the sense that

/J(wa ds:>1/A a.s. ast— +oo.

> For the empirical measure uﬁb w) , the role of (Cy) is to ensure that the empirical measures

uL. built with some differences of schemes XT(LT) and 17757’) have a negligible asymptotic variance

(with respect to that of v,,). This property will be made precise in Section 4.

We are now in position to state the first main theorem.
THEOREM 2.1 (CLT). Assume (S), (P) and (Cy). Let (R, M)e (N*\ {1})? and let (W,)1<,<r
denote the R tuple of weights defined by (2.19). Let g = (¢)1<r<r € Sr be an R-tuple of re-sizers
satisfying 4= s, s # 1. Let v, = min™% ne N*, a € (0,1/R), be a discretization step
sequence. Let f R? — R be a C®-function and denote by g the solution to f — v(f) = —Lg. Let
W = (W,),—1.... r be defined by (2.19).

(a) If a€ (2R+1, %), then

niz® (D«?(lR,W)(f) — / fdy) gN(o;oﬁ(a,q,R)) as n — +o0
R

with

l—ao ) .

11({1) with — oi(f) = v(|o*Vgl?). (2.26)
"oq

f(a qu)

() If a = 2R+1, the CLT holds at an optimal rate towards a biased Gaussian distribution, namely
nIRT (ZT(IR’W)(f) —/ fdl/) ®] N(mf(q,R);a?c(q,R)) as n — +oo
Rd

with a?(q,R) = U?(Wlﬂ,q,R) and mys(q, R) := 275WR+ICR+1 where VVRH is given by (2.18)
and cpe1 =v(¥,.,,), Y, , being a C>®-function with polynomial growth (whose explicit expression
in the one-dimensional case is given by (3.38)).

(c) Ifac (0 ,2R+1) then

ntt (ﬁ,(lR’W)(f) - / de) LN mys(a,q,R) as n— 400
R
with
1—-a
1—a(R+1)
ReEMARK 2.3. Note that the definitions of my(a, ¢, R) and my(q, R) in the above claims (b) and

(¢) are consistent since my¢(q, R) = mys(a,q, R) when a =
10

my(a,q, R) := VW . crir. (2.27)

_1
2R+1"



From an asymptotic point of view, the above result says in particular that when R grows, the

optimal rate of convergence tends to n? without increasing the (asymptotic) variance. However,
from a non-asymptotic point of view, one has certainly to go deeper in the result to try to optimize
the choice of the parameters. This implies to take into account the effect of the choice of q, M
and R on the residual bias term, the variance and on the computational cost. This is the purpose
of the next paragraph.
L?-expansions of the error. The aim of this part is to study the quadratic error to prepare
the optimization of the parameter of the multilevel estimator (a,q, R,n) algorithm subject to
a prescribed quadratic error € > 0. To this end, we will not only provide a re-formulation of
Theorem 2.1 in quadratic norm, we will also go deeper in the study of the asymptotic error. In
particular, in the previous result, the variance induced by the correcting terms pu2* does not
appear and we would like to quantify it. We will also need to control the residual error terms not
only in n but also with respect to the depth R, since this parameter is intended to go to +o0 in
the optimization phase. This will lead us to carry out the expansion to the order R 4 2 and not
R or R+ 1 like in the above theorem and to introduce a second and more constraining confluence
assumption denoted by (Cs):

(Cs) : There exists a > 0 and a positive matrix S such that for every z,y € R,

(b(z) = b(y)lx —y)s + %Ila(x) — oW < —allz -yl

where (.|.), and by |.|, stand for the inner product and norm on R? defined by (z|y), = (x|Sy)
and |z|2 = (z|z),, and for Ae M(d,d,R), ||A|? = Tr(A*SA).

Furthermore to get closer to practical aspects, we only consider the optimal case a = a =
1/(2R + 1) which clearly provides the highest possible rate of convergence for a given complexity.
Finally we will focus on the uniform re-sizing vector ¢, = %7 r=1,...,R. They turn out to be
most likely rate optimal and, as emphasized in Remark B.11, in that case the first term of the bias
of the ML2Rgodic estimator does vanish whereas for other choices of vectors ¢ a residual bias
(at rate O(n=17%)) still remains. Though theoretically negligible, it turns out to have a strong
numerical impact on simulations.

THEOREM 2.2 (Mean Squared Error for a = a = Wlﬂ) (a) Suppose that the assumptions of the

previous theorem hold and let a = Then,

R
[ () — V(f)Hz — p TR (67(g; R) +m7}(q, R) + 0(1)) as n — +o0.

(b) If, furthermore, (Cg) holds

Hﬂr(LR’W)(f)—y(f)Hz = o 7RIT (67(¢; R) + m?(qJ%))—i—% (67(¢, R) +mys(q, R) +0(1)) as n — +oo

where, on the one hand

0 = ot + (1 7 ) R M) (2:28)

with n
U(R, M _ AR W ()2 2.29
(RM) = o S (W) (229)

r=2

and 03 1 (f) and 03 5(f) are some variance terms explicitly defined further on by (4.42) and (4.45)
in Propositions 4.4 and 4.5 respectively. On the other hand my(q, R) is given by

~ 8R 2R+1W7(R) Wi (R
mf(‘L R) = ﬁcRJrlcRJ&/yl * WE:{+)1WE?+)2'
(¢) If furthermore the re-sizers are uniform, namely g, = ¢, = %, r=1,...,R, then the weights

W are given by (2.23) and Wg?l and Wgﬂ by (2.24) so that

o 4R
mf<Q7 R) = _RfcR+1cR+2’712

R+1p g - R(R-1) 1-M"
1
11



2.2 Optimization procedure

It remains to optimize the parameters to minimize the complexity of the estimator for a given
prescribed mean square error (MSE). In view of the above Theorem 2.1, it is clear that the
parameter a should be settled at

_ 1
a=a= R n 1 .
We start from Theorem 2.2(b) with
1 1
a=a= and ¢ =¢ =—=,r=1,...,R.

2R+1

Then the weights W,., r =1..., R and WRH are given by (2.23) and (2.24) (those coming out in
standard multilevel Monte Carlo e.g. in the case of the approximation of a diffusion by its Euler
scheme).

We denote by w = (R,y1,n, M) € II = N* x (0,+00) x N* x N* the remaining set of free
simulation parameters that we wish to optimize. With this specification for a and the allocation
vector ¢, the M SFE(w) reads

i =)= (00,0 B) + m3 @, ) + = (3@ 4 R) + g (a, R) +0(1)) (231)
N2R+1

as n goes to oo where, owing to (2.27), (2.30), (2.26) and (2.28),

mp(a,qR) = AF(-)ERIEM T e,

G R) = oy it RA A LM
A6 R) = =g R (f),

2@qR) = = [02,1(f)2+<1—;4> \I’(R,M)agﬂ(f)].

On the other hand, the complexity K(w,n, M) of the multilevel Langevin estimator devised
in (2.15) reads

K (w,n, M) n(g 4+ (M +1)(g2+ - +qz)) ko

n(1+ M1 = g))ro =n(1+M(1- %))Iio

where kg denotes the unitary computational cost of one iteration of an Euler scheme.

To calibrate the above parameter w, we want to minimize the complexity subject to a prescribed
RMSE € > 0, that is solving the constrained optimization problem:

inf K(w).
MSE(w)<e?
To state the main result of this section, whose proof is postponed to Section 5, we need to introduce
a function related to the weights Wg-R) and on the depth of the simulation. We know from
Lemma 2.1(c) that sup;<,<g p>2 |W£R)| < 4o00. Consequently, M being fixed, ¥(R, M) = O(R)
as R — 400 (where ¥ is defined by (2.29)). This leads us to define
R, M)

(M) = sup LR M)

sup R (2.32)

We refer to Table 2 for some numerical values of ¥ and W.
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1lc

R+1
Cc

THEOREM 2.3. Under the assumptions of Theorem 2.2 and if, furthermore, Rlim =0

4++03}%

R
and |c,|® — ¢ (0,400), then

1
. —2
MSE(wl)nngQwaE( w) IK(f,M).e (log (g)) as € — 0,

where

K(f, M) = 2“‘)1(()];]\; D ((M ;;)(}I’)(M) + 1) coi(f) (2.33)

0_2
with 01(f) = 07<(ff))

(b) The above bound can be achieved by the (sub-)optimal w* given by ¢* = %, R* = R(e, M) =
[2(e, M)] where x(e, M) is the unique solution to the equation %x(m —1)+zlogz+log(e) =0
and

2R
2R+1

1
)T BR) I ey, | 03 () T b S

7 (e, M) = (

Furthermore, as € — 0,

2log (1)  logyy)(2) 1 log(log M) —log2 logg) (1/¢) o0

M) =
2 M) log M 2logM 2 2log M log (1/¢)

and the (minimal) number of iterations n(e, M) necessary to attain an MSE lower than €* satisfies

2

n(a,ﬂ4)‘< ((A4’1)§D(A4)

co:1(f)

1
20y —2 L
= Tog M + 1) oi(f)e “log (5) as e — 0. (2.34)

REMARK 2.4. Though difficult to check in practice, note that the assumptions on the sequence
(cr)r>1 are satisfied as soon as

Cria
C

lim
R—+o00

=ce (0,+00).

R

REMARK 2.5. Note that the choice of R(e, M) does not depend on the parameters. In Table 1,
we give the values of z(e, M) for several choices of M and e. As expected, one can check that
R(e, M) increases very slowly when & decreases.

| [c=10 " [e=102 =107 =10 "]

M=2 2.08 2.79 3.38 3.89
M =3 1.94 2.56 3.06 3.50
M=4 1.87 2.44 2.90 3.30

Table 1: Values of z(e, M)

REMARK 2.6. A remarkable point to be noted is that we retrieve the same asymptotic rate as
that obtained with the original ML2R Monte Carlo simulation at finite horizon, that is for the
computation of expectations E f(X7) where X = (X;).c[0,1) is a standard diffusion discretized by
its Euler scheme.

Practical aspects are investigated in the practitioners’ corner (see Section 6.1) especially how
to calibrate the parameters which are involved in the definition of w*.
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3 Expansion of the error

For the sake of simplicity, the proofs are detailed in dimension 1. In the following subsections, we
begin by decomposing the quantity v"(f) — v(f) for a given smooth coboundary function f (i.e.
such that the Poisson equation f — v(f) = —Lg has a smooth enough solution) and for a general
weight sequence (7,,). Then, in the next subsections, we successively propose some expansions of
the error, v (f) —v(f) for the original sequence (v} (f))n>1 (implemented on the coarse level) and

for the sequences of correcting empirical measures (u% M)(f)) for r = 2,..., R defined in (2.12)
and corresponding to the successive refined levels of our estimator.

Note that by expansion, we mean an expansion of the bias of our estimators (level by level then
globally) until we reach an order at which we reach a martingale term involved in the weak rate
of convergence.

3.1 Higher order expansion of v)(f) — v(f) (coarse level)

For every integer n > 1, for every sequence (vy,)n>1, we set Avy, = v, —vp_1. We will also use the
following notations:

Up =7 ?(Wr, — To_y) 2 N(0;1,) and p,, = E[UJ], me N.

LEMMA 3.2. Let L € N. Assume that f — v(f) = —Lg where g is a C**+3_function. Then, for
every integer n > 1,

L+1

Z Yeoe(f)(Xn-1)

Ag(Xn) = =7 (f(Xn-1 +Z AMED+ARSY + AR + AR

=1

(3.35)
where
oo(f)(z) = Z g(m1+m2)( )m - 'bm1( )™ (z)
(m1,m2),m1+52 =0 . z
_ 1 _ _
A = (/o) (Xne)Uns - AMED = 539" (Ko1)o (Xo) [U2 1]
3 (1 _ _ _ 1 = -
AM7(137g) =7 (29//(Xn1)b(Xn1)J(Xn1)Un + 69(3)(Xn1)03(Xn1)US> )
2L+1 1
ARSI‘? _ Z 7[""2 Z g(m1+7n2)()_(n71) ' 'bml (anl) 77l2( 71)Um2
=2 (ml,mg),mlJr%:ZJré mi-ma:
2L+1 ~ 1 B B
+ Z 'Yre; Z (m1+m2)(Xn71)m ' ,bml (Xn71>0m2(Xn71)[U:zn2 - pmz]v
(m1,ma2),m1+ 52 =0 1T
2042 ~ o B B
ARSif) - Z v Z g(m1+m2)(Xnil)ﬁbml (Xp_1)o™ (K1)
(=L+2  (m1,ma),mq+ "2 =t 12
ARS? = 9(2L+3) (fn)('ynb(anl) + ’YnU(anl)Un)2L+3, & € [anl,Xn].
As a consequence,
n L+1 —1
1 Y -1
AT =) == g A + ) Lt 1)
" k=1
n 3 (3.36)
+ F % <Z (h9) | AR ’g) + AR ’g) + AR ’g)>
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Proof. By the Taylor formula with order 2L + 2, we have for every x and y in R,

2L+2
1
glz+y) —glx)= > gg(’“)(:ﬂ)y’“ + gL (g)yPLrs
=1

where ¢ € [z, 2 + y]. Then, if y = vb(z) + /o (z)u with u € R?,

1 k 1 mi+ 22 1m m m
YT +Z & m1!m2!7 D Hz)o™? (z)u.
mi1rma=

The decomposition of Ag(x) easily follows by separating odd and even ms and by remarking that

o @)+ 30" @ = —Lol@) + Ao+ 10> @) — 1)+ 3g"(x) (7 (@) + 27 o ()

2
Since .
) = o) = 2 30 (e (Kia) — ().
n i
the second part of the lemma is a direct consequence. O

For notational convenience, we will denote by Qf in what follows the solution of the Poisson
equation f — v(f) = —L(Qf) satisfying v(Qf) = 0. (Under Assumption (P), Qf is well-defined).

DEerFINITION 3.2. (a) Under Assumption (P), one may define a mapping <p[ ]( ) from C*(R,R)
into itself defined for every f € C*°(R,R) by

SOEU ()= Z mf' . bml( )o mz(.)(Qf)(ml-kmz)(') (3.37)
(m1,mz),m+ 752 =¢

where h(®) denotes the k" derivative of a function h. Then, for every ¢ € N, one sets gogm] =

[m—1] [1]
Py C Yy
(b) Still under Assumption (P), we define the mappings ¥,, £€ N*,

-1
U, = Z Z ©mq OO P, (3.38)

k=1 (mq,...,mp)E[2,£]%,
my+...+mp=L0+k—1

. To alleviate notations, we will often write ¢,,(f) instead of ga[ ]( f) in what follows.

For example, note that

(2] (3]

Uy =a, VUs=@3+@y, and Yy= 4+ @300+ pa0p3+p;.

We have the following expansions of the error, depending on the averaging properties of the step
sequence .

ProrosiTioN 3.2 (Bias error expansion for the coarse level). Assume (S), (P) (and uniqueness
of the invariant distribution v). Let R€ N, R > 2 and let f € C*(R,R) with polynomial growth
and g = Qf.

(a) If (Y, n)n>1 is averaging for every € {1,..., R},

R (0 (1,9) (R)
v (w, f) — v(f) — ZI;L (Wo(f)) = M; + o052 <W> )
‘e 2 n n n

b) If, furthermore, the pair (vE+1 ~,),>1 is averaging,
n ey

R Fg) Mr(zl’g) 1—‘1(1R+1) T, 1—‘glRJrl)
Vi ) = o) = D0 For( ) = S+ v () + o (rVF)
(=2 n n n n
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R+42

(c) The following sharper expansion also holds when (72, yn)n>1 is averaging

R F(z) M}ll’g)—f—Nn

v, f) = v(f) = 3 T vl ) = S
(=2 n n

F%RH) F%RJrQ) Fg’) v F%RH)

T v(Wria(f)) + T v(Vrya(f)) + oLz T ;

where Nog = 0 and ,
AN, = AMPY + AMPY + 47 (0g5) (Xg—1)Us,

with g = Q(a(f)), i.e. the solution to pa(f) — v(p2(f)) = —Lga.

REMARK 3.7. The first expansion is adapted to the proof of Theorem 2.1(a), the second one to
Theorem 2.1(b) and (c) and Theorem 2.2(a). Statement (¢) is written in view of Theorem 2.2(b)
where one needs to handle the second order term of the asymptotic expansion of the M SE. Note
that the bias term of order R + 2 in (c¢) will contribute to m(g, R) in Theorem 2.2(b). At this
stage, it can be justified by the following remark: when a = 1/(2R + 1),

FSLR+1) FgLI?+2) nﬂrj»oo 2R 2 1
r, I, 2R+ 1

E.
As concerns the contribution of the martingale correction AN,,, we refer to Proposition 4.4 for
details. Finally, remark that all the negligible terms are given with the L?-norm. For Theorem 2.1,

“op” is enough.

Proof. (a) and (b): Let R > 2 be an integer. Let us consider the decomposition given by (3.35) in
Lemma 3.2. When (v,)n>1 =17 = (Yn)n>1, L = R and g = Qf, we get

O Xo) —g(X,) <1,
) ) = 30 () LRI S (1) i) (339
=1 " " =2 ="
F%R+1) R41 ML
+ T vy ery1(f)) + FT;
+ Fif: (ZAM(H] —I—AR(Lg) —I-AR(Qg) —I—ARSQ)) )
" k=1 \i=2
By Lemma 3.3(i) applied with (n,) = (74),
EESEEaTING
n F’ﬂ

As well, by Lemma 3.3(i¢)applied for different choices of (6,,), h and (Z,,)n>1, we have

n (2)
1 (2 @, () T
=3 (AMPP + AMP) AR H <
|5, 3 (a2 + AR, CF.
k=1
Finally, Lemma 3.3(¢i¢) and (iv) are adapted to manage AR&%) and AR,(S}%) respectively. This

yields
TR+ r(R+8) B+
n < n .
T, + T, =C T,

= (M$§+Angu<c<

The above terms are thus negligible in expansions (a) and (b). As concerns Z/QRHW (¢r+1(f)), one
can deduce from the polynomial growth of pr11(f) and from (3.41) that there exists C > 0 such
that -

Vn > 1, Hl/l ’7(<PR+1(f))H2 <C.
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This means that this term is negligible in the expansion (a). In (b), (yF+!

by Proposition 1.1,

,¥n) 18 averaging so that

R+1 n——+oo
vl erm(f) == v(pria(f))  as.
But using again (3.41), one checks that there is a § > 0 such that (||V,¥R+1’“/(<pR+1(f))||2+5)n is a
bounded sequence. Thus, an uniform integrability argument yields that

v (ra () 2 v(pria(f) in L2

But for any ¢, ¢, is the component corresponding to k& = 1 in the definition (3.38) of ¥y. In (b),
v(pr+1(f)) will thus contribute to v(¥r41). As well, the terms v(py), £ = 2,..., R exhibited in
this first expansion will certainly contribute to v(¥,), £ =2,..., R.

Now, we focus on the second bias term of the right-hand side of (3.39). More precisely, for
each ¢ € {2,..., R}, we have to repeat the previous procedure: we apply the expansion (3.35) of
Lemma 3.2 with = (v5)n>1, L= R—{+1, f; = ¢ and g, = Qyy (defined above). After several
transformations, this yields

r® , R—41 [ (t+m—1) s L&
T (V;f T(fe) - V(fe)) - Fi”(@n] o ( T, Z “TAQp(Xy)
n m=2 n k=1

R—{(+1 1
+ F(e+m )

D

(" =) (om0 el ) (3.40)

(or—t+2 0 pe(f))

1 n 3 ) ]

e 3o (Sam s an, ).

" i=1

Applying again Lemma 3.3 allows us to control the L2-norm of the negligible terms:

Cryi?

Hr Z” 'AQp X’“)H ST,

and

HF k, R—t+41 r,

/F(M’l) v F(R+%+€—1)
i <ZAM(W) +AR(1’92) ) H <cY " n )
=1 %
Again, the penultlmate term of the previous decomposition is negligible for expansion (a) and
satisfies the following convergence property when (y#+1 ~) is averaging:

(R+1)
I, I L+1 1 n——4o00 .
7F(R+1) <F v ((py é+2o<pg](f))> nodeo, V(QO[L] €+20(p£](f)) a.s. and in L2

This brings a second “contribution” to v(Vgy1).

Finally, it remains to consider for every ¢ € {2,..., R} each term of (3.40). Setting ¢ = my,
m = mgy, the sequel of the proof consists in repeating the procedure until k := inf{i : mi;+...m; =
R +i}. The result follows.

(¢) The proof is based on the same principle but is slightly more involved since we aim at keeping
all the terms which are going to play a role in the second order expansion of Theorem 2.2(b). This
implies to start the previous proof with L = R+ 1 (and in the second step with L = R — £ + 2).
Furthermore, the main other difference comes from the martingale component. As a complement of
Mfll’g ), one also keeps whole the martingale terms whose L?-norm is not negligible with respect to

(3) 3
Fll—‘n. In short, this corresponds to the martingale increments with a factor v;, or ;. This yields

) and AM ,gg"g ) of the first expansion but also the dominating

the two martingale increments A M ]gQ,g
martingale increment of the second expansion above : v, AM ,gl’g”. The result follows. O
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LEMMA 3.3. Assume (S). Let h be a smooth function with polynomial growth. We know from
Proposition 1.1 that, for every pe (0,400),

Chp= sg;; |h(X0)lp < +o0. (3.41)

Then,

(i) If (Nn/Yn)n>1 is a non-increasing sequence of real numbers,

H Z :’;Ah X@H < (JM?
k=1

(i) If (Zy)k>1 is a sequence of i.i.d centered random variables with finite variance, then for any
deterministic sequence (0)k>0,

HZ‘M (S, < CralZiley| S 02

k=1

(i11) For any sequence (8x)x>1 of real numbers,

H > 0@(2@4)“2 < Cha Y |0kl
k=1 k=1

(iv) For any sequence (0r)r>1 of real numbers and any r > 0, there exists a real constant C =
Cr.b,o,h,y Such that

HZek sup |h( Xgp_1 +uAXy)
u€[0,1]

n
,<C > 10kl
k=1
Proof. Using that (1,/vn)n>1 Is & non-increasing sequence, we have

i T AR(X)| =

k=1 Tk

4 () + Z ("k ”’““) A+ 22 ()

Ve o Vk+

so that

n

PERVER

This concludes the proof of (i). Items (i4) and (7ii) are straightforward consequences of the fact
that sup,,>; E[|h(X,)|?] < 4oc0. For (iv), the polynomial growth of i implies that there exists
p > 0 and a constant C' > 0 such that for any =,y € R? |

n—1
< Ch,2 * +Z<nk _nkH) + I =C’h,2@.
9 Y1 Yk Tn Y1

Vk+1

sup |h(z +uy)| < C(1 + |2[” + |y[*).
u€[0,1]

Using that b and o are sub-linear functions and Minkowski’s Inequality

sup |h(Xp_1 +uAXy)
u€[0,1]

"N, S CO+NXeallla+ [AXP ) [[AXK]la < C2

The last statement follows using again Minkowski’s Inequality. O
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3.2 Error expansion of the correcting levels

For a given sequence vy := (7,), let us denote by (Xx)k>o0 and (Yx)k>o the two Euler schemes of
the diffusion (X;);>¢ driven by the same Brownian motion W and with the step sequences (7;,)
and (7, /M) respectively. We then define a sequence of empirical measures (uM7) by

n M-—1
1 Yk
M _ _ _
T(dz) = ﬁz ((mzo M(SYM(lem) —’Yk(stI) snz L

k=1

By the definition (2.12), one first notes that for r = 2,... R, u(r M) = u%"ym built with the

Euler schemes X and Y(") (keep in mind that *y,(f) = MZ’“_Z). As a consequence, expanding
(uM(f))n>1 will elucidate the behavior of the refined levels in the ML2Rgodic procedure.

In the proposition below, we thus state a result similar to Proposition 3.2 but for the sequence

(tn™ Y (f))nz1-

ProrosiTioN 3.3 (Bias error expansion for the refined levels). Assume (S), (P) and uniqueness
of the invariant distribution v of the diffusion is unique. Let R€ N*, R > 2 and let f € C*(R,R)
with polynomial growth and let g = Qf.

(a) Assume that for every (€ {1,..., R}, the pair (Y5, n)n>1 is averaging. Then,

R (0) ’ (R)
- 'y Mn og VI, vy
W) =SSt - i ) = - Metod) L (VYT
=2 Fn Fn Fn
where for a Borel function ¢ : R — R
M—1
M ( Zsa Xiet) Wy = Wi ) = 3 oV nntenyenn) (W, s = Wy ).

k=1 m=0

(b) If furthermore, the pair (YET1, 4,)n>1 is averaging, then the following sharper ezpansion also

holds:

R F(f) M, (oq - F%RJ'_D
)= SO D) = I () (@)

F%Q) v F%R—H)

+or:
01,2 Fn

(¢) The following sharper expansion also holds when (YE*2 ~,)n>1 is averaging :

R (5) 1.2 1
F M, + N,

[T 7’Y Z Ml -4 (\IJZ(f)) _ ( ) i ( )

(=92 n n
+ (M~ —1) T v(Wria(f) + (M1 —1) Fiu(\IlRH(f)) top | —— |>
where, for a Borel function ¢ : R? = R,

n B ) M—1 B ) Vi

= ZSD(Xk—l)((er*erfl) *Wc)* Z O(Yar(e—1)+m) <(er ppmin T er_H%) - M> .
k=1 m=0

Proof. With the notation introduced in (2.10). Set



One can check that for every n > 1,
i (w, £) = (Vg (V1) =) = 03 = v().

For (a) and (b), it remains now to apply Proposition 3.2(a) and (b) to both terms in the right-hand

~2,M  _
side of the above equation (with step %M for v),, (Y, f)). The result follows by concatenating
martingale components and by noting that for any integer £ > 2,

k=1\Tk
nM ~2M T
k=1 "k n

nM (;?Z,M)[ B lefl—\gf)

For the proof of (¢), the only difference with Proposition 3.2(c) is that one only keeps the martingale

:9)

increment M,SQ of the corrective term N,,. More precisely, the terms of N,, appearing with a

3
factor 7, are here viewed as negligible terms. Using Lemma 3.3(i¢), one easily check that these
martingale corrections are bounded in Ly by /T /T, (which is o(y/T @ /Th)). O

REMARK 3.8. The fact that we keep less martingale terms in Expansion (¢) can be understood
as follows: in section (4.5), we will show that the apparently dominating martingale component
M, (0g’) is in fact negligible at the first order of the expansion under confluence assumptions. This
implies that the covariance terms induced by the product of this martingale and the martingale

3
corrections appearing with a factor 72 in NN, (see Proposition 3.2) will be also negligible at a
second order.

4 Rate of convergence for the dominating martingales

In the continuity of Propositions 3.2 and 3.3, we now propose to elucidate the weak or L? rate of
convergence of the dominating martingales , that is the martingales coming out in the above error
expansions established in the former section.

4.1 The dominating martingale term involved in v)(f) — v(f)

We begin by stating some asymptotic results for the first and second order martingales (My(Ll’g ))n21
and (N,,)n,>1 which appear in the expansions of Proposition 3.2. The associated statements de-
scribe the asymptotic martingale contributions of the first (dominating) term of the ML2Rgodic
procedure. With the view to Theorem 2.1, the first statement concerns the convergence in distri-
bution of the dominating martingale (Mél’g))nzl whereas the second and third ones are crucial
steps in the proof of Theorem 2.2 (a) and (b) respectively.

ProposIiTION 4.4. Assume (S) and (P). Let g = Qf.Then,

(@)
=M B (0: [ (o))
(®)

E
I'n

(1,9)\2
(Ml)] = /(Ug/)QdV+O(1) as n — +00.
R

(€) If (Yn,~2) is averaging,

(1,9) 2 (2)
. [<M+N> ] — [0+ (o, (1) +o1)) as s +ox,
T, R I'n 7

where

o2.(f) = /R {wz((ag’f) + %( 29" + (0g') (9P 0 + 2(095))} dv, (4.42)

where go = Qa(f), i.e. the solution to pa(f) — v(pa(f)) = —Lga.
20



REMARK 4.9. If y,, = yyn~ 7771,

(2)
i n—:}i—oo 2R n,% and FL n—>'\—1i-oo 2R )
r, 2R+ 1)m r, 2R+ 1)n

One thus retrieves the orders of the expansions established in Theorem 2.2.
Proof. (a) Using Proposition 1.1,

(M9,

T =1 ((0g')?) oo, v((eg')?) a.s. (4.43)

Furthermore, by Cauchy-Schwarz inequality and (3.41), we have for every ¢ > 0,

STE @AM o] < = O E[(AM)] < v =50,

k=1 k=1
This second convergence implies that the so-called Lindeberg condition is fulfilled. Then, (a) is a
consequence of the CLT for martingale arrays (see [HH80, Corollary 3.1]).

(b) By Jensen inequality, for a given function f,

E[(v)(N))?] <E[2(f*)]

and it follows again from Proposition 1.1 and from the fact that og’ has (at most) polynomial
growth that B
supE[(v]((0g')?))?] <supE[1+ [X,|"] < +oc. (4.44)

owing to (S) and (3.41). As a consequence, (1/;{((0g’)2))n21 is a uniformly integrable sequence so

that the convergence of (1) ((0g')?)) toward v((og’)?) also holds in L. The second statement then
follows from (4.43).

() First, using that E[U,, (U2 — 1)] = 0 and that E[U}] = 1, one can check that

1 r )
ﬁ114:[(1\4,217@ + No)? =E[v 7 ((0g)?)] + F—nJE[yg (F)],

where

F(a) = [5(6%") + (09690 +200)] (0).

On the one hand, since (v2,7v,)n>1 is averaging, we deduce from Proposition 1.1 that

n—-+oo

VzQ’"’(F) ——v(F) a.s.

But using uniform integrability arguments similar to (4.44), the convergence also holds in L. On
the other hand, let us focus on E[))7((cg’)?)]. We set h = (0g’)?. Using Proposition 3.2(a) (and
the fact that Ws = ¢9) with R = 2, we have

(1,Qh) (2) (2)
My, Ty V Fn v Ty
v)(h) —v(h) = T + T V(gpg(h)) + o012 <F ) .

By (4.43), we deduce that

(1.9) 2 @
E [W”F:JV”)} = /R(Jg')QdV + FFLH (V(@2(h) +F)+ 0(1))‘

The last statement follows. O
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4.2 The dominating martingale in the error expansion of (127 (f)),>1

In this section, we focus on the behavior of the martingale terms involved by the refined levels
of the ML2Rgodic procedure. Thus, this corresponds to the variance induced by this proce-
dure. On a finite horizon, Euler schemes are pathwise close (in an L?-sense for instance) and this
property implies one of the important features of multilevel procedures: reducing the bias without
increasing significantly the variance. As mentioned before, on a long run scale, such a property
is not true in general. More precisely, without additional assumptions, the martingale (M,,)n>1
defined in Proposition 3.3 is a priori not negligible compared to the one induced by the first term
of the ML2Rgodic procedure. However, this turns out to be true in presence of an asymptotic
confluence assumption. This is the first statement of the next proposition. In the second one, we go
deeper in the analysis of the martingale contribution of (u27(f)),>1 under a stronger confluence
assumption. The second property will contribute only to Theorem 2.2(b).

ProprosITION 4.5. Assume (S) and (P). Let hy and ho be locally Lipschitz functions with poly-
nomial growth.

(a) If (Cw) holds, then (M”T(hl)) _, Comverges to 0 in L2

(b) Assume (Cs) holds and that (Yn,¥2)n is averaging. Assume that hy is C* and that hy and its
derivatives have polynomial growth. Then, the martingales (M., (h1)) and (N (he)) are orthogonal
and

F;)E [(Mn(hl)Jan(hQ))Z] Lima i (1 — ;4) B/R(h’lcr)zdquZ/h%dy} :

In particular, when hy = og’ and hy = %029” (with g = Qf ), this variance is denoted by 0572(]")
which subsequently reads

o3 5(f) = [; /R( '10)2d1/+2/h§d1/] = /02 ((ag”)Q—i—aU’g’g”—&— ;(U’g’)2> dv. (4.45)

Proof. (a) Set ¢ = hy. First, using that X and Y are built with the same Wiener increments,
n M-1 B B 5
M@)n =1+ > (2(Xk-1) = e(Var(k=1)4m))
k=

1 m=0

SE

so that

M@Dn _ 3 N prom 52

T =M "2::0 oy (%)

where 7)™ (f) = ﬁ S Ve (X1, Yar(e—1y+m) and @(z,y) = @(z) — ¢(y). With similar argu-
ments as for the proof of Proposition 1.1, for every m € {0,..., M — 1}, (#7"™),, converges a.s. to
the unique invariant distribution of the duplicated diffusion va (since Assumption (C,y) holds).
By uniform integrability arguments, one can check that the convergence holds along continuous
functions with polynomial growth so that

7 [ (ple) - ) va(dody) =0 as,

Again with uniform integrability arguments (using that sup,, E[|X,|"] < +oc for every positive r),
n—-+oo

one can check that E[)™(¢?)] ———> 0. It follows that IE[<MF(“:)>"} UnakaNy))

(b) The proof of this statement is the purpose of the end of the section. First, remark that the
orthogonality of M(h;) and A (hy) follows from independency of the increments of the Brownian
motion and from the fact that for every s < t, E[(W; — W,)(W; — W,)? — (t — s))] = 0. Then,
it remains to study these two martingales separately. In Lemma 4.4, we go deeper in the study
of the long run behavior of the martingale M (h;) under Assumption (Cg) and in Lemma 4.5, we
investigate the one of the martingale A (hz). O
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4.2.1 Long run behavior of M(y) under strong confluence.
LEMMA 4.4. Under the assumptions of Proposition 4.5(b),

LB [ Mo (m)?] 2 1(1—i) (h,o)2dv
r m 2 M) Jpt '

Proof. We temporarily write ¢ instead of h;.

STEP 1: We decompose M(p) as the sum of terms involving the limiting diffusion process X:

M(s@) = MM _ ]wilM(27m) + ElM(&M)
m=0 m=1
where MS) = i: (@(Xk—l) - SO(XFk—l))AWFk7
k=1
MEm) i (w(YM(k—l)er) - ‘P(XF,@,H%))(WFWH% N WFk—u%)a
k=1
M7(13,m) = zn: (SD(XFIWH%) - @(er71)> (WF,ﬁH% - WFk—l+%)'
k=1

We first deal with M) whose predictable bracket given by

(MDy,, < Z% (Xk-1) (er:—l))z

IN

¢lLip Z'Yk‘Xk—l - Xr,._, |2.
k=1

Let A®) be the infinitesimal generator of the duplicated diffusion (X, Xf/)tzo and let us denote
by b:R% x R - R xR? and 7 : R¢ x R? — Mq,24 the associated drift and diffusion coefficients.
If we temporarily set S(x,y) = (z — y)?, then

1

A®S(w,y) = (b(x) = b)) (= y) + 5 (o) — o (y))*,

and (Cs) reads, AP S < —a S or equivalently 0 < S < —éA@)S.
Now, by mimicking the proof of (1.9) (where the result has been established for functions of the

Euler scheme alone), we get that, as soon as }/g — 0, for every smooth function f : R x R — R

511 > A (Xt Kica) 25 ) = va (302007 ) + 5 BID@ ()0 ()0)*]

where U ~ N(0,1,) and va is the image of v on the diagonal of R? (which is the unique invariant
distribution of the duplicated diffusion). Straightforward computations show that m(S) = 0 since
VS(z,y) =2 (; : i), DA S(z,y) = 2[ _11 _11 } and DWS =0, ¢ > 3. Thus, taking advantage
of the strong confluence, we derive that

L& C\2 1
11?@ ;%(er,l ka_l) < fam(S) =0 a.s.

Uniform integrability arguments imply that the above convergence also holds in L. Thus,

o [,

—0 as n — +o0o.
F(2) :|
n
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The same method of proof shows a similar result for MZ™ m =0,...,M — 1 (by considering

the scheme (Yasx1m)k>0 and the filtration gl = .7-'11"; m ). It follows that E [W:(#} —0 as
- M n

n — +o00.

STEP 2: Now we deal with M®™) m =1,..., M — 1. First we compute the predictable bracket

1 n
<M(3’m)>n = M Z'Yk (‘P(XFk_H%) - @(erfl))Q'

Then, we decompose
W(XF;C_H.% )*QO(Xqu) = QDI(Xkal)(er_H% - Xqu)

(a)r
+ (‘P/(Ek—l) - @l(Xqu))(XFk_H% - er—l)’ Ek-1€ (er:717XFk—1+%).

)k

Let us deal first with (b)g. The function ¢ being with polynomial growth, there exists some
positive C' and p such that for every x and y in R,

9" (x4 y) — @' (@) < C(L+|z[” + |y|P)|y]-
Thus,

C n
F(g)zw RS 2Ky~ X )M X )P0+ 0).
no k=1 n k=1

Using that sup, E[| X}|"] < 400, one easily checks that for every r > 2,

SUp B[ X, g — Xre 1< O%

so that with the help of the Cauchy-Schwarz inequality,

1 n
m > wE@); =
n o k=1

For (a), we write
(a)k = (cplo—) (er—l) (WF,C,1+% - WFk—l) + (a)k

where
_ , Fk—l+% Fk—1+%
(a)k = (ka_l) / b(XS)dS +/ (O’(XS) — J(ka_l))dWS .
Fk,1 Fk—l

It is clear, owing to Doob’s Inequality, that

E( ) < H(p ||sup ’Vk SupE|b(Xt)‘ +fyk[ ]LIPE( sup |XS 7XFk71|2) S Cb,0780713'

te[er—l’Fk—%)

1 - o L'
Then @ Z'yk(a)k — 0 as above.

The last term of interest is again a martingale increment. We note that

™m
E((¢'0)* (Xrue) (Wr gy = W) 1A ) = SR (o) (X, )2
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The sequence (Y, 72 )n>1 being averaging,
1 - 20! 2 a.s; / \2
Z%(‘P 0)(Xr,_,) — [ (Y'o)dv as n— +oo.

Uniform integrability arguments imply that ﬁ > r1 2 E[(¢'0)(Xr, ) — [z(¢'0)dv and one

deduces that ( 5 )>
Mism m
E|~“—XF2™ — '0)2dv.
[ Ff) } —>M2 /R(SO o)“dv

The result then follows from the orthogonality of the martingales M®™) m =1,..., M — 1 (the
fact that the martingales M! and M?™ are negligible also implies by Schwarz’s Inequality that
so is their cross product). O
4.2.2 Long run behavior of N (hs).

We consider now the martingale

M—1
Nu(he) = Ni— Z N2
m=0
Where Ni = ZhQ(Xk—l)((WI‘k*WFk,l)Q*’Yk)
k=1
S 7, Tk
NE™ = ;hQ(YM(k71)+m)((WFk71+% —er_H%)Q - M)
=1
LEMMA 4.5. Under Assumptions of Proposition 4.5(b),
L NG ()2 22 g (1= h3d
@ [ n( 2) ] _M " 20V

Proof. Like in the previous proof, we write ¢ instead of hy. We focus on the asymptotic behavior
of (N),,.
First, noting that for a random variable Z ~ N (0;1), E((Z% — 1)?) = 2, we get since (y,,72)n>1
is averaging,

N

2 N2 2% 2
= = — ) i (Xg—1) — 2/ p*dv a.s. as n— 4oo. (4.46)
NS VS kZ:l R

likewise one shows that for m =0,..., M — 1 that

2,m 2
WHW/RganV a.s. as n — +oo.

By uniform integrability arguments, the above convergence extends to the expectations. Second,
we focus on the “slanted” brackets. Let us set A, , = (WFHmH —Wr,, w)® — /M. Using the
M M

chaining rule for conditional expectations, we note that, for every m # m/’,
Er—1 (¢(Yare—1) + m)e(Yare—1)+m’) Am k-1 Ams k—1) = 0

so that (V2™ 2™, = 0.
Now, let us compute (N1, N>™), where m € {0,...,M — 1} and (N, N>™) is viewed as a
couple of (Fj)-martingales. Writing the increment Wr, — Wr, _, as follows:
WFk - WF"'*l = (WF’“’ a er—l-%-mT}'l) * (er—1+
25

me1 - er—1+%) + (Wr‘k—1+% - WFk—l)



and using some standard properties of the increments of the Brownian Motion, one can check that

m’ 2 . v \/
<N17N2’ >n = W ZV}?@(X/C—I)]E ((p(YM(kfl)er)']:k—l) .
k=1

Using second order Taylor expansions of ¢ between @(YM(k—1)+e—1) and @(YM(k_l)M) for ¢ =

1,...,m, combined with the fact that sup, E[]Y;|"] < +oo for every r > 0, one derives
1 Ar2, - Y 3
NN = kz_: o(Xk-1) (YM(k 1) +OL1(%)) e V?ﬂ (p®@p) +OL1(F£1))
where )’ v (f) = (2) S [(Xe 1,YM(k 1)) Thus, the sequence (2, 72)n of empirical mea-

sures associated to the duplicated diffusion (2.25) has a unique invariant distribution va. By an
adaptation of the proof of Proposition 1.1, it can thus be proved that

P (p®¢) TS wa(p @ ¢) = /@2611/-
Once again, by a uniform integrability argument (and using what precedes), one obtains

1 / notoo 2
E[(./\/'l,./\fQ’m Y] n—4oo, W/Sﬁzdlﬂ

n

As a conclusion of the previous convergences, one deduces that

F(Q) l< Z N2m> ] oo, <2+ ]52 (M2M)> /<p2dy: 2 <1 - ;4) /gﬂdy_

O

5 Proofs of the main theorems (C'LT and optimization)

Owing to the results established in the previous sections, we are now in position to prove the
three main results: Theorems 2.1, 2.2 and 2.3. First keep in mind that in these theorems the step
sequence reads v, = yin~* for some 7, > 0 and a € (0,1).

5.1 Proof of Theorem 2.1.

We mainly detail the proof of Theorem 2.1(b) and we will only give some elements of the ones of
(a) and (¢) (which are based on the same principle) at the end of this section.
M)

First, by (2.15), one reminds that W) ig a linear combination of Vp, and of uﬁ; with n, =
lg-m], r = 2,...,R, . For v, (f) and u(2 M)(f), we will make use of the expansions given in

Propositions 3.2(b) and 3.3(b) respectively. For ugf,?M)(f), r=3,..., R, as defined by (2.14), we
apply Proposition 3.3(b) with step sequence (7, /M"~2),,>1. More precisely, by (2.11),

Fgﬂ") F%)
(Ml—é _ 1)F(1TT) — mrlrir with Myp = (Ml—i _ 1)]\4-(7“—2)((—1)7

so that by Proposition 3.3(b), we have for every r € {2,..., R},

(£) (R+1) r—2 A (1) R+1)
" Z 5 LY MM (0g) VT VT
a0 e V(W) = Camn i T, o ( Ty,

26

)



where (/\/1_55))1121 is defined similarly to M,, but with the step sequence (v,/M""2),>1 In par-
ticular, (Xy, Yamrn+m) is now a couple of Euler schemes with step sequences (v,/M""%),>1 and
(Yn/M"™ 1), >1 respectively.

It follows from the expansions of order R + 1 of each term of vy
tions 3.2(b) and 3.3(b) respectively that

7BW) established in Proposi-

TEWI(FY — u(f) = v, (f )+ wa’ﬂm
(R+1) (Lg) R r—2 A 4(r)
~ I M M * My, (o
= CR+1WR+1 T Z —( g) (5.47)
n —2 n,
T v DR
+ Bias(l)(a, R,q,n) + Bias(? (a R,q,n) + o2 (?

where Bias(l)(a, R,q,n) is defined in Lemma B.9(b) and

F(R‘H) F(R‘H) R F(RJFU F(R+1)
Bias® (a,R,q,n) = Crir {Wl ny _ ql—aR - +Z W, 1 n, _ qr—aR”i }

T, Z T, T,
By Lemma B.9
’Bias(l)(a R,q n)’ + ‘Bias(z) (a,R,q n)‘ < ¢ _ 0 L . (5.48)
k) b i ) b B — nl_a \/ﬁ

As concerns the martingale components, one deduces from Propositions 4.4(a) and 4.5(a) that

R

\/F71<A1{f) ZW M 2/1:/}17 )%N(/ ’)Zdu).

Theorem 2.1(b) then follows by Slutsky Theorem and the following remarks:

l—a
1—a
r.onegee Mt i-a pRADp 1~ % R oaR
™ l-a' > " "TI_gR+DN
and that when a = 2R1+1,

2R 1—a
l-a=2R=-—— and — =2

CTHRTORTT M T AR+

For the proof of Theorem 2.1(c¢), the only difference comes from the fact that the martingale

component becomes negligible since 1 — a > 2aR when a € (0,(2R + 1)7!) so that (ﬂ,(LR’W))nzl
converges in probability towards m¢(a, ¢, R). Finally, the proof of Theorem 2.1(a) follows the same
lines but with the help of the expansions of Propositions 3.2(a) and 3.3(a).

5.2 Proof of Theorem 2.2.

(a) is an L2-version of Theorem 2.1(b) so that it relies on the same decomposition. More precisely,
it is a direct consequence of (5.47) and (5.48) combined with Propositions 4.4(b) and 4.5(a).

Claim (b) is based on the (sharper) second expansions of Propositions 3.2(¢) and 3.3(c) up to order
R + 2. More precisely, using the same strategy as in (5.47), one obtains
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) __ plee ey
(Vn ’ (f)—l/(f)) = CR+1WR+1 1_‘7 + CR+2WR+2 1—\7

+M£1’g)+Nn R M (MSLr( )+ N”T(é"zgﬂ))

-2 W T

+ZB1&S (a,R,q,n) +77(1) +77(2)

i=1

T

where sz is defined by (2.18) (and explicitly given by (2.21)), Bias'® is given by
5 F(R+2) RF(R+2) R F(RJFQ) RF(R+2)
. 71 —a n s —a
Bias! )(a, R,q,n) =cp., |Wi Ty, 4 T, + TEZQ W, M, ri2 T —q T

and 77,(11) (resp. r]n ) denotes a remainder term induced by the coarse level (resp. by the levels
r=2,...,R). By Propositions 3.2(c) and 3.3(c), one obtains when a = 1/(2R + 1),

Dz = o(n™2%5%) and 9 = 8, + o(n”25r),

where S,, is a centered random variable independent of My(&’g ) and N,,, and such that E[S?] =

(2)
o( 1}"2 ) = o(%) (In fact, for 77% ) one is slightly more precise than in Proposition 3.3(c) by separating
the martingale component and the bias component in the or,).
On the other hand, we obtain similarly to (5.48):

3
E |B1as( )(CL R, qvn)| < I-—a 2n -
i=1 " e

With the help of these properties (and from the independence of the strata), we deduce that

N _ plEe _ pre2)
H(V’r(LR)W)(f) - V(f))”% = (CR+1WR+1 T + CR+2WR+2 T
2 2
M(Lg) +N R M(’“)( ) N(T)(l 2 //) 1
E ni ni WQMQ(T—Q)E i
+ ( Fnl + ;2 r Fnr + lo) -

The result is then a consequence of Propositions 4.4(c) and 4.5(¢) combined with the following
expansion available for any p € (0,1): > 1_; k7” = (1—p)~'n'=?+0(1) (see (B.66)). In particular,
it is worth noting that when a = 1/(2R + 1),

P(R+1)F(R+2) 2R+1

n—>+oo 4R '7
r?2 R-1 n ’

which induces the rectangular term m (g, R).

5.3 Proof of Theorem 2.3

STEP 1(Optimization of the step parameter 41): This step is devoted to the optimization of the
starting step 71, in order to equalize the impact of the bias and of the variance in the first term of
the expansion of the MSFE in (2.31). It amounts to solving the elementary minimization problem

Q(f) +4’}/2RM R(R-1) 2

2]

T, 2\ oo ( 2R
min |0%(w) +my(w) = R2F+ <2R+1

v1>0

We rely on the following elementary lemma (whose proof is left to the reader).
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LemMA 5.6. Let A, B,R > 0. Then,

* . —1 2R A\
u* = argmin, . [Au~" + Bu*f'] =

2RB
and
. -1 2R #\2R B B TRTT L
min [Au~! + Bu*"'| = (2R + 1) B(u*)*"" = A1 B2r71 (2R) ¥ (1+2R).
Consequently,

_2R
min [03(q, ) +m3 (g, B)] = (25 RER+ 1) M~ 03(f)le,, [#)

71>0
attained at v§ = 77 (R, M) given by

J
1t = (gpg) T BR) I e, [ (e b (5.49)

STEP 2 (Optimization of the size of the coarse level): We introduce an auxiliary allocation param-
eter p€ (0,1) to dispatch the target global MSE £2 so that the contribution of the first and the
second term in the right hand side of (2.31) are pe? and (1 — p)e? respectively. The first of these
two equalities reads
2R
N IR+T [o’?(w) + mfc(w)] < pe?

where the step parameter v1 = (R, M) is given by (5.49). One straightforwardly derives that
n=nle, R,M,p) = [p~ R u(R)RoF ()M~ T e R (5.50)

where ) ) )
w(R) =27 (2R+1)7F ¢, |F — ¢ as R — +oo.

STEP 3 (Calibrating the depth R): To calibrate R = R(e), we will now deal with the second term
o~

T of the MSE expansion (2.31). Since we have no clue on the sign of the residual bias term
mys(q, R,v1), we will replace it by its absolute value. Moreover, we can plug in its formula the

above expression (5.49) of the optimal step size v§ (R, M) which yields

~ PN |CR+2‘ R 1_M7R 2
|mf(qu7le)| - 1{CR+17£0} |CR+1‘ R—11— M—l 01

(f)-

Consequently, using the function ¥ introduced in (2.32) and the obvious fact that 1 — M~F <1,
this second term will be upper-bounded by (1 — p)e? as soon as

R

el (n(ﬁ R, M)o2(f) + 03, (f) + ¥(M)R (1 - AZ) o2 o f)> <(1-p)e2. (5.51)

where n(f, R, M) = 1{CR+1¢0} :ER“} (R—l)(ll—Mfl) — 0 as R — +o0 owing to the assumption made
R+1

on the sequence (¢;)r>1.
Given the expression obtained for n(e, R, M, p), this inequality is satisfied in turn as soon as

1 (141 _R-1 _ 1
1)+ WODR (1 1) oFa() < (1= plp~ () ()01~ e,
or equivalently

1 A1 L—p o p(R)01(f)
erMiE RS =0 (1— L) ®(M) + R-1(02(f) +n(f. R, M))’ (552
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where

_ U%(f) an . U%,l(f)
W=, R =5

Note that under the assumptions made on the sequence (¢, ),>1, 03(f), In order to ensure the above
condition, we begin by rewriting the left-hand side as follows:

1 (logM
R 2

aéM"z‘lR:exp< R(R - 1)+RlogR+log5>> (5.53)

and will apply the next lemma with § = (log M)/2 and R = [x(e)]:

LEMMA 5.7. Let § € (0,+00). Then, for every € € (0,1], there exists a unique x(g) € (1,+00)
solution to
dx(x — 1) + xlogx + log(e) = 0.

The function € — x(g) is increasing and satisfies

. 1 log (l) 1
= < - 3 - .
€lln'(l) x(e) = 400, z(e) < 5 + 3 + 1 (5.54)
and
log (L lo 1 1 logé lo 1/e
$(E) _ 0g (e) _ g@)(s) + 4 0og +0 g(2)( / ) as e 0 (555)
19 46 2 46 log (1/€)

where log oy x = loglogz, z > 1.

Proof. The function h : (¢,2) + dx(z—1)+xlog z+loge defined on (0, 1) x [1, 4+00) is continuous,
increasing in both e and z, h(e,1) = loge < 0 and lim,_, . h(e,2) = +o0o which ensures the
existence of a unique solution z(g) € [1,400) to the equation h(e,z) = 0. The monotony of z(e)
follows from that of h. Its limit at infinity follows from the fact that lim._,q h(e, z) = 400 and the
inequality in (5.54) is a consequence of the fact that dz(e)? — dx () —log (£) < 0 as z(e) > 1. For
the expansion, we first note that x(¢) satisfies the second order equation

5x(g)? + bx(e) — log <1) =0

£

with b = log (z()/a) where a = exp(§) so that

2(e) = log(s(%) \/1 N (log (z(e)/c))? ~ log (z(e) /) (5.56)

4d1og (1) 2,/d1og (1)

We derive from the inequality in Equation (5.54) that, for small enough e,

_ log (z(e)/a) _0 log(z)(l/f) —o(1) as 0.

log (%) log (1/5)

0

Consequently, we derive from (5.56) that

(e) = @ 1+0 (5.57)
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log () (1/5)

so that log z(¢) = % (log(g)(l/e) — log 6>+O g (170
og (1/¢

. Plugging this back into (5.57) yields

. B B log () (1) —logd —206 (log(z) (1/8))
) =\ —5=|! e () il Srecyen (/9

log (1) logpy)(2) L1 logd logy) (1/¢)
1) 46 2 46 log (1/6)

Now let z(g, M) be the solution of the above equation where § = §(M) = 2. We have

2log (1) log(2) | 1 loglogM) —log2 [ loges)(1/c)

log M 2log M 2 2log M log (1/6)

x(e, M) =

Now, we set
R(e) = R(e, M) = [z(e, M)].

We derive from the above lemma the following useful estimates for R(e):

2log (2
L Hes(D) L1

R(e) ~ log M 4

W — +00 and R(g) S

2 IOg (%) e—0 §
2

Now, it follows from the very definitions of (e, M) and R(e) that

h(e,R(e)) > h(e,z(e, M)) =0 > h(e, R(e) — 1).

where h is defined in the proof of the previous lemma. Plugging these inequalities into (5.53) yields

R(s) < M (1 - R%g))_%(la’ (Rﬂ(j)y% . (5.58)

The above inequality on the right implies that (6.59) will be true as soon as p = p(e, M) € (0,1)
satisfies

upp_%ZM(l_ ! )1%(1%@))%(1%1(5)02@)% &)@(M))

1
P R(e) M 1(R(e))61(f)

In fact, one will try to saturate the above condition, i.e. to choose p(e, M) such that

1—;;(57J\4)p(5’M),2R1T iy (1 1 )1+R25) (R(g))R%a (R(5)102(f)+ (1-L) \Il(M)) '

ple, M) R(e) M n(R(e))01(f)

As the function p — %;f @ is a decreasing homeomorphism from (0, 1) onto (0, +0o0) this
equation always has a solution p = p(e, M). Unfortunately it turns out to be of little interest in
its present form for practical implementation since both 6;(f) are unknown.

However, as R(e) — +o0o as € = 0, and p(R(g)) — ¢ as € — 0, we derive that

1—pe, M) (M-1D)¥M) . 1
(e, M) ) i.e. p(e, M) = (M:;)(‘I;ch) as € — 0.
co,

STEP 4 (MSE, number of iterations and resulting complexity):
31



> Resulting MSE: From what precedes, we deduce that after n(e, R(e, M, p(¢)) iterations, the
MSE is lower than e~2.

> Size: it follows from Equation (5.50) in Step 1 combined with the left inequality in Equa-
tion (5.58) that

n(e, R(e), M, () ~ (1+ >(
<1+(M~1)(‘I'(M)

A

o (s W DRODY

> Complexity: Set n(e, M) = n(e, R(e), M, p(¢)). The asymptotic resulting complexity satisfies
K(n(e,M),M) =n(e, M) (1 +(M+1) (R(s) - 1))50 ~(M+1)R(E)n(e,M)kg ase—0

so that

K (n(e, M), M) = 2ko(M + 1) <E (M — 1)\II(M)> )

_ 1
~ logM 0:(f) ot (f)e " log (g) as e — 0.

> Initialization of the step: it follows from (5.49), the assumption made on ¢, , and the convergence

of R(e) = +oo that

R+1

R(e)

vi(e) ~ M MY as e—0

R(R-1) _ R _ 3,3 1
where we used that R — 2 — 1t i

Finally using the expression of z(g), we get

ISE

stean]—ean (log M i log M log (1 1.\~
'yik(e)NEflM*%*HM”? (M)(ng )4exp( ki A ) 2Og(5)><log(g)> as € = 0. O

et M
6 Numerical experiments

6.1 Practitioner’s corner

In this section, we want to provide some helpful informations for some practical use of the optimized
algorithm given in Theorem 2.3. Let € > 0 denote the prescribed RMSE and let M be an integer
greater than 2. In what follows we aim at computing v(f) for a given function f such that f —v(f)
is supposed to be a smooth enough coboundary.

.....

closed form(2.23). Otherwise, they are given in full generality by the R-tuple of series (2.19) whose
computation is also (almost) instantaneous. When R = 2, 3 one has again an instant closed form
(see Examples below Lemma 2.1).

> Computation of R(e, M). We recall that R(e, M) = [x(e, M)] where z(e, M) is the unique
solution to %x(w— 1)+xlog x+1log(e) = 0. For the computation of x (g, M), we use the classical
(one-dimensional) zero search Newton algorithm. For standard values of R and M, the reader may

2108 (1/) - s tim (o) — | 228 (/2) _

use Table 1. Finally, note that, “though” R(g) ~ Tou M/ 1 oe VL
og £ 0g

—0Q.

32



> Values for ¥(M) and choice of M. The quantity ¥ (M) appears in the size parameter
n(e, M) (and in the complexity parameter K (f, M) given by (2.33)). Going back to the optimiza-
tion procedure of the previous section, one remarks that for some fixed R and M, one can replace
W (M) by w. This strategy leads to sharper bounds on the size parameter n(e, M) for a given
RMSE e. We refer to the first paragraph of Section 6.2 for further investigations on this topic

(see (6.60) below and what precedes). Consequently, in Table 2, we give some values of ¥ (M), but

also of @, corresponding to some standard specifications encountered in practical simulations.
This also allows to check how w varies for such low values of R compared to W(M). The
conclusion is that (M) is an acceptable proxy of w.

| YEM T R=2|R=3| R=4] ¥(M) |
M=2 ] 2133 | 2.591 | 2.674 | 2.674
M—=3 | 1.200 | 1.278 | 1.245 | 1.278
M =4 | 0.948 | 1.021 | 1.024 | 1.024

Table 2: Values of ¥(R, M) and ¥(M)

> Computation of n(e, M). The specification of the size of the coarse level n(e, M) and, which is
less important, the a priori estimation of the global complexity, denoted K (f,e, M), both require
to estimate, at least theoretically, the parameters ¢, 61(f) and o?(f). We will focus on their
calibration in the next paragraph. To some extent, the estimation of 02(f) is less important and
any way out of reach at a reasonable cost.

But even at this stage, it is inserting to analyze their impact on n(e, M) in order to optimize
the choice of the root M. To this end, we assume for a moment that C' = ¢6;(f) is known. Going
back to the sharper upper-bound of at our disposal, namely (2.33), it suggests to minimize, for

fixed C, the function
M1 ((M-DEO)
log M C '
Without going further, let us just note that 2¥(3) < ¥(2) so that g,(3) < g¢,(2) for any C

since 3/log2 > 4/log 3 so that it seems that M = 3 is always a better choice than M = 2. But as

emphasized in the next section 6.2 (first paragraph devoted to a “toy” Ornstein-Uhlenbeck setting),
Y(R,M)
R

e -

a sharper study of the complexity involving leads to temper the answer.

> Calibration of the parameters This calibration can be performed as a pre-processing phase
based on a preliminary short Monte Carlo simulation, having in mind that only rough estimates
are needed.

— Estimation of o3 (f) and 01(f). First, let us consider o7(f). Through an L?-version of (1.8), one

deduces that for a family of independent random empirical measures (vﬁf))gL:l, namely

L
= SR - SO D 0 ) as Lo oo
" oe=1

where v, = y1n~% with a > 1/3 (say a = % in practice to get rid of the bias effect even for small
values of n) and DfLL)(f)) = %ZLI V,(f)(f).

2

As 01(f) = 0021({)2), it remains to provide an estimator of o3 ,(f). To do so we take advantage
2,2 ,

of the fact that o3 ,(f) is the (normalized) asymptotic variance of (p5"7)p>1. We thus may use

the same strategy as above. More precisely, under Assumption (Cs), we deduce from Propositions

3.3 and 4.5 that

L
3 DB () - O] " o300
n (=1
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if v, = y1n~® with a > 1/5 (say a = % in practice to get rid of the bias effect even for small values

o (L L (¢
of n) with i () = £ XLy i (F):
— About ¢ and 05(f). The coefficient ¢ will probably always remain mysterious. On the other hand
1
in practice what we really need is rather |c, |7 . However, under the assumption Rlir_{l e, |7 =
— o0

ce (0,400) made on ¢,, in Theorem 2.3, one can make the guess from its very definition that its
value is not too far from 1 or is at least of order a few units. In particular, if the coefficients ¢,
have a polynomial growth or even ¢, = O(exp |R|"), ¥y € [0, 1), ¢ = 1. If they have an exponential
growth it remains finite (but possibly large). The point of interest is that, anyway, this value is
much more stable than the first coefficient itself ¢; which would come out in a standard MLMC
Langevin simulation framework (not investigated here).

The parameter 6;(f) seems to be unaccessible as well, but for another reason: it is the variance
induced by a second order martingale. However as noticed in Section 6.2 (first paragraph), 02(f)
is the ratio of two variance terms so that it seems not so much dependent on the magnitude of the
diffusion coefficient (in fact it can be noted that the same property holds for 6,(f)).

REMARK 6.10. The numerical investigations of the next section show that the algorithm is very
robust to the choice of the parameters. For simple practice, we thus recommend to get a rough
estimation of 0% (f) and possibly of 61 (f) and to set O5(f) =¢ = 1.

6.2 Numerical tests

We propose in this section to provide some numerical tests of our algorithm.

Orstein-Uhlenbeck process: oracle and blind simulation. We begin with the Ornstein-
Uhlenbeck process in dimension 1 solution to

1
dXt = —§Xtdt + O'th

with f(z) = 2. We recall that this case is a toy example since whole the computations can be
made explicit. In particular, v ~ N(0,02) so that v(f) = o2 Furthermore, g(r) = 22 is the

unique solution (up to a constant) to the Poisson equation f — v(f) = —Lg and it follows that

ot (f) = U%,g(f) =40%, and og,l(f) =501

The reader can remark that in this case, the ratios 61(f) and 63(f) do not depend on o. Even
though this property can not be really generalized, it however emphasizes a stability of these
parameters with respect to the variance of the model. The bias terms can also be computed: using
that @o(f) = 3/ and that ¢, = 0 for £ > 3, we get cry1 = 02/4% (so that ¢ = 1/4).

We want in this part to get a sharp estimate of the complexity for several choices of couples (R, M).
Following the optimization procedure, we go back to the definition of n(e, R, M, p) given in (5.50):

n= n(E, R7 M7 p) = ’Vp7(1+ﬁ),u(R)RU%(f)Mi%g;*Q*%—‘

and for each value of R and M, we solve by a Newton method the following equation for p € [0, 1]:
2

Lo lTp p(R)0:1(f)

erM P R16,() + (1— L) B U(R, M)

(6.59)

where the values of (R, M) for R, M = 2,3,4 are given in Table 2.
We denote by p* the solution of this equation. Then, the complexity K (e, M) (where we assume
that ko = 1) is given by

K(e,R, M) = <1 + M(1 - ;)) n(e, R, M, p*). (6.60)
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c=1 R=2 R=3 R=4 | [o=4] R=2 R=3 R=4

M=2]1.09%10°% | 1.58 «+10% | 2.55 % 10° M=21]702%10% | 5.23%10% | 7.34 % 108
M=31] 1.11%10° | 1.43%10% | 2.05 % 10° M=3]717%10% | 4.76 « 108 | 6.10 % 10®
M=4] 121%10% | 1.57%10° | 2.27 % 10° M=4]756%10% | 4.99%10% | 6.55 %108

Table 3: K(e, R, M) for ¢ = 1072

This yields the following results for ¢ = 1072: On this example, we retrieve the property which
says that M = 2 is a good choice when ¢f; is small whereas M = 3 can be greater when this
quantity increases. However, as expected, the main parameter is the level R of the method which
increases when £ — 0.

Taking only the first term of the expansion of the MSE for the crude procedure, the optimized
complexity (with kg = 1) for a MSE lower than ¢ = 1072 is equal to K(¢) = 6.93 * 10° and
K(e) = 1.77%10° if 0 = 1 or o = 4 respectively.

In Figure 1, we compare numerically the evolution of ML2Rgodic with the crude algorithm
for 0 =1 and 0 = 4. Note that to obtain a rigorous comparison, the graphs are drawn in terms of
the complexity, that once again with a slight abuse of language, is the number of iterations of the
Euler scheme involved by procedure. One remarks that the effect of the Multilevel-RR procedure

Figure 1: Comparison of the evolution in terms of the complexity of the ML2Rgodic with the
crude algorithm

is increased in the case ¢ = 4 where the bias is larger. One also remarks in this case that, even
though the algorithm is robust to the choice M and R, the best choice seems to be the one given
in Table 3.

Of course, in practice, one can not make use of the exact parameters. As explained in Section 6.1, it
is possible to get a rough estimation of o?(f) and 6 (f) using the CLTS induced by the procedure.
The coefficient cr41 can also be estimated but for this coefficient, this requires to use a Multistep
method or the procedure ML2Rgodic itself with one more stratum than in the algorithm that we
will implement after. Finally, the coefficient 65 (f) seems to be impossible to estimate. This implies
that the natural question that the practitioner may ask is: is it possible to get rid of the estimation
of the above parameters ?

To answer to this question, we propose in the case 0 = 4 to look at the dynamics of the procedure
when we choose to fix

e cri1 = 02(f) =1 and to estimate o%(f) and 6, (f),
o cri1=02(f) = oi(f) = 0.(f).

With these two choices of parameters and with € = 1072, we follow the procedure described in the
previous section to estimate 77, R, p and M. Note that we again obtain R =3 and M = 3 as an
optimal choice. In Figure 2, we thus compare the evolution of the previous method (with semi-
estimated or not estimated) parameters and we can remark on this example that the algorithm
seems to be very robust to the choice of the parameters.
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Figure 2: Orstein-Uhlenbeck process: Evolution of the algorithm in terms of the estimation of
the parameters, Exact Value : v(f) = 16.

Double-well potential. We consider a second example in dimension 1
dXt = —W(Xt)dt + O'th

where Vi(z) = 22 — log(1 + 22) which is a non-convex potential (with two local minima in —1
and 1) so that Assumption (Cs) is not fulfilled. However, Assumption (Cy,) is true (see [LPP15],
Theorem 2.1). Let us also recall that the invariant distribution v satisfies

v(dz) = % exp (- V;(Sf)) Adz)

where Zy, = / exp (_‘/1(55)) A(dx).
R 20

We test the algorithm in this setting with f(x) = 22 and 0 = 2. Figure 3 shows that ML2Rgodic
is still efficient in this setting. The results are obtained using a rough estimation of o?(f) and 6, (f)
and the other parameters are fixed to 1. Once again, the evolution is compared with the crude
algorithm with an optimized choice of 7§ and the evolution is drawn as a function of the complexity.

Figure 3: Double-well potential: Approximation of v(f) with f(x) = 22, ¢ = 2, Exact value :
3.1207.

Statistical example (Sparse Regression Learning). In [DT12], the authors consider the
problem of Sparse Regression Learning by Aggregation. For the sake of simplicity, we only recall
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here the case of linear regression: let p denote the number of variables and N the number of
observations and suppose we are given n couples of observations (X1,Y1), ..., (Xn,Yxy) where
the vector X; = (X},..., X?) is the predictor and the scalar Y; is the response. Suppose that
there exists 0y € RP such that

VZ'E{L...,TL}, Y, =X;00+&;

where (&)X, denotes a sequence of i.i.d. random variables with distribution N(0,02) for a given
(generally unknown) o > 0. Then, the classical question is: how to estimate 6y 7 When p > N, the
classical methods (such as the least-square method) do not work and it is necessary to introduce
some alternative procedures. The estimator of 6y proposed by Dalalyan and Tsybakov — called
EWA (for Exponentially Weighted Aggregate) — is designed as follows:

0= [ Omy,(d6)
RP

where 7y, is the Gibbs probability measure defined by
1
T (d0) = — exp (= Va(0)) A(d6)
Va

and Zy, is a normalizing coefficient and V5 : RP — R is the potential defined for some given positive
numbers «, 8 and 7 by

— X062 P
_ [Y = X6F BX =43 (log(r? + 82) + w(at)))

Jj=1

VO ERP,  Vi(0)

with w(8) = 6% v (2|6] — 1).
As mentioned (and already numerically tested) in [DT12], 6 is but the expectation related to
the invariant distribution of the following SDE

dO, = —VVa(0y)dt + V2dW,.

It can subsequently be estimated through a Langevin Monte-Carlo procedure. The difficulty in
this context is the fact that p is potentially large so that the numerical computation needs some
adaptations. More precisely, in order to avoid an explosion of the Euler scheme, we need to impose
the step to be not to large for small values of n. We thus assume in what follows that :

*

— min (L 1
Yn = na )

Below, we test our ML2Rgodic estimator on a compressed sensing example given [DT12] (see
Example 1) with the parameters given in this paper. We fix (})

4o
T=——
Tr(X!X)z
and the computations are achieved with p = 500, N = 100 and S = 15 where S denotes the
sparsity parameter, i.e. the number S of non-zero components of dy (of course we do not know
which ones). Then, the matrices X and Y are generated from simulated data as follows: in this
compressed sensing setting, the matrix X has independent Rademacher entries with parameter 1/2.

The unknown 6 is defined simply by 6(j) = 1,<g, for every j € {1,...,p}. Finally, following
again the parameters given in [DT12], we set 02 = S/9.

a=0, =402,

Denoting by 6, the approximation of § obtained after n iterations of the scheme, we depict in
Figure 4 the evolution of n ~ ||6,, — g||2. Note that |6, — 6oz converges to ||6 — 6|2 (which
is not equal to 0). We compare it with the crude procedure (taken with a = 1/3 whereas for the
ML2Rgodic procedure, a = 1/(2R + 1) as usual). We can remark that the correction on the bias
involved by the weighted Multilevel Langevin procedure strongly improves the estimation of 6.
This remark is emphasized if we compare with the results of [DT12] based on an Euler scheme
with constant step where the corresponding quantity is equal to 8.917 (in this case, the constant
step is about (Np)~1).

LFrom a theoretical point of view, a should be a positive number such that o < 1/(4pT).
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Figure 4: Sparse Regression Learning: n + ||0,, — 6g||2 for the Crude and ML2Rgodic (R = 3)
procedures.
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A  Proof of Lemma 2.1

Prior to the proof of Lemma 2.1, we need to prove this first technical lemma which will be used to estimate
in a precise way the coefficients W, , and W, involved in the asymptotic mean square error of the
ML2Rgodic estimator in Theorems 2.1 and 2.2.

LEMMA A.8. Let R > 2 be an integer.and let (x;)r=1,...,r be pairwise distinct real numbers. Then the
unique solution (yr)r=1,....r to the solution to the R X R-Vandermonde system

Z]JT T—c . ¢=1,...,R,

is given by Yr = (A.61)
HsR 1,.9#74(1’.7‘ l’s)
R R
Moreover Z yrzl = - H(c —xr) (A.62)
R /R R
and Z yexl = (Z 4 c) H(c —T). (A.63)
r=1 =1 r=1

[Ozfl}g:LR can be explicitly solved by

Proof. The above Vandermonde system Vand(z,,7 = 1 : R)w
‘=1, <4< for some c€ R. Namely

the Cramer formulas since its right hand side is of the form [¢"~

=

_det(Vand(z1,...,%Tr—1,CTry1,...,Ty))
Yr = det(Vand(zs,s =1: R))

,r=1,...,R

(the column vector [¢*]1<i<gr replaces the 7" column of the original Vandermonde matrix). Then,
elementary computations show that it yields the announced solutions.
To compute the next two sums, we start from the following canonical decomposition of the rational

fraction
R

1 1
I (X = =) Z(X— (G - 75)

Tp—cC r=1 Ty Tyr—C Ts—C

Setting X = 0 yields after elementary computations

Zyv"(mv" - C)R = (_1)R H(xr —c).

Now, using that (y,)r=1,....r solves the above Vandermonde system, we get

Sy (1) o tate
(I’j) yre ZWT —ilyr:ﬂercR((l—l)R_l)

W—/
=ckif k<R
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so that

R R R
R R R R
ZmiT =c"—(-1) H(:rrfc):c fH(cfx,«).
r=1 r=1 r=1
The second identity follows likewise by differentiating the above rational fraction with respect to X and
then setting X = 0 again. O

Proof of Lemma 2.1. (a) We introduce the auxiliary variables and parameters

W, = (qu) ]\V;:jll, zp =MD (qqﬁ) ,r=1,...,R—1. (A.64)

Then (W,)1<r<r—1 is solution to the system (2.17) if and only if (W, )1<r<g—1 is solution to

=

-1
v -1
W,z

1

1

= (=L R-1L

r

. 1 1 1 . . . .
Expanding Tt kz>0 VF NRED yields by linearity of the above system that it suffices to solve

the sequence of (R — 1) x (R — 1)-Vandermonde systems.

=

1
WVe) = Weat =M p=1,... R—1, k>0.

r=1

As the x, are pairwise distinct, (V&) has a unique solutions given by

R—-1 —k
— s— M
Wi, = H mi’ r=1,...,R—1.
Ts — Xy
s=1,s#r
with the usual convention [, = 1 Consequently, for every r =2,..., R,
R—1 —k
— 1 — 1 rs — M
W, => :—Mkwk,r => 7 11 ez =L BE-L
k>0 k>0 s=1,s#r

Coming back to the weights of interest finally yields the expected formula.
One derives from the definition (2.18) of W, ,, using the auxiliary variables, that

=¢ "1+ WM -1)W,) with W, =) W,z !

w

R+1

where the identity (A.62) established in the above lemma A.8 yields

_ R—1
Wr =M D H (M~* — ).
r=1
Finally
1 R—2 p
5 _ —aR —-R k—r 1 \¢
Wep =a ™ | 1+ (M —1)Zw(1—n(1_M (@))
k>0 r=0
Noting that Y, -, M% = 171\/1;71% completes the proof this claim. The computation of WR+2 follows

likewise, starting from the identity (A.63).

(b) In the the starting system (2.17) for the weights ¢~ no longer depends on r and can be cancelled
in each equation. This leads to the system

R
Wi=1, 14+M -y M VW, =0, 0=2,... R
r=2
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After a standard Abel transform, we get that W, = w, 4+ --- + w, where the w, are solution to the
Vandermonde system

R
SV, =07 =1, R
r=1

Note that these weights corresponds to those coming out when dealing with M L2R for regular Monte
Carlo (see [LP13]) under a weak error expansion condition at rate o = 1.
As for the boundedness, first note that the “small” weights w, read w, = br_,/a,, 7 =1,..., R, with

ar = ﬁ(l -M™* and b= (-1)"M

k=1

r(r—1)
RN s . |
2 Gy .

One straightforwardly checks that a, | @eo = [[;,(1 = M%) > 0 and Beo = 3,5, |br] < +00. As a
consequence - B

VREN', Vre{l,... R}, [WP| < f—‘” < +oo.

[e'e]

Finally, the same Abel transform shows that

R
= RN AR DGy =12,

r=1

w

R+i

and one concludes by formula (A.62) and (A.63) from Lemma A.8. O

B An additional bias term

In this part of the appendix, we focus the bias induced by the approximation

ry) o ,ry
r, % T,

T

(with v =11~ %, a € (0,1)),

that we use to build some universal weights (WﬁR)

on n). We have the following lemma:

)r=1,...,r (by universal, we mean that they do not depend

LEMMA B.9. Assume that v, = y1n~* with a € (0,1).

a1
(a) Let x € (0,1) and L € N such that La < 1. Then, for every n > ng = [Glx_a 1,

© _ Y
Llxn) o —a(e-1) ) < 3(1 " 1-a ) yit X
Lxn) ' - 1—a(R+1)/nt-a xl=a — 3pa-1
2—al , —1—a(£—1) 1
< 6 —_—. B.65
< ( ot X e (B.65)

(b) Set

(&)

R () () R ()
. s —a(e—1) ' ry, —a(t-1) I'n
Bias(a, R, q,n) = > ﬂrlql DLW e W [ — H ct
=2 ™ m r=2 np n

where myp = (M~ V- 1)M~ 2D we have:

. C
|Bias(a, R, q,n)| < =227,
n —a
where n n
. 2—a(R+1) -1 —ayt—1
Ca,q,r *6m||w|\oo% > (ma?) L+ meel el
=2 r=2
with g = mini<,<r ¢r and |Wlloeo =sup,c(1. . gy r>2 Wi
Furthermore, if (1 = ... = qr = %, then Bias™(a, R, ¢,n) = 0.
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REMARK B.11. Note that since a < 1/2, n' ™% = o(n_%) so that this term is negligible at the first and
second orders of the expansions obtained in this paper. Finally, it is worth noting that this term is equal
to 0 when the ¢; are equal to %, case where, in addition, the W,, » = 1..., R have a simple closed form
given by (2.22) and (2.23) in Lemma 2.1.

Proof. First, we derive by a comparison argument with integrals fon z” %z and [ ln 2%y that

1—a

1—a_2 n B
b 2 <N k< n>1ae (0,1). (B.66)
k=1

1—a 1—a

Elementary computations then show that, for every a € (0, %), x € (0,1), and every n > 1, every
integer £€ {1,...,R+ 1}

0 ¢ —a
M . —a(e—l)i < 37 L + "
Txn) In | 7 Py \1—af  1-a
Using that u — u'~* is (1—a)-Hélder, we derive from the left inequality in (B.66) that I'| .| > 71 (Xn;l—#
1
so that, for every n > & 1;0' )
) B -
M_ —d@l)% < 3(1+ 1—a )7f : -
Fixn) r,| = L—a(R+1)/nt=ex!=e = 3ne=t
B £—1
< 62 R+ %~ —1-ae-1) (B.67)

1—a(R+1) ni—aX

Now, since [|[W||oe < 400 (see Lemma 2.1(b)), we deduce by plugging the above inequality in Bias<1)(a, R,q,n)
6T a
qx

that, for every n >

R

R
. 2—a(R+1) 1 -1 —aye—1

Bias" < Wiloo gD o 1+ m, :

‘ 138 (CL, R, qvn)‘ < 6 1—a(R+1) nl,a” H q Z:Q(qu ) +T:2m L |CZ‘
When ¢, = %, r=1,..., R,

R (£) (£) R
T —a(e—1) T
Bi (1) _ j : n1  ——a(l-1)1n W W, m, _
1as (a’7 R7 q, TL) — Fnl q Fn 1+ TE:Q Mre | Ceo 0

since W is solution to (2.17). O
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