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Local robust estimation of the Pickands dependence
function

Mikael Escobar-Bach"), Yuri Goegebeur(!), Armelle Guillou®
University of Southern Denmark® and Université de Strasbourg et CNRS®

Abstract: We consider the robust estimation of the Pickands dependence function in the random
covariate framework. Our estimator is based on local estimation with the minimum density power
divergence criterion. We provide the main asymptotic properties, in particular the convergence
of the stochastic process, correctly normalized, towards a tight centered Gaussian process. The
finite sample performance of our estimator is evaluated with a simulation study involving both
uncontaminated and contaminated samples. The method is illustrated on a dataset of air pollution
measurements.

MSC 2010 subject classifications: Primary 62G32, 62G05, 62G20; secondary 60F05, 60G70.
Keywords and phrases: Conditional Pickands dependence function, robustness, stochastic con-
vergence.

1. Introduction

Modelling dependence among extremes is of primary importance in practical applications where extreme
phenomena occur. To this aim, the copula function can be used as a margin-free description of the depen-
dence structure. Indeed, according to the well-known result of Sklar (1959), the distribution function of a
pair (Y1), Y(?)) can be represented in terms of the two margins F} and F, of Y1) and Y(?) respectively,
and a copula function C as follows:

P (Y(l) <y, Y < yz) = C (Fi(y1), Fa(y2)) .

This function C' characterizes the dependence between Y (! and Y2 and is called an extreme value
copula if and only if it admits a representation of the form

C(y1,y2) = exp (10g(y1y2)A <1<1Cg)%3521/z)2)>> :

where A: [0, 1] — [1/2, 1] is the Pickands dependence function, which is convex and satisfies max{t, 1—t} <
A(t) < 1, see Pickands (1981). Statistical inference on the bivariate function C' is therefore equivalent
to the statistical inference on the one-dimensional function A. Estimating this function A has been
extensively studied in the literature. We can mention, among others, Capéraa, Fougeres and Genest
(1997), Fils-Villetard, Guillou and Segers (2008) or Biicher, Dette and Volgushev (2011).

In this paper, we extend the above framework to the case where the pair (Y(l),Y(z)) is recorded
along with a random covariate X € RP. In that context, the copula function together with the marginal
distribution functions depend on the covariate X. In the sequel, we denote by Cy, Fi(.|z) and Fy(.|x) the
conditional copula function and the continuous conditional distribution functions of Y1) and V() given
X = z. Our model can thus be written as

P (A(YMe) <y, Fa(Y D) < o X = 0) = Calyn, o), (L1)

where C, admits a representation of the form

Ca(y1,y2) = exp <log(y1y2)A (%‘CC)) ;

*This work was supported by a research grant (VKR023480) from VILLUM FONDEN and an international project
for scientific cooperation (PICS-6416). Computation/simulation for the work described in this paper was supported by the
DelC National HPC Centre, SDU.
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with A(.].) : [0,1] xRP — [1/2, 1] is the conditional Pickands dependence function which is again a convex
function satisfying max{t,1—t} < A(t|x) < 1 for all € RP. From a practical point of view, the considered
family of extreme value distributions has sufficiently large potential for data analysis. Firstly, the family
of extreme value distributions is very rich, and includes among others the logistic, the asymmetric logistic,
the negative logistic, the Hiisler-Reiss, the ¢t extreme value, and Dirichlet model. Secondly, multivariate
extreme value distributions arise naturally as the limiting distributions of properly normalised component-
wise maxima, making them a useful approximation to the true, but typically unknown, distribution of
these component-wise maxima in practice. We refer to Kotz and Nadarajah (2000) and Gudendorf and
Segers (2010) for further motivation and discussion of this class of distributions and additional examples.
As a possible application, we consider modelling extremal dependence between air pollutants, like ground-
level ozone and particulate matter, conditional on location and time; see Section 5 for more details.

Moreover, in addition to the covariate context, we consider the case of contamination and we propose
a robust estimator of the conditional Pickands dependence function A(.|z). To reach this goal, we use
the density power divergence method introduced by Basu et al. (1998). In particular, the density power
divergence between two density functions g and h is defined as follows

JR [h1+a(y) - (1 + ;) W (y)g(y) + ;gl“’(y)] dy, a>0,

9(y) _
Rlog @g(y)dy, a=0.

Au(g,h) =
Here the density function h is assumed to depend on a parameter vector 0, and if Z1, ..., Z,, is a sample
of independent and identically distributed random variables according to the density function g, then
the minimum density power divergence estimator (MDPDE) of 6 is the point § minimizing the empirical
version (up to a constant independent of 6)

1N\1 &
fh”‘"(y)dy—(l—i—)Zh“(Zi), >0,
R Q nizl

An(0) = "
1

—= Y logh(Z; =0.
ni:log( ) a=0

We can observe that for & = 0 one recovers the log-likelihood function, up to the sign. A large value of «
allows us to increase the robustness of the estimator, whereas a smaller value implies more efficiency. This
parameter « can thus be selected in order to ensure a trade-off between these two antagonist concepts.

The nonparametric estimation of extremal dependence in presence of random covariates is still in its
infancy, despite the huge potential of such methods for practical data analysis. Gardes and Girard (2015)
introduce an estimator for the tail copula based on a random sample from a distribution in the max-
domain of attraction of an extreme value distribution, and provide a finite dimensional convergence result
for their estimator, when properly normalised. Portier and Segers (2015) considered model (1.1) but under
the simplifying assumption that the dependence between YV and Y(® does not depend on the value
taken by the covariate, i.e. C,, = C (see also Gijbels, Omelka and Veraverbeke, 2015). In the present paper
we introduce a nonparametric and robust estimator for A(.|z) which is obtained by an adjustment of the
above introduced density power divergence estimation criterion to the situation of local estimation, and we
study the asymptotic properties of the obtained estimator in terms of stochastic process convergence. To
the best of our knowledge, nonparametric and robust estimation of the conditional Pickands dependence
function has not been considered in the literature.

The remainder of the paper is organized as follows. In Section 2, we simplify the situation to the case
where the two marginal distributions are known, we propose a robust estimator for A(.|z) and prove its
convergence in terms of a stochastic process. Then, in Section 3, we extend this result to the case of
unknown margins. The efficiency and robustness of the estimator are examined with a simulation study,
described in Section 4. Finally, in Section 5 we illustrate the practical applicability of the method for
modelling extremal dependence between air pollution measurements. Additional simulation results are
available in the online supplementary material. All the proofs are postponed to the Appendix.
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2. Case of known margins
In this section, we restrict our interest to the case where the marginals Fi(.|z) and Fy(.|x) are known,

and we denote by Ag(.|]z) the true conditional Pickands dependence function associated to the pair
(Y1) y (),

2.1. Construction of the estimator

For convenience we reformulate the model (1.1) into standard exponential margins. After applying the
transformations Y9 = —log Fj(Y(j) |x), 7 = 1,2, we obtain the following bivariate survival function

G(y1,y2lz) =P (}N/(l) > y17)~f(2) > yg‘X = x) = exp (—(yl +y2) Ao (znizyz ‘x)) )

for all y1,y2 > 0. Let ¢t € [0,1]. Considering the univariate random variable
vy yv©
Zy:=min | ——, —— |,
1—t t
it is clear that

P(Z; > 2| X =) = e #0U®) vz > 0 and z € R,

Consequently, the conditional distribution of Z; given X = x is an exponential distribution with parameter

Let (Z; 4, X;),i =1,...,n, be independent copies of the random pair (Z;, X). In the present paper, we
will develop a nonparametric robust estimator for Ag(¢|x) by fitting this exponential distribution function
locally to the variables Z; ;, ¢ = 1,...,n, by means of the MDPD criterion, adjusted to locally weighted
estimation, i.e. we minimize for a > 0

i) = 3 ([ Gy ae (12 ey

- S - (1 L)), o

Here Kp,(.) := K(./h)/hP where K is a joint density on RP and h = h,, is a positive non-random sequence
satisfying h, — 0 as n — c0. The MDPDE A, ,,(t|x) for Ao(t|z) satisfies the estimating equation
AL (A n(tl)) =0, (2:2)

av

where A (7)

az.t(-) denotes the derivative of order j of Aa“() The minimization of Aa,m,t is here per-
formed without constraints, which means that Aan(|x) does not automatically satisfy the conditions
of the Pickands dependence function. In fact, this is the case for several of the estimators proposed in
the literature, see e.g. Pickands (1981), Deheuvels (1991) or Capéraa, Fougeres and Genest (1997). To
overcome this, one could follow the idea of Fils-Villetard, Guillou and Segers (2008), and project the
obtained estimator onto the space of Pickands dependence functions.

Our aim in this paper is to show the weak convergence of the stochastic process
{NVnh# (A n(tlz) = Ao(t12)) 2 € 0,11}, (2.3)

in the space of all continuous functions on [0, 1], denoted as C([0,1]), when n — oo.
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Our starting point is the estimating equation (2.2). By applying a Taylor series expansion around the
true value Ag(t|x), we get
o,x,t

0= AL, (Ao(tl)) + (Aun(tle) = Ao(tlz) ) AL, (Ao(tla)) + 1 (A (tle) — Ao(tla))” AL ,(Altla))

2
where A(t|z) is a random value between Ag(t|z) and A\an(ﬂx) A straightforward rearrangement of the
above display gives

Viht (Ao (tz) = Ao(tle)) = Ve R (Ao(t]z)) . (2.4)
| ¢ AL, ((Ath)) (Aan(the) — Ao(tle) )

y

Consequently, in order to obtain the convergence of the stochastic process (2.3), we need to study the
properties of the derivatives Ag}m, j =1,2,3. According to Appendix A.5, these can be expressed as a
linear combination of a key statistic T,, defined as

a»y n e ‘
T (K, a,t, 0 B y|w) == — 37 Kl = Xi) Zg;e 2%, (2.5)
i=1
forae[1/2,1],te[0,1], \,8 >0 and v e R.

2.2. Asymptotic properties of T,

Due to the regression context, we need some Holder-type conditions on the density function f of the
covariate X and on the conditional Pickands dependence function Ag. Let |.| be some norm on RP.
Assumption (D). There exist My > 0 and ny > 0 such that |f(z) — f(2)| < My|x — 2|7, for all
(z,2) € RP x RP,
Assumption (Ag). There exist Ma, > 0 and na, > 0 such that |Ag(t|x) — Ag(t|z)| < Ma,|lx — 2|0,
for all (x,z) e RP x R? and t € [0,1].
Also a usual condition is assumed on the kernel K.
Assumption (K;). K is a bounded density function on RP with support Sk included in the unit ball of
RP.

As a preliminary result, in Lemma 2.1 we prove the convergence in probability of the key statistic T5,.

Lemma 2.1. Assume that for allt € [0,1], x — Ao(t|z) and the density function f are both continuous.
Under Assumption (K1), if h > 0 and nh? — oo, then for a € [1/2,1], \,8 =0, v € R and x € RP where
f(z) >0, we have

Ao(t]r)
Oa + Aoo(t|m))5+1f(x)’

T,(K, a,t, )\, B, v]z)——>a T(5 + 1)

as n — o, where T is the gamma function defined as T'(r) := Sgo tr—le~tdt,¥r > 0.

Now, our interest is in the rate of convergence in Lemma 2.1 when a is replaced by Ag(t|z). More
precisely, we want to show the weak convergence of the stochastic process

)78
{W (Tn(K, Ao(tlz), 0, B, 1|) = T(6 + 1)“‘0(“”]%@) e, 1]}.

(A+1)8+1

To establish such a result, we use empirical processes arguments based on the theory of Vapnik-Clervonenkis
classes (VC-classes) of functions as formulated in van der Vaart and Wellner (1996). This allows us to
show the following theorem.
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Theorem 2.1. Let v € R and (), 3) € (0,0) x Ry or (A, 8) = (0,0). Under the assumptions of Lemma
2.1 and if (D) and (Ao) hold with \/nhPh™(5:140) — 0, then the process

2\ —~8
{ Vi (2. antto), 00, 8510 = 16+ DI 1)) e .1

weakly converges in C([0,1]) towards a tight centered Gaussian process {By,t € [0,1]} with covariance
structure given by

CouBe, B) = [Ao(tf) Ao(sf)] KB S (2) x { J 920Gt vlardude + ;jwm} ,

for all (s,t) € [0,1]%, where &y is the Dirac measure on 0, and
g(u,v) = uTHB = Mo(tlz)u)em MR I (5 — A Ao (sl)v)e Mo bl
Gis(u,vjz) = G (max((l —t)u, (1 — s)v), max(tu, sv)‘x) .
We now derive the limiting distribution of a vector of statistics of the form (2.5), when properly
normalized. Let T,, be a (m x 1) vector defined as
T, := (Tn(K, Ao(t1]x), t1, A1, B, Y1 |2), ooy T (B, Ao (b ), Erns Ay By Y |2)) T

for some positive integer m and let ¥ be a (m xm) covariance matrix with elements (0} 1 )1<; k<m defined
as

o = Lol [Aoftule) KT £(2) {jR 030, 0)G, (vl dud
(B +1) LB +1)
b ) S T+ 0O G T ~ 0| 20

where
gi(u,v) i= w1 By — N Ag(tjla)u] e NAotal@e Bt g Ny Ag(ty|x)w] e AeAottrlo,

The aim of next theorem is to provide the finite dimensional convergence result which will, together
with the tightness, allow us to establish the joint convergence of several processes related to the statistic
T,.

Theorem 2.2. Under the assumptions of Lemma 2.1, we have
Nnh? (T,, — E[T,]) ~ N (0,%),
where N,,, denotes a m—dimensional normal distribution.

We have now all the needed ingredients for proving the asymptotic properties of the MDPDE A\an(ﬂx)

2.3. Asymptotic properties of AAa,n(t|w)

The first result states the existence and uniform consistency of a sequence of solutions to the estimating
equation (2.2).

Theorem 2.3. Let a > 0 and x € R? such that f(x) > 0. Under the assumptions of Theorem 2.1, with
probability tending to 1, there exists a sequence (zzl\am(tbs))mEN of solutions for the estimating equation
(2.2) such that

sup [ Ag,n(tl2) = Ao(ta)| = op(1).
te[0,1]
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Now, we come back to our final goal which is the weak convergence of the stochastic process (2.3).

Theorem 2.4. Let (Amn(ﬂx)) be the consistent sequence defined in Theorem 2.3. Under the as-

neN
sumptions of Theorem 2.1, the process

{Vih# (Ao n(te) - Ao(tlr)) .t € 0,11}

weakly converges in C([0,1]) towards a tight centered Gaussian process {Ny,t € [0,1]} with covariance
structure given by

| K13 Ao(t]z) Ao(slz) (1+0a)?

Cov(Ny, N,) = S(t, 8)Va,
v ) f) (e e
where
(0%
T+a 1+a)? 1+« 1
Va = | —(1 +a) and X(t,s) := l+a  3a9(t,s) Xas(t,s)
1+a 1 Ya(s,t) Bsa(t,s)
with
Soa(t,s) = (1—a)(l+a)+a?(1+a)? Ag(t|z)Ao(s|z) J2 e eldotinyutAolslorlay (u, vla)dudu
R
Sas(t,s) = 1—a(l+a)? Ag(t|z)Ao(s|z) 4[ ) (1 — aAg(s|z)v)e¢lAotle)utdolsle)l gy (o v|z)dudy
R
+
Y33(t,8) = (1+a)? Ao(tlz)Ao(s|z) J , (1= ado(tlz)u)(1 — aAg(s|z)v)e Aoty utAolsl2)l Gy (4 v|z)dudo.
R

In particular, for all t € [0,1], we have
IK|3[Ao(t|x)]? (1 + @)(1 + 4a + 9a? + 140> + 13a* + 8a® + 4a6)>
f(z) (1 +20)3(1 + a?)? ’

Vnh? (Aa,n(t\x) - Ag(t\x)) - M (0,
as n — 0.

The asymptotic standard deviation is shown as a function of « in Figure S1 of the supplementary
material. As is clear from this plot, the asymptotic standard deviation is increasing in «. Note that our
results could also be obtained under different assumptions by using the local empirical process results of
Stute (1986) and Einmahl and Mason (1997), combined with the functional delta method.

3. Case of unknown margins

In this section, we consider the general framework where both F(.|z) and F5(.|z) are unknown conditional
distribution functions. We want to mimic what has been done in the previous section and transform to
standard exponential margins. To this aim, we consider the triplets

(— log (Fn,l(Yi“HXi)) ,—log (Fn72(Yi(2)|Xi)) X) =1, ..n,

for suitable estimators Fj, ; of F}, j = 1,2, and we compute the univariate random variables

q%gﬁfM&»:mgaiﬁ%m)J:Lm

Zpt,i = min , M.

Then, similarly as in Section 2, the statistic

~

a¥ < ~ VA
TTL(K7 a’at7 >\a B;’Y|33) = ; Z K}L(x - Xi)Zfit’ie A Zn,t,17 (31)
1=1
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is the cornerstone for the MDPDE, denoted Za}n (t|z), which satisfies the estimating equation

AL (Aan(tlz) =0, (3.2)

a? )

where AS)“() is the first derivative of ﬁaxt() and

~ a/a n 1 1 -
Aopla) = — > Kn(z — X)) { - <1 + ) e_aaz""t’i} :
n o 1+« «

The final goal is still the same, that is the weak convergence of the stochastic process
{\/nhp (Za,n(ﬂx) - Ao(t|x)) te o, 1]} . (3.3)

Again this result relies essentially on the asymptotic properties of the statistic Zlv’n, and so the idea will
be to decompose

nh? (:Fn - E[Tn]) (K, a,t,\, B,7|z),
into the two terms
{Vnh? (T~ BIT.]) (K,0,6,0,6,900) | + {Vihe ([T = To] = E[T = Tu]) (K, 0,00, ,90) | (34)

The first term can be dealt with using the results of Section 2.2, whereas we have to show that the
second term is uniformly negligible.
To achieve this objective, let us introduce the following empirical kernel estimator of the unknown con-
ditional distribution functions

Yo Kelo = X)Ly o io1a

Fn' xTr) = ) ) 4y
:](y| ) Z?:l KC(I—Xz)

where ¢ := ¢, is a positive non-random sequence satisfying ¢, — 0 as n — o0. Here we kept the same
kernel K as in the previous section, but of course any other kernel function can be used.

Before stating our main results, we need to impose again some assumptions, in particular a Holder-type
condition on each marginal conditional distribution function F} similar to the one imposed on the density
function of the covariate.

Assumption (F). There exist Mp; > 0 and ng; > 0 such that |F;(y|r) — Fj(y|z)| < Mg, ||x — 2|5, for
allye R and all (z,2) e RP x RP and j = 1,2.

Concerning the kernel K a stronger assumption than (K1) is needed.

Assumption (Ks). K satisfies Assumption (K1) and belongs to the linear span (the set of finite linear
combinations) of functions k = 0 satisfying the following property: the subgraph of k, {(s,u) : k(s) = u},
can be represented as a finite number of Boolean operations among sets of the form {(s,u) : q(s,u) =
©(u)}, where q is a polynomial on RP x R and ¢ is an arbitrary real function.

The latter assumption has already been used in Giné and Guillou (2002) or Giné, Koltchinskii and Zinn
(2004). In particular, it allows us to measure the discrepancy between the conditional distribution function
F; and its empirical kernel version F, ;.

Lemma 3.1. Assume that there exists b > 0 such that f(x) = b,Vx € Sx c RP, the support of f. If (K2),
(D) and (F) hold and for g > 1

q
logel?

ncp ’

as n — o0, then for any 0 <n < min(nys, ne ,NE,), we have

| log c|? .
B\ swp  Fus(le) — Fylo)l | = o (max [/ LEL o)) jorj=1,2
(y,2)ERX Sx ncP
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Note that the assumption f(z) = b,Vx € Sx, for some b > 0, is similar to the one already used in
Portier and Segers (2015).
We are now able to study the second term in (3.4).

Theorem 3.1. Assume (K2), (D) and (F) and that there exists b > 0 such that f(x) = b,Yx € Sx < RP.
Consider two sequences h and c tending to 0, such that for nh? — o and g > 1

/ q
NnhPr, = nhpmax< |ljlgcs|,c")—>0,

asn — . Then, for all v € R and (X, B) € (0,00) x Ry or (A, ) = (0,0), and x € RP, we have

sup nh? |T,, — T, — E [Iv’n — Tn” (K,a,t, A, B,v|z) = op(1).
te|0,1],a€[1/2,1]

Finally, the decomposition (3.4) combined with Theorem 3.1 and the results from Section 2.2, yields
the desired theoretical result of this paper.

Theorem 3.2. Let o > 0. Under the assumptions of Theorem 3.1 and (Ap), with probability tending to

1, there exists a sequence (zzllan(ﬂx)) . of solutions for the estimating equation (3.2) such that
ne

sup [Aan(tlz) = Ao(tle)| = 02(1).

te[0,1]

Moreover, for this consistent sequence, if \/nhPh™(15:140) — 0, the process

{Vh# (Aon(tle) = Ao(tl)) .t € 0,11}

weakly converges in C([0,1]) towards the tight centered Gaussian process {N,t € [0,1]} defined in Theo-
rem 2.4.

4. Simulation study

Our aim in this section is to illustrate the efficiency of the proposed robust estimator for the conditional
Pickands dependence function with a simulation study. We assume that the conditional distribution
function of (Y, Y(®) given X = z is a mixture model of the form

F.(y1,y212) = (1 — ) Fe(yr, y2|7) + eFe(y1, y2lz),

where ¢ € [0, 1] represents the fraction of contamination in the dataset. The main distribution Fj is the
logistic distribution given by

xr
Fy(y1,y2]x) := exp {— (yfl/x + y2—1/:c) }7 for y1,y2 = 0

and
Ag(tlz) = (17 + (1= 1))

where the covariate X is a uniformly distributed random variable on [0,1]. For this model, complete
dependence is obtained in the limit as « | 0, whereas independence can be reached for x = 1. Note also
that the conditional marginal distributions of Y9) given X, j = 1,2, under this logistic model are unit
Fréchet distributions. Two completely different types of distributions F, will be considered throughout
the paper and additional examples will be given in the online supplementary material.
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e First type of contamination: Given X = z, the distribution function F is

1 "
Fulyrvale) = 5 {e7 + 7 L g 50,500

The mixture based on this distribution F is illustrated in Figure S2 of the supplementary material. For
this mixture, the contaminated points are on the axes.

e Second type of contamination: The distribution function F,. has completely dependent unit ex-
ponential margins. Figure S3 in the supplementary material shows an example of a simulated dataset
from this model. This time, the contaminated points are on the diagonal.

To compute the estimator /vla,n, two sequences h and ¢ have to be chosen. Both are determined by
a cross validation criterion. Because of the very high computational burden of the cross validations
for sample sizes n > 1000, a random selection of size n, := n A 1000 from the original observations is
obtained, denoted {( g Yiff), Xir)}iz1,...n., and the cross validations are implemented on these random
subsamples. Concernlng ¢, we can use the following cross validation criterion, already used in an extreme
value context by Daouia et al. (2011):

Ny Ny

2
j = argmlnz . [ (r@<y®} ~ Fnu(Yk(]T)|er)] v J =12

i=1k=1

e C i i o vl o1 2 and B, (yle) o= ot~ M ot
where C is a grid of values of ¢; and F,, _; ;(y|z) := - :
’ ’ 1 i Ko (2 — Xier)

Also the bandwidth parameter h is selected using a cross validation criterion. In particular,

1 i X, N\ .
h := arg min Z Z Aa (i) (£ X, ) ( — (1 + > e—aAa,n,(i)(tngq,,r)Zn,f,_,»,z,r> for a > 0
+a «@

he?—[”r i—1j=1

h := argmin

—IOg AOn —1 t er _AO"( L)t]|XZT ER fora=0
ZZ ( ) (t51Xir) e

her nrM Pl |
where A,a n,(—i)(t|z) denotes the estimator of Ag(t|z) obtained on all but observation i, Zn,tj,i’r is as
Zn t;,i but now calculated for (Y] Z(T), l(f), ), and
~ 7-1_ K~ X — X1
A tfe) 1= = B2

Y Kz — Xi)Zei

This criterion can be seen as a generalisation of a commonly used cross validation from the context of
local likelihood estimation (see e.g. Abegaz, Gijbels and Veraverbeke, 2012) to the context of local MDPD
estimation.

After extensive simulation studies, we have chosen the grids ¢ = {0.06,0.12,...,0.3} and H =
{0.02,0.03,...,0.06}. These choices provide a reasonable trade off between stability of the estimates
and accuracy of approximation by asymptotic results.

Concerning the kernel, each time we use the bi-quadratic function
15
16

As an indicator of efficiency, we compute over a grid the L?-error in the estimation of the Pickands
dependence function A(.|z) as a function of z, i.e.

K(z) = —=(1— $2)2]1[_171] (z).

N M

MISE(e, a|z) = LMZ Z [ e (tm|T) — Ao(tm|x)]2

i=1m=1
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Here A((i)gm(tmm) is our estimator of Ay(t,,|z) obtained with the ¢—th sample when the contamination
is . We set t,, = m/50, m = 1,...,49. Our simulations are based on datasets of sizes n = 1000 and
n = 5000, and the procedure is repeated N = 200 times.

Figure 1 represents the MISE(e, a|z) as a function of € € {0,0.025,0.05, ...,0.2} for the two types of
contamination (rows 1 and 2, and 3 and 4, respectively). From the left to the right, three positions have
been considered: x = 0.1,0.3 and 0.5 for the first type of contamination and z = 0.5,0.7 and 0.9 for the
second type. Also, four different values of a have been reported: 0 (black), 0.1 (blue), 0.5 (green) and
1 (red), and two sample sizes: n = 1000 and n = 5000. Based on these simulations, we can draw the
following conclusions:

e As expected, the MISE curves show less variability for n = 5000 compared to n = 1000;

e If the percentage of contamination ¢ is very small (in the range 0 - 0.025), the MISE indicators are
typically very similar, whatever the value of a.. This result is a nice feature of our method, because
if there is almost no contamination then in principle one does not need a robust procedure, but
as is clear from these figures, the MDPDE performs similarly to the maximum likelihood method
(corresponding to o = 0), which is efficient (but not robust);

e If we increase the percentage of contamination e, then it is crucial to increase the value of a to
0.5 or 1 in order to have good results. Indeed, for increasing ¢ a small value of o implies a drastic
increase of the MISE;

e The MISE values are almost constant for &« = 0.5 and 1, whatever the percentage of contamination.
This illustrates again the robustness of our method, since it means that the methodology can handle
a quite large percentage of contamination without deterioration of the results;

e For the first type of contamination, the gain in MISE by taking o = 0.5 or 1 over a = 0 or 0.1 is more
important for small z than for large z. In this case the contamination is on the axes (independently),
and this is less disturbing for = close to 1, which corresponds also to independence, than for = close
to 0, which corresponds to complete dependence. For the second type of contamination one can
observe the opposite effect. The gain of taking o = 0.5 or 1 over & = 0 or 0.1 is more important for
x close to 1 than for z close to zero. Indeed, the perfectly dependent contamination is less disturbing
for small x than for large x;

e Figure 1 gives us also some indications about the breakdown point of our estimator, which is
a common concept in the robust framework. Indeed the breakdown point can be interpreted as
the smallest ¢ where the MISE indicator starts to increase. For o small, in the range 0 - 0.1, the
breakdown point is very small, say ¢ around 0.025, while for &« = 0.5 and 1, one can go to e = 0.15 or
a larger value, depending on the type of contamination, which illustrates again the nice robustness
property of our method.

Next to the above mentioned MISE indicators, we also used our simulated data to compute the
empirical coverage probabilities of 90% confidence intervals based on the limiting distribution given in
Theorem 2.4. These are given in Tables 1 and 2 for the first and second type of contamination, respectively.
From these tables we can see that

e When € = 0 then the empirical coverage probabilities are generally larger than 0.90, meaning that
the confidence interval based on the limiting distribution is conservative;

e For increasing e, the coverage probabilities generally decrease when « is small (0 or 0.1), while for
larger «, especially for o = 1, the coverage probabilities do not seem to be as much affected by the
contamination.

Since the main objective of this paper is to estimate the conditional Pickands dependence function
A(.|z), we also provide in the online supplementary material the boxplots of our estimator A, ,(.|z)
based on 200 replications for the two examples of contamination introduced above and two additional
examples. These figures emphasize again the robustness properties of our estimator.
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Fic 1. MISE(e,a|z) as a function of € € {0,0.025,0.05, ...,0.2} with o = 0 (black), a = 0.1 (blue), a = 0.5 (green) and
a =1 (red). First type of contamination: rows 1 (n = 1000) and 2 (n = 5000), = = 0.1,0.3,0.5 from the left to the right.
Second type of contamination: rows 8 (n = 1000) and 4 (n = 5000), z = 0.5,0.7,0.9 from the left to the right.



M. Escobar-Bach, Y. Goegebeur and A. Guillou/Local robust estimation of the Pickands dependence function

TABLE 1
First type of contamination - coverage probabilities of 90% confidence intervals.
t=0.3 t=0.5 t=0.7
xz=0.1 e 0 0.1 0.5 1 0 0.1 0.5 1 0 0.1 0.5 1
e=0.0 095|095 | 096 | 0.98 | 0.95 | 0.96 | 0.96 | 0.97 | 0.95 | 0.96 | 0.96 | 0.98
n=1000 | e=0.1 | 0.69 | 0.77 | 0.92 | 0.93 | 0.50 | 0.64 | 0.88 | 0.91 | 0.67 | 0.78 | 0.92 | 0.93
e=02| 026 | 041 | 0.83 | 091 | 0.11 | 0.17 | 0.64 | 0.79 | 0.24 | 0.42 | 0.81 | 0.90
e=0.0|098 | 097 | 096 | 0.97 | 0.96 | 0.97 | 0.97 | 0.98 | 0.95 | 0.96 | 0.97 | 0.97
n=>5000 | e=0.1|0.14 | 0.28 | 0.84 | 0.90 | 0.06 | 0.12 | 0.69 | 0.82 | 0.13 | 0.29 | 0.84 | 0.90
e=02|0.02 | 005 | 0.55 | 0.83 | 0.00 | 0.01 | 0.16 | 0.51 | 0.01 | 0.03 | 0.56 | 0.80
t=0.3 t=0.5 t=0.7
z =0.3 a 0 0.1 0.5 1 0 0.1 0.5 1 0 0.1 0.5 1
e=0.0 097 | 098 | 093 | 0.93 | 0.96 | 0.96 | 0.95 | 0.93 | 0.94 | 0.95 | 0.95 | 0.94
n=1000 | e=0.1 | 0.70 | 0.80 | 0.93 | 0.96 | 0.71 | 0.80 | 0.93 | 0.94 | 0.70 | 0.82 | 0.95 | 0.95
e=021]029 | 045 | 0.86 | 0.94 | 0.20 | 0.40 | 0.78 | 0.85 | 0.27 | 0.47 | 0.84 | 0.92
e=0.0]09 | 095 | 094 | 0.94 | 0.94 | 0.94 | 0.93 | 0.94 | 0.96 | 0.95 | 0.94 | 0.94
n=>5000 | e=0.1 | 0.14 | 0.33 | 0.87 | 0.93 | 0.15 | 0.35 | 0.81 | 0.86 | 0.17 | 0.41 | 0.85 | 0.92
e=0.2|0.01 | 0.04 | 0.57 | 0.83 | 0.01 | 0.02 | 0.41 | 0.63 | 0.01 | 0.03 | 0.55 | 0.83
t=0.3 t=0.5 t=0.7
z =0.5 a 0 0.1 0.5 1 0 0.1 0.5 1 0 0.1 0.5 1
e=0.0 097 | 099 | 0.98 | 0.97 | 0.97 | 0.97 | 0.97 | 0.95 | 0.96 | 0.97 | 0.97 | 0.98
n=1000 | e=0.1 | 0.77 | 0.85 | 0.91 | 0.95 | 0.76 | 0.84 | 0.91 | 0.94 | 0.79 | 0.83 | 0.95 | 0.94
e=0.2|0.511|069 | 093 | 0.95 | 0.53 | 0.66 | 0.89 | 0.92 | 0.47 | 0.65 | 0.92 | 0.96
e=0.0 093 | 095 | 095 | 0.96 | 0.90 | 0.92 | 0.91 | 0.94 | 0.94 | 0.96 | 0.94 | 0.94
n=>5000 | e=0.11] 030 | 053 | 091 | 0.95 | 0.39 | 0.56 | 0.90 | 0.91 | 0.31 | 0.54 | 0.93 | 0.94
€=0.2 | 0.04 | 0.10 | 0.70 | 0.87 | 0.06 | 0.11 | 0.66 | 0.80 | 0.05 | 0.08 | 0.69 | 0.86
TABLE 2
Second type of contamination - coverage probabilities of 90% confidence intervals.
t=0.3 t=0.5 t=0.7
z = 0.5 « 0 0.1 0.5 1 0 0.1 0.5 1 0 0.1 0.5 1
e=00 096 | 096 | 0.97 | 0.96 | 0.94 | 0.93 | 0.96 | 0.96 | 0.96 | 0.97 | 0.96 | 0.96
n=1000 | e=0.1 | 0.97 | 0.96 | 0.96 | 0.95 | 0.91 | 0.93 | 0.94 | 0.93 | 0.96 | 0.97 | 0.98 | 0.96
e=021099 | 099 | 0.96 | 0.96 | 0.80 | 0.88 | 0.92 | 0.94 | 0.99 | 0.99 | 0.96 | 0.95
e=00|093 | 094 | 095 | 0.96 | 0.93 | 0.93 | 0.95 | 0.97 | 0.95 | 0.96 | 0.95 | 0.96
n=>5000 | e=0.1| 093 | 098 | 0.96 | 0.96 | 0.48 | 0.69 | 0.94 | 0.96 | 0.95 | 0.99 | 0.99 | 0.98
e=021]092 | 098 | 096 | 0.95 | 0.20 | 0.33 | 0.88 | 0.96 | 0.87 | 0.97 | 0.96 | 0.94
t=0.3 t=0.5 t=0.7
xz=0.7 a 0 0.1 0.5 1 0 0.1 0.5 1 0 0.1 0.5 1
e=0.0| 097 | 097 | 1.00 | 1.00 | 0.94 | 0.94 | 0.96 | 0.99 | 0.94 | 0.96 | 1.00 | 1.00
n=1000 | e=0.1 | 0.98 | 0.98 | 1.00 | 1.00 | 0.76 | 0.84 | 0.96 | 0.98 | 0.96 | 0.95 | 1.00 | 1.00
e=02]098 | 098 | 1.00 | 1.00 | 0.55 | 0.70 | 0.94 | 0.99 | 0.98 | 0.98 | 1.00 | 1.00
e=0.0]092 | 093 | 094 | 094 | 092 | 0.94 | 0.95 | 0.95 | 0.94 | 0.95 | 0.95 | 0.96
n=>5000 | e=0.1 | 0.81 | 0.89 | 0.95 | 0.96 | 0.24 | 0.54 | 0.94 | 0.95 | 0.79 | 0.88 | 0.95 | 0.95
e=0.2| 0.57 | 067 | 090 | 0.94 | 0.06 | 0.11 | 0.77 | 0.90 | 0.60 | 0.69 | 0.91 | 0.93
=0.3 t=0.5 =0.7
z=0.9 a 0 0.1 0.5 1 0 0.1 0.5 1 0 0.1 0.5 1
e=0.0 | 1.00 | 1.00 | 1.00 | 1.00 | 0.99 | 0.99 | 1.00 | 1.00 | 0.98 | 0.98 | 0.99 | 0.99
n=1000 | e=0.1 | 0.91 | 095 | 0.99 | 099 | 0.64 | 0.81 | 0.97 | 0.99 | 0.91 | 0.93 | 0.99 | 0.99
e=02]0.89 | 092 | 098 | 1.00 | 0.40 | 0.63 | 0.96 | 0.98 | 0.89 | 0.93 | 0.99 | 1.00
e=0.0 098 | 098 | 0.99 | 0.98 | 0.98 | 0.97 | 0.98 | 0.98 | 0.97 | 0.97 | 0.98 | 0.98
n=>5000 | e=0.1 | 0.61 | 0.7 | 0.97 | 098 | 0.15 | 0.39 | 0.95 | 0.97 | 0.60 | 0.82 | 0.98 | 0.99
e=02]026| 044 | 092 | 0.95 | 0.01 | 0.09 | 0.74 | 0.91 | 0.24 | 0.42 | 0.91 | 0.96

12
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5. Application to air pollution data

In this section we illustrate the practical applicability of our method on a dataset of air pollution measure-
ments. Extreme temperature and high levels of pollutants like ground-level ozone and particulate matter
pose a major threat to human health. We consider the data collected by the United States Environmental
Protection Agency (EPA), publicly available at https://agsdrl.epa.gov/agsweb/agstmp/airdata/download files.html.
The dataset contains daily measurements on, among others, maximum temperature, and ground-level
ozone, carbon monoxide and particulate matter concentrations, for the time period 1999 to 2013. These
data are collected at stations spread over the U.S. We focus the analysis on the ground-level ozone and
particulate matter concentrations. In order to estimate the extremal dependence between these, we calcu-
late the component-wise monthly maximum of daily maximum concentrations, and estimate the Pickands
dependence function conditional on the covariates time and location, where the latter is expressed by
latitude and longitude. The estimation method was implemented with the same cross validation criteria
as in the simulation section, including the same choices for C and H, after standardising the covariates
to the interval [0, 1]. As kernel function K* we use the following generalisation of the bi-quadratic kernel
K:

3
K*(z1, 0, 13) := l_lK(ac,-)7

i=1

where x1, zo, 3, refer to the covariates time, latitude and longitude, respectively, in standardised form.
Note that K* has as support the unit ball with respect to the max-norm on R3. We report here only the
results for the city of Houston. Similar results can though be obtained for other cities or regions in the U.S.
In the left panel of Figure 2, we show the time plot of the estimates for the conditional extremal coefficient
over the observation period. The conditional extremal coefficient is defined as n(x) = 24¢(0.5|z), and is
often used as a summary measure of extremal dependence. Its range is [1, 2], where 1 corresponds with
perfect dependence and 2 with independence. The time plot shows a seasonal pattern in the extremal
dependence, and moreover the extremal dependence seems to decrease with time. We also observe that
the estimates for & = 0 and 0.1 are similar, but different from those obtained with o = 0.5 and 1 (which
are also similar), indicating that the dataset contains contamination with respect to the dependence
structure. In order to get a better idea about the extremal dependence we show in the right panel of
Figure 2 the estimate of Ag(t|z) for a particular month (April 2002). This plot shows again estimates
which are similar for & = 0 and 0.1, but different from those obtained with = 0.5 and 1 (which are
similar), confirming our earlier observation that there are observations which are contaminating with
respect to the dependence structure.

Appendix A: Proofs of the results
A.1. Proof of Lemma 2.1

Using the fact that the conditional distribution function of Z; given X = x is an exponential distribution
with parameter Ag(t|z) and since Aa + Ag(t|x) > 0, we have

Ao(t]z)
(Aa + Ag(t|z))s+1"

E[Zfe‘““zf (A.1)

X:ﬂ = T(B+1)
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Fic 2. Air pollution data: time plot of the estimate for the conditional extremal coefficient (left) and estimate for the
conditional Pickands dependence function in April 2002 (right), oo = 0 (black), a = 0.1 (blue), oo = 0.5 (green) and o =1
(red).

Then
E [Kh(x - X)Zfe_’\“z‘] - E [Kh(x = X)T(+ 1) 5 fjg@ﬁg))ﬁﬂ]
= TG [ Kalo - o) e F )y
= T+ | K@ +AX(EELTx_—ZZ)L)) o o — he)dz
= B+ +AAO(EELT;))ﬁ+1 F@) (1 +o(1)), (A.2)

by the dominated convergence theorem, using the continuity of Ay(¢|.) and f on = — Sk together with
the boundedness of Ag(t].). Consequently

Ao(t]z)
(Aa + Ao(t|z))

E[TW(K, a,t, A, 8,7]x)] = a’T(B + 1) 71/ (@) (1 +o(1)).

Also, similar arguments yield

Var(T, (K, 0,0, By fo) = o PR OB 0 4 4 o)) = o),

from which the convergence in probability simply follows.

A.2. Asymptotic covariance matrixz of the finite dimensional vector T,

Our aim in this section is to compute the explicit expression of the elements of the covariance matrix
Y = (0j,r)1<j,k<m given in (2.6). In this section we work under the assumptions of Lemma 2.1. According
to (A.2), we have

f@)(B; +1)
[Aj + 1)+ Ao (t5]2) ]

E [Kh(x - X)ijje_’\jAO(tf‘I)Z‘j] = (1 +0(1)),
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for 1 < j < m. In order to compute the cross expectation, we need to derive the conditional distribution
function of the pair (Z;;, Z, ) given X = x. Let u,v > 0

P(Zi; >u, 2y, >v|X =2) = P (Y(l) > max ((1 — t;)u, (1 — tx)v) , Y@ > max (t;u, tkv)‘X = :c)
= G (max ((1 —tj)u, (1 —tx)v) , max (t;u, tkv)‘m) .
Hence, for j,k € {1,...,m}?, we have
E [Kh (& — X)Z,7 e M0N0 g, (0 X)Zi’“e‘AkA"(tkll)Z‘k] (A.3)

X]]

- E [Ki (:E _ X)E |:Zt5JJ e*)\_;‘Ao(tﬂw)Zf,j Zf: e*AkAO(ik\z)Ztk

We focus now on the conditional expectation. Using (A.1) and the fact that

2Pem* _ 50(B) = J ll{z>u}uﬂ_1(ﬁ — adu)e” M du, (A.4)
Ry
we have
E I:Ztﬁjje—)\jAo(tj\m)th Ztﬁ:ef)\kAo(tk\w)Ztk X]

= E[(z0e O —ay(s))) (Zire M —5y(y)) | X |~ do(8,)50(5)

+30(6;)E [nge_/\k“‘o(tkkc)ztk X] + 60(B)E [Ztﬁjj e NiAo(tsl2)Ze, X]
_ JR2 0510, 0) G, 1, (10| X ) dudv — 80(8;)0 ()
(B + 1) (B3 +1)

[Ae + 1]+ Ao (| X)]

Combining the continuity and boundedness of the functions f, Ag(t|.) and G(u,v|.), the expression of
ok in (2.6) follows.

A.3. Proof of Theorem 2.1

First, remark that to show Theorem 2.1, it is sufficient to look at the weak convergence of the process

{ Nnh? (Tn(Kv Ag(t|$), 6B, ’Y|x) —-E [Tn(Kv Ao(t|$), 6\ B, 7|m)]) tE [Oa 1]} ) (AG)
o - [Ao(t]x)] =7 _

Jim, sup NI [BTL(K, Aotte) 10,51 =16 + )T o =0

Indeed, according to (A.2), we have
)78
BT, (K. Ao(tla), 1.\ 510 = 1G5 + D S )
N Ao(t|z — yh) A_B(t|;1c)
ST+ DA | KO | G o iy @~ )~ (o (@)
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Now, using Assumptions (D) and (Ap), we deduce that

Ay (t]z)

Ap(tlx — yh)
! (“”‘

(VAo (t]) + Aotz — yh)yPeid

x — hy) —

Ao(tlx — yh)
OVAo(2) + Ao(tla — yhy)poi (&~ M) = J(@)} &

— O(hmin(nfmA(,))

Aotz = yh) AP |
(Mo(t|z) + Ao(t|lz — yh))B+T (A +1)8+1

for n large enough such that A < 1, with a bound which is uniform in ¢.

Then, to show the weak convergence of the stochastic process (A.6), we will use Theorem 19.28 in van
der Vaart (1998). To apply this result, we need to introduce some notations. Define the covering number
N(F, Ly(Q), 7) as the minimal number of Ls(Q)-balls of radius 7 needed to cover the class of functions
F and the uniform entropy integral as

)
(6, F, Ly) i= f \/bgsgpzv(f,Lz(Q),ﬂ 2)dr
0

where Q is the set of all probability measures @ for which 0 < |[F| , := {F?dQ < oo and F is an
envelope function of the class F.

Let P denote the law of the vector (Y(l), Y(2),X) and define the expectation under P, the empirical
version and empirical process as follows

szszdP, P, f Zf( vy X) Gnf := (P, — P)f,

for any real-valued measurable function f.
For any v € R and (X, 8) € (0,0) x R or (A, 8) = (0,0), we introduce our sequence of classes F,, as

Fn = { Y1,Y2, 2 )—)fn,t(yl,yz,Z),tE[O,l]}
{@1,02,2) > VK (e = 2)[Ao(te)]" ™ [Ao () Ze(yn, y2)) e D7 0192 e f0,1]]

Y1
1=
function of the class F,, and for any y € RP, define the bivariate function p, : [0,1]> > R as

where Z;(y1,y2) := min ( ) Remark that Z; = Z; ( y® Y(Q)) Denote now by F;, an envelope

py(tvs) = | |: (Ag(ﬂx)ztﬁe—)\Ao(t‘E) A’Y( |{17)Zﬁ —AAo(s|z)Z ‘X _ y]

Naturally, p, defines a semimetric on [0, 1]? and since it is bi-continuous, it makes [0, 1] totally bounded.

Now, according to Theorem 19.28 in van der Vaart (1998), the weak convergence of the stochastic
process (A.6) follows from the four following conditions

sup  P(fn:— fn,s)2 — 0 for every d, \, 0, (A7)
pm(t,s)gén

PF? = 0O(1), (A.8)

PF2{F, >e\/n} —> 0 for every ¢ > 0, (A.9)

J(0p, Fn,La) —> 0 for every d, \ 0. (A.10)
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We start to prove (A.7). By definition, we have

P(fn,t - fn,s)2 = JRP h_pK2 (x ; U) pu(t, S)f(u)du

K*(u)py—nu(t, s) f(z — hu)du
Sk

| K157 (2)pa(t, ) + B K2(u) f(z — hu)[po—nu(t, s) — pu(t, s)]du

+pa(t, 5) ; K2(u)[f (2 = hu) = f(2)]du.

By the Assumptions (D), (K1) and since p, is bounded, it remains to show that

Sup  |pr—nu(t,s) — pz(t, s)| — 0. (A.11)
px(t,s)gén
Recall that
pults) = [Ao(tla)2 B |27 224002 |X — | 1[4 (s]a)|7 B | 227 2otk 2 X — |

—2[Ao(t|x)Ao(s|z)]" E [Zfe_/\AO(t‘x)Z‘Zfe_)‘AO(S"”)ZS‘X = y] .

Such expectations have been computed in (A.1) and (A.5). Using the mean value theorem combined
with the boundedness of Ag(.|.) and Assumption (Ag), we can easily infer that for all (y,y’) € R? x RP,

we have

sup |py(t,8) = py(t,8)] < Cly — ¢/,
(t.5)e[0,1)2

for some positive constant C. This implies (A.11) and thus (A.7) is established.

Now, we move to the proof of (A.8) and (A.9). Since the function z — xe~** is bounded over R, by
(8/A)° P and Ay(t|z) € [1/2,1], F,, admits the natural envelope function

(y17y2,2’) _)Fn(y17y2az) = WKh(SC-Z)M, (A12)
8\°
where M := (}\) e ?# max(1,2%77). Consequently
PE =M | h7P K (B fluydu = M | K () f(e — hu)du = MK 3 (2)(1+ o(1),

RP h Sk

PFS{Fn>a\/ﬁ}=M2J K?(u) f(z — hu)du = 0,
{K(u)>M—1e/nhP}

for all € > 0 and n sufficiently large, since nh? — oo, K satisfies Assumption (K1) and f is continuous.

Finally, it remains to prove (A.10). First, we introduce the class of functions W := {(y1,y2) —
Ao(t|) Ze(y1, y2), t € [0,1]} and its subgraph o; in R x R as

o = (v, w) : Ag(t2) Zo(u,v) > w}
_ {(u,v,w) : Af(_ﬂf)u . w} A {(u,v,w) : @v . w}.

We can show that {0y : t € [0,1]} is a VC-class of sets. Indeed, if we look more generally, at the collection
of sets C := {{(x,y) : 6= > y},d > 0} in R, xR and if we define two points (1, 1) and (x2,ys2) such that,



M. Escobar-Bach, Y. Goegebeur and A. Guillou/Local robust estimation of the Pickands dependence function 18

without loss of generality, u < 92 Then, for any § > 0, dxg = yo implies that dxy = y;. Thus, C cannot
x x

shatter the set {(z1,y1), (z2,y2)} szd by consequence it is a VC-class of sets. Now, the collection of one
set R is naturally a VC-class of sets. According to Lemma 2.6.17 (vii) in van der Vaart and Wellner
(1996), C x R is aVC-class of sets as well. Invoking Lemma 2.6.17 (ii), {0y : ¢t € [0,1]} belongs to a
V(C-class and as such is VC. Define now for all z € R,

b p(2) := 2Pe >,
We can easily check that ¢y g is of bounded variation. This implies that ¢, g can be decomposed as the
sum of two monotone functions, say qb(l) and ¢(2) Thus, according to Lemma 2.6.18 (viii) in van der

Vaart and Wellner (1996), (123 oW and (;5/\ 5 0 W are VC. Now, according to Theorem 2.6.7 in van der
Vaart and Wellner (1996), there exists a universal constant C' such that for any j =1,2and 0 <7 <1

V1)

. 2(
sup N (6, 0 W, Lo (@)W o) < 160 (1)

where Vj is the VC-index of (bE\j 23 oW and W; its envelope function. Now, consider the sequence of class
of functions

Fnji={z— VP Ky (z — 2)} ®¢E\J)ﬁ oW

for j = 1,2, where ® denotes the direct product between the two classes involved. Since we only update the
previous sets with one single function and only one ball is needed to cover the class {z — VhP Ky (v — 2)}
whatever the measure (), we have

2D
s N (o La(Q) Tl Fr ) < CV000 (1)

where  is a suitable constant. Moreover since sup;cpg 13 [Ao(t]2)]"~# = max(1,2577), for any 0 < 7 < 1,

the minimal number of balls of radius 7 max(1,2°77) needed to cover the interval [0, max(1,2%77)] is
[1/27]. Hence

- oy [E] <3 Y
sup V ([Ao(to)]" .t € 0,11} La(@)rmax(1,27) = - < 5 (3

Consequently, we have

2V;

sup N({[Ao(tlo)] . € [0.11) © .5, La(@), 7 max(1. 2" lnF o) < 5 150160 (1)
Q
Finally, since our class of interest F,, is included in the class of functions
Fr o= {[Ao(t|2)] 77, t € [0,1]} @ Fp + {[Ao(t]2)] =, t € [0,1]} ® Fr 2,
with envelope function 2max(1,2%~7)kF,,, using Lemma 16 in Nolan and Pollard (1987), we have

2) < supN(fn,Lz@),2Tmax(1,2ﬂ—7)unFn||Q,2)

2 2(Vi+V2)
< £V1V2(16 )V1+V2 <4>

)

Thus, (A.10) is established since for any sequence §,, \, 0 and n large enough, we have

sup N (Fy, L2(Q), 27 max(1,2°77)]
Q

T(6n, ForLa) < L Vlog([2x max(1,28 )]V L) — V log(r)dr = o(1).

This achieves the proof of Theorem 2.1 since the covariance structure follows from (2.6).
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A.4. Proof of Theorem 2.2

To prove this theorem, we will make use of the Cramér-Wold device (see, e.g., Severini, 2005, p. 337),
according to which it is sufficient to show that

Ay, = E"Vnh? (T, — E[T,]) ~ N (0,£75¢),

for all £ € R™. A straightforward rearrangement of the terms leads to

A, =

3\>—‘

m
{Z £;[Ao( t]|1:)]’yj Ki(x _Xi)ZtBjjyie—)\jAO(tjll‘)th,i

j=1

[Z &[Ao(t;]2)] " Kn(z — X’L_)Ztﬂjj’ie>\jA0(tj|I)th,i:|}

- 1 3w
n i=1
Var(W;
Since W4, ..., W,, are independent and identically distributed random variables, Var(A,) = y
with
Var(Wy) = Z > &6Chk,
j=1k=1
where
Cjr == E [(Ao(tﬂx))w (Ao(trlx)™ Kj(x — X)ijje_’\fAO(tf‘I)Z‘j Zi’“e*’\kAO(tW)ka]

—E | (Ao(t]2)) Ko (x — X)Zg7 e 4001070 | B | (Ag(tfa) ™ Kn(w — X)Z[ke M Aoltuke) 2 |

According to the computations in Appendix A.2, Var(A,) = £73¢(1 + o(1)). Hence, to ensure the
convergence in distribution of A, to a normal random variable, we have to verify the Lyapounov condition

for triangular arrays of random variables (Billingsley, 1995, p. 362). In the present context this simplifies

to verlfylng E(|W1| ) — 0. We have

m 3
E(|W1|3) < ndPpel2 R <Z €5 1(Ao(t;]2)) " Kp (2 — X)Zgje—AjAo(tjlx)Zf,j>

Jj=1

m 2
+3E (2 1€1(Ao(t]2)) Kp(x — X)ij"e_’\on(tf”’)Zt.j)

Jj=1

[Z |(Ao(t;]x))" Kp(x —X)Ztﬁjje’\jAO(tjl“")ZtJ]

m 3
+4 lE (2 1€1(Ao(t]2)) Kp(x — X)Zf;e—wo@m%)]

Jj=1

A similar treatment as for (A.3) yields for all postive integer ¢

m q
E [ 3° Il (Aolts o)) Ko - X)zf;e—AjAothj> ]

=1

)

m q
- (E KZ 61(Aolts ) Ko — )20 6‘”“(”'%)%)

Jj=1

= E[Kj(z — X)Q(X)]
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where the explicit expression of Q(X) can be obtained similarly as for (A.5). Hence

m q
E KZ |§j|<Ao<tj|x)>wh(:c—X)Zf?e‘*j“‘“‘“Mﬂ') ] - K (9”;“) Q(w)f (w)du

Jj=1

= (hP)i7e . K92)Q(x — zh) f(x — zh)dz

= o)

by continuity and boundedness of the functions. Consequently

%]E(|W1|3) =0 ((\/W)*l) = o(1).

A.5. The derivatives of Aa,m,t and their asymptotic properties

Straightforward computations for a € [1/2,1], @ > 0 and = € RP, give

ﬁg{L,t(a) = oza_lﬁa,x,t( )+ a“(1+ «) Z Kn(x — X;)Zy 5 e_‘mzt i
3&2,)95,1:(@) = aa_lﬁé{)z’t(a) —aa A, at(a) + a(a+ 1)a”” 11 Z Kp(x — X3)(1 — aZm)Zt,ie_MZt'i,
i=1
AL M@ = a(207°Bauile) +a7 A2, (@) —2a7°A0) ,(0))
+(a—1)af a—i—l Z (1 —aZ; Z)Z“ef‘mz“

a—1

Kn(z — X;)(a(l — aZy;) + 1) 27 e~ 70,

NgE

—a(a+1) a4

n 1

.
Il

The convergence in probability of the two first derivatives of Aa,m is therefore a direct application of
Lemma 2.1, which yields, as n — o

AW (Ap(ta) o 6D (Ap(tfr)) == 0,
A P 2 1+a2

AP (Ag(t]2) 62, (Ao(t])) [Ao(t2)]* 2 f (2).

1 +a)?

Now the rate of convergence of Aa i (Ao(t]r)), 5 € {1,2}, to its limit is also useful to study (2.4) and
thus to reach our final goal. The aim of the next corollary is to provide such a rate.

Corollary A.1. Under the assumptions of Theorem 2.1, then for any j € {1,2}, the process
{Vnh (A9, ((Ao(tl)) = €5, (Ao(t]2))) st € [0,1]]

weakly converges in C([0,1]) towards a tight centered Gaussian process. In particular, we have

Jup A9 (Ao(t]2) = €5, (Ao (t]2))| = 0p(1):

Proof of Corollary A.1. As usual, it is sufficient to show the finite dimensional convergence and
the tightness of the process. Using Theorem 2.2 we directly solve the finite dimensional convergence issue.
Next, Theorem 2.1 combined with (A.6) implies tightness for any process t — /nh?(T,—E[T,])(K, Ao(t|z),t, A, B, v|x)
and similarly as in Lemma 1 in Bai and Tagqu (2013), we have tightness for any multivariate process
with similar coordinates. Corollary A.1 then follows.
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A.6. Proof of Theorem 2.3

To prove the theorem we will adjust the arguments used to prove existence and consistency of solutions
of the likelihood estimating equation, see e.g. Theorem 3.7 and Theorem 5.1 in Chapter 6 of Lehmann
and Casella (1998), to the MDPD framework. Let {,b > 0, C(.|.) : [0,1] x R? — [1/2 — (,1 + (] and
Vt e [0,1], r(t) := |Ao(t|z) — C(t|z)|. Define in addition the b-level of r as

={te[0,1], r(t) > b}.
We firstly show that for any b > 0

P (Vt €Ty, Aawi(Ao(t2)) < Daws (C(t|x))> -1, (A.13)

as n — o0, for any function C(.|x) different from but close enough to Ag(.|z). By applying a Taylor series
expansion, we have

B t(C)) = Bama(Ao(tle)) = (Cltle) = Ao(t)AL) (Ao(tla)) + 5(Cltle) = Ao(ti)?A2) , (Ao(tlo))
+2(Cll) = Ao(ta))* BT, (C(tlo)),

where C(t|z) is an intermediate value between C(t|z) and Ay (t|z). According to Appendix A.5, as n — o0

sup |AL,(Ao(t|z)| = sup ‘N (Ao(tlz)) — €0 (Ag(t]2) ‘—>o
te[0,1] te[0,1]

This convergence implies, that for all 0 < ¢ < b?

P(VteTb,r(tm(U (Ao(tz))] < > P

a,x,t

TN

vt e Ty, |AL) |, (Ao(ta))| < r2(D), i Aon<tx>\<e)

a,z,t

( sup A((x)zt Ao( t|:z:)‘ < 6) —1,
te[0,1]

as n — . Now, concerning Agl,t(Ao(ﬂm)L we have
A(2) (2) P
sup A7), (Ao(tfe)) — €87}, (Ao (t]2))| -0,
te[0,1]

as n — o0. Consequently, there exists d; > 0 such that

a’

vie[o,1], ’"22(’% 2 (Ao(tle) > 6172(2),

with probability tending to 1.
Finally, since z — 2*e™* is bounded YA > 1 on RT and by Lemma 2.1

1 n
Tn(Kv aatvoa Oa O|I) = - Z Kh(x - Xz);l))f(x)v
nic
as n — o0, we have for any ¢ > 0, n= ' Y | Kj(z — X;) < f(z) + ¢ with probability tending to 1. This
implies that

sup ‘A(S ‘ =M< (A.14)
a€e[1/2—¢,1+¢],t€[0,1] .

with probability tending to 1. We can therefore conclude that

ri(t)

Vi e [0,1], 5

A®) (@ M
‘Ar(xg)zt(c(ﬂx))‘ < F763(t)7
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with probability tending to 1.
Overall, we have shown that

P (Vt € Ty, Aa7m7t(0(t|az)) — Aa,m,t(Ao(ﬂx)) > 5172 (t) — (1 + A64> r3(t)) —1,

as n — 00, where the right-hand side of the inequality is positive for 7(t) < d1/(1+ M /6). Thus, setting

sup r(t) < d1/(1+ M/6),
t€[0,1]

(A.13) follows.

To complete the proof we adjust the line of argumentation of Theorem 3.7 in Chapter 6 of Lehmann
and Casella (1998). Take 0 < § < ¢ and define the event

$(8) i= {vt € [0,1], Ay (Ao(t]2)) < Buoa(Ao(t]a) £0)} .

For v € S,(9), since Aa «,¢(a) is differentiable with respect to a, there exists Ay n 5(t|z) € (Ao(t|z) — 6, Ao(t]|z) + 0)
where A%m +(a) achieves a local minimum, so Aa . t(Aa,n,(;(ﬂx)) = 0.

By (A.13), P(S,(4)) — 1 for any small enough 4, and hence there exists a sequence 4, | 0, such that
P(S,(6,)) — 1, as n — 0. Now, let Aoéyn(t|:c) A, .6, (t|x) if v € S, (4,) and arbitrary otherwise. Since
v € Sp(d,) implies As)wt(zzl\an(ﬂm)) = 0, we have that

P (AL, (Aan(tlz)) = 0) > P (Su(6.)) = 1,
as n — o0, which establishes the existence part. Note that the measurability of the local minimum can
be verified in the same way as it is done in the framework of maximum likelihood estimation (see e.g.

Serfling, 1980, p. 147).

Concerning now the uniform consistency of the solution sequence, note that for any € > 0 and n large
enough such that §,, < e, we have

P sup
te[0,1]

A\a,n(ﬂw) — Ao(t|x)‘ < 8) > P < sup

te[0,1]

Ao (t]z) — Ao(t|:c)‘ < 5n>
= P(Sn((sn)) -1,

as n — o0, whence the uniform consistency of the estimator sequence.
A.7. Proof of Theorem 2./

o,z,t

The starting point is (2.4). According to Corollary A.1, {\/nhpﬁ(l) (Ao(t]z)),t € [0, 1]} weakly con-
verges, as n — o0, towards a tight centered Gaussian process and

{B%, (Ao(ta) 2 e [0.1]} = {62 (Aotla)), ¢ € [0,1]]}.

Combining these results with (A.14), we have, as n — 0,

N =

{[Aji,tmommw AL J(At)r)) (Aa,n(t]a) — Ao(t|~’0))]_ ,te[o,l]}

= { [ ottt

-1

,te[O,l]}.
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Concerning the covariance structure, it follows from Theorem 2.2 and the fact that

where
T.(K, Ao(t|2),t,0,0, — 1|z)
T (t|x) == | Tu(K, Ao(t]x), t, o, 0, a — 1|x)
T, (K, Ao(t|z), t, o, 1, a|z)
A.8. Proof of Lemma 3.1
We use the following decomposition
Foj(yle) = Fi(ylz) = N [ 7121( {Y(])< , —E Kc(x—X)]l{y(j)@})]

n' YT Ke(o— Xi)1 y@ <y
e gt | S e - X0 -E e

nT YL Kelw =Xl o0y
nt YL Ke(z = Xi) - f(@)

4
=: Z (y|z).

(y|x) we show that, for ¢ > 1,

In order to study T4 (y|z) and T3

e , B | log |
E [(WS)EHEXRP n ;Kc(w — Xl —E [Kc(x - X)H{Y(.i)gy}} ] = o < o > ,(A.15)
“ ey B B | log c|?
[:;1}15) n- ; (z E[K.:(z X)]] = o ( g .(A.16)
To this aim, let us introduce the class
T—v
g = {( )—>K< 7 >]1{ugy};yeR,xeRp,d>O}
= {K <x;> ;xeRP A > O}@{]l{.gy}; yeR}
= G1®G.

Under Assumption (K3), G1 is a uniformly bounded VC-class of measurable functions (see e.g. Giné and
Guillou, 2002). Next, since the collection of all cells {(—0, a],a € R} is a VC-class of sets, it follows that
Gs is also a uniformly bounded V(C'-class of measurable functions. Now, using the fact that the covering
number of the direct product of two VC-classes is bounded by the product of the respective covering

numbers,

gn = {(U,U)—)K<x_v> ﬂ{ugy};y€R7xeRpac=c’n>0}7
Cc

admits the same bound for the covering number as G, that is

o (1 2(Vg—1) [ Ag vg
N(Gn, L2(Q), 7| K[ ) < CVg(16e) "¢ = =\{%) >
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where C is a universal constant, 7 € (0,1) and Vg is the VC-index of G (see Theorem 2.6.7 in van
der Vaart and Wellner, 1996). Now, according to Proposition 2.1 in Giné and Guillou (2001) (see also
Theorem 2.1 in Giné and Guillou, 2002) for 0 > sup,eg, Var(g), U = | K|, and 0 < o < U, there exists
a universal constant B such that

E sup
(y,z)ERXRP
Uyg log (UAQ> + \/z/gn02 log (UAQ> ] .
o o

z—X
Var (K (S5 ) oy ) <o [ K20 o = eudu < 71 IKTE

n

7’L*1 Z KC(QL' — Xi)]l{yi(j)éy} — ]E [Kc(x — X)]l{y(j)éy}]
i=1

< [n?]7'B

Since

the choices 02 = 02 := c?||f||K|% and U = | K|, imply that 02 < U? for n large enough. This yields
(A.15). Similar arguments can be used in order to show (A.16). Since f(z) > b,Vz € Sx

log c|?
E sup  |Ti(ylz)|| =0 [ og | , for k=1,3.
(y,z)eERx Sx ncP

Concerning T5(y|z), remark that

E [Kc(x — X)]l{y(j)gy}] — f(@) Fy(y|z)

B[Ke(r — X)F;(y|X)] = f(2) Fj(ylz)

. Ke(x —u) [Fj(ylu) — F;(ylo)] f(u)du

+File) | Ko = )lf(0) = f(@)ldu

= o(c"),

by Assumptions (D) and (F). The same bound can also be obtained for Ty(y|z). This achieves the proof
of Lemma 3.1.

A.9. Proof of Theorem 3.1

Let
In = {gg’gynzee@,(SEH}

where for 0 := (t,a) € © :=[0,1] x [1/2,1], and 6 € H := {§ = (01,02); 6 : R x R x Sx — R?},

VhPKp(x — u)qo,5(Y1, Y2, v)
Ve Ky (z —u)a[Zo,s(y1, y2,w)]’ exp (—AaZo,s(y1, Y2, )

96,60 (Y1,Y2, 1)

with

3 —lo 1 y Y2, U —lo o ) Y2, U
oatina) = i (B0 2105 (1100

1—t¢ ’ t

For convenience, denote &, := (F, 1, F,, 2) and 8y := (F}, F>). According to Lemma 3.1, r;!|8,, — o]
converges in probability towards the null function Hy := {0} in H, endowed with the norm |d]y :=
[61] + [|02]lec for any 6 € H. In order to apply Theorem 2.3 in van der Vaart and Wellner (2007), we
have now to show
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Assertion 1: supgeg /nPG,(0,b,) — 0 for every b, — 0

and

Assertion 2: supg.g |G, G (6, 0)] 250, for every b > 0,
where G, (0,b) is the minimal envelope function for the class

gn(97b) = {99,50+Tn6,n — 396,60,n * d¢e H> H(s”H < b}7

i.e.
Gn(0,b) = sup |99,5o+rn5’n_99,5o’n|
8] m<b
= VhPKp(x—-) sup |qo,60+r.6 — q0.50] (A.17)
18] m<b

Now, remark that V(y1,y2,u) € R x R x Sx

Sup 49,80+r,8 — 48,801 (Y1, Y2, 1) = sup 196,60 +7,.6 — 4880 |(y1, Y2, 1),
6]z <b (01(y1,y2,u),02(y1,y2,u))€B
where B := {(z,y) € R? : |z| + |y| < b}. Since B is compact and & — gg.5(y1,y2,u) is continuous,

(A.17) reaches its supremum on at least one position &3 ,(y1,y2,2) = (85 ¢ ,(y1,¥2,2),05 4 , (Y1, 92, 7)) in
B. Thus, according to Theorem 18.19 in Aliprantis and Border (2006), one can find a measurable function
5, bounded by b in H such that

Gn(ov b) = |90,60+»pn5;‘1b’n - 99,50,n|~

Proof of Assertion 1. For any positive sequence b,, — 0, we have

JnPGy(0,b,) = NVl | K(u)E [|q0’50+rn6§b —gos)|X =2 — hu] F(z — hu)du.
Sk on

Note that for any (§,8’) € H x H, using (A.4)

+xC
|(J9,5 - qg,51| < a” J(; |ﬂ - ACLS|S:3*167)\a8]1{86[min(26,5,2915/),max(Ze’(;’ZeYa,)]}dS- (A.18)
Consequently
E [|QQ,5O+T”53‘,% —qo,5,||X =z — hu]

+0
<ad f |8 — Aas|s” te P (s € [min(Z,
0

, Zo,50), max(Z ,Ze,ao)]‘X — hu) ds.

,Jo+rn5;k$bn 9,50+'rn5;bn
Remark now that

{S € [min(Zy 5, r, 6%, +Z0.60)mxX(Zg 5,11, 5%, Ze,ao)]}

= {es € [min (max (|F1 + 70 g,

1 1 1 1
1=t ,|F2 + T”L(S;@,b” t) , max (Fll t,F2t>>:|}

1 1 1 _1
< {8_5 € [min <|F1 + 70 g0, [ 7F11_t> ; max (|F1 + 78T gy, [ T ]}

1
t

v {e*s € [min <|F2 + 7030, |% ,F ) , max (|F2 + Tn‘s;,e,bnﬁ ,Fj)]}
c {@*(1,,5)5 € [min(|Fy + rnd5 4, |, F1), max(|Fy + 705 g4, | ,F1)]}
,F2)]}
c {e—“—ﬂs € [Fy — rybn, Fy + rnbn]} U {e™ € [Fy — rnbn, Fa + rnbn]}
=: An1(s) U A,a(s).

max (max (|F1 + 7007 g4,

s FQ), maX(|FQ + Tn(s;ﬁ’bn

U {67“ c [min(|F2 + Tn(s;,e,bn
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Since for any subsets A and B we have 14,y < g4y + lyp;, we can deduce that

P (s € [min(Zy g4, 58, Z0.60)sm8x(Zg 511,53, + Z050)]IX =2 = hu)

<P(Ap1(s)|X =2 —hu) + P (A, 2(9)|X =2 — hu)
1

1
= J Wyem=tsc[omrp by ot b ]} AV +f Wye—teefvmrpbn,vtrnba]}dV
0 0

< 2rpb, + 2r,b, = 4r,b,,. (A.19)

This implies that

ve
VnhPE [|q9750+m5:b —qo.5,|| X =2 — hu] < ANVnhPrpb, sup J a”|B — as|sP~le % ds.
sbn 0

ae[1/2,1]

This achieves the proof of Assertion 1 since K is bounded, sup,e(q/2,1] S; a¥|B — Aas|sP~le A3 ds < +o0,
\/nhPr, — 0 and b, — 0.

Proof of Assertion 2. The idea is to apply Lemma 2.2 in van der Vaart and Wellner (2007). To this
aim, first observe that the class £, (6, b) admits an envelope function E,, of the same form as F), in (A.12),
for some suitable constant M > 0. Thus E,, satisfies the conditions (A.8) and (A.9), with F,, replaced by
FE,. Consequently, it remains to show the two following convergences

sup PG2(0,b) — 0, (A.20)
0c©
J(dn, {Gn(0,0) : 0 €O}, Ly) —> 0 for all dy, \, 0. (A.21)
We start to show (A.20). Since
PG2(0.0) = | K*WE (Ia55,4r,55, = G000 2| X = 7 hu) fla — hu)du,

Sk

and (A.18), (A.20) follows from the proof of Assertion 1.

Now, to deal with the uniform entropy integral, we can adjust the lines of proof of Theorem 2.1 by
considering the classes of functions defined on R x R x Sx

¢ owow, j=1,2,
where U is either the function

(Y1, y2, u) = (= log(Fi(y1u)), —log(Fa(yz2|u))

or
(y17y2au) - (_ IOg (|F1(y1|u) + Tnd:lk,e,b(yla y27u)|) 7_10g (|F2(y2|u) + Tné;,@,b(yhy%u)b)

which are VC-classes. This allows us to prove that there exist positive constants C and V such that

1 1%
< -
Q,Q) \C<7_) )

from which (A.21) follows. This achieves the proof of Theorem 3.1.

Slép N({Gn(97 b) . 9 € @} ) L2(Q)?T”En‘
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A.10. Proof of Theorem 3.2

One can check that the proof of Theorems 2.3 and 2.4 are mainly due to the asymptotic properties of

ﬁfx )z +»J = 1,2 and 3. Thus, if we are able to prove that the two key statistics 7}, and T, are sufficiently
close enough, in the sense that

sup ke T, — T, | (K, a,t,\, B,7|z) = op(1), (A.22)
te0,1],a€[1/2,1]
and
sup V7B || = T | (K, .12, 8,912) = o(1), (A.23)

te[0,1],a€[1/2,1]

then we can swap Afj)ﬂ by AL j = 1,2 and 3. According to Theorem 3.1, (A.22) is a direct consequence

a,x,t)

of (A.23). So it remains to prove (A.23). Note that
VIE|g0.6,.0(Y DY, X) = g g0 (YD, YD, X) |
< /nPG,(0,b),

since d,, € 8o + r,,B(0,b) where B(0,b) := {d : |8z < b}. This implies that

sup VnhP E [ vn —

te[0,1],a€[1/2,1]

\/WE[VH—

n ] (K,a,t,\ B,v|x) i [\/]TpKh Tz — )a”Z’@ oAzt

nt1

—VhPKp(z — Xi)a”Zgie”\“Z“]

YA\

|Koat A Bal) < s JRPGL(0,b) = o(1)
te[0,1],ae[1/2,1]

n

by Assertion 1 since it is clear from its proof that b, — 0 can be replaced by any fixed value b in (A.19)
without changing the conclusion. This achieves the proof of Theorem 3.2.
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