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SPATTIAL QUANTILE PREDICTIONS FOR ELLIPTICAL RANDOM
FIELDS

V. MAUME-DESCHAMPS, D. RULLIERE, AND A. USSEGLIO-CARLEVE

ABSTRACT. In this work, we consider elliptical random fields. We propose some spatial
quantile predictions at one site given observations at some other locations. To this aim,
we first give exact expressions for conditional quantiles, and discuss problems that occur
for computing these values. A first affine regression quantile predictor is detailed, an
explicit formula is obtained, and its distribution is given. Direct simple expressions are
derived for some particular elliptical random fields. The performance of this regression
quantile is shown to be very poor for extremal quantile levels, so that a second predictor
is proposed. We prove that this new extremal prediction is asymptotically equivalent
to the true conditional quantile. Through numerical illustrations, the study shows that
Quantile Regression may perform poorly when one leaves the usual Gaussian random
field setting, justifying the use of proposed extremal quantile predictions.

Keywords: FElliptical distribution; Quantile regression; Extremal quantile; Spatial prediction, Krig-
mg.

1. INTRODUCTION

Kriging, introduced by Krige (1951)), and formalized by |Matheron| (1963)), aims at predicting the
conditional mean of a random field (Z;);cr given the values Z;, , ..., Z;, of the field at some points
t1,....,ty € T, where typically T C R?. When using the Kriging techniques, for any = € T, the con-
ditional mean of Z, given Z;,, ..., Z;, is approximated by a linear combination of Z; , ..., Z;,, where
the weight vector is the solution of a least square minimization problem (see Ligas and Kulczyckil
2010, for example). It seems natural to predict, in the same spirit as Kriging, other functionals by
linear combinations. Our starting point is to apply this method to conditional quantiles and then
get spatial quantile predictions.

In 1978, Koenker and Bassett proposed a conditional quantile estimation as an affine combination
of Zy,,..., Zty, called Quantile Regression (cf. Koenker and Bassett} [1978]). The weight vector is
the solution of a minimization problem, with an asymmetric loss function, different from the least
squares.

Obviously, for Gaussian fields, Z,|(Zy,, ..., Zsy ) is still Gaussian, and the conditional quantile of
Zy given (Zy,, ..., Zty) is easily computed. For non Gaussian fields, explicit formulas for condi-
tional quantiles are more difficult to get. The Quantile Regression approach usually requires time
consuming simulations to compute expectations. Moreover, the consistency of the estimation by
quantile regression is not guaranteed.

In this paper, we focus on elliptical random fields. Elliptical distributions, formalized by |Cam-
banis et al.| (1981), have the advantage of being stable under affine transformations. Therefore,
explicit formulas for the quantile regression may be obtained for consistent elliptical distributions
(cf. [Kano| (1994)). Nevertheless, the quantile regression is generally not equal to the conditional
quantile and the difference may be large, especially for extreme levels of quantile. This is why we
propose a spatial quantile prediction that is adapted to extremal quantiles.

The paper is organized as follows. In Section [2| we give some definitions, properties and ex-
amples of elliptical distributions satisfying the consistency property. For these models, we give
formulas for conditional quantiles in Section [3] The Section [d]is devoted to quantile regression for
consistently elliptical random fields: closed formulas are obtained. In Section [§] we prove asymp-
totic equivalences when the quantile level is close to 0 or 1. Section [f] provides a numerical study.
In particular, we emphasize the fact that quantile regression is generally not consistent, especially
for high level quantiles. We illustrate this point on several examples.
1
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2. ELLIPTICAL DISTRIBUTIONS

In this section, we recall some useful properties and classical examples of elliptical distributions.
Most results may be found, for instance, in [Frahm| (2004).

Definition 2.1. Let X be a d—dimensional random vector. X is elliptical if and only if there
exists a unique u € R, a semi-positive definite matriz ¥ € R¥™¢, and a function ® : R, — R such
that the characteristic function of (X — p) is

E [exp(it(X — p))] = ®(t'St).
For such an elliptical random vector, we write X ~ E;(u, X, @)

It seems important to note that ¥ is not necessarily the covariance matrix of X. More precisely,
Y is proportional to the covariance matrix K of the random vector X, when it is defined, i.e there
exists a positive coefficient 7 such that:

(2.1) Y=7K
For example, for Gaussian distributions, 7 = 1, i.e ¥ = K. But this is not always the case for all
elliptical distributions: for Student distributions with v degrees of freedom, 7 = “=2. Furthermore,

1%
K may not exist (e.g. for Cauchy distributions). In the present paper, we do only consider the

case of non-degenerated distributions, i.e. we assume that the matrix ¥ is invertible.
The following representation theorem is central in the theory of elliptical distributions. This
result may be found in |(Cambanis et al.| (1981)).

Theorem 2.1 (Cambanis, Huang, Simons, 1981). The random vector X is elliptical, X ~ E4(u, X, ®),
if and only if

(2.2) X = p+ RAUW,

where AT =%, U is a d—dimensional random vector uniformly distributed on S (the unit
disk of dimension d), and R is a non-negative random variable independent of U@,

The representation of Theorem is not unique (see |(Cambanis et all |1981] for details). Given
w and X, the elliptic random vector X is characterized by the non-negative random variable R,
called the radius of X. We now recall the consistency property of an elliptical distribution. The
related definitions and properties may be found in [Kano| (1994)).

Definition 2.2. Let X ~ Ei(u, X, ®). X is said consistent if ® is dimension-free, i.e. if ® does
not depend on d.

Kanol (1994)) established the following relation between Definition and the radius R.

Proposition 2.2. Let X ~ E;(u, X, @), and let R be the corresponding radius of X. X is consistent
if and only if :

(2.3) R4 XL
€

where xq is the square root of a x? distributed random wvariable with d degrees of freedom, € is
a non-negative random variable which does not depend on d, and xq, € and UD are mutually
independent.

Theorem 2.3 (Elliptical density). Let X € R? be an elliptical random vector, X ~ Eq(u, 3, ®),
and let R be the corresponding radius of X.

(24) fx(z) = mgd (@ =S (@ —p)

where gq(t) = L%i)\/f_(d_l)fR(\/f), and fr(t) is the p.d.f of R.

272

The coefficient ¢4 is called the normalization constant and the function g4 is called the generator
of X. Table [I] provides some examples of elliptical distributions, associated with their coefficients
and generators. Most of them may easily be found in the literature: Kotz distribution is introduced
in [Nadarajah (2003), Student in |[Nadarajah and Kotz| (2004)), and Laplace in [Eltoft et al.| (2006)



SPATIAL QUANTILE PREDICTIONS FOR ELLIPTICAL RANDOM FIELDS

Distribution Coefficient ¢4 Generator g4(t)
Gaussian (2;% eXP(*%)
r() i\~
Student, v > 0 %) o (1 + V)
+oo -1
B r($) d_1  e® exp(—3t)
Logistic 2 % bf T2 ey 4T (1+exp(—1t))?
sr(4 2q+d—2 _ .
Kotz, ¢,r,s >0 ﬂp(zqilz)r S ta—1 exp(—rts)
2s
n 2
Unimodal GM (2;% ;;1 105 exp (—%’“ )
K 2¢
Laplace, A > 0 x 2)4 (31();1)
27) 2 227
2
. F(§%i> X3+1@)
Uniform GM 7 FESY
Vor2 t—2

TABLE 1. Some classical d—dimensional elliptical distributions with cor-
responding normalisation constants and generators

and |[Kozubowski et al.[(2013). We added two other distributions, obtained with Kano’s representa-
tion : Unimodal Gaussian Mixture (Unimodal GM), and another one which will be called Uniform
Gaussian Mixture (Uniform GM).

In Table [} K,,(z) denotes the modified Bessel function of the second kind with order m, and
x2,(z) denotes the c.d.f of the x? distribution with m degrees of freedom, evaluated at z. Remark
that the Cauchy distribution corresponds to a Student distribution with v = 1 degree of freedom.
In this paper, we focus on consistent elliptical distributions. Unfortunately, Logistic and Kotz
distributions do not have this property (except the Kotz distribution with s = ¢ =1, and r = %, ie
the Gaussian distribution). Therefore, our examples will only refer to the distributions mentioned
in Table[l} For these models, the non negative random variable € is given in Table

Distribution €
Gaussian 1
Student, v > 0 X
Unimodal Gaussian Mixture | > mdp,
k=1
Laplace, A > 0 %
£(x)
Uniform Gaussian Mixture | U (]0,1[)

TABLE 2. Some classical consistent d—dimensional elliptical distributions
with corresponding random variable €

We have seen that an elliptical distribution is characterized by parameters p, X, and by either
the characteristic function ®, the radius R or the generator g,;. For this reason, we define the
distribution of an elliptical random vector by any of these three possible characterization, using
indifferently the notation X ~ &Eg(u, 2, ®), X ~ Ei(u, X, R) or X ~ E4(u, X, gq). At last, in
order to emphasis the role played by the radius and the dimension, we also use the denomination
(R, d)—elliptical, as defined hereafter.

Definition 2.3. An elliptical random vector of R with radius R is called (R, d)—elliptical.
The following proposition, from Hult and Lindskog| (2002), is the basis of our study.

Proposition 2.4 (Affine transformation). Let X a consistent (R, d)— elliptical random vector with
parameters i and X. Then for any ¢ € R?, ¢T X is (R, 1)—elliptical with parameters c* p and ¢ Ye.
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Proposition implies that an affine transformation of a (R, d)—elliptical random vector is a
(R, 1)-elliptical random variable. The proposition below is a direct consequence of this result (see
Hult and Lindskog] [2002, for a proof).

Proposition 2.5 (Subvectors distributions). Let X = (X1, X2)? be a consistent (R, d)—elliptical
random vector with X1 € R, Xy € R%, dy + dy = d and parameters w and X. Let us write:

Y11 X2 1
$= = .
(221 Ezz) . (,UQ
Then X1 and X5 are respectively (R,dy)— and (R, ds)—elliptical with parameters pi, 11 and pa,

Ylog, Tespectively.

Remark that a p—dimensional subvector of a (R, d)-elliptical random vector with the consistency
property is (R, p)—elliptical. As a consequence when p = 1, all marginals are (R, 1)—elliptical. The
following proposition gives some indications concerning the conditional distributions of elliptical
vectors.

Proposition 2.6 (Conditional distribution). Let X = (X1, X2)T be a consistent (R, d)—elliptical
random vector with with X, € Rdl, X5 € RdQ, di + do = d and parameters p and ¥. Let us write:

Y X2 M1
2.5 5= = .
(25) (221 E22) a (ﬂz
The conditional distribution Xo|(X1 = x1) has parameters:

(2.6) { pap = pi2 + S By (w1 — )
22‘1 - 222 - 2212;11212

Furthermore, Xo|(X1 = 1) s elliptical, with radius R* given by :

(2.7) R* £ Ry1-5 ‘ (RJBU“” =On' (21— ul))
where C11 is the Cholesky root of 11, and B ~ Beta(dz—l, %)

At last, the conditional density of Xo|(X1 = x1) is given by :

Co|1 —

(2-8) fxz\xl (332|3?1) = b | |é dd (Q1 + (22 — M2\1)T22|1($2 - M2|1))
2[1

with ¢ = m, and ¢ = (x1 — Ml)Tzﬁl(Jfl — p).

Proof. For Equations (2.6) and (2.7)), a proof may be found in [Frahm| (2004). Concerning Equa-
tion (2.8)), the proof is obvious, since fx,|x, (z2|z1) = D02 @ms) Sy

fxq(z1)
gy (o )75 e )
(2.9) fxa1x, (22|z1) = ca
T9d; (ql)
[Z11]2

Since (z — p)"S e — p) = 1 + (22 - M2|1)TE§\}($2 — pig1) and |E[ = [S11][Xg)1], we get the
expected result. O

We have introduced the main definitions and properties of elliptical distributions. With these
tools, we can define the notion of elliptical random fields. Indeed, a random field (X(t)),c is
R—elliptical if ¥n € N, Vtq,...,t, € T, the vector (X (¢1), ..., X(t,)) is (R, n)—elliptical. Obviously,
it implies that all the k—dimensional subvectors of (X (t1),..., X(t,)) are (R, k)—elliptical. This
assumption corresponds exactly to consistent elliptical distributions properties given in Proposi-
tions and in [Kano| (1994). We thus focus our study on elliptical distributions with the
consistency property.

In the following section, we focus on conditional quantiles of elliptical distributions, applicated to
our problem of spatial prediction.
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3. CONDITIONAL QUANTILES

In this section, we give exact expressions for conditional quantiles of an elliptical random field,
and discuss problems that occurs for computing these values.
From now on, we consider the following context: (X(t)),c, is an R—elliptical random field.
We consider N observations at locations ti,...,txy € T, called (X(t1),...,X(tn)). Our aim is
to predict, at a site ¢ € T, the quantile of X (¢) given X (¢1),..., X(¢tn). Remark that the vec-
tor (X (t), X(t1),...,X(tn)) is (R, N + 1)—elliptical. Thus, we can denote X = X (t) € R and
X1 =(X(t1),..., X (tn)) € RN and restrict ourselves to the study of the g, (X2|X7).

3.1. General case. Let us firstly give an expression of the theoretical conditional quantile. Con-
sider the respective cumulative distribution functions ®g and ®%,

(3.1) {%(w) = P(RUM <z),

Pp-(z) = P(RUD<2),

where U™ is 1 or —1 with probability % ®r and PR+ are respective cumulative distribution
functions of the reduced centered (R, 1)—elliptical random variable and (R*,1)—elliptical random
variable. With this notation and the conditional generator given in Equation , we get the
following result.

Proposition 3.1 (Conditional elliptical quantile). Let X = (X1, X2)T be a consistent (R, N +
1)—elliptical random vector with X1 € RY, Xy € R and parameters . and . Let us write X:

Y11 X2
Z =
(2321 Y92
Then the a—quantile of Xs|(X1 = x1) is given by :
(32) do (X2|X1 = l‘l) = M2 + 22‘1(?}_{1(04)
where fig1 and Y1 are given in Equation (2.6)), and R* in Equation (2.7).

Proof. We know that Xo|(X1 = 21) ~ pgj1 + R*, /E2|1U(1). Then, our aim is to get ¢, such as :

P (pop + R* /S UM < qo) = o

Since P (u2|1 + R*\/ZQHU(D < qa) =P (R*U(l) < q‘“z\/ﬂ“> = Pp« (qi‘/;7’“>, we easily get the
2|1

2|1

expected result. O

A general expression for conditional quantiles of consistent elliptical distributions is thus avail-
able. However, Equation shows that the conditional radius R* is difficult to exploit and thus,
the calculation of the conditional quantile is not tractable in general. Indeed, the term ®5!(a), is
difficult to calculate, since the conditional density in Equation leads to the inverse problem
in z:

T

/ copngn+1(qn +t7)dt = o

—0Q0

where cy|1 is given in Proposition Computing and inversing the function ® g« from the distri-
bution of R* is not easier, since the latter is hard to obtain. We thus have a general expression for
the conditional quantile which is not easy to compute in the general case.

Fortunately, in several cases, we get an explicit formula for conditional quantiles. We propose
two classical examples: Gaussian and Student distributions. We thus get explicit formulas for
some simple cases, but it would not be possible in some other cases, such as Gaussian Mixture
distribution.
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3.2. Gaussian case. The Gaussian case is the most famous one and the simplest case of elliptical
distribution. Since a conditional Gaussian distribution is still Gaussian, we have:

(3.3) Xo|(X1 = x1) ~ N(pop, Xop1)

with 91 and o)1 given in Equation (2.6). Then, the calculation of the conditional a—quantile of
Xo|(X1 = x1) is immediate, and gives:

(3.4) 4o (Xo| X1 = 21) = pio)1 + /S @ ()
where ® is the standard Gaussian distribution function.

3.3. Student case. In the Student case also, we get explicit formulas for conditional quantiles.
For that purpose, we need to introduce some properties of Student distributions. The lemma below
and associated proof may be found in |[Nadarajah and Kotz (2004).

Lemma 3.2. Let X be a d—dimensional Student distribution with v degree of freedom and param-
eters u € R% and ¥ € R4, Consider X = (X1, X2)T with X1 € R%, Xy € R% and dy + dy = d.
Then the density function of the conditional random variable Xo|(X1 = x1) is given by the following
equation.

dg
vidy 12

v

(3'5) fX2\X1('T2‘=T1) = 1+%Q1

_v+4d
r(49) {1 lqml(@)} 2
(v +d)m) FT () Sy 3 L V1t @

where g1 (x2) and g1 are the Mahalanobis distances :
{ Qi (z2) = (72 — Mzu)TEQ_ﬁ(sz — p21)
Q= (z1 — )"0 (21 — ) -
With the conditional density, we can deduce the conditional c—quantile, in the following propo-

sition.

Proposition 3.3 (Conditional Student quantile). Let X a N+1—dimensional Student distribution
with v degree of freedom and parameters p € RNT! and ¥ € RWTDXIN+D - Congider X =
(X1, X2)T with X1 € RN and Xo € RY. The conditional a— quantile of X5|(X, = x1) has the
following expression

v 1 _
(3.6) 9o (X2| X1 = 21) = pigp1 + \/E2)14/ Al 1+ EQ1‘I’V+1N(0‘)~

2
Proof. We consider the density (3.5)), with d; = N, d2 = 1. We have qy1(z2) = % € R.

Let ¢, be the conditional quantile of X5|(X; = z1). It satisfies:

do
/ Ix1x, (22]21)dzs = o

Hence :
r (I/+N+1) VN 3 I 1 ”+Nq2‘1(a?2) — et
2 v v —
IT (i il ></ 1+1/+N T2 dre = «
((v+ N)) F( s )|22‘1\ Q1 S Q1
: : _V VtN(szﬂz\l) P
Considering z = 7@ W= we obtain:
(™) x / 1y 2 o d ith
z =, wi
((v+ N)m)sT (“5N) v+ N
VtN (qa — /1'2|1)
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Let @, be the one dimensional Student distribution with N +v degrees of freedom. It is obvious

that
\/ #(QQ - ,LL2|1)
¢I/+N =«
V32114t

v 1
o = — /814 =@} .
q M2\1+1/V+N\/ 211/ +oa®,y(a)

We did not obtain such simple results for other elliptical distributions. In order to predict
conditional quantiles for other elliptical distributions, we propose, in what follows, two approaches.
In the following section, we apply quantile regression in the case of consistent elliptical distributions.
In Section bl we focus on extreme quantile levels, i.e when the quantile level « is close to 0 or 1.

As a consequence,

O

4. QUANTILE REGRESSION

In this section, we propose quantile regression predictors for elliptical distributions. We give
direct explicit expressions for these predictors as well as their distribution.
Quantile regression, introduced by |Koenker and Bassett| (1978), is a classical way to estimate
conditional quantiles of a distribution. If X; € RY and X, € R, the a—quantile of X»|(X; = z1)
is approximated by

(4.1) 4o (X2 X1 = m1) = BT w1 + 3,
where 8* and (3 are solutions of the following minimization problem

(4.2) (B*,B;) = argmin E [¢o (X2 — BT X1 — Bo)] -
BERN BoeR

and where the scoring function ¢, (see|Grant and Gneiting), 2012) is

(43) ¢a($) = (Oé - l)xl{w<0} + a$1{$>0} = or — xl{w<0}-

Obviously, given Equation ([4.2), we need to assume the existence of moments E [X;] and E [X»]. It
excludes some elliptical distributions with the consistency property (such as the Cauchy distribu-
tion). Most of the time, we need simulations to find the solution, and an appropriate algorithm, for
example MM algorithm (see Hunter and Lange, 2000) or stochastic gradient (see|Zheng} 2011). As
an example, the package quantreg of R performs simulations of (X7, X3) and solves Equation
by simplex or interior point algorithm. These simulations are computationally expensive. Further-
more, it is difficult to get the distribution of the estimator. It is a reason why we propose another
approach for consistent elliptical distributions.

In the following, we denote by EX(N + 1) the set of consistent elliptical random vectors X in

RN+ with X = (X1, X2)7, X; € RY and X, € R, having an order one moment. We shall get an

explicit formula for 5* and 5j. Let us recall the distribution function introduced in Equation (3.1)),
Pp(zr) =P (RUY <z) .

From Equation (2.8]), we get

xr
(4.4) Dr(z) = / c191(z?)dx.
We will use this notation later in our formulas.

The next lemma is an explicit formula of a truncated moment for a bivariate elliptical distribution
with the consistency property.
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Lemma 4.1. Let (X,Y) be a consistent (R, 2)—elliptical vector, which admits an order one mo-

2
. o T o Ox pPOXOYy
ment and with parameters p = (ux, py )’ and ¥ = (,OO’XUY o2 ) Then

(4.5) E[X1{yso1] = ux®r (,uy) + pox / c12g1(2%)dz.

ry

Ty

Proof. Let f(xy) be the density of the random vector (X,Y’). Then

+0o0 +0oo
(4.6) E[X1iyso] = / /xfx’y(x,y)dxdy.
—oo 0
We get:
+oo +oo
[ atxrte.is = i / Lrtelie— et [ et alpis

We recognize the integral expression of the conditional mean of X|Y, which is given in Equa-

tion :
+oo
/ rfxy(z,y)de = fy (W)E[X]Y =y] = fy(y) <ux + p%(y - w))-

Integrating with respect to the second variable y,

+oo
ox
(4.7) E[X1{yso] = / fr(y) (ux o - w)) dy.
0
Recall that fy (y) = 71 (w_a#), this leads to
Y
T T (v~ )?
P _ _
E[X1{yso}] = px / fr @)y + p=e; / Y uyg1 < Y 5Y >dy.
oy oy UY
0 0
Using the change of variable z = -1 we get
+oo

E [X1{ysoy] = px®r ( Y) + pox / crzg1 (%) de.

ry

Ty

Hence the result. O

Previous lemma is a keystone to find 8* and 33. Let p; be the correlation coefficient between
X1, and the random variable X —B*T X, —Bg. Indeed, X1, is (R, 1)—elliptical with parameters i,
and afj. Furthermore, X, — 8*7 X — 33 is (R, 1)—elliptical too, with parameters pus — 8*T g — 3%
and (—8*,1)TX(-p*T,1). Hence the (R,2)—elliptical vector (le,XQ - TX, — ﬁg) admits as
second parameter the matrix :

( U%J pioi/ (=B DTE(=BT, 1>>
piog V(= )TE(=FT.1) (=55 1)TR(=8"T,1)
Proposition 4.2 (Explicit form of 5*). Let X = (X1, X2)T € EX(N +1). The optimal B* is given

by :
(4.8) B* =Y.
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Proof.
(4.9) (8*,5;) = argmin E [qﬁa (Xg - pTX, — ﬁo)]
BERN ,BoeR
Equation (4.9)) is equivalent to :
E[-X1¢,(Xs — BT X1 - B5)] =0
4.10 > * ¥
(4.10) i i s bl L
with the scoring function derivative :
(411) Po(@) = (@ = Dlgzcoy +al{zsoy = (@ — 1) + Lizso)
We obtain
(412) { (1—04>E [X]] _]E[Xll{ngﬂ*Txlfﬂ*>O}j|
(1-a)-E [l{Xz—ﬁ*TX1—55>0}T =0

Since Xo — B*TX; — B3 is (R,1)—elliptical, with parameters @ = pus — *Tpu; — 85 and ¥ =
*1D)TY(-p*,1). Then E [1{X2,ﬁ*TX1,ﬁS>O}} =P (Xg - B8TX, — B > 0), i.e, if we denote

1

3

—7 fi

o

Next, thanks to Equation (4.5)), we have, for j € {1,..., N} :

(4.14) E [X1;1{x,—p7x,—g:>01] = 11, PR (Z) +pjor; | crzgi(2%)dz

q\\:\\%-

Finally, Equation (4.12)) may be written as :

“+o0

H1j {(1 —a)—Pp <'Z>} — PO, / c1z91(2%)dz =0
B
>

(4.15) Vi€ {1,..,N}
(1-0a)—@r (£) —0

Therefore :

(4.16) pio1; | c1zgi(2?)dz =0,Yj € {1,...,N}

Ve \%-

Then p; =0,Vj € {1, ..., N}. Now, it is not difficult to see that g* = EﬁlElg. Indeed, the second
parameter of the (R, N + 1)—elliptical vector (Xl, Xy —pTX, — Bé) is :

211 ORN
(03@ (=% D)TE(=pT, 1))

Hence its determinant is (—3*,1)7%(—8*T,1)|S11|. Using the conditional moments of Xy —
B*T X, — B;| X, given in Proposition we get the following equation :

Yo = Xog — £01 81 E1e = (8%, )TE(-pT, 1)
Since (—B8*, 1)TR(=B*T,1) = Sgy + B*T%11 8" — 28*T%15, the previous equation is equivalent to :
267512 — BTE1B" - T D' T2 = 0

The convex function 28*T %15, —8*7 %1, 5* —2212;11212 reaches its minimum 0 at 8* = 2;11212. O
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This result shows that a quantile regression through a linear model is meaningless. Indeed,
the vector EﬁlEu does not depend on « and corresponds to the vector of weights in the Kriging
mean (cf. |Cressie, [1988)). Using a linear predictor, the result of the quantile regression, whatever
the quantile level o € [0,1], would be the conditional mean jgj; given in Equation . This
is why the addition of the affine term [; is required. Let us now calculate this term ;. As
mentioned in the last proof that, obviously, X — 8*T X; — B is elliptical with the same radius as
(X1, X2). With Equation , we are now able to prove that its second parameter is ¥, given

in Equation ([2.6)).
Lemma 4.3. Let X = (X1, X5)T € EX(N +1). Xo — BT X, is (R, 1)—elliptical with parameters
2 — Yo X and Yo = Yo — DISID I NP

Proof. The random variable Xo—3*T X7, as an affine transformation of a consistent (R, d)—elliptical
random vector, is obviously (R, 1)—elliptical. Furthermore, with the expression of * given in
Proposition E [XQ — B*TXJ = lg — Emzﬁlm- Concerning the second parameter, it is equal
to (=%, 1)* X(—p*,1). Thus,

(*5*7 1)TZ(*5*, 1) = U% - QZﬁfmeuUQ + Zﬁ; ZﬂfpiquUly
i=1 j=1 i=1

It may be rewritten in matrix form
(=B, 1)TE(-B"1) =05 — 28 T8, + B2 8"
Using that g* = 21_11212, we prove the following equality.
(=%, D)IS(=p"1) = 0% — 2501 5 T12 + 201 D' 11 B Sie = 05 — Zo1 X1 Sio,
which concludes the proof. O

We have seen that the conditional second parameter of our (R, 1)—elliptical random variable is
exactly the conditional second parameter Y9|; of Equation (2.6). We are led to our main result of
this section on quantile regression for elliptical distributions.

Theorem 4.4 (Quantile Regression Predictor). Let X = (X1, X2)T € EX(N +1). The quantile
regression vector (8%, 8%) of Xa|(X1 = x1), satisfying Equation (4.2), is given by

B = DIFD R
4.17 Z _
( ) { Bi = po—SuStur + 0’2|1<I>R1(a)
The Quantile Regression Predictor with level o € [0,1] is given by:
(4.18) Go(X2| X1 = 21) = pop1 + 091 5" ()

Furthermore, its distribution is

(4.19) 4o (X2| X1) ~ &1 (2 + 02 @5 (@), 221271 S12, g1)

Proof. B* is given in Equation (4.8]). Concerning 8§, it satisfies:
By = argminE [¢a (X2 - x, — 50)} .
Bo€ER
Finally, 8 is the a—quantile of the random variable Xy — 3*7 X;. We have seen in Lemma

that Xy — T X, is (R, 1)—elliptical with parameters ps — 2212;11;“ and ;. Then, using the
quantile formula of an elliptical distribution, and denoting g1 = /%31, we get:

B5 = p2 — S Xi 4+ oop @' (a).

With our optimal parameters 8* and f;, we can now express our Quantile Regression Predictor
of X5 given X = x1, §o(X2|X1 = 21), using Equation (4.1):

Ga(Xo| X1 = 21) = 21 + B85 = po + o X7 (21 — pa) + 02|1<I>1;1(a).
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We recognize, on the left, the expression of jip; given in Equation (2.6).

Concerning its distribution, we know that
(o (X2|X1) = p2 + S X7 (X1 — 1) + 091 P (a),

with X7 ~ En (1,211, 9n). As an affine combination of X7, using Proposition [2.4] g, (X2|X71) ~
& (/,LQ + 02‘1<I)§1(a), (2212;11)211(2;11212), gl). Hence the result. O

As an illustration of Theorem we now propose several examples, such as Gaussian and
Student cases, where the theoretical conditional quantiles are known (see Section . We also
consider the Unimodal Gaussian Mixture and Laplace cases, where we do not have any explicit
formula for theoretical quantiles. Numerical applications are proposed in the last section.

4.1. Gaussian case. We recall the theoretical formula of the conditional quantile of a Gaussian
distribution :

(4.20) Qo (Xo| X1 = 21) = poj1 + 02\1‘1’_1(04)-
In that case, the Quantile Regression Predictor §,(X2|X1 = 21) is exactly the same :
(4.21) (o (X2| X1 = 1) = popy + 0919~ ().

For Gaussian processes, the Quantile Regression Predictor and the theoretical conditional quantile
coincide.

4.2. Student case. The Gaussian case is the most simple one. Unfortunately, for Student dis-
tributions, Quantile Regression Predictor and conditional quantile do not coincide. Indeed, the
conditional quantile of a multivariate Student distribution is given by Equation (3.6):

[ v 1 _ -
qa(X2|X1 = le) = /,(,2‘1 + 0’2|1 M\/l + ;(l‘l - Ml)Tzlll(ml - Ml)(by_,’l_N(Oé)

The Quantile Regression Predictor is
Go(X2|X1 = 1) = pop + 021 @, ().

The error ¢o(X2|X1 = 1) — §o(X2|X1 = x1) that is done when using the Quantile Regression
Predictor depends on the Mahalanobis distance (z; — ,ul)TEfll (21 — p1) which may be large.

4.3. Unimodal Gaussian Mixture case. We consider here a mixture of 2 centered Gaussian
distributions, i.e a radius R such that
Xd
R=— -+——.
pb1 + (1 — p)ba
Immediately, we get the following multivariate p.d.f :

1 02 - 03 “1p,
(4.22) fx(x)= W pgiie—%(x—u)Tz Ha—p) +(1 _p)gge—%(x_H)Tz Ya—p) |
As an illustration, we propose some examples of univariate densities (4.22)), with different values
of p, 61 and 65 : For these models, we do not have any explicit formula for ¢,(X3|X; = x1). On

theta_1=theta_2=1 theta_1=1,theta_2=10,p=0.9 theta_1=1,theta_2=20,p=0.9
- o
s -
i B o
= = 5. O
= = g =
0 fu o = |
- [ o
=0 o ]
(=T o | o ]
= T T T T T T T ) T T T T T T T = T T T T T T T
-3 -2 A ] 1 2 3 -3 2 A 0 1 2 3 -3 2 A ] 1 2 3
x x x

FIGURE 1. Univariate mixture distributions, with g =0and ¥ =1
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the other hand, using the conditional density expressed in Equation (2.8]), we may get a numerical
approximation of this value, and compare it with the Quantile Regression Predictor.

4.4. Laplace case. The multivariate Laplace distribution, introduced in Kozubowski et al.| (2013)
and |Eltoft et al. (2006)), has the following density:

1 2K (e -wTe @) eeri

BEECER (V3w =)

where K, (z) denotes the modified Bessel function of the second kind and order m, evaluated at x.
In this case, we can easily give an expression for the Quantile Regression Predictor g, (X2| X1 = z1).
This is the aim of the following proposition.

(4.23) f(x)

Proposition 4.5. In the Laplace case, the Quantile Regression Predictor is given by:

Go(Xo| X1 =21) = pop + \/%02\1 In(2a), for a <3

(4.24) :
Go(Xo| Xy =21) = pop — \/;0'2\1 In(2(1-a), for a> 3.
Proof. From (4.18)), we just have to calculate @gl(a), where ®p is the distribution function of
the univariate reduced and centered Laplace distribution, with density function (4.23)), and with
d = 1. Then, ®,'(a) equals = € R so that
/ L e_\/glt‘dt =a.
V2

— 00

Since the univariate reduced centered Laplace distribution is symmetric, we have the equivalence
a < % < x < 0. Then, we will separate the cases o < % and o > % If a< %, we have to solve

x

/ \/%e\gtdt —asa= \Eln(m).

— 00

o)

If a > %, we write :

1 \/Et /a: 1 _\/Zt
eVXxidt+ | —e dt = a.
/ V2 J V2\

1 1 1 1 1
Since / ——eVitat = 3 and/ e Vit = 5—56_\/%6, we quickly get © = —1n (2(1 — «)).
0

Finall}fo
XolXi=2) = pop + \flop @) L a<)
W(XolXi=0) = pp — \Jiopn MEI-a) o>}

which is the announced result. O

5. EXTREMAL QUANTILES

In this section, we show that, for an elliptical distribution, best affine predictors of conditional

quantiles are inadequate for extreme quantile levels. We thus propose some new extremal quantiles,
which are shown to be equivalent to the true conditional quantiles.
In order to simplify the notations, we denote by ¢; the Mahalanobis distance (1 —pu1)7 31 (21 —p1).
We have previously defined a predictor ¢, based on quantile regression. We have seen that the
best affine predictor of conditional quantiles of an R—elliptical distribution with the consistency
property is given by:

(5.1) (o (X2|X1 = 21) = po1 + 0913 ()
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x

where ®p(z) = / c191(t?)dt. The conditional quantile is:

(5.2) o (Xa| X1 = 21) = piopy + 02 PR ()

with the conditional radius R* defined in Equation . In this section, the aim is to establish a
relation between <I>§1 and @él for extremal values of «, i.e for @« — 0 or @« — 1. Extreme quantiles
estimation is an active research topic, and we can find several papers in the literature. We think
particularly to [El Methni et al.| (2012), but the random variables X1, ..., X,, are supposed i.i.d. In
our case, the covariates are dependant. More recently, |Gong et al.| (2015)) proposed an approach
for dependant random variables, but it requires simulations. It is why, in this paper, we propose
another approach. To this aim, we need a kind of regular variations hypothesis. It seems important
to note that all elliptic distributions are not regularly varying.

Assumption 1. Their exist 0 < £ < +o0o and v € R such as :

Pp-

(5.3) i 2R @)
z—+oo P p(x7)

where ® = 1 — ® is the survival function associated to ®.

x

We also recall that the cumulative distribution functions are ®p(z) = / c1g1(t?)dt and

— 00
x

Dp(x) = / cigny1(qu + t2)dt, with ¢} given by Equation (2.8)).
— 00
CN+1
5.4 g = ———,
(5.4) ! engn(qr)
where cy4+1 and ¢y are the normalization coeflicients of the elliptical distributions with radius R
in dimensions NV + 1 and N. Then, coefficients v and £ may also be obtained as

* 2
(5.5) lim GVl te)
v—too c1y27 g1 (2%7)

Table |3| gives values of v and ¢ for the examples introduced in Section |2} The calculations will be
detailed later on. Unfortunately, the Laplace distribution does not satisfy Assumption [} this is
why we will not consider this example in what follows.

Thanks to Equation (5.3, we have, under Assumption [I} the following equivalence when x

Distribution ¥ l
Gaussian 1 1
N+ P(=5)r(3) @)zt
Student, v>0 VV W (1 + 71) 2 Vu+N
min(61,....0,) " exp(-mm(el’é”’e"ﬂq >
Unimodal Gaussian Mixture 1 :
g::lﬂke,iv CXP(*%%)
T
. . . r(Y2)q, 2 V2
Unif Gaus Mixt N +1 z /o1
niform Gaussian Mixture + F(%)(N-H)x?vﬂ(ql)

TABLE 3. Coefficients v and ¢ for classical distributions, where ¢; = (x1 —
11)TS7 (71 — ) is a function of z;. (see Proposition [2.6)).

goes to 0o :

(5.6) Dp-(x) ~ (Dg(a?)

Tr— 00
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Our aim is now to get an equivalence relationship between the quantile function @1}1 and CIDI_%}. For
that, we refer to the paper of Djurci¢ and Torgasev, which gives some conditions to deduce the
equivalence of inverse functions if these functions are equivalent (cf. | Djurci¢ and Torgasev, 2001)).

Definition 5.1. A function f is a p—function if f : [0, +oo[— [0,4o00[, f(0) =0, f is continuous,
non decreasing on [0,4o00[, and f — 400 when x — +00.

Clearly, our two equivalent functions ®g-(x) and [®r(z") are not p—functions for several rea-
sons : Pp+(0) = 1, (PR(0) = 3¢, lim Pg-(x)=1and lim [Pr(z7) ={ < +oo. Then, we have
T—+00 r—+00

to transform these functions in order to find an equivalence. But before, we need more definitions
and properties. The following is the definition of a general class of functions K., which contains
in particular Regularly Varying functions.

Definition 5.2. K, is the set of all p—functions f with the property :
)

1im
e—too f()

(5.7)

In fact, the K, is the set of p—functions for which the limit lim exists, because if it

exists, then automatically we can swap the limits, and lim FO2) — Qi ( 1im 222 ) = 1. We
x7+oo f(z) 25400 \ Aot £ (@)
—1

can also notice that the condition in Equation is more general than the regular variation
functions in the sense of Karamata.

These two last definitions are very important for the following lemma, which establishes the relation
between the equivalence of two functions and equivalence of their inverses.

Lemma 5.1. [|Djurcié¢ and Torgased (2001)] Suppose that f and g are two strictly increasing
o—functions, and that at least one of the functions f=1, g~ belongs to the class K., and f(x) ~

9(z). Then f\(x) ~_g7'(a) o

Now, as we said previously, the first step is to transform our fonctions ® g~ (z) and £® g (z7) into
(p—functions.

Definition 5.3. Let ¥ and ¥, be

V() =--—L1—-2
59 [o =

V) =g 72

Lemma 5.2. Ify > 0, then ¥ and U, are p—functions.

Proof. Since 673 and 63 are clearly strictly decreasing, ¥ and ¥, are obviously strictly increasing.
Furthermore, ®(0) = ®x-(0) = 3, thus

{ U(0) =0

. . . S ’Y — . - . — . . —
Finally, since IETO;I) r(zY) ZEIEOOCD r+(z) = 0, functions ¥ and U, are such that zggloollf(m)
lim U, (z) = +oo. O
r— 400

Now, given that ®g«(z) ~ {®g(z"), we have to check whether ¥(z) ~ W,(x).

r—r00 Tr—00

Lemma 5.3. Under Asumption[]], we have

(5.9) U, (r) ~ ()

T—r 00

Proof. Let us focus on the limit

_ 1
Va(2) _ o Te@ 2
= 1im .
T—+00 \I/(’JJ) T—+00 7 1( o) — %
R\T
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This limit is equal to
(Bp(z7) 1-20p(x)

lim — . — .
z—=+o0 P pe (:L‘) 1-— 2@3(1‘7)
1 756R(T’Y) = 1 P * = 1 P 2 = N
Thanks to (5.3)), ﬂgr_ir_loo T (o) 1. Furthermore, xll}r_ir_looéR (x) xEI-Poo(I)R(I ) =0. Then :
= o 0B
lim V. (z) = lim EE)R(‘% ) 1 2?}% (z) =
e—too W(x)  a—too Pre(x) 1—2Pg(27)
In other words, U, (z) ~ U(z). O
T—r00

In order to use Lemma we shall need an additional assumption on W, L.
Assumption 2. U~! belongs to the class K.
The following proposition is the key step to predict conditional quantiles.

Proposition 5.4. Under Assumptions[]] and [3, we have

_ 1 3

Proof. Since ¥~!(z) belongs to the K, class, and ¥,(x) and ¥(x) are two strictly increasing
p—functions, and ¥, (z) ~ U(x), then Lemma [5.1| gives
Tr—r+00

(5.10) ol (a) ~

a—1

Uolz) o~ Ul(a)

T—+00

In other words

1 1 5
5.11 ool (11— ~ B (11— .
(5.11) R ( x+2)z—>+oo{ R ( €r+2)]

This may also be rewritten as
1 5
(b}_%l l—
= +2(1-1¢)

with o =1 — %H, hence the result. |

DLl (o) ~

a—1

This result leads us to the following conditional extremal quantile prediction.

Definition 5.4 (Extreme Conditional Quantiles Predictors). Define

1

Gor(Xe| X1 =21) = pap + 09 [‘DRI (1 - 1£+12(1—e))]

ol (Xo| X1 =21) = g1 — 0o [‘I’}}l (1 - m)} !

(5.12)

The following proposition shows that (faT(X2|X 1 =x1) and o 1(X2]| X7 = x1) are asymptotically
equivalent to the theoretical quantile g, (X2|X; = x1), respectively for « — 1 and o — 0.

Theorem 5.5 (Equivalences of Extreme Conditional Quantiles Predictors). Let (X1, X2)T €
EN(N +1). Under Assumptions and@

éaT(X2|X1 =) ~ (X2 X1 =11)
(5.13) R a—1
Q(Ji(X2|X1 = xl) :0 %(X2|X1 = xl)

[e3%

Proof. Recall Equation (3.2):
o (Xo| X1 = 21) = po1 + 091 Pt ()
From (5.10) and ([5.12), we immediatly prove the first half of the result:
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1
_ —1 1 T _ 2 _
Go(X2| X1 = 1) W2y Pt oap [‘I)R <1 - W)} = Jar (X2| X1 = 21)

Now, let us prove the equivalence when o« — 0. By the symmetry properties of elliptical distribu-
tions, we have @5 (a) = —®5! (1 — a),Ya € [0,1]. Then,

Go (X2| X1 = 21) = pgp — 0’2|1‘I>§1(1 —a).
Using the equivalence (5.10) and Equation (5.12)), we finally get:

1
Ga(X2| X1 = 21) o0 H2p1 — 021 {‘I)I_zl (1 - m)} T = %L(X2|X1 =)

O

We finish this section by checking Assumption [2]is satisfied for examples that are given in Table

Bl

5.1. Gaussian case.
Lemma 5.6. Gaussian distribution satisfies Assumptions[]] and[3, with £ =1 and v = 1.

Proof. Firstly, let us calculate £ and . Take v = 1, it remains the limit of Assumption []]:

lim cignsi1(q+a?)
T—+00 c191(z?)
The values c1, gn+1(q1 + 22) and g;(2?) may be easily deduced from Table [l Let ¢} = s,

exp (—7(]1;752)
(=1 =
ey (<4 exp (-5

It remains to check whether the limit

-1 1
. Ui @ (1 - /\a:+2>
g = lim T lim ————*
e V) (1)
exists, or equivalently, whether the limit
o (1 B 2y+y5+1)
€= lim
6.9)—0,0) §-1 (1 _ %)

exists.
Now, we move to polar coordinates, i.e take § = r cos() and y = rsin(), and calculate the limit
when r — 0. If this limit do not depend on 6, then the limit when (4, y) — (0,0) exists. Consider

— r sin(0)
i ot (1 - 27"sin(9)+7"cos(9)+1> -
rLI)I(l) H-1 (1 _ rsin(6) ) N f( )
2rsin(0)+1

Clearly, the numerator and denominator both tend to +oco, then we use the L’Hopital’s rule to get

(_ sin(0)(2rsin(6)+r cos(0)+1)—rsin(0)(2sin(f)4cos(6)) ) 1
(27 sin(8)+r cos(0)+1)2 Y o (R — o —y

. N ~ 2rsin(@)Frcos(0)F1L
f(e) = }g% (7 sin(0)(2r sin(6) + 1) —rsin(0)2 sin(B)) 1 R
(2rsin(0)+1)2 ¢(¢—1(1_%‘Eg€:—1))

On the left, the bulky ratio clearly tends to 1 when » — 0. On the right, we recall that ¢ is the

22
density function of the standard normal distribution, i.e ¢(z) = \/%6_7. Then :

$—1(]_ _rsin(®)
e = tim 20 ()
r—06(2~! (1= gramme) 17 costor71))
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Now, the numerator and denominator both tend to 0. Once again, we use the L’Hopital’s rule and

then,
ey ¢ (07 (1 wE)
(0) = : )
= f2(r,0) g (‘I’_l (1 - 2rsin(g)s-&l-r7l“(ce(zs(9)+1>)
where

_ sin(0)(2rsin(6) —|— 1) — rsin(0)2sin(0)
P 1 e
o\® (1 ~ 2rsin(6) + 1
sin(0)(2rsin(f) + r cos(0) + 1) — rsin(0)(2sin(h) + cos(0))

0 = (2rsin(f) + rcos() + 1)* ’
e Y (o — L —

We have seen that the ratio szgg; tends to 1. Furthermore, we have the relationship ¢'(x) =

—z¢(x). Finally,

— rsin(6)
. ot (1 T 2r sin(9)+l) 1
f(e) - }1—13%) d-1(1 rsin(6) - f(ﬂ),
( = 2rsin(0)+r cos(9)+1)
thus, f(6) = 1, hence the result. a

Since U~1(x) belongs to the K, class and £ = v = 1, we have the following formulas for the
Extremal Predictors §ot+ and §q :

{ an(X2|X1 = 1) = pop + 0o Pp "(a)
(ot (Xa2|X1 = 21) = po1 + 091 5" (@)

Remark that ﬁaT and éa 1 equal to the Quantile Regression Predictor g, which equals the theoretical
quantile q,,.

5.2. Student case. We have seen in part 2 that the Quantile Regression Predictor ¢, was not
good in the Student case. Then, for extremal levels of quantile, we can guess that the predictor ¢,
will be worse and worse if « is close to 0 or 1. It is a reason why, in this case, our extremal predictors
éaT and éa | may potentially be especially interesting, and improve the prediction. Firstly, we prove
that Assumptions [I] and [2] are filled.

Lemma 5.7. Student distributions satisfies Assumptions and@ with v = Nj'” and ¢ given in
Table[3.

Proof. Concerning Assumption [1} we have to calculate the limit :
lim cign+1(qi+az?)
oo C1YETT tg1(x?7)

G I G ) IR & ”
Vvl (%)’ G = Vol (XEY) (1 + 7) s gn+1(q + %) =
N+14v Cite

2

and ¢; (xQ"’) = (1 + %) ° . Then the previous limit is the following :

From Table |1|and (5.4), we deduce ¢; =

(1 + (I1+$2)_

_ N4l4v
2

q 22
lim r(¥+lte)p %)( 1+ V)N;u (H%)

x—>+oor(1+y)r( e

) 73;771(14»#)’ 2

N :” and we focus on the ratio on the right. The leading monomials
—N—-1-v

From now, we consider v =
+r N _1—
T N—-1-v (

are v* 2 numerator) and vt (denominator). Then the limit is simply v .

Finally :
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Concerning Assumption [2], the proof is similar to the Gaussian case, but we have v # 1 and £ # 1
here. We are dealing with the existence and value of the limit:
1
—1 1 y
®r (1 - m)

lim —.
r—+00 =

oo 51 1\~
Qg (1_Ea:+2)

As in the Gaussian case, we use the polar coordinates and the L’Hopital’s rule to get the result. O

In the case of Student distributions, we shall apply the predictions, with the coefficients ¢ and
~ given in Table [3]:

O(vEN+1\p(x N+v N g
- ey
v = N:ru

5.3. Unimodal Gaussian Mixture case.

Lemma 5.8. Unimodal Gaussian Mizture distribution satisfies Assumptions[]] and[3, with v =1
and ¢ given in Table[3

Proof. Firstly, to prove that Assumption [l|is satisfied, we take v = 1 and calculate the limit :

/= lim cigny1(qa+z?)
- T—+00 c1g1(z?)
n 2
According to Table |ljand Equation (5.4), ¢f = = 1 -, ga(t) = > mffe= =" and
Vor Z: wkﬁfc\’ exp<77kq1> k=1

_ 1 Sy
= o Hence the limit :
n

Z k0 T exp (

) ()
l= lir_~r_1 — .
xr—r
> {Z mﬁN exp —7(]1 ] [Z 0y exp (I2):|
Let k* such as 0+ = min(6s, ...,6,). After simplifications, it remains :

N 9%*
0« exp| ——%—q1

n N 02
> b cxp<77’°q1>

k=1

e:

Now we have to check Assumption [2| i.e prove that :

Or' (-mam) _
a—+oo ®x' (1-724%)
—1

Like the Gaussian case, we do the same changes of variables, and the limit becomes

=1 (1_ _rsin©)
€ = lim ¢R(1 R ( ZT::,E(H;H)) _ f(@)
r—06r (5" (1= 5@ 17 cosr71))

Here, ¢pr(t) = > miOpo(0xt), where ¢ is the normal p.d.f, i.e ¢(t) = e Since @1}1 (1 - Lﬂ(e))
k=1

= 2rsin(0)+1
and &5 (1 — 5= Sin(;)ij(fgs(e) +1) tend to +oo when r — 0, asymptotically, we only have to con-
sider the terms of the sum with the largest coefficient —g, i.e the smallest 6. Let k* such as
O+ = min(6y,...,0,). We get :
m0po (R (- snt)) o (heR (1o s )

€y = lim & e = lim - T ein
¢ Howkewww%l(l—Wfﬁan r—=00(01x 21" (1 gsmmcey o cos@ 1))

Finally, we have already calculated this kind of limit in the Gaussian case, and proved that it was
equal to 1. (]
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5.4. Uniform Mixture case. In this case, the radius RZ (]0 - The density obtained is then
1 F(d+1) Xd+1 (( )TZ ( )) v d

1 da+1 z 6 R \{/‘L}

R LRI RNy

where x2,(r) denotes the c.d.f of the x? distribution, with m degrees of freedom, evaluated at .

(5.14) flz) =

Lemma 5.9. Uniform Mizture distribution satisfies Assumptions[d] and[4, with v = N + 1 and ¢
given in Table[3

Proof. Concerning Assumption [1} we consider v = N + 1, and calculate the limit :

_ 1 & (q1+a?)
t= mEIJIrloo Cllil;];illgll(%%
N+1
According to Table |1 and Equation (5.4), ga(t) = X (®) c1 = - and ¢} = P2 )a ® .
’ td# ’ \/ﬂ 1 F(N;J)\/EX?\HJ(Q])
Hence the limit
r M 2 2 L2N+2
+x 1
(= lim Var N+( :) q; XNJ;2 (Zi\uz ) N’

x—+00 T (T) \fXN (Q1) X5 (x ) (q + $2) (N + 1)35

which leads to v
/= I (N ) ¢’ V2
L (%5) (N + xR (@)
To prove that Assumption [2]is filled, we have, as in the other cases, to calculate the limit :
-1 1 -1 r sin(6)
% (1 - em+2) . PR ((I)R (1 T oor sin(@)—i—l))
hI—P 1 1 - hn(1) 1 in(9) = f(0).
T—r+00 — r—r — 7 Sin

A=l (I)R (1 - £x+2) d)R ((I)R (1 - 2rsin(0)+rcos(9)+1))

We get once more that f(0) = 1. O

In this section, we introduced asymptotic predictions based solely on the function ®g, that is
assumed to be known. These predictions are asymptotically equivalent to the theoretical condi-
tional quantiles, for levels of quantiles close to 0 or 1. Thus, they are expected to improve the
quantile regression. In the following section, we perform some numerical applications to study the
prediction quality.

6. NUMERICAL STUDY

In order to give a visual overview of the predictors we have defined, we have plotted in Figure
the conditional quantiles of an elliptical process observed at N = 5 points. We call X; € R® the
covariates vector. For x € R, X5 denotes the process at = and the aim is to predict the quantile
of X2|X1 = x;. For simplicity, we assume that the process is centered, and stationary (matrices
¥ and ¥;; are obtained through an exponential kernel). But our results even work without these
assumptions. We also add that parameters for the Gaussian Mixture example are 6; = 1, §; = 3
and p = 0.9.

Of course, for the Gaussian process, the curves coincide. For the other examples, Quantile
Regression Predictors seem very far from the theoretical curves, especially in the Uniform Mixture
case. On the other hand, Extremal predictors seem significantly better; they look closer to the
target conditional quantiles here. We propose to use the following RM SFE in order to quantify the
error.

(6.1) RMSE(Ga) = | — Z ( (XX, = 21) — Gu (XS | X, = zl))Q.

In the same way, we define the RMSE for Extremal Predictor :

2 1 " 4 N i 2
(6.2) RMSE(G) = |+ ; (00X 130 = 1) = G (X8 X1 = 21))
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Gaussian process Student process

- Quantile Regression - Extremal estimator —— Theoretical - Exremal -~ Regression —— Theoretical
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-15 -10 05 00 05 10 15 20

Unimodal Gaussian Mixture process Uniform mixture process

‘Quantije Regressipn - Extremal ejtimator —— Theoretical

Quantile Regression -~ Extremal estimator ——

T T T T S —
0.0 02 04 06 08 1.0 0.

F1GURE 2. Theoretical quantiles, Quantile Regression and Extremal Pre-
dictors for Gaussian, Student, Gaussian Mixture and Uniform Mixture pro-
cesses, with levels of quantile oo = 0.995 and o = 0.005. In solid lines, the
theoretical quantiles (approximated most of the time numerically), dotted,
the Quantile Regression Predictor, and dashed, the Extremal Predictor.

The RMSE measures the average error in the prediction of the conditional quantiles. Table [4] is
a summary of the RMSE for all treated examples, and different levels of a. Obviously, we only
consider the cases o > % because elliptical distributions are symmetric.

« Gaussian Student Unimodal GM Uniform GM
m(da) | 7(da) | m(da) | m(da) | m(da) r(da) m(da) r(da)

0.5 0 0 0 0 0 0 0 0
0.6 0 0 0.027 | 0.372 | 0.001 0.019 0.067 0.334
0.7 0 0 0.059 | 0.376 | 0.003 0.036 0.151 0.301
0.8 0 0 0.104 | 0.358 | 0.006 0.051 0.297 0.249
0.9 0 0 0.195 0.322 | 0.012 0.061 0.770 0.177
0.95 0 0 0.314 | 0.289 | 0.024 0.061 1.880 0.123
0.9995 0 0 2.880 | 0.148 | 0.163 0.000 250.172 0.020
0.999995 0 0 16.546 | 0.081 | 0.109 | 7.130-10-9% | 25178.530 | 0.008

TABLE 4. 7(4o) = RMSE(Gy) and 1(Ga) = RMSE(4y), for different levels
of a, and different consistent elliptical distributions.

For non Gaussian distributions, the RM SE((L) decreases when « is close to 1, while the
RMSE({,) increases, which is the expected behavior. We also remark that for the median
(o = 0.5), the RMSE are always equal to 0. Indeed, if we replace a by % in Equation
and Equation , our two predictions are equal to the conditional mean sy, defined in Propo-
sition[2.6] Since median and mean are coincident for elliptical distributions, we exactly predict the
1

conditional a—quantile for a = 3.
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CONCLUSION

In this paper, we focused on conditional quantiles prediction, for elliptical random fields with
the consistency property. We proposed two different methods.
The first one is to use quantile regression, i.e to express the conditional quantile as an affine
transformation of the observed values. This approach is widely used in the literature but it often
requires a large number of simulations, especially for extreme levels of quantile (when o — 0 or
a — 1). We have seen, in a first time, that we can obtain some explicit formulas in our case
of consistent elliptical random fields . Furthermore, we have given the distribution of the
quantile regression (Theorem |4.4]). We have seen that regression quantile is not adapted for non
Gaussian distributions.
A second predictor is given in order to cope with regression quantile problems for extremal quantile
levels. We have shown that the proposed extremal quantile predictor is equivalent to the true
conditional quantile for extreme quantile levels. We have also illustrated on several numerical
examples the better performance of this predictor for extreme levels.
As a perspective, these prediction methods require the knowledge of the X; distribution. We have
not explored the prediction procedure when the X;’s distribution is estimated (parametrically
e.g.). This is an interesting perspective, which is let for future work.
Finally, we would like to emphasize that we have given examples in dimension d = 1, but all the
results may be used in higher dimensions (see Figure [3).

Student Random Field

FiGure 3. Quantile regression for a Student random field, with a =
0.0005, in dimension d = 2
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