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ON CONDITIONAL QUANTILES APPROXIMATION FOR
ELLIPTICAL DISTRIBUTIONS

V. MAUME-DESCHAMPS, D. RULLIERE, AND A. USSEGLIO-CARLEVE

ABSTRACT. In this work, we propose some approximations for the con-
ditional quantile of one component of a random vector, given the other
components. We focus on the case where the vector has an elliptical
distribution. We first give exact expressions for conditional quantiles,
and discuss problems that occur for computing these values. A first
affine regression quantile estimator is detailed, its distribution is given,
and direct simple expressions are derived for some particular elliptical
distributions. The performance of this regression quantile is shown to be
very poor for extremal quantile levels, so that a second approximation
is proposed. We prove that this new extremal approximation is asymp-
totically equivalent to the true conditional quantile. Through numerical
illustrations, the study shows that for usual techniques as Kriging, Quan-
tile Regression may perform poorly when one leaves the usual Gaussian
random field assumption, thus justifying the use of proposed extremal
quantile approximations.

Keywords: FElliptical distribution; quantile regression; extremal quantile; Kriging.

1. INTRODUCTION

Kriging, introduced by [Krige| (1951)), and formalized by [Matheron| (1963), aims
at estimating the conditional mean of a process (Z;):cr given the values Zy, , ..., Zz
of the process at some points tq,...,txy € T, where typically T C R?. When using
the Kriging techniques, for any € T, the conditional mean of Z, given Z;,, ..., Z;,
is approximated by a linear combination of Z;,, ..., Z;,, where the weight vector is
the solution of a least square minimization problem (cf!Ligas and Kulezyckil (2010))).
It seems natural to approximate, in the same spirit as Kriging, other functionals
by linear combinations. Our starting point is to apply this method to conditional
quantiles.

In 1978, Koenker and Bassett proposed a conditional quantile estimation as an
affine combination of Z;,, ..., Z;, called Quantile Regression (cf. [Koenker and Bas-
sett| (1978)). The weight vector is the solution of a minimization problem, with an
asymmetric loss function, different from the least squares.

Obviously, for a Gaussian process, Z.|(Zt,, ..., Zt, ) is still Gaussian, and the con-
ditional quantile of Z, given (Zy,,..., Z:,) is easily computed. For non Gaussian
processes, explicit formulas for conditional quantiles are more difficult to get. The
Quantile Regression approach usually requires time consuming simulations to com-
pute expectations. Moreover, the consistency of the estimation by quantile regres-
sion is not guaranteed.

In this paper, we focus on elliptical distributions. Elliptical distributions, formal-
ized by |Cambanis et al.| (1981)), have the advantage of being stable under affine
transformations. Therefore, explicit formulas for the quantile regression may be
obtained for consistent elliptical distributions (cf. Kano| (1994])). Nevertheless, the
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quantile regression is generally not equal to the conditional quantile and the dif-
ference may be large, especially for extreme levels of quantile. This is one reason
why we propose an approximation that is adapted to conditional extremal quantiles.

The paper is organized as follows. In Section [2| we give some definitions, prop-
erties and examples of elliptical distributions satisfying the consistency property.
For these models, we give formulas for conditional quantiles in Section The
Section [4 is devoted to quantile regression for consistently elliptical distributions:
closed formulas are obtained. In Section |5, we prove asymptotic equivalences when
the quantile level is close to 0 or 1. Section [6] provides a numerical study. In par-
ticular, we emphasize the fact that quantile regression is generally not consistent,
especially for high level quantiles. We illustrate this point on several examples.

2. ELLIPTICAL DISTRIBUTIONS

We recall here the definition of an elliptical vector. We also give some useful
properties and classical examples of elliptical distributions. Most results may be
found, for instance, in [Frahm| (2004)).

Definition 2.1. Let X be a d—dimensional random vector. X is elliptical if and
only if there exists a unique p € R%, a semi-positive definite matriz ¥ € R¥*?, and
a function ® : Ry — R such that the characteristic function of (X — p) is

E [exp(it(X — u))] = ®(t'St).
For such an elliptical random vector, we write X ~ Eq(u, &, @)

It seems important to note that ¥ is not necessarily the covariance matrix of X.
More precisely, 3 is proportional to the covariance matrix K of the random vector
X, when it is defined, i.e there exists a positive coefficient 7 such that:

(2.1) S =7K

For example, for Gaussian distributions, 7 = 1, i.e ¥ = K. But this is not always
the case for all elliptical distributions: for Student distributions with v degrees of
freedom, 7 = ”—;2 Furthermore, K may not exist (e.g. for Cauchy distributions).
In the present paper, we do only consider the case of non-degenerated distributions,
i.e. we assume that the matrix ¥ is invertible.

The following representation theorem is central in the theory of elliptical distri-
butions. This result may be found in |Cambanis et al.| (1981]).

Theorem 2.1 (Cambanis, Huang, Simons, 1981). The random vector X is ellipti-
cal, X ~ E4(u, 3, ®), if and only if

(2.2) X = p+ RAUW,

where AAT = %, U@ s a d—dimensional random vector uniformly distributed
on 8471 (the unit disk of dimension d), and R is a non-negative random variable
independent of U@,

The representation of Theorem is not unique (see |(Cambanis et al.| [1981] for
details). Given p and X, the elliptic random vector X is characterized by the non-
negative random variable R, called the radius of X. We now recall the consistency

property of an elliptical distribution. The related definitions and properties may
be found in [Kano| (1994).

Definition 2.2. Let X ~ E;(p, X, ®). X is said consistent if ® is dimension-free,
i.e. if ® does not depend on d.
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Distribution Coefficient cq4 Generator g4(t)
Gaussian (2;) 7 exp(—1)
L) g £~ 5
Student, v > 0 ﬁ =y (1 + ;) 3
+oo -1
C . INED) d_q e~ % exp(—3t)
Logistic o] of T2 ez de (e 10T
(2 2q+d—2 -
Kotz, g,7,5 > 0 ﬂg;(z(qil_a) e t9=Lexp(—rt®)
2s
n 2
Unimodal GM L > T exp (7% )
(2m)2 k=1
K 2t
Laplace, A > 0 2 ﬂgil)
A(27)2 ( %t) 2
ESY 2
Uniform GM I QQ) Xdiift)
\V2r2 t— 2

TABLE 1. Some classical d—dimensional elliptical distribu-
tions with corresponding normalisation constants and gener-
ators

Kano| (1994) established the following relation between Definition and the
radius R.

Proposition 2.2. Let X ~ E;(u, X, @), and let R be the corresponding radius of
X. X is consistent if and only if :
(2.3) R4 Xd

€

)

where xq s the square root of a x> distributed random variable with d degrees of
freedom, € is a non-negative random variable which does not depend on d, and x4,
e and U are mutually independent.

Theorem 2.3 (Elliptical density). Let X € R? be an elliptical random vector,
X ~&i(u, X, ), and let R be the corresponding radius of X.

(2.4) Ix(@) = rqeiagyoa (@ = 0= @ = )

d
where g4(t) = %ﬁ_(d_l)ﬁg(ﬁ), and fr(t) is the p.d.f of R.

The coefficient ¢4 is called the normalization constant and the function gy is
called the generator of X. Table[I]provides some examples of elliptical distributions,
associated with their coeflicients and generators. Most of them may easily be found
in the literature: Kotz distribution is introduced in Nadarajah| (2003), Student
in Nadarajah and Kotz (2004]), and Laplace in [Eltoft et al.| (2006) and [Kozubowski
et al.| (2013]). We added two other distributions, obtained with Kano’s representa-
tion : Unimodal Gaussian Mixture (Unimodal GM), and another one which will be
called Uniform Gaussian Mixture (Uniform GM).

In Table [1} K,,(x) denotes the modified Bessel function of the second kind and
order m, and 2, (z) denotes the c.d.f of the x? distribution with m degrees of
freedom, evaluated at x. Remark that the Cauchy distribution corresponds to a
Student distribution with v = 1 degree of freedom.

In this paper, we focus on consistent elliptical distributions. Unfortunately, Logistic
and Kotz distributions does not have this property (except the Kotz distribution

with s=¢=1,and r = %, i.e the Gaussian distribution). Therefore, our examples
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Distribution €
Gaussian 1
Student, v > 0 Xz

n
Unimodal Gaussian Mixture | > mdp,

k=1
T

VER)
Uniform Gaussian Mixture | U/ (]0,1[)
TABLE 2. Some classical consistent d—dimensional elliptical
distributions with corresponding random variable e

Laplace, A >0

will only refer to the distributions mentioned in Table[I] For these models, the non
negative random variable ¢ is given in Table

We have seen that an elliptical distribution is characterized by parameters u, X,
and by either the characteristic function @, the radius R or the generator g4. For
this reason, we define the distribution of an elliptical random vector by any of these
three possible characterization, using indifferently the notation X ~ &E4(u, X, ®),
X ~ &, 2, R) or X ~ E4(p, X, gaq). At last, in order to emphasis the role played
by the radius and the dimension, we also use the denomination (R, d)—elliptical, as
defined hereafter.

Definition 2.3. An elliptical random vector of R® with radius R is called (R, d)— elliptical.

The following proposition, from [Hult and Lindskog| (2002), is the basis of our
study.

Proposition 2.4 (Affine transformation). Let X a consistent (R, d)—elliptical ran-
dom vector with parameters p and ¥.. Then for any ¢ € R?, ¢ X is (R, 1)—elliptical
with parameters ¢ 1 and ¢ Se.

Proposition implies that an affine transformation of a (R, d)—elliptical ran-
dom vector is a (R, 1)-elliptical random variable. The proposition below is a direct
consequence of this result (see [Hult and Lindskog} 2002, for a proof).

Proposition 2.5 (Subvectors distributions). Let X = (X1, X2)? be a consistent
(R, d)—elliptical random vector with X, € R%, X, € R%, dy 4+ dy = d and param-
eters p and X. Let us write:

Y11 Yo M1>
Y= = .
<221 Ezz) s (Mz

Then X, and Xo are respectively (R,d1)— and (R, ds)—elliptical with parameters
w1, 211 and pg, Yoo, respectively.

Remark that a p—dimensional subvector of a consistent (R,d)-elliptical ran-
dom vector is (R,p)—elliptical. As a consequence when p = 1, all marginals are
(R, 1)—elliptical. The following proposition gives some indications concerning the
conditional distributions of elliptical vectors.

Proposition 2.6 (Conditional distribution). Let X = (X1, X2)T be a consistent
(R, d)—elliptical random vector with with X; € R4, Xy € R% dy +dy = d and
parameters p and . Let us write:

Y11 Yo 11
2.5 5= = .
(25) (221 E22) a (Mz)



ON CONDITIONAL QUANTILES APPROXIMATION FOR ELLIPTICAL DISTRIBUTIONS

The conditional distribution Xs|(X1 = x1) has parameters:
(2.6) { pop = p2+ E2121_11(3?11 — 1)
Yo = Yoo — Y2127 Y12

Furthermore, Xo|(X1 = 1) s elliptical, with generator R* given by :

(2.7) R* £ Ry1-5 ] (RJBU“” = Oz — m))
where C11 is the Cholesky root of 11, and 5 ~ Beta(%l, %)
At last, the conditional density of Xo|(X1 = x1) is given by :
Ca1

(2.8) Ix01x, (22]21) = wgd (fh + (22 — Mzu)TE;ﬁ(ih - M2|1)>

with co)y = and q1 = (21 — 1) T2 (@1 — ).

cd
Cdy 9dy (q1)”

Proof. For Equations (2.6) and (2.7, a proof may be found in |Frahm)| (2004). Con-
cerning Equation (2.8, the proof is obvious, since fx, x, (z2|r1) = Lx(®)_ - Then

T fxy(z1)”

cirga ((z — )27 (@ — p)

(2.9) Fxaixa (w2ler) = HE—
794, (q1)
[Z11]2
Since (z — ) TS (& — p) = qu + (22 — pop) "S5 (w2 — popn) and |B] =[S |[Sopl,
we get the expected result. O

We have introduced the main definitions and properties of elliptical distributions.
In the following section, we focus on conditional quantiles of X5|(X; = x1), where
XoeRand X; € RN,

3. CONDITIONAL QUANTILES

From now on, we consider the following context: X = (X1, X3)7 is a consistent
(R, N + 1)—elliptical vector, with X; € R" and X, € R. The aim is to estimate
the a—quantile of X5|(X1 = 7).

Firstly, we give a general expression for Xs|(X; = x1). We then explain problems
that occur for computing this value, and give two examples where we get explicit
formulas: Gaussian an Student distributions.

3.1. General case. Let us firstly give an expression of the theoretical conditional
quantile. Consider the respective distribution functions ®r and ®%,

(3.1) { q;ﬁ*(x) = ]P’E *y M) §9)0)7

where UM is 1 or —1 with probability % ®r and Pg« are respective distri-
bution functions of the reduced centered (R, 1)—elliptical random variable and
(R*,1)—elliptical random variable. With this notation and the conditional gen-
erator given in Equation , we get the following result.

Proposition 3.1 (Conditional elliptical quantile). Let X = (X1, X2)T be a con-
sistent (R, N 4 1)—elliptical random vector with X1 € RN, X, € R and parameters

w and ¥. Let us write
Y X2
E =
(2321 E22)
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Then the a—quantile of Xo|(X1 = x1) is given by :
(32) [0F% (X2|X1 = 561) = [L2|1 + 22‘1(1)}_%1(0()
where ) and oy are given in Equation (2.6), and R* in Equation (2.7).

Proof. We know that Xo|(X1 = 1) ~ g1 + R*,/EzuU(l). Then, our aim is to
get qo such as :

P (/L2|1 + R*1/22‘1U(1) < (Ioz) =«

Since P (g1 + R*\/SopUM < qa) = P (R*U(l) : qi/_le> = o <q\/_2L>
O

2|1
we easily get the expected result.

A general expression for conditional quantiles of consistent elliptical distributions
is thus available. However, Equation shows that the conditional radius R*
is difficult to exploit and thus, the calculation of the conditional quantile is not
tractable in general. Indeed, the term @E} (), is difficult to calculate, since the
conditional density in Equation leads to the inverse problem in z:

x

/ copgni(q +2)dt = a

— 00
where cy|; is given in Proposition Computing and inversing the function ® g«
from the distribution of R* is not easier, since the latter is hard to obtain. We thus
have a general expression for the conditional quantile which is not easy to compute
in the general case.

Fortunately, in several cases, we get an explicit formula for conditional quantiles.
We propose two classical examples: Gaussian and Student distributions. We thus
get explicit formulas for some simple cases, but it would not be possible in some
other cases, such as Gaussian Mixture distribution.

3.2. Gaussian case. The Gaussian case is the most famous one and the simplest
case of elliptical distribution. Since a conditional Gaussian distribution is still
Gaussian, we have:

(3.3) Xo| (X1 = x1) ~ N (pon, 22)1)

with g5 and X1 given in Equation (2.6). Then, the calculation of the conditional
a—quantile of X5|(X; = x1) is immediate, and gives:

(3.4) 4o (X2| X1 = 21) = pioj1 + /32127 (@)
where ® is the standard Gaussian distribution function.

3.3. Student case. In the Student case also, we get explicit formulas for condi-
tional quantiles. For that purpose, we need to introduce some properties of Student
distributions. The lemma below and associated proof may be found in [Nadarajah
and Kotz (2004).

Lemma 3.2. Let X be a d—dimensional Student distribution with v degree of
freedom and parameters p € R? and ¥ € R4, Consider X = (X1, X2)T with
X, €R%, Xy € R® and dy + dy = d. Then the density function of the conditional
random variable Xo|(X1 = x1) is given by the following equation.

(3.5)

do
v+dy 2

v

1+%Q1

r (45 1q21<x2>}”¥d

<<v+d1>w>dfr<”§dl>|zm|%[ v1+ia

fx2|xl($2|1’1) =
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where q2|1(x2) and q1 are the Mahalanobis distances :
{ Q@n(r2) = (72— MZ\l)TEQU(xZ t2|1) ;
q1 = (21— ) E11 (z1 —pa)-

With the conditional density, we can deduce the conditional a—quantile, in the
following proposition.

Proposition 3.3 (Conditional Student quantile). Let X a N + 1—dimensional
Student distribution with v degree of freedom and parameters p € RN*! and ¥ €
RWNFDXN+D) - Consider X = (X1, X2)T with X; € RY and Xy € R'. The
conditional a—quantile of X2|(X1 = 1) has the following expression

(3.6) Qo (X2| X1 = 1) = piojy + /D21y +N\/1+ Q1‘I’V+N

Proof. We consider the density (3.5 , with d; = N, dy = 1. We have qg1(22) =

_ 2
% € R. Let g, be the conditional quantile of X5|(X; = x1). It satisfies:
4o
/ Ixa)x, (w2|z1)drs = o
— 00
Hence :
VN1 VAN 1 do VAN — kN1
L (“5+) v 1 qen(we) -
1 1 1 x 1+ 1 dre =
(v + N)m)3T (S58) |8y |2 |1+ v+N 1+1lq

Y UtN (ﬂﬁz—ﬂz\l)
V2211V 1+iq
Za v N41

I (zEN+L 22 175
( 2 ) /[1+ ] ’ dz = a, with
5

(v+ N)m)T (¥ v+ N

\/ VtN (qa — /1'2|1)
V3211 + ta

Let @, be the one dimensional Student distribution with N + v degrees of free-
dom. It is obvious that

\/ #(QQ - /1'2|1)
(bl/JrN 1
V2321 + s@
As a consequence,

Qo = p21 + 4/ +N\/22|1\/1+ Q1‘I>V+N

We did not obtain such simple results for other elliptical distributions. In order
to approximate conditional quantiles for other elliptical distributions, we propose,
in what follows, two approaches. In the following section, we will apply quantile
regression in the case of consistent elliptical distributions. In Section [b] we will
focus on extreme quantile levels, i.e when the quantile level « is close to 0 or 1.

Considering z = we obtain:

Za —

O
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4. QUANTILE REGRESSION

Quantile regression, introduced by |Koenker and Bassett| (1978)), is a classical
way to estimate conditional quantiles of a distribution. If X; € RY and X, € R,
the a—quantile of X5|(X; = x1) is approximated by

(4.1) 4o (Xa| X1 = 21) = 821 + g,

where 8* and g are solutions of the following minimization problem

(4.2) (8% 85) = argmin E [¢a(Xo — 87 X1 — Bo)] -
BERN BoeR

and where the scoring function ¢, [Ziegel| (2015) is
(4.3) ba(r) = (@ — 1)l 500) + arlzso)y = ax — 1z 0)-

Obviously, given Equation , we need to assume the existence of moments E [X;]
and E [X5]. It excludes some elliptical distributions with the consistency property
(such as the Cauchy distribution). Most of the time, we need simulations to find
the solution, and an appropriate algorithm, for example MM algorithm (see Hunter
and Langel 2000) or stochastic gradient (see [Zheng, 2011). As an example, the
package quantreg of R performs simulations of (X7, X5) and solves Equation
by simplex or interior point algorithm. These simulations are computationally ex-
pensive. Furthermore, it is difficult to get the distribution of the estimator. It is a
reason why we propose another approach for consistent elliptical distributions.

In the following, we denote by EX(N + 1) the set of consistent elliptical random
vectors X in RV T with X = (X1, X2)T, X; € RY and X, € R, having an order
one moment. We shall get an explicit formula for 5* and (5. Let us recall the
distribution function introduced in Equation ,

Pp(z) =P (RUW < 2) .
From Equation ([2.8)), we get

(4.4) Dr(z) = / c191(z?)d.

We will use this notation later in our formulas.
The next lemma is an explicit formula of a truncated moment for a bivariate ellip-
tical distribution with the consistency property.

Lemma 4.1. Let (X,Y) be a consistent (R, 2)—elliptical vector, which admits an

2
order one moment and with parameters yu = (ux, py)’ and X = Ix pUXQGY .
pPOXOY Oy

Then

+oo

Hy 2

(45) B (X1 rar] = s () 4 pox [ (s

Hry

(3%

Proof. Let f(x,y) be the density of the random vector (X,Y’). Then

400 +00

(4.6) E[Xl{y>0}] = / /J;fxy(a:,y)dmdy.

—oo 0

We get:
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+o0 +oo

[ atxrieis = i / f” )dx—fy( ) [ atxivalda

— 00 — 00

We recognize the integral expression of the conditional mean of X|Y, which is given
in Equation ([2.6) :

+oo

/ rfxy(z,y)de = fy (Y)E[X]Y =y] = fy(y) (ux + p%(y - uy)>~

— 00

Integrating with respect to the second variable v,
ox
(4.7) E [ X1ysoy) = [ fr(y) | px+ p;(y — py) | dy.
0

Recall that fy(y) = <

oy

g1 ((y;#), this leads to
Y

+oo +oo

2
0x Y — py Y — Ky
E [X1{ysop] = px / fy(W)dy + p—c1 / 9 <( 5 ) >dy-
oy gy Oy
0 0
Using the change of variable z = 712 we get
“+o0
E [Xl{y>0ﬂ =ux®pr (ﬂ ) + pox / c1291 (22) dz.
7 by
oy
Hence the result. O

Previous lemma is a keystone to find 8* and ;. Let p; be the correlation co-
efficient between X;; and the random variable X, — BT X, — B5- Indeed, X;j is
(R,1)—elliptical with parameters p1; and afj. Furthermore, Xy — *T Xy — 55 is
(R, 1)—elliptical too, with parameters us — *7py — 85 and (=%, 1)T2(=8*T,1).
Hence the (R,2)—elliptical vector (le,Xg -5 TX, — ﬁ(’;) admits as second pa-
rameter the matrix :

( U%J Pjglj\/(—ﬁ*ﬂ)TZ(—B*T,l))
pjglj\/ * /B*T 1) (_ﬁ*yl)Tz(_lB*Ta 1)

Proposition 4.2 (Explicit form of 8*). Let X = (X1,X2)T € E{(N +1). The
optimal B* is given by :

(4.8) B* =51 S

Proof.

(4.9) (8%,85) = argmin E[¢s (Xo — 7 X1 — )]
BERN BoeR

Equation (4.9) is equivalent to :

E[-X10,(Xz — 877X = B3)] =0
(4.10) { I[g[—(;;(XQQ—B*TXII_ﬂS)O]} =0

with the scoring function derivative :

(4.11) P () = (= D1z + 0dgzsoy = (@ — 1) + 10y
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‘We obtain
(4.12) {

Since X» —B*T X, — B is (R, 1)—elliptical, with parameters i = p2 —3*T iy — 35 and
¥ = (=p*1)T%(=p"1). ThenE [1{X276*TX17ﬂ3>0}] =P (X2 - B7TX; — 55 >0),

i.e, if we denote 7 = X2

(1 - Oé)E [Xl] —E [Xll{X2_ﬂ*TX1_ﬁj;>0}]

(].—Ck)—]EI:].{XZ,ﬁ*TXI,ﬁ6f>0} :0

=

—p I
(4.13) E[1ix,—prx,-ps>01) =1 - @ (0) —on (a)
Next, thanks to Equation (4.5]), we have, for j € {1,..., N} :
I
(4.14) E [X1;1{x,—p7x,—g:>01] = ;PR (U) + pjoi; / c12g1(2%)dz
Finally, Equation (4.12)) may be written as :
(4.15)
1 {(1 —a)—dp ('g)} — pjoij / c1291(2%)dz =0 ‘
(1-a)-ox (L) —0
Therefore :
(4.16) pjorj | c1zg1(2%)dz =0,Vj € {1,...,N}

Sl \—é_

Then p; = 0,Vj € {1,..., N}. Now, it is not difficult to see that 5* = 21*11212. In-
deed, the second parameter of the (R, N+1)—elliptical vector (Xl, Xy —pTX, — Bg)
is:

211 ORN
(ODZQN (_B*a 1)Tz(_B*T7 1))

Hence its determinant is (—3*,1)73(—8*T,1)|211]|. Using the conditional moments
of Xy — B*T X, — B3| X given in Proposition [2.6] we get the following equation :

Yo = Zog — £01 81 E1e = (8%, 1)TE(-5T, 1)

Since (—B*, 1)TS(=B*T 1) = Xos + T8 8* — 28T %15, the previous equation is
equivalent to :

28 TS5 — B T8 8" — T X' 212 =0

The convex function 2ﬂ*T212 — ﬂ*TEHﬂ* — 22121_11212 reaches its minimum 0 at
B* =2 2. O

This result shows that a quantile regression through a linear model is mean-
ingless. Indeed, the vector X1;'¥12 does not depend on o and corresponds to the
vector of weights in the Kriging mean |Cressie| (1988)). Using a linear estimator, the
result of the quantile regression, whatever the quantile level a € [0,1], would be
the conditional mean pg); given in Equation . This is why the addition of the
affine term [ is required. Let us now calculate this term 83. As mentioned in the
last proof that, obviously, Xy — 8*7 X7 — 3¢ is elliptical with the same radius as
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(X1, X2). With Equation (4.8]), we are now able to prove that its second parameter
is Xg|1, given in Equation ((2.6)

Lemma 4.3. Let X = (X1,X5)T € EX(N +1). Xy — BTX; is (R, 1)—elliptical
with parameters g — Eleﬁlul and Yg; = a2 — EglEﬁlZu.

Proof. The random variable X5 — B*T X1, as an affine transformation of a consistent
(R, d)—elliptical random vector, is obviously (R, 1)—elliptical. Furthermore, with
the expression of §* given in Proposition E [Xg — B*TXl] = lg — 22121_11#1.
Concerning the second parameter, it is equal to (—3%,1)7X(—4*,1). Thus,

n n n
(=B V)'S(=B"1) =05 =2 B pixori02+ Y _ B} >_ Bipijonion;.
i=1 =1 =1

It may be rewritten in matrix form
(=B, 1)TE(=B*1) = 05 — 28 T%1 + B*TE11 8%
Using that g* = 21_11212, we prove the following equality.
(-, 1)TE(-B*1) =05 — 222121_11212 + E2121_1121121_11212 =05 — 22121_11212’
which concludes the proof. O
We have seen that the conditional second parameter of our (R,1)—elliptical
random variable is exactly the conditional second parameter ¥;|; of Equation .

We are led to our main result of this section on quantile regression for elliptical
distributions.

Theorem 4.4 (Quantile regression approximation). Let X = (X1, X»)T € EL(N +
1). The quantile regression vector (8*,55) of Xa|(X1 = x1), satisfying Equa-
tion (4.2), is given by

* _ y-ly
(.17) { gg = 2 — 2212;111;1 f@ll‘bél(a)
The quantile regression approxzimation with level a € [0,1] is given by:
(4.18) Go(X2|X1 = 21) = popy + 02 @' ()
Furthermore, its distribution is
(4.19) o (X2 X1) ~ &1 (H2 + o2n @5 (), 22127, S12, 91)

Proof. * is given in Equation (4.8)). Concerning §f, it satisfies:

By = argmink [¢q (X2 — BrX, — Bo)] -
Bo€ER

Finally, 3% is the a—quantile of the random variable X, — 8*7 X;. We have seen in
Lemma that Xo—B*T X, is (R, 1)—elliptical with parameters /1,2722121_11#1 and
Y1 Then, using the quantile formula of an elliptical distribution, and denoting

o211 = ‘/EQH’ we get:
By = p2 — S + 0915 (a).

With our optimal parameters 8* and [, we can now express our quantile regression
estimator of Xo given X7 = 21, §o(X2|X1 = x1), using Equation (4.1)):

4o (X2 X1 = m1) = B 21 + 85 = po + 1 B0 (w1 — p1) + 021 5 ().
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We recognize, on the left, the expression of yy); given in Equation (2.6)).

Concerning its distribution, we know that
(o (X2|X1) = p2 + S 27 (X1 — 1) + 091 P (a),

with Xy ~ En (1,211, 9n)- As an affine combination of X7, using Proposition
(ja(X2|X1) ~ 51 (/J,Q + O'2|1‘I)I_%1(Oé)7 (22121_11)211(21_11212),91)~ Hence the result.
O

As an illustration of Theorem [£:4] we now propose several examples, such as
Gaussian and Student cases, where the theoretical conditional quantiles are known
(see Section . We also consider the Unimodal Gaussian Mixture and Laplace
cases, where we do not have any explicit formula for theoretical quantiles. Numer-
ical applications are proposed in the last section.

Example 1 : Gaussian case. We recall the theoretical formula of the conditional
quantile of a Gaussian distribution :

(4.20) Qo (Xo| X1 = 21) = poj1 + 02\1‘1’_1(@-

In that case, the quantile regression estimator g, (X2|X1 = x1) is exactly the same

(421) qAa(XQ‘X]_ = ZC]_) = ,U/2|1 + 0'2‘1(1)_1(04).
For Gaussian processes, the quantile regression and the theoretical conditional

quantile coincide.

Example 2: Student case. The Gaussian case is the most simple one. Unfor-
tunately, for Student distributions, quantile regression and conditional quantile do
not coincide. Indeed, the conditional quantile of a multivariate Student distribution
is given by Equation :

[ v 1 _ _
qa(X2|X1 = xl) = pa1 + 021 1/—‘,—]\7\/1 + ;(Jﬂl - 'ul)Tzlll(xl — ﬂl)q)y_il_N(Ol).

The quantile regression is
Go(X2|X1 = 1) = pap + 021 @, ().

The error g, (X2|X1 = 21) — Go(X2| X1 = x1) that is done when using the quantile
regression depends on the Mahalanobis distance (x1 — p1)7 217 (21 — 1) which may
be large.

Example 3 : Unimodal Gaussian Mixture case. We consider here a mixture
of 2 centered Gaussian distributions, i.e a radius R such that

Xd
R=—F——.
pb1 + (1 — p)ba

Immediately, we get the following multivariate p.d.f :

2 2
(4.22) fx(z) = —— pgtlief%l(w*u)TE_l(w*u) +(1- p)ggef%(I*u)TE_l(r*u)
(2m)2
As an illustration, we propose some examples of univariate densities (4.22)), with
different values of p, #; and 65 : For these models, we do not have any explicit
formula for g,(X2|X; = z1). On the other hand, using the conditional density
expressed in Equation (2.8), we may get a numerical approximation of this value,
and compare it with the Quantile Regression Estimator.
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theta_1=theta_2=1 theta_1=1,theta_2=10,p=0.9 theta_1=1,theta_2=20,p=0.9
= o
= -
i Ch =
z z o
T oy m i} -
5 S g ° 5
{2t =} T R
- o =1
o = 7
=2 = =
o T T T T T T T ST T T T T T T SIS, T T T T T T
3 2 1 0 1 2 3 3 2 1 i} 1 2 3 3 2 1 o 1 2 3
x x "

FIGURE 1. Univariate mixture distributions, with g =0and ¥ =1

Example 4 : Laplace case. The multivariate Laplace distribution, introduced
in [Kozubowski et al.|(2013) and [Eltoft et al. (2006)), has the following density:

L oK (Rt een)

T zEeniA Wé(x B G “)> |

(4.23)  f(z)

where K,,(z) denotes the modified Bessel function of the second kind and order
m, evaluated at x. In this case, we can easily give an expression for the quantile
regression G, (X2|X; = x1). This is the aim of the following proposition.

Proposition 4.5. In the Laplace case, the quantile regression estimator is given
by:
(4.24)
Go(Xo| X1 =21) = popn  + \/gffz‘l In(2«), for a< %
1
5

Go(Xo| Xy =21) = pop — \/502\1 n2(1-a), for a>

Proof. From (4.18)), we just have to calculate ®5'(a), where ® is the distribution
function of the univariate reduced and centered Laplace distribution, with density
function (4.23)), and with d = 1. Then, ‘1)1}1(04) equals € R so that

x

1 /2
e VXIdt = a.
|

— 00

Since the univariate reduced centered Laplace distribution is symmetric, we have
the equivalence a < % < x < 0. Then, we will separate the cases a < % and o > %

Ifa< %, we have to solve

x

1 \/jt \/X
eVxldt =a =z =1/ =In(2a).
| ) i)

— 00

If a > %, we write :

0 T
1 Ver / 1 e
eV X dt—|— [ A dt:a
J oo
—0o0
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0 T
1 3 1 1 P) 1 1 3
Since / —e\gtdt = — and / e_\gtdt = - — fe_\g’“} we quickly get
VA 270 v 2 2 ameEy e
—00

x=—1n(2(1 — «)). Finally,

Go(Xo| X1 =21) = popn + \/§02|1 In(2a) ,a<i
qAa(XQIXl = .'I,'l) = /L2|1 — \/%02“ ln (2(1 — Oé)) , > %
which is the announced result. O

5. EXTREMAL QUANTILES

In this part, in order to simplify the notations, we denote by ¢; the Mahalanobis
distance (x1 — ul)TEﬁl (x1 —p1). We have previously defined an estimator ¢, based
on quantile regression. We have seen that the best affine estimator of conditional
quantiles of an R—elliptical distribution with the consistency property is given by:

(5.1) Go(X2| X1 = 21) = popy + 02 ' (@)
where Pg(z) = / c1g1(t?)dt. The conditional quantile is:

(5.2) 4o (X2| X1 = 1) = pig)1 + 01 PR ()

with the conditional radius R* defined in Equation (2.7). In this section, the aim is
to establish a relation between @1}1 and @g} for extremal values of «, i.e for a — 0
or a — 1. To this aim, we need the following hypothesis.

Assumption 1. Their exist 0 < £ < 400 and v € R such as :

D -
(5.3) hm 2 _,
z— 400 (DR(;U’Y)
where ® = 1 — ® is the survival function associated to ®.

We also recall that the distribution functions are ®gr(z) = / c191(t*)dt and

— 00
T

Dps(x) = / clgns1(q + t2)dt, with ¢t given by Equation (2.8)).

— 00
CN+1
54 = —-—
(54 ' engn(@)’
where ¢y 41 and cy are the normalization coeflicients of the elliptical distributions
with radius R in dimensions N + 1 and N. Then, coefficients v and [ may also be
obtained as
* 2

(5.5) T CAaa ikl

x——+o0 c1yxV ™ gl(x ’Y)
Table [3] gives values of v and ¢ for the examples introduced in Section The
calculations will be detailed later on. Unfortunately, the Laplace distribution does
not satisfy Assumption [I} this is why we will not consider this example in what
follows.

Thanks to Equation (5.3]), we have, under Assumption [I} the following equiv-
alence when x goes to oo :
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Distribution ¥ 12
Gaussian 1 1
N+t L(=5E)r(%) @\ pr
Student, v > 0 P IESNED) (1+%) * %x

. 2
min(91w~,9n)NeXP(*imm(gl’zm’e") th)
n 92
35 0N exp(—%ql)
k=1 —
F(N;—Z)ql 2 \/5
T (V+D)x% . (a)

TABLE 3. Coefficients v and ¢ for classical distributions,
where ¢1 = (21 — ul)TEl_ll(azl — 1) is a function of 1. (see

Proposition .

Unimodal Gaussian Mixture 1

Uniform Gaussian Mixture | N +1

(5.6) Dp-(z) o (Dp(a")

— 00
Our aim is now to get an equivalence relationship between the quantile function
‘Iﬁzl and @1}} . For that, we refer to the paper of Djurci¢ and Torgasev, which gives
some conditions to deduce the equivalence of inverse functions if these functions
are equivalent |Djurci¢ and Torgasev| (2001)).

Definition 5.1. A function f is a o—function if f : [0, +oco[— [0,400[, f(0) =0,
f s continuous, non decreasing on [0, +o0[, and f — +oo when x — +0oo.

Clearly, our two equivalent functions ® g« (z) and [®(z7) are not ¢—functions
for several reasons : ®g-(0) = 1, (@R (0) = 3¢, ngl@@;g* (x) =1and IEIEOOIER(xW)
¢ < +o00. Then, we have to transform these functions in order to find an equiva-
lence. But before, we need more definitions and properties. The following is the
definition of a general class of functions K., which contains in particular Regularly
Varying functions..

Definition 5.2. K. is the set of all p—functions f with the property :
fQAz)

(5.7)
ertoo f(x)
In fact, the K. is the set of p—functions for which the limit lim fAz) exists,
Tr—400 f(:c)
A—1
because if it exists, then automatically we can swap the limits, and lim fOz)
r—400 f(:v)

A—1
IEIEOO <;gnﬁ f;éj?) = 1. We can also notice that the condition in Equation is
more general than the regular variation functions in the sense of Karamata.
These two last definitions are very important for the following lemma, which es-
tablishes the relation between the equivalence of two functions and equivalence of
their inverses.

Lemma 5.1. [|Djurcié¢ and Torgased (2001)] Suppose that | and g are two strictly
increasing o—functions, and that at least one of the functions =1, g~ ' belongs to
the class K., and f(x) ~ g(x). Then f~1(x) ~ g7 '(x)

Tr—r0o0 T—r00

Now, as we said previously, the first step is to transform our fonctions ® g« (x)
and {Pg(x7) into p—functions.
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Definition 5.3. Let ¥ and ¥, be

(5.8) V) =
U, (x) = T

Lemma 5.2. If vy > 0, then ¥ and V¥, are p—functions.

Proof. Since ® and ®g- are clearly strictly decreasing, ¥ and W, are obviously
strictly increasing. Furthermore, ®(0) = ®x-(0) = 3, thus

{ U(O) =0

v.(0) =0
Finally, since lirf Pr(z7) = hrf P (z) = 0, functions ¥ and ¥, are such
Tr—r 400 r—r 400
that lim ¥(z) = lim P.(z) = 4o0. O
xT—+00 T—+00
Now, given that ®g«(z) ~ (Pg(2?), we have to check whether ¥(z) ~
Tr—r00 T—0o0

Lemma 5.3. Under Asumption[d], we have
(5.9) U, (z) ol U(z)

Proof. Let us focus on the limit

1 —
PR (=) 2
1 2
@53(117) L

lim . (x) = lim
Tr—r+00 \Il(x) Tr—r+00

This limit is equal to
= -
o Tne) 1= (o)
z—=+o0 P pe (33) 1-— 2@3(1‘7)

Thanks to (5.3), lim Lr(?) _ q, Furthermore, lim ®g«(x) = lim ®g(xY) =

xr——+00 DR (CC) r—+ xr——+00
0. Then :
v, Dr(xY — 2D p-
im (z) = lim KLI)R(Q: ) A 2?}2 (z) =
z—too W(x)  a—too Pre(x) 1—2Bg(x7)
In other words, U, (z) - U(x). O

In order to use Lemma we shall need an additional assumption on W 1.
Assumption 2. U1 belongs to the class K.
The following proposition is the key step to approximate conditional quantiles.

Proposition 5.4. Under Assumptions[]] and[3, we have

_ 1 i
o <1 [T —é))]

Proof. Since ¥~!(x) belongs to the K, class, and ¥, (z) and ¥(x) are two strictly
increasing ¢—functions, and ¥, (z) ~ U(z), then Lemma [5.1| gives

Tr—r

2=

(5.10) drl(a) ~

a—1

Uolz) o~ Ul(a)

*
T—+00
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In other words

1 1 5
5.11 dol(1- ~ |® (11— )
(5.11) R ( x+2)z—>+oo{ R ( €r+2)]

This may also be rewritten as
1 5
ot (1 N BEe—
= +2(1-1¢)

witha=1-— ﬁ, hence the result. O

DLl (o) ~

a—1

This result leads us to the following conditional extremal quantile approximation.

Definition 5.4 (Extreme conditional quantiles approximations). Define

Gort(X2| X1 = 1) = pop + oo [(Dl_%l (1 B 1ea+12(1f)>
Qay(X2| X1 =m1) = pop — o2 [(I)Ii?ll (1 - m)] )

G will be called ECQA.

(5.12)

The following proposition shows that ECQA ﬁaT(X2|X1 = x1) and qﬁai(X2|X1 =
x1) are asymptotically equivalent to the theoretical quantile ¢, (X2|X;1 = x1), re-
spectively for « — 1 and a« — 0.

Theorem 5.5 (Equivalences of extreme conditional quantiles approximations). Let
(X1,X2)T € EX(N +1). Under Assumptions and@

¢a(X2| X1 = 21) ~. éaT(X2|X1 =11)

5.13 « 2
(5:13) 0o (X2| X1 = 21) o Jol (X2 X1 = 21)

1

Proof. Recall Equation (3.2):
o (Xa|X1 = 21) = pop + o2 5t (@)
From (5.10) and (5.12)), we immediatly prove the first half of the result:

5
qa(Xo| X1 = 21) 2 Bt oap [‘I’]}l (1 - 1{1;2(14))} = Gor(X2| X1 = 21)

Now, let us prove the equivalence when o« — 0. By the symmetry properties of
elliptical distributions, we have ®5!(a) = —® ;! (1 — «), Vo € [0,1]. Then,

o (Xo| X1 = 21) = pioy — 02|1‘I’1_%}(1 —a).
Using the equivalence (5.10) and Equation (5.12)), we finally get:
1
Ga(X2| X1 = 71) W M2t — o2 {‘I)I_zl (1 - m)} 1= oy (Xo| X1 = 1)
U

We finish this section by checking Assumption [2| is satisfied for examples that
are given in Table
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Example 1: Gaussian case.

Lemma 5.6. Gaussian distribution satisfies Assumptions[1] and[3, with ¢ =1 and
v=1.

Proof. Firstly, let us calculate £ and . Take v = 1, it remains the limit of Assump-
tion [ :

lim ctant1(qi+z?)
z— 400 c1g1(z?)

The values ¢1, gn+1(q1 + 22) and g1 (2?) may be easily deduced from Table[1] Let
CN+41

* —_——_—
1= ugn(@)

2
exp (— q“gx )
1
2

{= lim =1.
op (5 e (%)
It remains to check whether the limit
-1 1
vt @ (1 - Am+2)
€ = lim 7\1171 = im —

IY—-EOO (:E) x:}——tloo ot (1 - z}FQ)

exists, or equivalently, whether the limit
! (1 o 2y+y6+1)

€y = lim
(6,9)—(0,0) H—1 (1 _ ﬁ>

exists.

Now, we move to polar coordinates, i.e take § = rcos(f) and y = rsin(d), and
calculate the limit when » — 0. If this limit do not depend on 6, then the limit
when (d,y) — (0,0) exists. Consider

_ rsin(0)
. ot (1 " 2rsin(@)+r cos(9)+1>
lim

r—0 _ in(0)
- ot (1 - 2rrsisn(9)+1)

= f(0).

Clearly, the numerator and denominator both tend to +o0o, then we use the L’Hopital’s
rule to get

(7 sin(0)(2r sin(0)+r cos(0)+1) —r sin(8) (2 sin(0)+cos(0))

1
27 sin(60)+r cos(0)+1)2 ) 1 rsin(0)
‘ (O Freos(@+D) "’(‘1’ ‘o —2rsin(9)+rcos(9)+l))

£(6) = lim

r—0

(_ sin(6)(2r sin(#)+1)—7sin(6)2 sin(6)

1
rsin 2 _ T sin(0
Eram@+n o(v =10 imer)

On the left, the bulky ratio clearly tends to 1 when r — 0. On the right, we
recall that ¢ is the density function of the standard normal distribution, i.e ¢(z) =

2

1 _zZ
P .
o . Then :

—1 rsin(6)
=i ¢.(q> (1*2rsin(e)+1’))
€ = M- T sin(8)
r=06(271( —m))
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Now, the numerator and denominator both tend to 0. Once again, we use the
L’Hopital’s rule and then,

(_ sin(0)(2r sin(9) + 1)) —r 81211(9)2 sin(f) >
(2T Sin(9 + 1) / _1 T sin
) <<I>—1(1 ~__rsin(6) )> ¢ (q) (1= 2Tsin<g;)+1))

£(0) = lim 2rsin(f) + 1
70 ( sin(0)(2r sin(f) + r cos(f) + 1) — rsin(6)(2sin(6) + cos(@)))
2rsin(6) + r cos(6) + 1)2 rsin
é ((1)1((1 - B+ rsirE(Q))—i— : )) @' (‘I)_l(l - 2rsin(9)s+’r‘(fc))s(0)+1))
27 sin(6) + rcos(f) + 1
We have seen that the ratio on the left tends to 1. Furthermore, we have the
relationship ¢'(x) = —z¢(x). Finally,

_ r sin(6)
£(0) = i ot (1 - 2Tsin(9)+1) 1
= l1m =
r—0 4 _ rsin(f) 0)’
et (1 - 2rsin(0)+rcos(9)+1) f( )
thus, f(6) = 1 hence the result. O

Since U~1(z) belongs to the K. class and ¢ = v = 1, we have the following
formulas for the extremal estimators g+ and §oy :

{ qiaT(X2|X1 =21) = pop + 021 P5' (a)

ol (Xo| X1 = 1) = pap + 02|1‘I’1_31 (@)

Remark that cfaT and (fa 1 equal to the quantile regression estimator ¢,, which equals
the theoretical quantile g,

Example 2 : Student case. We have seen in part 2 that the quantile regression
estimator g, was not good in the Student case. Then, for extremal levels of quantile,
we can guess that the estimator §, will be worse and worse if « is close to 0 or
1. It is a reason why, in this case, our extremal estimators éaT and éa | may
potentially be especially interesting, and improve the estimation. Firstly, we prove
that Assumptions [I] and [2] are filled.

Lemma 5.7. Student distributions satisfies Assumptions and@ with v = W
and £ giwen in Table[3

Proof. Concerning Assumption |1} we have to calculate the limit :

li crgn+i(aita?)
z~>+00617x77191(x27)
14v N+1+v Ntv
From Table |1l and (5.4)), we deduce ¢; = \/57713(%)), = \;U(TTF( N+l,)) (1+2) =,

2y — Mty Lty
gn+1(q + 2?) = (1 + %) and g, (z%?) = (1 + 7) . Then the
previous limit is the following :

_ N+414v
2
r N+1+u)

segr(y) g e (1455
x~>+00r(1%)r( ;— )( V) ,yx»yfl(l_i_#)’ P}

From now, we consider v = & ;”’ and we focus on the ratio on the right. The lead-
ing monomials are =2~ g~ N-1-¥ (numerator) and yE g N1y (denominator).
Then the limit is simply vy, Finally :

F(N+21+u)1—\(£) N+u %+1

»€:

e UHY) T R
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Concerning Assumption [2] the proof is similar to the Gaussian case, but we have
v # 1 and ¢ # 1 here. We are dealing with the existence and value of the limit:
1
—1 1 v
®r (1 - m)

lim —.
r— 400 =

oo 51 1\~
Qg (1_Ea:+2)

As in the Gaussian case, we use the polar coordinates and the L’Ho6pital’s rule to
get the result. O

In the case of Student distributions, we shall apply the approximations, with the
coefficients ¢ and ~ given in Table |3]:

v+N+1\p (v Niv  H41
‘= 7FE,,+N)F>(,,§§§ (1+2)"F A
v= Nt

Example 3 : Unimodal Gaussian Mixture case.

Lemma 5.8. Unimodal Gaussian Mizture distribution satisfies Assumptions
and[3, with v =1 and ¢ given in Table[3

Proof. Firstly, to prove that Assumption [I]is satisfied, we take v = 1 and calculate
the limit :

/= lim CTQN+1(Q1+JE2)
T—+400 c1g1(2?)

2

n 0
According to Table [1| and Equation (5.4), ga(t) = 3. mpfie= 2%, ¢ =
k=1

and

5l
3

1
n 02
V2 kgl 7rk0]1€\r exp <77"'q1>

cl = . Hence the limit :

n 2 2
> ﬂkﬁljfv+1 exp (—%ql) exp (7971:2)
0= li L

5wt o (<) | | £ movew (-%02)]

Let k* such as 0~ = min(6y, ..., 0,). After simplifications, it remains :

O,JCV* exp(— >

n N 02
k§1 mRON exp (— 7’“(11)

E:

Now we have to check Assumption [2] i.e prove that :

1 |
hrn q)R 1(17£>\z+2) — 1
= 1

1?;‘1\'100 Cr (-2

Like the Gaussian case, we do the same changes of variables, and the limit becomes

¢R( El(l—%)) _

1(17t —_rsin(0)

€ = lim
( 27 sin(0)Fr cos(0)F1

r—0¢r

n t2
Here, ¢r(t) = > mibrd(0kt), where ¢ is the normal p.d.f, i.e ¢(¢t) = e~ =. Since
k=1
o (1 — sin(®) f;‘;gﬁll) and @' (1 Lyt +1) tend to 400 when r — 0,
asymptotically, we only have to consider the terms of the sum with the largest
2

i.e the smallest 6j. Let k* such as 0y = min(6y, ...,0,). We get :

coefficient —7",
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€0 = lim — PO (i) g o0ioR (o aihit)
r 070k &0k 25 (1= ssmraypreasrrr))  r—=09(0k= @R (1— ssmay prcostarsr )

Finally, we have already calculated this kind of limit in the Gaussian case, and
proved that it was equal to 1. O

Example 4 : Uniform Mixture case. In this case, the radius R 4 %. The
density obtained is then :

1 T () xd (6= p)™S e —p)
(5~14) f(.’l?) = 1 d EES)
N

Vo € R\ {u}

where x2, (z) denotes the c.d.f of the y? distribution, with m degrees of freedom,
evaluated at z.

Lemma 5.9. Uniform Mizture distribution satisfies Assumptions [1] and [3, with
v=N+1 and ¢ given in Table[3

Proof. Concerning Assumption [1} we consider v = N + 1, and calculate the limit :

¢ = lim CIQN+1(CJ1+9L’2)
T—>+00 c1yaz? g1 (2?)

2
According to Table |1| and Equation (5.4), gq(t) = deift), = \/% and ¢f =
T ™
N+1
r(&2)q, 2 .
T2 s (@) Hence the limit
2 N+4+1
r (T+) a” X%V+2 (‘11 + 532) z?N+? 1

{= lim V27

oo T (M) Vi (@) 03 (@) (g 4 02) " (N 4 D2
which leads to

N+1
L3520 F Ve
D (5574) (N 4 Dxdyga (1)
To prove that Assumption [2] is filled, we have, as in the other cases, to calculate

e:

the limit :
-1 -1 rsin(6
. Pr (1 - eA;L1-+2) . PR (‘I)R (1 - 27»sin(‘(9)1r1>)
hI—sI-l 1 1 - hn(1) 1 in(9) = f(0).
Tr—r+00 — r— — 7 Sin
A=l cI)R (1 - m) d)R (CI)R (1 ~ 2rsin(@)+r cos(9)+1))
We get once more that f(6) = 1. O

In this section, we introduced asymptotic approximations based solely on the
function ® g, that is assumed to be known. These approximations are asymptoti-
cally equivalent to the theoretical conditional quantiles, for levels of quantiles close
to 0 or 1. Thus, they are expected to improve the quantile regression. In the follow-
ing section, we perform some numerical applications to study the approximation
quality.

6. NUMERICAL STUDY

In order to give a visual overview of the estimators we have defined, we have
plotted in Figure [2| the conditional quantiles of an elliptical process observed at
N = 5 points. We call X; € R® the covariates vector. For z € R, X5 denotes the
process at x and the aim is to estimate / approximate the quantile of X5|X; = 1.
For simplicity, we assume that the process is centered, and stationary (matrices ¥
and ¥q; are obtained through an exponential kernel). But our results even work
without these assumptions. We also add that parameters for the Gaussian Mixture
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Gaussian process Student process

Quantile Regression == Extremal estimator —— Theoretica = . = Extemal - Regression — Theoretical

-15 -10 05 00 05 10 15 20

xtremal eftimator  —— Theoretical

FI1GURE 2. Theoretical quantiles, quantile regression and ex-
tremal approximation for Gaussian, Student, Gaussian Mix-
ture and Uniform Mixture processes, with levels of quantile
a = 0.995 and o« = 0.005. In solid lines, the theoretical quan-
tiles (estimated most of the time numerically), dotted, the
Quantile Regression Estimator, and dashed, the Extremal
Estimator.

example are #; = 1, #; = 3 and p = 0.9.

Of course, for the Gaussian process, the curves coincide. For the other examples,
Quantile Regression Estimators seem very far from the theoretical curves, especially
in the Uniform Mixture case. On the other hand, extremal approximations seem
significantly better; they look closer to the target conditional quantiles here. We
propose to use the following RMSFE in order to quantify the error.

. RN i . i 2
(6.1)  RMSE() = |~ > (42(X5)1X1 = 21) = @ (X7 |X0 = 20))

=1

In the same way, we define the RMSE for Extremal Estimator :

N 1 - i N i 2
(62)  RMSE(G)= |, Zl (2 (X811 = 1) = (X471 X1 = 2))

The RMSE measures the average error in the approximation of the conditional
quantiles. Table [4] is a summary of the RMSE for all treated examples, and dif-
ferent levels of a. Obviously, we only consider the cases a > % because elliptical
distributions are symmetric.

For non Gaussian distributions, the RM SE((ja) decreases when « is close to 1,
while the RMSE({,) increases, which is the expected behavior. We also remark
that for the median (o = 0.5), the RMSE are always equal to 0. Indeed, if we
replace a by % in Equation and Equation 7 our two approximations are
equal to the conditional mean pg);, defined in Proposition Since median and
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a Gaussian Student Unimodal GM Uniform GM
m(da) | 7(da) | m(da) | m(da) | m(da) r(da) r(da) r(da)

0.5 0 0 0 0 0 0 0 0
0.6 0 0 0.027 | 0.372 | 0.001 0.019 0.067 0.334
0.7 0 0 0.059 | 0.376 | 0.003 0.036 0.151 0.301
0.8 0 0 0.104 | 0.358 | 0.006 0.051 0.297 0.249
0.9 0 0 0.195 | 0.322 | 0.012 0.061 0.770 0.177
0.95 0 0 0.314 | 0.289 | 0.024 0.061 1.880 0.123
0.9995 0 0 2.880 | 0.148 | 0.163 0.000 250.172 0.020
0.999995 0 0 16.546 | 0.081 | 0.109 | 7.130-10-9% | 25178.530 | 0.008

TABLE 4. r(s) = RMSE(G,) and 7(4o) = RMSE(g,), for
different levels of «, and different consistent elliptical distri-
butions.

mean are coincident for elliptical distributions, we exactly estimate the conditional

a—quantile for a = %

CONCLUSION

In this paper, we focused on conditional quantiles approximation, for elliptical

processes with the consistency property. We proposed two different methods. The
first one is to use quantile regression, i.e express the conditional quantile as affine
transformation of the observed values. This approach is widely used in the literature
but it often requires a large number of simulations, especially for extreme levels of
quantile ( — 0 or &« — 1). We have seen, in a first time, that we can obtain some
explicit formulas in our case of consistent elliptical processes . Furthermore,
we have given the distribution of the quantile regression (Theorem [£.4). We have
seen that regression quantile is not adapted for non Gaussian distributions. It is a
reason why we have proposed an extremal approximation ([5.12]).
Our approximation methods require the knowledge of the X; distribution. We
have not explored the estimation procedure when the X;’s distribution is estimated
(parametrically e.g.). This is an interesting perspective for future work. Finally,
we would like ton emphasize that we gave examples in dimension d = 1, but all the
results may be used in higher dimensions (see Figure [3)).
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