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Abstract

The iterative proportional fitting procedure (IPFP), introduced in 1937 by Krui-
thof, aims to adjust the elements of an array to satisfy specified row and column
sums. Thus, given a rectangular non-negative matrix Xy and two positive marginals
a and b, the algorithm generates a sequence of matrices (X,,)n>0 starting at X,
supposed to converge to a biproportional fitting, that is, to a matrix Y whose
marginals are ¢ and b and of the form Y = D;XyD5, for some diagonal matrices
Dy and Ds with positive diagonal entries.

When a biproportional fitting does exist, it is unique and the sequence (X,,),>0
converges to it at an at least geometric rate. More generally, when there exists some
matrix with marginal a and b and with support included in the support of X, the
sequence (X,,)n>0 converges to the unique matrix whose marginals are a and b and
which can be written as a limit of matrices of the form D1 XyDs.

In the opposite case (when there exists no matrix with marginals a and b whose
support is included in the support of Xy), the sequence (X,,),>0 diverges but both
subsequences (Xap)n>0 and (Xop11)n>0 converge.

In the present paper, we use a new method to prove again these results and
determine the two limit-points in the case of divergence. Our proof relies on a new
convergence theorem for backward infinite products - - - Ms M of stochatic matrices
M,,, with diagonal entries M, (i,7) bounded away from 0 and with bounded ratios
M, (j,1)/My,(i,7). This theorem generalizes Lorenz’ stabilization theorem.

We also provide an alternative proof of Touric and Nedi¢’s theorem on backward
infinite products of doubly-stochatic matrices, with diagonal entries bounded away
from 0. In both situations, we improve slightly the conclusion, since we establish not
only the convergence of the sequence (M, - - - M1),>0, but also its finite variation.

Keywords: infinite products of stochastic matrices - contingency matrices - distributions
with given marginals - iterative proportional fitting - relative entropy - I-divergence.
MSC Classification: 15B51 - 62H17 - 62B10 - 68 W40.

1 Introduction

1.1 The iterative proportional fitting procedure

Fix two integers p > 2, ¢ > 2 (namely the sizes of the matrices to be considered)
and two vectors a = (a1,...,ap), b = (b1,...,by) with positive components such that
ai+---+ap, =by + -+ by =1 (namely the target marginals). We assume that the
common value of the sums a; + --- + a, and by + --- 4 by is 1 for convenience only, to
enable probabilistic interpretations, but this is not a true restriction.



We introduce the following notations for any p x ¢ real matric X:

X 4) =Y X(0,4), X(+.4) = X(i,j), X > o X(ij
j=1

1j5=1

M@

=1 7

and we set R;(X) = X(i,+)/ai, Cj(X) = X(+,7)/b;.

The IPFP has been introduced in 1937 by Kruithof [8] to estimate telephone traffic
between central stations. This procedure starts from a p X ¢ non-negative matrix X
such that the sum of the entries on each row or column is positive (so Xy has at least
one positive entry on each row or column) and works as follows.

e For each i € [1,p], divide the row i of Xy by the positive number R;(Xy). This
yields a matrix X7 satisfying the same assumptions as X and having the desired
row-marginals.

e For each j € [1,¢], divide the row j of X; by the positive number C;(X;). This
yields a matrix X satisfying the same assumptions as Xy and having the desired
column-marginals.

e Repeat the operations above starting from X to get X3, X4, and so on.

Denote by M, (R ) the set of all p x ¢ matrices with non-negative entries, and consider
the following subsets:

Lo = {XeM,,Ry):Viel,p], X(i,+) >0, Vjel[lq], X(+,j) >0},
I = {Xely: X(+,+) =1}
'r = I'(a,x)={X ely:Vie[l,p], X(i,+) =a;},
I'c = T(x0)={Xely:Vjell,q], X(+,5) =0bj},
r = I‘(a,b) =I'rnTe.

For every integer m > 1, denote by A,, the set of all m x m diagonal matrices with
positive diagonal entries.

The IPFP consists in applying alternatively the transformations T : 'y — I'g and
Tc : Ty — I'c defined by

Tr(X)(i,5) = R(X) ™" X (i,§) and To(X)(i,§) = C;(X) " X (i, ).

Note that I'r and I'c are subsets of I'; and are closed subsets of M,, ;(R4). Therefore,
if (X,)n>0 converges, its limit belongs to the set I'. Furthermore, by construction, the
matrices X,, belong to the set

ApX()Aq = {DlX()Dz Dy e AP,DQ S Aq}
= {(aiXo(i,7)8)) : (e, 0p) € (RL)P, (Bu,...,Bg) € (RY)}.

In particular, the matrices X,, have by construction the same support, where the support
of a matrix X € M,, ,(R,) is defined by

Supp(X) = {(z,5) € [1,p] x [1,q] : X(i,5) > 0}.

Therefore, for every limit point L of (X;)n>0, we have Supp(L) C Supp(Xp) and this
inclusion may be strict. In particular, if (X,),>0 converges, its limit belongs to the set

I'(Xo) :=TI'(a,b, Xo) = {S € I" : Supp(S) C Supp(Xp)}.



When the set I'(Xp) is empty, the sequence (X,,)n>0 cannot converge, and no precise
behavior was established until 2013, when Gietl and Reffel showed that both subse-
quences (Xap)n>0 and (Xop41)n>0 converge.

In the opposite case, namely when I'(a, b) contains some matrix with support included
in Xy, various proofs of the convergence of (X,)n>0 are known (Bacharach [1] in 1965,
Bregman |2 in 1967, Sinkhorn [12] in 1967, Csiszar [4] in 1975, Pretzel [10] in 1980 and
others (see [3] and [11] to get an exhaustive review). Moreover, the limit can be described
using some probabilistic tools that we introduce now.

1.2 Probabilistic interpretations and tools

At many places, we shall identify a, b and matrices X in I'y with the probability measures
on [1,p], [1.q] and [1,p] x[1, q] given by a({i}) = as, b({j}) = b and X ({(i,5)} = X (i, ).
Through this identification, the set I'; can be seen as the set of all probability measures
on [1,p] x [1, ¢] whose marginals charge every point; the set I' can be seen as the set of
all probability measures on [1, p] x [1, ¢] having marginals a and b. This set is non-empty
since it contains the probability a @ b.

The I-divergence, or Kullback-Leibler divergence, also called relative entropy, plays
a key role in the study of the iterative proportional fitting algorithm. For every X and
Y in I'y, the relative entropy of Y with respect to X is

Vi
DXy = Y (i,7)In (0:d) 4 Supp(Y) € Supp(X),
i X (i,7)
1,j)ESupp(X)

and D(Y||X) = 400 otherwise, with the convention 0In0 = 0. Although D is not a
distance, the quantity D(Y||X) measures in some sense how much Y is far from X since
D(Y||X) > 0, with equality if and only if Y = X.

In 1968, Ireland and Kullback [7] gave an incomplete proof of the convergence of
(Xn)n>0 when Xg is positive, relying on the properties of the I-divergence. Yet, the
I-divergence can be used to prove the convergence when the set I'(X() is non-empty,
and to determine the limit. The maps Tk and T can be viewed has I-projections on
I'r and I'¢ in the sense that for every x € I'g, Tr(X) (respectively T(X)) is the only
matrix achieving the least upper bound of D(Y||X) over all X in I'p (respectively I'c).

In 1975, Csiszar established (theorem 3.2 in [4]) that, given a finite collection of linear
sets &1, ..., & of probability distributions on a finite set, and a distribution R such that
&1 N...NE&E; contains some probability distribution which is absolutely continuous with
regard to R, the sequence obtained from R by applying cyclically the I-projections on
&1, ..., & converges to the I-projection of R on & N ... N &;. This result applies to our
context (the finite set is [1, p] X [1, ], the linear sets & and & are ' and I'¢x) and shows
that if the set I' = I'r N ['¢ contains some matrix with support included in X, then
(Xn)n>0 converges to the I-projection of Xy on I'.

2 OIld and new results

Since the behavior of the sequence (X,,),>0 depends only on the existence or the non-
existence of elements of I' with support equal to or included in Supp(Xp), we state a
criterion which determines in which case we are.



Consider two subsets A of [1,p] and B of [1, ¢] such that X is null on A x B. Note
A¢=[1,p] \ A and B¢ =[1,q| \ B. Then for every S € I'(Xj),

a(A)=>"a;= > SGj< > S(i.j)= Y bj=bB").

€A (i,j)€AXB® (4,5)€[1,p]x B¢ jeBe

If a(A) = b(B¢), S must be null on A¢ x B. If a(A) > b(B¢), we get a contradiction, so
I'(Xp) is empty.

Actually, these causes of the non-existence of elements of I' with support equal to or
included in Supp(Xp) provide necessary and sufficient conditions. We give two criterions,
the first one was already stated by Bacharach [1|. Pukelsheim gave a different formulation
of the same statements in theorems 2 and 3 of [11]. We use a different method, relying
on the theory of linear system of inequalities.

Theorem 1. (Criterions to distinguish the cases)

The set I'(Xg) is empty if and only if there exist two subsets A C [1,p] and B C [1,¢]
such that Xy is null on A x B and a(A) > b(B°).

Assume now that I'(Xy) is not empty. Then no matriz in I' has the same support as
Xo if and only if there exist two subsets A of [1,p] and B of [1,q] such that X¢ is null
on A x B and a(A) = b(B°).

Note that the assumption that Xy has at least a positive entry on each row or column
prevents A and B from being full when Xy is null on A x B. The additional condition
a(A) > b(B¢) (respectively a(A) = b(B¢)) is equivalent to the condition a(A)+b(B) > 1
(respectively a(A) + b(B) = 1), so rows and column play a symmetric role. These
conditions and the positivity of all components of a and b also prevent A and B from being
empty. We will call cause of incompatibility any (non-empty) block A x B C [1,p] x [1, q]
such that X is null on A x B and a(A) > b(B°).

We now describe the asymptotic behavior of sequence (X,,),>0 in each case. The
first case is already well-known.

Theorem 2. (Case of fast convergence) Asssume that I contains some matriz with same
support as Xgo. Then

1. The sequences R;i(Xon)n>0 and Cj(Xoni1)n>0 converge to 1 at an at least geometric
rate.

2. The sequence (Xy,)n>0 converges at an at least geometric rate to some matriz X
which has the same support as Xj.

3. The limit X is the only matriz in I' N ApXoA,. It is also the unique matriz
achieving the minimum of D(Y||Xo) over all Y € T'(Xj).

For example, if p=q¢ =2, a1 =b; =2/3, ag = by = 1/3, and

1/2 1
X0_4<1 o)'

Then for every n > 1, X,, or X,I is equal to

1 2n 2" -2
32 —1)\ 2" -1 0 ’



depending on whether n is odd or even. The limit is

1711
Koo =3 < 10 > '
The second case is also well-known, except the fact that the quantities R;(Xa,) — 1
and Cj(Xan41) — 1 are o(n™1/?).

Theorem 3. (Case of slow convergence) Assume that I' contains some matriz with
support included in Supp(Xo) but contains no matriz with support equal to Supp(Xy).
Then

1. The series

> (Ri(Xan) = 1)* and > (Cj(Xant1) — 1)°

n>0 n>0
converge.

2. The sequences (v/n(R;(Xy) — 1))n>0 and (/n(Cj(Xy) — 1))n>0 converge to 0. In
particular, the sequences (R;(Xy))n>0 and (Cj(Xp))n>0 converge to 1.

3. The sequence (Xp)n>0 converges to some matric X whose support contains the
support of every matriz in I'(Xy).

4. The limit X is the unique matriz achieving the minimum of D(Y||X¢) over all
Y € T(Xo).

5. For every (i,7) € Supp(Xo)\Supp(Xw), the infinite product R;(Xo)Cj(X1)Ri(X2)Cj(X3) - - -

s infinite.

Actually the assumption that I' contains no matrix with support equal to Supp(Xp)
can be removed; but when this assumption fails, theorem 2 applies, so theorem 3 brings
nothing new. When this assumption holds, the last conclusion of theorem 3 shows that
the rate of convergence cannot be in o(n=!7%) for any ¢ > 0.

However, a rate of convergence in ©(n~!) is possible, and we do not know whether
other rates of slow convergence may occur. For example, consider p = q =2, a1 = as =

by = by =1/2, and
1 1 1
X0_3<1 o)‘

Then for every n > 1, X,, or X,I is equal to

1 1 n
n+2\ n+1 0 )’

depending on whether n is odd or even. The limit is

1/0 1
X°°_2<1 o)'

When I' contains no matrix with support included in Supp(Xy), we already know by
Gietl and Reffel’s theorem [6] that both sequences (Xap,)n>0 and (Xap41)n>0 converge.
The next two theorems improve on this result by giving a complete description of the
two limit points and how to find them.



Theorem 4. (Case of divergence) Assume that T’ contains no matriz with support in-
cluded in Supp(Xo).

Then there exist some positive integer r < min(p, q), some partitions {I1,..., 1.} of
[1,p] and {J1,...,Jr} of [1,q] such that:
1. (Ri(Xan)n>0 converges to A, = b(Jy)/a(I)) whenever i € Ij;
(Cj(X2ny1)n>0 converges A\, L whenever j € Jy;

Xn(i,7) = 0 for every n > 0 whenever i € I, and j € Jy with k < k';

‘?\F@N

Xn(i,j) = 0 as n — 400 at a geometric rate whenever i € Iy, and j € Jy with
k>FK;

5. The sequence (Xapn)n>0 converges to the unique matriz achieving the minimum of
D(Y||Xo) over allY € T'(d’,b, Xo), where a;/a; = A\, whenever i € Ij;

6. The sequence (Xop+1)n>0 converges to the unique matriz achieving the minimum
of D(Y||Xo) over allY € I'(a,b', Xo), where b;/bj = /\,;1 whenever j € Ji;

7. The support of any matriz in T'(a’,b, Xo) U T(a,b’, Xg) is contained in Iy x Jy U
UL X J,.

8. Let Dy = Diag(ay /a1, ..., a,/ap) and Dy = Diag(by /by, ..., by /). Then for every
S eT(a,b,Xy), D1.S = SDy € I'(d/,b, Xy), and all matrices in T'(a’,b, Xo) can be
written in this way.

For example, if p=q¢ =2, a1 =b; = 1/3, ag = bs = 2/3, and

1/1 1
;%_3<10>'

Then for every n > 1, X,, or X,I is equal to

1 1 3x2nl -2
33x2n-1—1) \ 2(3x 2" —1) 0 ’

depending on whether n is odd or even. The two limit points are

Loy 1(02
3\2 0 3\1 0)’
soa) =0 =2/3 and af), = by, =1/3.

The symmetry in theorem 4 shows that the limit points of (X,,)n>0 would be the
same if we would applying T¢ first instead of Tg.

Actually, the assumption that I'(X() is empty can be removed and it is not used in
the proof of theorem 4. Indeed, when I'(Xj) is non-empty, the conclusions still hold with
r =1 and A\; = 1, but theorem 4 brings nothing new in this case.

Theorem 4 does not indicate what the partitions {/y,..., I} and {Ji,...,J,} are.
Actually the integer 7, the partitions {I1,...,I.} and {J1,...,J,} depend only on a, b
and on the support of Xy. and can be determined recursively as follows. This gives a
complete description of the two limit points mentioned in theorem 4.



Theorem 5. (Determining the partitions in case of divergence) Keep the assumption and
the notations of theorem 4. Fix k € [1,7], set P = [1,p]\ ([1U...UIx_1), Q = [1,q] \
(J1U...UJk_1), and consider the restricted problem associated to the marginals a(-|P) =
(ai/a(P))icp, b(:|Q) = (b;/b(Q))jeq and to the initial condition (Xo(i,j))(i7j)erQ.

If k = r, this restricted problem admits some solution.

Ifk < r, the set Ay X By := I, x (Q\ Ji) is a cause of incompatibility of this restricted
problem. More precisely, among all causes of incompatibility A x B mazimizing the ratio
a(A)/b(B°), it is the one which maximizes the set A and minimizes the set B.

Note that if a cause of incompatibility A x B maximizes the ratio a(A)/b(B¢), then it
is maximal for the inclusion order. We now give an example to illustrate how theorem 5
enables us to determine the partitions {I3,...,I,} and {Ji,...,J;}. In the following
array, the x and 0 indicate the positive and the null entries in Xj; the last column and
row indicate the target sums on each row and column.

* * 0 0 0 01].25
0 *x x 0 0 01.25
0 * x x 0 01.25
* * % *x 0 x.15
* 0 * * x x .10
05 05 1 2 2 4|1

We indicate below in underlined boldface characters some blocks A x B of zeroes which
are causes of incompatibility, and the corresponding ratios a(A)/b(B°).

* * 0 0 0 0].25
A={1,2,34 0 =+ * 0 0 0].25
B = {5} 0 * * x 0 0].25
a(A) 0.9 x o« x *x 0 *|.15
b(B°) ~ 0.8 x« 0 % x % x[.10
05 05 1 2 2 4|1
x % 0 0 0 0].25
A=1{2,3} 0 * % 0 0 0.2
B ={1,5,6} 0 * *x *x 0 01].25
a(A) 05 x x x x 0 x|[.15
b(B°) ~ 0.35 x 0 x x x % [.10
0b .05 .1 2 2 4] 1
* *x 0 0 0 0].25
A=1{1} 0 % % 0 0 025
B =1{3,4,5,6} 0 % x x 0 01].25
a(A)  0.25 « ok ok x 0 % [.15
b(B°) 0.1 x 0 x x x x[.10
05 05 1 2 2 4|1
* * 0 0 0 0].25
A=1{1,2} 0 * x 0 0 025
B =1{4,5,6} 0 *x *x x 0 01.25
a(A) 0.5 x o« o« x 0 x[.15
b(B¢) 0.2 * 0 *x % x x].10
05 05 1 2 2 4] 1




One checks that the last two blocks are those which maximize the ratio a(A)/b(B€).
Among these two blocks, the latter has a bigger A and a smaller B, so it is A; X Bj.
Therefore, I; = {1,2} and J; = {1, 2,3}, and we look at the restricted problem associated
to the marginals a(-|7), b(-|JT) and to the initial condition (Xo(4, j)) (i, j)erexse- The dots
below indicate the removed rows and columns.

* 0 01].5
* 0 /.3
* * x| .2
25 .25 51

Two causes of impossibility have to be considered, namely {3,4} x {5} and {3} x {5,6}.
The latter maximizes the ratio a(A)/b(J{ \ B), so it is Ay x By. Therefore, Iy = {3} and
Ja = {4}, and we look at the restricted problem below.

0 * | .6

* * | .
33 .67 1

This time, there is no cause of impossibility, so = 3, and the sets Is = {4,5}, J3 = {5,6}
contain all the remaining indices. We shall indicate with dashlines the block structure
defined by the partitions {I3, I, Is} and {Ji, Ja, J3} (for readability, our example was
chosen in such a way that each block is made of consecutive indices). By theorem 4, the
limit of the sequence (X2,),>0 admits marginals ¢’ and b and has support included in
Supp(Xp), namely it solves the problem below.

* x 0,0,0 0.1
0 % *,0,0 0.1
0 * x1lx10 0] .2
v % T %00 «]36
« 0wk x % |24
05 05 11212 4|1

In this example, no minimization of I-divergence is required to get the limit of (X2, )n>0
since the set T'(a’, b, X() contains only one matrix, namely

05 05 0.,0,0 0.1
0 0 01'0'0 0.1
0007200 0.2
0 0 00,0 .36].36
0 0 0,0,2 .04|.24
05 .05 11212 41

We note that the limit of X2,(2,2) is 0, but this convergence is slow since

X 2.2 1 1
lim mt2(2,2)

lim = =1
n=too X9,(2,2) n—+oo Ly(Xopn)Co(Xont1)  MAT




Our approach to prove the convergence of the sequences (X2, )n>0 and (Xop41)n>0
is completely different from Gietl and Reffel’s method, which relies on I-divergence,
although I-divergence helps us to determine the limit points. Our first step is to prove the
convergence of the sequences (R;(X2y,))n>0 and (C;(X2n+1))n>0 by exploiting recursions
relations involving stochastic matrices. The proof relies on the next general result on
infinite products of stochastic matrices.

Theorem 6. Let (M,;,),>1 be some sequence of d x d stochastic matrices. Assume that
there exists some constants v > 0, and p > 1 such that for every n > 1 and i,j in
[1,d], My(i,i) > ~v and My(i,j) < pMy(j,i). Then the sequence (M, --- Mi),>1 has a
finite variation in the followong sense: given any norm || - || on the space of all d x d
real matrices, the series Y ||[Mpq1--- My — My, --- Mi|| converges. Thus the sequence
(M, - - - Mq)n>0 converges to some stochastic matriz L. Moreover, the series Y My(i, j)
and ", Mp(j,i) converge whenever the rows of L with indexes i and j are different.

An important literature deals with infinite products of stochastic matrices, with
various motivations: study of inhomogeous Markov chains, of opinion dynamics... See
for example [13|. Backward infinite products converge much more often than forward
infinite products. Many theorems involve the ergodic coefficients of stochastic matrices.
For a d x d stochastic matrix M, the ergodic coefficient is the quantity

The difference 1 — 7(M) is the maximal total variation distance between the lines of M
seen as probablities on [1,d]. These theorems do not apply in our context.

To our knowledge, theorem 6 is new. The closest statements we found in the literature
are Lorenz’ stabilization theorem (theorem 2 of [9]) and a theorem of Touri and Nedié¢ on
infinite product of bistochastic matrices (theorem 7 of [14], relying on theorem 6 of [16]).
The method we use to prove theorem 6 is different of theirs.

On the one hand, theorem 6 provides a stronger conclusion (namely finite variation
and not only convergence) and has weaker assumptions than Lorenz’ stabilization the-
orem. Indeed, Lorenz assumes that each M,, has a positive diagonal and a symmetric
support, and that the entries of all matrices M,, are bounded below by some ¢ > 0; this
entails the assumptions of our theorem 6, with v = § and p = L.

On the other hand, Lorenz’ stabilization theorem gives more precisions on the limit
L =limy oo My, ... M. In particular, if the support of M), does not depends on n, then
Lorenz shows that by applying a same permutation on the rows and on the columns of
L, one gets a block-diagonal matrix in which each diagonal block is a consensus matrix,
namely a stochastic matrix whose rows are all the same. This additional conclusion does
not hold anymore under our weaker assumptions. For example, for every r € [—1,1],
consider the stochastic matrix

1L/1+7r 1—7
M(T)_2< 1—7r 1—|—r>'

One checks that for every for every ry and ro in [—1,1], M(ro)M(r1) = M(rary). Let
(rn)n>1 be any sequence of numbers in ]0, 1] whose infinite product converges to some
¢ > 0. Then our assumptions hold with v = 1/2 and p = 1 and the matrices M (ry,)
have the same support. Yet, the limit of the products M(ry,)--- M(r1), namely M (¢),
has only positive coefficients and is not a consensus matrix.



Note also that, given an arbitrary sequence (M, ),>1 of stochastic matrices, assuming
only that the diagonal entries are bounded away from 0 does not ensure the convergence
of the infinite product --- MsMj. Indeed, consider the triangular stochastic matrices

1 0 0 1 0 0
Ty = 0 1 0 , T1 = 0 1 0
0 1/2 1/2 1/2 0 1/2
A recursion shows that for every n > 1 and (e1,...,e,) € {0,1}",
1 0 0 n -
k
Tan “Tgl = 0 1 0 s Wherer:ZW.
r 1-27"—¢r 277 k=1

Hence, one sees that the infinite product - - - ToT1ToT1To T diverges.

Yet, for a sequence of doubly-stochastic matrices, it is sufficient to assume that the
diagonal entries are bounded away from 0. This result was proved by Touri and Nedi¢
(theorem 5 of [15] or theorem 7 of [14], relying on theorem 6 of [16]). We provide a
simpler proof and a slight improvement, showing that the sequence (M, ... Mj),>1 not
only converges but also has a finite variation.

Theorem 7. Let (M,)n>1 be some sequence of d x d doubly-stochastic matrices. As-
sume that there exists some constant v > 0 such that for every n > 1 and i in [1,d],
M, (i,i) > ~. Then the sequence (M, ... M),>1 has a finite variation. Thus the se-
quence (M, ... M;i)p>1 converges to some stochastic matriz L. Moreover, the series
Yo Mu(iyj) and Y, My (j,i) converge whenever the rows of L with indexes i and j are
different.

Our proof relies on the following fact: define the dispersion of any column vector

V € R% by
1<i,j<d
Then, under the assumptions of theorem 7, the inequality
W Mpg1--- MV — My --- MyV|[1 < D(My, -+ - MV) — D(Myyq--- MiV).

holds for every n > 0.

3 Infinite products of stochastic matrices

3.1 Proof of theorem 6

We begin with an elementary lemma.

Lemma 8. Let M be any m X n stochastic matrix and V€ R"™ be a column vector.
Denote by M the smallest entry of M, by V., V and diam(V) = V — V the smallest
entry, the largest entry and the diameter of V. Then

MV>1-M)V+MV >V,
MV<MV+(1-M)V<V,

diam(MV) < (1 — 2M)diam(V)).

10



Proof. Call M(i,j) the entries of M and V' (1),...,V(n) the entries of V. Let j; and ja
be indexes such that V(j1) =V and V(ja) = V. Then for every i € [1,m],

(MV); = Y M(i,j)V(j) + M(i, j2)V (j2)

J#j2
> Y M(i, )V + M(i, j2)V
J#j2
= V+M(ij)(V-Y)
> V+M(V-V)
> V.
The first inequality follows. Applying it to —V yields the second inequality. OJ

The interesting case is when n > 2, so M < 1/2 and 1 — 2M > 0. Yet, the lemma
and the proof above still apply when n = 1, since MV = MV =V =V in this case.

We now restrict ourselves to square stochastic matrices. To every column vector
V € R?, we associate the column vector VI € R? obtained by ordering the components
in non-decreasing order. In particular VT(1) =V and V1(d) = V.

In the next lemmas and corollary, we establish inequalities that will play a key role
in the proof of theorem 6.

Lemma 9. Let M be some d x d stochastic matrix with diagonal entries bounded below
by some constant v > 0, and V € R? be a column vector with components in increasing
order V(1) <...<V(d). Let o be a permutation of [1,d] such that (MV)(c(1)) <...<
(MV)(o(d)). For every i € [1,d], set

1—1 d
A= M(o(i),§) V(@) = V), Bi= > M(a(i),j) [V(j) = V(i)
j=1 J=i+1

with the natural conventions A1 = By = 0. The following statements hold.

1. For everyi € [1,d], (MV)T(i) — V(i) = B; — A;.
2. All the terms in the sums defining A; and B; are non-negative.
3. Bi > M(o(i),0(i)) [V(c(i)) = V()] >~ [V(c(i)) — V(i)] wheneveri < o(i).
4. Let a < bin [1,d]. If the orbit O(a) of a associated to the permutation o contains
some integer at least equal to b, then
V)-V()<v' Y Bilow<vy' Y. L B
icO(a)[L,b—1] icO(a)[1,b—1]
5. One has
d d d—1
S IVI(e() = V@) <297 Biljicouy <2971 B
i=1 i=1 i=1

11



Proof. By assumption,

(MV)'(@) = V(i) = (MV)(0 (i) = V(i) = Z M(o(i),4) V() = V()] = —Ai + Bi,

which yields the first item. The next two items follow directly from the assumptions
V(1) <...<V(d) and M(j,j) >~ for every j € [1,d].

Under the assumptions of item 4, the integer n(a,b) = min{n > 1: 0"(a) > b} is
well-defined and

V(b) = V(a)

IN
<
Q
Q
=
Q
&
—~
S
N—
S—
|
<
—
S
~

IN
=
Q

B
+
—
&

- V(Uk(a))] 1Uk(a)<a'k+1 (a)

n(a,b)—1

1Y Bo@lemerttia)
k=0

IN

by item 3. Item 4 follows.
Since the sum of V(o (i)) — V(i) over all i € [1,d] is null and since V(1) < ... < V(d),

one has

d d d—1
S V(e@) V(i) =2> " (V(e(@) = V(i) ljicouy <29 Y Biljicogi))s
i=1 i=1 i=1
by item 3. The proof is complete. Ol

We denote by || - || the norm on R? defined as the sum of the absolute values of the
components.

Lemma 10. Keep the assumptions and the notations of lemma 9. Assume that there
exists some constant p > 1 such that for everyn > 1 and i, j in [1,d], M (i,5) < pM(j,1).
Set C = d(d — 1)max(y~1, p). Then the following statements hold

1. For everyi € [1,d], A; < (i — 1)max(y~ %, p)(B1 + ...+ Bi_1).
2. For everym € [1,d], By +...+ By < (1 +C 4 ---+ C™ H||(MV)T = VT|];.
Proof. Given i € [2,d] and j € [1,7 — 1], let us check that
Aij = M(o(i), 5) V(i) = V(j)] < max(y™, p)(Bi + ... + Bi-1).
We distinguish two cases.

e If the orbit of some k € [1,j] contains some integer at least equal to ¢, then
inequality 4 applied with (a,b) = (k, i) yields

Ay SV =V(G) <V(E) -V <yt > B
z€0(k)N[L,i—1]

12



e Otherwise, the orbit of every element of [1,j] is contained in [1,7 — 1], so the
orbit of every element of [i,d] is contained in [j 4+ 1,d]. In particular, the orbits
O(o(i)) = O(i) and O(j) are disjoint. Applying inequality 3 and inequality 4 of
lemma 9, once with (a,b) = (0(i),4), once with (a,b) = (j,071(5)) yields

Aij = M(o(i),5) V(i) = V(e ()] + M(o(i), 5) [V(o(i)) = V(e (5))]
+M(o(i),§) [V(e™'(j) = V()]

Logy<i [V (1) = V(0(0)] + 1o-1(y<o) PM (1, 0(0)[V (0 (i) = V(67 ())]
-1 V(0T () = V(5)]

7_1 Z Bz + pB -1 + v -t Z Bz
2€0(1)N[1,i—1] 2€0(5)N[L,o~1(5)—-1]

max(y"'.p) Y B

ze[l,i—1]

IN

IN

IN

In both cases, we have got the inequality A; ; < max(y~!, p)(B1+...+ B;_1). Summing
over all j € [1,i — 1] yields item 1.

Let m € [1,d]. Equality (MV)"(i) — V(i) = B; — A; and item 1 yield

ZBi < Z [(MV)T (i) = V(i) + ZAi
=1

i=1 i=1

< M) =Vl + ) (i = Dmax(y™", p)(Br + ... + Bi-1)
i=1

I(MV)T = VT[1 4+ (d— 1) max(y™, p)(Bi + ... + Bn1)
=1

IN

m—1
< (M) =V +C > B

i=1

The particular case where m = 1 yields By < [|[(MV)T — VT||;. Item 2 follows by
induction. O

Corollary 11. Let M be some d X d stochastic matrix with diagonal entries bounded
below by some v > 0 Assume that there exists some constant p > 1 such that for every
n>1andi,jin [1,d], M(i,7) < pM(j,i). Set C = d(d— 1) max(y~L,p). Then for any
column V € RY the following statements hold.

1. Fizm € [1,d] andr > 1+ (m — 1) max(y~1, p).
> vyt >Zr—lvT
i=1

2. |IMV = V|1 < (24 C+ -+ C2) | (MV)T = V1|1

Proof. By applying a same permutation to the components of V', to the rows and to the
columns of M, one may assume that V(1) < ... < V(d). Let o be a permutation of
[1,d] such that (MV)(c(1)) <... < (MV)(o(d)). Then lemmas 9 and 10 apply.

13



For every i € [1,m],
(MV)T(Z) - VT(Z) =B,—A; > B; — (m — 1) max(’y_l, p)(Bl +...+ Bi—l)-

Summing over i yields

m m m i—1
ST (V)T E) = VIE) > > B = >0 e m = )max(y™ !, p) B
i=1 J=1 =2 j=1
= Z (r_j — (m — 1) max(y™*, p) Z r_j)Bj
j=1 i=j+1
s —(F+1)
i 1 r
> Zl (7” 7= (m — 1) max(y ,P)l_ir_l)Bj
]:
= ) - lr—1-(m—Dmax(y~',p)] B
j=1
> 0.

Furthermore, for every i € [1,d],
[(MV)(0(i)) = V(a(i)| = [(MV)(a(i)) = V(©)] < [V(a(i)) = V()]

Summing over ¢ and using the last statements of lemma 9 and corollary 10 yield

d
V(o) - V)
=1 -
2y Z B;

=1

< (14+CH---+0)MV)T = VT3

MV = V|| — [[(MV)T = VT,

IN

IN

The proof is complete. O

We now derive the last step of the proof of theorem 6. Indeed, applying the next
corollary to each vector of the canonical basis on R? yields theorem 6.

Corollary 12. Let (M,)p>1 be some sequence of d x d stochastic matrices. Assume
that there exists some constants v > 0, and p > 1 such that for every n > 1 and i,j
in [1,d], My(i,i) > v and M,(i,7) < pM,(j,i). For every column vector V.€ R, the
sequence of vectors (Vi )n>0 = (My, ... M1V )p>0 has a finite variation, so it converges.
Moreover, the series Y, My(i,7) and Y, M,(j,i) converge whenever the two sequences
(Va(2))n>0 and (V,(j))n>0 have a different limat.

Proof. Fix r > 1+ (d — 1)max(y~!, p). For each n, one can apply corollary 11 to the
matrix M, 1 and to the vector V,,.

For every m € [1,d], the sequence (r~ 1V, (1)+- - -+7"™V,! (m))n>0 is non-decreasing
by corollary 11 (first part) and bounded above by 'V T(d) 4 --- + r~™VT(d), thanks
to lemma 8, so it has a finite variation and converges. By difference each sequence
Vil( i))n>0 has a finite variation. The convergence of the series ) VT —Vil||1 follows,
and also ), ||Vi41 — Vi||1 by corollary 11 (second part).

n+1
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Call A\ < ... < A the distinct values of lim,,_, V, (i) for i € [1,d]. For every
ke [1,r], set Iy = {i € [1,d] : limy, 00 V(i) = A}, Jp = I1 U... U I} and call my the
size of Ji. Fix € > 0 such that 2e < ymin(Ay — Ay,..., A\, — A\r_1), so that the intervals
[Ak — &, A\ + €] are pairwise disjoint. Then one can find some non-negative integer NN,
such that V(i) € [\p — e, \x +¢] for every n > N, k € [1,7], and i € Ij.

Given k € [1,r — 1] and n > N, we show below that

Zrﬂ w1 (D) = V)] > (Mea — A — 2e)r™ ™ Z Z My y1(4,5)-

1€ jeJE
Thus, the sequence (VnT)nZO and the inequalities My, (j,7) < pM,(i,7) will yield the
convergence of the series > My(i,7) and ), M,(j,) for every (i,j) € Ji x J§.

Fix n > N and a permutation o of [1,d] such that V,,11(0(1)) < ... < V,y1(o(d)).
Note that o([1,mg]) =

By construction, the column vector U, defined by U,(j) = min(V,,(j), \x + €) has
the same my, least components as V,, (corresponding to the indexes j € Ji), so U} have
the same my, first components as Vil Furthermore, V,,(5) — Un(j) > Agy1 — A\p — 2¢ for
every j € J.

Hence, for every i € [1,d],

V() = (MyaUn)(0(i)) = Viga(o(i) = (MpyaUy) (0 (i)
= (Mn+1Vn - MnJrlUn))(U(l))

d
> Musa(a(i), ) (Vald) = Unli)
j=1

> (M1 — Ak —26) > Mopa(o(i), 5).
jege
: -1
Fix r > 14 (my — 1) max(y~", p). Then

ZT_Z< n+1 ) ( n+1Un)(U(i))> > (/\k+1 )\k—25 ZT ZMH-H

JeJE

> (Apg1 — Ap —2e) 17 Z Z M 11(0

=1 jeJ;
= (Mpg1— A —2¢) r7™* Z Z M1 (i, 7).
1€Jk ]EJC
But the rearrangement inequality and lemma 1 yield
mg
Z?‘ My1Un)(0(i)) = Y 1 (MysaUn)'(0)
i=1

v

f} r ' UNNi)

=1

= i =V I(i).
=1

We get the desired inequality by additioning the last two inequalities.
The proof is complete. O
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3.2 Proof of theorem 7

The proof we give is simpler than the proof of theorem 6, although some arguments are
very similar. We begin with the key lemma.

Lemma 13. Let M be some dx d doubly-stochastic matrix with diagonal entries bounded
below by some constant v > 0, and V € R? be any column vector. Call dispersion of V'
the quantity

1<i,j<d
Then D(V) — D(MV) >~ ||MV —V|1.

Proof. On the one hand, for every i and j in [1,d],

(MV)(i) = (MV)(j) = > M@ k)V(k)- M@, )V (1)
1<k<d 1<i<d
= Y M@, kMG DV (k) - V(1),
1<k,1<d

SO

pMv)= Y ‘ SN M k)M l)(V(k:)—V(l))‘.

1<ij<d 1<k,l<d
On the other hand
DWV) = Y [V(k)-V(©)

1<k,1<d

= S Y MGERMGHIV(E) - V).

1<i,j<d 1<k,I<d

By difference, D(V)) — D(MYV) is the sum over all i and j in [1,d] of the non negative
quantities

AGj)= Y, M(EkK)MGDIV(k) - (l)\—’ Y M@ R)MGHV (k) = V(D)

1<k,i<d 1<k,i<d

Thus

D(V)=D(MV) > Y Ali,i).

1<i<d

But for every i € [1,d],

AGid) = Y M@ k)MG@DV(k) = V(D) -0
1<k,l<d

> M k)M (i,i) |V (k) — V(i)

1<k<d

v D MRV (k) = V(i)

1<k<d

[ D MRV R - Vi)

1<k<d
= 7 |MV)(@) = V(i)

v

v

Y

The result follows. O
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We now derive the last step of the proof of theorem 7. Indeed, applying the next
corollary to each vector of the canonical basis on R? yields theorem 7.

Corollary 14. Let (M,)n>1 be any sequence of d x d bistochastic matrices with diagonal
entries bounded below by some ~v > 0. For every column vector V.€ R, the sequence
(Vi)nzo == (My, ... M1V )p>0 has a finite variation, so it converges. Moreover, the se-
ries Y, My (i,7) and Y, M,(j,1) converge whenever the two sequences (Vy,(i))n>0 and
(Va(4))n>0 have a different limit.

Proof. Lemma 13 yields v [|[Vit1 — Vulli < D(V) — D(Viy1) for every n > 0. In
particular, the sequence ((D(V},))n>0 is non-increasing and bounded below by 0, so it
converges. The convergence of the series ) |[V;41 — Vi||l1 and the convergence of the
sequence (V,)n>0 follow.

Call A\ < ... < A, the distinct values of lim,,_, V, (i) for i € [1,d]. For every
ke [l,r], set I = {i € [1,d] : limy_y00 Vi (1) = A}, and Jp = [ U ... U Ij.

The proof of the convergence of the series ), M,41(i,7) for every (i,5) € Ji x Ji.
works like the proof of corollary 12, with r replaced by 1, thanks to lemma 15 stated
below, so the rearrangement inequality becomes an equality.

Using the equality
> Mup(ig) =1l = Y. Mun(j) = > Myyali,j),
(Z‘,j)EJzXJk (i,j)EJkXJk (i,j)ekaJ;;
we derive the convergence of the series ) M, 1(i,7) for every (i,j) € Ji x J,. The

proof is complete. O

Lemma 15. Let M be some d x d doubly-stochastic matriz. Then for every column
vector V€ R% and m € [1,d]

> (V)@ = 3V,

Proof. By applying a same permutation to the columns of M and to the components of
V', one may assume that V(1) < ... < V(d). By applying a permutation to the rows of
M, one may assume also that (MV')(1) <... < (MV)(d). Since M is doubly-stochastic,
the real numbers "
S(j) =Y M(i,j) for j € [1,d]
i=1
are in [0, 1] and add up to m. Morevoer

m d
Y (MV)(i) =Y S(HV()-
i—1 j=1
Hence
m m d m
NV =D VE) = D SHVE) + D _(SG) - V()
=1 Jj=1 j=m+1 j=1
d m
> Y SEHVIm)+ Y (SG) - 1)V (m)
j=m+1 j=1
= 0.
We are done. ]
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4 Proof of theorem 1

4.1 Condition for the non-existence of a solution with support included
in Supp(Xo)

We assume that I" contains no matrix with support included in Supp(Xj), namely that
the system

Vie[1,p], X(i,4+)=q

vjell,ql, X(+.J)=0b;

Lp] x [1,q], X(i,5) = 0

V(i j) €[
€ Supp(Xo)¢, X(i,7) =0

,J) €
(i, )
1S inconsistent.

This system can be seen as a system of linear inequalities of the form ¢(X) < ¢
(where £ is some linear form and ¢ some constant) by splitting each equality ¢(X) = ¢
into the two inequalities £(X) < ¢ and ¢(X) > ¢, and by transforming each inequality
¢(X) > c into the equivalent inequality —¢(X) < —c. But theorem 4.2.3 in [17]| (a
consequence of Farkas’ or Fourier’s lemma) states that a system of linear inequalities of
the form /(X)) < cis inconsistent if and only if some linear combination with non-negative
weights of the linear inequalities yields the inequality 0 < —1.

Consider such a linear combination and call o; +, o; — B+, Bj—, Vij+, YVij— the
weights associated to the inequalities X (i,4+) < a;, —X(i,4+) < —a;, X(+,7) < by,
—X(+,7) < =bj, X(i,5) <0, =X(4,5) < 0. When (i,5) € Supp(Xp), the inequality
X (4,7) <0 does not appear in the system, so we set 7; j + = 0. Then the real numbers
o = 4 — oG, B = B+ — Bj—, Yij = Vij+ — Vi,j,— satisfy the following conditions:

o for every (Zaj) € []-ap] X [1,(]], (071 +Bj +’71,] = 07

e 7;; < 0 whenever (7,7) € Supp(Xo),
p q
° Zaiai + Zﬁjbj = —1.
i=1 j=1
Let U and V be two random variables with respective laws

p q
Zaiéai and Z bjé_gj.
i=1 j=1
Then
p q
/ (PIU > 1] = PV > t))dt =E[U] — BV] = > awas + 3 by = —1 <0,
R =1 7=1

so there exists some real number ¢ such that P[U > t] — P[V > t] < 0. Consider the sets
A={ie[l,p]:a; <t} and B={j € [l,q]: B; < —t}. Then for every (i,j) € A x B,
a; + 5 <0, so (i,5) ¢ Supp(Xop). Moreover,

a(A) —b(BY) = ai+ Y bj=PU<t]+P[-V>—1]>0.
icA jEB®

The proof is complete.
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4.2 Condition for the existence of additional zeroes shared by every
solution in I'(Xj)

We now assume that I" contains some matrix with support included in Supp(Xj), but no
matrix with support equal to Supp(Xj). By remark 23 (at the end of section 5), there
exists a position (ig,jo) € Supp(Xp) such that the entry S(ig,jo) of every S € I" is 0.
Hence for every p x ¢ matrix X with real entries,

Vie[l,p], X(i,4+) = q;

Vi€ [l,q, X(+,5)=0b;

V(i,j) € [Lp] x [1,q], X(i,§) 20
V(Zvj) € Supp(XO)C, X(Z>]) =0

= X(io, jo) < 0.

and the system in the left-hand side of the implication is consistent. As before, the system
at the left-hand side of the implication can be seen as a system of linear inequalities of
the form 4(X) < c.

We now use theorem 4.2.7 in [17] (a consequence of Farkas’ or Fourier’s lemma) which
states that any linear inequation which is a consequence of some consistent system of
linear inequalities of the form ¢(X) < ¢ can be deduced from the system by legal linear
combinations: multiplying inequalities by non-negative numbers, adding inequalities,
adding the inequality 0 < 1. Here, the inequality 0 < 1 cannot be involved since when
the left-hand side of the implication holds, the inequality X (ig,jp) < 0 is actually an
equality.

US>

such that

o for every (i,7) € [1,p] X [1,q], o + Bj + Yij = 6i,i00jjo;

e 7;; <0 whenever (i,7) € Supp(Xp),
P q
° Zaiai + Zﬁjbj =0.
i=1 j=1
Let U and V be two random variables with respective laws

p q
> " aide, and Y “bid_g,.
i=1 j=1
Then
p q
/ (PU > 1] = PIV > ) dt = B[U] — E[V] =3 cua; + 3 b5 =0,
R i=1 j=1

so there exists some real number ¢ such that P[U > t] — P[V > t] < 0. Consider the sets
A={ie[l,p]:a; <t} and B={j € [l,q]:B; < —t}. Then for every (i,j) € A x B,
a; + B35 <0, so (i,7) ¢ Supp(Xo). Moreover,

a(A) —b(B°)=> ai+ Y bj=PU<t]+P[-V>—t]>0.
icA jEBC

and this inequality is necessarily an equality, since otherwise I' would not contain any
matrix with support included in Supp(Xy). The proof is complete.
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5 Tools and preliminary results

5.1 Results on the quantities R;(X5,) and Cj(X3,41)

Lemma 16. Let X € I'1. Then

daRi(X) =) X(6,5) =) b =1
i=1 ij

and for every j € [1,¢],

M <
><
I

=1

When X € I'c, this equality expresses Cj(Tr(X)) as a weighted (arithmetic) mean of
the quantities R;(X)™1, with weights X (i,7)/b;.

For every X € I'y, call R(X) the column vecteur with components Ry (X), ..., Ry(X)
and C'(X) the column vecteur with components C;(X),...,Cy(X). Set

R(X) = miinRi(X), R(X)= m?xRi(X), C(X)= mjian(X), C(X)= mZaXCj(X).
Corollary 17. The intervals
[C(X1)™, C(X1) 7Y, [B(X2), R(X2)], [C(X3)™", C(Xs5) ™", [B(Xa), R(X4)], -+

contain 1 and form a non-increasing sequence.

In lemma 16, one can invert the roles of the lines and the columns. Given X €
I'c, the matrix Tr(X) is in I'p so the quantities R;(Tc(Tr(X))) can be written as
weighted (arithmetic) means of the Cj(Tr(X))™!. But the Cj(Tr(X)) can be written as
a weighted (arithmetic) means of the quantities Ry(X)~!. Putting things together, one
gets weighted arithmetic means of weighted harmonic means. Next lemma shows how
to transform these into weighted arithmetic means by modifying the weights.

Lemma 18. Let X € I'c. Then R(Tc(Tr(X))) = P(X)R(X), where P(X) is the p X p
matrix given by

ST G

The matriz P(X) is stochastic. Moreover it satisfies for every i and k in [1,p],

and




But the assumption X € I'¢ yields

Hence,
~ Tr(X Tr(X) (k)
Ri(Te(Tr(X E o glbjCj(TR(X))Rk(X)'

These equalities can be written as R(Tc(Tr(X))) = P(X)R(X), where P(X) is the
p X p matrix whose entries are given in the statement of lemma 18. By construction, the
entries of P(X) are non-negative and for every i € [1, p],

p q ’ 3 L Tr(X) (i
k:Z:lP( Z:: C(’ )T(Q))ZTR(X)(k,J)sz:; L az( )y
Moreover, since
q a p
> Tr(X)(i,4) > ;(ZTR(X)(W'))Q _ j
i=1 =
we have
P(X)(Z,’L) > aibC(TR(_X))j;TR(X)(Z’j)Z

b C(Tr(X)) ¢

The last inequality to be proved follows directly from the symmetry of the matrix
(aiP(X)(i, k))1<ik<p- U

5.2 A function associated to each element of I';

Definition 19. For every X and S in I'y, we set
Fs(X)= [  X,5)°%,
(5.9)€lL,plx[1,q]

with the convention 0° = 1.

We note that 0 < Fg(X) <1, and that Fs(X) > 0 if and only if Supp(S) C Supp(X).

Lemma 20. Let S € T'y. For every X € 'y, Fg(X) < Fg(S), with equality if and only
if X = S. Moreover, if Supp(S) C Supp(X), then D(S||X) = logy(Fs(S)/Fs(X)).

Proof. Assume that Supp(S) C Supp(X). The definition of Fg and the arithmetic-
geometric inequality yield

55(()5;)):1_][(5 )J)—ZS ( ) Zng—l

with equality if and only if X (i,7) = S(i,j) for every (i,5) € Supp(S). The result
follows. o
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Lemma 21. Letz e€1.

o For every S € I'r such that Supp(S) C Supp(X), one has Fs(X) < Fs(Tr(X)),
and the ratio Fg(X)/Fs(Tr(X)) does not depend on S.

e For every S € I'c such that Supp(S) C Supp(X), one has Fs(X) < Fs(Tc(X)),
and the ratio Fs(X)/Fs(Tc(X)) does not depend on S.

Proof. Let S € T'r. For every (i,7) € Supp(X), X(4,7)/(Tr(X))(i,j) = R;(X) so the
arithmetic-geometric mean inequality yields

Fs(X) ‘ o s . B o
Fo(Tp(X)) HR*X)S = fi[RAX) < Zi:aleX) = %:Xu,g) _ 1

The first statement follows. The second statement is proved in the same way. O

Corollary 22. Assume that I'(Xo) is not empty. Then:

1. for every S € I'(Xy), the sequence (Fs(Xp))n>1 is non-decreasing and bounded
above, so it converges ;

2. for every (i,j) in the union of the supports Supp(S) over all S € T'(Xy), the
sequence (Xn(i,7))n>1 15 bounded away from 0.

Proof. Lemmas 20 and 21 yield the first item. Given S € I'(Xp) and (¢, 7) € Supp(S), we
get for every n > 0, X, (i, 7)) > Fg(X,) > Fg(Xg) > 0. The second item follows. [

The first item of corollary 22 will yield the first items of theorem 3. The second item
of corollary 22 is crucial to establish the geometric rate of convergence in theorem 2 and
the convergence in theorem 3.

Remark 23. Using the convexity of T'(Xy), we see that if T'(Xo) is non-empty, one
can construct a matriz Sy € I'(Xo) whose support support contains the support of every
matriz in T'(Xp).

6 Proof of theorem 2

In this section, we assume that I' contains some matrix having the same support as Xj,
and we establish the convergences with at least geometric rate stated in theorem 2. The
main tools are lemma 8 and the second item of corollary 22. Corollary 22 shows that the
non-zero entries of all matrices X, are bounded below by some positive real number ~.
Therefore, the non-zero entries of all matrices XnX,;r are bounded below by 72. These
matrix have the same support as XOXOT .

By lemma 18, for every n > 1, R(Xopy2) = P(X2,)R(Xay), where P(Xy,) is a
stochastic matrix given by
q L. .
. Xont1(t,5) Xony1 (7, 5)
P(X5,)(3,7) = ‘ e
(Xzn) 6,6 Z a;b;C;(Xont1)

=1
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These matrices have also the same support as XOXOT . Moreover, by lemma 18 and
corollary 17,

o 1
P(Xop)(3,4') > W(Xg)

so the non-zero entries of P(Xy,) are bounded below by some constant ¢ > 0.

(X2n+1X2—EL+1)(7’.7 i/)a

We now define a binary relation on the set [1,p] by
iRi' & XoXq (i,i') > 0< 35 € [1,q], Xo(i,7)Xo(7,5) > 0.

The matrix XOX(—)r is symmetric with positive diagonal (since on each line, X, has at
least a positive entry), so the relation R is symmetric and reflexive. Call Iy, ..., I, the
connected components of the graph G associated to R, and d the maximum of their
diameters. For each k, set J, = {j € [1,q] : 3i € I}, : Xo(4,75) > 0}.

Lemma 24. The sets Ji,...,Ji form a partition of [1,q] and the support of Xq is
contained i Iy x Jy U ---UIL. x J.. Therefore, the support of XOX(;'— is contained in
L xT1U---UlI,. x 1., so one can get a block-diagonal matriz by permuting suitably the
lines of Xy.

Proof. By assumption, the sum of the entries of Xy on any row or any column is positive.
Given k € [1,r] and i € I, there exists j € [1,¢| such that Xo(i,7) > 0, so J is not
empty.

Fix now j € [1, ¢]. There exists ¢ € [1, p] such that X(i,7) > 0. Such an i belongs to
some connected component I, and j belongs to the corresponding Ji. If j also belongs
to Jy, then Xo(4',7) > 0 for some i’ € I;s, so XoX, (i,1') > Xo(i,7)Xo(#',7) > 0, hence
7 and i’ belong to the connected component of G, so k' = k.

The other statements follow. O

Lemma 25. Let i € I and i’ € Iys. Set P, = P(X,,) for allm > 0. Let n > 1, and
My, = Popyo4—2- - PonyoPoy. Then

M,(i,i) >t ifk=Fk.
M, (i,i") =0 if k # K.

Proof. Indeed,

Mn(i,i') = > Paioa—a(i,in) Ponyaa—a(in,i2) -+ Ponta(ig—2,iq—1)Pan(ig-1, 7).

1<ii,e.5tg—1<p

If k # K/, all these products are 0, since no path can connect ¢ and i’ in the graph G.

If K = K, one can find a path ¢ = ip,...,iy = ¢ in the graph G with length ¢ < d.
Setting ip11 = ... =14 if £ < d, we get
Papnyod—2(i,11) Panyaa—a(i1,42) -+ - Pansa(ia—2,ia—1)Pon(ig-1,1") > .
The result follows. O
Keep the notations of the last lemma. Then for every n > 1, R(Xay,424) = M, R(X2y).

For each k € [1,7], lemma 8 applied to the submatrix (M, (4,7')); 7cs, and the vector
L1, (Xon) = (Ri(X2n))ier, yields

diam(Ly, (Xons24)) < (1 — ch)diam(Ly, (X2,)).
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But lemma 8 applied to the submatrix (P(Xa2,)(4,7'));vecr, shows that the intervals

min R;i(X2y), max Ri(XQn)]

indexed by n > 1 form a non-increasing sequence. Therefore, each sequence (R;(Xay))
tends to a limit which does not depend on i € I, and the speed of convergence it at
least geometric.

Call Ag this limit. By lemma 24, we have for every n > 1,

S aRi(Xon) = D Xon(ij) =Y Xon(inj) = D by

i€ly (i,9) €I x I JE€Jk J€Jk

Passing to the limit yields
MY ai= ) by,
i€}, JjeJk

whereas the assumption that I' contains some matrix .S having the same support as X

yields
Zai: Z S(z’,j):ij.

i€l (i,5) €Ik X Jk J€Jk
Thus A\, = 1.

We have proved that each sequence (R;(X2y,))n>0 tends to 1 with at least geometric
rate. The same arguments work for the sequences (C;(X2n+1))n>0. Therefore, each infi-
nite product R;(Xo)R;(X2)--- or Cj(X1)C;(X3)--- converges at an at least geometric
rate. The convergence of the sequence (X,,),>0 with at a least geometric rate follows.

Moreover, call o;; and j; the inverses of the infinite products R;(Xo)R;(X2)--- and
Cj(X1)Cj(X3) - -+ and Xo the limit of (X,,)n>0. Then Xo(7,7) = i Xo(7,7), s0 Xoo
belongs to the set A,XoA,. As noted in the introduction, we have also X, € I'. It
remains to prove that X is the only matrix in I' N A, XoA, and the only matrix which
achieves the least upper bound of D(Y||Xy) over all Y € I'(X)).

Let Ex, be the vector space of all matrices in M, ;(R) which are null on Supp(Xy)©
(which can be identified canonically with RS"P(X0)) “and E;EO be the convex subset of all
non-negative matrices in Ex,. The subset E}E’: of all matrices in Ex, which are positive
on Supp(Xp)¢, is open in Ex,, dense in E;QO and contains X,. Consider the map fx,
from E}O to R defined by

@)= > Y(j)h

(2,5)€Supp(Xo)

with the convention ¢Int = 0. This map is strictly convex since the map ¢t +— tInt from
R, to R is. Its differential at any point YV € E;g is given by

Y (i, j)
XO(Z7J)

@)=Y  (mn

(4,5)€Supp(Xo)

+ 1)H(z‘,j).

Now, if ¥j is any matrix in I' N A, XoA, (including the matrix X ), the quantities
In(Y (4,75)/Xo(4,7)) can be written A; + p1;. Thus for every matrix H € E(X() with null
row-sums and column-sums, dfx,(Yp)(H) = 0, hence the restriction of fx, to I'(Xy) has
a strict global minumum at Yy. The proof is complete.
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The case of positive matrices. The proof of the convergence at an at least geometric
rate can be notably simplified when X has only positive entries. In this case, Fienberg [5]
used geometric arguments to prove the convergence of the iterated proportional fitting
procedure at an at least geometric rate. We sketch another proof using the observation
made by Fienberg that the ratios

Xn(i, §) Xn (7', 5')
Xn(i,J) Xn (¥, )

are independent of n, since they are preserved by the transformations T and T¢. Call
% the least of these positive constants. Using corollary 17, one checks that the average
of the entries of X,, on each row or column remains bounded below by some constant
v > 0. Thus for every location (4,j) and n > 1, one can find two indexes ¢’ € [1,p] and
j' € [1,q] such that X,,(i',5) > v and X, (4,5") > 7, so

Xn(i,5) > X0 (3, ) Xn (@, 5) > 6X,(3, 7)) Xn (7', §) > 572

This shows that the entries of the matrices X, remain bounded away from 0, so the ratios
X (i,5)/b; and X,,(4,7)/a; are bounded below by some constant ¢ > 0 independent of
n>1,14and j. Set

Pn = géi:; if n is even, p, = (ngf(:; if n is odd.
For every n > 1, the equalities
z 1
Cj(Xany1) = g Ri(Xomi1)

and lemma 8 yields

R(X9n) ™" < (1=0)R(Xan) " R (Xon) ! < Cj(Xant1) < (1-¢)R(Xan) ™ +cR(Xon) ™!

Thus,
_q C(Xan+1) — C(Xont1)
P2n+1 Q(x(2”+1))
(1 — 2¢)(B(Xon) ! — R(Xon)™Y) _
< e = — (1 20)(pmn — 1),

We prove the inequality p2, — 1 < (1 — 2¢)(pan—1 — 1) in the same way. Hence p, — 1
at an at least geometric rate. The result follows by corollary 17.

7 Proof of theorem 3

We now assume that I" contains some matrix with support included in Supp(Xp).

7.1 Asymptotic behavior of the sequences (R(X,)) and (C(X,)).

The first item of corollary 22 yields the convergence of the infinite product

HRZ‘(X())% X HCj(Xl)bj X HRi(XQ)ai X HCj(Xg)bj Xoeee
i J i J
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Set g(t) =t — 1 —1Int for every t > 0. Using the equalities
q
Vn > 1 Zaz XQn ijCj(Xgn_l) =1

we derive the convergence of the series
Zazg i(X0)) —i—ijg i(X1) —i—Za,g i(X2) —i—Zb]g

But ¢ is null at 1, p051t1ve everywhere else, and tends to mﬁmty at 0+ and at +o00. By
positivity of the a; and b;, we get the convergence of all series

> 9(Ri(Xan)) and Y g(Cj(Xani1))
n>0 n>0

and the convergence of all sequences (R;(X2y))n>0 and to (Cj(Xant1))n>0 towards 1
But g(t) ~ (t—1)?/2 ast — 1, so the series Y, (R;(X2,,)—1)? and ZnZO(Cj(X2n+1)—1)2
converge.

We now use a quantity introduced by Bregman [2] and called Lj-error by Pukelsheim
[11]. For every X € I'y, set

e(X) = Z‘ZX(Zaj) —a

q p
+ 33 XG0 - by
j=1 =1

The convexity of the square function yields

2 P q

<Y ai(Ri(X) =17+ bi(Ci(X) — 1),
=1

=1

Thus the series Y, e(X,,)? converges. But the sequence (e(X,))n>1 is non-increasing
(the proof of this fact is recalled below). Therefore, for every n > 1,

n
0< 56()(“)2 < ) e(Xp)
n/2<k<n
Convergences ne(X,)? — 0, vn(R;(X,) — 1) — 0 and v/n(Cj(X,) — 1) — 0 follow.

To check the monotonicity of (e(X},))n>1, note that Tr(X) € I'p for every X € I'¢,
S0

e(Th(X) = D |3 X(d) R(X) "~y

A
M=
M= 5
b

g

B

|

= ZaiRi(X) |Ri(X)~" =1

In the same way, e(T(Y)) < e(Y) for every Y € I'g.
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7.2 Convergence and limit of (X,,)

Since I'(X() is not empty, we can fix a matrix Sy € I'(Xp) with support as large as
possible, like in remark 23 (at the end of section 5).

Let L a be a limit point of the sequence (X, )n>0, so L is the limit of some subsequence
(Xy(n))n=>0- As noted in the introduction, Supp(L) C Supp(Xp). But for every i € [1, p]
and j € [1,q], RZ(L> = hmRZ(X(p(n)) = 1 and C](L) = th](Xso(n)) = 1. Hence
L € T'(Xp). Corollary 22 yields the inclusion Supp(Sp) C Supp(L) hence for every
S € I'(Xp), Supp(S) C Supp(Sy) C Supp(L) C Supp(Xp), so the quantities Fg(X() and
Fs(L) are positive.

By lemma 21, the ratios Fs(X,(n))/Fs(Xo) do not depend on S € I'(Xp), so by
continuity of Fg, the ratio Fs(L)/Fs(Xp) does not depend on S € I'(Xp). But by
lemma 20,

Fs(L) Fs(S) Fs(S)
082 Fs(Xo) = log, Fs(Xo) — log, Fs(L)

and D(S||L) > 0 with equality if and only if S = L. Therefore, L is the only element
achieving the greatest lower bound of D(S||Xy) over all S € I'(Xj).

1 = D(S]|Xo) — D(S||L),

L = arg min D(S|| Xo).
Sel'(Xo)

We have proved the unicity of the limit point of the sequence (X,,),>0. By compacity of
I'(Xp), the convergence follows.

Remark 26. Actually, one has Supp(Sy) = Supp(L). Indeed, theorem 3 shows that
for every (i,7) € Supp(Xo) \ Supp(So), Xn(i,7) — 0 as n — +oo. This fact could be
retrived by using the same arguments as in the proof of theorem 1 to show that on the

set I'(Xo), the linear form X w— X (ig, jo) coincides with some linear combination of the
affine forms X — R;(X) —1, 1€ [L,p], and X — Cj(X) —1, j € [1,q].

8 Proof of theorems 4 and 5

We recall that neither proof below uses the assumption that I'(Xy) is empty.

8.1 Proof of theorem 4

Convergence of the sequences (R(X2,)) and (C(X2p41)). By lemma 18 and corol-
lary 17, we have for every n > 1, R(Xop42) = P(X2,)R(X2,), where P(Xa,) is a
stochastic matrix such that for every ¢ and k in [1, p],

a a R(X3)

P(Xop)(1,1) > == > ==
? b C(Xont1)q bq

and
P(in)(k,i) < (E/Q)P(XQH)(i’k)'

The sequence (P(X2,))n>0 satisfies the assumption of corollary 12 and theorem 6, so
any one of these two results ensures the convergence of the sequence (R(X2y))n>0. By
corollary 17, the entries of these vectors stay in the interval [R(X3), R(X2)], so the limit
of each entry is positive. The same arguments show that the sequence (C(X2p+1))n>0

also converges to some vector with positive entries.
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Relations between the components of the limits, and block structure. Denote
by A1 < ... < A, the different values of the limits of the sequences (R;(X2p))n>0, and
by p1 > ... > p, the different values of the limits of the sequences (Cj(X2p+1))n>0. The
values of these limits will be precised later. Consider the sets

I = {i € [1,p] : im R;(X2,) = Ai} for k € [1,7],
J={j€[l,q] : im Cj(Xons1) = i} for I € [1,s].

When (i,j) € I x J;, the sequence (R;(X2,)Cj(Xon41))n>0 converges to Agypy. If
Akpy > 1, this entails the convergence to 0 of the sequence (X, (4, j))n>0 with a geometric
rate; and if Ay < 1, this entails the nullity of all X,,(4,j) (otherwise the sequence
(Xn(i,J))n>0 would go to infinity). But for all n > 1, R;(Xa,) = 1 and Cj(Xop41) = 1,
so at least one entry of the matrices X,, on each line or column does not converge to 0.
This forces the equalities s = r and uy = )\,;1 for every k € [1,r].

Convergence of the sequences (Xs,) and (X3,4+1). Let L be any limit point of the
sequence (Xa,)n>0, 80 L is the limit of some subsequence (Xo,(,))n>0. By definition of
a', Ri(L) = lim R;(Xs,(n)) = a;j/a; for every i € [1,p]. Moreover, Supp(L) C Supp(Xo),
so L belongs to T'(a’, b, Xo). By lemma 21, the ratios Fis(Xo4(,)/Fs(Xo) do not depend
on S € I'(Xp), so by continuity of Fg, the ratio Fs(L)/Fs(Xp) does not depend on
S € I'(Xp). But by lemma 20,

Fs(L) Fs(5) Fs(5)
log, Fs(Xo) = log, Fs(Xo) — log; Fs(L)

= D(Sl[X0) = D(S]|L),

and D(S||L) > 0 with equality if and only if S = L. Therefore, L is the unique matrix
achieving the greatest lower bound of D(S||Xy) over all S € T'(d, b, Xj).

L = arg min D(S|| Xo).
Sel'(Xo)

We have proved the uniqueness of the limit point of the sequence (X2;,),>0. By com-
pacity of T'(a’,b, Xy), the convergence follows. The same arguments show that the se-
quence (Xop41)n>0 converges to the unique matrix achieving the greatest lower bound
of D(S||Xo) over all S € I'(a, b/, Xo).

Formula for \;. We know that the sequence (X,,(7,j))n>0 converges to 0 whenever
i € Iy and j € J; with k # [. Thus the support of L = lim Xy, is contained in
I x J1U...UI. x J,.. But L belongs to I'(a/, b, Xy), so for every k € [1,7]

Mea(ly) =D aj= Y L(ij) =D bj=b(Jy).
i€ly, (4,7)EL X Iy, JE€EJk
Properties of matrices in I'(d’,b, X)) and T'(d/,b, X(). Let S € I'(a, b, Xp).

Let ke [1,r—1], Ay =L U---UIy and By = Jp41 U---UI.. We already know that
Xp is null on Ay x By, so S is also null on this set. Moreover, for every [ € [1,r],

a(l) = A7'0(T) =D N =) b =V ().

JjeJ; JjeJ;
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Summation over all [ € [1, k] yields a(Ay) = b/(Bg). Hence by theorem 1 S is null on the
set A x Bf = (Jyg41 U---UL) x (J1U---UJ).

This shows that the support of S is included in I; x J; U---U I, x J,.. This block
structure and the equalities a}/a; = b; /b; = M\¢ whenever (i,j) € I X Jy yield the
equality D1S = SDs. This matrix has the same support as S. Moreover, its i-th row is
al/a; times the i-th row of S, so its i-th row-sum is a,/a; X a; = a}; in the same way its
j-th column is b; /b times the j-th column of S, so its j-th column sum is b; /b’ x b, = b;.
As symmetric conclusions hold for every matrix in I'(a’, b, Xj), the proof is complete.

8.2 Proof of theorem 5

Let k € [1,7“], P = [1,p]\([1U. LUl ), Q = [1,q]\(J1U. UJg_1). Fix S € F(a’,b, X))
(we know by therorem 4 that this set is not empty).

If Kk =r, then P = I, and Q = J,. As a, = a;b(J;)/a(1,) for every i € I,, we
have a/(I,) = b(J,) and a}/da’(I;) = a;b(J;)/a(1,) for every i € I,. Therefore, the matrix
(S(i,4)/ad'(I,)) is a solution of the restricted problem associated to the marginals a(-|P) =
(ai/a(l;))iep, b(-|Q) = (bj/b(Q))jeq and to the initial condition (Xo(i,7)) j)epxq-

Ifk<r,then P=1,U...Ul.and Q = J, U...UJ,.. Let A, = I, and B} =
Jri1U...UJ.. By theorem 4, the matrix Xy is null on product Ay x Bg. Moreover, the
inequalities A\; < ... < A, and a(I;) > 0 for every [ € [1,7] yield

T

b(Q) =D b(J) =Y Na(l) >N Y a(li) = Aa(P),
1=k 1=k

=k

" a(AlP) _a(l)/a(P) 1 H(Q)
b(Q\ BlQ)  b(Jk)/b(Q)  "F a(P)
Hence Ay x By is a cause of incompatibility of the restricted problem associated to the
marginals a(-|P) = (a;/a(P))icp, b(-|Q) = (bj/b(Q))jeq and to the initial condition
(Xo(,7))i,j)ePx@-
Now, assume that X is null on some subset A x B of P x Q. Then S is also null on
A x B, so for every [ € [k, 7],

> 1.

)\ka(A N Il) < /\lCL(A N Il) = a'(A N Il> = S((A N Il) X ((Q \ B) N Jl)) < b((Q \ B) N Jl).
Summing this inequalities over all | € [k, ] yields A\ga(A) < b(Q \ B), so

ald) A= a(ly) _ a(Ap)

b(@Q\ B) b(Ik)  b(Q\ Bk)’

Moreover, if equality holds in the last inequality, then for every [ € [k, r],

Aka(AN 1) = Na(AN L) =b((Q\ B)NJp).

This yields ANI; = (Q\ B)N.J; =0 for every | € [k + 1,7], thus A C I = A and
Q \ B C Ii, namely B D By. The proof is complete.
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