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EULER-LAGRANGE EQUATION FOR A DELAY VARIATIONAL
PROBLEM

JOEL BLOT AND MAMADOU L. KONE

ABSTRACT. We establish Euler-Lagrange equations for a problem of Calculus
of variations where the unknown variable contains a term of delay on a segment.

Key words: Euler-Lagrange, Nemystkii operator.
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1. INTRODUCTION

We consider the following problem of Calculus of Variations

Minimize J(z) := fOT F(t,xy, 2’ (t))dt
when  z € C°([—r,T],R")
Tl € Cl([(), T],R™)
To = 1/}5I(T) = C

where r, T € (0,+0c0), r < T, F :[0,T] x C°([-r,0],R") x R* — R is a functional,
€ CO([—r,0],R"), ¢ € R", and 24(0) := x(t + 0) when 0 € [—r,0] and ¢ € [0,T].
C° denotes the continuity and C! denotes the continuous differentiability.

(P)

The aim of this paper is to establish a first-order necessary condition of optimal-
ity which is analogous to the Euler-Lagrange equation of the variational problem
without delay.

Now we describe the contents of the paper.

2. NOTATION AND RECALL

Let F be a finite-dimensional real normed vector space and a < b be two real
numbers. BV ([a,b], E) denotes the space of the bounded variation functions from
[a,b] into E, [9]. NBV([a,b], E) denotes the spaces of the functions in BV ([a, ], E)
which are right-continuous on [a, b) and which are equal to 0 at a. M,,(R) denotes
the space of the real n x n matrices. When f € BV ([a,b], E), the total variation of
f on [a,b] is V2(f) which is defined as the supremum of the nonnegative numbers
Zf:o || f(t:) — f(tix1)|| on the finite lists (¢;)o<i<k such that a =t < ... < ¢, =b.
On NBV([a,b], E) we consider the norm ||f||py := V’(f). When X and Y are
normed vector space, £(X,Y) is the space of the linear continuous mappings from
X into Y; when A € £(X,Y), we set [|[Alle = sup{||A(z)|ly : z € X, ||z|lx < 1}.
The dual space of R™ is R™* = £(R",R). When X is a Banach space, the space
C°([a,b], X) is endowed with the norm ||f|loo,a,0) = supyes [|f(8)]. B([a,b], E)
is the Banach space of the bounded functions from [a,b] into E. BC?([a,b], E)
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2 BLOT KONE

(respectively BC%([a,b], F)) is the space of the bounded left-continuous (respec-
tively bounded right-continuous) from [a, b] into E. R([a,b], E) is the space of the
regulated functions from [a,b] into E. RI([a,b], E) is the space of the Riemann
integrable functions from [a,b] into E.

Theorem 2.1. Let L € C°([0,T], £(C°([-r,0],R™),R). Then there exists a map-
ping g : [0,T] x [—r,0] = R™ which satisfies the following properties.
(i) Yt €1[0,T], g(t,-) € NBV([-r,0],R™).
(ii) V£ € [0,T], llg(t, )llBv = [|L(?)]|e-
(iii) [t — g(t,-)] € C°([0,T], NBV([-r,0], R™*].
(iv) Vo € C°([-r,0],R™), Vt € [0,T],
Lt)(g) = |7, dog(t,0)0(0) = T3y [, dg? k[t (0)*(6),
where [l irgn = 9(t, ).
(v) g is Lebesgue measurable on [0,T] x [—r,0].
(vi) g is Riemann integrable on [0,T] x [—r,0].

This theorem is proven in [6] (Theorem 4.1) in the case where N BV ([—r, 0], M,(R))
is the space of the functions in BV ([—r,0],M,,(R)) which are left-continuous on
(0, T] and equal to 0 at T. The modifications to do to adapt the proof to the case
of the present paper are clear.

We need the two following results to study the Nemytskii (or superposition)
operators.

Proposition 2.2. Let £, F be two metric spaces, and ® € C*(E, F). P.(E) denotes
the set of the compacts subsets of £E. Then we have:
VK € P.(£),Ve>0,36°>0,Ve € K,Vz €&, d(z,2) <6 = d(P(z),D(z2)) <e.

This result is established in [I1], p. 355. It permits to compensate the lack for
compact neighborhood of compact subset in non locally compact metric spaces, for
instance in infinite-dimensional normed spaces. In [5] and in [4] we have called it
”Lemma of Heine-Schwartz”.

Theorem 2.3. Let £, F be two metric spaces, A be a nonempty compact metric
space, and ® : A x £ — F be a mapping. Then the two following assertions are
equivalent.

(i) € C°AxE,F).

(ii) No € CO(CY(A,E),C (A, F)) where No(u) := [a +— ®(a,u(a))].

This result is established in [4] (Lemma 8.10).
We need to use the following classical Lemma of Dubois-Reymond.

Theorem 2.4. let a < B be two real numbers, a € C°([a, B],R™) and b
C°([av, B, R™). We assume that, for all h € C*([a, B],R™) such that h(ca)) = h(B)
0, we have ff(a(t) ~h(t)+b(t)- W' (t))dt = 0. Then we have b € C*([a, 8], R™) and
b =a.

I m

This result is proven in [I] (p. 60) when n = 1.

3. THE MAIN RESULT

We consider the following assumptions on F.
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(A1) F € C°([0,T] x C°([-r,0],R™) x R™,R).
(A2) For all (t,,v) € [0,T] x C°([—r,0],R™) x R", the partial Fréchet differen-
tial with respect to the second (function) variable, Do F'(t, ¢, v), exists and
DoF € C°([0,T] x C°([-r,0],R") x R™, £(C°([-r,0],R"),R)).
(A3) Forall (t,¢,v) € [0,T]x C°([—r, 0], R™) x R™, the partial Fréchet differential
with respect to the third (vector) variable, DsF' (¢, p,v), exists and DsF €
CO([Oa T] X OO([_Tv 0]7 Rn) X an ’S(an R))
Under (A2), for L(t) := DoF(t,z¢,2'(t)), from Theorem 2] we know that there
exists a mapping 7 which represents L. We extend 1 to a mapping ' : [0, T + 7] x
[—r,0] — M, (R) by setting
(L, 0) = n(t,0) if (¢,0) €[0,T] x [-r,0]
e n(T,0) it (t,0)¢e (T,T +r] x [-r,0].
Theorem 3.1. Under (A1, A2, A3) let x be a local solution of the problem (P).
We define q : [0,T] — £(R™,R) by setting
a0 = | 1ot =69de it te 0T -0
[ glt,e —tyde it te (T —rT).
Then the function [t — D3F(t,zy,2'(t)) — q(t)] is of class C* on [0,T — ] and is
of class C* on [T —r,T), and we have
d
E[‘D&F(tv L, xl(t)) - q(t)] = g(t, 0).
Comments

4. A FUNCTION SPACE AND OPERATORS

We define the following function space

X :={x e C([-r,T],R") : 2, ,, € C*([0,T],R™)}. (4.1)

On X we consider the following norm
lzllz = sup [lz(®)] + sup [l2'(£)]- (4.2)
—r<t<T 0<¢<T

Lemma 4.1. (X, || ||x) is a Banach space.
Proof. We can also write |[z||x = |Z|loo,[—r7] + |2]|oc,j0,77- Since || - |loo,[—r 1]
and | - ||sc,jo,r) are norms, || - ||z is a norm. We consider the space C*([0,T],R")
endowed with the norm |zc1 0,17 = [|2]lec,jo,7] + [|Z'[loc, 0,7 We know that
(C1([0,T),R™), ||-|c1,j0,77) is a Banach space, ref. Let (2*)en be a Cauchy sequence
in (X, - ||x). Since (:vﬁo T])kEN is also a Cauchy sequence in C1([0,T],R") there
exists u € C*([0,T],R™) such that limy_, ;o ||$‘k[0 o ul|c1 o) = 0. Since (%) ren
is also a Cauchy sequence in the Banach space (C°([—r,T],R"),]| - |[oo,0,7]) there
exists v € CO([—r, T],R™) such that limp_, oo [|2% — v]|ce,[—r, 1) = 0.
Since || - [loo, 0,77 < |l - lo1 0,77 We have limg 4 oo ||;vﬁ0yT] — || ,[0,7] = 0, and since
|| : ”oo,[O,T] < || ' ||oo,[—r,T] we have hmk%Jroo ||IﬁO,T] - ’UI[O,T]HOO,[O,T] = 0. USing
the uniqueness of the limit we obtain V) = U Therefore we have v € X and

from the inequality [|z* — ullx < ||2% — v[|co,(=r1) + |2% = v]lc1 0,77 We obtain
limy, s 4 oo ||2% — ul|x = 0. O
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We define the set
WA:={reX:x9=10,2(T) =(}. (4.3)

Lemma 4.2. 2 is a non empty closed affine subset of X and the unique vector
subspace which is parallel to A is B :={h € X : ho =0,h(T) = 0}.

Proof. Setting y(t) := 1(t) when t € [—r,0] and y(t) := (¢ —1(0)) +¢(0), we see
that y € 2 which proves that 2 is nonempty. From the inequalities ||z(T)|| < ||lz]x
and ||z _ < |[[2|x, we obtain that A is closed in X. It is easy to verify that 2 is

affine. The unique vector subspace of X is ¥ = A — u where u € 2. and we can
easily verify the announced formula for 5. O

When z € CO([—r, T],R™) we define
£ [Oa T] - OO([_Ta O]a Rn)a g(t) = 2. (44)
Lemma 4.3. When x € C°([—r, T],R™) we have x € C°([0,T], C°([-r,0], R™)).
Proof. Using a Heine’s theorem, since [—r, T] is compact and z is continuous, z is
uniformly continuous on [—r, T1, i.e.
Ve > 0,30, > 0,Vt, s € [, T, |t — s| < de = ||x(t) — z(s)|| <e.
Let € > 0; if t,s € [0,T] are such that |t — s| < d then, for all § € [—r,0] we
have |(t + 0) — (s + 0)| < 0. which implies ||z(t + ) — xz(s + 0)|| < ¢, therefore
z(t) = 2()loo,0,7) < € 0
After Lemma we can define the operator
S: C([-r, T],R™) — C°([0,T],C°([-r,0],R™), S(z):=z. (4.5)
Lemma 4.4. S is a linear continuous operator from (CO([—r,T],R™), | - |loo) into
(C°([0, 7], CO([=7,0],R™)), || - loc). Setting S' := S|, S' is a linear continuous
operator from (X, - ||x) into (C°([0,T],CO([—7,0],R™)), || - ||loc)-

Proof. The linearity of S is clear. When x € C°([—r, T],R") we have ||S()||c =

SUPg<; <7 (SUP_ <o |2(t + 0)||) = sup_,<o<r |7(5)|| = [|#||oc,[=r,7) Which implies
the continuity of S.
The continuity of S* results from the inequality || - ||oo,—r7) < || - [|%- O

Now we consider the following operator
D: X — C°[0,T],R™), D(z):=2' (4.6)
Lemma 4.5. The operator D is linear continuous from (X, ]| - ||x) into

(CO([OvT]an)v H ’ HOO)

Proof. The linearity of D is clear.
When z € X, we have |D(z)|lo, 0,71 = [|2'[loc,jo,7) < [l2]|x which implies the
continuity of D. (I

When V and W are normed vector spaces we consider the operator
B:L&V,W)x E— W,B(L,y) :=L-y.
B is bilinear continuous, and when I is a compact interval of R, we consider the
Nemytskii operator defined on B
Np : COUI,&(V,W)) x C°(I,V) — C°(I, W) (4.7)
Np(L,h) := [t = B(L(t), h(t)) = L(t) - h(t)] '
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where we have assimilated C°(I, £(V,W))x C°(I,V) and C°(I, £(V,W))x V). Ng
is bilinear and the following inequality holds
VL € C°(L,&(V,W)),Yh € C°(L, V), INp(L, )]s < IIL]lo - lhlloc.  (4.8)

This inequality shows that Np is continuous and consequently it is of class C?.

5. THE DIFFERENTIABILITY OF THE CRITERION

First we establish a genaral result on the differentiability of the Nemytskii oper-
ators.

Lemma 5.1. Let I be a compact interval of R, V., W be two normed vector spaces,
and ® : I xV — W be a mapping. We assume that the following conditions are
fulfilled.

(a) ® € COI x V,W).
(b) For allt € I, the partial Fréchet differential of ® with respect to the second
variable, Do®(t, ), exists for all x € V, and D2® € C°(I x V, £(V,W)).
Then the operator Ng defined by No(v) := [t — ®(t,0v(t))] is of class Ct from
C°(1,V) into C°(I,W), and we have DNg(v) - v = [t — Da®(t,v(t)) - dv(t)].
Proof. Under our assumptions, from Theorem [2.3] the following assertions hold.
Ng € C°(C%(1, V), C%(1, W) (5.1)
Np,s € C°(C°(I,V),C°(I, £(V,W)). (5.2)
We arbitrarily fix v € C°(1, V). The set K := {(t,v(t)) : t € I} is compact as the

image of a compact by a continuous mapping. Let ¢ > 0; using Proposition we
have

{ 3B >0Vt I,VscI,Vy eV,
[t = s+ [[v(t) —yll < B = [|D22(t, u(t)) — D2®(s,y)|| <,

which implies
B> 0,Vt € I,Vy € V. [Jo(t) — yl| < B = [|[D2@(t, u(t)) — D2@(t, y)|| < e,

Let v € C°(1,V) such that ||dv|leec < B¢. For all y € Ju(t),v(t) + dv(t)| =
{(1 = No(t) + A(v(t) + dv(t))}, we have |ly|]| < ||dv(t)]| < B¢, and consequently
(|D2®(t, u(t)) — Da®(t,y)|| < e. Using the mean value theorem ([I], Corollaire 1, p.
141 ), we have

{ [|[@(t, v(t) + ov(t)) — ®(t,v(t)) — Da®(t,v(t)) - dv(t)| <
SUPy o (1), (1) +sv(n)] |1 P20t v(t)) — D2®(t, )| - [ov(t)]| < €lldv(t)]]
which implies, taking the supremum on the t € I,
INo (v + 6v) — No(v) — Ng(Np,a(v),00)|lco < €]|00]|00-
And so we have proven that Ng is Fréchet differentiable at v and
DNg(v) - v = Ng(Np,a, dv).
When v,v!, dv € C°(I,V), using [@]) we have

[(DNg(v) = DNg(v')) - 6v[loe = INB(Np,a(v),0v) = Ng(Np,a(v'),0v)|le =
[NB(Np,a(v) = Np,a(v'),60)||lec < [|NDya(v) = Np,a(v')] - [|60]] oo,

and taking the supremum on the dv € C°(I, V) such that ||§v|/o < 1 we obtain
IDNa(v) = DNa(v')[lso < [Npya(v) = Np,a(v')
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and (52) implies the continuity of DNg. O

In different frameworks, similar results of differentiability of Nemytskii operators
were proven in [4] (for almost periodic functions) , in [5] (for bounded sequences),
in [3](for continuous functions which converge to zero at infinite).

From F : [0,T] x C°([-r,0],R") x R — R we define the following Nemytskii
operator

C?([0,T],C°([—r, 0], R™)) x C°([0, T, R™) — C°([0, T], R")
NF(U v) = [t (1, U (), 0(t))). } (5.3)

Lemma 5.2. Under (A1, A2, A3), Nr is of class C' and for all U, SU €
([0, T, CO([-r,0],R™)), for all v, dv € CO([0,T],R"™) we have
DNgp(U,v) - (06U, 6v) = [t — Do F(t,U(t),v(t)) - 8U(t) + DsF(t,U(t),v(t)) - dv(t)].

Proof. it is a straightforward consequence of Lemma BTl with V = C°([—r, 0], R™) x
R™ W =R, ® = F, and by using that the differential of F(¢,.,.) at (U(t),v(t)
applied to (0U(t), dv(t)) is equal to DaF(t,U(t),v(t)) - SU(t) + DsF(t,U(t),v(t)) -
du(t). O

Lemma 5.3. Under (A1, A2, A3), J € C1(X,R) and for all z € A and for all
h € 0, we have
DJ(‘T) ~h= fOT(DQF(tu Tt, :El(t)) : ht + D3F(t7 Tt, xl(t)) : hl(t))dt

Proof. We introduce the operator in : X — C%([—r, T] R") by setting in(x) ==z,
and the functional I : C°([0,T],R) — R by settinf I(f f o f(t)dt the Riemann
integral of f on [0,7]. The operator in is clearly hnear and frorn the inequality
Il - lloo,j=r,7) < |l - |lx, it is continuous. I is linear and by using the mean value
theorem, it is continuous.

Note that J = I o Npo(Soin,D). Since in, S, D and I are linear continuous, they
are of class C*, and so (S oin, D) is of class C'. Using Lemma 5.2l N is of class
C', and so J is of class C' as a composition of C' mappings. The calculation of
DJ is a simple application of the Chain Rule :

DJ(z)-h DI(Np(S(in(z), D(z)) - DNpS(in(z), D(x)).
(DS(in(z) - Din(x)h, DD(x) - h)
= I(DNp(z,z').(h, 1))
ST (DaF(t, 0,2 () - he + DaF(t,zq, 2/ (1)) - 1 (t))dt.

6. PROOF OF THE MAIN RESULT
Lemma 6.1. For all h €0, we h(we
I DaF(t, @y, 2/ (1)) - hedt = [ g(£,0) - h(t)dt — [, q(t) - h'(t)dt.
Proof. Using Proposition 3.2 in [6] and g(t, —r) = 0, we have, for all ¢ € [0,T],
DoF(t,z,2' (8)) -he = [0 dag(t,0) - h(t +6)
= I dgg(t,s ~1) - h(E)
= ( h(t) t— 7« t f—t /(§)d€7
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which implies

/OTDQF(t,xt,x/(t))-htdt—/o t)dt— / /” (t,&—t)-h' (€)ddt. (6.1)

We set A:={(t,£): 0 <t <T,t—r < ¢ <t} and from the Fubini-Tonelli theorem

we gave
- dedt = ded .
// ot~ 1) -we)dcit = [ [ so.pdcar (6.2)
where f(t,€) := g(t,& —t) - h'(£). We also define

A = {t,):T—-r<&<T,E<t<T}
Ay = {1, 0<EST -1 <t <&+
Ay = {6 :—r<E<0,0<t<E+7)

We have A = A;UA>N A3 and A;NA; is Lebesgue negligible for all (i, j) € {1,2,3}?
such that ¢ # j. Therefore we have the following relation.

/ /A F(t.€)dedt = / [ st g+ / [ st agae+ / [ rgacir 63

Note that A1 = {(¢,&) : T —r <t < T,T —r < ¢ < t}. Using the Fubini-Tonelli
theorem, we obtain

[ fa, F(8,)dgdt = fTngrgtf—t dg)dt
= o, (f¢ g(t.€ —t)dt)h'(&)dg

which implies

T
/ F(t.€)dedt = / 9(€) - W' (€)de. (6.4)
A1 T—r

Using the Fubini-Tonelli theorem we have

T E+r
/ RS / ( /g_ g(t,€ — t)de)de

//A f(t,é)det:/OTTq(g).h/(g)dé (6.5)

Using the Fubini-Tonelli theorem we obtain

0 E+r
/ RS / ( /0 o(t.€ — e (€)de

—-r

which implies

and since b’ is equal to zero on [—r, 0] we obtain
/ F(t.€)dedt = 0. (6.6)
As
Using ([6.2)), (6.3), [G4), 6.5, ([6.6), and the chasles relation we obtain
Tt T
L[ atee=n-wdga = [ o -wie
t—r

o

Then from this last equality and from (G.I]) we obtain the lemma. O
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From Lemma [£.3] and the previous lemma we have, for all h € U the following
relation

0 = [ (DsF(t,xp,a'(t) - hy + DoF(t e, 2 (£)) - B (1)) dt
= Jo (g(t,0) - h(t) + (DsF(t, x0, 2/ (£) — q(t)) - B (¢))d.
Using Theorem[Z4 we obtain, for all ¢ € [0,T7], that the function [t — D3 F(t,x¢, 2 (t))—
q(t)] is differentiable at ¢ and we have 4 (D3 F(t, z,2'(t)) — q(t)) = g(t,0).
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