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ON THE DIVERIO-TRAPANI CONJECTURE

Ya Deng*

Institut Fourier, Université Grenoble Alpes

Abstract

The aim of this work is to study the conjecture on the ampleness of Demailly-Semple bundles

raised by Diverio and Trapani, and also obtain some effective estimates related to this problem.
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In recent years, an important technique in studying hyperbolicity-related problems is invariant jet
differentials Fj, ,,, Ty introduced by J.-P. Demailly, which can be seen as a generalization to higher order
of symmetric differentials, but invariant under the reparametrization. To prove hyperbolicity-type
statements for projective manifolds, one needs to construct (many) global jet differentials vanishing
on an ample divisor on the given manifold X (cf. Theorem 2.3 below). If one deal the with positivity
for jet bundles of the complete intersection of hypersurfaces in PV, as was proved in [Div08], one
cannot expect to achieve this for lower order jet differentials if the codimension of subvariety is small:

Theorem 1.1. (Diverio) Let X C PN be a smooth complete intersection of hypersurfaces of any
degree in PN. Then

HY(X,EJST%) =0

for allm>1 and 1 < k < dim(X)/codim(X).
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On the other hand, in principle, the positivity (or hyperbolicity) of a generic complete intersection
in the projective space should be increased by cutting more and more with projective hypersurfaces of
high degree. In [Deb05], Debarre verified this in the case of abelian variety, in which he proved that the
intersection of at least % sufficiently ample general hypersurfaces in an IN-dimensional abelian variety
has ample cotangent bundle. Motivated by this result, he conjectured that the analogous statement
holds in the projective space:

Conjecture 1.1. (Debarre) The cotangent bundle of the intersection in PN of at least % general
hypersurfaces of sufficiently high degree is ample.

The first important result in this direction was obtained by Brotbek in [Brol4], where he was able
to prove the Debarre conjecture for complete intersection surfaces in P4. Later, in [Brol5] he proved
the ampleness of the cotangent bundle of the intersection of at least % general hypersurfaces of
high degree in P™. Very recently, based on the ideas and explicit methods arising in [Brol5], Brotbek
and Darondeau [BD15] and independently S.-Y. Xie [Xiel5,Xiel6] proved the Debarre conjecture:

Theorem 1.2. (Brotbek-Darondeau, Xie) Let X be any smooth projective variety of dimension N, and
A a very ample line bundle on X, there exists a positive number dy depending only on the dimension
N, such that for each ¢ > %, the complete intersection of ¢ general hypersurfaces in \A‘s] has ample
cotangent bundle.

Moreover, Xie was able to give an effective lower bound on hypersurface degrees dy = NV .
Although the work by Brotbek and Darondeau is not effective on the lower bound dy, growing from
some interpretation of the cohomological computations in [Brol5], they established an elegant geo-
metric construction, which defines a map W from the projectivized relative cotangent bundle P(€, /s)
to a certain family % — G, which we called the universal Grassmannian in Section 4, to construct a
lot of global symmetric differential forms with a negative twist by pulling-back the positivity on #/.
In order to make the base locus empty, they applied the Nakamaye Theorem, which asserts that for a
big and nef line bundle L on a projective variety, the augmented base locus B (L) coincides with the
null locus Null(L), to the tautological line bundle . on the universal Grasssmannian #. In Section
4, we obtain an effective result (see Theorem 4.3) related to the Nakamaye Theorem they used, which
is a bit weaker but still valid in their proof. Thus based on their work we can obtain a better lower
bound (see also [Denl6])

dy = 4cy(2N — 1)%0T L 6N — 3,

where ¢g := L%J

On the other hand, by introducing a new compactification of the set of regular jets J, Ty ®/Gy,
Brotbek was able to fully develop the ideas in [BD15] to prove the Kobayashi conjecture [Brol6]. His
statement is thus the following:

Theorem 1.3. (Brotbek) Let X be a smooth projective variety of dimension n. For any very ample
line bundle A on X and any d > dg n, a general hypersurface in |A| is Kobayashi hyperbolic. Here
dx n depends only the dimension n.

In [Brol6], the main new tool he constructed is the Wronskians on the Demailly-Semple tower,
which associates sections of the line bundle to global invariant jet differentials. As there are certain
insuperable obstructions to the positivity of the tautological line bundle on the Demailly-Semple
towers, due to the compactification of the jet bundles (ref. [Dem95]), Brotbek introduced a clever
way to blow-up the ideal sheaves defined by the Wronskians, which behaves well in families, so that
he was able to apply the openness property of ampleness for the higher order jet bundles to prove
the hyperbolicity for general hypersurfaces. In order to make the lower bound dg , in Theorem 1.3
effective, one needs to obtain some effective estimates arising in some noetherianity arguments. As
well as the Nakamaye Theorem, there is another constant m.. (X, L) (see Section 2.3) which reflects
the stability of Wronskian ideal sheaf when the positivity of the line bundle L increases. In Section
2.3 we study Brotbek’s Wronskians and prove the effective finite generation for Wronskian ideal sheaf
(Theorem 2.4), and thus based on Brotbek’s result we were able to obtain an effective bound for the
Kobayasi conjecture (see also [Denl6])

dK,n _ nnJrl(n + 1)2n+5‘



Remark 1.1. By using Siu’s technique of slanted vector fields on higher jet spaces outlined in his
survey [Siu02], and the Algebraic Morse Inequality by Demailly and Trapani, the first effective lower
bound for the degree of the general hypersurface which is weakly hyperbolic (say that a variety X is
weakly hyperbolic if all its entire curves lie in a proper subvariety Y C X ) was given by Diverio,
Merker and Rousseau [DMR10], where they confirmed the Green-Griffiths-Lang conjecture for generic
hypersurfaces in P of degree d > 2(n=1° " Later on, by means of a very elegant combination of his
holomorphic Morse inequalities and a probabilistic interpretation of higher order jets, Demailly was

able to improve the lower bound to d > L%ﬁl (n log (n log(24n))>nJ [Dem10]. The latest best known

bound was d > (5n)*n™ by Darondeau [Darl5]. In the recent published paper [Siul5], Siu provided
more details to his strategy in [Siu02] to complete his proof of the Kobayashi conjecture, and the bound
on the degree following [Siul5] are very difficult to make explicit.

In the same vein as the Debarre conjecture, in [DT10], Simone Diverio and Stefano Trapani raised
the following generalized conjecture:

Conjecture 1.2. (Diverio-Trapani) Let X C PN be the complete intersection of ¢ general hypersur-
faces of sufficiently high degree. Then, Ey 1% is ample provided that k > % — 1, and therefore X is
hyperbolic.

In this paper, based mainly on the elegant geometric methods in [BD15] and [Bro16] on the Debarre
and Kobayashi conjectures, we prove the following theorem:

Theorem A. Let X be a projective manifold of dimension n endowed with a very ample line bundle
A. Let Z C X be the complete intersection of ¢ general hypersurfaces in |H° (X, Ox (dA))| Then for
any positive integer k > 2 — 1, Z has almost k-jet ampleness (see Definition 2.1 below) provided that
d > 2¢c([2])tet2nmte In particular, Z is Kobayashi hyperbolic.

Since our definition for almost 1-jet ampleness coincides with ampleness of cotangent bundle, then
our Main Theorem integrates both the Kobayashi (¢ = 1) and Debarre conjectures (¢ > %5), with some
(non-optimal) effective estimates.

At the expense of a slightly larger bound, based on a factorization trick due to Xie [Xiel5|, we are
able to prove the following stronger result:

Theorem B. Let X be a projective manifold of dimension n and A a very ample line bundle on X.
For any c-tuple d := (di, ..., d.) such that d, > *n?""2¢([2])20 2t for each 1 < p < ¢, for general
hypersurfaces H, € |A% |, their complete intersection Z := Hy N ... N H, has almost k-jet ampleness
provided that k > k.

Moreover, there exists a uniform (eq, ..., e;) € N¥ which only depends on n, such that Oz (€e1,...,€L)

1s big and its augmented base locus
B+(ﬁzk (61, R ,ek)) C ZSing

where Z,S’ing is the set of points in Zy which can not be reached by the k-th lift fi (0) of any regular
germ of curves f: (C,0) — Z.

From the relation between tautological bundles on the Demailly-Semple towers and invariant jet
bundles, we prove the following theorem on the Diverio-Trapani conjecture:

Theorem C. Set ¢ := Zq — [[,—, |A%| to be the universal family of c-complete intesections of
hypersurfaces in [[,_, |Ad|, where d,, > ¢2n?"T2¢([L2])20F2¢44 for each 1 < p < c. SetU C | | A |
to be a Zariski open set of H;C):1 |A%| such that when restricted to 2 := q~*(U), q is a smooth fibration.
Then for every j > 0, there exists a subbundle V; C Ek,jmT:;g/U defined on Z, whose restriction to
the general fiber Z of q is an ample vector bundle. Moreover, fix any x € Z, and any regular k-jet
of holomorphic curve [f] : (C,0) — (Z,x), then for every j > 0 there exists global jet differentials
Pj € HY(Z,Vj|z ® A™1) (hence they are of order k and weighted degree jm) does not vanish when

evaluated on the k-jet defined by (f', f",..., f#).



In other words, this theorem shows that, we can find a subbundle of the invariant jet bundle, which
is ample, and its Demailly-Semple locus defined in [DR13, Section 2.1] is empty.

This paper is organized as follows. In Section 2, we will collect some definitions and notations,
and recall some related results on the invariant jet differentials and their relations with the Demailly-
Semple tower. In particular, in Section 2.3 we study the main tool initialed by Brotbek very recently
in his proof of the Kobayashi conjecture (cf. [Brol6]), namely the Wronskians on the Demailly-Semple
towers. Using the bundle of k-jet sections of a line bundle L as the intermediate stage between global
sections of L and the Wronskians, we can obtain an “effective finite generation” of the k-th Wronskian
ideal sheaf w (X}, L) (see Theorem 2.4 below), which is essential in the effective estimate for the lower
bound of the degree in the Main Theorems. Next, in Section 3, we provide the proofs of the Main
Theorems. The general idea is a combination of the methods arising in [BD15] and [Brol6]: we
reduce the general statement to the construction of an example with jet ampleness, and then apply
the openness property to prove the jet ampleness for general complete intersections. Such an example
arises from the complete intersections of families of hypersurfaces which are deformations of Fermat
type hypersurfaces. Using Brotbek’s Wronskians we are able to construct a (rational) map ¥ from the
Demailly-Semple towers of such complete intersections to the (more general) universal Grassmannian
% (one need to blow-up the Wronskian ideal sheaf to resolve the indeterminacy of that rational map
U), so that we can construct a lot of invariant jet differentials with a negative twist by pulling-back
the positivity on #'. To control the base locus of the jet bundle of the general complete intersection,
the image of ¥ should avoid the locus of positive dimension fibers % — G. In Section 4, we study the
augmented base locus of the tautological line bundle on the universal Grassmannians, where we give
an explicit construction for a lot of divisors in certain linear systems to show that, their base locus
avoid the non-finite loci G*°, to obtain an “almost” Nakamaye Theorem. This paper contains some
results already appeared in [Denl6]. Here our main theorems are more general and we provide more
details to make the statements and proofs self-contained, which could supercede the paper [Denl6].

2 'TECHNICAL PRELIMINARIES AND LEMMAS

2.1 INVARIANT JET DIFFERENTIALS

Let (X, V) be a directed manifold, i.e. a pair where X is a complex manifold and V' C T’x a holomorphic
subbundle of the tangent bundle. One defines Jp,V — X to be the bundle of k-jets of germs of
parametrized curves in X, that is, the set of equivalent classes of holomorphic maps f : (C,0) — (X, z)
which are tangent to V, with the equivalence relation f ~ g if and only if all derivatives fU) (0) = g\ (0)
coincide for 0 < j < k, when computed in some local coordinate system of X near . From now no,
if not specially mentioned, we always assume that V' = T'x. The projection map py : JpyTx — X is
simply taken to be [f] — f(0). If (z1,..., z,) are local holomorphic coordinates on an open set Q C X,
the elements [f] of any fiber Ji, ,,z € Q, can be seen as C™-valued maps

f=(f1, s fa): (C,0) = Q C C™,

and they are completetely determined by their Taylor expansion of order k at ¢t = 0:

k
f&) =z +tf'(0)+ ;—Q!f”(O) .+ %f(’“(O) + O(tF+h).

In these coordinates, the fiber Jj, , can thus be identified with the set of k-tuples of vectors

(&1, &) = (f(0), £7(0), ..., f®(0)) € C™

Let Gi be the group of germs of k-jets of biholomorphisms of (C,0), that is, the group of germs
of biholomorphic maps

t— o(t) = a1t +agt> + -+ apt*, ay € C*a; € C,j> 2,



in which the composition law is taken modulo terms t; of degree j > k. Then Gy, is a k-dimensional
nilpotent complex Lie group, which admits a natural fiberwise right action on J;7T. The action
consists of reparametrizing k-jets of maps f : (C,0) — X by a biholomorphic change of parameter
v : (C,0) = (C,0) defined by (f,) — fo . The corresponding C*-action on k-jets is described in
coordinates by

N (FF" Yy = O N AR R,

Green-Griffiths introduced the vector bundle EE%T 'y whose fibres are complex valued polynomials

Q(f', f",..., f®) on the fibres of J,Tx, of weighted degree m with respect to the C*-action, i.e.,
QN N2 N Ry = AmQ(f!, f7,..., f®), for all A € C* and (f', f",...,f®) € J,V. One
calls EE’,S'LT)*( the bundle of jet differentials of order k and weighted degree m. Let U C X be an open
set with local coordinate (z1,. .., 2y), then any local section P € I'(U, E,SS’IT %) can be written as

Z ca(z)(dlz)o‘l (dQ,g)Oé2 o (dkz)ak,

ot [4+2] ez |+ +k[ak|=m

where c,(2) € T(U,0p) for any a := (a1,...,a;) € (N*)¥ such that for any holomorphic curve
~v:Q — U with Q C C, we have

P(W)(t) = > ca(Y®)) (Y ))™ (' (1) - (v (1) € D(Q, O),
\a1\+2\a2|+...+k|o¢k|:m
where [y] : Q@ — JiTx|v is the natural lifted holomorphic curve on J;T'x induced by 7.

However, we are more interested in the more geometric context introduced by J.-P. Demailly
in [Dem95]: the subbundle Ej,,V* C EE%V* which is a set of polynomial differential operators

QUf, " ..., f (k)) which are invariant under arbitrary changes of parametrization, that is, for any
p € Gg, we have

Q((fog) (fo) .c...(fo)®) = (O)Q(f, ... f¥)).

The bundle Ej, ,,V* is called the bundle of invariant jet differentials of order k and degree m. A very
natural construction for invariant jet differentials is Wronskians. In [Brol6] Brotbek introduced a type
of Wronskians induced by global sections in some linear system. We will recall briefly his constructions
in Section 2.3.

2.2 DEMAILLY-SEMPLE JET BUNDLES

Let X be a complex manifold of dimension n. If V' is a subbundle of rank r, one constructs a
tower of Demailly-Semple k-jet bundles Tp_1 1 : (Xk, Vi) = (Xg—1, Vik—1) that are P"~'-bundles, with
dimXy = n + k(r — 1) and rank(V}) = r. For this, we take (Xo,Vp) = (X, V), and for every k > 1,
inductively we set Xy, := P(V;_1) and

Vi == (mh-1)5 ' Ox, (1) C T,

where Ox, (1) is the tautological line bundle on X}, = P(Vj_1), mp—1 : X — Xj—1 the natural
projection and (my_1 )« = drp_1 1 : Tx, = 7 _y 1 Tx,_, its differential. By composing the projections
we get for all pairs of indices 0 < j < k natural morphisms

Tk - Xk — Xj, (Wj,k)* = (dﬂ'j,k)’Vk : Vk — (wj,k)*V},
and for every k-tuple a = (aq, ..., a;) € Z* we define
Ox,,(a) = @1<j<k7) 10X, (a;).

We also have an inductively defined k-th lifting for germs of holomorphic curves such that fj :

(C,0) — X, is obtained as fi(t) = (fj—1)(t), [f[,k—l] (t)]). Moreover, if one denote by

T8V = {[flr € LV I|f'(0) # 0}



the space of reqular k-jets tangent to V', then there exists a morphism

leegV — Xk
[l = fiw(0)

whose image is an open set in X}, denote by X;, which can be identified with the quotient J,°%/Gy,
[Dem95, Theorem 6.8]. In other words, X, C X, is the set of elements f)(0) in X}, which can be

reached by all regular germs of curves f, and set Xzing = Xy \X,l;eg, which is a divisor in Xj. Thus X}
is a relative compactification of J,zeg /Gy, over X. Dealing with hyperbolicity problems, we are allowed
to have small base locus contained in X;™® [Dem95, Section 7).

We will need the following parametrizing theorem due to J.-P. Demailly [Dem95, Corollary 5.12]:

Theorem 2.1. Let (X,V) be a directed variety. For any wy € Xy, there exists an open neighborhood
Uw, of wo and a family of germs of curves (fw)werO, tangent to V' depending holomorphically on w
such that

(fw)w(0) =w and (fu)j_1)(0) #0, Vw € Uy,

In particular, (fw)'[k_u(O) gwes a local trivialization of the tautological line bundle Ox, (—1) on Uy,.

By [Dem95, Theorem 6.8], we have the following isomorphism between Demailly-Semple jet bundles
and invariant jet differentials:

Theorem 2.2. (Direct image formula) Let (X, V) be a directed variety. The direct image sheaf
(0.6 )+ Ox,, (M) = Epp V" (2.1)

can be identified with the sheaf of holomorphic sections of Ey ,,V*. In particular, for any line bundle
L, we have the following isomorphism induced by (mo )«

(To )« : HO (X, Ox, (m) @ w3, L) = H(X, By nV* ® L). (2.2)
Moreover, let a = (ay,...,a) € ZF and m = ay + ... + ay, then we have
(WO,k)*ﬁXk (a) = FaEkﬂnV* (2.3)

where FaEk,mV* is the subbundle of polynomials Q(f', f",..., f®)) € By, V* involving only mono-
mials (f*) such that
lsp1+ 240+ ...+ (k=8 <asy1+ ...+ ag

foralls=0,...,k—1.

Therefore, with the notations in Theorem 2.1, for any given local invariant jet differential P €
I'(U, Ey nV*|u), the inverse image under (mg 1)« is the section in

op € P(Uwoa ﬁXk(m)‘Uwo)

defined by

op(w) = P(fl Flse oo SO ((Fu)fpy (0)) (2.4)

The general philosophy of the theory of (invariant) jet differentials is that their global sections
with values in an anti-ample divisor provide algebraic differential equations which every entire curve
must satisfy, which is an application of Ahlfors-Schwarz lemma. The following Fundamental Vanishing
Theorem shows the obstructions to the existence of entire curves:

Theorem 2.3. (Demailly, Green-Griffiths, Siu-Yeung) Let (X, V') be a directed projective variety and
f:C — (X,V) an entire curve tangent to V. Then for every global section P € H° (X, EpmV* ®
O(—A)) where A is an ample divisor of X, one has P(f, f",....f®) = 0. In other word, if we
denote by s the unique section in H°(Xy, Ox, (m) ® 7187k(—A)) corresponding to P induced by the
isomorphism (2.2), and Z(s) C X}, the base locus of this section, then f;)(C) C Z(s).

6



Now we state the following definition which describes the positivity of the the invariant jet bundles:

Definition 2.1. Let X be a projective manifold. We say that X has almost k-jet ampleness if and
only if there exists a k-tuple of positive integers (ai,...,ay) such that Ox, (ai,...,a;) is big and its
augmented base locus satisfies the condition

B+(ﬁxk (al, - ,ak)) C Xzing.

By applying Theorem 2.3, we can quickly conclude that, if X has almost k-jet ampleness, then its
Demailly-Semple locus [DR13, Section 2.1] is an empty set, and thus X is Kobayashi hyperbolic.

2.3 DBROTBEK’S WRONSKIANS

In this subsection, we will study the property of the Wronskians constructed by Brotbek in [Brol6],
which associates any k + 1 sections of a given line bundle L to invariant k-jet differentials of weighted
degree k' := @, that is, sections in H?(X, Ep Ty ® Lk“). We prove that, the Wronskians
factorizes through a natural morphism from the bundle J*@x (L) of k-jet sections of L to the invariant
jet bundles Ey, 1/ T% ®L*+1. Moreover, we obtain an “effective finite generation” of the k-th Wronskian

ideal sheaf w (X}, L) (see also Theorem 2.4 below).

Let X be an n-dimensional compact complex manifold. If (z1,...,2,) are local holomorphic
coordinates on an open set U C X, then since JiT'x is a locally trivial holomorphic fiber bundle, we
have the homeomorphism

JiTx|u ~ U x C"™¥,

which is given by [f] — (£(0), £(0),..., f#)(0)).
For any holomorphic function g € &(U), and 1 < j < k, there exists an induced holomorphic

function dg] (9) on O(p,, ' (U)), defined by

a8 (@) (/0. F1(0)..... FP(0)) = (g o HP(0).

Moreover, we have the following lemma

Lemma 2.1. For any k > 1, we have dy;](g) e T(U,ESSTY), and

k o o a
' (9) = D @) (@) (@)™, (2:5)
ot |[+2] vz |+ + Ko | =k
such that for each o := (au,...,a1) € (NV)* ¢c,(2) € T(U, Oy) is a Z-linear combination of %(z)
with 8] < k.

Proof. We will prove the lemma by induction on k. For k = 1, we simply have
n

0 ] *
dyl(g) = Y 52 ()d' € (U, Ty),

.
i=1

and thus the statements are true for k = 1.
Suppose that dgﬂ (g9) has the form (2.5), then we have

k n
dgg) = S D @@ (d) e @ e ()

lo [+2 ez |4 +k|ag|=k =1 j=1
n
0cq(2)
o) dlz arte; . dkz oy
+ > X e gy
lo [+2] ez [+ +k|ag |=k j=1

where e; = (1,0,...,0),...,e, = (0,...,0,1) is the standard basis in Z". If the lemma is true for k,
so is k + 1. Thus the lemma holds for any k& € N. O



Since the bundle
EEST, == @) BESTS
m>0

is a bundle of graded algebras (the product is obtained simply by taking the product of polynomials).

There are natural inclusions E,?G C Ek e of algebras, hence

ESGTY = | EFUT
k>0

is also an (commutative) algebra. Then for any (k 4 1) holomorphic functions go,...,gx € O(U), one

can associate them to a natural k-jet differentials of order k& and weighted degree k' := @, say

Wronskians, in the following way

d%go) - dl ]<gk>
Wu(gos .-, k) == : : ', Ekk’ )
dﬁﬂ (90) --- d??] (gk)
If we set
Wir(gos - gr) = > bo (2)(d*2)21 (d22)%2 - .- (dF2)**

o1 |[+2]oa |+ + ko | =k

then for each a := (a1, ..., ) € (N*)* with |a1| +2|as| + ...+ k|ax| = k', by Lemma 2.1 there exists
{aap € Z}p=(go,...,8).18;|<k» Such that we have

oPolgo(z)  9Prlge(2)
5Z<k R T (26)
7=

By the properties of the Wronskian, for any permutation o € Sym({0,1,...,k}), we always have
Wu(Go(0)s- - > o) = (=1 Wy (g0, ., gi),
and thus aqg = (—1)Sign((’)aa0(ﬁ). Here o(B) := (By(0)s - - - » Bo(k))-

On the other hand, for any holomorphic line bundle A on X, one can define the bundle J*¥A of
k-jet sections of A by (JFA), = O,(A)/(METL. 0,(A)) for every z € X, where M, is the maximal
ideal of €,. Then J*A has a filtration whose graded bundle is Do<p<iSPTx @ O(A). Set ey to be a
holomorphic frame of A and (z1,...,2,) analytic coordinates on an open subset U C X. The fiber
(J*¥A), can be identified with the set of Taylor developments of order k:

Z cs(z — )P - ey,

lal<k

and the coefficients cg define coordinates along the fibers of JFA. Thus one has a natural local
trivialization of J*¥A given by

Uy :UxClk — JFA|y,
(x,c8) — Z cs(z — )P - ey,

Bely,

where
I :={B8=(B1,...,Bn) e N"||B] < k}.

For any local section s = sy -ey € I'(U, A), one has a natural map (no more a &y-module morphism!)

i 1 T(U,A) = (U, J*A),



which is given by

ol g
Uy oing(s)(a) = (, 22 (a)

The local coordinates (z1,...,2,) on U also induces a natural local trivialization of the bundle of
jet differentials EE%T& — U. Indeed, as any local section of P € I'(U, EI?%T;(‘U) is given by

D @@y (@),
|t |+2|az|+...+k|ag|=m
where ¢, (2) € I'(U, Op) for any «, one has the natural local trivialization of EFST% — X given by
Oy U x Chom —  EJUTS,

(z,¢0) Z Cald 2)? (d?2)%2 - - (dF2),
o1 |[+2]oz [+ + ko [=m

where
Iy i={a=(ai1,...,a;) € (N")k||a1| + 2|ag| + ... + klag| = m}.

Now we define a multi-linear map

k+1
p:JJch - Chew (2.7)
(Cofor-rchp) = (D GaBCOBCLE  ChB)acl s (2.8)

B:=(Bo,-Bk)

where a,g € Z arises from (2.6). By the property that a,g = (—1)Sign(")aa0(ﬁ) for any permutation
o, the multi-linear map [ is alternating, and thus there exists a unique linear map

e /\kJrl(cIk — Clk’kl7
such that fi = g ow. Here the map
k+1

w : H Cle — AR

which associates to k + 1 vectors from C’# their exterior product.
By the local trivialization ¥y and @y, 4 induces a bundle morphism

WU : /\k+1(JkﬁU) — Ek,k’T[j

defined by
U x AbHIC PP s gl

o e

Wy %
NFLIE Gy EZSTS.
Composing with i, : I'(U, Oy) — T'(U, JFOy), we recover Brotbek’s Wronskians Wiy

Wo : AMFLHOU, 1) 25 AMLHO U, TR 0p) — HO(U, A IR Gy ) Y BO(U, ESGTY).

An important fact for the Wronskian is that, it is invariant under the Gy, action [Brol6, Proposition
2.2]:
k(k+1)

Lemma 2.2. With the notation as above, Wi (go, - . ., 9k) € Eg p 175, where k' := —.



In other words, the bundle morphism Wy factors through the subbundle

EnwTy C Bop Ty

Now we consider the Demailly-Semple k-jet bundle of (Xp, Vi) of the direct variety (X,Tx) con-

structed in Section 2.2. Fix coordiantes (zi,...,2,) on U, Tx|y can be trivialized with the basis
{8%1, ce %}. Set Uy := X N 710_7,1(U), and under that trivialization we have
U =U X Ry,

where R, j, is some rational variety introduced in [Dem95, Theorem 9.1]. Moreover, the tautological

bundle

Ox, (Do, = pr3(Or,, (1)), (2.9)

where pry : Uy — Ry, is the projection on the factor R,, ;. By the direct image formula (2.1)
(mo,k)+Ox, (M) = Ep T,

we conclude that, under the above trivialization, the direct image (7 1)« induces a natural isomorphism
(or a local trivialization of the vector bundle Ej, ,, T7;)

ou 1 U x H(Ryi, Or, . (m)) = Ep T (2.10)

Moreover, under the trivialization ®;, the inclusion Ej,,T% C EE’%T)*( is also a constant linear

injective map, that is, there exists an injective linear map v : F¥™ — Clxm such that

1
U x Fem Y 17« Clem

Lw Joo

EpmTxlv— EgSTx|v.

Here we denote FF™ .= HO (Rn,k, OR, . (m))

Therefore, under the trivializations ¢y and Wy, the factorised bundle morphism Wy is still a
constant linear map. That is, there exists a linear map 7 : AMH1CH — FF+ such that pw=vorv and
we have the following diagram:

Ixv 1
U x AFHICI 25 U 5 FRF 25 U x Cleom

S

Wi
NHLR Gy ——— By p Ty —— ERSTx v

We set
S = Image(?) C H* (R, OR, .(K')),

and denote by Z, ;, C O, , the base ideal of the linear system S. Denote wy to be the ideal sheaf
pri(Zy k) on Ug.

On the other hand, one has a natural global construction for the invariant jet differentials on
X: let L be any holomorphic line bundle on X, for any sq,...,s, € H(X, L), if we choose a local
trivialization of L above U, we define

Wu(so, -5 s%) == Wu(sou,---»sev) € DU, B p17),

and if gluing together, we have the global section [Brol6, Proposition 2.3]:
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Proposition 2.1. For any s, ..., s, € H*(X, L), the locally defined jet differential equations Wy (so, - . . , Si)
glue together into a global section

W (s0,-..,s¢) € H'(X, Ex T @ L¥).
The proof of the proposition follows from the fact that for any s € I'(U, Op), we have
WU(SUSQU, e 73U3k,U) = Slf]—'—lWU(SQ,U, e ,Sk7U).
We will denote by
w(SQ, cee ,Sk) = (Wo,k);1W(SO7 cee ,Sk) S HO(Xk, ﬁxk (/{?/) & 7T>0k7kLk+1) (2.11)

the inverse image of the Wronskian W (sy, ..., sx) under the global isomorphism (2.2) induced by the
direct image (7 )«

Now let

W(X}, L) := Span{w(so, - - ,5n)[80, - sn € H'(X,L)} C H* (X}, Ox, (K) ® ngk(Lk“))

be the associated sublinear system of H*(Xj, Ox, (k') ® wa‘,k(LkH)). One defines the k-th Wronskian

ideal sheaf of L, denoted by to(Xy, L), to be the base ideal b (W(Xk, L)) of the linear system W(Xy, L).
By the definition, if A is any line bundle on X, and s € H%(X, A), we have

W(s-80,...,8 sp) =" W(sq,...,s5) € H(X, Ep Tk @ LFtt @ AF).
Thus if L is very ample we have a chain of inclusions
(X, L) Cw(Xy, L) C... Cro(Xy, L™) C ...

By the Noetherianity, this increasing sequence stabilizes after some mq (X%, L), and we denote the
obtained asymptotic ideal by

Woo (Xk, L) :=10(Xy, L™)  for any m > meo(Xy, L). (2.12)
An important property for (X, L) is the following in [Brol6, Lemma 2.4
Lemma 2.3. If L generates k-jets at every point of X, that is, for any x € X, the map
H(X,L) = L ® Ox o/ MiGL = (J7L),
is surjective, where My is the mazximal ideal of O,, then

Supp(x, /w(Xk, L)) C X8,

For any very ample line bundle L, assume that L|y can be trivialized. Now we will compare the
globally defined asymptotic Wronskian ideal sheaf w, (X%, L) with our locally defined ro;.
When restricted to Uy, := 7 ,ﬁ(U ), the global map

w(e) : A"TTHY(X, 0x (L)) — H°(Xy, Ox, (k') @ 7 1 (LFT))
defined in (2.11) can be localized as the following

Wu

wo . AFFLHO(X, Oy (L)) —2a AFHLEOU, JF L) HOU, AL R 67 HO(U, By o T}

ln zziwz,l zziwal 221%1

Ulog ~ ’
NHLEO(X, Gy (L)) LA HO(U, U x ClF) e HO(U, U x AFHLCI) 2 HO(U, U x F*).
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where HO(U, U x AFH1CIR), HO(U,U x C¥) and HO(U, U x F¥*') are the sets of sections of the trivial
bundles, and we also use the relation Ox, (k')|v, = pr3(Or, (k') in (2.9) to identify

HO(U,U x FEF'Y = gO(Uy, O, (K)|v,)-
Then by the definition we have
w(Xe, L)|v, = b({wu(so A ... Asg)lso,. .., s, € H(X,L)}).
Now we choose arbitrary sections s, ..., s, € H° (X7 Ox (L)), we have
h(so A Asg) =l 0 U odpy(so A... Asg) € DU, U x AFTICT),
which is a holomorphic section of the trivial bundle U x AFH1C/» — U. Thus
wu(soN...Nsg)=0Doh(soN...N\Ssk)

is a a holomorphic section of the trivial bundle U x F¥* — U, where i : A¥H1CIr — FEF ig o C-linear
map.

Recall that
Ty = b(Image( )) C O,

is the base ideal of the linear system Image(v) C H 0( nk> ﬁRn X K )), and ty is defined to be the
ideal sheaf pr3(Z, ;) on Uy. Thus the zero scheme of 7 o h(sg A ... A si) is contained in wy. As
S0, - - ., Sk are arbitrary, we always have

m(leL)‘Uk C y. (2.13)
On the other hand, suppose that the line bundle L generates k-jets, i.e., the C-linear map
HY(X,L) = (J*L),

is surjective for any x € X. Then for any = € U, any vector e € AFT1C’k, there exists (k4 1) sections
{sjito<j<ki<i<r € H°(X, L) such that

T
e = Zh(SQi VAN Skl)(.%')
i=1
Therefore, the set of images wy (o) (z) = F¥* for any = € U, and thus the ideal sheaf w (X}, L), when
restricted to each fiber x x R, ;, C Uy, is equal to Z,, ;. That is, if we denote by
ia; : Rn,k — Uk
which is induced the inclusive map z X R, 1, — U x R,, 1, the inverse image of 1o(X}, L) under i,
it (w(Xy, L)) := i 'vo(Xp, L) Diz1y, ORu

is the same as 7, ;. Thus we have

w(Xk, L)|v, = wu. (2.14)
As U is any open set on X with local coordinates (z1, ..., z,) such that L|y can be trivialized, from
the inclusive relation (2.13) we see that
(X, L) = (X, L) = ... =w(X;, LM = ...,

and thus we conclude that, for any ample line bundle L which generates k-jets everywhere, the k-th
Wronskian ideal sheaf of L coincides with the asymptotic ideal sheaf

Moreover, from the local relation (2.14), we see that this asymptotic ideal sheaf does not depend on
the choice of the very ample line bundle L, which was also proved by Brotbek in [Brol6, Lemma 2.6].
We denote by w.(Xx) the asymptotic Wronskian ideal sheaf.

In conclusion, we have the following theorem:
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Theorem 2.4. If L generates k-jets at each point of X, then wo(Xy, L) = 1000 (Xy) and moo(Xg, L) =
1. In particular, if L is known to be only very ample, we have w(Xy, L*) = w040 (X}) and meo(Xy, L) =
k.

As was shown in [Brol6, Lemma 2.6], to, (X)) behaves well under restriction, that is, for any
directed variety (Y, Vy) with Y C X and V3 C Vx|y, under the induced inclusion Y C X} one has

Woo (Xk)|yy = Woo (V).

2.4 BLOW-UPS OF THE WRONSKIAN IDEAL SHEAF

This subsection are mainly borrowed from [Brol6]. We will state some important results without
proof, and the readers who are interested in the details are encouraged to refer to [Brol6, Section 2.4].

From [Dem95, Theorem 6.8], Ox, (1) is only relatively big, and Xsing is the obstruction to the
ampleness of Ox, (1). However, for the hyperbolicity problems, X,S’ing is negligible since Xj is a
relative compactification of J,® /Gy, = X, over X, and for every non-constant entire curve f on X,

its k-th lift fj) : € — Xj can not be contained in X,S’ing. Thus we want to find a good and fonctorial
compactification of X};eg such that the tautological line bundle is ample. Brotbek introduced a clever
way to overcome this difficulty.

For any directed manifold (X, V'), we denote by

X 1= Bly (x) (X5) = X5,
the blow-up of X} along . (X%), and F' the effective Cartier divisor on X, such that
Oy (—F) = v, "o (Xp).
Take a very ample line bundle L on X, for any m > 0, and any s, ..., s, € H'(X,L™), there exists
&(s0, ..., 51) € HO (Xk Vi (Ox, () @ w5, L)) @ ﬁXk(—F)),

such that

I/Zw(SO, oo ,Sk) = Sp - (,:J(So, oo ,Sk).
Here sp € HO(Xk,F) is the tautological section. Then by Theorem 2.4, for any w € X, and any
m > k, there exists so, ..., s, € H'(X,L™) such that

(,:J(So, e ,Sk)(ﬁ)) 7& 0.

The blow-ups is fonctorial thanks to the fact that the asymptotic Wronskian ideal sheaf behaves well
under restriction. Namely, if (Y, Vy) C (X, Vx) is a sub-directed variety, then Y} is the strict transform
of Y in X} under the blowing-up morphism vy, : X — Xj.. This fonctorial property also holds for
families [Brol6, Proposition 2.7:

Theorem 2.5. Let 2 2 T be a smooth and projective morphism between non-singular varieties.
We denote by %krel the k-th Demailly-Semple tower of the relative directed variety (27, Ty 7). Take

Vg %ﬁ;el — 3&”,;‘31 to be the blow-ups of the asymptotic Wronskian ideal sheaf mw(%krel). Then for
any to € T writing Xy, == p~'(ty), we have

V].;l(Xto,k‘) = XtoJf'

3 PROOF OF THE MAIN THEOREMS

3.1 FaAMILIES OF COMPLETE INTERSECTIONS OF FERMAT-TYPE HYPERSURFACES

Let X be a projective manifold of dimension n endowed with a very ample line bundle A. We
first construct a family of complete intersection subvarieties in X cut out by certain Fermat-type

13



hypersurfaces. For an integer N > n, we fix N + 1 sections in general position 7, ..., 7y € H°(X, A).
By “general position” we mean that the hypersurfaces {7; = 0}i—o . n are all smooth and irreducibles
ones, and they are simple normal crossing. For any 1 < ¢ < n—1, and two c-tuples of positive integers
€ = (€1,...,€6),0 = (01,...,9.), we construct the family X as follows: For any p = 1,...,¢, set

P :={I = (ig,...,inN)||L| = 0p} and a” := <a’; € HO(X, ﬁX(epA))>|I| 5 For the positive integers r
=%

and k fixed later according to our needs, we define the bihomogenous sections of Ox ((ep—i— (T+kz)5p)A>

over X by
FP(aP)(z):x— Z a’}(m)f(x)(r+k)l,
[|=5p
where a” varies in the parameter space Sy := @ H* (X, Ox (6,4)), and T := (70,...,7n).

We then consider the family X C S7 x ... x S. x X of complete intersection varieties in X defined
by those sections:

X={(al,...,a%z) €S x...x S, x X|F'(al)(z) = ... = F°(a%)(z) = 0}. (3.1)

We know that there is a non-empty Zariski open set S C S7 X ... x S, parametrizing smooth varieties
and we will work on X := ql_l(S) N X, where ¢ is the natural projection from S; x ... x S, x X to
S1 X ... x Se. Set Xj to be the k-th Demailly-Semple tower of the relative tangent bundle (X, TX/S),
and X, the blowing-up of the asmptotic Wronskian ideal sheaf (X} ), and we would like to construct
a regular morphism from X}, (after shrinking a bit) to a suitable generically finite to one family and
to “pull-back” the positivity from the parameter space of this family. First we begin with a technical
lemma by Brotbek [Brol6, Lemma 3.2]:

Lemma 3.1. Let U be an open subset of X on which both A and Tx can be trivialized. Fix any
1 <p<ec. Foranyl = (ig,...,in) €IP, there exists a C-linear map

d; - HO(X, e, A) = D(U, EGSTY)

such that for any a € H°(X,epA), dg](aT(r‘Fk)I) = T{}Id[lj’]U(a), where Ty = (To,u,...,TNU) is the
local trivialization of T over U.

Therefore, for any Io,...,I; € I” and any ay,,...,ar, € HO(X, epA) one can define

0 0
dp)ylary) - dy) (ar,)
Wu ..., (a1, -, ar,) = : : eT(U, EJuTy), (3.2)
k k
df ylag) - dy ylar)
and by Lemma 3.1 we obtain
WU(a[OT(T+k)IO, .. ,a[kT(H_k)Ik) = T[;(IoerJrlk)WU7[07W,[k (CLIO, ... ,a[k).

From Proposition 2.1 one can also glue them together

Lemma 3.2. For any Iy,...,I; € IP and any ay,,...,as, € HO(X, epA), the locally defined functions
Wut,,...1.(arg, - - - ,alk) can be glued together into a global section

W]m___,[k (ajo, A ,a]k) < HO(X, Ek,k’T)*( [ A(k+1)(€p+k5”))

such that

r+k)lk)

W(aIOT(Hk)IO, L..,ar 7 = TT(IOJF"'JFI’“)WIO,___Jk (ary,...,ar,). (3.3)

k
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We denote by

Wig,.... I, (a[O, .. ,a[k) S HO (Xk, ﬁxk (k:/) (024 7T>0k7kA(k+1)(€p+k5p)) (3.4)
the inverse image of Wy, 1 (ar,,...,as, ) under the isomorphism (2.2), then by (3.3) we have
w(aIOT(TJrk)IO, e ,alkT(TJrk)I’“) = (ngkT)r(IO‘L'"+Ik)w10,___,1k (ary,...,ar,). (3.5)

Hence for every 1 < p < ¢ we can construct a rational map given by the Wronskians

P S, x Xj, --» P(AFICY)
(a’ w) = ([WIO,...J/C (afoa s 7alk)(w)])107~~~71k€]1p’

N+6p)

where CI .= PrerpC ~ (C( op

Claim 3.1. ®P factors through the Pliicker embedding
Pluc : Griy1(CY) — P(AFFICY).

Proof: For any wy € X, by Theorem 2.1, one can find an open neighborhood U,, of wy with
Uw, C g, L(U), where Ay can be trivialized; and a family of germs of curves ( fw)weuv,,, depending
holomorphically on w with (fy))(0) = w. Then for any a = (ar)rerr € Sp and any 0 < j < k, we
denote by

d¥hs, (a,w) = (AP (ar)(fls oo Sy € T

and the local rational map

b Sy x Uy, -+ Grgsr(CY)

(a,w) +— Span(d[.?]wo(a,w),...,d[.]ﬂm(a,w)). (3.6)

We will show that this definition does not depend on the choice of wy. Indeed, by Definition 3.2 one
has ®7 = Pluco ®%,,, which shows that ®” factor through Pluc and we still denote by ®7 : S, x X}, --»
Gry41(C™) by abuse of notation. [ |

Recall that X & is denoted to be the blow-up v : Xk — X, of the asymptotic k-th Wronskian ideal
sheaf 1. (X}), such that v, 't (Xz) = 0 %, (—F) for some effective cartier divisor F' on Xj. First,
we have the following

Claim 3.2. . induces a rational map
(i)p : Sp X Xk -2 Grk+1((CHp),
such that
Sp X Xk

~ i)ﬁ
Ixvy ~
~

A
Sp X Xk - ibl; Grk+1(@ﬂp)
Proof: By the definition of the asmptotic Wronskian ideal sheaf to,, (X} ), we have

7’+k;)[()

w(aIOT( ..., ar T(r+k)l’“) c H° (Xk7 Ox, (k') ® 776‘7kA(k+1)(€"+(k+7")6”) ® moo(Xk)).

k

Since (7 kT)T(IOJ“'”k) does not vanish along any irreducible component of the zero scheme of o, (X),
by (3.5) we see that

Wi dp(CIys - - -5 ar,) € HO (Xk, Ox, (k') ® Wa"kA(kH)(e‘ﬁk‘s") ® moo(Xk;))a
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and thus there exists
&t ary, .- -y ag,) € H <Xk vi(Ox, (k) @ mf y ARTD(EThY)) g ﬁXk(—F)),

such that

VI:WIO,---Jk (afoa ce ’alk) = SF- d}fo,---,fk (afoa ce ’alk)‘
Therefore, if we define the rational map
P S, x X, --» P(AFICY)
(a,zb) = (["D107~~~Jk (afoa s ’afk)(l@)])107~~7lk€ﬂp’
then on X t \ F' we have PP = PP o vy, and thus dP also factors through the Pliicker embedding
Pluc : Gryy 1 (CY) — P(AFFLC).

|
We are going to show that v, partially resolves the indeterminacy of ®P. To clarify this, we need
to introduce some notations. For any = € X, we set

Ny :=#{j €{0,...,N}|rj(z) #0} and I, :={I € I", i1 (z) # 0}.
Since the 7;’s are in general position, and N > n, we have N, > 1 for all x € X. Then we define
Y :={z € X|N, =1} and X°:= X \ %.

Observe that if N > n, then X° = X, and if N = n, then ¥ is a finite set of points. We denote by
X7 = (mox o vg) 1 (X°). We have the following crucial lemma of resolution of indeterminacy due to
Brotbek [Brol6, Proposition 3.8]:

Lemma 3.3. (Brotbek) Suppose that
N>n>2 k>1, €, >me(Xi, A) =k and 6, > n(k+1). (%)

Then there ewists a non-empty Zariski open subset Uger, C S, such that the restriction (i)p|Ud o Xe
el,p k
s a morphism:
Udetp X X3

pP

ﬂXVkL &
P i
Udef,p X X;; - = > Grk+1((c )

In Lemma 3.3, we have applied our Theorem 2.4 to set meo (X, A) = k.

3.2 MAPPING TO THE UNIVERSAL GRASSMANNIAN

Set Udef := Udef,1 X - .. X Udefc[)S. We suppose from now on that N >n > 2, ¢, > k > 1 and that
dp > n(k+1) for any 1 < p < c. Then by Lemma 3.3 we get a regular morphism

v Udef X X]?: — Gk+1((51) X ... X Gk+1(5c) X ]PN
(,6) = (Mal9),..., &2 8), [7"(9)]).

[T7(¢)] = [’7’6(7‘(‘07k o yk(g)) S 7'}{,(770,/1g o uk(g))], and we write Ggp1(0p) = Grjp1(C™) and
G := Ggy1(01) x ... Ggy1(0.) for brevity.

From now on we always assume that (k + 1)c > N. Using the natural identification
C” = H(PN,0pn(5:))
(ar)rerr — Z arz',

Ielp
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we set % to be the universal Grassmannian defined by
W = {(A1,...,A,[2]) € Gx PNVl <i<¢VPeA;: P([z]) =0}

If we denote by p :  — G the first projection map, then p is a generically finite to one (may not
surjective) morphism. Set G* to be the set of points in G := Gy11(01) X ... Ggy1(d.) such that the
fiber of p: % — G is not a finite set, and we say that G*° is the non-finite loci of G.

We need to cover X by a natural stratification induced by the vanishing of the 7;’s. For any
J C{0,...,N} and 1 < p < ¢ we define

X; ={zeX|r)=0sjeJ},
I5  ={I € I”|Supp(I) C {0,...,N}\ J},
Py ={z] e PN|z; =0iff j € J},

X,y = (mog ovk) H(Xy) and X§ ;= Xp s N X5, Set %5 := % N (G xP;) C G x PV, and GF also
the set of points in G such that the fiber of the first projection map py : %5 — G is not a finite set.

Now set
Uc‘fef,p = Uget,p N {ap € Sp‘{Fp(ap)(x) =0}N¥= @} and Ugys := Uffem X ... X Uffef,c N Uget-

Since ¥ is a finite set, Uj; » is a non-empty Zariski open subset of Uger, for each p. Consider the
universal family of codimension ¢ smooth varieties 7 := (Uj; x X) N X, then

H U x 2} = 0. (3.7)

We denote by ,%’fel the k-th Demailly-Semple tower of the relative directed variety (/2,1 e ). If

def

%irel is obtained by the blowing-up of the asymptotic Wronskian ideal sheaf mw(%rel), then by the
arguments in Section 2.4 we have

(]l « Vk)fl(%rel) _ t%%crel.

Moreover for any a € U3, if we denote by Hy  := 247N ({a} x Xj) and ]-Ala,/zC = %i,rel N({a} x X3),

then vy |y L Hy ), — Ha g is indeed the blowing-up of the asymptotic Wronskian ideal sheaf oo, (Hy 1)
By (3.7), \7II|%;,rel is a regular morphsim. Set
“k

~

0= AN (User X Xp),
and we have the following

Proposition 3.1. For any J C {0,..., N}, when restricted to t%;jf’f} the morphism ¥ factors through
Yy:
. agpprel
\Il‘jfg’e} .%f]_)%CGXPJ.

Proof. Since when restricted to Ug., X Xg 7> ¥ factors through G x ;. Thus it suffices to prove that
U e factors through &, Since ®F = dP o vy, it suffices to prove that the rational map
Tk

U:SxX, --» GxPV
(a,w) (Ql(al,w),...,@c(ac,w),[TT(w)])

factor through % when restricted to jf,;el, Take any (a,wp) € %rel outside the indeterminacy of U,
and by Lemma 2.1 one can find a germ of curve f : (C,0) = (X,z := mox(wo)) with fi(0) = wo.
Recall that H, j := 67 N ({a} x Xj) is the k-th Demailly-Semple tower of (Ha,Tp,). Therefore, we
have (£(0), f'(0),..., f*)(0)) € JyHa.
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Take an open subset U C X containing x such that Aly can be trivialized. Since H, is defined by
the equations

Fl(al)(2) = Y5, a} (@)r(2) ™0 =,

Fo(a®)(x) = 3 =g, a5 (z)7(2) "R = 0,

then d[j]Fp(ap)(f’ "o f%))y =0 forany 1 < p < cand 0 < j < k. By Lemma 3.1 we have

v’ ]Fp(ap) =7 Z\I\ s, d[I}U(ap}) By the definition for ®? (3.6), we see that ¥(a,wg) € #. This
completes the proof of the Propomtlon. O

To proceed further, we need another important technical lemma in [Brol6, Lemma 3.4] as follows

Lemma 3.4. Suppose that € > moo(Xk, A) = k. Fiz any 1 < p < c. For any g € Xk, there exists
an open neighborhood Uy, C Xj, of wo satisfying the following. For any I € I’ and 0 < 1 < k there
exists a linear map

e HO(X, A°) — ﬁ(Umo)

such that for any (aP,w) € S, x Uwo, writting gl J(ar w (gZ 1(@)( e C" one has

)IEHP
(i) The Plicker coordinates of @p(ap, w) are all vanishing if and only if

dim Span(gg ,(a?, ), ..., g (@, @) <k + 1.
(ii) If dim Span(gg ,(a”, ), . .. ,gg.(ap,w)) =k+1, then
P (af, ) = Span(g ,(a?, ), . .. ,gi’,.(ap,u?)) € Gry1(C™).

(iii) Define the linear map
P iSy - (€ (33)
a? — (gg,(ap,wo), . ,gg.(ap,zizo)).
Set x := mg , o vk (o) and ph : (CT)EFL — (CEYAHL the natural projection map, then one has
rankph o G = (k + 1)#IL.
Here 1§, := {I € IP|7!(x) # 0}.
Now we are ready to prove the following lemma, which is a variant of [Brol6, Lemma 3.9]:

Lemma 3.5. (Avoiding exceptional locus) For any J C {0,...,N}. If 6, > (n—1)(k+1)+1 for any
p=1,...,c, then there exists a non-empty Zariski open subset Uy C U3, such that

“HGF)IN (U x X3 ;) = 0.
Here we define the map (which is a morphism by Lemma 3.3)

DU, x X — qk+1(51) . X Gkﬂ(ac)
(a7§) H (®1(a17§)77 )7

which is the composition m o W. Here 11 : G x PV — G is the first projection.
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Proof. Fix any wg € X,‘;, we set © 1= moj © vg(wp). Then there exists a unique J C {0,..., N} such
that z € X;, and we define the following analogues of % parametrized by affine spaces
. C
Y = {(Q10, -y Q-+, Qe -+ -, Qs [2]) € H(@“’)’f+1 x Ps[V1 < p<e,0<j <k ap(2]) =0},
p=1

% = {(alo,...,alk,...,aco...,ack, [z]) € 1_[((1]15)"“rl X IP’J‘Vl <p<c0<j <k, ap(2]) =0},
p=1

here we use the identification C" = HO(PN, Opn (6,)) and Ccli =~ HO (P, Op,(5,)). By analogy with
G, we denote by V> AJ(resp. V59) the set of points in T];_;(C*)** (resp. ngl(@[f’,)kﬂ) at which

the fiber in % (resp. %) is positive dimensional.
For every 1 < p < ¢ we take the linear map gbfﬁo : S, — (C™)*1 as in (3.8). By Lemma 3.4, for
any a € Uj,; we have

(a, o) = ([P, (@1)], - -, 195, (a)]),
here [pV; (a?)] := Span(gg ,(a?,10), .- -, g, ,(a, ) € Gry41(C"). Then we have
O7HET) N (Uger x {0}) = gy (VI9) NUer = (2 © $uoo) ™ (V53) N Uer

where we denote by

p=1
1 ~1 1 A
a:(a ’ 7ac) = ( u?o(a )7 ,(prO(ac)),
and
(& C
P
Pu : H((C]Ip)khLl N H(Cﬂx)k:Jrl
p=1 p=1

is the natural projection map. By the above notations we have ]IZ =1L for any p =1,...,c. Since the

linear map p, o ¢y, is diagonal by blocks, by Lemma 3.4 we have

Cc c

rankp, o G, = Z rankph o P, = Z(k‘ + 1)#IE.

p=1 p=1
Therefore

dim (7 (GF) N (Uger x {d0})) < dim((px © @)~ (V55))

dim(V55) + dim ker(pz © ¢ig)

dim(VQCf]) + dim(S; X ... x S.) — rank(pz 0 @)

dim(V55) + dim(Sy x ... x Se) = Y (k+ D#IE.
p=1

IAIA A

Since
dim(V5) = dim(JJ(C%)*!) — codim(V55, JT(C™)F 1)

p=1 p=1
c c

= > (k+ D#L — codim(V5, J] (™))
p=1 p=1

= > (k+ DHE — codim(V5S, TT (€)1,

p=1 p=1
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then we have
dim (S (GF) N Ugy x {io}) < dim(S1 x ... x S.) — codim(V5S, [T (€)1,
p=1
which yields

C

dim(ff_l(Ggo) N Uges X X];J) < dim(S1 x ... x S¢) — codim(V57, H(Cﬂg)kﬂ) + dimXp.

p=1
By a result due to Olivier Benoist [BD15, Corollary 3.2], we have
C
dim (VS I+ > min 6, + 1.
co lm(VQ,Japl:[l(C ) = min 5, +
Therefore, if
dimX}y < min 6, + 1, ()

1<p<c
é_l(GSO) doesn’t dominate Uj, via the projection Ug., x XE,J — Ujy, and thus we can find a
non-empty Zariski open subset Uy C Uj,; such that
¢HGF) N (Uy x X5 ) = 0.

Thus if 1r<nir<1 dp > (n—1)(k + 1) + 1, Condition & is always satisfied. We finish the proof of the
<p<c
lemma. O

3.3 PULL-BACK OF THE POSITIVITY

For any c-tuple of positive integers e = (ey,...,e.), we denote by

E(e) = ﬁ(;k+1(51)(61) X...X ﬁGk+1(5c)(ec)’

which is a very ample line bundle on G. Since py : #; — G is a generically finite to one morphism,
by the Nakamaye Theorem (see [Laz04, Theorem 10.3.5] for smooth projective varieties, and [Birl3,
Theorem 1.3] for any projective scheme over any field), the augmented base locus B (p%L(e)) for
p5L(e) coincides with its exceptional locus (or say null locus)

By = {y € #|dim, (p;" (ps()) ) > 0},
which is contained in p;'(G%). Thus if e; > 0 for each 1 < i < ¢, we have
Ej = Bs(pjL(e) ® 4;0p,(-1)) C p;' (GT), (3.9)

where gy : %7 — P; is denoted to be the second projection map. In Section 4, we obtain an effective
estimate for e such that the inclusive relation in (3.9) holds. The theorem is the following

c k+1

- gk
Theorem 3.1. With the above notations, set b, := %, then for any J C {0,...,N} and any
a € Z° with a, > b, for every 1 < p < ¢, we have

Bs(pL(a) ® q50px (—1)) € Bs(pyL(b) ® ¢;0pn (-1)) C p; ' (GT).

Since the technique in proving this theorem is of independent interest, we will leave the proof to
Section 4.

Remark 3.1. Since p;'(GF) may strictly contain the null locus Null(p*.Z|s,) = E,;, Theorem 3.1
does not imply the Nakamaye Theorem used in [BD15] and [Bro16]. That is, for some J and a € N¢
with a; > b; for every j, the Null locus Ey may be strictly contained in p5L(a)®qOpn(—1). However,
as we will see later, our proof of the Main Theorem only relies on the inclusive relation in (3.9). We
thank Brotbek for pointing this important reduction to us.
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By (3.4) we have

U (L(b) K Opy (1)) = v (Ox, ( Zb )@, A1) @ 04 Zb F). (3.10)
p=1

Here we set g(€,8,7) :=1 — > by(k+ 1)(ep + kdp). Observe that if we take

Zc: bp(k +1)(ep + kbp) <, (&)

p=1
then (3.10) becomes an invariant k-jet differential with a negative twist, which enables us to apply

Theorem 2.3 to constrain all the entire curves. More precisely, we have the following theorem:

Theorem 3.2. On an n-dimensional smooth projective variety X, equipped with a very ample line
bundle A. Let ¢ be any integer satisfying 1 < c <n —1. If we take kg = [2] — 1 and N = n, then for
any degrees (dy,...,d.) € (N)¢ satisfying

36(5p250::n(k0+1))’ 36(6p2k0), Fr > Z; bp(k’(] + 1)(617 + koép)’ s.t.
p:
d, = 6,(r + ko) + ¢ (p=1,...,¢), (3.11)
the complete intersection H := Hy N ... H. of general hypersurfaces Hy € |A%| ... H, € |A%| has

almost k-jet ampleness.

Proof. We will prove the theorem in several steps. First observe that, the choice for (€, d,r, ¢, N, k) in
the Theorem fufills all the requirements in Condition %, # and &, and thus we are free to apply all
the corresponding theorems above. Based on the same vein in [BD15, Brol6], we have the following
result

Claim 3.3. Set Uyer := NyUy. For any a € Upeg, the line bundle

Vi (Ox, (3 bph!) @ ATHOD) @ O (=3 0P, ,
p=1 p=1 '
is nef on Hqy. Recall that we denote by q(e,8,r) :=r — > p=1 bp(ko + 1)(ep + kodp) >0

Proof: In order to prove nefness, it suffices to show that for any irreducible curve, its intersection with
the line bundle is non-negative. For any fixed a € Uy, and any irreducible curve C' C fI&k, one can
find the unique J C {0,..., N} such that )A(k”] N C =: C° is a non-empty Zariski open subset of C,
and thus C° C %7‘]. From Proposition 3.1, ¥ factors through #; when restricted to %%c,J, thus ¥|ce
also factors through %/, and by the properness of %, V| factors through % as well. By Lemma 3.5
and the definition of U,ef, we have

d(CYNGF =0,
and thus

v(0) ¢ p;H(GT).

From Theorem 3.1 we know that

Bs(pyL(b) ® 4;0p, (1)) € 7' (GT),
which yields
v(C) - (p7L(b) ® q30p,(~1)) = 0.
From the relation (3.10) we obtain that
C - (v (Ox (X bpk) @ 75, ATHEOD) @ O (=D by F)) 2 0,

p=1 p=1
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which proves the claim. [ |

By [Dem95, Proposition 6.16], we can find an ample line bundle on X of the form
/Nl = I/]:(ﬁxk(al, - ,ak) %) 7T8J§Aa0) (024 ﬁxk(—F)

for some ay,...,ar € N. Therefore, for any m > ag, the line bundle

V,:(ﬁxk(al, ey Qg 1,ak—|—2mbkz ® mH AT mq(e‘”) ®ﬁ Zmb +1)F |H B
p=1

is ample for any a € U, and thus there exists e, ..., er € N such that
vpOx,(er,....ep) ® Og (—eoF)|p

is ample. By the openness property of ampleness, one has a non-empty Zariski open subset Uymple C
I, |A%| such that for any (Hi,...,H.) € Uample, their intersection H := Hy N...N H, is a reduced
smooth variety of codimension ¢ in X, and the restriction of the line bundle v;O0x, (e1,...,ex) ®
0%, (—qF)|g, is ample (recall that H;, is denoted to be the blow-up of Hy, along . (H})). Since the
exceptional locus of the blow-up vy, : X — X}, is contained in Xzing, then for the complete intersection
H := H;N... H,. of general hypersurfaces H; € |A%|, ..., H. € |A%|, the augmented base locus of the
line bundle

On,(er,....ex) = Ox,(e1,...,e;)|H,
is contained in szg N Hj, and we conclude that Hj has almost k-jet ampleness by the fact that
X;"eNH, = H, ™.
O

Now we make some effective estimates based on Theorem 3.2. If we take
do = 60 (c(ko + 1) (ko + 60 + kodo — 1)SCF TV kg 4 1) + ko,
then any d > dy has a decomposition
d=(t+ko)oy + €

with kg < € < dp + ko and t > (ko + 1)(ko + do + kodp — 1)5c(k°+1) + 1, satisfying the conditions in
Theorem 3.2. Therefore, the complete intersection HyN...N H,. of general hypersurfaces Hy, ..., H. €
|A4| with d > dy has almost ko-jet ampleness. By [Dem957 Lemma 7.6], if a complex manifold Y has
almost k-jet ampleness, then it will also has almost I-jet ampleness for any [ > k. A computation
gives a rough estimate do < 2¢([27)"T¢*?n"*¢ and this completes the proof of Theorem A.

3.4 UNIFORM ESTIMATES FOR THE LOWER BOUNDS ON THE DEGREE

In Theorem 3.2, the lower bound on the degrees is not uniform and it depends on the directions. In
this subsection, we will adopt a factorization trick due to Xie [Xiel5] to overcome this difficulty, but
in the loss of slightly worse bound. First, we began with the following lemma observed by Xie:

Lemma 3.6. For all positive integers do every integer d > CZ% +dy can be decomposed into
d = (do + 1)a + (do + 2)b
where a and b are nonnegative integers.

Let X be an n-dimensional smooth projective variety, equipped with a very ample line bundle
A. Let c be any integer satisfying 1 < ¢ < [§]. Set ko = [2] — 1, do := n(ko + 1), ro := c(ko +

1)58(k°t1)_1(1 + ko + koég) +1, andﬂo := (1o + ko) + ko — 1. Then any c-tuple of integers in the
form (do +1,...,do +1,do +2,...,dp + 2) satisfies the condition (3.11). Take Z to be any complete
intersection of ¢ general hypersurfaces in A% or |A%%2| and 7, is the variety obtained by the
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blow-up of Zj along the k-th asymptotic Wronskian ideal sheaf oo (Zx). From Section 2.4 we see that,
the Wronskian ideal sheaf is fonctorial under restrictions and thus Zk =, 1(Zk), where v}, : X r— Xk
is also the blow-up of the Wronskian ideal sheaf 1w, (Xj). From Theorem 3.2 and Claim 3.3 we see
that, the line bundle

v (Ox, (0 ) @ AT © O (—esg TR

is nef. Take an ample line bundle on X}, of the form
vi(Ox, (a1, ... ar) @ 5, A%) © O (—F)
where ag,...,a;r € N. Then the line bundle
vi(Ox,(ar,...,ap_1, a5 + aocég(kOH)_lk')) ® ﬁf(k( — (aocég(k°+1)_1 + 1)F) ’Zk
is ample. Within this setting, we have

Theorem 3.3. For any c-tuple d := (d1, ... ,d.) such that d, > &3 +dy for each 1 < p < ¢, for general
hypersurfaces H, € |A%|, their complete intersection Z := Hy N ... N H, has almost k-jet ampleness
provided that k > kq.

Moreover, there exists a uniform (eg,e1,...,e.) € NTL which does not depend on d, such that

I/Z(ﬁzk(el,... ,ek)) & ﬁzk( - eoFZk)

is an ample line bundle, where where vy, : Zy, — Zy is also the blow-up of the Wronskian ideal sheaf
oo (Zk), and Fz, is the effective cartier divisor on Zy, such that ﬁzk(_FZk) = Ve (Zy).

Proof. Let us denote by ¢ : Zq — [[,— |A%| the universal family of c-complete intesections of

hypersurfaces in []7_, | A%, i.e.

Za:={(s1,...,801) € H |A%| x X|Vp,s, € |A%]| and s,(z) = 0}. (3.12)
p=1

By Lemma 3.6 we have the following decompositions
dp = (do + Day + (do + 2)by

for each 1 < p < c. Consider the linear system V,, C |A%| generated by sections in Sym“P|AJ0+1| X

SymbP|AJ°+2|, then for a generic choice of (s1,...,8.) € Vi X ... x V., their complete intersection
Y =) . nsZ° (may not be reduced) is a union of smooth codimension ¢ subvarieties Z LA

which are complete intersections of ¢ general hypersurfaces in \AJ‘)“\ or \AJ‘)*Q\. By the arguments
above the line bundle

vi(Ox,(ar,... ap—1,a + aocég(kOJrl)*lk')) ® ﬁf(k( — (aoc58(k°+1)71 + 1)F) |le

is ample for each s = 1,...,[, and so is for Y. Since ampleness is open in families, this also holds for
the general fiber Z of ¢ : 24 — [[,—, |A% | that is, for the complete intersection Z := HyN...N H,

of any general hypersurfaces in H;:1 | A%, the line bundle
ﬁzk (al, e, Qp—1, 0k + aocég(kOH)_lk’) & ﬁzk( — (aocég(ko—’—l)_l + 1)sz) =
vi(Ox, (a1, ... ap_1,a, + aoc5g(k°+1)71k')) ® ﬁf(k( - (aocég(kOJrl)*l +1)F) A
is ample. As the choice of a is independant of d, we obtain our theorem. O

Roughly, we can take the lower bound to be ¢?n?"2¢([2])2nt2etd > d2 + do, and we finish the
proof of Theorem B.
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3.5 ON THE DIVERIO-TRAPANI CONJECTURE

In this subsection we will prove Theorem C. Let X be a projective manifold of dimension n and A a
very ample line bundle on X. Recall that we denote by X, is the blow-up of X}, along the asymptotic
Wronskian ideal sheaf oo (X}), and I the effective Cartier divisor such that Oy (—F) = v} (000 (X))
From the proof of Theorem 3.3, one can find a uniform e := (eg,...,e.) € N*! such that, for the
generic fiber Z of the universal family ¢ : Zqa — [[;—, |A%| defined in (3.12), where d, > dg 4 dy for
each 1 < p < ¢, the line bundle

VgﬁXk(el’ cee ,60) ® ﬁXk(_eOF)|Zk = Vgﬁzk(el’ s ,66) ® ﬁzk(_eoFZk) (313)
is very ample. From Section 2.3 we can take an open covering {U,} of Z such that:
a) each Uy := wa,ﬁ(Ua) is a trivial product Uy X Ry, i, Where R,,_. i, is some smooth rational variety.

b) Set pry : Uy X Ry—ck — Ru—ck to be the projection map. There exists an ideal sheaf Z,,_. ;, on
Ry—c, such that
moo(Zk) = prz(Infc,k)-

Let us denote by up : Ry—ck — Rp—ck the blow-up of R,,_.; along Z,,_.x, and E is the effective
divisor on R, such that

ﬁlfan—c,k (—FE) = pp(Tn—ck)-

Set Uy := v, 1(Uar), then we have

Ua X Rn—c,k —Uak

l/]lxuk l/yk

Uoz X Rnfc,k: — Uak-

Therefore, mo 1 o vy, Z, — Z is a local isotrivial family with fiber ﬁn,ck, and thus for any j > 0 the

direct image (mo 1 o vi)«(jL) is always locally free on Z, here we denote by L := 10z, (e1,...,e.) ®
ﬁZk(_eoFZk)' Since

(I/k;)*(]L) = ﬁzk(jela s ajek‘) ®I.7’

where Z; = (Vk)*ﬁzk(—jeoFZk) is some ideal sheaf of Z;, supported on Zsing, by the Direct image
formula (2.3) we have

(mo.k 0 k)« (L) C F'°Ey jm T3 (3.14)
where m =e; + ... + €.

Claim 3.4. There exists a positive integer ji such that for each j > ji, the direct image (my o
vp)«(jL) C ﬁ(fﬂeEmmT}) is an ample vector bundle on Z.

Proof: Let us denote by Az := A|z. As L is ample, one can find an integer jo > 0 such that for each

J > jo, all higher direct image sheaf R(mo j o v )«(jL) vanishes, and jL — (mo o v)* Az is ample.
Set Vj 1= (mo 1 © yk)*(jL — (mok 0 Vk)*Az) which is a local free sheaf for any j > 0. Consider any

coherent F on Z. Then by the degeneration of the Leray spectral sequence, for each j > jj, we have

HY (Z,V; @ F) = H(Z), I’ @ (mo 0 ) A5 @ (w1 0 )" F) (3.15)
for any < > 0. Fix a point y € Z, with maximal ideal M, C €z. Then we have the exact sequence
0=+ My — 0z — Oz/ M, — 0.
As L is ample, there exists a positive integer j(y) > jo such that

HNZ,V; @ My) = H'(Zy, 17 @ (mox o vi)* A" @ (mok 0 )" My) = 0
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for j > j(y), and so we see using the exact sequence above that Vj is generated by its global sections at
y. The same therefore holds in a Zariski open neighborhood of y, and by the compactness of Z we can
find a integer j; > jo such that Vj is globally generated when j > j;. Thus V; ® Az = (7o o vk)«(5L)
is an ample vector bundle for any j > j;. |

Since the ampleness is open in families, then Claim 3.4 holds for general fibers of ¢ : Zq —
| |A|. Set U C | Y |A%| to be a Zariski open set of | |A%| such that when restricted to
% .= q 1 (U), q is a smooth fibration. Denote by %, the k-th Demailly-Semple tower of (Y, Tw ),
and vy, : %, — %, the blowing-up of the asymptotic Wronskian ideal sheaf t.,(%4) with ﬁgjk (—Fy,) =
Vi10oo(%). Then for every j > 0, we define the vector bundle V; on % by

Vi == (mo,k © V)« (1/,’:6’% (jer,...,jen) ® ﬁ%(—jeoF%)),
and its restriction to the general fiber Z of ¢ is
(7T07k ° Vk)*(’/l:ﬁZk(jela s ’jen) ® ﬁzk(_jeoFZk))’

which is ample by Claim 3.4. We finish the proof of the first part in Theorem C. Since L =
viOgz, (e1,... ,ec)®ﬁ2k(—€0FZk) is very ample on Z, we can take j > 0 such that jL — (ﬂngouk)*A;
is still very ample, and by the relation

()« (JL) = Oz, (jer, ..., jex) @I,
we see that the base locus of
HO(Zk, ﬁzk(jel, A ,jek) X (Wo,k)*Agl ®Ij)

is contained in Z,fing. We finish the proof of Theorem C.

4 EFFECTIVE ESTIMATES RELATED TO THE NAKAMAYE THEOREM

In this section we prove Theorem 3.1. For simplicity and to make this part readable, we give a complete
proof for ¢ = 1. The proof for the general cases is exact the same and we will show the general ideas
for that. We begin with some definitions and notations of the universal Grassmannian.

We consider V := H° (PN , ﬁPN(é)), that is, the space of homogeneous polynomials of degree § in
Clz0,- .-, 2n], and for any J C {0,..., N}, we set

By :={[z0,....2x] € PV|z; = 0f j € J}.

Given any A € Griy1(V) and [z] € PV, we write A([z]) = 0 if and only if P(z) =0 forall P € A C V.
We then define the universal Grassmannian to be

Y = {(A,[2]) € Gy (V) x PY[A([2]) = 0}, (4.1)
and for any J C {0,..., N}, set
% =% N (Grk+1(v) X PJ) (42)

From now on we always assume that K+ 1> N, then p: % — Griy1(V) is a generically finite to one
morphism. Denote ¢ : % — P to be the projection on the second factor. Let .Z be the very ample
line bundle on Gry; (V') which is the pull back of &'(1) under the Pliicker embedding. Then p*.Z |y, is
a big and nef line bundle on % for any J. For any J C {0,..., N} we denote by pj : %5 — Gri1(V),
and qj : %7 — P; the projections. Similarly we set

Ej = {y € #|dimy(p; " (ps(y))) > 0}

GT =ps(Es) C Gris1(V),
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then E; = Null(p*.Z|s,). For J = 0 we have #; = % and denote by E := Ej and G*™ := G{°.

Now we begin to prove Theorem 3.1. First of all suppose that ¢ =1 and k+ 1 = N. Then in this

case p : % — Gry(V) is a generically finite to one surjective morphism. We first deal with the case
J=10.
Let us pick a smooth curve C' in Gry(V) of degree 1, given by

A([to, t1]) := Span(22, 23, ... 241, to2d + t12)),

where [to,t1] € P!. Indeed, the curve C is the line in the projective space P(ANV) defined by two
vectors zd A 2 A A Z?VA and 20 Az A - A z?v in ANV, which is of degree 1 with respect to the
tautological line bundle .. That is,

Z-C=1.

Now consider the hyperplane D in PV given by {[z0,...,2n]|20 + 2y = 0}. We have

Lemma 4.1. The intersection number of the curve p*C and the divisor ¢*D in % is 6N~1. Moreover,
p«q*D ~ NTLL where “~7 stands for linear equivalence.

Proof. An easy computation shows that p*C and ¢*D intersect only at the point
Span (22,25, ... 2% 1, 2% + (—1)°T120) x [1,0...,0,—-1] e &
with multiplicity 6V—!. The first statement follows. By the projection formula we have
p«q*D - C = p.(¢*D -p*C) = sV~ L.

As Pic(Gry(V)) = Z with the generator ., then we get p.q*D ~ §V~1.Z by the fact that & - C =
1. O

We first observe that p*p.q*D — ¢*D is an effective divisor of ¢/, and by Lemma 4.1 we conclude
that 6V~ 1p*.Z — ¢*Opn (1) is effective. We also have a good control of the base locus as follows:

Claim 4.1. For any m > 6", we always have
Bs(mp*Z — ¢*Opn (1)) C p~ 1 (G™). (4.3)

Proof: Pick any Ay ¢ G, p~1(Ap) is a finite set by the definition of G*. Thus one can choose a
hyperplane D € H(PY, 0~ (1)) such that DN g(p~'(Ag)) = 0. From Lemma 4.1 we know that the
divisor p*p.q*D — ¢*D is effective and lies in the linear system |6V ~1p*.Z — ¢* Opn (1)| of #.

For any A € Gry(V), if we denote by

Int(A) := {[2] € Pn|A([z]) = 0},

then ¢(p~'(A)) = Int(A). Hence the condition that D N ¢(p~'(Ag)) = 0 is equivalent to that
Int(Ag) N D = ). However, for any A € p.q*D, we must have Int(A) N D # (), therefore Ag ¢ p.q*D.
As Ay was arbitrary, we conclude that

Bs(6N1p ¥ — ¢* Opn (1)) C p~H(G™).
As & is very ample on Gry(V), for any m > 6V~ we have
Bs(mp*.Z — ¢*Opn (1)) C Bs(0V 'p*Z — ¢*Opn (1)) C p 1 (G™).

The Claim is thus proved. |

Now we deal with the general case J C {0,..., N}. Without loss of generality we can assume that
J={n+1,...,N}. First recall our previous notation p; : #; — Grn(V), and let ¢; : #; — P; be
the second projection. For any Ag ¢ G, the set p;'(Ag) = Int(Ag) NP, is finite. Thus one can
choose a generic hyperplane D € H(PY, Opn (1)) such that Int(Ag) N D NP; = (. One can further
choose a proper coordinate for PV such that D = {z, = 0}.
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Observe that 2 % PV is a local trivial fibration. Indeed, any linear transformation g € GL(CN+1)
induces a natural action § € GL(V), hence also a biholomorphism § of Gry (V). For any e € PV, §
maps the fiber ¢~!(e) to ¢! (g(e)) bijectively. Since GLy1(C) acts transitively on PV, the fibration
% 4 PN can then be locally trivialized. Therefore ¢;(DNPy)is a reduced divisor in #j. Set
E :=p;(¢;"(DNP))) set-theoretically. Then for any divisor H € |m.Z| on Gry(V) such that £ C H
and p;(%5) ¢ H, p5(H) — ¢5(DNPy) is an effective divisor in |mp*.Z — ¢50p,(1)|. However, it may
happen that for any hyperplane D € PV, all constructed divisors of the form p*q*(D) will always
contain Ag.

Choose a decomposition of V' = V; @ V5 such that V; is spanned by the vectors {z* € V]a,, = ... =
ay = 0} and V3 is spanned by other z*’s. Let us denote G to be the subgroup of the general linear
group GL(V') which is the lower triangle matrix with respect to the decomposition of V' =V; & V3 as
follows:

(g€ GL(V)|g = L{l g} B e GL(V,), A € Hom(Vy,Va)}. (4.4)

The subgroup G also induced a natural group action on the Grassmannian Gry(V'), and we have the
following

Lemma 4.2. Set H := p.(¢*D). Then for any g € G, E C g(H) and there exists a gy € G such that
Ao ¢ go(H).

Proof. For any A € Gry(V), choose {s1,...,sy} C V which spans A. Let s; = u; + v; be the unique
decomposition of s; under V- = V; @& V5. Then by E := py (q;l(D N ]P’J)) we see that A € F if and
only if N {u; = 0} NP"1 £ 0, where P""! := {[z0 : -+ : zy] € PV|z; = 0 for j > n}. For any
g € GL(V), g(A) is spanned by {g(s1),...,9(sn)}. By the definition of G, for any g € G, we have
the decomposition g(s;) = u; + v, with respect to V' = V; & V5 which keeps the V; factors invariant.
Thus we prove the first part of the claim.

Set {t1,...,tx} C V which spans Ay and ¢; = u; + v; be the unique decomposition of ¢; under
V =V, @ Va. Since Int(Ag) NP1 = ), we have NY_{u; = 0} NP1 = (). We can then choose the
basis {t1,...,tn} spanning A properly, so that

(i) Niz{wi =0y NP1 =0

(i) for some m > n, {uy,...,un} is a set of vectors in V; which is linearly independant;

(111) Um+1 = -+« = UN = 0.
Then N {u; = 0} N {z, = 0} = PV = {[z0 : -+ : 2n] € PV|z; = Oforj < n}, and
{Um+1,-..,un} is a set of linearly independant vectors in Va.

Let us denote by A’ € Gry (V) spanned by

Ul = U

Uy, 2= Up,

~ N 4
Up+1 = Up4+1 + Znt1

Uy, = U, —i—zfn

s 5 _ 0
U1 1= U+l T Zmg1 = Zpt

UN ::uN+z§5V:z§5V

Then Int(A") N {z, = 0} = 0, which is equivalent to that A" ¢ H := p.q*(D). By the choice of A’
one can find a gy € G such that go(A’) = Ag. Indeed, by linear independances of {vy,41,...,u5} in
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Vo and {u1,...,uy,} in Vi, we can find a B € GL(V5) satisfying that B(z0) = v; for all i > m + 1,

and A € Hom(Vi, V5) such that A(u;) = v; for i <n and A(uj) = vj — B(z}s) forn+1 < j <m. Set

go := 1{1 g which is the type (4.4), and by the construction of gy we have that go(A’) = Ag. Thus
Ao ¢ go(H) and we finish the proof of the claim. O

Since H € [6N71.Z|, go(H) still lies in |6V ~1.Z|. Indeed, since the complex general linear group
GL(V) is connected, the automorphism map of Gry(V) induced by gp-action is homotopic to the
identity map, and thus the gy action induces the identity on the cohomology groups. By Lemma 4.2,
E C go(H) and Ag ¢ go(H). As ¢5(D NPy) is a reduced (Cartier) divisor on #7, the divisor

i (90(H)) — a5 (DN PBy) € |67 psL — g5 08,(1))

is effective and avoids the finite set p;*(Ap).
Since Ag € Gry (V) is any arbitrary point not contained in G5°, thus the base locus of 5N_1p*J$—
q%0p, (1) is totally contained in p;*(GF). In conclusion we have the following theorem:

Theorem 4.1. Let # C Gry(V) x PN and % be the universal families defined in (4.1) and (4.2).
For any J C {0,...,N}, we have

Bs(mp*Z — ¢*Opn(1)|5,) C p; (GT)

for any m > 6N1,

Fix any positive integer n < N. Consider P as a subspace of PV defined by 2,41 = ... =
zy = 0. Set V,, := H°(P", Opn(6)), and we have a natural inclusion Gry(V,,) € Gry(V). For any
J C{0,...,n}, we denote by J :=JU{n+1,...,N}, and Pj := {[20,...,2n] € PN|z; =0 if j € J}.
Set

Yy = {(4,[z]) € Gry (V) x P;|A([2]) = 0}.

Define py : %5 — Grn(Vy) and Gy : Yy — IP; the respective projections. Set
G = {A € Gry(V,)|p;1(A) is not finite set}.

Let # C Gry(V) x PV and %5 be the universal families defined in (4.1) and (4.2). There is a natural
inclusion i,, : Gry(V},) < Grn(V), which induces the following inclusions:

@NJC—> GI‘N(Vn) X ]P’j

T

ng_> GI“N(V) X Pj
Under the inclusion %, we have )
T = G‘}O N Gry(Vn).

6N_1

From Theorem 4.1, for m > we also have

Bs(mp*.% — q"Opn(1)|5,) C Bs(mp"Z — " Opn (1)|z;) N Y
C p}l(G%") N
= 75 (GF), (45)
where pj: %5 — Gry(V) and ¢ : %7 — P; are the projection maps. Since the pull back
it Pic(Gry(V)) = Pic(Grn(Va))

is an isomorphism between the Picard groups, and %), := i} .Z is still the tautological line bundle on
Gry(Vy,). Then
mp* L — q" Opn (1)l g, = mpy(Ln) — 3508, (1),
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and by (4.5) we have

Bs(mp5 (<) — @50%,(1)) € 5, (GT). (4.6)

We are in the situation to prove Theorem 3.1 for ¢ = 1 and general £+ 1 > N:

Theorem 4.2. For any k+1 > N, set % C Grpy1(V) x PN and %5 to be the universal families
defined in (4.1) and (4.2). For any J C {0,...,N}, and k+ 1> N, we have

Bs(mp* % — ¢*Opv(1)|2,) C p; ' (GT) (4.7)
for any m > 6.
Proof. Indeed, if we consider PV as a subspace in P**! defined by zy41 = ... = 2,41 = 0, the theorem
follows from (4.6) directly. O

The above theorem can be generalized to the case of products of Grassmannians. We first set
N :=c(k + 1), and denote V; := H*(PY, Opx (6;)) and G := []7_; Grj11(V;) for simplicity. Let % be

the generalized universal Grassmannian defined by
W = {(A1,..., 7 2) € G x PNV i Ai([2]) = 0}

Let p: % — G, q: % — PN and p; : % — Grp41(6;) be the canonical projections to each factor; then
p is a generically finite to one morphism. Define a group homeomorphism

£:7° = Pic(Q)
a=(ay,...,a;) = Oay, n)(a)X...K¥Oq,  v.)(ac)

which is moreover an isomorphism.
We then define smooth lines {C;}i=1 . in G, given by

§ é § 1 13 1
Ai([to, t1]) :== Span(z)", 2.4 1 -+ -y 2Zpeyq) X Span(25®, 2235 .-+, 200 0) X -
04 di 04 04 dc Oc dec
xSpan(toz;® + 120", Zo'is - -+ » Zegi) X - -+ X Span(zg 72207""Z(k+1)0)

for [to,t1] € PL. Tt is easy to verify that £(a) - C; = a; for each i. Consider the hyperplane D; of P"
given by {[z0,...,2n~]|2i + 20 = 0}. Then we have

k+1
I, o4

Lemma 4.3. The intersection number of the curve p*C; and the divisor ¢*D; in % is b; :== 5

Moreover, p.q*Opn (1) = £ (b), where b = (by,...,b.).

Proof. 1t is easy to show that p*C; and ¢*D; intersect only at one point with multiplicity b;. By the
projection formula we have
p«q" D - C; = p(¢*D; - p*C;) = b;.

Since

.Z(a)CZ:aZ

for any a € Z¢. Thus
P«q" Di = puq” Opn (1) = L(b).

Then by similar arguments above, p*L(b) ® ¢*Opn(—1) is effective, and its base locus
Bs(p"£(b) ® ¢’ G (1)) < p(G%), (18)

where G*° is the set of points in G such that their p-fiber is not a finite set. We can then apply the
methods already used above to show that (4.8) also holds for all the strata %7 of %', and for general
k with ¢(k + 1) > N. In conclusion, we have the following theorem
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Theorem 4.3. Let % be the generalized universal Grassmannian defined by
Y = {(Al, A ,AC,Z) S Grk—i—l(vl) X ... X Grk+1(‘/c) X PN|V ’L,AZ([Z]) = 0}

here V; :== H(PN, Opn (6;)), and (k+1)c > N. Then for any strata %y := (G xP;)N¥, any a € Z°
c k+1
with a; > ~=—— for each i, we have

Bs(p*L(a) @ " Opn (~1)]5,) C p~ ' (GF),

where G is the set of points in G := [[;_; Gry1(V;) with positive dimension fibers in %j.
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