N

N

Optimal filtration for the approximation of boundary
controls for the one-dimensional wave equation

Pierre Lissy, Ionel Roventa

» To cite this version:

Pierre Lissy, Ionel Roventa. Optimal filtration for the approximation of boundary controls for the
one-dimensional wave equation. 2016. hal-01338619v1

HAL Id: hal-01338619
https://hal.science/hal-01338619v1

Preprint submitted on 28 Jun 2016 (v1), last revised 15 Apr 2018 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01338619v1
https://hal.archives-ouvertes.fr

Optimal filtration for the approximation of boundary
controls for the one-dimensional wave equation

Pierre Lissy * Ionel Rovental

June 28, 2016

Abstract

We consider a finite-differences semi-discrete scheme for the approximation of boundary
controls for the one-dimensional wave equation. The high frequency numerical spurious oscil-
lations lead to a loss of the uniform (with respect to the mesh-size) controllability property of
the semi-discrete model in the natural setting. We prove that, by filtering the high frequen-
cies of the initial data in an optimal range, we restore the uniform controllability property.
Moreover, we obtain a relation between the range of filtration and the minimal time of control
needed to ensure the uniform controllability, recovering in many cases the usual minimal time
to control the (continuous) wave equation.

Keywords: wave equation, control approximation, moment problem, biorthogonal fami-
lies.

Mathematical subject codes: 93B05, 30E05, 65MO06.

1 Introduction

This paper is concerned with the problem of the null boundary controllability (which is equivalent
to the exact boundary controllability) for a a finite-differences semi-discrete scheme of the one-
dimensional wave equation on the time interval (0, 1). It is well-known that for the wave equation,
given T > 2 and (u°,u') € L?((0,1),C) x H=1((0,1),C) there exists a control function v €

C°([0,T],C) such that the solution of the wave equation

u’(t,x) — Ugy(t, ) =0 te (0,T), z €(0,1),
u(t,0) =0 te(0,7T),
u(t,1) = v(t) te(0,T),
w(0,7) =u'(z), u(0,2)=ul(z) x€(0,1),

satisfies
w(T,z) =u(T,x) =0 (z €(0,1)).
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Let N € N* and h = +~. For T' > 0, we consider the following semi-discrete space approxima-
N+l

tion of the wave equation by the explicit finite-differences method:

u(t) - Uj+1(t)*2u]i'2(t)+“1*1(t) =0 1<j<N,t>0,
UN+1(t) :vh(t) te (OvT)7
u;(0) =,  uj(0) =uj lsjsN

Given T > 2, h > 0 and ((u,u]))1<j<n € C*N, we study the existence of a control function
vp, € C°([0,T7]) such that the solution of the equation (1.2) verifies

uj(T) =uj(T)=0  (j=1,2,...,N).

More precisely, our aim is to study the existence of a uniformly bounded sequence of controls
(vn)n>0 with respect to the mesh size h, by using the moment method. Remind that the dis-
cretization of the wave equation (with finite-differences schemes but also finite-element schemes)
is known for a long time (see notably [8] and [9]) to lead to high-frequency spurious solutions gen-
erated by the discretization process that make the discrete controls diverge when the mesh-size
goes to zero. Basically, this difficulty can be overcame by two strategies:

e A Tychonoff regularization of the HUM cost functional, that we would not discuss here (see
notably [9] and the survey [19]).

e An appropriate filtering technique to eliminate the short wave length components of the
solutions of the discrete system, i.e. the large frequencies (of order |n| = N) of the discretized
problem.

Let us explain into more details different filtering techniques used in the literature. In [11] (see
also [3, Section 2.4]), the author proved a uniform observability result by eliminating short wave
length components of the whole solution for large enough times (depending on the filtration). Here
the approach we chose is the one of [13], where we directly cut frequencies of the initial condition.
This approach is very different because even if the initial condition is filtered, the control will
excite all frequencies, and then the study of the uniform controllability is much more intricate
from a theoretical point of view. However, the authors believe that this approach is more natural
and convenient from a practical point of view. In [13] it was proved that if the initial data are

given by
0
U
J — 0 n
(ul ) = E Apn® Ry
1<SGSN 1< |nl<M

with M = +/N, then there exists a sequence of bounded controls (vp,)p>o for (1.2) provided that
the initial condition verifies some conditions on its Fourier coefficients and that the time is large
enough (but no quantitative estimate of this minimal time is given).

In the present paper, we drastically improve the results of [13] by filtering in an optimal way
the initial condition: here M can be chosen to be any N* with « € (0,1), or even M = 6 N with
6 € (0,1). Moreover, we obtain a precise estimate on the minimal time needed that turns out
to be optimal as soon as we filter enough frequencies (notably, if M = VN as in [13], we obtain
the almost sharp condition T > 2), and contrary to the result of [13], we can choose any initial
condition in L?(0,1). Moreover, the controls can be chosen to be continuous (and not only L?)



in the present work. We emphasize that beyond the theoretical interest of our result, it is likely
that it is of interest to try to allow filtrations which contain as many modes as possible, in order
to improve the precision of the approximation.

For more general uniform controllability results, by using filtered spaces, with different schemes
or non-uniform meshes and covering some higher-dimensional situations, the interested reader is
referred to [2, 4, 5, 6, 16, 19]. Let us also mention that our approach is based on a discrete approach
but there also exists a continuous approach, see notably [3] and the references therein.

Before stating our main theorem, we introduce some notations. In all what follows, an initial
condition (u°,u') € L?((0,1),C) x H=1((0,1),C) will be decomposed as

(W’ u') = Z an®"(x), (1.3)

nez*

with (a,/n)nez- € 1?(Z*,C), where by definition

() ( - sin(nr) )

— sin(nmx)

which correspond to the eigenfunctions of the elliptic problem associated to the homogeneous
version of (1.1). We will also consider the following filtered version of the initial condition (u°, u')
given by

Wruh) = Y a,9"(@), (1.4)

n|<M,n£0

where M € N* (M will depend on the mesh size h in what follows).

In general, for the semi-discrete equation (1.2), we will consider the following discretization of
the initial condition (u°,u!) given by

Up = Y an®p(), (1.5)

|n| <M n£0

with M < N, where

- 1 oP

= (7)) asm=m,
—®h

and

sin(nmh)

sin(2nmh)

(Eh)i<ini<N = eCN.

sin(nThN)

It is clear that if M — oo as N — oo, then Up — (u°,u'). Let us emphasize that the éz‘ does
not correspond to the eigenvalues of the elliptic problem associated to the homogeneous version
of (1.2) (for detailed explanations, see [13, Page 758] and Section 2.1).



Our main result is the following.

Theorem 1.1. Let (u®,u') € L%((0,1),C) x H=1((0,1),C) some initial condition that we decom-
pose as in (1.3). Let f : N* — N* be an increasing function (which corresponds to the filtering
function of the modes) verifying f(N) < N for every n € N* and f(N) = oo as N = oo. We

denote by
fN

[(f) := limsup ) € [0, 1]. (1.6)

N—o0

In addition, we assume that T'(f) < 1 and we consider the filtered initial condition given by (1.4),
with M = f(N), and its discretized version given by (1.5). Then, for any T > ﬁ, there
—sin —
exists a control v, € C°([0,T],C) bringing the solution of (1.2) (with initial condition U} ) to (0,0)
such that the sequence (vp)nso is bounded in C°([0,T],C).

For example, if f(N) = dN with 6 € (0,1) then I'(f) = § and the minimal time that ensures
the uniform controllability is ﬁ Moreover, if f(N) = o(IN) (this is notably the case if
Sin =5

f(N) = N*with a € (0,1)), then I'(f) = 0, and in this case, we obtain the uniform controllability
for any time 7" > 2, which is the minimal time needed to control the corresponding continuous
system (1.1). Note that this result is sharp, because it is well-known that one cannot choose
I'(f) = 1, in this case the controls might explode exponentially when h goes to 0 (see [13]).

On the other hand, our main result establish the area where we lose the minimal time of control
(from the continuous case). This precise area is located in the range where the gap between
the eigenvalues of the discrete problem becomes smaller than the gap between the corresponding
eigenvalues of the continuous problem. In this range it appears spurious high frequency oscillations
which gives bad approximations of the controls that can be observed numerically (see [19]).

Let us remind that as soon as the sequence (v)r>0 is bounded, one can extract a subsequence
converging weakly to some v € L°°(0,7T) that will be a control for the continuous problem (1.1)
(it can be easily deduced by using the same computations as in [13, Theorem 4.3]).

The paper is organized as follows. In Section 1, we present some known results concerning the
question of the numerical control of the 1 — D wave equations and we present the precise scope of
the paper. In Section 2, we give the proof of Theorem 1.1. More precisely, In Section 2.1, we begin
with recalling some spectral properties of the semi-discretized problem and we set our moment
problem. In Section 2.2, we give some crucial estimations on a product involving the eigenvalues
associated to the discretized problem. In Section 2.3, we exhibit an adequate multiplier and give
some estimations on it. Finally, in Section 2.4, we end our reasoning by constructing our controls
and proving the properties of uniform controllability as stated in Theorem 1.1. In Section 3 we
mention some final remarks and open results.

2 Proof of Theorem 1.1

2.1 Spectral properties and the moment problem

In this section we recall some well known facts about the spectral properties of our problem.



Let us consider the corresponding homogeneous adjoint problem:

w;-’(t) _ wj-%—l(t)—Q“;.ZQ(t)"’wi—l(t) =0 1<j<N,t>0,
wo(t) = 0 t€(0,7),

2.1
’U}N+1(t):0 tE(O,T), ( )
w;(0) = wf, wj=wj 1<j<N.
We define the matrix A, € My« n(R) as follows:
2 -1 0 0 0 0
-1 2 -1 0 .. 0 0
0 -1 2 -1 ... 0 0
Ap = gz : : . K K : :
0 0 | 2 -1 0
0 0 o 0 -1 2 -1
0 0 .. 0 0 -1
The adjoint problem (2.1) can be rewritten in a matricial form as follows:
W"(t)+ AW (t) =0 t>0, (2.2)
W) =W W’'(0)=Ww!, '

0 0 )

where W (t) = (wy(t), ...,wn(t))" € CV and the initial data is ( Wl ) = ( (w{)lngN ) €
w (wj)r<j<n

c2N.

WO

Now, if we set Z(t) = ( W(t) > and Z°0 = ( W

W'(t) ), then (2.2) has the following equivalent

vectorial form
Z't)+ ApZ(t) =0
Z(0) = 2°,

0 —Iy

where the operator A;, is given by Aj = ( A 0
h

) and Iy is the identity matrix of size N.

The eigenvalues of Aj, are given by the family (i A,)1<jn|<n, Where

2 h
Ay = = sin (”g) . 1<|n| <N, (2.3)

and the corresponding eigenvectors are

#(p”

o= (2 ) s,
—Ph

where

sin(nmh)

sin(2nmh)

(Eh)i<inl<n = e N

sin(nrhN)



are the eigenvectors of Ay,.
Note that (®7');<|n/<n forms an orthonormal basis in C*V.

The next result gives a sufficient and necessary condition for the null-controllability of (1.2). Tts
proof follows immediately multiplying (1.2) by the solution of (2.2) and integrating by parts in
time (for more details, see [13, Proposition 3.4]).

Lemma 2.1. Given T > 0, system (1.2) is null-controllable at time T if, and only if, for any
initial data U° = (u%,ul)1<j<n € C*N, there exists v, € C°([0,T],C) which verifies

/OT vh(t)

where W is the solution of (2.2).

=h Z w —ul w?) (((wg,w )i<j<n) € C*N),

1<j<N

We are now able to transform our controllability problem into a moment problem (see [13,
Proposition 3.5]).

Proposition 2.1. Given T > 0, system (1.2) is null-controllable at time T if, and only if, for

any anitial data (u},uj)1<j<n = Y 1<nj<n an®], there exists vy, € C°([0,T),C) which verifies

T n
/0 vp () et gt = Man (1<|n| < N). (2.4)

sin(nwh)

Let us now give a precise description of the next steps.

Our aim is to construct and evaluate an explicit biorthogonal sequence to the family (e””t)lgmg N

in L? (—%, %) We shall do that in several steps (which will be done in the next two sections):

1. We construct an entire function P,,, with the property that P, (A,) = dmn.
2. We give an estimate of the product P, on the real axis.

3. We construct a smart multiplier M,,, with rapid decay on the real axis such that P,, M,, is
bounded on the real axis and M,,(A) = 0mn-

4. The Fourier transform of the entire function vy, (2) := Py, (2)M,,(z) gives the element 6,, of
a biorthogonal sequence to the family (€i)‘"'t)1g|n\gzv in L2 (—% %) Moreover, an estimate
for the L>-norm of 6,, is also obtained thanks to an estimate on the L'-norm of 1,,.

Once we have a biorthogonal sequence (6., )1<|m|<n to the family (e““t)lgn‘g]\, in L? (—%, %)
we can construct a control thanks to the following formula (see [13, Page 759]):

E (_1)n+1h —1)\ T
v (t) = —V— € " 2 an<h)9n t—— )
h 1<Inl<N sin(nmh) ( 2)

where ay,,(h) is related to a, by the following relations (see [13, Page 758]):

an(h) == {

0, In| > f(N),
(A2 +1)an+3 (32 —1)an, |nf<f(N)

nm

(2.5)



The method considered for the construction of a biorthogonal family was first introduced in [17]
and in the context of boundary controllability problems in [7]. The main difficulties in our analysis
is to obtain optimal estimates for the behavior of the Weierstrass product on the real axis and
also to construct an adequate multiplier. This two difficulties will be treated in the next two
subsections.

2.2 The product estimates

In this section we define a Weierstrass product P,,, with the property that P, (\,) = 0y and we
obtain an optimal estimate of the product P,, on the real axis. In the sequel, C' > 0 denotes an
absolute constant which may vary from line to line.

For every 1 < |m| < N, we define the function

Pu(z)= [] (;711) II AL;: PL()S,m  (z€C), (2.6)

- A
1<[n|<N 1<nj<n "
n#gm n#£m
where
1 z
P(z) = H )
n
1<|n| <N
n#m
An
Sm = H Iy N
1<inj<n "

n#Em

Let us remind that the value of )\, is given in (2.3). We start our estimates with the following
technical result concerning the second term of the product P,,.

Lemma 2.2. For every 1 < |m| < N, we have that

h

|G| = cos? 28 (2.7)

Proof of Lemma 2.2. From the symmetry of the sequence (A\,)1<jnj<n (i-e. Ay = —Ay,), it is
sufficient to consider only the case 1 < m < N. We remark that
A 1 bY: 1 sin? (nzh
Sm= I =—1=5 Il =5 |=5 (*3%) . (2.8)
An — Am 2 )\% — >‘72n 2 sin ((m—n)wh) sin ((m+n)7rh) ‘
SIS Sy sasl 2 2

We study this last product by splitting it into two parts. We have that

ﬂ sin (m>
nwh 2
k

sin (T) _ k=m+1

_ =m-+1
: (n—m)mh T N-m - N )
Lonex |sin (f) ‘ _ (krh kh
n#m H Sin 9 H COS B)
k=1 k=m+1



and also

2

1<n<N sin (7(n+gl)ﬂh>

n#m

" [krh . [(krh
. nrh H Sin T H Sin 7
sin ("3%) 9 cos <m7rh> k=1 90 (mwh Pl .

[1 (7

and the proof is complete. [ ]

In the next Lemma, we give an intermediate estimate that will be useful to estimate P},.

Lemma 2.3. We have that

’xQ — )\2| C 2
P = n — 2.9
w= T "= < gmm (H<7) (2.9)
1<n<N
n#Eng
N 2 2
e — A\ 2
L[l 2 no—q (|:c = h), (2.10)
N o 9 2
T4 — A 2 zh x2h? 2
< —In| — -1 — 2.11
g ¥ _hn<2+ 1 ) (|$|>h)’ (2.11)
where v € [0, %) is defined such that v = %sin %

Proof of Lemma 2.3. We remark that

Aml ’xg — )\2‘
Pl(z)| = Pl — (2.12)
| | |z — A 1<1;£N A2
In what follows, for any 0 < z < %, we consider
Ny = argming <, <y 1 {7 — Anl}- (2.13)
If || = 2 then
ﬁﬁ*)\% _ HC%Q(nTﬂh) 1
2 (nm -
n=1 )\% n=1 sSin (?)

and (2.10) holds.



If [z > 2, let r? = # — 1. We have that

where
N+1 2
I:= In|{14+ — | dt
/ o ()

In the following, we are going to compute exactly the value of the integral I. If we consider the
twh

change of variable given by u = tan (T)> we infer that

2 [ In(1+73(1+u?)) 2
wh Jo 1+u? - (1),

where

o 1 1 21 2
F(a):/ n ( —&-17“—‘5 ;&—au)) ”
0 U

It is easy to prove that F' is of class C'! and its derivative F’ is given by

F(a) /OO u?r? i r? /°° 1 1472
o) = U = —
o (1T+u2)(1+72(14 au?)) ar?—r2—1Jy 14+u2 147r2+au?r?
oo
r2 142
= ——75 7 arctanu — — arctan
aré —rs—1 ar 1472 1472
ar? ar? 0

B r? ™ (4 1472
S ar2—r2-12 ar? |’
Hence, we obtain that there exists some constant C > 0 such that

Fla)=mln(Var2+ v1+72) +C.
Since F(0) = 5 In(1 +r?) we deduce that C = 0. Thus, we have that

212
I = F(l):%ln(rJr 1+r2)2]n<xh+ z2h 1>’

2
mh h 2 4

and inequality (2.11) holds.



Our next aim is to prove (2.9). Since z — P(x) is an even function we study only the case x > 0.

fo<z< 3 let x = h sin % where v € [07 %) . We also consider

[v] = argming <, < y_1 {lv—=n|} and {v}=v-[v].

We remark that [{v}| < 3. From (2.13) we deduce that [v] = n,. We have that

ne b [ in?2 vrh N sin? vzh
_ 2 2
P(m)—H Zmrh_l H 1_~2m
2 2

et sin nmnptl sin

H cos(nmh) — cos(vmh) IJ—V[ cos(vmh) — cos(nmh)

281112 "gh nmnytl 2sin? %
B ng—1 sin ([1)]+{U2}—n)7rh sin ([1)]+{1)2}+n)7rh N sin (n—[v]—2{v})ﬂ'h sin ([1)]+{U2}»+n)7rh
- :-2 nmh :.2 nwh
n=1 Sl T2 n=ng+1 Sl 2
We deduce that
TT i e fohmh "t (et (o))
P(z) = H sinf H sinf
k=1 k=[v]+1
N—[v] N+[v]
. (k—={v})mh . (k+{v})mh 1
X H sin — H sin 5 H T
k=1 k=2[v]+1 1<k<N 2
ko]
N N+[o] N—[v]
. (k+{v})mh . (2N +2- k {v})mh (k — {U})ﬂ'h 1
= H Sin 72 H Sin H Sl H Sin2 %nh
k=1 k=N+1 < 2
k£[v], 2[] le#2[v] ko]
Hence, we have that
N N+1
. (k+{v})mh . (k—{v})mh 1
P(I) = H Slnf H Slnf H W
k#[’i;]:,12['u] k#}\lrc—:[lz;]+1,2N+272[v] IEQ[SU]N
(2.14)
| sin? ot g fopmn lz_v[ sin (R (DR G (e (w))n
 sin % 7@””] Pt sin? @

From the concavity of the functions fi(z) = In(sinz), « € (0, ), the following inequality holds:

sin(z 4 y) sin(z — y) < sin?(z) (O <y<z< g) . (2.15)

By using (2.14) and (2.15) we deduce that there exists C' > 0 such that

sin [”]T”h C

<
(vt[v])7h (wt+[rwh | vrh — 2 vrh*
1 1 cos 3 COS 2

P(z) < (2.16)

2 sin cos

10



If [v] = N, in a similar way we have that

C

Plw) < cos? %

(2.17)

From (2.16) and (2.17) we deduce that (2.9) holds and the proof is complete.

Now we have all the ingredients needed to estimate the behavior of P, on the real axis.

Proposition 2.2. There exists a constant C' > 0 such that for any 1 < |m| < N we have that

C (|z] < 2)
P,(z)| < u 2.18
Pue) <{ Copotay (5 1) 219
where
2 zh x2h?
gp(x)hln<2+ 1 1>.
Proof of Proposition 2.2. If [z| > #, from (2.7) and (2.12) we obtain that
h A 22— \2
Ebnjjl < 2 MT |m| n
0P )] < cost T A -
1<n<N
2 gip Ilmh o2 mrh 222 gip T g2 mrh 2_)\2
<Ch 2 2 H z n - 2 2 H z n
h T — %Sin ‘mgﬂh 1<n<N A2 T 1—sin Lléﬂh 1<n<N A2
From the above inequality, (2.10) and (2.11) we obtain that
2
Pale)| < Coxp (o) (Ja =2 ).
If |z| < 2, from (2.12) and the fact that Ii:"w < /\"“'KT)‘” < C we have that
Am| ’$2—/\2| !mz—/\2‘ Al |z — An, |
Pl _ ‘ m Ny nl < Ny P
| m(:z:)| |z — Am| A2, H A2 - ||x| — )\‘m|| Ang (z) (2.19)

1<n<N
n#ng

Let v € [0, +) such that z = # sin “5%. From (2.13) we deduce that [v] = n,. From (2.9) and
(2.19) we have that
C Al |7 — A, |

cos? 58 An, ||zl = Aym|

| Py ()] < (2.20)

If |m| = n, from (2.7) and (2.20) we obtain that

[Pr(z)] <C (Im] = na).

11



If |m| # n, from (2.7) , (2.20) and taking to account that | — A\, | < A, 41 — An, we have that

cos? —)\‘m‘ |z — An, | (N+1-m)?|m| sin} COSM
|Pm(.17)| <C 2 vrh T < 2 [v— m|7rh (v+7n)7rh

cos? X% An, [[z] = A (N+1=v)? ng sin =7 7
<C(N—&—l—m)2|m| 2N +1-2n,
T (N+1-9)2 ng [v—m|2N+2—-v—m)’

By taking into account the different cases for m and n, = [v] we deduce that
|Pr(z)| < C (Im] # ng),
and the proof is complete. [ ]

The last result of this section gives a rough estimate on the whole complex plane for Pl that
will be useful in our Paley-Wiener strategy.

Lemma 2.4. For z € C, one has for some constant C(h) depending on h,

IPL(2)] < (1+ C(h)|2])F . (2.21)

Proof of Lemma 2.4. We have

N N 2N
PLl < ] <1+||> < H <1+| |> (1+Z|>
k0, k=—N [Anl k0, k= AL AL

2.3 Construction of the multiplier

In this section we introduce a smart multiplier M,,, with rapid decay on the real axis such that the
product P, M,, is bounded on the real axis and M,,(\,) = d;n. The Fourier transform of such a
product gives the element 6, of a biorthogonal sequence. We are able to obtain an estimate for
the L°°-norm of 6,,.

To get our multiplier, we consider the following construction. Let us remind that 2/h = 2(N+1) €
N. We follow step by step the construction given in [10, Pages 19-20] (see also [12]) in order to
obtain a multiplier with compact support, and we use the estimates given there that we extend a
little bit (be careful that here we work on the interval [—b,b]). For every b > 0 we set

=X
2

b
[~ m-1
R —b

We introduce some parameter 7 € (0, 1) will be destined to be sufficiently small. We denote by

_ h(l=mn)
2+h

Hb =

We remark that

12



so that
2/h+1

Z a+n=1
n=1

We then introduce by = by = 3 and by = ... = by/p42 = a and we consider the product

u:=Hy *...x Hp
0 242

where x represents the convolution product. Let us emphasize that the sequence (by) ke[]0,2/h+2(]
is decreasing as soon as h is small enough. One has the following result:

Lemma 2.5. u is of class C*/"*1 and is compactly supported in [—1,1]. Moreover, one has
u/h D) € WLoo(R), and the following estimates hold:

1
[ u= =1,
—1

4
2
@1 < o (2.22)
and
2
4 ( 2+h ) "
2/h+2

u <S5 () . 2.23
22l < 2 (s (2.23)

The proof of Lemma 2.5 is straightforward using the formulas given in [10, Page 20] that one
can easily generalize until the u(2/**D-th derivative by remarking that the generalized derivative
u(2/h12) exists and is piecewise continuous.

From now on, we denote by T~ :=T(1 — ¢), where § € (0,1) is some sufficiently small constant.
We now denote by

M, (%) ::/ u(t)e 7 FAmIt gy (2.24)

One has the following properties on M,,.

Lemma 2.6. One has

My (Am) =1 (2.25)
and for every x € R,
| M ()] < 1. (2.26)
Moreover, for every x € R,
16
My (7)| € ————, (2.27)
(77T |$ - )‘m|)

2

16 2+h ) =
Mo ()] < : 2.28
Hmte) (T~ |z = Aml)? (h(l—n)lx—AmlT‘ (2.28)
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Relation (2.25) is clear from the definition of M, given in (2.5). Estimate (2.26) can be easily
deduced by using (2.22) and performing 2 integrations by parts, whereas (2.28) is easily deduced
by using (2.23) and performing 2/h + 2 integrations by parts (which is possible thanks to the
regularity of u).

Now, we consider the function

The main proposition of this section is the following.

Proposition 2.3. The function v, is of exponential type T /2. Moreover, if T > W
—Ssin

2
(where T(f) is defined in (1.6)), then 1, € L*(R) N L*(R) and we have

[¥mllzr@® < C(T,T(f)), (2.30)

for some constant C(T,T(f)) depending on T and T'(f).

Proof of Proposition 2.3.

It is easy to verify that 1, is of exponential type T/2 thanks to (2.29), (2.24) and (2.21) (one
can absorb the polynomial term appearing in (2.21) by the exponential term appearing in (2.24)
by losing a little bit on the exponential, that is why we need to consider some T~ < T)).

Now, in order to obtain (2.30), we need to perform careful estimations.

1. If |x] < Apy — 1, then using (2.29), (2.18) and (2.27) one has for T > 2 and ¢ small enough
(independently on h)

C
< —5—F—5- 2.31
9@ € 5 (2.31)
2. If |z| € [Am — 1, Ay, + 1], then using (2.29), (2.18) and (2.27) one has
[thm (2)] < C. (2.32)

3. If || € [Am +1, ], then using (2.29),(2.18) and (2.27) one has for T > 2 and § small enough
(independently on h)

C

, 2.33
2|z — Ay |? ( )

[Pm (7)] <

4. If |z| > % then using (2.29), (2.18) (which implies that [Py, (z)| < C(|z|h)*) and (2.28), one
has for T' > 2 and ¢ small enough (independently on h)

>

2
@) < G i (el F (=)

( 24h )%< || )%
m)? \(A=n)T~ [z—Am] )

(2.34)
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We recall that 2/h > \,,. Hence, we deduce that if |z| > 2/h we have

T 2/h 1
ol __2/h
|2 —An| ~ 2/h— A 1 —hA, /2

(2.35)
Let € > 0. We observe that

PAm . (mmh\ . mm . (f(N)m
2—Sm<z>—$“<z<zv+1>><sm( 2N )

Hence, for N large enough (i.e. h small enough) we obtain thanks to the previous estimate
together with the definition of I'(f) given in (1.6) and (2.35) that

< .
[#=Anl 71— sin (7)) — e

Using the previous estimate together with (2.34) and choosing N large enough so that we also
have h < e, we deduce that

C 24 ¢ " 1 2
(@) < & ( ) . (2.36)
n (1 —sin (%(f)) —e)T- |2 — Am|

Combining (2.31), (2.32), (2.33) and (2.36), we deduce easily that v, € L*(R) N L?(R) and

2 2
Wl <CO=2)+&+C R, () da

2

3 2
C 24 S 1
+772 ((1_Sin(wr2(f€))_€)T_> f2/h (\xf)\m|) dx

2 W
el o0 1 fel 2+4e 1
< T Cf/\erl (Iw—/\m|> dz + n? <(1—sin("r2(f))—e)T—> 2/h=An
2
n

< C + < h 2+4e
S n? 2(1—sin(ZE2 ) —e) \ (1—sin( T ) )T~

Hence, for every T > W, by choosing d,e,n small enough (depending on I'(f) and T

but independent of h), we deduce that |[1)y,||11(r) is bounded independently of h and A, and we
deduce (2.30). n

2.4 Construction and estimation of the discretized control

Proof of Theorem 1.1. We denote by 6,, the inverse Fourier transform of 1,,. By Proposition
2.3, ¢, € L*(R) and v, is of exponential type 7//2, hence, applying the version of the Paley-
Wiener Theorem given in [15, Theorem 19.3, Page 370], ,, is of compact support [—7'/2,T/2] and
0, € L*(—=T/2,T/2). Moreover, since ¢, € L*(R) we now that 6,, € C°([0, 7], R) and using (2.30)
one has

[10n]]o0 < C. (2.37)
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Now, we define our control as follows:

my = S CUTR ot o, (t—T>,

sin(nmh) 2
1<|n|<N

where ay, (h) was defined in (2.5). It is clear that vy, is supported in [0, T'] since the 6,, are supported
on [-T/2,T/2]. Thanks to (2.5), (2.6), (2.25) and (2.29), one easily verifies that (2.4) is verified
and then the control vy, is such that the corresponding solution of (1.2) verifies

Let us emphasize that our control is continuous as a finite sum of continuous functions. We
remark that
h 1
—— < —
sin(nwh) ~ 2n
and thanks to (2.5) one has
lan ()] < 2(|an| + |a—n]),

hence, using the two previous estimates together with (2.37) and applying the Cauchy-Schwartz
we obtain

2 2
1
[onlloe SCTTUN | D — Yo a2 <o T(H))llanlla < CT,TE)(O,ul)]2,
1<|n|<N 1<In|<N
which ends the proof of Theorem 1.1. [ ]

3 Conclusions and open problems

In this section we briefly present some conclusions, remarks and open problems.

Our result says that, if the initial data are given by

0
uY
J — E 0 n
( ’I,Ll ) - Apn®Ph>
i /1<j<N

1<|n|<M

with M less than N with 0 € (0,1), then there exists a sequence of bounded controls (vp)p>o for
(1.2). By filtering in an optimal way the initial condition we are able to compute the minimal time
needed to control. If we filter out enough frequencies we obtain that the minimal time of control
is optimal. As expected, the optimal range of filtration is localized in the area where the gap
between the eigenvalues of the discrete model becomes very small. More precisely, we obtain the
same time of control (minimal time of control) as in the continuous case, in the range where the
gap between the eigenvalues of the discrete problem has a similar behaviour as the gap between
the eigenvalues for the continuous problem. Beyond this range, the gap is altered by the numerical
discretization and we lose the optimal time of control.

An interesting (and maybe difficult) open question that remains unclear after this work is the
following: for a given range of filtration given by n < f(IV), can we determine precisely the
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minimal time that ensures the uniform controllability? If we compare with the results given in
[3, Section 2.4], it is likely that one cannot do better than T > 2/ cos(I'(f)m/2), which is sharp in
the context where we filter the whole solution, but we have no intuition if it would be possible to
recover this minimal time in our context.

Another question arising is to prove that v, converges strongly to v, and if it is the case, to give
an estimation of the speed of convergence.

Of course, one can ask if it is possible to apply the same strategy for other one-dimensional
problems, notably the beam equations or equations involving fractional Laplace operators.

The last proposed open problem is given by the study of a similar strategy as in [1], where
a finite difference semi-discrete scheme for the approximation of the boundary controls of a 1-
D equation modeling the transversal vibrations of a hinged beam has been considered. Due
to the high frequency numerical spurious oscillations, the uniform (with respect to the mesh-
size) controllability property of the semi-discrete model fails in the natural setting. Hence, the
convergence of the approximate boundary controls corresponding to initial data in the finite energy
space cannot be guaranteed. In [1] it was proved that, by adding a vanishing numerical viscosity,
the uniform controllability property and the convergence of the scheme is ensured. The discrete
wave equation perturbed by a vanishing viscosity term has been studied in [14], and by choosing
the parameter of viscosity € to be exactly equal to h, the uniform controllability properties was
restored. It remains as an open problem if it is enough to choose a smaller parameter of the form
e = h*, with @ € (1,2) in order to restore the uniform controllability properties (it has been
proved in [18] that the controls explode if € = h%). The numerical experiments from [14] confirm
this fact, and based on our present result, a more difficult theoretical study might be successfully
done.

Acknowledgement. The first author has been partially supported by the project IFSMACS
funded by the french Agence Nationale de la Recherche, 2015-2019 (Reference: ANR-15-CE40-
0010). The second author has been supported by Romanian National Authority for Scientific
Research CNCS - UEFISCDI research project PN-II-RU-TE-2014-4-1109. The authors are grateful
to Sorin Micu for several interesting suggestions and comments.

References

[1] Bugariu, I. F., Micu S. and Roventa, 1., Approzimation of the controls for the beam equation with vanishing
viscosity, Math. Comp. 85 (2016), no. 301, 2259-2303.

[2] Ervedoza, S. and Zuazua, E., Perfectly matched layers in 1-d: energy decay for continuous and semi-discrete
waves, Numer. Math. 109 (2008), no. 4, 597-634.

[3] Ervedoza, S. and Zuazua, E., Numerical approximation of exact controls for waves, Springer Briefs in Mathe-
matics. Springer, New York, 2013. xviii+122 pp.

[4] Ervedoza, S., Spectral conditions for admissibility and observability of wave systems: applications to finite
element schemes, Numer. Math., 113 (2009), 377-415.

[5] Ervedoza, S. and Zuazua, E., Uniformly exponentially stable approximations for a class of damped systems, J.
Math. Pures Appl. (9), 91 (2009), 20-48.

[6] Ervedoza, S., Marica, A. and Zuazua, E., Numerical meshes ensuring uniform observability of one-dimensional
waves: construction and analysis, IMA J. Numer. Anal. 36 (2016), no. 2, 503-542.

[7] Fattorini, H. O. and Russell, D. L., Ezact controllability theorems for linear parabolic equations in one space
dimension, Archive for Rational Mechanics and Analysis. 43 (1971) 272-292.

[8] Glowinski, R., Kinton, W. and M. F. Wheeler, A mized finite element formulation for the boundary control-
lability of the wave equation. Internat. J. Numer. Methods Engrg., 27(3):623— 635, 1989.

17



[9] Glowinski, R., Li, C. H. and Lions,J.-L., A numerical approach to the exact boundary controllability of the wave
equation. I. Dirichlet controls: description of the numerical methods. Japan J. Appl. Math., 7(1):1-76, 1990.

[10] Hormander, L., The analysis of linear partial differential operators. I. Distribution theory and Fourier analysis.
Classics in Mathematics. Springer-Verlag, Berlin, 2003. x+440 pp.

[11] Infante, J. A. and Zuazua, E., Boundary observability for the space semi-discretizations of the 1-D wave
equation, M2AN Math. Model. Numer. Anal. 33 (1999), no. 2, 407-438.

[12] Lissy, P., Construction of Gevrey functions with compact support using the Bray-Mandelbrojt iterative process
and applications to the moment method in control theory, submitted, 2015.

[13] Micu, S., Uniform boundary controllability of a semi-discrete 1-D wave equation, Numer. Math., 91 (2002),
723-768.

[14] Micu, S., Uniform boundary controllability of a semidiscrete 1-D wave equation with vanishing viscosity,
SIAM J. Control Optim. 47 (2008), no. 6, 2857-2885.

[15] Rudin, W., Real and complex analysis. McGraw-Hill Book Co., New York, 1966.

[16] Miller, L., Resolvent conditions for the control of unitary groups and their approzimations, Journal of Spectral
Theory 2 (2012), 1-55.

[17] Paley, R. E. A. C., and Wiener, N., Fourier Transforms in Complex Domains, AMS Colloq. Publ., Vol. 19,
Amer. Math. Soc., New-York, 1934.

[18] Tebou, L. and Zuazua, E. Uniform boundary stabilization of the finite difference space discretization of the 1
- d wave equation, Adv. Comput. Math., 26 (2007), pp. 3377365.

[19] Zuazua, E., Propagation, observation, and control of waves approzimated by finite difference methods, SIAM
Rev., 47 (2005), 197-243 (electronic).

18



