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Observability properties of the homogeneous wave equation
on a closed manifold

Emmanuel Humbert* Yannick Privat! Emmanuel Trélat?

June 27, 2016

Abstract

We consider the wave equation on a compact Riemannian manifold (2, g) without
boundary (i.e., a closed manifold). We observe the restriction of the solutions to a
measurable subset w of © during a time interval [0, 7] with " > 0. A well known result
by Rauch and Taylor, and by Bardos, Lebeau and Rauch asserts that, if w is open in 2
and if the pair (w, T) satisfies the Geometric Control Condition, then an observability
inequality holds comparing the total energy of solutions to the energy localized in
w % (0,T). The observability constant Cr(w) is then defined as the infimum over the
set of all solutions of the wave equation of the ratio of localized energy of solutions
over their total energy.

In this paper, we provide sharp estimates of the observability constant allowing to
derive general geometric conditions guaranteeing that the wave equation is observable
on w.

Using the same approach, we also investigate the asymptotics of the observability
constant as the observability time 7" tends to +oc. Under topological assumptions on
w, we show that the ratio Cp(w)/T converges to the minimum of two quantities: the
first one is of a spectral nature and involves the Laplacian eigenfunctions; the second
one is of a geometric nature and involves the average time spent in w by Riemannian
geodesics propagating over €.

Keywords: wave equation, observability inequality.
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1 Introduction and main results

1.1 Framework

Let (€2, g) be a compact connected Riemannian manifold of dimension n without boundary.
The canonical Riemannian volume on € is denoted by v,, inducing the canonical measure
dvgy. Measurable sets! are considered with respect to the measure dvg.

Consider the wave equation in €2,

Oy — Ngy =0 in (0,T) x 0, (1)

where A, stands for the usual Laplace-Beltrami operator on €2 for the metric g. We define
the closed subspace L§(2) of L*(Q) by L3(Q) = {y € L*(Q) | [, y(x)dvy =0}, and we
endow it with the topology inherited from the norm || - || 2. Let us introduce the Sobolev
space

HY(Q) = {y € L§(Q) | - Dgy € L§(Q)},

where Agy is taken in the sense of distributions, as well as (H')'(€2), the dual space of
H1(Q) with respect to the pivot space LZ(2). It is understood that H'(Q) is endowed
with the || - || 1 norm given by [Ju||%, = [[ul|3, + ||Vu||2,, whereas the dual space (H')' is
endowed with the usual topology on dual spaces.

For every set of initial data (y(0, ), dy(0,-)) € L3(Q) x (H)'(Q), there exists a unique
solution y € C°(0,T; L?(2)) N CH(0,T; (H) (Q)) of (1).

Let w be an arbitrary measurable subset of €2 of positive measure, and let T > 0. The
notation x,, stands for the characteristic function of w, in other words the function equal

If M is the usual Euclidean space R then dvg = dx is the usual Lebesgue measure.



to 1 on w and 0 elsewhere. The equation (1) is said to be observable on w in time T if
there exists a positive constant C such that

T
Ny 2 iy < /0 / ly(t, ) dvg () dt,

for all (y°,y') € L3(Q) x (H')'(Q) such that (y(0,-), y(0,-)) = (y°,y*). It is well known
that if w is an open set, this observability property holds if the pair (w,T’) satisfies the
Geometric Control Condition in € (see the results by Rauch and Taylor in [21] and the ones
by Bardos, Lebeau and Rauch in [1]), according to which every ray of geometric optics
that propagates in  intersects w within time 7. This classical result will be slightly
generalized in this paper (see Section 3).

Definition 1 (Observability constant Cr(w)). Let w be a Lebesgue measurable subset of
Q. The observability constant in time T associated to (1) is defined by

Or(w) = inf {J7(°,9") | (4°,9") € L§(Q) x (H)' () \ {(0,0)}}, (2)

where

T
J%(yo yl) — fo fw |y(t,m)\2dvg dt.
H<y0’y1)”%2x(Hl),

(3)

This paper is devoted to the investigation of the observability constant and is organized
as follows. In Section 1.2, we state the main results of the paper. In a nutshell, under
topological assumptions on the observation domain w, we show that the limit of the
quantity Cr(w)/T as T — 400 exists, is finite and we prove that it is the minimum of
two quantities: the first one is of a spectral nature and involves the eigenfunctions of
—/Ay4; the second one is of a geometric nature and involves the geodesics of 2. In a second
time, we present a low/high frequencies splitting result (Theorem 1). Section 2 is devoted
to give a proof of these results. The low/high frequencies splitting result allows us to
obtain a characterization of observability (Corollary 1) which shows how the observability
property can be characterized only by highfrequency modes. In turn, this provides a new
and simpler proof of the results by Rauch and Taylor [21] and by Bardos, Lebeau and
Rauch [1]. The main interest of our approach (which is actually a generalization of the
preceeding results to a slightly wider class of subsets w) is to clarify how observability
is related to the so-called Geometric Control Conditions (GCC). This is the purpose of
Section 3. In Section 4, we show that, under a spectral gap condition, the estimates on
the limit of the quantity Cp(w)/T as T'— +o0o can be refined.

1.2 Main results

Let us define several quantities and introduce some notations. Let (¢;)jen+ be an arbi-
trary Hilbert basis of L3(Q) consisting of eigenfunctions of —A,, associated with the real
eigenvalues (A?)jeN* such that 0 < A\ < A <--- < A\j = 400. Given T'> 0 and N € N,
we define

C;N(M)Zinf{g]%(yo,ylﬂ<yi,¢j>(Hi)/’H¢:O, Vi=0,1, Vj=1,....,N} (4
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with the convention that H® = L2.
This allows to define a notion of “highfrequency” observability constant over initial
conditions (y°,y!) involving only frequencies of index greater than N.

Definition 2 (Highfrequency observability constant). Let T > 0 and w be a measurable
subset of . The highfrequency observability constant o (w) is defined by

T _ = >N
@ (w)iNLHEooTC ( )

Note that this limit exists since the mapping N> N — CZ N (w) is nondecreasing.

Definition 3 (Spectral quantity g;(w)). Let w be a Lebesgue measurable subset of 2. The
spectral quantity gi(w) is defined by

f |d(2)]? dug
65 fQW z)|? dvg’

where the infimum runs over the set € of all nonconstant eigenfunctions ¢ of —A\,.

g1(w) =

Main results: new characterization of the observability constant Cr(w).

Theorem 1 (Finite-time observability). Let w be a Lebesgue measurable subset of Q and

let T'> 0. There holds
) < in (G’ @)

Moreover, if
Cr(w)
T
then the infimum in the definition of Cr is reached, i.e., there exists (y°,y') € Lg(Q) X
(HY)Y () \ {(0,0)} such that

< al(w),

Cr(w w
B !

It is interesting to note that Theorem 1 provides an explicit characterization of the
positiveness of Cr(w).

Corollary 1. Let w be a Lebesgue measurable subset of 2 and let T > 0. We have
Cr(w) > 0 if and only if o™ (w) > 0.

Corollary 1 clarifies the conditions needed to obtain the observability condition on
any measurable set: it reduces to showing that a’(w) > 0. Together with the explicit
computation of o (w) provided in Theorem 3 below, we get sufficient condition ensuring
the positiveness of Cr(w) that slightly extend the GCC obtained in [1, 21] for w open.

Remark 1. Note that in [1], the authors also treat manifolds having a boundary. Corollary
1 still holds true in this context but extending our results to such geometries would require
a deeper study of o’ (w) on manifolds with boundary, which will be the devoted to a future
work.



As a consequence of our proof techniques, which are based on a concentration-compactness

argument, we get the following large-time asymptotics of the observability constant Cr(w).

Theorem 2 (Large-time observability). Let w be a Lebesgue measurable subset of Q2. The

limit
0 _ : T
)=l o)
exists, and we have
. Crw) . (1 o
Jim ST —in (g1 (@),0%(@) ). (5)

Moreover, if g1(w) < a®(w), then gi(w) is reached.

Characterization of the quantities o’ (w) and a™(w).

Definition 4 (Geometric quantity go(w)). Let w be a Lebesgue measurable subset of €.
Let v be a Riemannian geodesic, traveling at speed one in Q. For T > 0, we introduce the
quantity m%.(7y) as the average time spent by v in w:

T
mro) =7 [ x)ar

The geometric quantity g2(w) is defined by

o . T . T o w
g2(w) = TLITOO gy (w)  with g5 (w)= ;Ielg mp (), (6)

where the infimum in the definition of g1 is taken over the set T of all geodesics of 2.

Note that the mapping G, : T — inf,cr mé(y) enjoys the following properties: G,
is nonnegative, bounded above by 1 and is a subadditive function. Therefore, the limit in
the definition of ga(w) is well defined.

In [8], notable properties of the geometric quantity go(w) have been established in the
case where (1 is a square, and A, the Dirichlet-Laplacian operator on 2. In particular, an
efficient algorithm allowing to compute explicitly go(w) when w is a finite union of squares
has been given.

Theorem 3 (Computation of a’(w)). Let w be a Lebesgue measurable subset of Q0 and
let T'> 0. We have

1
S0 (@) <aT(@) < o7 (@) < o7 @) < 50 @)

Remark 2. Assume that w is Jordan mesurable?. Then it follows from the definition of
C7 that

VNeN, 7N w)=Ccz"w). (7)

2A bounded set E is said Jordan measurable if and only if the Lebesgue measure (or similarly the
Jordan measure) of OF is 0.



As a consequence, Theorem 3 can be improved in that case by noting that $¢1 (w) < o (w).
This remark may have some importance: let v be the support of a closed geodesic of €2

and set w = Q\ 7. By (7),
aT(w) = aT(w) =1 and gQT(w) = gQT(w) =0.

Hence, the estimate given by Theorem 3 is far from being sharp while the estimate (7) is
sharp.

Let us now emphasize an important case where the constant o (w) is known explicitly.
For that purpose, let us make the following assumption on the subset w.

(H) (Regularity assumption on w) Assume that
%2 (Q\ @\ w)) =1.

Many measurable sets w satisfy Assumption (H). Geometrically speaking, it means that
w has no grazing ray. We say that a geodesic v is grazing w whenever ~(t) € dw over a
set of times of positive measure.

We end this section by recasting all previous results in the case where (H) is assumed.

Corollary 2. Given any T > 0 and any measurable set w satisfying (H), we have
207 () = g3 (0) = 93 @) = 93 (W)

As a consequence of Corollary 1 and Corollary 2, one has the following simple characteri-
zation of observability.

Corollary 3. Let T > 0 and let w C € be a Lebesgue measurable subset of Q.
(i) If g3 (&) > 0 then Cr(w) > 0.
(i) Assume that w satisfies the assumption (H). Then we have the equivalence

g3 (w) >0 & Cp(w) > 0.

The first item above is precisely the main result of [1, 21]. Nevertheless, as already said
the authors of [1] also deal with the difficult case of manifolds having a boundary, which
is not the case in this article. Recovering the boundary case by the method we present
here would require a deeper study of the quantity aT(w), what we do not perform here.

If w is an open set, they proved that the pair (w,7T’) has the observability property
(i.e. Cp(w) > 0) as soon as the Geometric Control Condition is satisfied. Recall that the
so-called Geometric Control Condition (GCC) reads as follows: the pair (w,T) satisfies
(GCQC) if every geodesic of 2, travelling with speed 1 and issued att = 0 enters the open set
w before the time T'. As one can easily check, when w is open, this condition is equivalent
to the fact that g2 (w) > 0.



Note also that as expected, the positiveness of g;(w) is not enough to guarantee that the
equation (1) is observable on w. To illustrate this claim, assume that € is the torus T2,
in which we choose w as being the union of four triangles, each of them being at an edge
of the square, whose side length is 1/2. By construction, there are two “trapped rays”
of cartesian equations x = 1/2 and y = 1/2, that just touch w without crossing it over a
positive duration. It follows that g (w) = g2(w) = Cr(w) = 0 for every T > 0. Moreover,
simple computations show that g1 (w) > 0.

From Theorem 2 and Corollary 2, one gets the following asymptotic result.
Corollary 4. Let w be a Lebesgue measurable subset of Q satisfying Condition (H). Then

Jim ) i (1), (@)

Remark 3 (Comparison with a result by Lebeau.). In [12, Theorem 2], the author con-
siders the damped wave equation

Ony(t, ) — Agy(t, z) + 2a(z)0wy(t,x) =0 in (0,7) x Q2 (8)

on a compact Riemannian manifold 2 with a C* boundary, where the function a(-) is a
smooth nonnegative function on the closure of 2. Let us define ¢ — E,0 1 )(t), the energy
function associated to (8) given by

Biyo.pn(t) = /Q (Vy(t,2)2 + Buy(t, 2))?) do,,

where y denotes the unique solution of (8) with initial data (y(0,-), dy(0,-)) = (v°,y*) €
H}(Q) x L2(Q).

It is well known (see, e.g., [6]) that there exist two positive constants 7 and C' such
that the inequality

E(y(),yl)(t) < CeithE(yOyl)(O), (9)

holds for every initial data (y°,y') € HE(Q) x L?(2) provided that the pair (w,T) satisfy
the Geometric Control Condition (GCC).

It is proved that the smallest decay rate 7(a) such that (9) is satisfied is given by

7(a) = min (—p(Aq), 92(a)) ,

where p(A,) denotes the spectral abscissa of the damped wave operator

0 Id
Aa = <Ag —2a(-)Id> ’

and g2(a) is the geometric quantity defined by (6), replacing x,, by a.

Remark 4 (Probabilistic interpretation of the spectral quantity g;(w)). Let us provide
another interpretation of the quantity ¢;(w).

It also corresponds to an averaged version of the observability constant Cp(w) defined
by (2), over random initial data. More precisely, let (87 ;)jen+ and (85 ;)jen+ be two
sequences of Bernoulli random variables on a probability space (X, A, P) such that



o for m=1,2, B;’n’j = 651,/% whenever \; = A,

e all random variables 8, . and 8y, ,, with (m,m’) € {1,2}2, j and k such that
Aj # A, are independent,

e there holds P(8); = +£1) =P(8y; = £1) = 1 and E(BY ;B3 ) = 0, for every j and k
in N* and every v € &

Here, the notation E stands for the expectation over the space X with respect to the
probability measure P.
Then, g;(w) is the largest constant C' for which the inequality

Iy ey < (/ [t t:v)|2dvgdt>

holds for all (y°,y') € LE(Q) x (H')'(Q), where y” is defined by

+oo
v (tw) = 3 (B jase™ + By jbie ) 05(a),

J=1

where the coefficients a; and b; are defined by (11) for every j € N*.
In other words, y” denotes the solution of the wave equation (1) with the random initial
data yg () and y7(-) determined by their Fourier coefficients a} = B ;a; and b = 55 ,b;.
In this context, the quantity g1 (w) is called randomized observability constant and we
refer to [17, Section 2.3] and [19, Section 2.1] for further explanations on its use in inverse
problems. Moreover, a deterministic interpretation of this quantity is provided in [20].

Remark 5 (Extension of Corollary 4 to manifolds with boundary.). One could expect
that a similar asymptotic to the one stated in Corollary 4 holds for the Laplace-Beltrami
operator on a manifold € such that 9Q # (), with homogeneous Dirichlet boundary con-
ditions.

For instance, in the one-dimensional case {2 = (0,7) with Dirichlet boundary condi-
tions, it is showed using Fourier analysis tools in [18, Lemma 1] that for every measurable
set w, one has

T—+o0 JEN*

lim = inf /gzﬁj 2 dvy = g1(w), with  ¢;(x) = \}%sin(jx),

where C7(w) denotes the usual observability constant of the Dirichlet-Laplacian operator

n (0,7). In higher dimension, the problem is more difficult because we are unable to
compute explicitly o’ (w) due to the fact that the Egorov theorem, used in the proof of
Theorem 3, does not apply.

In Section 4, we focus on the manifolds for which the consecutive eigenvalues are
uniformly bounded away from 0. Such an assumption, valid for example for the sphere,
has already been used and one can show that it actually implies that the geodesic flow
is periodic (see [5]). Under this assumption, we are able to compute explicitly the limit



of Cp(w)/T as T — +oo for any measurable set (without any additional assumption).
Namely, we show that this value is exactly g;(w). As an immediate application, we are
able to prove that any geodesic of €2 is the support of a quantum measure, thus giving
another proof of a result of Macia [14]. Actually, a slight modification of this method
allows to extend this result to a more general setting: this is let for a forthcoming paper.

2 Proofs of Theorems 1, 2, 3 and of Corollary 2

2.1 Preliminary results

In what follows, we use the framework and notations introduced at the beginning of Section
1.2. Given any initial data (y°,y') € L3(Q) x (H')'(Q2), the solution y of (1) such that
(¥(0,-),9y(0,-)) = (y°,y") can be expanded as

+o0
y(t,w) = 3 (ae™" + e (), (10)

J=1

where the sequences (aj)jen+ and (b;)jen+ belong to £2(C) and are determined from the
initial data (y°,y') by

o =5 ([ L@@, - [ Pao@,).
b= 5 ([ 1 @0yt o, + A]_/Q ()@()dvg)

for every j € N*. Moreover,

+oo
1y ey = 2D (la* + [bs]?).
j=1
It follows in particular from (2) that

2

1 /T & . A
Cr(w) = . inf /0 / Z (aje”\ft + bje_z’\jt> pj(x)| dugdt.
j w

29 (Jaj [2-+b;[2)=1 2 =

Let N € N*. In accordance with this expression, let us set

2

1 [T N . A

C;N(w) = inf / / (ajeth + bje_”\jt) pj(x)| dugdt.
SN (a2 2)=1 2 Jo Ju ;1

Note also that the quantity C7™ (w) defined by (4) is as well given by

+oo
C7N (W) = 1nf2 3 / / a] et 4 b t) ¢;(z)| dvgdt.
ZJ N+1(|aj| +b;1?)=1 =N4+1



An obvious but crucial observation is that
Cr(w) < min <C’§N(w), C%N(w)> , (12)

for every N € N*.

Remark 6. According to the these considerations and to (10), the quantity ¢; (w) can be
rewritten in terms of the eigenfunctions ¢; as

g (w) = . inf Z Z (ajar + bjb) / ¢jdr dug, (13)

Pt |aj|2+|bj‘2*1)\eU (j,k)EIso(N)2
where Uy is the set of all distinct eigenvalues A\, and Io(A) = {j € N* | \; = A}

Let us roughly explain the main lines of the proof of Theorem 2. An important
ingredient of the proof is the knowledge of the asymptotic behavior of C’;N(w) as N and
T tend to +00. More precisely, we will use the following result whose proof is postponed
to Section 2.4 for the sake of clarity.

Proposition 1. Let N € N*. For every measurable subset w of Q, there holds

Totoo T 2 ¢e€N fQ ]qb x ]deg

where En denotes the space of all eigenfunctions of A, associated to eigenvalues A such
that A < An.

Using this result, we show that any minimizing sequence of initial conditions for the
observability constant Cr(w) defined by (2) converges either to some element of the energy
space of initial conditions, namely L2(Q2) x (H*(Q))" or must concentrate on high frequen-
cies and, thanks to Theorem 3, must be supported in the neighborhood of a geodesic
minimizing the geometric quantity ga(w). In both cases, we compute the asymptotics of
the observability constant as T — +o0.

2.2 Proof of Theorem 2

Let us first show that the quantities a®(w) and limy_, 4 C7(Xxo0)/T are well defined, in
other words that the limit exists. For that purpose, we use the following result.

Lemma 1. Let t,e > 0. There exists Ty > 0 such that for all T > Ty, N € N,

C?N(w)<C%N(w)
t A

+e.

The proof of this Lemma is postponed to Section 2.3. Let

0" = homind T ond 0 = e 72

10



Define ¢ = 4(CT — C™) and assume that ¢ > 0. Let ¢t > 0 such that Ct(w) > Ct —e.
Applying Lemma 1 with N = 0 yields the existence of Ty > 0 such that

for all ¢ > Ty. Fix now T > Ty satisfying ( ) < < C7 + . Combining these inequalities,

we obtain
L Gilw) _ Crw) |
t T
The definition of € leads to a contradiction which proves that € = 0 and hence CT = C~.
Now, letting NV tend to 400 in Lemma 1, we obtain that for all ¢, > 0, there exists Ty > 0
such that

Cct — < C7 + 2e.

o' (w) <ol (w)+e
for all ¢ > Tj. The same argument as for lim Cp/T then shows that a®(w) exists.

We now prove (5). To avoid technicalities, we will denote similarly a sequence and any
of its subsequences throughout this proof.

Let us introduce (T})xen, a sequence of positive numbers tending to +oo and (Y)ren
be a minimizing sequence of the functional J7, /T} defined by (3) over L3(Q) x (HY' () \
{(0, 0)} Writing Y = (y,yi) for all k& € N, we assume without loss of generality that
Ak L2Q)x (H1) = = 1 by using an homogeneity argument. Up to a subsequence, one can

write T
1
i OB,

k—+oo T} k—>+oo Tk

It ) gt

where y;, is the solution of (1) with initial data (yk( ), 0k (0,-)) = Y.
With respect to the considerations of Section 2.1, the function y; can be expanded as

“+o00

pe(t,x) = D (ahe™ 4 b1 g5 (a),

j=1

where the coefficients af and b? are determined from the initial data (y9,y;) by (11) and
satisfy

+oo
D la5 P 5P = 1Yl gy w iy = L
j=1
Since the sequence (Y} )gen is bounded in the Hilbert space L3(Q) x (H')'(€2), it converges
up to a subsequence weakly in L3(2) x (H!)'(Q2) to some Yo, € L3(Q2) x (H')'(Q) satisfying
moreover
YoollZ2 () x 1y < < lim inf Yl Z2@yx ey = 1.

by semicontinuity of the L?(Q) x (H')-norm in € for the weak topology. Let (a*°,b>) €
(£2(C))? be the sequences of coefficients determined from the initial data Y, by (11).

11



Let us define yo as the solution of the wave equation (1) with initial conditions
(Yoo (0, ), OYso (0, -)) = Y, as well as the function y; defined by

gk =Yk — Yoo-
Note that, by using the linearity of the wave equation (1), the function gy, is a solution of
(1) with initial data (yx (0, -), Oy (0,-)) = Yk, where
Yo = (0 Uk) = Y — Yoo = (U — Yoos Y — Yoo)

for every k € N.
We now state two lemmas that are essential ingredients for the rest of the proof. They
will be proved in Section 2.3.

Lemma 2. We have

1= Yoo + Yk”2L2(Q)X(H1)/ = HYOOHQL2(Q)><(H1)’ + HYkH%Q(Q)x(Hl)’ +o(1) as k — +oo.
(15)
and

Tk/o lyp(t, z)|° dvg dt = Tk/O Yoo (t, )| dug dt (16)
1 Tk
+T/ |0k (t, 2)[* dvg dt +0(1)  as k — +oo.
k Jo w

Lemma 3. Let w be a Lebesque measurable subset of Q). There holds

1‘ k — oo .
L 7 - a™(w)

Assuming that iminfy_, ||YkHL2 Q)x(H1y > 0, there holds

Je (Y,
lim inf M

> o™ .
k—4o00 T Za (w)

According to Lemma 2, one has

o) _ 1 " :
= — t dv, dt
Tk Tk o Ju ‘yk( 7'7;)‘ Vg

L oot @) 2 dug dt + [, [kt @) |2 dug dt + o(1)

T Yool 20y ey + IVl ey +0(1)

(17)

As a consequence of (17), we have the following alternative: if lim infj,_, ;o || Y]] L2(Q)x(HY) =
0, then we have

C J2 (Vo) 1
Onw) _ TR0 1
k—too T} k—+oo Ty 2

12



according to Lemma 3, leading to the estimate (5).
At the opposite, if liminfg oo [|YillL2()x (1) > 0, then there holds?

J% (Yoo J (Y,
lim CT’“*(W) > min< lim L),liminfM .
k—+o00 Ty k—+o00 T:

Using now the two estimates of Lemma 3 yields

lim S > min (191(60),0400(@0)) :

k—+o00 Tk 2

It remains to prove the opposite inequality. Combining (12) with the estimate (14) in
Proposition 1 and making then N tend to +oo yields

< lim lim —= =
T—+o00 T = N—+o0 T—+00 T 2

Now, from (12) and letting N and then T tend to 400, one has

C Cr(w caN(w
lim T(w) = lim r(®) < lim lim Ti(w) =«
T—4o00 T T—4o00 T T—~400 N——+oo T

As a consequence of both previous inequalities, we infer that
C 1
lim r(w) < min <gl(w), ozoo(w))> .

To sum-up, we have proved that (5) holds for every Lebesgue measurable subset w of Q.

2.3 Proof of Lemmas 1, 2 and 3

Proof of Lemma 1. Let t > 0, € > 0. Choose Ty > 0 such that Tio <e LetT > 1T
and N € N. Define m = |T'/t|, where |-] denotes the integer part. Introduce also the

functional .
2 2

y o oyt )| dug dt

Jhn(Y) =~

1Y ey

where 0 < Ty < Ty < 400, Y € L3(R2) x (HY()) and y is the solution of the wave
equation (1) associated to Y. We write for any Y € L3(Q) x (H'(Q))" involving only
frequencies of index higher than IV,

JE(Y) S I (Y) S I (Y) 1 1
T = T 7T mt mt :

30ne has
atb > min a b
A+B”~ A B

for every positive real numbers a, b, A, B. Indeed, one has a +b= £ A + %B > (A + B)min (%, %) .

13



Since J2.(Y) < mt and T'— mt < t, one gets

1 1
w

B
me(Y) mT T‘\

Therefore, we obtain

m—1 jw
V) Ja¥) o 2o Tabeend®)

T - mt - mit
w Y Je (Y)
> min at,(a+1)t( ) —e> aot,(ao+1)t —e,
ae{0,m—1} t t

for some ap € {0,m — 1}. Let us notice that one can write

Toot (ot 1)t(Y) _JE(Y)
t t ’

where Y’ is the initial condition associated to the solution ¢’ : (x,s) — y(s + agt,x) of
(1). In other words, Y’ = S,tY, where {S;}er is the unitary wave group associated with
(1). As easily checked, Y’ also involves only frequencies of index higher that N. As a
consequence, we obtain

FO) R0 N w)

T T 7T T
for all Y € L3(Q) x (H'(2))" involving only frequencies of index higher than N. Since YV’
is arbitrary, this proves Lemma 1. O

Proof of Lemma, 2. Since (Yi)ren converges weakly to Yo, in L?(Q) x (H'(€2))', the se-
quence (Y})ren converges weakly in L*(€2) x (H'(Q2))' to 0 as k — +oo. Therefore, one
has (Yoo, Yi)r2()x a1y = o(1) as k — +oo, which yields directly (15) by expanding
||Yoo + Ykz”%Q(Q)X(Hl)p

Let us now prove (16). One computes

1 Tk ) Tk 1 Tk _ )
/ lyk(t, x)|” dvg dt = / Yoo (L, ) |? dvg dt + — / [yK(t, x)|” dvg dt
Tr Jo Ju Ty

T
Tk <//yootxyktm)dvgdt>

To prove (16), it suffices to prove that I, = o(1) as k — +o00, where

1 [T —
Iy = — / Yoo (t, )Yk (t, ) dvg dt.
Tx Jo Jo

Fix k € N* and define

24; Ry>t— Zi?ei)‘jt + b?jeﬂ)‘jt
i Ryt a?oei)‘jt + b;?oje_’)‘jt

14



for every j € N, so that I rewrites

7 Z (2)e() vy dt.

Let J and L denote two nonzero mteger that will be chosen in an adequate way in the
sequel. We decompose [ as [ = I1 + .72 + I,g’, where

+oco  +o0

- /Z S (0 ()5 (x)de() dvg b

j=J+14=1

I = / ZZCOO oj(x)de(x) dug dt

]161

I = k/ Z () (x)po(x) dvg dt.

j=1¢=L+1

Let us now estimate the terms I} e and I ,‘:’ Using the Cauchy-Schwarz inequality and the
fact that [ |f|dvy < [, |f| dvg for every f € L'(Q), there holds

1 T +oo  +oo
Ho< o [ X S 0Fs @) doy
kJo  Jol: 50—
+oo 2 2 1/2
< sup / Z ¢ (t) () dvy / Z x) dvg
te[0,Ty] w2741 w =1
+00 2 2 2
< sup / ¢ (t)pj(x) dv / x)dv
te[0,1] \ /@ j;q ! ’ 1 Ja ; !
+00 +o00 1/2 400 1/2
< sup [ @R IEOFP | <2 Do (aFP e | . (18)
tE0.T] \ j=yt1 =1 j=J+1

by using that H?kHLZX(Hl)/ < 1
Now, we claim that, since (\;);en is non-decreasing and tends to +o00 as j — 400, it
is possible to choose J and L such that J < L and for every j < J and ¢ > L + 1,

IAj — A > 1

For such a choice of integers J and L, one has

3 1| [T
Il = T/ / Z g dj(x)de(x) dug dt
k|Jo j=1f=L+1
1
— TZZCJZ/@ )be(2) dvg
k=1 =141

15



with

Tk
i = [ udma
0

20k Te\ s anTe  203°bF Te\ sror 2

= )\JJ_)\E S1n ((/\_] - )\f)2> e( J Z) 2 — mSID <()\J +A€)2> e( ]+ Z) 2
27a Tk \ —in+r0) D %‘?"37; : Te\  _itnsxn Tk
_)\j:—)\esm <()\j+)\£)2>e (Xj+Xe) 3 —}—)\jj_)\esm <(>\j—)\z)2>e (A=)

It follows that
I} < S7,(a™, @) + S5, (0™, 0F) + ST, (b, @) + S5, (b, bF)

where for (u,v) € (¢£2(C))?, one has

J 4o _
_ N 2 2Uj'l)@ . Tk i()\'—)\ )&
Syp(u,v) = T ;:1 e=§L+1 N ((/\j - )\2)2) e ; ¢ (2)9¢(x) dvg|
J 4o _
2 2uvy . Th ) Ty,
+ - Z J . 2k ei(AtAl) A
Sjlwe) = ;_1: DI ((AJ A0 ) 0% [ g @)on(w) oy

Now, using the Cauchy-Schwarz inequality and the fact that the integral of a nonnegative
function over w is lower than the integral of the same function over {2, one gets

( T ) 1/2
J too =% sin () — Ag) Tt
a : Ty J 2
S- aoo’ak < E a>® / E {4 erO‘J'_/\f)T Qﬁg X dv
1/2
J +o0 ~ in2 R Ty
= S| Y jag)*  sm ((AJ Ae) 2)
2T\ 2 AT @f2p

J
2 i a3 < 2J
T ST

N

by using that [|a*||,2 < 1 and [|a™||,2 < 1
Now, using similar reasonings as for estimating the other terms, one gets in the end
8J
< =, 19
<7 (19)
To conclude, let us fix € > 0. One first choose J large enough (and independent of k) so
that |I}| < e/2 which is possible according to (18). According to the previous discussion,
we fix L > J so that inf{|\; — N\¢|, 7 < J, £ > L+ 1} > 1, which guarantees that the

16



estimate (19) holds true. Using now that the sequence (Y;)ren converges weakly to 0 in
L2() x (HY())', we claim that there exists K7, such that

€
k> K= |+ 1] < 5,

according to the expression of I? and the estimate (19). The expected conclusion follows

by combining the two latter inequalities. O

Proof of Lemma 3. Let N € N* and let Y5V be the projection of Y., onto the first N
eigenspaces, namely

N N

VN = [ D 0%, ¢i) 12, > (Uher 63 rry i1 &5

j=1 j=1

. Jr, YENY I (Yeo
and introduce A%ﬁ] _ | Im)  In (Yoo)

. Using the notations (18), one has

T Tk
1 T N 2 oo 2
M = o /0/w —;cgomqu(m) + ;c]‘?o(t)@(x) duv, dt
T 2
= (t)pj(x
Tk//(ﬂm 6t
N +o00
+2Re(z Yoo bi(x)de(x )))dvgdt.
j=1¢=N+1

Using the Cauchy-Schwarz inequality and the fact that [ |f|dvy, < [q|f]dvg for every
f € L'(Q), there holds

1 Ty +oo 2 o +oo 2
=Y swoiw)] | v / 2(1)gy(a)| | dog dt
T )
Z <2 Z (Ja5°? + [65°[%)
j=N+1 j=N+1
and similarly, introducing
N  4oo
B[S S smmnwots) iy
“1j=1¢=N+1

17



one has

Ty N +oo
RY < / (1) (1) () e () dvg dit
j=1¢= N+1
+00 1/2
< /Z|c P, (x dvg/Zm Vu()dv, | dt
{=N+1
N +oo 1/2
< PG DA Gl dt
j=1 (=N+1
N too 1/2
< 2D (a@OP + R D (a @) + b)) dt
7j=1 {=N+1
oo 1/2
< 2( > (!a?o(t)\QHb?O(t)!Q)) dt.
/=N+1

Combining the two latter estimates, we infer that (A%c J)Nen+ converges to 0 asN —
—+00 independently of k.

As a consequence, by noting that |Jr, (Yoo )/Tk| < |J1, (YSN)/Tk| + A%ﬂ J, to prove the
first statement of Lemma 3, it is enough to prove that

JE(VE) 1
1. 1. k (o] S
N—1>I-ri-loo kﬁlgloo T 2 9 (w)7

which is true according to Proposition 1.

Let us now prove the second statement of the lemma. It is based on an argument
which is similar to the one used in the proof of Lemma 1. Let 7' > 0 and my, = |1} /T,
where |-| denotes the integer part. Let us define t; = T} /my so that t; converges to T" as
k — 4+00. As in the proof of Lemma 1, we use the functional

w2 [ ly(t, @) dug dt

J5 Y) =
T1,T2( ) HYH%QX(Hl)/

where 0 < Ty < Ty < 400, Y € L3(R2) x (HY(Q)) and y is the solution of the wave

equation (1) associated to Y.
We write

W (7 mr—1 7w U w U
J7 (Yi) _ 2ot Jatk,(a+1)tk(Yk)> i Jotes(at1yty (V&)

Ty mili ac{0,m;—1} tr

Jgjkth(ak“‘l)tk (Yk)

ti ’

WV

18



for some oy, € {0, m — 1}. Let us notice that one can write

Taptitentn V6 T2 (Y))
tg, tr

)

where )7’ is the initial condition associated to the solution Uy © (@, t) = y(t + ayty, x) of
(1). In other words, k = Sakthk Using that the wave group {S;}icr is unitary shows
that the coefficients a a " and bk defined from the initial data Y’ by the formula (11) satisfy
\ak/] = \ak\ and \bk | = \bk] for every j € N*. Therefore, the sequence (?é)keN converges
weakly to 0 in LQ(Q) (HI(Q)) N

For N € N* let us introduce Y,;>N as the projection of }714 onto the subspace of
L*(Q) x (H'(2))" spanned by {(¢;)j>n+1}, in other words

N N
Y, SN =% - V7N, where VSN = [ S (@(0,1),65) 1265, Y (0G0, ), 65) sy i 65

Jj=1 j=1

Since the integer N is fixed, it follows that the sequence (?klgN Jken belongs to a finite
dimensional subspace of L*(€2) x (H'(€2))" and converges therefore to 0 weakly and thus
strongly in this space. Noting that the assumption liminfy oo [|Ykl|L2(Q)x (1) > 0 can

be equivalently rewritten liminfy . HYkH 2@)x(m@y > 0, the previous considerations
lead to write

JE (Vi) = JE (V7N +0(1)  ask — +oo. (21)

Since each term 17,;>N only involves eigenfunctions of index larger than N, one has

CitMw) _ S ()
ik = tk ’

and according to the estimates (20) and (21), we infer that

7 (5 o (7 o (7N
lim inf M = liminf M = lim inf lim inf M > al'(w)
k—+oo T k—4o00  Tf k—+4o00 N—+oco ik

leading to the desired conclusion by using in particular that such an estimate holds for
arbitrary times T'. O
2.4 Proof of Proposition 1 (low frequencies)

To avoid technicalities, we first prove this result when the eigenvalues are simple. In other
words, we will prove that

Vw1
TgToo T 21 J<N/¢7 ", (22)
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for every N € N*. The required ingredients to generalize this result to (14) are provided
at the end of this section.
Consider two sequences a and b in £2(C). One has
2

L 3 iAjt —i\jt 1 & 2
T/o /wj;@je 7" 4 bje J)qﬁj(a:) dedt = ﬂ;ajj/w%(x) dvy
| NN
+2Tzzajk/¢g(x)¢k(x) dvg,
j=1 w

where «y, is defined by

2a;ak sin <()\ — M) = > M=) T _ ?aibk sin (()\j + Ak)i) e it A 3

ajk =
)‘j — )\k )\] )\k
2bjay . , T\ _ioyeanZ . 2bjbe , TN —i-aT
)\j+)\k51n<()\]+)\k)2>e J 2+)\j_)\ksm (Aj )\k)z e "\ z

whenever \; # A, and
L — sin(\;T
QA = T(ajak + bjbk) — M
J
whenever \; = . It follows that
. Qjj 2 2
Pim =t = a4 b
for every j € N* and, using that the eigenvalues are simple,

4 maxlngng()\j, )\k)
A7 = AR ’

k| <

whenever j # k. Then by expanding the sum it suffices to note that, when passing to the
limit in 7', all terms such that j # k£ are equal to 0 and there only remain the diagonal
terms.

Hence, we claim that

<N
li T (O‘)) = i / / ( LEAGt b 7i)\jt> . da dt
T—1>r—&r-loo T T—1>I—&r-loo Z (|ajl‘g+|b 2)=1 2T 43¢ +o5e qs] (x) v

NERIE

Il
_

(ajei’\jt + bje_“‘jt> ¢j(x)| dxdt

= inf lim / /
SN (Jag[2+b;[2)=1 T—+o0 2T

inf Z(!%!z + [b;%)

S (g2 Hb;[2)=1 5

gl / ¢j(x d”g

J

®; (95)2 dug

g\

w\»—l N —

20



Indeed, since the sum is finite we can invert the minimum and the limit. The equality
(22) follows then easily.
Let us now establish (14). For general real eigenvalues sequence (\;), we claim that

2
3" ()

li T \*) _ li PRV b —i)\jt> . dx dt
T T T e eny o bmea 2T 7 / RVACY

= lim inf ( Z Z a]k/gbj Vo (x dvg>

T— N 24 (p.|2
+OOZ =1 (la;[>+[b;1*)=1 NEUN (5,k)EIN(N)2

DS ajk/@ ) () dv,

()\ REUZ JEIN(A
Mp  keln(p )

where
i 9k _ @+ bibe i (5 k) € In(V)?,
T—+oo T 0 if j € In(A), k€ In(p), with (\,pn) € U and X # p.

The conclusion follows, by mimicking the previous reasoning and by inverting the limit
and the infimum.
2.5 Proof of Theorem 1

Notice first that every function y : (t,z) — @y (z), where A denotes any nonzero
eigenvalue of —/A\, and ¢ any associated eigenfunction, is a smooth solution of the wave
equation (1). As a consequence and according to (2), there holds

1
5 /w ¢A(x)2 dvga

%g (w) by passing into the infimum over the set of all noncon-

and we infer that Cp(w) <
stant eigenfunctions of —A,.
The estimate

%CT(W) < aT(w)

follows from the the fact that Cr(w) < OZN (w) for every N € N*.

Let us now prove that the infimum in the definition of C't is attained as soon as

Cr(w)
T <ol

w). (23)

The proof is a direct consequence of the one of Theorem 2. Nevertheless, for the sake of
readability, we provide here a short sketch recalling the main steps.

Let (Y%)ken be a minimizing sequence of the functional J% defined by (3) over L(£2) x
(HYHY' () \ {(0,0)} satisfying ||Yk:HL2 Qx(my = b Since the sequence (Y%)ren is bounded
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in the Hilbert space L3(2) x (H!)'(£2), it converges up to a subsequence weakly in L3(£2) x
(HY)(Q) to some Yo € L3(2) x (H')'(Q) satisfying moreover

2 o 9
YoolZ2 @y garnyy < W inf Vel 7oy iy = 1,

by property of the weak convergence.
We will prove that
Cr(w)
T

which implies the expected conclusion when combined with (23).

Let us introduce y~ as the solution of the wave equation (1) with initial conditions
Y., as well as the function 7 defined by yr = yr — Yoo. Using the same arguments as in
the proof of Lemma 2 yields

= min (J%(Yoo),@T(w)) )

1= Yoo + YellZoay(ay = 1YoolZ2(@yx oy + Vil Zz@yxmny +0(1)  as k — +oo,

T T
/0/|yk(t,.%'>‘2d1]gdt = /O/Iyoo(t,l')’Qd’Ugdt

T
+/ / 1 (t,2)? dvg dt +0(1)  as k — +oo.
0 Jw

and

At this step, there are two possibilities: either liminfy HYkaLQ(Q)X(HI)/ — 0 and there
holds .
_ fOfw ’yoo(tq «T)|2 dvg dt

Cr(w)
Yoo 2@ ity

o(1) as k — 400,

saying that the infimum is a minimum, or liminfg_, |D~/kHL2(Q)X(H1)/ > 0. In this case,
following exactly the same approach as in the second part of the proof of Lemma 3 (in
fact, the proof is even simpler since we do not have to deal with the dependence of the
observability time 7" with respect to the index & anymore) leads to

Cr(w)

7 2 min (J§ (Yao), 0" ()

Moreover

Cr(w) . SN T
< = .
7 < im O ) =)

By minimality of C7(w), there holds Cr(w) < J#(Ya).
Combining all these facts shows that

min (J% (Yoo ), aT(w)) <

This proves Theorem 1.



2.6 Proof of Theorem 3 (high frequencies)

For T' > 0 and 7 a geodesic of €2, let us recall (see Definition 4) that m$.(y) = £ fOT Xw((t))dt
and that g7 (w) = inf,er m%(7), where the infimum is taken over the set I' of all geodesics
of 2. Therefore, with the notations of Definition 4, there holds

gaw) = Jim 93 (W).

This section is devoted to providing an asymptotic estimate of the constant C7 N (w),
involving only highfrequency terms: the precise statement is given in Theorem 3. The
proof is divided into two steps. In the first step, we establish a first inequality by using
Gaussian beams. The converse inequality will then be proved by using the Egorov theorem.

For any h € C%(Q), we set

2

1 [T N , .
C7N(h) = inf /0 /Q Z (aje”‘jt + bje_Mft) ¢j(x)h(x)| dvgdt.
j=1

= 1 —_
SN (a2 +b12)=1 2

For any geodesic 7 in €2, we define

and

T . h
h) = inf
93 (h) ;eFmT( )

where the infimum is taken over the set I' of all geodesics of 2.
cNw) 1

First step: limsup ———= < —
N—4o00 T 2

N

gg (w) for every N € N* and every measurable

subset w.
Let t — (t) be a geodesic* for the Riemannian metric g. For every solution w of (1),
we denote by FE,, the energy of w defined by

Ey: [0,T] 3t = ||0uw(t, )72y + Vo (t, )72
and there holds E,,(t) = Ey(0) for every t € [0, 7.

Following [15, Corollary 11], there exists a function w; solution of (1) in C°(0,7; H(2)) N
CH0,T; L§(Q)) satisfying Ey, (t) = 1 for every ¢ € [0,T] and

1
tS(UP) X8, (1) 0w (t, )72 + Ixars, @ Vwit, )l7z@) = O <\/j> , (24)

)

“Recall that such a curve v is a ray for the operator O = d;; — A4, in other words a null bicharacteristic
of O whose hamiltonian is equal to 1/4 for every t (see, e.g., [22]).
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where B;(t) denotes the ball centered at ~(t) of radius 571/, Note that the results of [15]
are established in R? but their extension to a manifold is straightforward.

Moreover, an immediate adaptation of the approach in [15] yields that the function
fwj>N defined by

+o0
wyN =ein Y (wj, dr)ra(e)dr
k=N-+1
where c;n is chosen in such a way that E, >~ (-) = 1, inherits the property (24).
J

The functions wj>N are referred to as Gaussian beams. The next lemma provides an

essential argument to compare the observability constant with the geometric quantity go.

Lemma 4. Let us consider a function h in C°(Q) The sequence (01 j(h));jen where

fo z) [q ]8ﬂu>N(t z)|? dvg dt
50.5(h) = s / / (@)™ (t,2) 2 dvg dt
J
satisfies
1 T
Jim_ory() = 5 [ o)

For the sake of clarity, the proof of Lemma 4 is postponed to Section 2.8.

To provide an estimate of C7:™V(h), we define 73j>N = 8twj Then, the function w]>N

a solution of (1) with (~>N( ,-),3,5@]?]\[(0, )) € L2(Q) x (HY)' () and we infer that

T ~
AN T, Jo S, 107N (8 2)]? dvg dt
T T j=+oo [[(@7MN(0,-), Brw; (0, )12,

. org(h) 1T
= hm _QT/O hly(#) dt.

To conclude, let us introduce the sequence (hy)ren+ defined by

Hl)/

dist(z,w . .
hk:xr—>{ 1—% if dist(z,w) < 1/k
else.

Notice that (hg)ren+ converges weakly-x to xz in L>(Q), is such that hy € CY(Q) and
satisfies xo, < hr < 1 a.e. in Q) for every k € N*. Hence, using Lemma 4, one gets

C7N (w) < O (hw) < 1 /Thk( (t))dt,

T - T @ T2T
and the right-hand side term converges to 5= fOT Xw(Y(t)) dt as k — +oo.

Now, considering a geodesic v such that the quantity % fOT Xw(7(t)) dt is arbitrarily close
to g2 () leads to the desired result.
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1
Second step: ol (w) > §g2T(w)

Without loss of generality, we can assume that w is an open set since o (w) > o' (W)
for any w. We extend the definition of C;N to all h € L>=(£, [0, 1]) by setting

2

CzN(h) = inf 3 / / a]e”ft+bje—“ﬂ) ¢j(z)| dvg,dt,

ZJ N (las?+1b512) j=N+1

As an infimum of continuous linear function for the weak-x topology of L>(£2,[0,1]), the
mapping h — CF N (h) is concave and upper semicontinuous for this topology.
Let h € C*(Q2). We are going to prove that, 7" being a fixed positive number, one has

CzN(h) 51 1 oF
92
T 2
In particular, letting N tend to oo, we will obtain that

czNm) 1
T — T T > 2,7
o (h) : N1—1>I+noo T 73 (h)-

(h) +o(1) as N — +o0. (25)

It is worth noticing that the o(1) in (25) does actually depend on h, which makes the
conclusion not obvious. We proceed in this way: since w is open, one can construct an
increasing sequence of functions (hx) such 0 < by, < 1, hg(x) = 0 if dist(z, Q\ w) < 1 and
hi(z) = 1if dist(z, Q2 \ w) > 2. Since k +— hy, increases, we have ol (w) > T (hy) for any
k. To conclude, we apply the following lemma whose proof is postponed to Section 2.9.

Lemma 5. We have
gg(w) = klim gg(hk).
——+00

Hence, it is enough to establish (25) to get the expected conclusion.

Let us establish (25). Let h € C°°(Q), such that h > 0 in 2. Denote by L% (2), (H*(Q))y
the spaces of L? and (H')’ functions of  that are L2-orthogonal to Span{¢;}1<i<n-

For every N > 1, we consider initial data (yo n,y1,n) normalized in L3, (Q) x (H}(Q))y
for the wave equation (1) for some N > 1. Denoting by A the operator’ defined by

A = /=24, the solution yy of (1) associated to (yo,n,y1,n) then satisfies
YN = eit)\ZOJ\f + efit’\zl,N (26)

where zo y = %(yo,N —ix Tty n) and 2y § = %(yo,N +iX "ty v). We will first find a lower

bound of
%rg}rrég/ / z)|yn (t, 2)|? dv, dt.

Introduce the operator Gr associated to this problem, defined by

(Grulv) / / o(t, x) dvg dt,

®Note that since N > 1, A can be considered as an invertible operator from L% () to (H'(Q))y.
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for u,v € L%([0,T] x Q).
The identity (26) shows that

(Grynlyn) = An + By +2Cn
where
An = (Gre™ 2 n|20,8) » By = (Gre™ 21 n|21,n) and Cy = Re(Gre™ 2o v|21,n)-

Let us study

T
AN:/ /e_’t’\he’t’\zo’Nzo,Ndxdt.
0 Ja

Introduce the pseudodifferential operator a = Op(h) obtained by Weyl quantization.
Actually, since h is a function of 2, a is the multiplication by h. Applying the Egorov
theorem® shows the existence of a smooth family of operators Q; of order 0 with principal
symbol h(vz¢(t)) such that

e—itkheitk — Qt + St

where S; is d-smoothing for all d > 0. Moreover, since the principal symbol of @ is
h(7ze(t)), there exists a smooth family R; of 1-smoothing operators such that

Q1 = Op(h(72¢(1))) + Ry
Notice moreover, that R, = Q; — Op(h(yz¢(t))) + S;. We obtain
Ay = AN + A% (27)

where

T T
AL = / /QOp(h('ymﬁg(t)))zo,Nzo,N dvg dt, A% = / /QRtZO,NZO,N dvg dt.
0 0

By definition of gJ'(h), one has f(;[ h(vze(t))dt > Tgl (h). Hence, it follows from Garding’s
inequality that

T
Op ( /0 hm,g(t))dt) > a(Tgl () = Tgl (),

by noting that

T
ay=[op ( | et dt) 2070 duy.
Q 0

SEgorov Theorem ([4, 23]): Let P be an operator of order m with principal symbol p. There exists
a smooth family of operators Q: of order m with principal symbol q; such that

o for alld € N, e " Pe** — Q, is d-smoothing;
o qi(x,8) = p(V2,e(t)) where vg,¢ is the geodesic of Q starting at x € Q in the direction of £ € T, ).
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As a consequence, there holds

Al
TN > g5 (M) 20,1720 (28)
Let us now prove that limy_,o, A% = 0. Choose any subsequence of (A3%;), still noted

A?V. Since R; is 1-smoothing and since t — R; is smooth, the operator fOT R:dt is also
1-smoothing. As a consequence, there exists a constant C' > 0 such that for all IV,

T
/ th(),N(:E)dtH < C.
0 H(Q)

By the Sobolev embedding theorem, there exists a function v € L?(2) such that a subse-
T . T . 2
quence of (fo th(),N(:U)dt) . (still denoted by (fo th(),N(:U)dt) N>1) tends to v in L?.

A% = /Q </0T tho,N(x)dt> 2o.n(2)dz

< /Q [( /0 TRtZO,N(@dt) _U(@] o @)z + /Q o(@) oo w @),

The first integral in the right hand side converges to 0 by convergence of ( fOT Rz, N(m)dt) —

Hence,

v(z) to 0 in L?(2) while using Holder inequality, the second integral satisfies, using that
20N € L?V(Q),

[ o@zont@iz = [ pr(o)e)znn@de < oyl lzon
where py is the L? projection of v onto L3,(€2). Clearly,

Nl_iffrloo PN (V)| L2(ar) = 0.

Hence, limy_, 4 A?\, = 0. Since this holds for any subsequences of A?V, this proves that
the sequence A% tends to 0 as N tends to +oo. Together with (27) and (28), we obtain

Av

T 2
7 = 92 (Mlzon72(0)- (29)
With the same argument, we also get that

By

T 2 95 (W)lz1,8 172 (- (30)

Now, observe that
CN = / R2207N217thd.%'
Q
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where R} is the operator defined by R; = fOT e hefrdt. By [2, Lemma A.1 p. 45], the
operator Rj is 1-smoothing, and the argument above, showing that limy_, 400 A?\, = 0,
proves that

lim Cy =0.
N—+oo

Together with (29) and (30), we obtain that

lnnlnfj/ | m@lunlt.2dade > g5 0) (10 s + Do) -

N—oo

Observing that

o l32@) + 1w l3ag = 5 (0132 + 1A v )

[\DM—‘l\D\P—‘

= 5 (o 20y + e By oy ) -

this ends the proof of Theorem 3.

2.7 Proof of Corollary 2

Using Theorem 3, it is clear that this is enough to prove that Assumption (1.2) implies
that go(w) = g2(@). To see this fact, consider any geodesic v : [0,7] — M which is close
to minimise the infimum in the definition of g (). Hence, there is some arbitrarily small

¢ such that
92 T / Xw

T
/xw a—;Amew»ﬁ
T

/ Xer( dt+111/0 Xo\@\w) (7(2)) dt — 1
9 @) + 92 (Q\ (@ \w)) 1> g3 @)

Since € > 0 is arbitrary, one gets g1 (&) > gJ (w). Since the converse inequality is obvious,
the proof is complete.

2.8 Proof of Lemma 4

According to the Green formula, one has

or(h) = /h(ac) [w]?N(t,m)atw;N(t x / / N, (t, ) 0wy N(t, x) dv,
Q

- AM@O@Wﬂm@wawww@<Q®WﬁN@@)“g

T
— / / h(x)wa(t, x)Agwa(t, x) dvyg.
0 Q
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Let us show that

/ h(x) (w7 (T,2) 007 V(T @) = wi N (0,2)9w7 Y (0,2)) dvg = 0(1) as j — +oc.
Q

Since Ey,(-) = 1, the sequence (Gtwa(T, -))jen+ is bounded in L?(£2) and up to a subse-

quence, converges therefore to some function uj weakly in L?((2). Similarly, the sequence

VwsN(T,))jen+ is bounded in L2(Q). Since [, w:N(z)dv, = 0, it follows from the
J J Qj 9

>N

Poincaré-Wirtinger inequality that, up to a subsequence, (wj

some function u} weakly in H!(£). According to Rellich-Kondratov theorem, the afore-
mentioned subsequence of (wj>N (T,))jen+ converges also strongly to u} in L*(Q2). Com-

(T,-))jen= converges to

bining this result with the fact that xo\p,(r) converges strongly in L?(2) to the function
equal to 1 almost everywhere in ) leads to

% L. N
[ tuslan, < timint [ xoys, il (7,) do,

1/2
< Q2 <13121J:nf XQ\Bj(T)wa(T, z)? dvg>

by using the Cauchy-Schwarz inequality and the fact that the mapping L?(Q) 3 u — |u| €
L?(€) is convex and lower semicontinuous for the strong topology of L?(£2), and thus also
for the weak topology of L?(2).

>N

Now, according to the energy estimate (24) on w; ™, we infer that [uj| = 0 necessarily.

Hence, the sequence ([, h(:c)w]?N(T, x)@tw]?N(T, z) dvg) jen+ converges to 0 as j — +oc.
One shows in a similar way that the sequence ([, Xw (:L‘)w]?N(O, :L‘)@tw]?N(O, x) dvg) jen
converges to 0 as j — +o00. The expected result follows.
We also claim that

/ / Nt x)Agw>N t,x) dvg —/ / \ng>N(t z)|? dvg dt + o(1),

as j — +o0o. Indeed, using the Green formula, one has

—/OT/Qh(x)wa(t,m)Agwj (t,z) dug / / 2)|Vgw; ™ (t,2)|? dvg dt
/ / 2)2Vh(z) dvg dt,

and using the same reasoning as previously, one shows that the sequence (wj>N )jeN+ con-
verges strongly to 0 in L2(0,T; L*(Q)).
We have then proved that

or;(h / / ]ng>N(t z)|? dvgdt +o(1) as j — +oo. (31)
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As a result,

Iy Jo h(@)|0ews N (8, 2)[? dvg dt

ors(h) = E >N( )
1 fo fQ \&gw>N(t z)|? + |ng>N(t z)|? ) dvg dt 4+ o(1)
- E,>n(T)
J
= / / ]&gw>N(t )|*+V, w>N(t z)|?) dvg dt + o(1),
by using (31).
Now, introduce
6, Ry 5 tr—>/ (@) (107 (1, 2)[ + VN (£, 7)) dvg.

According to (24), one has the following alternative: either ~(¢) ¢ supp(h) and then

(0(t))jen+ converges to 0 as j — 400, or ¥(t) € supp(h) and (0;(t))jen+ converges to

h(y(t)) as j — +oo. In other words, (6;(t))jens converges to (0., h) aq,co as j — +oo.
According to the Lebesgue dominated convergence theorem, the conclusion follows.

2.9 Proof of Lemma 5

Assume that w is open and that (hj)ren is a noncreasing sequence of functions such
0< hr <1inQ, hg(x) =0 if dist(z, Q2 \ w) < Eandhk( )—1ifdist($,Q\w)>%. We
will prove that

g2 (@) = lim g5 (). (32)

The fact that g (w) > limsupy_,, o g2 (hy) is obvious since x, > hy for all k € N.
Consider a sequence of rays 7 : [0,7] — € such that

T e
95 (hg) > T/o hi(v(t))dt +0o(1) as k — +o0. (33)

The set of rays is compact since each rays is entirely determined by it position z € Q at
time 0 and its derivative at time 0 with lies on the unit cotangent bundle of 2. Hence
there exists v : [0,7] — € such that 4% — ~ uniformly on [0,7]. For any t € [0,7T], it
holds that

l’gg{glg hie(7(t)) = xw(y(2)).

Indeed, if v(t) € w, then since w is open, hx(7k(t)) = 1 = xw(7(t)) as soon as k is large
enough. If v(t) ¢ w, the inequality is obvious since x,(v(t)) = 0. Together with (33),
Lebesgue dominated convergence theorem implies that

T
) > 7 [ mudi+o() > 7 [ )it +o(1) > ) +o(1) as b —-+ox,

which proves (32).
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3 Characterization of the observability (proof of Corollary 1)

We first claim that Cp(w) > 0 = aT(w) > 0. Indeed, one has Cr(w) < C3Y(w) for any
N >0, and it follows from the definition of a’ that o’ (w) = 0 = Cr(w) = 0, whence the
claim.

Let us prove the converse. Assume by contradiction that

T(w)y>0 and Cr(w) =0. (34)

For any s > 0, let us denote by Fj the set of solutions of (1) vanishing identically on
[0, s] x w. This space is sometimes called “space of invisible solutions”. Notice that Ej is
a vector space.

For every k € N, one introduces the following property.

(Hg) (with & € N*) for all € > 0, there exists a non trivial solution y; . € E7_. involving
only frequencies of index greater than k, i.e. such that the pair of its initial conditions
(ygg, y,}:ﬁ) satisfies

/Q Y @)6s(@)do, =0, =01, j=1,... .k

If £ = 0 this property writes: there exists a non trivial solution yo. € Er_..

We will prove by induction that Property (Hj) holds true for every £ € N. As a
consequence, if ¢ > 0 and N are fixed, Property (Hpy) yields the existence of a so-
lution yr. € Ep_. of (1) involving only frequencies of index higher than N. Using
(yr,2(0,-), 0yre(0,-)) as test functions in the functional J%, one infers that C7Y (w) = 0.
Letting N tend to 400 yields that ap_o(w) = 0. Finally, noting that for all initial condi-
tions (y°,y'), one has

0,1 0,1
’J'%U—e(y Y )_J'%U(y Y )‘ < T_ea

one infers that R

T—¢

and as a consequence, one has a’ (w) = 0 whence the contradiction.

It remains now to show Property (Hj) holds true for every k£ € N under the assumption
(34).

Let us first prove that (Hp) is true. According to Theorem 1, the infimum defining
Cr(w) is reached by some initial conditions (yo,y1) such that the associated solution y of
(1) satisfies y = 0 a.e. on [0,T] x w. In other words, the dimension of E7p is at least equal
to 1, and this holds also for Fp_. for any € since Er C Ep_..

Assume now that (Hy) is true for some k € N and let us prove (Hyy1). Let € > 0 and
let y € Ep_. /o with initial condition (yo, y1) satisfying

ar(w) < ap—-(w) +

/yi(x)gbj(:n)dvgzo, foralli =0,1, j=1,... k.
Q
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The crucial point is that for all a € [0,e/2], the function 7,(y) : (t,x) — y(t + a,x)
belongs to ET_%_a C Er_.. We now show the existence a function z writing as a nonzero
linear combination of functions (74(y))aejo,c/2), With initial conditions (20, 21) satisfying
the orthogonality conditions

/zi(x)éj(:r;)dvg:O, i=0,1, j=1,...k+1.
Q

Let (y2,yl) be the initial conditions associated to y,. We expand the solution 7,(y) as

+oo
@)t = Y (a(@)e™ 4 bi(@)e™1) 65().

j=k+1
where (aj(a))jen and (bj(a))jen+ belong to ¢2(R). In particular, one has
aj(a) = ™a;(0) and bj(a) = e~b;(0).

If aj4+1(0) = br+1(0) = 0, then y belongs to E7_. and involves only frequencies of index
higher than &k + 1 which shows that (Hp41) holds true. For this reason, we assume that
ag+1(a) # 0 or byti(a) # 0. Hence, there exists j such that X\; > Ag11, and a;(0) # 0
or bj(0) # 0. Otherwise, the function y would be a nonzero multiple of an eigenfunction
belonging to the eigenspace associated to the eigenvalue \; and would vanish on w. Because
of the hypoanalyticity of the Laplacian operator, this is impossible as soon as w has a
positive Lebesgue measure (see [3, 7, 13]), which is the case since a®(w) > 0. Hence, let
us consider j > k such that A\; > A, and a;(0) # 0 or b;(0) # 0. Since A; > \;, one
can find 0 < a < @’ < £/2 such that the vectors (1,e% ¢*4') and (1,e, %) are
linearly independent. In other words, there exist real numbers cg, ¢,, ¢,s such that

o + €™ + e =0 (35)
and
co + €N 4 e £ 0, (36)

Set z = coy + CalYa + CoYor- Then, z is the desired solution: it belongs to Ep_. and
moreover z # 0 according to (36). Finally, z involves only frequencies of index higher than
k + 1 according to (35). This shows (Hy1).

4 Spectral gap assumption and consequences

In the case where the eigenvalues are well separated in a sense made precise below, another
argument than the one used in the proof of Theorem 2 leads to a more precise result.

Theorem 4. Assume that the spectrum (\j)jen+ of Q satisfies the uniform gap property
(UG)  There exists v > 0 such that, if \j # A\ with j # k, then |\j — | = 7.
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Then for every measurable subset w of 1, there holds

. CT(OJ) _ 1
Tl—lg-loo T N igl(w).

In other words, together with Theorems 2 and 3, one has

g1(w) < g2(@) (37)

for every measurable subset w of €2. Note that such an inequality obviously does not holds
true without specific assumptions on the sets w and . Indeed, it is enough to consider
as a counterexample that ) is a flat torus and that w is a rectangle strictly contained in
Q (see [17, 19] for various examples).

Remark 7 (Characterization of manifolds for which ¢;(w) < g2(w)). A natural issue is
to wonder whether one can characterize the manifolds (2, g) satisfying (37) for any mea-
surable subset w of €. Such an issue will be answered (among others) in the forthcoming
paper [10]. More precisely, it will be stated that this property holds true if and only if £
is a manifold whose geodesic flow is periodic and such that each geodesic is the support of
a quantum limit. We will also establish further information on quantum limits and prop-
erties of the geodesic flow by using similar techniques to those developed in the present
paper.

Proof. According to Theorem 1, we have lim7_, |, CTQEM) < %gl (w). We will now show

that the converse inequality is still true as soon as (UG) is satisfied. Let us denote by Uso
the set of all distinct eigenvalues A;, and let us set Ioo(\) = {j € N* | A; = A}. One has

2

CT(LU) _ inf 1 T/ f(a-ei)‘ft+b-e_i’\jt)¢'(ﬂf) dv. dt
T ZTO? laj|?+b;|*= IT wj=1 ’ ’ ’ !

- inf (Z: > QML%@%@Mg

100 14012 12—
Zj:l |aJ| +‘bj‘ =1 Aero (] k)EIoo()\)
Z()\ )\k

1 .
+T Z Z e A — Ak /¢J )0k () dug,

(Am)EUZ, jE€I(N)
AEu k€lo(p)

+>Y ) bbk/qu )or(x) dvg

A€Uso (j,k) €l (A

z()\k

bib(
+f Z Z sbi(e Y _)\k /¢] )or () dvg,

(Ap)€UZ, J€I0(A)
MEp ke€loo(n)

et+A;)
+2Re( > > akaAk /@ o d“ﬁ’))

(A /I/)EUQ ]Eloo )\)
k€loo (1)

(38)
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Let us fix (aj)jenr, (bj)jen+ in £2(C) such that j:(xf la;j|* 4+ |b;|? = 1 and let

Z Z 4T(e \j _)\k /¢J ok () dvg.

(A\m)eUZ j€I(N)
AEp kelos(n)

One has

El ooy eNT g (w)age T gy ()

d
N — M Yo

Y AEUY j€lo(N)
A kel (p)

/ Z Z ag@by)\ _ak)ik( )dvg

(A R)EUR GE€Ise(N)
AEp keloo(u)

According to [16] and since the sums run over distinct eigenvalues enjoying a uniform gap
property, there exists a constant C, > 0 uniform with respect to the sequence (aj)jeN*

such that .
SI< Y lasl [ 6y o, < €
j=1 ¢

We thus infer that

i(Aj—Ap)T

1 aak
TZ ZJ Aj— A

(A p)EU j€Io(N)
AEp kel (p)

2 [ yeronto)dug| < 2.

k

Z(/\k+/\

P Y5 MY [, |<

(,\ W)EUZ, j€Iso(N)
k€l (p)

S0

for some C' > 0 independent of the sequences (a;) en+, (bj)jen+ and the real number 7.
Finally, mimicking such a reasoning for each term of (38) yields that

CT(W> > inf Z Z (ajak —+ b bk / ¢j ¢k dUg +0 ( >

T S5 lag b P=1 G ke (a

~ a)+0 (7).

The theorem is proved. O
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Remark 8 (Application of Theorem 4). Theorem 4 applies in particular in the following
cases:

e the one-dimensional torus T = R/(2m). The operator A; = 0y, is defined on the
subset of the functions of H?(T) having zero mean. Its eigenvalues are all double,

given by \; = j for every j € N* and associated to the eigenfunctions ejl. = \/% sin(j-)

and e? = \/gcos(j'). In this case, the spectral gap is v = 1 and one gets

lim Cr(w) _ ! inf inf / (Vasin(jz) + V1 — OéCOS(j-T))Q dx

T—4oco T T jEN* agl0,1]

Using straightforward computations, this last expression simplifies into

lim Cr(w) 1 (] _ su /sin(2 ) dz 2 + /COS(2 jz) dx i
T—+o00 T o v 2 Jel\I])* w j w j

e the unit sphere S™ of R™1. The operator A, is defined from the usual Laplacian
operator on the Euclidean space R"*! by the formula Ay = r?Agni1 — 9y — =0y
where 7 = ||z||gns1 for every z € R™1. Its eigenvalues are A\, = k(k +n — 1) where
k € N. Moreover, the multiplicity of Ay is k(k+n—1) and the space of eigenfunctions
is the space of homogeneous harmonic polynomials’ of degree k. As a result, one

gets
2
d
lim LT(w) = inf inf —fwww), x,
To4+oo T KEN My, [, |p(2)|? da

where H;, denotes the space of homogeneous harmonic polynomials of degree k.

As a byproduct of Theorem 4, we recover a well known result on the existence of
quantum measures® supported by closed geodesics.

" An orthogonal basis of spherical harmonics is given by
R o ,
Yip, ot (01, .. 00) = Ee jl:[QPlj,j (95)

where the indices are integers satisfying |l1| < l2 < ... < I, and the eigenvalue is —I,(l, + n — 1). The
functions in the product are defined by

= 2L+ —1(L+1+7—2) , 2-5 (4 iz2
Pi,j(t‘))—\/ 23 ( T _Jl)! ) gin’3 (Q)PLi%Q (cosB),

where, for two real numbers v and p, the function P, " is the associated Legendre function of the first

kind defined by
1 1—z\"? 1—x
PrM(e) = ——— F- 1,1
v (@) T(1+p) (1+:c> ( vyt Lt )

where I' is the Euler’s Gamma function and F' is the hypergeometric function (see e.g. [9]).

8Recall that a quantum limit for —A, is a weak-limit (in the space of Radon measures) of a sequence
of measures (¢, (x)? dx)ren, where ¢;, are nonzero eigenfunctions of —A, with positive eigenvalues \;,
such that \;, — 400 as k — +o0.
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Corollary 5. Assume that the spectrum (A\j)jen+ of Q satisfies the uniform gap property
(UG). Then, for any closed geodesic vy of Q, there exists a quantum measure supported
along ~.

This is exactly the main result of Macia [14] which extends a result of Jakobson and
Zelditch [11] on the sphere. As a consequence also noted in [14], under the additional
assumption that €2 is a Zoll manifold with maximally degenerate Laplacian, any invariant
measure for the geodesic flow on T%() is a quantum measure.

In the forthcoming paper [10], we prove that if the spectrum satisfies the uniform gap
property (UG), then any invariant measure is a quantum limit. In particular, this shows
that the assumption of a maximally degenerate Laplacian done in [14] is not necessary.

Proof. A direct adaptation of the proof of Theorem 4 allows to prove the following gener-
alization: under the assumption (UG), for every N € N* and every measurable subset w
of 2, there holds

LG 1 @) dy,
T=4oo T 2 ¢€SN Jo lo(2)[2 dvg”

According to Theorem 3, there exists a subsequence (¢;, )ren+ of (¢5) en+ whose associated
eigenvalues tends to +o0o and such that

timsup [ (6 (x)de < 92(@)
k—400 Jw

e., for every measurable subset w of €2, there exists a quantum mesure p satisfying
ww) < go(@). Let v C Q be a periodic geodesic and let ¢ > 0. We apply the last
inequality to w. = Q \ G. where G. = {z € Q, dist(z,v) > €}. Since g2(w:) = 0, there
exists a quantum measure g, such that p.(w:) = 0. We obtain the expected conclusion
by noting that (w:)->0 shrinks to v as € \, 0 and that the family (uc)s>0 converges, up to
a subsequence, in the sense of measures to some quantum limit . O

5 Concluding remarks and perspectives

We provide here a list of open problems and issues that we will investigate next.

Manifolds with boundary. The introduction of the so-called highfrequency observ-
ability constant o’ (w) is of interest because it allows to characterize the positiveness of
Cr(w) in terms of the quantity o (w). The result stated in Corollary 1 is devoted to this
equivalence. It still holds true in the case of a manifold with boundary. Nevertheless, one
has to overcome technical difficulties to get a characterization of a’(w), in other words an
equivalent statement to the ones of Theorem 3 and Corollary 3, in such a frame.
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Schrodinger equation. Little is known on internal observability of the Schrédinger
equation. For instance it is known that GCC implies internal observability, but this
sufficient condition is far from being sharp. Internal observability has also been established
for particular geometries. An issue is to apply the methods developed in this paper to
provide sufficient conditions for observability writing in terms of a new geometric quantity.

Shape optimization. A challenging problem is to maximize the functional y,, — Cr(w)
over the set Uy, = {x» € L™(2,{0,1}), |w| = L|Q|}, for some fixed L € (0,1). A first
issue is to investigate the existence of maximizers. We believe that the methods developed
in this article will allow to prove non-existence, as well as to capture the behavior of
maximizing sequences of domain, at least for particular choices of ).
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