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PHYSICS-BASED BALANCING DOMAIN DECOMPOSITION BY CONSTRAINTS

FOR MULTI-MATERIAL PROBLEMS

SANTIAGO BADIA, ALBERTO F. MARTÍN, AND HIEU NGUYEN

Abstract. In this work, we present a new variant of the balancing domain decomposition by constraints
preconditioner that is robust for multi-material problems. We start with a well-balanced subdomain parti-
tion, and based on an aggregation of elements according to their physical coe�cients, we end up with a �ner
physics-based (PB) subdomain partition. Next, we de�ne corners, edges, and faces for this PB partition,
and select some of them to enforce subdomain continuity (primal faces/edges/corners). When the physical
coe�cient in each PB subdomain is constant and the set of selected primal faces/edges/corners satisfy a
mild condition on the existence of acceptable paths, we can show both theoretically and numerically that
the condition number does not depend on the contrast of the coe�cient across subdomains. An extensive
set of numerical experiments for 2D and 3D for the Poisson and linear elasticity problems is provided to
support our �ndings. In particular, we show robustness and weak scalability of the new preconditioner
variant up to 8,232 cores when applied to 3D multi-material problems with the contrast of the physical
coe�cient up to 108 and more than half a billion degrees of freedom. For the scalability analysis, we have
exploited a highly scalable advanced inter-level overlapped implementation of the preconditioner that deals
very e�ciently with the coarse problem computation. The proposed preconditioner is compared against
a state-of-the-art implementation of an adaptive BDDC method in PETSc for thermal and mechanical
multi-material problems.

Keywords: BDDC, multi-material problem, adaptive coarse space, parallel solver, parallel preconditioner
AMS subject classi�cations: 65N55, 65N22, 65F08

1. Introduction

Many realistic simulations in science and engineering involve multiple materials, e.g., composite mate-
rials. The linear systems resulting from the discretization of these problems are hard to solve. The use of
direct solvers at a su�ciently �ne scale can be prohibitively expensive, even with modern supercomputers,
due to their high complexity and scalability issues. In addition, the high contrast of the physical prop-
erties signi�cantly increases the condition number of the resulting linear systems, posing great challenges
for iterative solvers. In this work, we will focus on developing a domain decomposition (DD) precondi-
tioner that is robust for multi-material thermal and solid mechanics problems with a high variation of the
coe�cients in the corresponding partial di�erential equations (PDEs).

DD is one of the most popular approaches to solve large-scale problems on parallel supercomputers. It
splits a problem into weakly coupled subproblems on smaller subdomains and use parallel local solutions
on these subdomains to form a parallel preconditioner for the original problem [56, 45]. In DD, the coarse
space plays an important role in achieving scalability as well as robustness with respect to variations in
the coe�cient. Many early DD methods, such as those in [15, 22, 21, 37, 60], are robust for heterogeneous
problems when the subdomain partition is a geometric coarse grid that resolves the discontinuities in the
properties of the media. This is a strong requirement, since such a decomposition does not lead in general
to load-balanced partitions with a reduced interface.
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For heterogeneous problems, there have been recent works on coarse grids that do not resolve the het-
erogeneity in the media [29, 51, 49, 50], and especially automatic coarse spaces that adapt to the variation
in the properties of the media [25, 26, 46, 53, 18, 55, 54, 32, 31, 33, 40, 27]. In the latter, the coarse spaces
are constructed from eigenfunctions associated with small eigenvalues (low-frequency modes) of appropri-
ate generalised eigenvalue problems. This approach is backed up by rigorous mathematical theory and
has been numerically shown to be robust for general heterogeneous problems. However, solving eigenvalue
problems is expensive and extra implementation e�ort is required. In addition, for high-frequency and
high-contrast problems, they can lead to coarse systems of a similar size as the original system size. An-
other approach is to use the deluxe scaling technique where local auxiliary Dirichlet problems are solved
to compute e�cient averaging operators [58, 34, 48]. The approach can yield robust DD methods in some
cases, but it incurs extra implementation and computation cost due to the auxiliary problems and spectral
solvers. In this work, we propose ways to eliminate the need of spectral solvers and auxiliary problems
in some situations. We formulate a balancing DD by constraints (BDDC) preconditioner that requires
no eigenvalue or auxiliary problem and is very robust with the contrast of the coe�cients for thermal and
mechanical multi-material simulations. The main motivation behind this work is to achieve such goal
while maintaining the simplicity of the BDDC preconditioner.

The BDDC method was introduced by Dohrmann [16] as an improved version of the balancing DD
(BDD) method by Mandel [41], and has a close connection with the FETI-DP method [24, 23]. In fact,
it can be shown that the eigenvalues of the preconditioned operators associated with BDDC and FETI-
DP are almost identical [43, 38, 13]. The BDDC method is particularly well suited for extreme scale
simulations, since it allows for a very aggressive coarsening, the computations at di�erent levels can be
computed in parallel, the subdomain problems can be solved inexactly [17, 39] by, e.g., one AMG cycle,
and it can straightforwardly be extended to multiple levels [57, 44]. All of these properties have been
carefully exploited in the series of articles [2, 3, 4, 5] where an extremely scalable implementation of
these algorithms has been proposed, leading to excellent weak scalability on nearly half a million cores
in its multilevel version. These algorithms are available in the FEMPAR library [6, 8]. A freely available
implementation of BDDC methods with deluxe scaling can be found in PETSc [59].

Our new variant of the BDDC method is motivated from the fact that non-overlapping DD methods,
such as BDDC and FETI-DP, are robust with the variation and contrast of the coe�cient if it is constant
(or varies mildly) in each subdomain [37, 36, 56]. This implies that, in order to have robustness for BDDC
methods, one could use a physics-based (PB) partition obtained by aggregating elements of the same
coe�cient value. However, using this type of partition is impractical as the number of subdomains might
be too large and can lead to a poor load balancing among subdomains and large interfaces. In order to
solve this dilemma, we propose to use a well-balanced partition, e.g., one obtained from an automatic graph
partitioner like METIS [30], to distribute the workload among processors, as usual. Then, we consider
a sub-partition of subdomains based on the physical coe�cients, leading to a PB partition. Continuity
constraints among subdomains will be de�ned through the de�nition of faces/edges/corners (which will
be called globs, from global objects) based on the PB partition. The resulting BDDC preconditioner with
constraints imposed on subfaces, subedges, and vertices, is coined PB-BDDC. These ideas can readily be
applied to FETI-DP preconditioners. A similar idea has been used to eliminate the dependence of the
condition number on the local problem size in [7].

For multi-material problems, e.g., problems with isolated channels or inclusions, it is computationally
feasible to require the physical coe�cient in each PB subdomain to be constant. In this situation, we
are able to prove that the resulting BDDC method is scalable and its convergence is independent of the
contrast of the coe�cient across subdomains. An important feature is that not all PB globs are necessary
and any selected set of PB globs satisfying a mild condition on the so-called acceptable paths is enough
to guarantee robustness [36].

By de�nition, the PB-BDDC method considers an enlarged coarse space to make the preconditioner
robust with respect to heterogeneity. In order to alleviate the e�ect of potentially larger coarse spaces
compared to homogeneous problems, we propose two remedies:

(1) In Section 4, taking advantage of the fact that not all PB globs are required for robustness, we
study how to keep the size of the coarse problem close to minimal. For the sake of illustration, we
present some examples with di�erent distribution of the coe�cient and the corresponding minimal
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set of PB globs required for robustness. The number of required PB globs is the same as the
number of extra eigenfunctions needed in other approaches for adaptive coarse spaces based on
eigenvalue problems [54, 32, 27]. For general cases, a simple procedure to construct a close to
minimal coarse space is also provided. The procedure is based on a mathematically supported
de�nition of acceptable paths.

(2) For highly complex problems with many di�erent regions, optimal robust coarse spaces can still
be large. In order to cope larger coarse spaces and keep good scalability properties, we have
considered an implementation of the PB-BDDC method in the extremely scalable BDDC code in
FEMPAR [2, 3, 4, 5]. It exploits inter-level overlapping of computations and communications so that
coarse tasks run in parallel and can be masked in run time by �ne tasks. The implementation
also provides a recursive multilevel extension which deals e�ciently with large coarse spaces. This
is particularly important for the PB-BDDC method presented herein. In Section 5.2, we show
excellent scalability results up to 8232 cores and more than half a billion of unknowns for a 3D
problem.

Summarizing, the PB-BDDC method does not require to solve eigenvalue or auxiliary problems on
patches of subdomains, which could incur high computational cost and the formulation and implementation
of the PB-BDDC method is very much the same as for the standard BDDC method. The only di�erence
is in identifying and de�ning BDDC globs to impose constraints. Thus, the simplicity of the standard
BDDC method is maintained. On the other hand, the PB-BDDC methods involve a richer interface with
the application software, e.g., access to the physical properties of the problem, which is in line with the
philosophy of the FEMPAR library [6, 8], i.e., a tight interaction of discretization and linear solver steps to
fully exploit the mathematical structure of the PDE operator.

The rest of the paper is organised as follows. In Section 2, we introduce the model problem, the
domain partitions and the BDDC glob classi�cation. In Section 3, we present the formulation of the PB-
BDDC method as well as its key ingredients, namely coarse degrees of freedom (coarse DOFs), weighting
and PDE-harmonic extension operators. The convergence analysis is also provided in this section. An
automatic algorithm to determine small and e�ective coarse spaces is proposed in Section 4. In Section
5, we provide an extensive set of numerical experiments to demonstrate the robustness and e�ciency of
the PB-BDDC method, and compare the proposed algorithm with a state-of-the-art implementation of
BDDC with deluxe scaling in PETSc. We �nally draw some conclusions in Section 6.

2. Problem setting

Let Ω ⊂ Rd, with d = 2, 3 being the space dimension, be a bounded polyhedral domain. For a
model problem, we study the Poisson and linear elasticity equations with piecewise constant physical
parameters. Let us consider homogeneous Dirichlet boundary conditions for simplicity in the exposition
(the non-homogeneous case only involves an obvious modi�cation of the right-hand side). The Poisson
problem in weak form reads as: �nd u ∈ H1

0 (Ω) such that∫
Ω
α∇u · ∇v dx =

∫
Ω
fvdx, for any v ∈ H1

0 (Ω), (1)

with f ∈ H−1(Ω). The linear elasticity problem reads as: �nd u ∈ H1
0 (Ω)d such that∫

Ω
αε(u) : ε(v) dx+

∫
Ω
αβ div udiv v dx =

∫
Ω
f · v dx for any v ∈ H1

0 (Ω)d, (2)

with f ∈ H−1(Ω)d, where ε(u)
.
= 1

2(∇u + ∇uT ) and (α, β) can be computed from Young's modulus E

and Poisson's ratio ν as α = E
(1+ν) and β = ν

(1−2ν) . We consider that ν is bounded away from 1
2 , i.e.,

compressible elasticity·
Let T be a shape-regular quasi-uniform mesh of Ω with characteristic size h. It can consist of tetrahedra

or hexahedra for d = 3, or triangles or quadrilaterals for d = 2. For simplicity of exposition, we assume
that α is constant on each element τ ∈ T .
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Figure 1. An example of an original partition Θ (left) and a physics-based partition
Θpb(right) of a square domain where di�erent colors represent di�erent values of α. On the
left, we have a Θ = {Ω1,Ω2,Ω3,Ω4}. On the right, we show the corresponding PB-partition

for every subdomain in Θ: Θpb(Ω1) = {Ω̂1, Ω̂2}, Θpb(Ω2) = {Ω̂3, Ω̂4}, Θpb(Ω3) = {Ω̂5, Ω̂6},
and Θpb(Ω4) = {Ω̂7, Ω̂8}. The complete PB-partition is Θpb = {Ω̂1, . . . , Ω̂8}. Further, we
have ω(Ω̂1) = ω(Ω̂2) = Ω1, ω(Ω̂3) = ω(Ω̂4) = Ω2, ω(Ω̂5) = ω(Ω̂6) = Ω3, ω(Ω̂7) = ω(Ω̂8) =
Ω4.

2.1. Domain partitions. We �rst consider a partition Θ of the domain Ω into non-overlapping open
subdomains. This partition must be driven by computational e�ciency in distributed memory platforms,
i.e., it should have a reduced interface size and lead to a well-balanced distribution of workload among
processors. In a parallel implementation, each subdomain in Θ is generally assigned to a processor. We
further assume that every D ∈ Θ can be obtained by aggregation of elements in T and is connected. We
denote by Γ(Θ) the interface of the partition Θ, i.e., Γ(Θ)

.
= (∪D∈Θ∂D) \ ∂Ω, and by Γh(Θ) the discrete

version of the interface.
We also consider a PB subdomain partition. This partition is used latter in the de�nition of globs and

in the analysis. It is, however, not used for work distribution. Given a subdomain D ∈ Θ, we can further
consider its partition Θpb(D) into a set of �sub-subdomains� with constant physical coe�cients. Clearly,
the resulting global PB partition Θpb

.
= {Θpb(D)}D∈Θ is also a partition of Ω (into PB subdomains).

The interface of this partition is Γ(Θpb)
.
= (∪D̂∈Θpb

∂D̂)\∂Ω. For a subdomain D ∈ Θ (analogously for

D̂ ∈ Θpb), we denote by TD the submesh of T associated with D, TD
.
= {τ ∈ T : τ ⊂ D} ⊂ T . For any

D̂ ∈ Θpb, let ω(D̂) be the only subdomain in Θ that contains D̂. In Figure 1, we show an example of the
original partition Θ and the PB partition Θpb for a simple problem. The meaning of Θpb(D) and ω(D) is
also illustrated.

2.2. Finite element spaces. Let us perform a discretization of (1) by a continuous �nite element (FE)
space V̄ associated with the mesh T . The discontinuous Galerkin (DG) case will not be considered in this
work, but we refer the reader to [19] for more information.

For every subdomain D ∈ Θ, we consider a FE space VD associated with the local mesh TD. Let H(D)
be the characteristic length of the subdomain D and h(D) be the characteristic length of the FE mesh
TD. We de�ne the Cartesian product of local FE spaces as V = ΠD∈ΘVD. We note that functions in this
space are allowed to be discontinuous across the interface Γ(Θ), whereas functions in V̄ are continuous
across Γ(Θ). Clearly, V̄ is isomorphic to a subset of V.

For a subdomain D ∈ Θ, we also de�ne the subdomain FE operator AD : VD → V′D as 〈ADuD, vD〉
.
=∫

D α∇uD · ∇vD dx, for all uD, vD ∈ VD, and the sub-assembled operator AΘ : V → V′ as 〈AΘu, v〉 .
=∑

D∈Θ〈ADuD, vD〉, for all u, v ∈ V. We proceed analogously for linear elasticity.
A function u ∈ VD is said to be discrete PDE-harmonic in D if

〈ADu, v〉 = 0, for any v ∈ V0,D,



PHYSICS-BASED BDDC FOR MULTI-MATERIAL PROBLEMS 5

where V0,D
.
= {v ∈ VD : v = 0 on ∂D}. It should be noted that if u is discrete PDE-harmonic in D then

it satis�es the energy minimising property, namely

〈ADu, u〉 ≤ 〈ADv, v〉, ∀v ∈ VD, v|∂D = u|∂D.
In addition, we consider the assembled operator A : V̄ → V̄′, de�ned by 〈Au, v〉 =

∫
Ω α∇u · ∇v dx,

for all u, v ∈ V̄. This operator is the Galerkin projection of AΘ onto V̄. We want to compute a FE
approximation u ∈ V̄ of u? in (1) such that

〈Au, v〉 = 〈f, v〉, for any v ∈ V̄. (3)

Ω1

Ω2

Ω3

Ω4

Ω̂1

Ω̂2

Ω̂3

Ω̂4

Ω̂5

Ω̂6

Ω̂8

Ω̂7

Figure 2. An example of how FE nodes (on the interface of the original partition Θ in
Figure 1) are classi�ed in the standard way (left) using neighΘ, and in the physics-based
way (right) using neighΘpb

. Corner nodes are marked with crosses while nodes in edges are

marked with small circles. Using the standard classi�cation, on the left, we obtain Λ(Θ)
with one corner and four edges. With the new classi�cation, on the right, we have Λpb(Θ)
with �ve corners and six edges (eight edges if we only consider connected objects).

2.3. Glob classi�cation. This subsection is concerned with globs on subdomain interfaces and their
classi�cation. It provides foundations for the de�nition of coarse DOFs in BDDC methods later on.

Given a subdomain partition Θ, and a point ξ ∈ Γ(Θ), let us denote by neighΘ(ξ) the set of subdomains
in Θ that contain ξ. We can introduce the concept of glob as a classi�cation of points in Γ(Θ). A glob
is a maximal set λ of points in Γ(Θ) with identical subdomain set. We denote by neighΘ(λ) the set of
subdomains in Θ containing λ. It should be noted that the set of all globs, denoted by Λ(Θ), is a partition
of Γ(Θ).

Remark 2.1. Since the set of points in the interface is in�nite, the previous classi�cation of Γ(Θ) into
globs is performed in practice by the classi�cation of vertices, edges, and faces of elements in the mesh T
based on their subdomain set. In the literature, e.g., [37, 56], corners are also referred to as vertices.

We further consider the following standard classi�cation of globs. In the three-dimensional case, λ ∈
Λ(Θ) is a face if dim(λ) = 2, is an edge if dim(λ) = 1, and is a corner if dim(λ) = 0; similarly in 2D. If λ
is disconnected, we consider its partition into its maximal connected subsets, i.e., connected components,
λ1, · · · , λn of dimension dim(λ).1 In Figure 2 (left), an illustration of this classi�cation is shown for a
simple example.

In the next step, we de�ne PB globs, which is the main ingredient of the PB-BDDC methods proposed
herein. We consider the set of globs Λpb(Θ) obtained by applying the previous classi�cation of Γ(Θ) into
corners/edges/faces but with neighΘ(·) replaced by neighΘpb

(·). In other words, we use sets of subdomains

in Θpb to classify globs on Γ(Θ). Figure 2 (right) shows globs in Λpb(Θ) for a simple example.

1This geometrical de�nition is not common in the literature, but it has been proved to be the best choice in our practical
experience, and what is implemented in FEMPAR. It allows us to de�ne the set of globs at the geometrical step, independently
of the FE space to be used, which is particularly useful for multi-physics problems.
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Lemma 2.2. Λpb(Θ) is a re�nement of Λ(Θ).

Proof. The statement holds if for every glob λpb ∈ Λpb(Θ) there exists one and only one glob λ ∈ Λ(Θ)
containing it. Since all points in λpb belong to the same set of PB subdomains, neighΘpb

(λ), they are in

the same set of subdomains in Θ, namely {ω(D̂)}D̂∈neighΘpb
(λ). As a result, all these points belong to the

same glob in Λ(Θ). �

Remark 2.3. In some cases, the DOF-based classi�cation into corners, edges, and faces might need some
modi�cation in order to ensure well-posedness of the BDDC method with corner constraints only. This
usually involves the use of a kernel detection mechanism (see, e.g., [52]). A new approach based on
perturbations has recently been proposed in [9, 10], where the method is well-posed in all cases.

3. PB-BDDC preconditioning

In this section, we present the PB-BDDC preconditioner. The basic idea behind BDDC methods is �rst
to de�ne a sub-assembled operator (no assembling among subdomains), and the global space of functions
that are fully independent (�discontinuous�) among subdomains. Secondly, we have to de�ne the under-
assembled space (the BDDC space) of functions for which continuity among subdomains is enforced only
on a set of coarse DOFs. In order to be robust for heterogeneous problems, the PB-BDDC method utilises
new variants of the BDDC space and weighting operator. In a nutshell, the PB-BDDC method can be
understood as a standard BDDC method on the PB partition in which full continuity of the solution is
enforced on Γ(Θpb) \ Γ(Θ).

3.1. Coarse degrees of freedom. Similarly to other BDDC methods, in the PB-BDDC method, some
(or all) of the globs in Λpb(Θ) are associated with a coarse DOF. We denote this set of globs by ΛO and
call it the set of primal globs. Obviously, ΛO ⊆ Λpb(Θ). Typical choices of ΛO are ΛO

.
= ΛC , when only

corners are considered, ΛO
.
= ΛC ∪ ΛE , when corners and edges are considered, or ΛO

.
= Λpb(Θ), when

corners, edges, and faces are considered. These choices lead to three variants of the PB-BDDC method,
referred to as PB-BDDC(c), PB-BDDC(ce) and PB-BDDC(cef), respectively. Figure 2 (right) actually
shows the primal globs of PB-BDDC(ce) for a simple 2D problem.

For a general coercive problem, we represent with {rl}nrb
l=1 the rigid-body modes of the operator at hand

without boundary conditions. One can also de�ne a basis {rλl }
nλrb
l=1 (with nλrb ≤ nrb) for the restriction

of the space of rigid-body modes to a given glob λ ∈ ΛO. Clearly, ker(A)|λ ⊆ span{rλl }
nλrb
l=1. For the

Poisson problem, nλrb = 1 and the constant function rλ1 = 1 must be considered for all globs. For 3D linear

elasticity, one can consider 6 rigid-body modes (see, for example, [56, 36]) as {rλl }
nλrb
l=1. These rigid-body

modes are linearly independent when restricted to faces. However, only 5 and 3 of them are linearly
independent when restricted to straight edges and corners, respectively. The dimension nλrb, therefore,
should be decided based on whether λ is a face, an edge, or a corner.

We consider the following set of coarse DOFs:

clλ(uD|λ)
.
=

∫
λ uD|λ · r

λ
l ds∫

λ r
λ
l · rλl ds

, for uD ∈ VD, λ ∈ ΛO, l = 1, . . . , nλrb.

When λ is a corner, clλ(uD|λ) is simply the value of uD|λ · rλl at that corner. We represent the set of

constraints for a given glob with Cλ
.
= span{clλ, l = 1, . . . , nλrb} ⊂ V′.

Once we have de�ned the coarse DOFs, we can de�ne the BDDC space as follows

Ṽ .
= {v ∈ V : clλ(vD|λ) = clλ(vD′ |λ), ∀λ ∈ ΛO, ∀D,D′ ∈ neighΘ(λ), l = 1, . . . , nλrb}, (4)

i.e., the subspace of functions in V having continuous coarse DOFs values. With a slight abuse of notation,

we have V̄ ⊂ Ṽ ⊂ V.
For BDDC methods, solving the coarse problem is usually the bottleneck (cf. [1, 2, 3, 9]). Therefore, it

is of great interest to �nd a minimal set of primal globs (the number of the primal globs is proportional to
the number of the coarse DOFs and therefore to the size of the coarse problem), so that BDDC methods
can achieve their potential of fast convergence and perfect weak scalability. According to [37, 56], in the
case where the physical coe�cient in each subdomain is constant, the set of primal globs only needs to
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guarantee the existence of the so-called acceptable paths. We need a similar concept here for the PB-BDDC
method.

The de�nitions below follows [36]. For the rest of the subsection, we consider the 3D case. The 2D case
follows a straightforward restriction where faces become edges and edges become corners.

De�nition 3.1 (Fully primal face). A face λ ∈ Λpb(Θ) is fully primal if there exists a set of functionals

φm ∈ Cλ, for m = 1, . . . , nrb
λ , such that, for any D̂ ∈ neighΘpb

(λ) and uD̂ ∈ VD̂, the following properties

are satis�ed:

|φm(uD̂)|2 ≤ C 1

H(D̂)

(
1 + log

(
H(D̂)

h(D̂)

))
(|uD̂|

2

H
1
2 (λ)

+ ‖uD̂‖
2
L2(λ)),

φm(rλl ) = δml ∀m, l = 1, . . . , nrb
λ .

It is obvious to check that a primal face is fully primal. Now, we are in position to de�ne the concept
of acceptable path.

De�nition 3.2 (Acceptable path). Let Θ∂
pb be the set of PB subdomains D̂ ∈ Θpb touching the interface

Γ(Θ), i.e., ∂D̂ ∩ Γ(Θ) 6= ∅. For two subdomains D̂a, D̂b ∈ Θ∂
pb that share at least one glob λ ∈ Λpb(Θ),

an acceptable path connecting them is a sequence {D̂a = D̂1, D̂2, . . . , D̂n = D̂b} of PB subdomains in Θpb

such that
TOL αD̂k ≥ R(k) min(αD̂a , αD̂b), 1 ≤ k ≤ n (5)

where TOL is some prede�ned tolerance and R(k) = h(D̂k)/H(D̂k) if λ is a corner and R(k) = 1 otherwise.
The path can only pass from one subdomain to the next one through a fully primal face.

Assumption 3.3. Given a prede�ned tolerance TOL for the de�nition of acceptable paths, we assume
that the set of PB-BDDC globs ΛO are such that for any pair of subdomains D̂a, D̂b ∈ Θ∂

pb such that

ω(D̂a) 6= ω(D̂b) sharing one or several globs, then these subdomains share at least one primal glob or there
exists an acceptable path between them.

Remark 3.4. For D̂a and D̂b sharing a primal glob in ΛO, there is a trivial path with TOL = 1. If
ω(D̂a) = ω(D̂b), pointwise continuity is enforced between them or between subdomains connecting them to
form a path. This is much stronger than having an acceptable path. In other words, we can say that there
is at least one acceptable path with TOL = 1 between any pair of PB subdomains belonging to the same
original subdomain.

3.2. Restriction operator. Let us de�ne P : V→ V̄ as some weighted average of interface values together
with a PDE-harmonic extension to subdomain interiors (see, e.g., [42]). We de�ne these ingredients as
follows.

For u ∈ V, ξ ∈ Γ(Θ) and an associated PB partition Θpb of Θ, the weighting operator E is de�ned as

Eu(ξ)
.
=

∑
D∈neighΘ(ξ)

δ†D(ξ)uD(ξ), with δ†D(ξ)
.
=

∑
D̂∈neighΘpb

(ξ)∩Θpb(D)
αD̂∑

D̂∈neighΘpb
(ξ)
αD̂

, (6)

where αD̂ denotes the constant coe�cient in the PB subdomain D̂. We refer to [50, 35] for related
weightings in the case of multi-material problems. We note that (6) de�nes the weighting for points on
the original interface Γ(Θ). However, information of the associated PB partition Θpb is also incorporated.
For illustration, the action of E on u ∈ V at ξ shown in Figure 3 is

Eu(ξ) =
α̂3 + α̂4

α̂3 + α̂4 + α̂7
u2(ξ) +

α̂7

α̂3 + α̂4 + α̂7
u4(ξ),

where ui denotes the local �component� of u associated with subdomain Ωi.
The PDE-harmonic extension operator H taking data on the interface Γh(Θ) and PDE-harmonically

extending it to each subdomain D ∈ Θ is formally de�ned as

Hu .
= (1− E0A−1

0 E
T
0 A)u,

where A0 is the Galerkin projection of A onto the bubble space V0
.
= {v ∈ V : v = 0 on Γ(Θ)} and E0 is

the embedding from V0 to V. We �nally de�ne P = HE .
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Ω̂6

Ω̂8
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ξ

Figure 3. Illustration for the weighting E at ξ on the interface Γh(Θ) of the original
partition (left) with an associated PB partition (right).

3.3. Preconditioner statement. In this subsection, we present the PB-BDDC preconditioner, and de-
scribe its set-up and formulation. The PB-BDDC preconditioner is a BDDC preconditioner in which the
set of coarse DOFs enforce continuity on a set of PB primal globs, thus modifying the BDDC space being
used. Once one has de�ned the set of PB primal globs ΛO, the rest of ingredients of the PB-BDDC pre-
conditioner are the ones of a standard BDDC preconditioner. In any case, the de�nition of the weighting
operator introduced in (6) is di�erent from the one originally proposed for BDDC.

The BDDC preconditioner is a Schwarz-type preconditioner that combines interior corrections with
corrections in the BDDC space (see, e.g., [12, 56]). In case of the PB-BDDC preconditioner, the BDDC

correction is expressed as P(ÃΘ)−1PT , where ÃΘ is the Galerkin projection of AΘ onto Ṽ. More speci�-
cally, the PB-BDDC preconditioner reads as follows:

B = A−1
0 + P(ÃΘ)−1PT .

Apart from the task of identifying and de�ning primal globs, the implementation of the PB-BDDC
method is identical to that of the standard BDDC method. We refer the interested reader to [16, 17, 44, 12]
for more details on the formulation of BDDC methods and to [1, 3, 5] for an e�cient implementation of
BDDC methods on distributed memory machines.

3.4. Condition number estimates. In order to prove condition number estimates for the PB-BDDC

preconditioner, we �rst need to introduce B̂, an auxiliary standard BDDC preconditioner on the PB
partition. Given the FE mesh T , the FE space type, and the PB subdomain partition Θpb, one can

similarly build the FE spaces and operators as in Section 2.2, leading to the sub-assembled space Vpb and

operator AΘpb . For û ∈ Vpb, and ξ ∈ Γ(Θpb), the weighting operator Ê is de�ned as

Ê û(ξ)
.
=

∑
D̂∈neighΘpb

(ξ)

δ†
D̂

(ξ) ûD̂(ξ), where δ†
D̂

(ξ)
.
=

αD̂∑
D̂∈neighΘpb

(ξ)
αD̂

. (7)

For ξ illustrated in Figure 3, this de�nition yields

Ê û(ξ) =
α̂3

α̂3 + α̂4 + α̂7
û3(ξ) +

α̂4

α̂3 + α̂4 + α̂7
û4(ξ) +

α̂7

α̂3 + α̂4 + α̂7
û7(ξ),

where ûi denotes the local �component� of û associated with subdomain Ω̂i. In other words, Ê is nothing
but the pseudoinverse of a classical weighted counting function introduced in [37] (see also [56, 6.2.1]). It

is well known that δ†
D̂
is constant in each (PB) primal glob associated with D̂ and the following important

inequality, cf. [56, (6.19)], holds

αD̂a

(
δ†
D̂b

(ξ)
)2
≤ min

(
αD̂a , αD̂b

)
, ∀D̂a, D̂b ∈ neighΘpb

(ξ). (8)
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Lemma 3.5. The weighting Ê and E satisfy

Êu(ξ) = Eu(ξ) for all u ∈ V, ξ ∈ Γ(Θ).

Proof. The proof comes directly from (6), (7), and the fact that vD̂a(ξ) = vD̂b(ξ) = vD(ξ) for any ξ ∈ Γ(Θ),

v ∈ V ⊂ Vpb, and D̂a, D̂b ∈ Θpb(D) such that ξ ∈ D̂a, D̂b. Using these facts, we �nd that

Ev(ξ) =
∑

D∈neighΘ(ξ)

δ†D(ξ) vD(ξ) =
∑

D∈neighΘ(ξ)

∑
D̂∈Θpb, D̂3ξ

δ†
D̂

(ξ) vD(ξ)

=
∑

D̂∈neighΘpb
(ξ)

δ†
D̂

(ξ) vD̂(ξ) = Êv(ξ).

It ends the proof. �

With the de�nition of Ê in place, we can de�ne P̂ = ĤÊ , where Ĥ is the extension operator taking data
on Γ(Θpb) and PDE-harmonically extending to the interiors of each PB subdomain (cf. Section 3.2).

The de�nition of the set of primal globs of B̂ requires further elaboration. The set of globs Λ(Θpb)
obtained by applying the classi�cation in Section 2.3 for the PB subdomain partition Θpb provides a
classi�cation of Γ(Θpb) ⊃ Γ(Θ). We have the following relation between the PB globs Λpb(Θ) and the
(standard) globs of the PB partition Λ(Θpb).

Lemma 3.6. All the globs in Λpb(Θ) are also in Λ(Θpb), i.e., Λpb(Θ) ⊂ Λ(Θpb).

Proof. Let us consider a glob λpb ∈ Λpb(Θ). In both glob partitions Λpb(Θ) and Λ(Θpb), we are using
the same criteria, i.e., neighΘpb

(·), to classify points. The di�erence is that Λpb(Θ) is the result of a

classi�cation of points in Γ(Θ) whereas Λ(Θpb) is obtained from a classi�cation of points in Γ(Θpb). Since
Γ(Θ) ⊂ Γ(Θpb), all points in λpb belong to the same glob λ′ ∈ Λ(Θpb). Since λpb is on the interface Γ(Θ),

there exist at least two subdomains D̂, D̂′ ∈ neighΘpb
(λpb) such that ω(D̂) 6= ω(D̂′). Let us assume there

is a point ξ ∈ λ′ such that ξ /∈ λpb. Then, ξ ∈ Γ(Θpb)\Γ(Θ), i.e., it only belongs to one subdomain in Θ.

As a result, ω(D̂) is the same for all D̂ ∈ neighΘpb
(ξ). Thus, we have a contradiction, since neighΘpb

(ξ)

cannot be the same as neighΘpb
(λpb). �

With the theoretical support from Lemma 3.6, we can de�ne the set of primal globs Λ̂O of B̂ as a
classi�cation of Γ(Θpb) as follows. On Γ(Θ), we consider the same set of globs ΛO used in the PB-
BDDC preconditioner. For the rest of the interface Γ(Θpb)\Γ(Θ), we enforce full continuity among PB
subdomains. It can be understood as treating all FE nodes on Γ(Θpb)\Γ(Θ) as coarse DOFs. Denote this

set of globs by Λ̂∗; we have Λ̂O = ΛO ∪ Λ̂∗. Figure 4 illustrates the partitions and primal globs of B and

B̂ when ΛO = ΛC ∪ ΛE .

Remark 3.7. By construction, the BDDC space Ṽpb of the auxiliary BDDC preconditioner B̂ is the same

as the BDDC space Ṽ, de�ned in (4), of the PB-BDDC preconditioner.

Lemma 3.8. The condition number κ(BA) of the PB-BDDC preconditioned operator is bounded by

κ(BA) ≤ max
v∈Ṽpb

〈AΘpbP̂v, P̂v〉
〈AΘpbv, v〉

. (9)

Proof. According to [44, Theorem 15] (see also [42]), κ(BA) is bounded by

κ(BA) ≤ max
v∈Ṽ

〈AΘPv,Pv〉
〈AΘv, v〉

. (10)

Now we only need to bound the right-hand-side in (10) by the one in (9).

On the one hand, using the fact that Ṽ = Ṽpb (cf. Remark 3.7) , we have 〈AΘv, v〉 = 〈AΘpbv, v〉 for
all v ∈ Ṽ because any v ∈ Ṽ is continuous in each subdomain of Θ. On the other hand, let us prove that
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Ω̂5

Ω̂6
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Figure 4. Partitions and coarse objects of the PB-BDDC preconditioner B (left) and the

auxiliary BDDC preconditioner B̂ (right) when ΛO = ΛC ∪ ΛE : corner objects are labeled
with crosses while nodes of other objects are labeled with circles.

the weighting operator Ê de�ned by (6) for Θpb restricted to V is identical to the weighting operator E
de�ned by (6) for Θ. Let us consider a subdomain D ∈ Θ and its PB partition Θpb(D). We have

δ†D(ξ) =
∑

D̂∈Θpb(D), D̂3ξ

δ†
D̂

(ξ),

by the de�nition in (6). Using Lemma 3.5, we get that P̂v and Pv are identical on Γ(Θ) and P̂v is
continuous across Γ(Θpb). In addition, Pv is discrete PDE-harmonic in each D ∈ Θ and has minimal

energy norm with respect to AΘ. As a consequence,

〈AΘPv,Pv〉 =
∑
D∈Θ

〈AΘ
DPv,Pv〉

≤
∑
D∈Θ

〈AΘ
DP̂v, P̂v〉 =

∑
D̂∈Θpb

〈AΘpb

D̂
P̂v, P̂v〉 = 〈AΘpbP̂v, P̂v〉.

This �nishes the proof. �

We could stop here and derive the estimate for κ(BA) knowing that the condition number of the

auxiliary BDDC preconditioned operator B̂A is estimated by an upper bound of the last quantity on the
right of (10). However, we will go a bit further to obtain a stronger result.

As usual in the analysis of BDDC and FETI-DP methods, we assume in what follows �rst order
FE spaces and that all PB subdomains can be expressed as the union of a �nite number of shape-
regular (triangular or tetrahedral) elements of characteristic size smaller than H. The reason is that
these assumptions have been made to prove the polylogarithmic bound in (12) (see [36, 37]). We note
that the assumption on the subdomain shapes is a technical requirement only for analysis.

Lemma 3.9. Assume that ΛO is such that Assumption 3.3 holds. Then we have the following inequality:

max
v∈Ṽpb

〈AΘpbP̂v, P̂v〉
〈AΘpbv, v〉

≤ C max{1,TOL} max
D∈Θ∂pb

(
1 + log

(
H(D)

h(D)

))2

,

where the constant C is independent of the number of subdomains, H(D̂), h(D̂) and the physical coe�cient
α.

Proof. By triangle inequality, we have

max
v∈Ṽpb

〈AΘpbP̂v, P̂v〉
〈AΘpbv, v〉

≤ 1 + max
v∈Ṽpb

〈AΘpb(P̂v − v), (P̂v − v)〉
〈AΘpbv, v〉

.
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Let w = P̂v − v. Then its component on D̂a, wD̂a , can be explicitly written as

wD̂a(ξ) =
∑

D̂b∈neighΘpb
(ξ)

δ†
D̂b

(ξ)
(
wD̂a(ξ)− wD̂b(ξ)

)
, for any ξ ∈ D̂a.

Given a FE function u ∈ VD̂, we denote by θ
D̂
λ (u) ∈ VD̂ the FE function that is discrete PDE-harmonic

in D̂ and agrees with u at the FE nodes in the glob λ and vanishes at all the other nodes on ∂D̂. Since
Λ(Θpb) is a partition of Γ(Θpb), we can split w into glob and subdomain contributions as follows:

w =
∑

λ∈Λ(Θpb)

∑
D̂∈neighΘpb

(λ)

θD̂λ (w). (11)

By construction of the set of globs Λ̂O = ΛO ∪ Λ̂∗ and the de�nition of Ṽpb, w vanishes at all primal globs

in Λ̂∗, i.e., at all FE nodes in Γ(Θpb) \ Γ(Θ). Consequently, (11) can be simpli�ed as follows:

w =
∑

λ∈Λpb(Θ)

∑
D̂∈Θ∂pb

θD̂λ (w).

When ΛO satis�es Assumption 3.3, the set of globs in Λ̂O also ful�lls [56, Assumption 6.27]. Conse-

quently, using the fact that δ†
D̂
is constant in each PB primal glob associated with D̂ and (8), we can use

the analysis in [36] for 3D linear elasticity (see also the proof in [56, Lemma 6.36] and in [37, Lemma 10]
for the Poisson problem) to obtain

〈AΘpb

D̂
θD̂λ (w), θD̂λ (w)〉

≤ C max{1,TOL}

(
1 + log

(
H(D̂)

h(D̂)

))2 ∑
D̂∈neighΘpb

(λ)

〈AΘpb

D̂
v, v〉, (12)

for any D̂ ∈ Θ∂
pb and λ ∈ Λ(Θpb). Here the constant C is independent of H(D̂), h(D̂) and the physical

coe�cient α. Adding up the estimate for all subdomains D̂ ∈ Θpb, we �nd that

〈AΘpbw,w〉 ≤ C max{1,TOL} max
D̂∈Θ∂pb

(
1 + log

(
H(D̂)

h(D̂)

))2

〈AΘpbv, v〉.

This �nishes the proof. �

Combining results in Lemma 3.8 and Lemma 3.9, we have the �nal bound for the PB-BDDC precondi-
tioner, which is both weakly scalable and independent of the coe�cient α.

Theorem 3.10. If the set of PB-BDDC primal glob ΛO satis�es Assumption 3.3, then the condition
number of the PB-BDDC preconditioned operator κ(BA) is bounded by

κ(BA) ≤ C max{1,TOL} max
D̂∈Θ∂pb

(
1 + log

(
H(D̂)

h(D̂)

))2

,

where the constant C is independent of the number of subdomains, H(D̂), h(D̂) and the contrast of the
physical coe�cient α across subdomains.

Remark 3.11. As seen in Lemma 3.9 and Theorem 3.10, the condition number associated with the PB-
BDDC method depends only on the characteristic size and mesh size of PB subdomains touching the
original interface Γ(Θ). Further, the convergence of PB-BDDC is independent of coe�cient jumps across
the interface. Thus, the main target of this work is achieved.

Remark 3.12. In any case, the constants in the condition number bound of Theorem 3.10 can depend on
the shape of the subdomains and the distribution of the physical properties in the interior of the domain.
In fact, it is known that the constant in the estimate for standard BDDC, in the worst case scenario,
can be of order O((H/η)2), where η is the smallest distance from the inclusions to subdomain boundaries
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(see [49, 50, 20, 28]). We refer to Section 5.1 for some numerical experiments on the e�ect of the PB
subdomain shapes.

4. Reducing the size of the coarse space in PB-BDDC

If all the constraints associated with the PB partition are used, we might end up using too many
constraints and the size of the coarse space can be quite large. This could a�ect the overall performance
of the PB-BDDC method since the coarse problem is usually the bottleneck in large scale simulations (cf.
[1, 2, 3, 9]). However, according to Theorem 3.10, not all the constraints associated with the PB partition
are required to guarantee robustness. We only need to choose the set of PB-BDDC primal globs ΛO so that
Assumption 3.3 holds. A simple option is to use, e.g., PB-BDDC(f), i.e., considering all faces as primal,
since Assumption 3.3 readily holds. However, care must be taken as Assumption 3.3 might hold, but only
for TOL proportional to the contrast of physical values (see [56, 6.4.5]). In the following, we will discuss
a more elaborated approach.

4.1. Some explanatory examples. In Figure 5, we illustrate some common scenarios of the coe�cient
and indicate the number of extra constraints, apart from the ones needed for well-posedness, required to
guarantee the existence of acceptable paths (see also [47]). For simplicity of exposition, for the rest of this
section, we only consider the Poisson problem. Linear elasticity will be considered in the next section. In
addition, we only use channels for the clarity of the illustration even though the procedure can be applied
to general scenarios. For docking channels that do not cross the subdomain interface as in Figure 5a,
no extra constraint is required provided that the original subdomains are connected, i.e., there is at least
an acceptable path that connects them. For a long channel crossing the subdomain interface (see Figure
5b), one extra constraint is required. This constraint can be a vertex, an edge, or a face constraint. For
channels that are connected inside subdomains, as illustrated in Figure 5c, they all belong to the same PB
subdomain and only one extra vertex, edge or face constraint is su�cient (due to the weaker restriction
on face-connected subdomains in Figure 3.3). When channels are disjoint even in one of the subdomains
only, we need at least one extra constraint for each non-connected channel, because every channel of this
type leads to a di�erent PB subdomain. This is illustrated in Figure 5d. In summary, we need one extra
PB constraint for every non-connected channel of high coe�cient crossing the original interface. This
is similar to spectral-based approaches of adaptive coarse spaces, e.g., [54, 32, 27], where the number of
eigenfunctions needed is the same as the number of high coe�cient channels crossing the interface. The
conclusion will be numerically veri�ed in Section 5.1.

4.2. PB-BDDC(f-min): an automatic face-based algorithm. In order to make the PB-BDDC al-
gorithm competitive, especially for general 3D linear elasticity problems, one needs to de�ne an e�ective
automatic algorithm that will generate a small coarse space, i.e., with a dimension close to the minimum
number of coarse DOFs needed to satisfy Assumption 3.3. Since the computation of the optimal is im-
practical and can involve long acceptable paths, our main target is to de�ne a heuristic but scalable and
e�ective algorithm.

We consider herein an algorithm that relies on face constraints. This choice is motivated by the fact that
the acceptable path relies on fully primal faces and that primal faces are automatically fully primal.2 Thus,
the BDDC problem is well-posed without the need to deal with complex kernel detection mechanisms.
However, for heterogeneous problems, face-only algorithms are not robust in all cases, e.g., when inclusions
with high coe�cients only share an edge (see Figure 5.2 in [36] for an illustration).

We provide the following algorithm to automatically determine a small face-based coarse space satisfying
Assumption 3.3. In the following algorithm, we work with an undirected graph G (to be built during the
course of the algorithm) where the vertices are the PB subdomains in Θpb and an edge connecting two
vertices means that there is an acceptable path between the PB subdomains.
Part 1: Determine subdomain interior connections. Every subdomain D ∈ Θ is composed by a set of PB
subdomains Θpb(D). We consider that two PB subdomains in Θpb(D) are connected if they share a face,

i.e., D̂a∩D̂b is of dimension d−1. We note that full continuity is enforced on all these faces in PB-BDDC,
and thus these faces are fully primal and the PB subdomains have an acceptable path. In a �rst step,

2We note that the de�nition of constraint sets in 3D linear elasticity for FETI-DP methods in the seminal work [36] rely on
edge constraints.
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V1−→ Ω̂8, Ω̂2
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Ω̂7, Ω̂2

V3−→ Ω̂6.

Figure 5. Some scenarios of coe�cient distribution and the minimal number of extra
constraints required.

we introduce all these connections in the graph G for all subdomains in Θ. This work is embarrassingly
parallel.
Part 2: Determine face connections. For a face F ∈ Λ(Θ) shared by subdomains D1,D2 ∈ Θ, we denote
by Λpb(F ) all the PB globs λ ∈ Λpb(Θ) such that λ ⊆ F . For every PB face f ∈ Λpb(λ) and the respective

PB subdomains D̂1 and D̂2 sharing this face, we compute the value min(αD̂1
, αD̂2

) and max(αD̂1
, αD̂2

).

We sort these faces �rst with respect to the �rst value and next to the second one in decreasing order.3

(If there are still ties, one can consider, e.g., the face with maximum area and �nally the minimum global
Id.) Thus, the set of faces in Λpb(F ) are ordered and can be represented with f1, . . . , fnF . We de�ne f1

as coarse DOF, i.e., it is included in ΛO, and mark the PB subdomains sharing this face as connected
in G, since there is a trivial acceptable path between them. We take i = 2, and check whether these
two subdomains have an acceptable path restricted to PB subdomains in Θpb(D1) ∪ Θpb(D2), i.e., two

consecutive subdomains are connected in G and their physical values satisfy (5).4 If there is no acceptable
path, we consider the face as coarse DOF. We mark as connected these two subdomains in G in any case.
We proceed for i = i+ 1, till traversing all PB faces. We proceed for all faces in Λ(Θ).

To have at every processor all the connections of G for PB subdomains in Θpb(D1)∪Θpb(D2), nearest-
neighbor communications are performed right before Part 1. We note that every processor only needs to
perform this work for its faces to have all the connections of its PB subdomains. With this information,
the seek of acceptable paths is embarrassingly parallel.
Part 3: Adding coarse edges/corners constraints. Now, for every PB edges/corners e ∈ Λpb(Θ), we
check whether there is a trivial acceptable path, restricted to PB subdomains in neighΘpb

(e). If not,

the edge/corner is added to the set of coarse DOFs ΛO. As before, this step involves a nearest-neighbor
communication to have at every processor all the connections of G (in the status corresponding to the
end of Part 2) for PB subdomains in neighΘpb

(e), whereas the seek of acceptable paths is embarrassingly

parallel.

Proposition 4.1. The coarse DOFs ΛO obtained with the previous algorithm satis�es Assumption 3.3.

3This choice is motivated by (5) in the de�nition of the acceptable path.
4Clearly, by restricting the connections to PB subdomains in Θpb(D1) ∪ Θpb(D2), we restrict the length of the acceptable
paths, not attaining the minimum coarse space. However, it is essential to expose concurrency in the implementation of the
algorithm by controlling the length of the acceptable paths.
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Proof. First, full continuity is enforced for interior PB globs. By construction, all PB subdomains sharing
faces of Λ(Θ) have an acceptable path by construction in Step 2. Finally, PB subdomains only sharing
corners/edges also have an acceptable path by construction in Step 3. �

Remark 4.2. Less restrictive algorithms that would look for connections in larger patches could be con-
sidered. It would reduce the coarse space but it would involve longer paths, deteriorating convergence. It
would also incur in more communications between processors and memory consumption.

Remark 4.3. It can easily be checked that this automatic algorithm leads to the same number of coarse
constraints as for the cases in Figure 5, the only di�erence being that face (edge in 2D) constraints instead
of vertices, would be considered.

5. Numerical experiments

In this section, we test the robustness and e�ciency of the PB-BDDC preconditioner for the system
matrix associated with (3) for di�erent types of variation in the coe�cient α, which are similar but
generally harder than the ones in [46, 32, 40].

5.1. Experiments in 2D. We consider the problem (1) on Ω = (0, 1)2 with homogeneous Dirichlet
boundary condition and the forcing term f = 1. Unless otherwise stated, we use uniform triangular
meshes of size h = 1/72 and a regular 3× 3 subdomain partition.

We will compare the performance of BDDC(ce), the standard BDDC method with all possible subdo-
main corner and edge coarse objects, with that of PB-BDDC(ce), PB-BDDC(e) and PB-BDDC([c]); the
last variant is the one in which only selected physics-based corner coarse objects are used. No corner
detection mechanism (see, e.g., [52]) has been needed. Four test cases with di�erent types of coe�cient
variations are considered (see Figure 6). In the Figure 6, the selected corners of PB-BDDC[c] for these
cases are shown as solid black dots. In all cases, the coe�cient in the background is 1 and the coe�cient in
some isolated areas is αmax taking values from the set {102, 104, 106, 108}. In the channels and inclusions
test case, Figure 6b, we also consider isolated inclusions with coe�cients ranging between 1 and αmax.

In Table 1, we report the dimension of the coarse space, denoted by dim, and the number of iterations
required for the preconditioned conjugate gradients method to reduce the residual norm by a factor of 106.
We also provide the computed (not estimated) condition number κ of the preconditioned operator in all
examples. From Table 1, we can see that, in all test cases, the condition number and iteration count of
BDDC(ce) increase signi�cantly as αmax gets larger. On the other hand, they remain practically the same
for PB-BDDC(ce). Even when only edge constraints are used these numbers remain constant in the two
channels test case and the channels and inclusion test case (see Figure 6a, Figure 6b). However, in the last
two experiments, complex channels test case and special PB subdomains test case (see Figure 6c, Figure
6d, Table 1c, and Table 1d), these two numbers do increase as α becomes larger. The reason is that,
in these two cases, there are some pairs of channels sharing a corner but not an edge. In PB-BDDC(e),
none of these corners are selected as a coarse object. Consequently, there is no acceptable path with TOL
independent of the contrast between the associated paired of channels (PB subdomains) and Assumption
3.3 does not hold. By using a small number of these critical corners in order to satisfy Assumption 3.3 and
the subdomain corners to guarantee invertibility, the resulting preconditioner, PB-BDDC([c]), is perfectly
robust with respect to changes in the contrast of the coe�cient while having roughly the same number of
active (primal) constraints as BDDC(ce). The selected corners are depicted in Figure 6 as black dots.

In the last experiment, see Figure 6d, we also test whether PB subdomains with bad aspect ratios or
irregular boundary could jeopardize the convergence of the PB-BDDC preconditioner. We consider several
regions of high coe�cient α including long and thin channels and regions with ragged boundary. From
Table 1d, we can see that PB-BDDC(ce) and PB-BDDC([c]) are still perfectly robust with the changes in
the contrast of the coe�cient.

To explore further the e�ect of anisotropic PB subdomains, we have considered in the middle subdomain
on the left a thin h × (2H − h) rectangular channel whose long side lies on an edge of the subdomain
but does not touch its corners. Then we increase the resolution of the mesh (decrease h) to increase the
aspect ratio of this particular PB subdomain to more than 1000. As one can observe in Table 2, there is
no substantial impact of the anisotropic PB subdomains on the number of iterations for both Poisson and
linear elasticity problems.
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Table 1. Comparison of the iteration count and condition number for experiments in 2D.

(a) Two channels test case.

BDDC(ce) PB-BDDC(ce) PB-BDDC(e) PB-BDDC([c])
dim 16 64 36 16
αmax # it. (κ) # it. (κ) # it. (κ) # it. (κ)

102 9(8.68e2) 4 (1.38e0) 5 (3.01e0) 6 (3.77e0)
104 13(1.83e5) 4 (1.36e0) 5 (2.92e0) 5 (2.25e0)
106 17(3.61e5) 4 (1.36e0) 5 (2.92e0) 5 (2.24e0)
108 22(4.05e7) 4 (1.36e0) 5 (2.92e0) 5 (2.24e0)

(b) Channels and inclusions test case.

BDDC(ce) PB-BDDC(ce) PB-BDDC(e) PB-BDDC([c])
dim 16 89 39 19
αmax # it. (κ) # it. (κ) # it. (κ) # it. (κ)

102 10(2.57e5 ) 6 (1.91e0) 10 (4.84e1) 12 (2.25e2)
104 24(1.79e7 ) 6 (1.99e0) 10 (7.00e1) 13 (3.44e2)
106 36(1.54e9 ) 6 (2.04e0) 11 (7.03e1) 14 (3.49e2)
108 61(1.47e11) 6 (2.04e0) 11 (7.03e1) 14 (3.50e2)

(c) Complex channels test case.

BDDC(ce) PB-BDDC(ce) PB-BDDC(e) PB-BDDC([c])
dim 16 78 46 13
αmax # it. (κ) # it. (κ) # it. (κ) # it. (κ)

102 16 (2.40e3) 6 (2.75e0) 14 (1.42e3) 10 (8.79e1)
104 26 (4.22e5) 6 (2.82e0) 19 (1.96e5) 10 (9.83e1)
106 38 (4.25e7) 6 (2.82e0) 25 (1.97e7) 10 (9.84e1)
108 55 (4.93e9) 6 (2.82e0) 29 (1.97e9) 10 (9.84e1)

(d) Special PB subdomains test case.

BDDC(ce) PB-BDDC(ce) PB-BDDC(e) PB-BDDC([c])
dim 16 54 24 18
αmax # it. (κ) # it. (κ) # it. (κ) # it. (κ)

102 7 (6.78e0) 6 (1.85e0) 10 (3.18e01) 8 (4.35e1)
104 11 (3.05e3) 6 (1.85e0) 18 (1.35e04) 8 (8.91e1)
106 18 (3.46e5) 6 (2.48e0) 29 (1.41e06) 8 (9.04e1)
108 21 (3.82e7) 7 (2.50e0) 40 (7.38e08) 9 (9.04e1)

Table 2. Number of PCG iterations required by PB-BDDC(ce) to reduce the residual by
a factor of 106 for anisotropic PB subdomains.

Aspect ratio 8 18 38 78 158 318 638 1278

Poisson 6 7 8 9 10 11 12 13
Linear Elasticity 13 14 14 16 17 17 19 20
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(a) Two channels. (b) Channels and inclusions.

(c) Complex channels. (d) Special PB subdomains.

Figure 6. The coe�cient distribution when αmax = 106 for experiments in 2D. The
selected corners for PB-BDDC[c] are shown as solid black dots.

5.2. Experiments in 3D. An HPC implementation of the PB-BDDC preconditioner has been developed
using the tools provided by FEMPAR [8, 6]. In particular, FEMPAR is equipped with an abstract, highly
customizable, object-oriented framework for the development of widely applicable multilevel DD solvers.
Excellent parallel scalability is achieved by means of the distributed-memory implementation ideas in [2, 3,
4, 5]. 5 The performance and scalability of PB-BDDC will be compared against those of PCBDDC (see [59]
and references therein), a highly scalable and robust implementation of BDDC available from the PETSc
library [11] (version 3.7.0). PCBDDC combines adaptive constraint selection with the optimal deluxe
scaling [59], making it suitable for elliptic PDEs with arbitrary jumps in the coe�cients. It belongs to
the category of DD preconditioners for heterogeneous PDEs that require auxiliary problems and spectral
solvers (see Section 1). This comparison is designed in order to provide experimental evidence on our
claim that PB-BDDC can still very robust with the contrast of the coe�cients for thermal and mechanical
multi-material simulations, while consuming signi�cantly less computational and memory resources. For
a fair comparison among PB-BDDC and PCBDDC, only the aggregated time spent in setting up the

5Indeed, since 2014, the multilevel DD solvers within FEMPAR have been in the High-Q club of the most scalable European
codes, maintained by the Jülich supercomputing center [14].
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BDDC preconditioner and solving the global linear system by PCG will be reported in the sequel. All the
experiments have been carried out in the Gottried supercomputer at HLRN (Hannover, Germany).

In Table 3, we summarize the algorithms to be tested in this section, and how they were set up. For
PCBDDC(c), in order to set up the adaptive threshold [59] parameter value (for selecting eigenfunctions
to enrich the coarse space), we performed preliminary tests where the threshold equals 2, 5, and 10 (the
smallest and largest values were used in the PCBDDC paper [59]). Based on these preliminary tests, the
threshold 5 was selected since it was the one that provided better CPU times for all problems to be solved
in the sequel.6

Table 3. Algorithms to be tested, description, and setup.

Name Description Setup

BDDC(cef) Standard BDDC with all possible
constraints

-

PCBDDC(c) BDDC with deluxe scaling and
adaptive selection of constraints
started with only corner constraints

Adaptive threshold = 5, �ne-tuned #MPI
tasks for MUMPS coarse-grid solver
within {2, 4, 8, 12, 64} for each run [59]

PB-BDDC(*) PB-BDDC preconditioner with ei-
ther all PB face constraints (f) or
only the ones resulting from algo-
rithm in Section 4.2 (f-min)

Full compute node devoted to coarse-grid
problem, solved with PARDISO on 24
threads [3]

PCG Preconditioned CG solver Initial solution x0 = 0, stops if residual at
iteration k, rk, satis�es ‖rk‖2 ≤ 10−6‖r0‖2

5.2.1. 3D Poisson's problem with multiple channels. In this section, we solve the 3D Poisson problem in
the unit cube Ω = [0, 1]3, with forcing term f = 1 and homogeneous Dirichlet boundary conditions.
We consider a background material with α = 1.0 and a set of channels with α = 10` (see Figure 7a).
The problem is discretized with trilinear Lagrangian FEs on a set of structured hexahedral meshes with
4mk × 3mk × 2mk cells, for k = 10, 20, 30, 40, and m = 1, 2, . . . , 7. These meshes are partitioned into
4m× 3m× 2m cubic subdomains, with k × k × k hexahedra in each subdomain. Thus, m and k are two
parameters that determine the global mesh partition into subdomains and the size of the local problems
(Hh ) on each subdomain, respectively. The largest problem considered is thus discretized using a mesh
composed of 526,848,000 cells, and solved on 8,232 subdomains. Besides, the number of channels on which
we use α = 10` as well as their structure depends on the partition in such a way that we have one channel
per direction per subdomain. In addition, the channels are positioned at the lower corner (i.e., at the
smallest x and y coordinates of each subdomain); see Figure 7a. The fact that these channels not only cut
through subdomain faces with their smaller cross sections but also touch two other subdomain faces by
two of their longer cross sections, makes the problem even more di�cult. We also note that the number
of channels scales with the number of subdomains and thus the problems get harder and harder, i.e., the
number of inclusions scales with the number of subdomains, and the number of additional coarse functions
to make the preconditioner robust with respect to the contrast of physical parameters increase in the same
way.

In Figure 7b, we compare the number of PCG iterations required by the BDDC(cef) and PB-BDDC(f)
preconditioners for the smallest problem of the series, i.e., the one obtained with k = 10 and m = 1, as
a function of α within the channels, with α = 10` and ` = 2, 4, 6, 8. From Figure 7b, it can be observed
that the PB-BDDC preconditioner is robust with respect to the jump of the di�usion coe�cient between
materials. It needs only 9 or 10 iterations to converge regardless of the contrast of the coe�cient. On
the other hand, the number of iterations required by the standard BDDC becomes larger as the contrast
increases. When ` = 8, it needs more than 400 iterations to converge for this simple test problem.

6For reproducibility purposes, the exact command-line argument values that we used to invoke the PETSc PCB-
DDC driver program were [59]: -pc_bddc_use_vertices true -pc_bddc_use_edges false -pc_bddc_use_faces

false -pc_bddc_adaptive_threshold {2,5,10} -pc_bddc_use_deluxe_scaling true -pc_bddc_coarse_redistribute

{2,4,8,12,24} -pc_bddc_coarse_pc_type lu -pc_bddc_coarse_pc_factor_mat_solver_package mumps.
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(a) High di�usivity channels are shown in solid color for

the partition 4× 3× 2. Subdomains are shown as trans-

parent volume with di�erent colors. The subdomains in

the top front are clipped to reveal the inner structure of

the channels. The number of channels is always propor-

tional to the number of subdomains.
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Figure 7. 3D Poisson's problem

In Figures 8, 9 and 10, we respectively report the weak scalability in the computational time, in the
number PCG iterations, and in the size of the coarse-grid problem for PCBDDC(c), PB-BDDC(f) and
PB-BDDC(f-min), for the case l = 8; see Table 3. In these �gures, the results for H

h = 40 are not reported
for PCBDDC(c). For such local problem size, PCBDDC(c) did not �t into memory for all number of
subdomains considered. 7

As observed in Figure 10, the coarse-grid problem size for PB-BDDC(f) and PB-BDDC(f-min) does not
depend on the value of H

h , but solely on the partition of mesh cells into PB subdomains. On the other
hand, some of the coarse DOFs of PCBDDC(c) are judiciously selected based on numerical eigenvalue
analysis, and this may depend on the spectrum of the operators at hand. This in particular justi�es why
in Figure 10 the coarse-grid problem size depends on H

h .
It can be concluded by the results of Figure 9 that the three methods are robust and scalable, as they

all lead to an asymptotically constant number of iterations for �xed problem size, and increasing number
of subdomains, regardless of the high contrast of the α coe�cient, and ill-distribution of the channels. PB-
BDDC(f-min) and PCBDDC(c) require a very similar number of iterations, while PB-BDDC(f) slightly
need less at the price of a much larger coarse-grid problem size (see Figure 10). For all three methods, a
slight increase in the number of iterations is observed as H

h becomes larger. This is a well-known behavior
mathematically justi�ed by the analysis of these methods.

However, signi�cant di�erences in the performance and scalability in computational time of the three
methods are observed in Figure 8. For simplicity, let us �rst focus on the top left sub�gure with the
smallest local problem size H

h = 10. For such local problem size, the computational time increases with
�xed problem size and increasing number of subdomains. The reason is that the coarse-grid problem
time-to-solution grows with the number of subdomains and dominates the total computation time. Their
computational times grow at a di�erent pace, though. In particular, it can be observed that, despite the
coarse-grid problem size of PB-BDDC(f-min) and PCBDDC(c) being almost the same (see Figure 10), the
HPC implementation of the former turns out to be much more e�ective in tackling the overhead associated

7A memory pro�le of PCBDDC(c) revealed that there are two main sources of extra memory consumption over PB-BDDC.
First, the PETSc implementation of PCBDDC is such that it does not exploit the symmetry of the problem at hand, i.e., both
the lower and upper triangles of matrices and their respective LU factors are stored. Second, adaptive selection of constraints
and deluxe scaling need to explicitly compute the Schur complement matrix related to subdomain interface DOFs, and to
set up auxiliary eigenvalue problems. The second source was con�rmed as PCBDDC(c) for H/h = 40 without deluxe scaling
and adaptive selection of constraints did �t into memory.
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Figure 8. Weak scalability for the total computational time of the PCBDDC(c), PB-
BDDC(f), and PB-BDDC(f-min) solvers for the 3D Poisson problem on Gottfried.

with the coarse-grid problem. This can be explained by the positive e�ect that overlapping of �ne-grid and
coarse-grid duties at all stages of the BDDC implementation has on its parallel scalability [3]. In any case,
we can observe that PB-BDDC is faster than PCBDDC. This is justi�ed by the extra computational time
that PCBDDC requires for deluxe scaling and adaptive selection of constraints, i.e., explicit computation
of Schur complement associated to interface DOFs, set up and solution of auxiliary eigenvalue problems. In
addition, the larger H

h becomes, the larger the gap between the two algorithms becomes. For example, for
H
h = 30, PB-BDDC is roughly 7.8x faster than PCBDDC when larger number of subdomains is considered,

and even larger factors are foreseen for larger Hh . Another interesting observation is that the three methods
become more and more e�ective in tackling the bottleneck associated to the solution of the coarse-grid
problem as H

h increases, with PB-BDDC being more e�ective than PCBDDC. Indeed, for H
h = 30, 40, no

di�erence is observed for the computational time of PB-BDDC(f) and PB-BDDC(f-min), and the weak
scalability of both is excellent, despite the much larger coarse-grid problem size of the latter compared to
the former.

5.2.2. 3D linear elasticity problem with multiple channels. In this experiment, we consider the linear elas-
ticity problem (2) in the unit cube Ω = [0, 1]3 with zero forcing term and inhomogeneous Dirichlet boundary
conditions u(x) = x1 +x2 +x3 on the whole boundary. The domain discretization and mesh partition were
set up as in Section 5.2.1, with the exception that we now use k = 10, 15, 20, 30. We consider a material
with Poisson's ratio ν = 0.2 and two di�erent values for the Young's modulus: the background with E = 1
and a system of channels with E = 10`, where ` = 2, 4, 6, 8. The con�guration of these channels is exactly
as described in Section 5.2.1. Trilinear vector-valued Lagrangian FEs are used for the discretization of
this problem.
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Figure 9. Weak scalability for the number of PCG iterations of the PCBDDC(c), PB-
BDDC(f), and PB-BDDC(f-min) solvers for the 3D Poisson problem.
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Figure 10. Weak scalability for the coarse-grid problem size of the PCBDDC(c) with
di�erent local problem size H

h , PB-BDDC(f), and PB-BDDC(f-min) for the 3D Poisson's
problem.

In Figure 11, we respectively report the weak scalability in computational time, in the number of PCG
iterations and in the coarse grid problem size of the PCBDDC(c), PB-BDDC(f) and PB-BDDC(f-min).
The Young modulus E = 106 was used in this test case for the coe�cient within the channels. The results
of PCBDDC(c) for H

h = 30 are not reported as this test did not �t into available memory.
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Figure 11. Weak scalability for the total computational time of the PCBDDC(c), PB-
BDDC(f), and PB-BDDC(f-min) solvers for the 3D Linear Elasticity problem on Gottfried.

Overall, similar conclusions to the ones in Section 5.2.1 can be drawn from the results in Figures 11,
12, and 13. For the linear elasticity problem, though, the balance achieved among the factors determining
performance and scalability of the solvers at hand was di�erent. The linear elasticity problem is a vector-
valued problem with 3 unknowns per vertex. This implies that, for a given FE mesh, the size of the
discrete operator is 3 times larger than that of the Poisson problem, and has 9 times more nonzero entries.
Besides, the PB-BDDC solvers require 6 coarse DOFs per PB coarse face, corresponding to the six rigid
body modes. Thus, a di�erent balance is necessarily struck among the time spent in local solvers and the
coarse-grid problem.

We would like to remark the following observations. Firstly, between the two variants of PB-BDDC,
PB-BDDC(f-min) is the only one that achieves perfect weak scalability in time for this test case. Indeed,
the HPC implementation of PB-BDDC(f) is not able to e�ectively tackle the bottleneck associated to
the coarse-grid problem in the whole number of subdomains range, even for the most favorable scenario
when H

h = 30. For this local problem size, time weak scalability starts degrading beyond 3K subdomains
for PB-BDDC(f), see Figure 11. Even though PB-BDDC(f) is faster than PCBDDC(c) in this case, the
trends indicate that PCBDDC(c) will be faster for larger number of subdomains. Secondly, PB-BDDC(f-
min) requires more iterations than PB-BDDC(f), but still slightly fewer as for PCBDDC(c), depending on
the local problem size. This extra number of iterations can be compensated by the bene�t associated to
the reduction of the coarse-grid problem size. As a result, PB-BDDC(f-min) is faster than PCBDDC(c),
most noticeably for the local problem size H

h = 20. For example, for H
h = 20, and 3K subdomains,

PB-BDDC(f-min) is 7.4x faster than PCBDDC(c).
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Figure 12. Weak scalability for number of PCG iterations of the PCBDDC(c), PB-
BDDC(f), and PB-BDDC(f-min) solvers for the 3D Linear Elasticity problem on Gottfried.
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Figure 13. Weak scalability for the coarse-grid problem size of the PCBDDC(c), PB-
BDDC(f), and PB-BDDC(f-min) solvers for the 3D Linear Elasticity problem.

6. Conclusions

In this work, we have proposed a new variant of the BDDC preconditioner that is robust for multi-
material problems with high contrast. The underlying idea is to modify the continuity constraints enforced
among subdomains making use of the knowledge about the physical coe�cients. In order to do that, we
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rely on a physically motivated partition of standard globs. The motivation for that is the well-known
robustness of DD methods when there are only jumps of physical coe�cients across the interface between
subdomains. All these ideas can also be used in the frame of FETI methods.

In cases where the physical coe�cient is constant in each PB subdomain, we are able to prove that
the associated condition number can be bounded independently of the number of the subdomains and the
contrast of the physical coe�cient. In other words, the new preconditioner variant is scalable and robust
for multi-material problems. In addition, any set of PB globs satisfying a mild condition on acceptable
paths is su�cient to guarantee robustness.

Apart from the modi�cation of the set of primal globs and weighting operator, the PB-BDDC precon-
ditioner is very much the same as the standard BDDC preconditioner. As a result, the implementation of
the new preconditioner variant involves a very simple modi�cation of the standard BDDC implementation.
In all of our experiments, the new preconditioner variant delivers fast, robust and contrast-independent
convergence while maintaining the simplicity of BDDC methods at a reasonable computational cost. Com-
pared to the other robust DD solvers for heterogeneous problems currently available, such as the ones in
[25, 26, 46, 53, 18, 55, 54, 32, 31, 33, 40, 27], our approach does not involve any type of eigenvalue or
auxiliary problem.

The use of the PB-BDDC method to highly complex multi-material problems can lead to larger coarse
problems than in the homogeneous case (as for the spectral-based methods listed above). In order to cope
with this problem, we have considered two remedies. First, we provide a simple procedure to �nd small and
close to minimal coarse spaces that guarantee robustness. Second, we have implemented the algorithms
in the extremely scalable BDDC code in FEMPAR [2, 3, 4, 5], which exploits an inter-level task-overlapping
implementation to e�ciently deal with the coarse space computation in weak scalability analyses. We
have shown excellent scalability results up to 8232 cores and more than 500 million unknowns on a
supercomputer. The preconditioner has been compared with a state-of-the-art implementation of BDDC
with deluxe scaling in PETSc, called PCBDDC. PB-BDDC has been observed to be cheaper and less
expensive in terms of memory than PCBDDC for the multi-material problems considered in the numerical
experiments. It justi�es the motivation of this work, i.e., to de�ne robust and simple BDDC methods
for multi-material problems that do not require expensive spectral solvers to de�ne the coarse spaces or
weighting operators, but to de�ne these ingredients only looking at the physical properties of the materials
at hand.
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