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Abstract. We introduce the Dyck path triangulation of the cartesian product of two simplices A, _1 X A, _1. The
maximal simplices of this triangulation are given by Dyck paths, and its construction naturally generalizes to produce
triangulations of A,,,_1 X A,,_1 using rational Dyck paths. Our study of the Dyck path triangulation is motivated by
extendability problems of partial triangulations of products of two simplices. We show that whenever m > k > n,
any triangulation of Ags:i ) % A, _1 extends to a unique triangulation of A,,,—1 X A, _1. Moreover, with an explicit
construction, we prove that the bound k > n is optimal. We also exhibit interpretations of our results in the language
of tropical oriented matroids, which are analogous to classical results in oriented matroid theory.

Résumé. Nous introduisons la triangulation par chemins de Dyck du produit cartésien de deux simplexes A, —1 X
A, _1. Les simplexes maximaux de cette triangulation sont donnés par des chemins de Dyck, et cette construction se
généralise de facon naturelle pour produire des triangulations de A,,,—1 X A,_1 qui utilisent des chemins de Dyck
rationnels. Notre étude de la triangulation par chemins de Dyck est motivée par des problemes de prolongement de
triangulations partielles de produits de deux simplexes. On montre que si m > k > n alors toute triangulation de
Ai:f:ll )X Ap_1se prolonge en une unique triangulation de A,,—1 X A, _1. De plus, avec une construction explicite,
nous montrons que la borne £ > n est optimale. Nous présentons aussi des interprétations de nos résultats dans
le langage des matroides orientés tropicaux, qui sont analogues aux résultats classiques de la théorie des matroides
orientés.
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1 Introduction

The cartesian product of a standard (m — 1)-simplex with a standard (n — 1)-simplex is the (m + n — 2)-
dimensional polytope

A1 X A1 = Conv{(ei,ej): e; € Amfl, €e; € Anfl} C Rm—i—n,

where e; and e; range over the standard basis vectors of R™ and R", respectively.

Triangulations of the product of two simplices are intricate objects that have been extensively stud-
ied with various purposes. They are a key ingredient for understanding triangulations of products of
polytopes [dL96} [Hai91} /0S03},[San00]]. Via the Cayley trick, they are in bijection with fine mixed subdi-
visions of a dilated simplex mA,,_; [San05]], which provides a relation to tropical (pseudo) hyperplane
arrangements and tropical oriented matroids [ADQ9, [DS04]. Moreover, they have also attracted interest
in algebraic geometry and commutative algebra [BB98| (CHTO07, IGKZ94, |Stu96] and in Schubert calcu-
lus [ABO7].

In this paper, we present an intriguing family of triangulations of A, _1 x A,,_; that we call Dyck path
triangulations, whose maximal simplices are described in terms of Dyck paths in a n X n grid under a
cyclic action. The maximal simplices of the Dyck path triangulation of Ay X Ay and the corresponding
fine mixed subdivision of 3A, are illustrated in Figure[T]
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Fig. 1: The Dyck path triangulation of Ay X Ay drawn as a subdivision of 3As.

Besides the combinatorial beauty of these triangulations, they are motivated by extendability problems
of partial triangulations of A,,,—1 X A,,_1. The (k — 1)-skeleton of A,,,_1, which we denote by Afﬁ:i),
is the polyhedral complex of all faces of A,,_; of dimension less than or equal to k — 1. A partial
triangulation of A,,_1 X A, _1 is a triangulation of the polyhedral complex Af,]fj) X A,_1. Such a
triangulation is said to be extendable if it is equal to the restriction of a triangulation of A, 1 X A,,_1
to A 5::% ) x A,,—1. The smallest example of a non-extendable partial triangulation is shown in Figure
a more interesting example due to Santos [San13]] is shown in Figure 2(b)}

The question of extendability of triangulations of Afﬁj ) x A,,—1 was first systematically considered
for k = 2 by Ardila and Ceballos in [AC13]], who completely characterized the extendable triangulations
of Agl) X A,_1. There, in an attempt to prove the Spread Out Simplices Conjecture of Ardila and
Billey [ABO7, Conjecture 7.1], the authors formulated the Acyclic System Conjecture [AC13, Conjecture
5.7], which concerned a sufficient condition for the extendability of triangulations of Ag,ll)_l X Ap_1.
Shortly after, however, the Acyclic System Conjecture was disproved by Santos [San13]. These results
motivate the search for necessary and sufficient conditions for extendability.

Our first contribution is the following extendability theorem.
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(a) A non-extendable triangula- (b) A non-extendable triangulation of Agf) X Az (Santos).
tion of Agl) X Aq.

Fig. 2: Two examples of non-extendable partial triangulations. The triangulation in part (b), due to Francisco San-
tos [San13], is shown as a subdivision of (3A3)?) = 9 (3A3).

Theorem (Theorem [4.2). Let m,n, k be positive integers such that m > k > n. Every triangulation
Ong;:P X Ay _1 extends to a unique triangulation of A, 1 X Ap_q.

In considering whether the bound £ > n in Theorem is optimal, we are led to the Dyck path
triangulation of A,,_1 X A,,_1. This triangulation is our main tool to explicitly construct a family of partial
triangulations that shows that the assertion of Theorem 4.2 does not generally hold when m > k = n.

Theorem (Theorem . For every n > 2 there is a non-extendable triangulation of 0 (A,) X Ap_1.

As suggested by its name, the Dyck path triangulation is based on Dyck paths and is related to Catalan
combinatorics. We devote the rest of the paper to the study of this triangulation and its relatives. In
particular, we present a natural generalization in terms of rational Dyck paths in the “Fuss-Catalan” case
(rm,n). It would be interesting to know if it can be further generalized to other families of rational Dyck
paths.

Via the Cayley trick [San05], Theorems [.2] and [4.3] transform into statements about the extendability
(k=1)

, coming from triangulations of AFD o An_1,

of “partial fine mixed subdivisions” of (nA,,_1) o1

which we refer to as authentic subdivisions.

Corollary 1.1. For m > k > n, every authentic subdivision of (nAm,l)(k’l) can be extended to a
unique fine mixed subdivision of n\,,_1. Moreover, for every n > 2 there is a non-extendable authentic
subdivision of 0 (nA,,).

Apart from providing a characterization of extendable of triangulations of Agfj) X A,_1, our results
admit additional interpretations that render them of broader interest.

On the one hand, Theorems [4.2] and {f.3| naturally translate into the language of tropical oriented ma-
troids (which we abbreviate as TOMs). This concept was introduced by Ardila and Develin as an analogue
of classical oriented matroids for the tropical semiring [ADQ9]]. The combinatorics of an arrangement of m
tropical pseudohyperplanes in the tropical space T~ is captured by its TOM. The Topological Represen-
tation Theorem establishes a correspondence between TOMs (with parameters (m, n)) and subdivisions
of A,—1 x A,—1 [ADO9] Hor12 [OYT1T].

If M is a TOM of an arrangement whose pseudohyperplanes have labels in [m], denote by M|g the
TOM of the subarrangement corresponding to the hyperplanes with labels in .S C [m]. This turns Theo-
rems 4.2 and [4.3]into the following statements, respectively.
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Corollary 1.2. For each S € (#ﬂ) let Mg be the TOM of a generic arrangement of n + 1 pseudohy-
perplanes in T"~1 with labels in S. If the matroids in this collection are compatible, i.e. Mg|snr =
Mrp|sar for every T, S € (T[:ﬂ) then there exists a unique arrangement of m pseudohyperplanes in
T"~! whose TOM M fulfills M|s = M.

Corollary 1.3. There exists a collection of pairwise compatible TOMs on the subsets in ([":L'l]) that
cannot be completed to the TOM of an arrangement of n + 1 pseudohyperplanes in T" 1.

These corollaries should be compared with analogue results in classical oriented matroid theory: every
oriented matroid of rank n — 1 is completely determined by its submatroids with n elements, and every
compatible collection of submatroids with n + 1 elements can be completed to a full oriented matroid
(cf. [BLS™93| Corollaries 3.6.3 and 3.6.4]).

On the other hand, Theorem @can be regarded as a “finiteness” result for triangulations of A,, 1 X
A,,_1: it says that, as long as m > n + 1, triangulations of A,,_; x A,,_; are “built” from the collection
of triangulations of A,, x A,_1, no matter how large m is. From this viewpoint, Theorem [4.2] should
be contrasted with recent results in commutative algebra regarding finiteness properties of the generating
sets of certain families of polynomial ideals (see, for instance, [HS12| [HSO7, [Sno13[]).

Here is the layout of this extended abstract. The next section contains some preliminaries concerning
notation and representations for triangulations of products of simplices. The Dyck path triangulation is
then presented in Section 3] along with the explicit construction behind Theorem 3] Finally, Section f.1]
contains the proof of our extendability results; in particular, Theorems [4.2]and 3]

2 Preliminaries

In this section, in order to set our notation and conventions, we recall some well-known facts related to
triangulations of A,,, 1 x A, _; (we refer to [DRS10} Section 6.2] for a more detailed exposition).

(eve) (e, 2
e .o d W 21 31 [21 (3] [2] (3] s 3 3
20\02 2%2 2 O——e 112 112 112
1 3

3 3 o3

(e,.e;) (eye;)

Triangulation Perfect matching Grid Fine mixed subdivision

Fig. 3: Several representations of a triangulation of A; X As.

Bipartite graphs and the matching ensemble representation

Let K,, 7 be the complete bipartite graph on m + n vertices, whose parts we label by [m] and [ﬁ]m
A vertex (e;,e;) of A,,_1 x A, can be represented as the undirected edge (z,}) of K, . Bvery
triangulation of A,,,_; X A, _; gives rise to a collection of subgraphs of K, 5, each one indexing the
vertex set of a maximal simplex of the triangulation. As it turns out, this collection (and hence also the
triangulation) is completely determined by the matchings contained in these subgraphs.

@ Throughout we use overlined numbers and variables to distinguish the vertices of both factors of A, —1 X Ap_q.
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Recently, Suho Oh and Hwanchul Yoo [OY13]] have found a concise characterization of the collec-
tions of perfect matchings that correspond to triangulations of A,,,_1 X A,,_1, hence discovering a novel
matching ensemble representation for triangulations of A, 1 X A, _1.

Definition 2.1 ([OY 13| Definition 4.1]). A family of perfect matchings M on the subgraphs of K, 7
induced by vertex sets [ U J, where I C [m], J C [71] and |I| = |J|, is a matching ensemble if:

(SA). for each I C [m] and J C [n] with [I| = |J|, there exists a unique m € M on the subgraph of
K, » induced by I and J (supports axiom),

(CA). for each m € M and for each (perfect sub-matching) m’ C m, m’ € M (closure axiom), and

(LA). for each m € M and for each v € [n] U [m] \ (I U J), there are two edges ¢/ € K,,7 and e € m
sharing a common vertex such that v € ¢’ and (m \ e U e’) € M (linkage axiom).

Theorem 2.2 ([OY13, Theorem 5.4]). There is a bijection between matching ensembles of K, 7 and
triangulations of Ay, —1 X Ap_q.

Grid representation

The m x n grid, which we denote by G,,, x», is a rectangular array of width m and height n composed
of mn unit squares. Every unit square in G,, ., has a position (7, ) in the grid, where index i increases
to the right and index j increases upwards. Thus, the vertex (e;, ;) in A,,—1 X A, _1 is represented by
the square at position (7, j) in G, xn. The grid representation of a triangulation of A, 1 x A,,_1 is the
collection of grids representing the vertex sets of the maximal simplices of the triangulation.

Mixed subdivisions

In order to illustrate some of our constructions, we shall draw triangulations of A,,, 1 XA, _1 as fine mixed
subdivisions of mA,,_1. Let T be a triangulation of A,,,_; x A, _1. To each simplex s € T associate the
simplex s; = conv {e; : (e;,e;) € s} C A,_1. The set of Minkowski sums {s1 +---+ sy, : s €T}
forms a mixed subdivision of mA,,_;. The Cayley trick states that this correspondence is a bijection
between triangulations of A,,,_1 x A, _; and fine mixed subdivisions of mA,,_; (see [San05]] for more
details).

3 The Dyck path triangulation and some relatives

There are two main ingredients towards our construction for Theorem the Dyck path triangulation
and the extended Dyck path triangulation. We present them here, together with a generalized version.

3.1 The Dyck path triangulation

The first ingredient is a triangulation of A,,_; x A, _; that we call the Dyck path triangulation and
denote by ®,,. This triangulation can be described in terms of Dyck paths in the grid representation, that
is, monotonically increasing paths from the square (1,1) to the square (n,7) of G, xy, in which every
square (i,7) satisfies i < j. The maximal simplices of ®,, are the Dyck paths in G, x,, together with
the orbit of simplices they generate under an action that cyclically shifts the indices in both factors of
A, _1 X A,_7 simultaneously. An example for n = 3 is depicted in Figure@}
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(a) The triangulation ®3 of Ay X Ag. (b) The triangulation Dglp of Ao X As.

Fig. 4: The Dyck path triangulation of Az x A and its flipped version in the grid and mixed subdivisions represen-
tations.

The perfect matching representation of ©,, is also easy to describe. We begin with the set of all perfect
matchings on the subgraphs of K,  induced by I C [n], J C [7] (with |I| = |J|) which are non-crossing
(nc) and weakly increasing (wi), that is, those matchings m that satisfy

i<i =j<7 forevery (i,}),(i',7) € m,
i < jforevery (i,j) €m
Next, for £ € [n], we introduce the collection of matchings of the form
{(z +¢ (modn), j+¢ (mod n)> : (4,7) € m, m fulfills } , (cyo)

obtained by “cyclically shifting” the indices of the perfect matchings that satisfy (nc+wi), and call M,, the
set of all matchings obtained after ranging over all ¢ € [n] (see Figure .

1\:1 2\:2 30\:3 40\04 5\:
2 2 3 3 4 5 1

NI RO

4 5
3.\3 4.\21 5.\3 1.\1 z.\
4e 4 Se 5 1e i 2e 2 3e 3
5 5 1 i 2 2 3 3 4 4

Fig. 5: A perfect matching on K ( , 53 (375 satisfying (nc+wi), together with its cyclic orbit (eyd).

Due to lack of space, we omit the proof of the following theorem and refer to for details.

Theorem 3.1. The collection of matchings M., constitutes a matching ensemble of K, z, and its associ-
ated triangulation of A,,_1 X A,_1 is the Dyck path triangulation ®.,.

Moreover, ®,, is a regular triangulation, which can be obtained by the height function h: A, _1 X
A, _1 — R that assigns to the point (e;, e;) the height h;j = ci—t (mod ) - for some real number ¢ > 1
sufficiently large.

Remark 3.2. The Dyck path triangulation of A,,_; x A, _; is a natural refinement of a coarse regular
subdivision introduced by Gelfand, Kapranov and Zelevinsky in Example 3.14]. Indeed, the
union of all Dyck paths is a cell of this subdivision, and the remaining cells are obtained by applying the
cyclic action that shifts the indices.
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(a) An extended Dyck path, represent- (b) The triangulation D§" of Az x Ag in the grid and mixed subdivision represen-
ing a full-dimensional simplex in D¢ tations.

Fig. 6: Illustration of the extended Dyck path triangulation D%".

For us, the crucial property of ®,, that underlies the construction for Theorem (4.3 is that it admits a
geometric bistellar flip supported on the circuit C = (C*, C™) of maximal dimension given by

CT:={(e1,e2),(e2,€3),...,(en_1,€n), (en,€1)} (D

C™ :={(e1,e1),(e2,€2),...,(en—1,€n-1), (€n,€n)}.

Therefore, performing this flip consists in replacing only the simplices in 7+ := {C\ {v}:v € CT} C
D, bythosein 7~ := {C\ {v} : v € C}, while leaving the rest of ®,, intact; in particular, the flip
does not alter the restriction of ®,, to the boundary of A,,_1 x A, _1. We refer the reader to
Section 4.4.1] for the precise definition of a geometric bistellar flip. We call the resulting triangulation the
flipped Dyck path triangulation, and denote it by Dﬂ‘p it is illustrated for n = 3 in Figure

3.2 The extended Dyck path triangulation

The second ingredient is a natural extension of ®,, to a triangulation of A,, x A,,_1, which we call the
extended Dyck path triangulation and denote by D¢, In the grid representation, an extended Dyck path
is formed by several Dyck paths, concatenated one after the other in the grid G, 1)x», and a square in
the (n 4+ 1)-th column and last row of each Dyck path; this is illustrated in Figure [6(a)l The maximal
simplices of D¢ are given by the extended Dyck paths in G(n+1)xn» together with the orbit of simplices
they define under an action that cyclically shifts the indices in both factors of Ap,;) x Ay, 1 C Ay XAy
simultaneously (note that here the action ignores the (n + 1)-th vertex of the first factor). The simplices
of the extended Dyck path triangulation for n = 3 are shown in Figure [6(b)] Interestingly, the simplices
obtained this way constitute a regular triangulation of A, x A,,_1.

We can similarly describe its matching ensemble. Now we start with the set of matchings m between
I C [n+ 1] and J C [n] with the property

. . - =/ . . =

i1 <i = j<j forevery (i,7),(i,7) € m, .
. - . T . . (nc+wlex)
1 < jforevery (i,7) € mwithi # n + 1.

As before, we consider the set of perfect matchings on induced subgraphs of K, 5 of the form
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{(pg(i), j+{ (mod n)) : (4,7) € m, m fulfills } , (cyc™Y)

i+{ (modn) ifi#n+1
n+1 otherwise

where py(i) := {

with £ ranging over [n], and denote it by M.

Theorem 3.3. The collection of matchings MS" constitutes a matching ensemble of K115, and its
associated triangulation of A\,, x A, _1 is the extended Dyck path triangulation D" .

Moreover, D" is a regular triangulation, and can be obtained by assigning the height hsj to the point
(€;,€;), defined by:

AT ifjzi
hij=qc" =t ifj<i<n+1 2)
1 ifi=n+1;

where ¢ > 1 is a sufficiently large real number.

Again, we refer to [CPS13] for the complete proof of this statement.

3.3 The generalized Dyck path triangulations

Dyck path triangulations have a natural generalization to triangulations D (., ) of Ay, 1 X Ay, g for
any r > 0. This shows an interesting connection to rational Catalan combinatorics (cf. [AHJ13,|ARW13]]).

I e e e T D e

123456 123456 123456 123456 123456 123456 123456

345612 345612 345612 345612 345612 345612 345612

AN NN 3

1 561234 561234 561234 561234 561234 561234 561234
(a) Mixed subdivision representation of (b) Grid representation of 29(67 3)-

53(6,3) and Q?g 3)

Fig. 7: The triangulation D (6 5) and its extension D 5.

Define an (rn,n)-Dyck pat in the grid G,,x, as a monotonically increasing path from (1,1)
to (rn, ) such that every step (4, j) satisfies i < 7.

The (rn,n)-Dyck path triangulation ® (,., ,,) is the triangulation of A, _1 x A,,_; that has as maximal
simplices the (rn,n)-Dyck paths together with their orbits under the action that maps (i,5) — (i + r
(mod rn),j + 1 (mod n)). An example is illustrated in Figurelﬂ

Theorem 3.4. The (rn,n)-Dyck path triangulation ® (., ) is a triangulation of Ay,,_1 X A,,_1. More-
over, it is regular.

() The standard definition of a rational (a, b)-Dyck path is slightly different: it uses a grid from (0,0) to (a, b) and imposes that
the lattice points in the path are above the main diagonal. It is used, for example, in [ARW13]].
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4 Extendability of partial triangulations
4.1 Extendable partial triangulations

In order to present the proof of our extendability Theorem4.2] we first observe that, wheneverm > k > n,
if a triangulation of A:f:i ) % A,,_1 extends to a triangulation of A, 1 X A, _1, then this extension is
unique. We omit the proof, which can be easily deduced from Theorem[2.2] (it is also implicit in the proof

of a classical result of Dey, cf. [Dey93, Section 3] and [DRS10, Lemma 8.4.1]).

Lemma 4.1. Let m,n, k be natural numbers such that n > 2 and m > k > n. Every triangulation of
1)
X Ap_

A1 X A, _1 is uniquely determined by its restriction to Am 1

Not every triangulation of A(k }) X A,_1 can be extended to a triangulation of A,,, 1 X A,,_1, asis

already known from the familiar non-extendable triangulation of Aél) x A depicted in Figure , often
called “the mother of all examples”. However, by strengthening the hypotheses to £ > n, it becomes
possible to certify extendability.

Theorem 4.2. Let m,n, k be positive integers such that m > k > n. Every triangulation of A (k= 1)

A,,_1 extends to a unique triangulation of A, —1 X A, _1.

Proof. Let T’ be a triangulation of Agf } x A,,_1 in the conditions of the theorem, and let M be the set
of all perfect matchings contained in the simplices of 7”, when viewed as subgraphs of K, 7. We prove
that M is necessarily a matching ensemble (cf. Definition [2.1)) and hence, by Theorem [2.2] that it is the
family of perfect matchings of a triangulation of A,,_1 X A, _1.

For each I C [n],J C [m] with |I| = |J| < n, the restriction 7”|a,x A, is a triangulation of the
face Ay x Ay of A1 x A,—q1. Let M| K, be the set of perfect matchings associated to this
restricted triangulation. Since this face is a product of simplices, Theorem [2.2) applies, so that there
is a unique perfect matching m € M| K, On the induced subgraph K 17

(CA)l Again, for each perfect matching m € M on K; 5, T'|a,;xa, is a legal triangulation, as are all of
its restrictions. In particular, by Theorem it follows that m’ € M whenever m’ C m.

(LAY Fix a perfect matching m € M on K, 7, where || = |J| < n,and letv € ([m] U [a]) \ ([I]U [])).
Observe that T7|a, ,,xa, esp. T'|a;xa,.,) is a legal triangulation, because k¥ > n + 1. In
particular, that means that there are two edges ¢’ € K Tuw, 7 (Tesp. e ek 1. 7up) and e € m sharing
a common vertex such that v € ¢’ and (m\ eU¢’) € M.

Finally, the uniqueness of the resulting triangulation was established in Lemma[.1] O

4.2 Non-extendable partial triangulations

The restriction of D to d (A,,) x A,,_1 gives a partial triangulation of A,, x A,,_; whose restriction to
the facet Ap,; X A,y coincides with ®,,. Denote by O(D;") this restricted triangulation, whose facet
Ay X Ap—1 admits a bistellar flip supported on the circuit (I). By this, we mean that the triangulation
of the facet Ap,) X A, can be changed from ©,, to @,ﬂfp, without affecting the triangulation of the
remaining facets of 9 (A,,) X A,,_1. Hence, the result of the flip is still a triangulation of 9 (A,,) X A, _1,
which we call flipped extended Dyck path triangulation and denote d(DS")1P. An example is depicted in

Figure[§]
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and flip

Flipped Dyck path triangulation

Fig. 8: A non-extendable triangulation (D)™ of § (Az) x Az_1.

Theorem 4.3. The flipped extended Dyck path triangulation (D&Y of 0 (A,,) x A,,_1 is non-extendable.

Proof. The triangulation (D) P of § (A,,) x A,,_1 produces a collection of perfect matchings on all
induced subgraphs of K, 1 7, that we refer to as M’ (for which the reader can check that the axioms|(SA)
and|(CA)(hold). Observe that, by construction, M and M’ agree on all the induced subgraphs K7 i),

where n ¢ I C [n + 1]. In contrast, the triangulation ”)D‘jlip of A,,_1 X A,,_1 contributes the following
matching on the induced subgraph K, 7):

m:={(1,2),(2,3),(3,4),...,(n— 1,m),(n,1)}.

Suppose, for the sake of absurdity, that axiom holds for m € M’. Then, there is a unique perfect
matching m’ € M’ on K7\ wun+1,[7 that differs from m in a single edge. However, letting w = n € [n]
(which we may by symmetry), we see that the unique perfect matching on K7\ wun+1,[m] in the matching
ensemble M is

{(17T)a (2’5)7 (3,?), ) (TL - lam)a (TL + laﬁ)},

so m cannot satisfy axiom [(LA)|l Therefore, M’ is not a matching ensemble and 9(D)1P cannot be
extended to a triangulation of A,, x A, _1. O

Corollary 4.4. For every m > n there exist non-extendable triangulations of Ag:f Dy JAVREE
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